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On the Fefferman-Phong Inequality
and a Wiener-type Algebra of
Pseudodifferential Operators

By

Nicolas LERNER* and Yoshinori MORIMOTO™*

Abstract

We provide an extension of the Fefferman-Phong inequality to nonnegative sym-
bols whose fourth derivative belongs to a Wiener-type algebra of pseudodifferential
operators introduced by J. Sjéstrand. As a byproduct, we obtain that the number of
derivatives needed to get the classical Fefferman-Phong inequality in d dimensions is
bounded above by 2d 4+ 4 + €. Our method relies on some refinements of the Wick
calculus, which is closely linked to Gabor wavelets. Also we use a decomposition of
C*! nonnegative functions as a sum of squares of C*! functions with sharp estimates.
In particular, we prove that a C®! nonnegative function a can be written as a finite
sum 3 b7, where each b; is C"'!, but also where each function b3 is C*'. A key point
in our proof is to give some bounds on (b}b5)" and on (b;b})".
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§3. The Proof
§3.1. Nonnegative functions as sum of squares
§3.2.  Application of the Wick calculus: proof of Theorem 1.3.1
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8§1. Introduction and Statement of the Results
81.1. The Fefferman-Phong inequality and Bony’s result

Let us consider a classical second-order symbol a(z, ), i.e. a smooth func-
tion defined on R™ x R™ such that, for all multi-indices a, 38

(1.1.1) (980 a)(x,€)| < Cap(1+ JE])* 1.

The Fefferman-Phong inequality states that, if a satisfies (1.1.1) and is a non-
negative function, there exists C' such that, for all u € S(R"™),

(1.1.2) Re(a(z, D)u, u) 2@y + C l|ul| 72 gny > 0,
or equivalently (with an a priori different constant C')
(1.1.3) a® +C >0,

where @™ stands for the Weyl quantization' of a,

(a"u)(z) = / / em@=u)e, (” ; Y ) u(y)dyde.

The constant C' in (1.1.2-3) depends only a finite number of Cyp in (1.1.1).
Let us ask our first question:

(1.1.4)

How many derivatives of a in (1.1.1) are needed to control C in (1.1.2)¢

!The standard quantization a(z, D) reads (a(zx, D)u)(z) = [ e*"*¢a(x, &)0(£)dE.
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Looking at the proof by C. Fefferman and D. H. Phong [FP] (see also Theo-
rem 18.6.8 in the third volume of [H2]), it seems clear that the number N of
derivatives of a needed to control C' should be

N =4+wv(n), v depending on the dimension n.

Since the proof is using an induction on the dimension, it is not completely
obvious to answer to our question with a reasonably simple v. On the other
hand, J.-M. Bony proved in [Bol] (Théoreme 3.2) the following result: if a(x, &)
is a nonnegative smooth function defined on R™ x R™ such that

(1.1.5) (0802 a)(x,€)| < Cag, for |af + 8| > 4,

then the conclusions (1.1.2-3) hold. This result shows an interesting twofold
phenomenon:

- Only derivatives with order larger than 4 are needed.

- The control of these derivatives is quite weak, of type Sg’o. In particular,
the derivatives of large order do not get small (the class S§ , does not have
an asymptotic calculus).

Our answer to the question (1.1.4) is 4+2n+¢ (for any positive €¢). However, we
shall in fact prove a much more precise result involving a Wiener-type algebra
introduced by J. Sjostrand in [S1]. To formulate our result, we need first to
introduce that algebra.

81.2. Sjostrand algebra of pseudodifferential operators

In [S1] and [S2], J. Sjostrand introduced a Wiener-type algebra of pseu-
dodifferential operators as follows. Let Z>" be the standard lattice in R3* and
let 1 =372 Xo(X —7), X0 € C>(R?"), be a partition of unity. We note
X (X) = xo(X = ).

Proposition 1.2.1.  Let a be a tempered distribution on R®*. We shall
say that a belongs to the class A if wa € L'(R*™), with wa(Z) = sup,czen
|F(x;a)(E)|, where F is the Fourier transform®. Moreover, we have

(1.2.1) 560 C S00ans1 C A C CORY™) N L= (R?™),

where Sy o.2n+1 5 the set of functions defined on R2™  such that
|(5?8§a)(x,f)\ < Cop for la) +16] < 2n+ 1. A is a Banach algebra for
the multiplication with the norm [lal| 4 = [|wall 11 (g2n)-

2(Fa)(E) = [e 2mXEq(X)dX. We use also the notation Dx; = ﬁ@xw so that
F(D¥a) = =*Fa.
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Proof. In fact, we have the implications a € A = F(x;a) € L}(R*") =
xja € C°N L>, and, since the sum is locally finite with a fixed overlap?®, we
get a € C° N L. Moreover, if a € S{ .9, 1, i.e. is bounded as well as all its
derivatives of order < 2n + 1, we have, with P(Z) = (1 + ||Z||*)" the formula
F(x;ja)(E) = P(E)"'F(P(Dx)(x;a)). We get the identity

F(xja)(E) = P(E)'(E1 + )7 F((Dx, +)P(Dx)(xja))-
This entails, in the cone {Z € R?" 2n|=;| > ||Z||} and thus everywhere*

[F(x;a)(E)| < P(E) (1 +[|2])) " mes(suppxo) sup  [lalV|L=C,,
0<k<2n+1

€L1(R2”)

yielding the result. ]

Remark 1.2.2.  Since 1 € A, A is not included in F(L!(R?")). Moreover
A contains F(L'): let a be a function in F(L'). With the above notations, we
have

F E|—]/XOE— Ja(N)eimi (= ~>dN\ [ o= = Wliacaan,

and thus [ |w,(Z)|d= < ||all;1 [[Xoll ;. » which gives the inclusion. Moreover, A
is a Banach commutative algebra for the multiplication.

Proposition 1.2.3.  The algebra A is stable by change of quantization,
i.e. for all t real, a € A < J'a = exp(2intD, - D¢)a € A. The bilinear
map ay,as — aiflas is defined on A x A and continuous valued in A, which
is a (noncommutative) Banach algebra for §. The maps a — a™,a(x, D) are
continuous from A to L(L*(R™)).

The proof is given in [S1]. A.Boulkhemair established a lot more results
on this algebra in his paper [Bl]. In our Appendiz A.2, we give a few more
properties of the algebra A, which will be useful later on in this article.

We recall that (a1fas)® = al’ay with
1.2.2)  (aifas)(X) = 2%" a1(Y1)as(Ys)e X =Y1.X=Y2lqy gy,
2 2
R27 xR27

where the bracket [ , ] stands for the symplectic form: for X = (z,£),Y =
(y,m) € R™ x R"™, we have [X,Y] = (£, y) — (n,x).

31f Njessuppx; # 0 then card J < Np, where No depends only on the compact set
supp Xo-

4 R2" = Uy <p<on{Z € R?",2n|Z;| > ||Z||} since the complement of that union is empty:
it is not possible to find Z so that max;<p<on 2n|Z;| < |[|E]| < 2nmax; <p<on |2kl
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Comments on the Wiener Lemma. The standard Wiener’s Lemma states
that if a € £* (Z¢) is such that u — a xu = C,u is invertible as an operator on
2 (Z%), then the inverse operator is of the form Cj, for some b € ¢* (Z?). In [S2]
the author is proving several types of Wiener lemma for A. First a commutative
version, saying that if a € A and 1/a is a bounded function, then 1/a belongs
to A. Next, Theorem 4.1 of [S2] provides a noncommutative version of the
Wiener lemma for the algebra A: if an operator ¢* with a € A is invertible
as a continuous operator on L2, then the inverse operator is b* with b € A.
In the paper [GL], K. Grochenig and M. Leinert prove several versions of the
noncommutative Wiener lemma, and their definition of the twisted convolution
((1.1) in [GL]) is indeed very close to (a discrete version of) the composition
formula (1.2.2) above. It would be interesting to compare the methods used to
prove these noncommutative versions of the Wiener lemma in the papers [GL)
and [S2].

Back to the Garding inequalities. Also J. Sjéstrand proved in Proposi-
tion 5.1 of [S2] the standard Garding inequality with gain of one derivative for
his class, in the semi-classical setting, where h is a small parameter in (0, 1]:

(1.2.3) a>0,a" € A= a(z,h)” + Ch > 0.
A consequence of the result (1.1.5) of [Bol] is that®
(1.2.4) a>0,a" € S), = a(z,h)" + Ch* > 0.

Let us ask our second question. Is it possible to get an inequality with gain of
2 derivatives as in (1.2.4) and also to generalize Bony’s result by replacing 5870
by A? That would mean that

(1.2.5) a>0,a® e A= a(x,h&)” + Ch? > 0.

From the first two inclusions in (1.2.1), we see that (1.2.5) implies (1.2.4).
Moreover the constant C' in (1.2.5) will depend only on the dimension and on
the norm of a® in A, which is much more precise than the dependence of
C in (1.2.4), which depends on a finite number of semi-norms of a in 5§ .
Although (1.2.5) looks stronger than (1.2.3) since h? < h, it is not obvious
to actually deduce (1.2.3) from (1.2.5). Anyhow we shall see that they are
both true and that the proof of (1.2.3) is an immediate consequence of the

5In fact the operator h™2a(xz, h€)™ is unitarily equivalent to h~2a(h/2z, h1/2€)¥ and
the function b(z,§) = h_za(hl/zx, h1/2¢) is nonnegative and satisfies b(4)(x7§) =
a® (hY/2z, h'/2€) which is uniformly in 58’0 whenever h is bounded and o) € 5870.
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most elementary properties of the so-called Wick quantization exposed in our
Section 2. Note also that a version of the Hormander-Melin inequality with
gain of 6/5 of derivatives was given, in the semi-classical setting, by F. Hérau
in [Hé]: this author used the assumption (6.4) of Theorem 6.2 of [H1], but with
a limited regularity on the symbol a, which is only such that a(®) € A.

