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Explicit Constructions of Dense Common
Hypercyclic Subspaces

By

Juan B. SEOANE-SEPULVEDA*

Abstract

We give an explicit construction of a dense infinite dimensional vector space of
hypercyclic vectors for the weighted backward shift Tx (|A] > 1). We also develop
a technique to construct common hypercyclic vectors for countable families of these
operators. The techniques developed here do not rely on the Baire category theorem
or any kind of existence proof, as do most approaches to this problem.

81. Introduction and Preliminaries

If X denotes an infinite dimensional separable Banach space and T : X —
X is a bounded linear operator on X, we say that € X is a hypercyclic vector
for T if its orbit, {T™xz : n € N}, is dense in X. If there exists such an x € X
we call T' a hypercyclic operator.

The problem of characterizing certain families of hypercyclic operators
has been intensively studied in the last twenty years. A very famous family of
such operators is the weighted backward shift. Given X an infinite dimensional
Banach space, we will say that X admits a weighted backward shift, Ty, if X
has a Schauder basis, (e;);, and the operator

Tn: X  — X

an Ln€n — ZnZZ A Tpen_y
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is well defined. In [11] Rolewicz proved that this operator is hypercyclic on ¢y
or [P (1 <p < o0)if and only if |A| > 1, i.e. T\ has a hypercyclic vector if and
only if |A] > 1.

In this paper we study whether it is possible to explicitly construct such
vectors. A recent approach to a similar problem was solved constructively in
[2], where a hypercyclic vector for the chaotic operator

T)\,C : 00 [0, OO) — C()[O, OO)
f&) = Af(t+co)

was constructed. Here Cj[0,00) is the Banach space of continuous func-
tions on [0,00) that vanish at oo, endowed with the standard norm |[|f|| =
maxyeo,o0) | (t)]-

Abakumov and Gordon ([1]) showed that [? contains a vector which is
simultaneously hypercyclic for all weighted backward shifts of weight |A| > 1.
Beés ([3]) showed that every hypercyclic operator on a (real or complex) locally
convex space has a dense invariant hypercyclic vector manifold. In [6] it was
shown that if 7" is a continuous linear operator acting on a separable Banach
space and T verifies the hypercyclicity criterion, then the set of hypercyclic
vectors for T, HC(T), is spaceable (i.e., there is a closed infinite dimensional
vector space V with V\{0} ¢ HC(T)) if and only if the essential spectrum of T
intersects the closed unit disk. Recently, Grivaux ([5]) proved that if (7},), is a
sequence of hypercyclic operators on an infinite dimensional separable Banach
space X, then there exists a dense linear subspace which is hypercyclic for every
operator T,.

The hypercyclicity of weighted shift operators has been studied by several
other authors (see, e.g., [4, 7, 9, 10, 12]), where the most common tool of
approaching this problem is the Baire category theorem or a similar kind of
existence proof. Here we give new and constructive proofs of some known
results that don’t rely on the Baire category theorem. We believe that the
constructive approach given in this paper has not been used before.

From now on X denotes any infinite dimensional Banach space with basis
admitting a weighted backward shift, (e;); will denote its Schauder basis (with
les]] = 1 for every i), v[i] denotes the i-th coefficient of v € X with respect to
the basis, and T will denote the weighted backward shift operator acting on
X, with |A] > 1.

In Section 2 we start by giving an explicit construction of a dense hyper-
cyclic subspace for T, acting on X, proving, constructively, the following known
result.
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Theorem 1.1.  The set of hypercyclic vectors for the weighted backward
shift T acting on X is dense-lineable, i.e., there is a dense infinite dimensional
vector space V', so that V' \ {0} C HC(Ty).

The vector space constructed in the previous result cannot be closed in
general since, in [8], Montes showed that the weighted backward shift operator
does not have a closed hypercyclic subspace when acting on ¢y or I[P, 1 < p < co.

In Section 3 we also give a new and constructive proof of the following
known result:

Theorem 1.2.  Given {(T\,, )meN : Am € (a,b)} a countable family of
weighted backward shifts acting on X, there is a common hypercyclic vector for
all the elements in the family.

Finally, in Section 4, we include an analysis of the previous constructions
as well as a remark about the complex case. Some new results on the complex
case are also given.