81.3. The main result
We can state our main result.

Theorem 1.3.1.  Letn be a positive integer. There exists a constant C,
such that, for all nonnegative functions a defined on R?" satisfying a'®) € A,
the operator a* is semi-bounded from below and, more precisely, satisfies

(1.3.1) a" + Cpla® 4 > 0.

The Banach algebra A is defined in Proposition 1.2.1. Note that the constant
C,, depends only on the dimension n.
The proof is given in Section 3.2.

Corollary 1.3.2.  Let n be a positive integer.

(i) Let a(x,&) be a nonnegative function defined on R™ x R™ such that
(1.1.1) s satisfied for |a| + |8] < 2n+ 5. Then (1.1.2) and (1.1.3) hold with a
constant C' depending only on n and on max|q||g1<2n+s5 Cas-

(ii) Let a(x, &, h) be a nonnegative function defined on R™ x R™ x (0, 1] such
that
(0 0fa) (@, &, h)| < hl*1Cap,  for 4 < o] + 8] < 2n+5.

Then a* +Ch? > 0 and Rea(z, D)+ Ch? > 0 hold with a constant C depending
only on n and on max,<|q|+|8/<2n+5 Cag-

(iil) Let a(x, &) be a nonnegative function defined on R™ x R" such that a¥
belong to A. Then a(x, h&)*+C|a'®D | 4h? > 0 and Rea(z, hD)+C||a™® || 4h? >
0 hold with a constant C depending only on n.

(iv) Let a(z, &, h) be a nonnegative function defined on R™ xR™ x (0, 1] such
that, for |a| + 8] = 4, the functions (x,€) — (078ga)(zh/2,¢h=1/2 h)h~le]
belong to A with a norm bounded above by vy for all h € (0,1]. Then a* +
Cvoh? > 0 and Rea(z, D) + Cvgh? > 0 hold with a constant C depending only
on n.

That corollary is proven in Section 3.3.
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Remark. It is possible to lower the requirement on the number of deriva-
tives down to 2n 4+ 4 + ¢ (any positive €) in the statements above, by using
conditions on some fractional derivatives as in Theorem 1.1 of [B2].

8§2. The Wick Calculus of Pseudodifferential Operators
82.1. Definitions

We recall here some facts on the so-called Wick quantization (see e.g. [L1]).
That tool was introduced by F. A. Berezin in [Be], and used by many authors.
In particular its role and effectiveness in proving the Garding inequality with
gain of one derivative (once called sharp Garding inequality) was highlighted
by the papers of A. Cérdoba and C. Fefferman [CF] and A. Unterberger [Un].

Definition 2.1.1. Let Y = (y,n) be a point in R™ x R™.
(i) The operator Yy is defined as [2"6_2’”‘_”2}1". This is a rank-one
orthogonal projection: Yyu = (Wu)(Y)7ry e with (Wu)(Y) = (u, 7y 0) 2®n),

where ¢(z) = on/de=lzl* and (Tymep)(x) = p(x — y)e%’(z_%m.
(ii) Let a be in L>°(R?"). The Wick quantization of a is defined as

(2.1.1) a"Vick — / a(Y)SydY.
R2n

(iii) Let m be a real number. We define S™ as the set of smooth functions
p(X, A) defined on R?" x [1,+00) such that, for all k € N,

ik
sup (9% p)(X, M)A = y4(p) < o0
A>1,X eR2n

The following proposition is classical and easy (see e.g. Section 5 in [L1]).

Proposition 2.1.2.

(i) Let a be in L=(R*). Then a™Vi" = W*a*W and 1V = Id2(gn)
where W is the isometric mapping from L*(R™) to L?(R?") given above, and
a* the operator of multiplication by a in L?(R*"). The operator 1y = WW* is

the orthogonal projection on a closed proper subspace H of L*(R?*™). Moreover,
we have

(2.1.2) @™ 22y < Nall oo (gany

(2.1.3) a(X)>0 forall X implies a™* > 0.
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(ii) Let m be a real number and p € S™. Then p™ick = p® 4 r(p)¥, with
r(p) € S™L so that the mapping p — r(p) is continuous. More precisely, one
has

1

(2.1.4) r(p)(X) = / / (1= 0)p"(X +6Y)Y 221V Pon gy dg.
0Jr2n

Note that r(p) = 0 if p is affine.

(iii) For a € L=(R?"), the Weyl symbol of a"VicF is

(2.1.5)

a* 2" exp 27| - |2

which belongs to S9 o with k'™ -seminorm c(k) ||al| ;-

(iv) With the operator Xy given in Definition 2.1.1, we have the estimate

s 2
(2.1.6) ISy Szl pepa@ny < 2% 270

(v) More precisely, the Weyl symbol of XyXy is, as a function of the
variable X € R?",

(2.1.7) e—%|Y—Z|26—2i7r[X—Y,X—Z]2ne—27r|X—%\2'
Proposition 2.1.2 is sufficient to prove the standard Garding inequality

with gain of one derivative, and in fact the following improvement was given
by J. Sjéstrand in [S2].

Theorem 2.1.3.  Let a be a nonnegative function defined on R*™ such
that the second derivatives a” belongs to A. Then we have

(2.1.8) a’ 4+ Cy [la"]| 4 > 0.

Proof. Although a proof of this result is given in [S2] (Proposition 5.1), it
is a nice and simple introduction to our more complicated argument of Section
3. From Proposition 2.1.2, we have

a? = aWiCk _ r(a)w > _T(a)w7

with 7(a)(X) = [ faon (1—0)a” (X +0Y)Y2e 2"V I*27qY 6. Since A is stable
by translation (see Lemma A.2.1), we see that r(a) € A and thus r(a)” is
bounded on L?(R") from Proposition 1.2.3. O
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Remark 2.1.4.  This theorem implies as well the following semi-classical
version; let a be function satisfying the assumption of Theorem 2.1.3. For h €
(0, 1], we define Ay (z,€) = h~ta(xh'/?,€h'/?). The function Ay, is nonnegative
with a second derivative bounded in A by cstx [la”|| , (see Lemma A.2.1), so
that the previous theorem implies, with C' depending only on the dimension,
that Ay + C'||a”|| 4 > 0. Since A} is unitarily equivalent to h~'a(z, h€)™, this
gives

(2.1.9) a(z, h§)" + hC ||a”|| 4 > 0.

§2.2. Sharp estimates for the remainders

Proposition 2.1.2 falls short of providing a proof for the Fefferman-Phong
inequality, which gains two derivatives.

Lemma 2.2.1.  Let a be a function defined on R?™ such that the fourth
derivatives a'® belong to A. Then we have

1
a¥ = (a — — tracea
8

Wick
//)
s

+po(a®)”,
with po(a®) € A and more precisely || po(a™®)|| 4 < Cplla™® || 4.
Proof. The Weyl symbol o, of a"Vi¢k is
oa(X) :/a(X +Y)2re 2P gy
:a(X)—l—/%a”(X)YQTe_%‘Y'de
// 0)%a (X +0Y)y*2re 2V gy dg
=a(X) + —tracea "(X)
// 0)%aD(X + 0Y)y'2ne 2"V gy ag.

Moreover the Weyl symbol 6, of (tracea’)Vick is, from Proposition 2.1.2,

1
0,(X) = tracea” (X) + // (1—0)(tracead”)” (X + 0Y)Y2e~ 27V Fongqy ag.
R27
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) Wick is

As a result, the Weyl symbol of the operator (a — % trace a”
a+ = // 0)3a™W (X + 0Y)Y*2me 271V gy do
— // (1 —0)(tracea”)” (X + 9Y)Y26_2”‘Y|22"de9.
R2n

We get the equality in the lemma with
(2.2.1)

e 2
po(a®)(X) = & // (1 — 0)(tracea”)" (X 4+ 0Y)Y2e~2"I¥I"2nqy qg
s R2n

/ / a® (X +0Y)Y*2re 2"V P gy ag.
We note now that poy depends linearly on a(*) and that

(2.2.2) po(a®)(X) = //01 a® (X +0Y)M©O,Y) e 2V ayap.

polynomial
in Y,0.

Looking now at the formula (2.2.2) and applying Lemma A.2.1, we get
1
2
lpo(a™)].a S/ M(0,Y)e > ay docsla® 4 = Cilla™] 4.
0

The proof of Lemma 2.2.1 is complete. ]

Remark 2.2.2.  We note that, from Lemma 2.2.1 and the L? boundedness
of operators with symbols in A, Theorem 1.3.1 is reduced to proving
(2.2.3)

1
a>0aY e A= (a % tracea” is semi-bounded from below.
Y3

)Wick
Naturally, one should not expect the quantity a— % trace a” to be nonnegative:
this quantity will take negative values even in the simplest case a(z, £) = #2+£2,
so that the positivity of the quantization expressed by (2.1.3) is far from enough
to get our result. We shall prove in Section 3 a stronger version of (2.2.3), but
before this, we need to investigate more closely the composition formula for the
Wick quantization.
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§2.3. On the composition formula for the Wick quantization

In this section, we prove some formulas of composition for operators with
very irregular Wick symbols. The first lemma below was already proven in
[L1], but we give here a complete proof for the convenience of the reader, since
these (easy) computations are not completely standard.

Lemma 2.3.1.  For p,q € L>®(R*") real-valued with p" € L>(R?"), we
have
Wick
Re( chqu’Lck) (pq _ _vp vq) +R,
IRl 2> @ny) < Cln )||P ||L°° llall -

The product Vp-Vq above makes sense (see our Appendiz A.3) as a tempered
distribution since Vp is a Lipschitz continuous function and Vq is the derivative
of an L function: in fact, we shall use as a definition (see our Appendiz A.3)
Vp-Vq=V-(q Vp)— q Ap.

—~

Lo Lip. Lo Loo

Proof. Using Definition 2.1.1, we see that

chk chk // Z)EYEZdeZ
RZ"XRQ"
// )Y = Z) + po Z, Y)Y — Z) ) (Z)SyS,dY dZ
/ (pq)(2)%zdZ + / / WY = 2)SydY ¢(2)S2dZ + Ry,

with R :///0 (1=0)p"(Z+0(Y —2)) (Y = Z)%q(Z) Sy S zdY dZd6.

Claim 2.3.2. Let w be a measurable function defined on R?" x R?" such
that
N,
w(¥, Z2)| <1+ Y —2Z])™°

Then the operator [[w(Y, Z)Sy X zdY dZ is bounded on L?(R™) with L(L?(R™))
norm bounded above by a constant depending on g, No. This is an immediate
consequence of Cotlar’s lemma (see e.g. Lemma 4.2.3 in [BL] or Lemma 18.6.5
n [H2]) and of the formula (2.1.6).

Using that claim, we obtain that

(2.3.1) 1Roll £ (r2mny) < C1(m) 1Pl oo (g2ny 1]l oo g2y -
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We check now [(Y — Z)XydY whose Weyl symbol is, as a function of X,
/(Y — Z)2me XY P gy = /(X —Z)2me XYy = x — 7,

So with Lz(X) = X — Z, we have f(Y—Z)ZdeEZ =(X-2)¥Y; =LY%,
and thus

Re/(Y — Z)SydY Sy =Re(LYS,) =((X — Z)2ne X -21)v

— 1 BZ(2ne—27r\X—Z|2)w

47

)

so that
1

Using that p and ¢ are real-valued, the formula for Re(p"VickgWVick) becomes

Re (p"VickqWick) :/(pq)(Z)EZdZ+/p’(Z)q(Z)%aZEZdZ+Re Ry
~ [(002) - 192 d(2))x2az
_ / ﬁtracep”(z)q(zmzdz +ReRy

that is the result of the lemma, using (2.3.1) and (2.1.2) for the penultimate
term on the line above. O

The next lemma is more involved.

Lemma 2.3.3.  For p measurable real-valued function such that p”,
("), (pp")" € L*°, we have

) ) 1
@33) P[22 - LIVRR]Spdz + 5,

2
234)  ISlzz2@ny < Cn) (Hp”IILoo + 1P | e + II(pp”)”IlLoo) :

Here p" stands for the vector (tensor) with components (0%D)|a|=2, whereas
the components of (p"p") are 0% (8@3}]9) lel=1,191=2 and those of (pp”)" are
ol

% (p@?(p)M:lm:Q-
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Proof. We have
Wik Wiek _ // 25y SpdYdZ
= [[ s 0) 4 p )2 - V) 2y 2aaviz
/// 0" (Y +0(Z —Y))dO(Z — Y)*Sy L zdY dZd9

so that, using (2.3.2) for the terms pp’ in the double integral above, we get,
noting trace(p”) = Ap,

Wick
) ) 1 1
(2.3.5) pWVickpWick — (2~ |Vp|2 — —pAp + Re(Q + Q1 + Q2),
47 47
with
(2.3.6)

o [] DY H0(Z V) (V4 02~ Y))(Z = YPSy EpdY dZ (1 0)ab
0

(2.3.7)
0 :///Olp'(Y+9(Z—Y))0(Y— Z)
p'(Y+0(Z-Y))(Z-Y)*SyEzdYdZ(1 - 0)df
and from the claim (2.3.2),

2
(2.3.8) ||Q2||L(L2(Rn)) < Ci(n) [P | -

We write now QO = QOO + Qol, Ql = QlO + Qll with
Qoo = = // WZ —Y)*SyXzdYdZ,
o= [[[ () +012 - v) — ) 2 - v
0

X ZyzdedZ(l — 9)d9

=5 [[[ F0NZ =¥ (2 = PRy Ssavaz
(2.3.9) 1l cizz@ny) < Co(n) |(0'P")' || oo -
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We have also 901 = QOIO + 9011 with

Qo10 = é //(pp”)’(Y)(Z —Y)Z -Y)?2yX,dYdZ,

(2.3.10) 19011 2y < Ca(n) [[(2")" || o -

From (2.3.5-10), it suffices to check that the following term is a remainder
satisfying the estimate (2.3.4) to get the result of Lemma 2.3.3:

-1
(2311) = / p(Y) trace p (V) Sy dY
I8

+% Re //(pp”)(y)(z —Y)*SyX,dYdZ
+% Re //(pp”)’(y)(z Y (Z -Y)?2yXdYdZ

—é Re ///0 PY)NZ-Y)'(Y)Z-Y)SyX,dYdZ.

The real part of the Weyl symbol of [(Z; — Y;)(Zy — Yi)(Z — Y1) 2y EzdZ is
(see (2.1.7))

/(Zj -Y)(Z, - Y)(Z, — Yl)efg‘Y*Z‘Q
x cos(2n[X - Y, X — Z])Qne—%\X—#FdZ
— [ 1ntie T cos(enlx — . 7))z Y ar
- /TjT’“Tl cos(2m[X — Y, T))e XY TP aronem XY = (X — V)
with

(2.3.12)
viri(S) = /TkaTl cos (27[S, T])e*WIS*TIQdTQneﬂqu

_ gne-rlsl? /(Tj +8,)(Th + Si)(Ti + 1) cos (2]S, T])e 1TV a1
= e IS /(TkaSl + T TS; + Ty T;S)

+ 5;SkS1) cos (27 [S, T])e‘”lT‘QdT.
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We notice that the function S — [o.,, T;T) exp (2i7[S, T])e’“‘T‘QdT is a second-
order derivative of S — [q,, exp (2i7[S, T))e™ITdT = =I5 50 that

2ne—7r|S\2Sl /2 Tng CoS (27-‘—[5’7 T])e_ﬂTFdT = e—27r\S\QSlek(S)7
R n

with Pj;, even, second-order and real polynomial. The function S, S;,S,
xe~2mISI” g always a linear combination of derivatives of Schwartz functions

on R?", since
if Iy <ly <l3 it is the derivative with respect to S, of Sy, 5136_2”'3'2 (—4m)71,
if I =19 <l3 it is the derivative with respect to Si, of Sj, Sl26_2”|5|2 (—4m)~1,

if [y =ly=I3=1 it is a linear combination of the third and first derivative
with respect to S; of 6’2“‘5‘2, since

1 3
(etz)/// = (12t + 8t3)et27 t3€t2 _ g(etz)/// . Z(etZ)/'

As a result the function v defined by (2.3.12) is a linear combination of
derivatives with respect to S;, Sy or S; of Schwartz functions on R?". Integrat-
ing by parts in the last two terms of (2.3.11), we see that their £(L?) norm is
bounded from above by Cy(n)(||(pp”)" || o +1(0"P") || = ) Looking at (2.3.11),
we see that we are left with

(2.3.13)
Qo = 74i /p(Y) tracep” (Y)XydY + % Re //(pp”)(Y)(ZfY)ZEyZZdeZ.
7r

The real part of the operator [(Z; — Y;)(Zy — Yi)EyXzdY dZ has the Weyl
symbol (function of X)

(2.3.14)

/j‘lekB_ﬂ"X—Y—T‘? COS(27T[X _ Y7 T])dT2ne—Tr‘X_y|2
= /(Sjsk + Tka)eﬂrlT‘2 cos(27[S, T])dTQ%*Tr\S\Q7 S—_X_vY.

o If j # k, both terms in (2.3.14) are second order derivatives with respect
to Y of a Schwartz function in R?". In fact the first term is

SjSane—27r|s|2 _ 8Sj85k (2”6_2”|S‘2/167T2) _ 8Yjayk (2"6_2W|S‘2/167(2)
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and the second term is equal to —Sj/SkIQ”e’%'S'z, with j # k', also a second-
order derivative. The contribution of these terms in (2.3.13) is then, after
integration by parts, an L? bounded operator with norm < Cs(n) ||(pp”)" || -

elf j=k withj =j+n(infact jy=j+nifl<j<nandj ' =j—n
if 1 +n <j<2n), we note that (2.3.14) is equal to

1 —_xlS|? —_xls|? _orlS|? 1
Loemnlstgy (anemIs?) —gne=els (52_4_2(47r25§,—27r)).

2
522ne—27r\5'\ _
7 47 7 4r

Taking into account the contribution of these terms in (2.3.13), we see that we
are left with

_i /1 l i /! _
ppm /p(Y) trace p” (Y)ZydY + 5 // o trace(pp”)(Y)EydY = 0.

The proof of Lemma 2.3.3 is complete. O

83. The Proof
83.1. Nonnegative functions as sum of squares

Theorem 3.1.1.  Let m be a nonnegative integer. There exists an inte-
ger N and a positive constant C' such that the following property holds. Let a
be a nonnegative C>' function® defined on R™ such that a®) € L>; then we
can write

(3.1.1) a= > b

1<G<N

where the bj are CU' functions such that b, (W;b7), (b;b])" € L>°. More pre-
cisely, we have

(3.1.2) 16710 + 11(0585) N1z + 11 (00)" [l < Clla™ |

Note that this implies that each function b; is such that b? is C*1 and that N
and C depend only on the dimension m.

Remark 3.1.2.  We shall use the following notation: let A be a symmetric
k-linear form on real normed vector space V. We define the norm of A by

|A]| = sup |ATk|.