§2. Dense Hypercyclic Subspaces

In this section we construct a dense infinite dimensional vector subspace

V' C X whose every non-zero element is a hypercyclic vector for T. To do this

we build a basis for V. Let us begin by taking (z;); € coo a dense sequence in

X; let us also denote the set of prime numbers by P = {p1,pa,ps,...}. Now,

for each p; € P, we define a new sequence (ypg ); C X verifying that, for every
J>0,

2= Y =Yl =Y

BT Y T el T

For example, for p = 3 € P, we would have that the sequence (ys;); is given by

Ys = 21,Y9 = 22,Y27 = 23,Y81 = 24, -

It is clear that, for every p = p; € P, {y, } ;>0 is also a dense sequence in X with
{ypi }j>0 € coo, since, for every p € P, y,; = z;, j > 0. Given p € P, we now
construct x, € X by defining it on intervals of the form [0, k], [k,i, kpi +mpi],
and [k, 4+ myi, kyi+1], for j > 0, as follows:

gpli] it 0<i<ky,
xp[z] = (fﬁ;) [Z — kpj] if k?pj <1< k‘pj +mpj,

0 if k’pj +my <t < kipj+1,
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where the previous elements satisfy the following:
1. (my;); is any strictly increasing sequence of positive integers so that
- 1
(2.1) [ — 3 || < 9
for every j > 0, where (y,;)[i] = (yps)[i] for 1 <i < my,; and (y,i)[i] =0
for i > m,;,
2. (kn)n>2 is any strictly increasing sequence of positive integers with kg = 2
and also satisfying the following:

(a) For j > 1,
> i 1
(22) ZLkzl |ykp7‘[7’]| < —,
IA[For—Fpi=t " p g
and
(b) kpi +myi < kpigpq for each j > 1, and

3. (gp)pepr € coo is a dense sequence in X with g,[i] = 0 for every i > k,.

Firstly let us see that, for every p € P, x), € X. For this it suffices to show
that Y7, |2p[i]| < co. By (2.2) we obtain that

oo

S lagfl < 3 lafil + 3 (=) < Z\gp

Jj=1

and thus x € X.

Secondly we need to show that, for every p € P, x, is hypercyclic for T}.
Since for any n € N, {2z, | £ > n} is also dense in X, to see that the set of
iterates is dense in X, it suffices to show that, for every p € P,

k.
|T\" p —ypil]l =0 as j — oo.

Using (2.1) and (2.2) we obtain

T3 @y = gl < 55 + N5 - S <|A17kp

s=j+1
Ly (S
95 kys—k_;
27 S |\ —Fps
0o

1 1 .
<§+Z —-0 as j—oo0.
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We claim that
V =span{z, : p € P}

is an infinite dimensional vector space so that V' \ {0} ¢ HC(T)). By con-
struction it is clear that V' is infinite dimensional. Indeed, take any m different
vectors Tp,, Tp,, ..., Tp,,, where p; € P for every 1 < i < m and, without loss,
p1 > pg > -+ > py. Then, it is clear that the elements

(Theig, Treig,,, ... Trag, }

are linearly independent (where T' = T7), since they do not share non-zero
coordinates, and therefore the elements
{ZpysTpys ooy Tp,, }

are also linearly independent. Thus the system {x, : p € P} is free, and V
is infinite dimensional. Let us now see that V \ {0} € HC(T»). Take any
veV\ {0}, ie.

V= Q1p, + QoXp, + 0+ Xy,

where p; € P for every 1 < ¢ < m and, without loss, p; > p2 > -+ > pm.
We can also suppose that no «a; is zero. We will see that v/« is a hypercyclic
vector for T}, and we will be done. To show this we prove that

ki
173" (v/e1) = ygll =0 as j— oo
We have
ki b
T\ (v/en) =yl < T3 — gyl

1 2 P A
T, — +- 4+ ||| —2
A aq p2 A aq Pm

kp{ kP{ kP{
<|IT, xm_yp{H"'A'HTA Tpo|[+ -+ AT\ 2p, |

"

kg e
=||T) xplfyp{HJrA'Z”T,\ Tp, |,
=2

where A = max{‘z—i‘ :2<j<m}. As we saw above, HTprlxpl —ypgl-H goes to
zero as j — 00, so let us examine the rest of the sum on the right hand side.
For 2 <i <'m, call N; ; the first integer so that p{ < plN”‘j. Now, by condition
(2.2) we obtain:
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<

K2

as j — oo since, for every 2 < i < m, N, ; — 0o as j — oo. Therefore v/a; is
a hypercyclic vector for T, and so is v. Thus we have constructed an infinite
dimensional vector space whose every non-zero element is hypercyclic for T).
Let us now see that V is dense in X. First notice that, for every p € P,

(23) A ES> (W) D P

2
= pegc b

Next, take any z € X and any € > 0. Now, take p prime, big enough, so that

71.2

5
o < 3" Let ¢ be a prime number with ¢ > p and with |lg; — 2| < §. Then,
P

we obtain

™ e 7w ¢
g =211 < leg =l + gy =1 < 5o+ 5 < 1+ 5 <,

thus {x,}pep is dense in X. Therefore V' is a dense infinite dimensional vector
subspace V' C X whose every non-zero element is a hypercyclic vector for T.