1 T|I=1

6A €31 function is a C3 function whose third-order derivatives are Lipschitz continuous.
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Since the symmetrized products of 77 ® --- ® T} can be written as a linear
combination of k-th powers, that norm is equivalent to the natural norm

[|All = sup |ATy...Ty]|
75 l=1.
1<5<k
and in fact, when V is Euclidean, we have the equality ||A| = || A| (see the
paper by O. D. Kellogg [Ke]). In our Appendix A.4, we prove that for an
k
arbitrary normed space, the best estimate is ||A|| < % IIA]l-

Comment. Part of this theorem is a consequence of the classical proof
of the Fefferman-Phong inequality and of the more refined analysis of Bony in
[Bol] (see also [Gu] and [Tal]). However the control of the L> norm of the quan-
tities (b;07)’, (b;b7)" is more difficult to achieve and seems to be new. Naturally
the inequality (3.1.2) is a key element of our proof, since it is connected with
the estimates (2.3.4). We shall thus focus our attention on the new elements
of the proof, referring the reader to our appendix or to the literature for the
more standard points.

Proof of Theorem 3.1.1. We define
1/4
(3.1.3) p(z) = (la(z)| + |a"()]) ", Q= {z,p(z) >0},
assuming as we may ||a®||p~ < 1. Note that, since p is continuous, the set
Q) is open. The metric |dx|?/p(z)? is slowly varying in 2 (see Lemma A.1.2):
drg > 0,Cy > 1 such that

(3.1.4) re|y—x| <roplz) =yeNCyt < plz) < Cp.

The constants rg, Cy can be chosen as “universal” constants, thanks to the
normalization on a(® above. Moreover, using Lemma A.1.1, the nonnegativity
of a implies with v; =1 for j = 0,2,4, v1 = 3,73 =4,

(3.1.5) e (@)] < vyp()*™7, 1<j<4.

We refer the reader to Section 1.4 in [H2] for the basic properties of slowly
varying metrics as well as for the following lemma.

Lemma 3.1.3.  Let a, p, ), 7 be as above. There exists a positive num-
ber vy < ro, such that for all v €]0, (], there exists a sequence (z,),en of points
in Q and a positive number M., such that the following properties are satisfied.
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We define U,, U, Us* as the closed Fuclidean balls with center x, and radius
TPy, 21 Py, 41, with p, = p(x,). There exist two families of nonnegative smooth
functions on R™, (p,)ven, (¥u)ven such that

ng?,(m) =1q(x), suppy, CU,, Y, =1 onU), suppyp, CU;" C Q.

Moreover, for all integers I, we have sup,cq ,en oD (@)]lpL, + SUD,c0 pen
><||1/)l(,l)(a:)\|pf, < 00. The overlap of the balls U}* is bounded, i.e.

ﬂUj*;A[Z) —  H#N < M,.
veN

Moreover, p(x) ~ p, all over Ur* (i.e. the ratios p(x)/p, are bounded above
and below by a fized constant, provided that x € U*).

Since a is vanishing on Q¢ we obtain

(3.1.6) a(z) =Y a(z)pl(x).

veN

Definition 3.1.4.  Let a, p, ) be as above. Let 6 be a positive number
< 0y, where 0 is a fixed constant satisfying the requirements of Lemma A.1.5.
A point = € Q is said to be

(i) B-elliptic whenever a(z) > 0p(z)?,

(i) A-nondegenerate whenever a(z) < Op(x)* : we have then |a”(z)|* >
p(2)1/2.

We go on now with the proof of Theorem 3.1.1. We choose a positive
number 6 satisfying the condition in Definition 3.1.4. We choose a positive
number < r{ as defined in Lemma 3.1.3 and we consider a sequence (z,) as
in that lemma. We assume also that 4r < /8, so that Lemma 3.1.3 can be
applied on the ball U}*.

Let us first consider the “elliptic” indices v such that xz, is #-elliptic. Ac-
cording to Lemma A.1.3, for x € U}*, we have a(x) ~ p, so that with

(3.1.7) b,(x) = a(;v)l/Qw,,(x), b,2/ = awz, go,%b?, = a<p12,

and on supp ¢, (where ¢, = 1),
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b, =2"lq"1/2q,

b, = -2 2 *3/2a’2+2*1a*1/2 "

b/V// —3x923g —5/2 13 i =3/24/ //_|_2 14-1/24 ",

b(y4) 2 —7/2/% 4 9a—5/2 120 i —3/2412 _ —3/2a/a///+ a—1/2a(4)7
yielding

b, <27'a 2d| S am 2% S p,

|b//| < a’3/2p6 _|_a71/2 2 < 1,

|b///| < a—5/2p9+a—3/2p3p +a~ /205,0_1

|b,(/4 | < a~T/2p12 +a=32p8p% +a32pt 4 a32p3p + a2 < p2,
Note in particular that

(3.1.8) 16,0501 + [pSVBEY| + (BP0 < C(6).

The whole difficulty is concentrated on the next case.
The nondegenerate indices v are those for which x, is f-nondegenerate.
Since 4r < 0/8 < 6'/2, we can apply Remark A.1.6 on the product”

Q. = [—91/4/),, + z,1, 91/4p,, + 2,1] X Bgm-1(2}, Gl/zpy)
(here x, = (z,1,2],) € R x R™™1).

There exists a : Bgm-1(x/,,02p,) — [z,1 — 0Y*p,, 2,1 + 6'/*p,] such that
(3.1.9) drala(z'),2’) =0

and d%a(x) > p2/2 for |x — x,| < Rop, where Ry = 10~2 according to Lemma
A.1.4. We have on @,
(3.1.10)
a(z) =a(ry, )
1
:/ (1 —t)07a(a(z) + t(z1 — a(a’)),2')dt(z) — oz )) +a(a(z’),z').
0
According to Remark A.1.6, we recall that we have for |2/ — z/,| < 0'/2p,,
la(a’) = i1 | < 0%p,,
o/ (2')] < 2p;,p(e(a’), ') < 2CF = C1,
0"(0/)] < 2552 (£C4 + £C +12)plale!), ") < Capy,
o (a")| < C3p;, 2,

(3.1.11)

"Naturally the choice of the linear coordinates depends on the index v, according to
Remark A.1.6. Note also that U* C Q. C B(zy, Ropy) since 4r < 01/2 < 91/4 < Ry,
according to the previous requirements on r and 6 and also to the condition on 6 in
Lemma A.1.5.



348 NICOLAS LERNER AND Y OSHINORI MORIMOTO

with universal constants C';. Let us now compute the derivatives of the function
(3.1.12) B’ = Bgm1(2,,0"%p,) 3 '+ a(a(z’),2) = c(a).
We have, denoting by - the partial derivative with respect to 2,

d=ad'Oa+ 0ra = 0a (here we use the identity 8;a(a(z’),z’) = 0),
"' =a'0102a + 03a,
" =o' 0y0sa + o'*20sa + 20/ 0,020 + Ba,
" =a" 01000 + 3a" o 0} 0sa + 30103 + 0/38?82(1
130202020 + 30/ 01030 + Ota

and we obtain

IS P% 1S St~ [ Se P+ L~
so that

(3.1.13) ceC3¥(B), |9 <pti 0<j<4

Since 0%a = p? on Q,, we can define

(3.1.14) R(z) = w(z)?, w(z) = /0 (1 —t)0fa(a(z’) + t(z — a(2')), 2’)dt.

Note also that the identity (on Q,), a = R(z)*(z1 — «)? + a(a(a’),z') forces
the function
B(z) = R(x)*(21 — a)”

to be C*1(Q,) with a j-th derivative bounded above in absolute value by p*~7
(0 < j < 4) since it is the case for a and ¢ (this fact is not obvious since the
function R is a priori only C1:!). Defining on Q,

(3.1.15) b(z) = R(z)(z1 — a(z))

we see that

(3.1.16) a=b+c, 1) =B <piI 0<j<4
As a consequence with = z; — a(2'), b* = R?3%2 = B € 31,

cc?t

R?p% = /al ')+ 0(zy — aa')),z)do 3,

18D <pl™d, 0<5<3,
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and since 3 vanishes on an hypersurface

(3.1.17) R?j = fol O B(a(2') + 0(z1 — a(2')),2")dd € C*1,
1. (R2B)D] < p2~7, 0<j <3, (from (3.1.16)).

Also we have 0 < R? =w € Cb! w ~ p? and from (3.1.14-11),
(3.1.18) W Spi7, 0<j<2,
entailing that with R = w'/2,

’R' = lw_l/zw’ <1

2 ~
(3.1.19) ) ,

’R” =W R SRS S0t e

Using Leibniz’ formula, we get (R23)" = (wB)" = w"' B+3w" 3 +3w' 3" +wp",
which makes sense since w”’ is a distribution of order 1 and 3 is C?! (see
(3.1.11)). From (3.1.17), we know that (w3)"” is L>°, and since it is also the
case of w3, W' 3", wB" from (3.1.18) and (3.1.11), we get that w"’ belongs to

L and
(3.1.20) W’ < 1.
On the other hand we have

w/// — 2(RR/)// — 2(R/2+RR//)/ — 4R/R//+2(RR//)/ — 6RIRH+2 R R///
~— =~

(C'1,1 distribution
of order 1

entailing from (3.1.20), that G(6R'R” + 2RR"") is L> and since it is the case
of BR'R" (from (3.1.11) and (3.1.19)), we get that SRR" is L* and, using
Remark 3.1.2, we obtain

(3.1.21) |BRR"| <1, i.e. for all multi-indices v with length 3, |[3RO)R| < 1.

With b = Rf, we get b’ = (R'6+ RG')(R'S+ 2R'3' + RB”) and to check
that (b'6"”)" is in L with

(3.1.22) |[(V'0")] <1,

it is enough (see (3.1.11) and (3.1.19)) to check the derivatives of R”SR'fS,
R"BRA" which are, up to bounded terms (see our Appendix A.3 for the meaning
of the products)

R////@R/ﬂ:R////BRR/%, RI/IﬂR/B/
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which are bounded according to 3.1.21-19-11. Note that 4" is bounded from
(3.1.19) and (3.1.11). We want also to verify that (bb”)” is bounded. We use
that (b)) is bounded from (3.1.16) and since we have

(3123) (b2)//// — Q(b/ ® b/ + bb//)// — 2 (bl ® bl/ + b// ® b/)/ +2(bb//)//,
bounded bounded
(3.1.16) (3.1.22)

we obtain® the boundedness of (bb")".

Remark 3.1.5.  Before going on, we should note that our functions b, c
above are only defined on @, where holds the identity a(z) = b(z)? + c(z'). We
can replace the function ¢ above by

&) = c(@’)x((2' — )0~ ?p,; ")

where x € C2°(R™~!) supported in the unit ball and equal to 1 in the ball of
radius 1/2, so that ¢ is defined on R™~! and the identity a = b* + ¢ holds on

1
T, + 5(@,, —x,) DU} Dsuppp,.

The bounds on the derivatives are unchanged as long as 6 is fixed, which is the
case.

Taking that remark into account, as well as the above estimates on the
derivatives, we have finally, with E5 standing for the nondegenerate indices,

a(@) = Y b, (2)20%(@) + 3 a,(a)e2(a)

veN vEE,
ol S o2 01 S pus 0] S 1, [(B062)" [+ 1(0,00)| S 1
lau| S oo lay | S 03y lavl S s 10| S ooy ar”| S 1,
a, is defined on R™ 1.

Now, we consider the function R™~! 3 ¢ — A(t) = p,*a, (p,t) and we have

A S LA S L AT S L (AT S L A S L

8The equality (3.1.23) is an equality between tensors (0,4) and it might look somewhat
pedantic to resort to such notations: the reader may check directly the implication

vy, |yl = 4,83 (b?) € L,
Vy5,1 < <3, Iml =1=|y2l, |3l = 2,87 (832b87°b) € L,
= V3,74, [73] = 2 = |y4l, 073 (b3J1b) € L.
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Following the main argument in the proof by C. Fefferman and D. H. Phong,
we can use an induction on the dimension m to get

A(t)= >  Bjt), B;e€C"', and B}, (B;B}),(B;B})" € L*.
1<j<Nm-1

Incorporated in the induction hypothesis is that the bounds on B depend only
on the bounds on A®. We obtain

Y@@ Y Y ffoV(Z)@i(w)

veN vEFEy 1<j<N,,—1

i.e.

a@)= Y Y (@)’
1<j<Np_14+1veN
One needs to pass to a finite sum, which is quite standard since the overlap
of the support of the functions ¢, is bounded; this last argument is given in
Appendix A.5. The proof of Theorem 3.1.1 is complete.

83.2. Application of the Wick calculus: proof of Theorem 1.3.1

Let a be a nonnegative function defined on R?" such that a(* belongs to A
(defined in Proposition 1.2.1). Applying Lemma 2.2.1 and the L?-boundedness
of the operators with Weyl symbol in A, we see that it suffices to prove that
the operator with Wick symbol a — % tracea” is semi-bounded from below.
Since A C L>(R?"), it is enough to prove the following lemma.

Lemma 3.2.1.  Let a be a nonnegative function defined on R*™ such
that a®) belongs to L°(R?"™). Theorem 3.1.1 is providing a decomposition a =
doi<j<N b3 along with the estimates (3.1.2). Then we have

2
1 Wick 1 Wick
(a - g, trace a") = Z [(bj - g trace b;’)

1<j<N

+R

where R is a L*-bounded operator such that 1Rl £(z2®ny) < Clla® | Lo (2ny, C
depending only on the dimension n.

Proof. We have

1 Aa 1 1
(3.2.1) a— o tracea” = a — o = Z b7 — E\Vbjﬁ — EbjAbj'
1<j<N
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Then using Lemma 2.3.3, we get
ic ic 1 Wick
(3.2.2) pYVickpWick _ (b§ - Ewbj\?) +5;,
with
151 2qzegnyy < € (119517 + 1058 | o + 16", )
S CQHCL( )HLoo(Rzn),

where C7, Cs depend only on the dimension. Moreover, we have, from Lemma
2.3.1,
(3.2.3)

. . 1 1 Wick
Re (b}V1e(A0;) %) = (b;Ab; — =V - (Vb Ab) + E(Abjf) + R,
with
2
||Rj||[j(L2(Rn)) S C3 ||b;/|‘Lw(R2n) S C4||a(4)||L(x>(]R2n).
As a consequence, from (3.2.2-3), we get
1 |\ Wick 1 o\ Wick
(3.2.4) (bj ~ & trace bj) (bj ~ % trace bj)
1 1 Wick 1 Wick
= (b2 — —|VDb,|%2 — —b,Ab, — (v Ab,
= (82— VbR - biAl) ks (v (Vb;Ab;))
1 Wick e e
o ((A02) T 8y = R s () ViR AR W,

so that from (2.1.2), (3.1.2) and the estimates above for R;, S}, we obtain from
(3.2.1) that

)Wick

Z (bj - 8i7r trace b}’)WiCk (bj — 8i7r trace b

Wick
//)

1
:(a—8—tracea + S

T
with (ISl zp2ny) < Cs)|a™ ||z (r2ny Cs depending only on the dimension.
This is the result of the lemma, completing as well the proof of Theorem 1.3.1.

O

Remark.  The proof above is giving a slightly better result, since we prove
the lemma for each a; = b3, provided the lhs of (3.1.2) is controlled.

Comment 3.2.2. One may ask the following question: why did we not apply
this induction argument on the Sjostrand algebra A directly, and avoid that
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complicated detour with the Wick calculus? The answer to that interrogation
is simple: as seen above the Fefferman-Phong induction procedure requires a
cutting process (this is the metric dX?/p(X)?) and also a bending of the phase
space (the function « is not linear). Although the cutting part may respect
A, it is not very likely that the rigid affine structure of A would survive the
bending.

83.3. Proof of Corollary 1.3.2
Let us begin with the statement (iv) in this corollary. Let us define
(3.3.1) Az, €) = h=2a(zh'/?,en=12 h).
The function A satisfies

(0208 A)(w, €)= =25 +5 (905 a)(wh'/2, €h™"/2, )

= B (0002 a) (wh/2, eh V2 h)Ro el
so that for |a| + |3] = 4, we have (8?85/1)(30,5) = (890%a)(xh'/?,n~1/2,
h)h~l*l. We have supposed that for |a| + |3] = 4, the functions (z,&)
(8?82(1@)(xh1/2,€h_1/2,h)h"o“ belongs to A with a norm bounded above in-
dependently by vg. As a result the function A (z,¢) belongs to A with a
norm bounded above by vy. Since A(z,£) > 0, Theorem 1.3.1 implies that
AY + Cphrg > 0, ie. (a(xh1/2,§h_1/2,h))w + Chvph? > 0 and since there is
a unitary mapping Uy, such that Uja(x, &, h)* U, = (a(xh1/2,§h_l/2,h))w, we
obtain

(3.3.2) a(z, &, h)" + Criph® >0, qed.

To get that Rea(z, D,h) + Ch? > 0, one” should note that the symbols A*)
defined above belong to A, which implies that it is also the case for J~1/2A®)
and J/2A4) | Now we have

2Rea(x, D, h) = 2Re(J~Y2a)" = (J~Y2%a + J'/2a)",

so that rescaling!® the symbol J~/2a + J'/%a, we find J~%/2A 4 J'/2A. Since

9With the group J* defined in Proposition 1.2.3, the formula linking the Weyl quantization
with the ordinary quantization is a(z, D) = (J~/2a)%.
10We define

B(z,6) = h=*(J 7 a)(@h! /2, en="/?) + h2 (I ?a)(@h'/?, ¢n =1 /?)
= (J_l/QA)(:E,g) 4 (JI/QA)(x,ﬁ).
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we have
1
JTV24 = emimDaDe g — A—zﬁer-DgA—/ (1—-0)e~™P=DPeqgn? (D, D¢)? A,
0
and that A is real-valued, we get

1
Re(J™Y2A) = A — / (1 —0)e P+ Peqgr? (D, - D¢)*A.
0 T/
€

Now we have from the previous identity, since A is stable by the group J*
(Theorem 1.1 in [S1]), with a uniform constant for ¢ in a compact set,

2Re A(z,D) = (2Re(J1/?4))" € 24" + A",
We can then apply the result (3.3.2) and the L? boundedness of A" to conclude.
The proof of (iv) in Corollary 1.3.2 is complete.

Let us show that (iv) implies (iii). We define b(z, £, h) = a(x, h€), which is
nonnegative; it is enough to check the functions (z, §) — ([“)1’385‘19) (zh'/2 En=1/2
R)h~lel for |a| + (8] = 4. We have in fact

(0705b) (xh'/?, ¢h ™12 )b 1ol = (9] 05 a) (xh'/?, £ /).
Now, from Lemma A.2.1 in our appendix, for h € (0, 1], the functions
(2,€) = (8] 05 a)(xh'/?, €n1/?)

belong to A with a bounded norm since we have supposed that a(* € A. We
can then apply the already proven result (iv) in the corollary to get

a(z,&h)" + Ch*[[aP ] 4 >0, Rea(x,hD)+ Ch?[a®|4 >0, qed.