83. Common Hypercyclic Vectors for Families of Operators

In this section we will describe the construction of common hypercyclic
vectors for countable families of weighted backward shift operators. For that,
let us take 1 < a < b < 00, and consider the rational numbers in (a, b), (Am)m.
In order to construct a vector x € X, hypercyclic for each T}, , let us denote
(y;); € coo a dense sequence in X. We also need to define the following double

sequence, {p(j, m) }3men, given by
1
p(j,m) = 5-(j+m—2)-(j—|—m—1)+m—l for j,m>1.

To see that {p(j,m)};men covers all NU {0} in a one to one fashion, it is
enough to picture the infinite matrix of elements p(j, m), as also appears in [6],
i.e.
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0259---
14 813---
371218
6111724 ---

As we did before, we now define some elements that we need in our con-
struction. The following elements look similar to those we used before, but it
is necessary to repeat them here in order to avoid confusion:

1. (M,), stands for any strictly increasing sequence of positive integers sat-
isfying

- 1
(3.1) ly; — viell < BYERE
for every j,£ > 1, where (yj)[i] = (y;)[i] for 1 < i < M0 and (yje)[i] =

. . - Mg
0 for i > My e ie., Yjo = (yjl.,yjz,y?, . r0:90,0,0,...).

2. We also take (k;); a strictly increasing sequence of positive integers with
ko = 0, and satisfying the following conditions:

(a) For j >0,

o~ ) O .

(3.2) Z lys[el] ] - 5 S e where  p(s,t) = j,
i=1

and

(b) k;j + M; < kj4q for each j > 0.

We construct # € X by defining it on intervals of the form [k, (; m), kp(jm)
+My(jmy] and [kp(jmy + Mp(im)s kp(,m)+1] for every j,m > 1 as follows:

p(j,m)
m

1
. i | = Fepam) I Epm) <0 < Kp(iam) + M),
afi] == (/\k J>[ p(i.m)] p(j,m) p(3,m) p(j,m)
0 i Kpm) + Mpgm) <@ < Kpgm)+1-

It may be helpful to picture x as in the following diagram:

Y1 , v2 , y1 ; v3 ) y2 , Y1
Ban o ey O TRaa 00 TReen 0 eea o Rt
)\lp 5 >\1P 5 Azp 5 )\lp 5 Azp 5 >\3p 5

on on on on on on
[0, kg + Mgl ... [ky,ky + Mq] ... [ko, kg + Mg] ... [k3, k3 + M3l ... [k, kg + Myl ... [ks, kg + Mg] - - -
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By condition (3.2),

S (£ He)

)£

s=1 t=1

so z € X. Next, to see that x is hypercyclic for each T}, , we show that, for
each m € N,
||Ty f,’f] My —yill —0 as j— oo
Using (3.1) we obtain that, for every m € N,

1
—yjll < W

Z |y Jj+m—1 0o ) 1
(G,m) 119s (G,m) :
Ao Z SELETL e Y A wll Y

HTkp(jﬂ")x

(s,j+m—s)
s=1 )\jimj sm s=1 i=1 t=j+m+1—s )‘t
koo 1
A p(j,m) = — g [ g3.
+ At E E |ysli] E )\k”(”’ S7Fm T o1t o2+ as
s=j+m \i=1 t=1

We have that, for every m > 1, — 0 as j — co. We now examine the

’ 95+m
values of 01, 09 and o3 as j — co. Again, by (3.2),

-1 bEvGm) i
¢ o1 < Z Z lys[d]] | - Frceaim | S Z 9j+m — 9jtm’
s=1 s=1
Jj+m—1 oS [eS) bkp(jmz)
o< 3 (zwsw) oy e
s=1 i=1 t=jimti—s &7
Jj+m—1 [e%s} .
1 j+m—1
< Z Z 9s+t - 2j+m 7’
s=1 t=j+m+1—s
>0 bFpGim) ad <1 1
core Y (S 'Z ro )< 2 (X e
s=j+m \i=1 s=j+m \t=1