Let us show that (iv) implies (ii). We assume that a(x, &, h) is a nonnega-
tive function satisfying the assumptions of (ii). According to the already proven
(iv), we need only to check, for |o/| + || = 4, the norm in A of

(x7€) . (85/620/0,)(xh1/27§h_1/27h‘)h_‘a/‘ — Ca/ﬁ’(xag)'

Because of the second inclusion in (1.2.1), it is enough to find an L*° bound on
the 2n + 1 first derivatives of that function; we have, for |o| + |8"| < 2n+1

(3.3.3)
(0 0 corg) (2,€) = (B " 0+ a) (xh /2, €h =112, Ryl | p ==

x
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and from the assumption in (ii), we get, since 4 < |/ +a”|+|8' +5"| < 2n+5,
(33.4) |07 T 05"+ a)(@hV/2, €72 )| < Curyar raprhl® 1

so that (3.3.3-4) imply

—la|+18”]
2

(9" 02" carpr) (@, €)] < Car v e I 11 =11

€T

la’1+18"|
= a’+a",ﬁ’+ﬁ”h 2 S Ca’+oz”,,3’+,3”

yielding the sought bound. The proof of (ii) is complete.

Proof of (i) in Corollary 1.3.2. Using a Littlewood-Paley decomposition,
we have

1= Z(pg(g)a P € Cgo(Rn)v

v>0

for v > 1, suppep, C {2771 < ¢l <271}, sup |9, (§)271° < oo,
v,

We introduce also some smooth nonnegative compactly supported functions
1, (&), satisfying the same uniform estimates than ¢, and supported in 2/ 72 <
|¢] < 2v*3 for v > 1, identically 1 on 2¥~2 < [¢] < 2¥F2 (in particular on
the support of ¢,). We consider a nonnegative symbol a satisfying (1.1.1) for
4 < |a| + (8] < 2n + 5. We write

(3.3.5) a=Y pra=y (bleat, +1.,).

v>0 v>0

The proof relies on the following
Claim 3.3.1. The operator with Weyl symbol >~ 1, is bounded on L*(R™).

As a matter of fact, if this claim is proven, we are left with the opera-
tor > ¢¥(p2a)¥y¥ and we can apply the already proven result (ii) in this
corollary to get that with a uniform C,

w2 W W w 2 _\w C wo_ 2
;m%a) vy ;wy ((¢ha)” +C) vy <Zw>

>0

L2bounded

and so this operator is semi-bounded from below as well as a. Let us prove
the claim. We leave as an exercise for the reader to check, using (1.2.2), the
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composition formula

(3.3.6) (aifiazfaz)(X)
- // a1 (Y1)as(Ya)ag(X — Vi + Ya)e  #rIX =0 X22lgy dY,,
R27 x R27

Applying this to v, fa,fh, with a, = p2a, we get
1
ni@ ) ==2" [[[ =0 e+ e —n)

x (02a,)(x + Oy, €)y*dydndo

S (- 03 (€ )

x (& — ) (02a,) (x + Oy, €)dydndo

n 1
- % / / /0 (1= 0)e™ ™37 (0 (€ +m)thu (€ — )
x (02a,)(x + Oy, £)dydndo.

From this formula we see that r, is supported where 2¥~1 < |¢] < 2¥*! since
it is the case for a, (v > 1); since the overlap of the rings where [§| ~ 2¥
is bounded, it is enough to check some bounds on the derivatives of r, to
get similar bounds on the ) r,. Moreover in the integrand, if the function
1, (€ + ) is differentiated, we get

21/+2 < |§+77| < 21/+3 or 21/73 < ‘§+77| < 21/72.
As a result, in the first case, we have |n| > [ + 7| — [¢] > 2v+2 — 2V = 2vF1
whereas in the second case || > || — [€ + 7] > 271 —2¥=2 = 2v=2 which
implies that we always have |n| > 2¥~2. Since we have also |n| < |£+n|+ ¢ <

2v+3 4 9v+1 we obtain (note that the case when the other function (£ —n) is
differentiated is similar) on the integrand

(3.3.7) 2"7% < pf < 2Vt
‘We write now
1 2"
a a3 —
RGP ICHI R S

a'+a’'=a

1 . /7 1
x / / / (1—0)e4m0m0g 92 (i, (64 )b (6—1)) (08 D502a,) (2-+ By, €)dydnd
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and since the integral above is, for N, k even integers, N > n,

///01(1 — 0)e™HmVI(1 4 4[|?)~H/2

x (1+4ly) =21+ D2)N20g 02 (v (€ + n)tbw (§ — 1))
x (14 D2)*2((0¢" 92 02a, ) (x + Oy, €)) dydndd

we get, for |o| + |0] + &k < 2n+ 3,
(82087, ) (2, )| < Capn (2v) TRl I=242710 0 — ¢ g (27) Tloln=k,

For a,f given such that max(|a|,|8]) < n + 1, we choose k = n — |a] or
k = n—|a|+1 so that k is even, and we get, uniformly in v, |(8?8§r,)(x, <1
note that then we have indeed

ol + 18] +k < |8l +n+1<2n+2<2n+3.

Eventually, from (a mild version of) Theorem 1.2 in [B2] we get Claim 3.3.1:
we have proven that for max(|al,|8|) < n+1, 8?857" is bounded. The proof of
(1.1.3) is complete, under the assumptions of the corollary.

Proof of (1.1.2). To obtain also the result for the ordinary quantization
is not a direct consequence of the previous result, because of our limitation on
the regularity of a. So we have to revisit our argument above, replacing at each
step the Weyl quantization by the standard quantization. It is a bit tedious,
but unavoidable. We write

(3.3.8) a= Z vla = Z(wy op2aoth, +5,).

v>0 v>0
The proof relies on the following
Claim 3.3.2. The operator with standard symbol ) s, is bounded on

L2(R™).
As a matter of fact, if this claim is proven, we are left with the operator

Re Y~ Op (¥,)O0p (¢3a)Op (1)

and we can apply the already proven result (ii) in this corollary to get that
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with a uniform C,

> Op () Re Op (p2a)Op (1)

= " Op(¢h) (ReOp (¢la) + C) Op (¢,) — C Op (Z wi)

14
>0

L2bounded

and so this operator is semi-bounded from below as well as Re Op (a). Let us
prove the claim. Reminding the ordinary composition formula, we have

(3.3.9) (aob)(x,&) = //n . e 2™ (2, €+ n)b(y + x, &)dydn.

Applying this to ¢, oa, o1, with a, = %%Ch we get ¥, 0a, 0%, =Y, 0a,1, =
1, 0 a, and

(1, © ay 0 95, (x, €) = / / =2y (¢ + m)aw(y + 7, €)dyd

= [[ e+ (afo)

1
+/ (1—0)9%a, (z + 0y, §)y2d9) dydn
0
= (al/wl/)(x7§) - Sl/(xﬁf)a

with

1
5 (2,6) = — / / / (1= 0)e2mm4s, (¢ 4+ 0)(0Pa, )z + By, €)y>dydndo.

That formula is so similar to the defining formula of r, above that we can
resume the discussion and use (a mild version of) Theorem 1.1 in [B2] we get
Claim 3.3.3: The proof of (1.1.2) is complete, under the assumptions of the
corollary. O

A. Appendix
A.1. On nonnegative functions

Let a be a nonnegative C*! function defined on R™ such that [|a(®||ze <
1; p and Q are defined in (3.1.3).

Lemma A.1.1.  Let a,p, be as above. For 0 < j < 4, we have
laD ()| < vip(x)* =7, with 40 =72 =74 = 1,7 = 3,73 = 4.



FEFFERMAN-PHONG INEQUALITY 359

Proof. The inequalities for j = 0, 2,4 are obvious. Let us write Taylor’s
formula,

1 1 5 [T (1-0)3
a(z+h) = a(z)+a'(z)h+§a"(x)h2—|—6a(3) (x)h3+/ %a(‘l)(x—l—ﬂh)d@iﬁ
O .

We get a(z + h) — a(z) — La”(2)h? — ‘h|4 ’(x)h+ %a(S)(x)h3 and since
a(x + h) > 0, we have —a(w) - 3d(z )h2 e < d(z)h+ 2a® (2)h3. Since

the rhs is odd in the variable h, we obtain

1
2

[h[*

(A.1.1) TR

w@m+%¢@@m3ga@y% "(2)h? +

Let us choose h = p(x)sT where T is a unit vector and s is a real parameter.
We have

4

(A12) sp(x)a'(x)ﬂs3p<x>3éa“><x>ﬁ Sp<x>4(1+§82+§z)-

Note. Let , 5,7 € R, and assume that Vs € R, |sa+s35| <A(1+ 182—1—2'1)
Applying that inequality for s = 1,3 gives |a + §| < 724, [Ba + 278| < 7213
and thus
324 324
24\18| = 2706 —

1Bl =1B3a+276 = 3(a+ B)l < 5rv, 168l <55,
37x24+324 1212

22 /576
As a result, from (A.1.2), we get for p(x) > 0, ||d’(z)|| < 3p(2)3, [|a®(2)| <
4p(x). If p(z) = 0, we use the inequality (A.1.1) with h = €T" where T is a unit

. . . oA
vector and € is a positive parameter, providing |ea’(x)T + 63%a(3)(x)T3\ <5
Dividing by € and letting it go to zero, we find o’(z)T = 0, for all T, i.e.
a'(z) = 0. Next we find that for all vectors T, a® (z)T® = 0, implying that
the symmetric trilinear form a(®) () is zero (see Remark 3.1.2). The proof of
the lemma is complete. O

lo|=la+8-8]<~v

2
Lemma A.1.2. Leta,p, ) be as above. The metric /lfé:;‘)z is slowly vary-

ing on the open set 0, i.e. there exists Co > 1> rg > 0 such that

\/

p(z)

<C,
ply) ="

(A.1.3) re€Qand |z —y| <roplz) =yecQ, C;'<

b

The constants ro and Cy can be chosen as “universal” fized constants (inde-
pendently of the dimension and of the function a, which is normalized by the
condition |||~ < 1).
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Proof. Using Taylor’s formula, one gets, using (A.1.1), Lemma A.1.1 and
Remark 3.1.2,
a(w+h) + [la" (x + h)||”

1 1 1
<a(z) +d(x)h+ §a"(x)h2 + Ea'"(gc)h3 + ﬂ|h|4

1
+3[la"(@)* + 3 la" (@) |f* + 3 |h|*

p(z +h)?!

<2a(x) +a’ (x)h* + %\hrl +3 ||a”(a:)||2 +3 ||a/”(gc)||2 |n|? + 3%|h|4
< 2p(a)" + p@)|hf? + o {h[* + 3p(a)* + 3 2o B2 + Shl*
<5p(z)* + |h|?p(x)*(1 + 3 2%) + |h* (% +3 2-2>
<3* (p(w) + [R])*.

This implies that

(A.1.4) p(z + h) < 3(p(z) + |hl).

As a consequence, we have for ||T|| < 1,7 > 0, p(z + rp(z)T)< 3(1 + r)p(z),
and thus

ly — | < rp(z) = p(y) <3(1+7)p(2).
Moreover if y = x + rp(x)T with » > 0 and |T] < 1, (A.1.4) gives

p(z) = p(y —rp(x)T) < 3(p(y) + rp(z))

and if r < 1/6 we find 2p(z) < 3p(y) < (9 + 2)p(x) providing the result of the
lemma with Cyp = 1/rg = 6. O

Remark.  When the normalisation condition ||a® ||z~ < 1 is not sat-
isfied, it is of course possible to divide a by a constant to get back to that
normalization condition. When |[a(®||z~ # 0, Lemma A.1.1 is providing the
inequalities

(AL5)  [la'(2)]|** <3Y3(a(@) a5 + |la” () 2™ 227?),
(A16)  [a®(@)||* <4*(a(@)[la' V(% + [la" (@) *a™]%).-
Note that if |a®| =~ = 0, i.e. a® =0, a is a polynomial of degree < 3, and

the nonnegativity implies a(®) = 0 so that, if its minimum is realized at 0, a is
the sum of a nonnegative quadratic form and of a nonnegative constant.
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Lemma A.1.3. Leta,p,Q be as above. Let 6 such that 0 < 0 <1/2. If
y € Q verifies a(y) > 0p(y)?, then

[z —y| < 0p(y)27° = a(z) > Op(y)*/2.

Proof. We note that for |z —y| < rp(y), using Lemma A.1.1 and Taylor’s
formula, we have

) > aly) — ro(y)3p(s)° — 52 p(u)plu)” — r°0(0)*4ply) — 5o o(0)",

implying, for a(y) > 0p(y)*, that a(x) > p(y)4(0 —3r — é - % - ;4) and since

for r < 1/2, we have 3r + 7 + 2° 4 7 < r(3+ 1/8 4+ 1/12 + 1/384) < 47 we

obtain indeed a(z) > +0p(y ) 1f7‘ <40/8. O

Lemma A.1.4. Let a,p, ) be as above. There exists Ry > 0 such that
if y € Q verifies a(y) < p(y)*/2, then there exists a unit vector T such that,

|z —y| < Rop(y) = a"(x)T% > 27" p(y)*.

One can take Ry = 1072.

Proof. We have ||a”(y)|| > 27/2p(y)?, so with Remark 3.1.2, we find a
unit vector T such that |a” (y)T?| > 27'/2p(y)?. Then we have for all real s

0<a(y+sp(y)T) < aly) + sp(y)a’(y)T + —Qp(y)2 "(y)T?

2
3 4
p(y)*.

+ 20 a" ()T + Zp
The quantity sp(y)a’(y)T + % p( )3a” (y)T? is odd in the variable s so that
2 &3
aly) + 3 p(y)*a" (y)T? + 24/)( y)' = Jsp(y)a’ ()T + = p(y)*a” (y)T°| 2 0,
and in particular,

2
Vs #0, a"(y)T% > *%p(yf — s 22a(y)p(y)

= a"(y)T? > -2 x 671/ 2a(y)V/2.
Since |a” (y)T?| > 27/2p(y)?, this implies

(A.1.7) ' (y)T? > 271 p(y)?

)
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otherwise we would have —2x 6=/2a(y)"/? < a”(y)T? < —2~/?p(y)? and thus
3
a(y)'? > 612272 p(y)? = a(y) > Jo(v)"

which is incompatible with a(y) < p(y)*/2. Using the Taylor expansion for
x — a"(x)T? yields the following; we write, for |z — y| < p(y)s,
a"(2)T% > a" (y)T? — [slp(y)4p(y) — %p(yf
> p(y)? (% —12[s| — 352/2) > ply)*/2,
provided |s| < 1072, O

Lemma A.1.5. Let a,p,Q,Cy, 1o, Ry be as above. There exists a posi-
tive constant 0y such that if 0 < 0 < 0y and y € Q is such that a(y) < 0p(y)*,
the following property is true. For all x such that |z — y| < 01/2p(y), the func-
tion T — a'(x + 7p(y)T)T has a unique zero on the interval [—01/*,0/4]. The
constant 6y is a universal constant that will be chosen also < min(1/2,73, R3).

Proof. From the previous lemma, we know that for y € Q such that
a(y) < p(y)*/2 then there exists a unit vector T' such that,

| = y| < Roply) = a”(2)T* > 27" p(y)*.
The second-order Taylor’s formula gives, for |t| < rg, using (A.1.3),

py)*t?

0 < a(y+tp(y)T) < aly) +to(y)a' )T + =—Cp(y)?

and thus

ltlo(y)la'()T] < aly) + Cop(y)'12/2 < Op(y)* + C3p(y)*t*/2.
As a result choosing ¢t = 0'/2 (which is indeed smaller than ), we get
(A.1.8) 0/ (9)T] < p(y)*(01/2 + C20'12/2).

‘We have for s real

82

2

1
1
+/ 5 (1= 02 (y + tsp(y) )T dts"p(y)*,
0

a'(y+ sp)T)T =d' (y)T + sp(y)a” (y)T? + =p(y)*a” (y)T?
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so that, using (A.1.8), we have
=C4

PR — 82
@ (y + sp(w)T)T < p(y)*6/2 (1 + CGF/2) +3pl)a” ()T + 5 p(0)*4 + 515 p(y)’

T, s

YT g bl
p(y)? 6

The coefficient of s inside the bracket above belongs to the interval [271/2 1].

For s = —0'/*, we get that

< o()* (0121 + s

3/4
a'(y — 0 p(y)T)T < p(y)3(91/201 _g\/A9—1/2 4 ogl/2 —W‘G ) <0

if € is small enough with respect to a universal constant. Since we have also
the inequality

/ : , 52 p 1. .
a/(y +sp(y)T)T = =p(y)*0"2Cr + sp(y)a” ()T* = - p(y)*4 = Zlsl*p()’*

2
a"(y)T* 02 _ ElN 7
p(y)? 6

the choice s = /% shows that a/(y+60Y*p(y)T)T > 0. As a result the function
¢ defined by ¢(7) = o/ (y+ 7p(y)T)T vanishes for some 7 with |7| < #Y/4 < Ry.
Moreover, from Lemma A.1.4, its derivative ¢ satisfies

> o) (~0721+

¢'(1) = d"(y+7p(y)T)T?p(y) > 2" p(y)* > 0,

so that ¢ is monotone increasing of 7 on the interval [—0'/4, §1/4], with a unique
zero on that interval. Considering now for |y — x| < #/2p(y) the function

P(r,@) = d'(x+7p(y)T)T,
we get that

o(1) — 012 p(y)Cep(y)* < d(r,x) < ¢(7) + 0% p(y)C3p(y)>

so that the same reasoning as before, we find that for all « such that | —y| <
0p(y), the function 7 — a'(z + 7p(y)T)T has a unique zero on the interval
[—01/4,0/4], provided that 6 is smaller than a positive universal constant. L[]

Remark A.1.6. Let a, p, 2,19, Coy, Ry, 0y be as in Lemma A.1.5 and 0 <
6 < . Let y be a point in Q such that a(y) < Op(y)*. We may choose the
linear orthonormal coordinates such that the vector T' given by Lemma A.1.5
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is the first vector of the canonical basis of R™. Then a consequence of Lemma
A.1.5 is that, for all 2’ € Brm-1(y/,0%?p(y)) the map 7 — Oia(r,2’) has a
unique zero a(z’) on the interval [—0Y%p(y) 4+ y1,0"*p(y) +v1]. We have thus

(A19) |2’ —y/| < 6'%p(y) = Dra(a(2),2') =0, |a(a’) —p| <6 p(y).

From Lemma A.1.4, we get also
(A.1.10) dla(a(z)),2') > p(y)?/2.

Since the function d;a is C?!, the implicit function theorem entails that the
function a is C?; let us show in fact that o is C%!. Denoting by 0 the z’
derivative, with a and its derivatives always evaluated at 1 = a ('), we obtain
by differentiating the identity da(a(z’),z’) =0,

(Alll) 04/812(14—3132& = O,
A.1.12 o' 9%a + o*3Ba + 20/ 826qa + 9,02 = 0.
1 1 1 2

The identities (A.1.11-12) give for |2’ — /| < 6'/2p(y), using (A.1.10),

la(a’) —y1| < 0Yp(y),
(A113) < |o/()] < 2p(y)pla(z’), a')? < 203 S 1,
la” (2")] < 2p(y) 2 (42C3 + 42CF + 12) p(a(2’), ') S ply) "

We have also the identity, using (A.1.12),

(A.1.14) o' (1)) = —(0%a(a(a’), 2") " (o *03a(a(2)), ')
+20/070za(a(z’),x") + 0105a(a(x’), 2)),

so that the function o’ is Lipschitz continuous. Applying formally the chain
rule from (A.1.12) would give the identity

o 0%a+ 30" o/ 03a+ 30" 920sa + o/°0ta + 302 P 0ya + 30/ 8203a + 0,03a = 0.