Thus o;, - 0 as j — oo, for i =1,2,3. So, for each m > 1,
113000 = yil| — 0 as j— oo,

and hence x is a common hypercyclic vector for the family {7, }men-
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84. Conclusions and Remarks on the Complex Case

In this section we give an analysis of the previous constructions as well as
some remarks about the complex case. Some new results on the complex case
will be given as well (Propositions 4.1 and 4.2). So far, and to summarize, we
have developed a technique that allowed us to give new and constructive proofs
of the following known facts:

Theorem 4.1.  Let X be an infinite dimensional Banach space admit-
ting a weighted backward shift Ty, where |\| > 1. Then the set of hypercyclic
vectors for the weighted backward shift is dense-lineable, i.e., there is a dense
infinite dimensional vector space V', so that V '\ {0} C HC(Ty).

and

Theorem 4.2. Let X be an infinite dimensional Banach space admit-
ting a weighted backward shift. Then, given {(Tx,, )men : Am € (a,b)} a count-
able family of weighted backward shifts acting on X, there is a common hyper-
cyclic vector for all the elements in the family.

This last result was proved by showing that (HTf:L”‘””)x - y]H) € ¢
for every m € N. But we could wonder whether this vector = could %e also
hypercyclic for some weighted backward shift T,., where r € (a,b) \ {\,, : m €
N}. We know that, for every m > 1,

lim ||T379™ & — ]| = 0.
J—00

Now we show that, if r € (a,b) \ {\, : n € N}, then the sequence

Ky(s . . :
(||TT PO yJ||) ~is not convergent. In fact, we will see that there exists
j
a subsequence (N;); C N so that

gyl = .
J

. k
lim ||T
j—oo
In order to show this, we first need to find a lower bound for ||T*»G.m z||,
where T' = T3. By construction, using the reverse triangle inequality twice and
by (3.1), we have that

~ ~ 1
(4.1) ||Tkp(j”")a,‘|| > ||yj7mH S > HyJ” — Hyj _yj,mH_d > ||yj||  9jFm

ArpGam) = AFpGom) T \eam 7
where §; = || szm 41 x|, the norm of the tail of z, and satisfies ; — 0 as
j — o0o. Consequently,

kp(j kp(j ) 1 k.
(4.2) ||TAZ(J'W"x|\ = A0 || TR ]| > ||ys]| — St A L5
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where

(4.3) Ab.m) 0; <o1+024+03—0as j— oo,

as we saw in the previous section. Take now any r € (a,b) \ {A\, : n € N} and
any A, < r. We want to investigate the behavior of (HTf"“"")x - yJH) . The
J

reverse triangle inequality gives that

d4) T -yl > (T e — T || — | T @ — g,

m m

where HTf:f’)x —y;l| — 0 as j — co. On the other hand, by using (4.1) and
some calculations,

HTrkp(j’m)x — Tf:l(j’m)xH = |)\5»f(j’m) — 'rkp(j,m)| . ||Tkp(j,m)x”
Kp(j,m)
=P =l | DD O TRl
q=1
> )\kp(j,m)_l k ||yj|| - 2]% 5.
7| m T| tAm *hp(g,m) ° /\ﬁf(j””) — Uy

‘)‘m —T‘ 1 kp(j,m
= (T Ky \ Nyill = 5 — A0 )

Now, using the previous inequality and (4.4), we obtain

1 k

pGom) | s

Ko
=T\ =y

Kp(jim [Am — 7]
IHV“)x—wHZ—ﬂ——'%uM'OWM—

Next, since (y;); is dense in X, choose a subsequence (IV;); C N so that
inf; [lyn;|| > 1. Thus, since kyn, m) — o0 as j — oo and, by the previous
inequality together with (4.3), we obtain

k .
T = g | = 00 a5 § = o,

Hence the sequence (||T7{C PO g y]||) _is not convergent. We summarize
j

these last results in the following proposition.

Proposition 4.1.  The sequence (HTf"“”")x —yjH). is convergent if

j
and only if r € {\, : m € N} and, in this case, its limit is 0. Moreover, if
r € (a,b) \ {M\n : m € N} then the sequence (HTf"”‘mx - y]H) ~is unbounded.
J
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However, we do not know whether the vector constructed in the previous
section is also hypercyclic for every member of {7} : r € (a,b)}.

We could also wonder what happens in the complex case, i.e. what is the
behavior of the sequence <| TG g —y; H) when r is of the form \,, - e for

some 6 € R. In this case we claim that thlS sequence has a zero subsequence.
To see this let us choose (yn,);j, a subsequence of (y;);, converging to zero.
Then, using the same notation as before and equation (3.1), we obtain

i0\ Fp(N; m)
Fp(n; m) ()\m et ) ’ - kp(N; m)
[T A €10 _yNjHS Fp(N, m) “YN;,m — YN; +Am -6 J
m
10k ~
<Ny = YNl F YN, — YN ml|
Kp(N;,m
Ay N -5NJ.
0k N 1 kp(n;,m)
S|6z p(Nj, )_1"HyNj||+W+>\“’f J -5Nj
1 p(Nj,m)

<2 HCUN||+2N+m+>\ 0N, — 0 as j— oo

In particular, if eﬂ € Z, we get the original situation, and the sequence

itself converges to zero. On the other hand, the sequence ||T), p(zlem) —yn, ||

has a divergent subsequence if 5~ §§ 7. Indeed, take (yas,); a subsequence of
(y5); with [lyag|| — 0o as j — oo7 and any 0 € R with - ¢ Z. Proceeding as
above and using the reverse triangle inequality together with (3.1) we obtain

(A - €%) kp(ar;,m)

kp(k{j ,m)

Am

~(lya, = 9adyan ] + A ™™ - bag,)
> |ei9kp(Mj,m> _ 1|

kp(aay,m)

T)\m_emQ xr — yMj || Z

: yM;,m - yM;,m

Nyat; mll
1 ,m
<2M +m +)\7r€)(M ) 5MJ>
p(M ,m)

+Am R (5m) ~0n; — 0 as j — oo, we have that [|T," "™z —

And, since o3, T

Ynm,|| — oo as j — 0o. So we can conclude that

Proposition 4.2.  Given the sequence (HT ”(Je;';);v — yJH)j, we have the
following:
1. It is convergent if and only zf =~ € Z and, in such case, its limit is 0.

2. For every 0 € R it contains a subsequence converging to 0.
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To conclude this paper we mention that the techniques of Sections 2 and
3 can be combined in order to construct dense common hypercyclic subspaces
for sequences of weighted backward shifts.

Acknowledgement

The author would like to thank Richard M. Aron for fruitful conversations
and comments on the manuscript.

References

[1] E. Abakumov and J. Gordon, Common hypercyclic vectors for multiples of backward
shift, J. Funct. Anal. 200 (2003), no. 2, 494-504.

[2] R. M. Aron, J. B. Seoane-Septlveda and A. Weber, Chaos on function spaces, Bull.
Austral. Math. Soc. 71 (2005), no. 3, 411-415.

[3] J. P. Bés, Invariant manifolds of hypercyclic vectors for the real scalar case, Proc. Amer.
Math. Soc. 127 (1999), no. 6, 1801-1804.

[4] G. Godefroy and J. H. Shapiro, Operators with dense, invariant, cyclic vector manifolds,
J. Funct. Anal. 98 (1991), no. 2, 229-269.

[5] S. Grivaux, Construction of operators with prescribed behaviour, Arch. Math. (Basel)
81 (2003), no. 3, 291-299.

[6] M. Gonzélez, F. Leén-Saavedra and A. Montes-Rodriguez, Semi-Fredholm theory: hy-
percyclic and supercyclic subspaces, Proc. London Math. Soc. (3) 81 (2000), no. 1,
169-189.

[7] F.Ledn-Saavedra and A. Montes-Rodriguez, Spectral theory and hypercyclic subspaces,
Trans. Amer. Math. Soc. 353 (2001), no. 1, 247-267 (electronic).

[8] A. Montes-Rodriguez, Banach spaces of hypercyclic vectors, Michigan Math. J. 43
(1996), no. 3, 419-436.

[9] A. Montes-Rodriguez and H. N. Salas, Supercyclic subspaces: spectral theory and
weighted shifts, Adv. Math. 163 (2001), no. 1, 74-134.

, Supercyclic subspaces, Bull. London Math. Soc. 35 (2003), no. 6, 721-737.

[11] S. Rolewicz, On orbits of elements, Studia Math. 32 (1969), 17-22.

[12] H. N. Salas, A hypercyclic operator whose adjoint is also hypercyclic, Proc. Amer. Math.

Soc. 112 (1991), no. 3, 765-770.