However the meaning of the last four terms above is not clear since the fourth
derivative of a is only L°°, so to restrict it to the hypersurface z; = a(z’)
does not make sense. In fact, we do not need that, but only the fact that
the composition of Lipschitz continuous function gives a Lipschitz continuous
functions with the obvious bound on the Lipschitz constant. We start over from
(A.1.14) and we write the duality products with a smooth compactly supported
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test function x, a. a regularized a,
" _ "ot o 171203 102 2 2 \—2
(", x)= a’x'dm = [ X' (&' 07a + 20/ 0{02a + 0105a)(07a) " *dm
= I X (2 *Bac + 20/ 020za, + 0,02a.)(0%a) 2dm

/
= —lim X((aﬂ@i’ae + 20/ 0%0sa, + 818§a6)(812a)_2) dm.

e—0

The computation of the derivative between the parenthesis above, with uniform
bounds wih respect to € gives indeed

(A.L.15) o ()] < p(y) 7%

A.2. More properties of the algebra A

Lemma A.2.1.  Letb be a function in A and T € R?>",t € R. Then the
functions Trb, by defined by Trb(X) = b(X — T),b(X) = b(¢tX) belong to A
and

(A21) - sup bl < Clblas llbela < (1 > C[Ib]l 4 -
€ 2n

where C' depends only on the dimension.
Proof.  We check, using that T' = S + jo, jo € Z*", S € [0, 1]*"
Fx;mrd)(E) = /e_Qi”XEXj(X)b(X —T)dX
=R [ HE G (X )XY

:e—ZinE/ —AmXEy (X 4+ 8) ( Z Xj—jotk (X (X))dX
|k|<Ro

— ¢~ 2nTE Z F((T-5X5-jo) (Xj—jo+£)) (E)
[k|<Ro

= e 2= N (F(T-5X5—4o) * F(Xj—josb)) (E)
[k|<Ro

so that
F(x;72b)(E)| < Co / F(r_sx5—30) (B — E)wn(E)dE’

= Co / |F(x0)(E — Z)|wp(E")d=",
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entailing [ sup;ezen |F(x;7rb)(E)|d= < Co [[xoll 1 16l 4 and the first part of
(A.2.1). The second part is obvious if ¢ = 0 since A is continuously embedded
in C°N L* (Proposition 1.2.1). Assuming ¢ # 0, we look now at

Fx;be)(E) = / e 2 XE V(X — )b(tX)dX

= / “HTEE N0 (X = )Xk (EX)b(EX)dX,

kez2n

and since on the support of the integrand, we have | X —j| < Ry, |k—tX| < Ry
and thus |k — tj| < Ro + [t|Ro, we get

Flbe) (E) = / ~2mXEy (X _ j)b(tX)dX

3 / e=mXE (Y J)b(tX)xu(EX)dX

l[k—tj|<Ro(1+[t])

Z // —2imt™ XAA(N) 2N (t~1 X —j5)

|k—tj|<Ro(1+[¢])

(Xkb)(X)dXdN‘tan
_ Z // —2imt™ ~>/<B(tN)62i7rN(X—tj)(Xkb)(X)dXdN

|k—tj|<Ro(1+[¢])

|k—tj|<Ro(1+[¢])

_ // XO tN+ 2i7rth672i7r:‘j62i7rXN
|k— tJ|<Ro(1+\t|

% (xxb)(X)dXdN

_ Z / “tN+2 2i7rth672i7rEj

|k—tj|<Ro(1+]t])
X < / eZi’TXN(Xkb)(X)dX) dN
so that

ENICTEND S A tN+E>|] [ e o] an

|k—tj|<Ro(1+[¢])

< C B2 / T (N + E) (V)N (1 + [t])>"
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and finally the sought result [ sup; |F(x;b:)(E)|d=E < C R§™ (1 4 [t])*™ ||Xoll 11
X || 4 - O

A.3. On Leibniz formulse

Let a be a function in Ll = of some open set Q of R™ and let u be a locally

loc
Lipschitz continuous function on §2. Although a’ may be a distribution of order
1 and u is not C, it is possible to define the product T' = a’u as follows (¢ is

a test function):
(T, ) = —/a(qu + ug')dz

so that T is a distribution of order 1 satisfying the identity (au)’ = T + au’. As
a matter of fact, we have ((au)’,¢) = — [aup’'de = (T, ) + [ av'pdz = (T +
au’, o). It means in particular that one can multiply the first-order distribution
%(ln z|) = pvi by the.Lipschit.z contin.uo.us fu.nction. |z| and get (pvi)lz| =
= ((In|z|)|z|) — (In |z|) sign = = sign  as it is easily verified. On the other hand
it is not possible to multiply the first order distribution &) by the Lipschitz
continuous function |z|.

A.4. Symmetric k-tensors as sum of k-th powers

Since the symmetrized products of T3 ® - - - ® T}, can be written as a linear
combination of k-th powers, the norm of the k-linear symmetric form A given
by [|All = sup|r)=1 |AT*| is equivalent to the natural norm

Al = sup |ATy...Ty|

and we have the inequalities ||A|| < [|A|| < sk ||Al| with a constant x; depend-
ing only on k. The best constant constant in general is x, = k¥ /k!. In fact, in
a commutative algebra on a field with characteristic 0, using the polarization
formula, the products T ... T} are linear combination of k-th powers

1

T1T2...Tk:W

Z €1 .. .ek(elTl + -4 eka)k.
Cj::tl

Using the triangle inequality, we get [|A| < 5&;2"k" || A]|, and thus k), < ’;—T

On the other hand, for 7; € R* and A defined by

1
ATy, ..., Ty) = o Z Toyn - Towm) ks
’ gESy
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we have A(ey, ..., e;) = 1/k! so that [|A| > /; and for § € R* (with the norm
> 16;1),
k
1AG%| = [0, . 04| < (—%'f]') — [|A] < kF,

so that W ” >

w‘?r

A.5. From discrete sums to finite sums

At the end of the proof of Theorem 3.1.1, we have established that

(A.5.1) a(z) = Z Zb v (@), (x

1<j<14N,,_, veN

with (¢, ) satisfying the properties of Lemma 3.1.3 and the b, ; are C1! func-
tions such that

(A5.2) [ <eop™, 0<i<2, (B b,) [ <eo |(bugbl;)"| < co,

v,jov,g

where c¢g is a universal constant (we keep the normalization assumption
||a(4)||Loe(]Rm) < 1). We want to write a as a finite sum with similar properties,
using the slow variation of the metric |dz|?/p(z)?. We are given a positive
number r < r(, where r{, is defined in Lemma 3.1.3. We define a sequence (z,)
and balls U, as in that lemma.

- N1 = maximal subset of N containing 0 such that for 2/ # "/ both in N7,
U, NU,» =0. Let vy = min NY.

- N2 = maximal subset of N containing v such that for v/ # v”/ both in N>,
U, NU,» =0. Let vz = min(N; UN3)C.

Let vg41 = min(Nj U--- U N
- Ng+1 = maximal subset of (M; U - UN,)¢ containing vy 1

such that for v/ # v both in N1,
U, NU,» =0. Let vpyo =min(N; U+ UN,i1).

We observe the following.

e The sets N are two by two disjoint.

e For all j, k such that 1 < j < k, there exists v € Nj so that U, NU,, ,, #
0 : otherwise, we could find 1 < j < k so that for all v € N , U, NU,, ., =0,
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so that the set N U {vg41} would satisfy the property that the maximal N
should satisfy.

e For k large enough, we have N7 U --- UN; = N: otherwise v, is
always well-defined and using the property above, we get that one can find
pi € Nj, 1< j <k, sothat U, NU,
we find y; € Uy,; such that

w1 7 0. As a consequence, for 1 < j <k,

|x#9‘ - yﬁ‘ < rp(xﬂj) < COTP(yj);
|ka+1 - yj| < Tp(ka+1) < Corp(yj) < Cgrp(ka+1)

and thus
(A53) |$yk+1 - -’If‘uj‘ < (037“ + r)p(xl/k-u)?

with distinct p; (they belong to two by two disjoint sets). On the other hand,
we know by construction (see Lemma 1.4.9 in [H2]) that there exists a positive
r1 such that, for v/ # v,

lzo — x| > rip(w,),

so that, with a fixed ry > 0, the balls (B(z,,,r2p(z,,)))
disjoint as well as (B(x,,,73p(x1,,,)))

1<j<k ATe two by two

1<j<k with a fixed positive r3. Thanks to

(A.5.3), they are also all included in B(z,,_,,74p(2.,,)) With a fixed positive ry
so that & < rJ*/r§* and thus k is bounded. We can thus write, with M,,, = AJ’,
since the balls U, (D supp ¢, ) are two by two disjoint for v running in each N,

2
a= 3 3 (X bw)
1<j<14+ N1 1<k<My, vENK

and defining Bj . = > ¢, bu.jpr We get
(A.5.4) a= Y > B,
1<j<14+Npm—1 1<k<Mp,

with [BY | <37 cn, cothn S 1. Moreover the identities

~

(BaBii) = 3 ((bu0) (bu o))

VGNk

(BiaBik)" = Y ((bngpu)(bugen)”) o

VGN)C
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yield the sought estimates on the derivatives. As a final question, one may ask
for some estimate of the Pythagorean number, i.e. the number of squares nec-
essary for the decomposition. From the formula (A.5.4), we have the estimate

N, < (1 + Nm_l))\()”, Ao universal constant,

which gives N, < /16”2, which is probably a very crude estimate, compared to
the exponential bound known for the Artin theorem of decomposition as sum
of squares of nonnegative rational fractions. As a matter of fact, a recent paper
of Bony [Bo2] is providing the equality N; = 2, which is optimal in view of the
Glaeser counterexample ([Gl]); however his proof is much more involved than
our argument as exposed above with our set of indices Nj.
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