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Simply Laced Extended Affine Weyl Groups
(A Finite Presentation)

By

Saeid AzaM* and Valiollah SHAHSANAEI**

Abstract

Extended affine Weyl groups are the Weyl groups of extended affine root systems.
Finite presentations for extended affine Weyl groups are known only for nullities < 2,
where for nullity 2 there is only one known such presentation. We give a finite pre-
sentation for the class of simply laced extended affine Weyl groups. Our presentation
is nullity free if rank > 1 and for rank 1 it is given for nullities < 3. The generators
and relations are given uniformly for all types, and for a given nullity they can be
read from the corresponding finite Cartan matrix and the semilattice involved in the
structure of the root system.

80. Introduction

Ezxtended affine Weyl groups are the Weyl groups of extended affine root
systems which are higher nullity generalizations of affine and finite root sys-
tems. In 1985, K. Saito [S] introduced axiomatically the notion of an extended
affine root system, he was interested in possible applications to the study of
singularities.

Extended affine root systems also arise as the root systems of a class of
infinite dimensional Lie algebras called extended affine Lie algebras. A system-
atic study of extended affine Lie algebras and their root systems is given in
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[AABGP], in particular a set of axioms, different from those given by Saito
[S], is extracted from algebras for the corresponding root systems. In [A2], the
relation between axioms of [S] and [AABGP] for extended affine root system’s
is clarified.

Let R be an extended affine root system of nullity v (see Definition 2.2)
and V be the real span of R which by definition is equipped with a positive semi-
definite bilinear form I. We consider R as a subset of a hyperbolic extension v
of V, where V is equipped with a non-degenerate extension I of I (see Section
1). Then the extended affine Weyl group W of R is by definition the subgroup
of the orthogonal group of % generated by reflections based on the set of non-
isotropic roots R* of R.

This work is the first output of a three steps project on the presentations of
extended affine Weyl groups and its application to the study of extended affine
Lie algebras. In the first step, we study finite presentations for extended affine
Weyl groups, where in this work we restrict ourself to the simply laced cases.
In the second step the results of the current work will apply to investigate the
existence of the so called a presentation by conjugation for the simply laced
extended affine Weyl groups (see [Kr] and [A3]). Finally, in the third step,
we will apply the results of the second step to investigate validity of certain
classical results for the class of simply laced extended affine Lie algebras. There
is only a little known about the presentations of extended affine Weyl groups.
In fact if v > 2, there is no known finite presentation for this class and for
v = 2 there is only one known finite presentation called the generalized Coexter
presentation (see [ST]).

We give a finite presentation, for simply laced extended affine Weyl groups,
which is nullity free if rank > 1 and for rank = 1 it is given for nullities < 3
(see Theorem 4.1). Our presentation highly depends on the classification of
semilattices (see Definition 2.1), up to similarity, which appears in the structure
of extended affine root systems (see (2.5)). Since for types A, (¢ > 2), Dy, Ey
for arbitrary nullity and for type A; for nullity < 3 this classification is known
(see [AABGP, Chapter II]), our presentation is explicit for the mentioned types
and nullities.

The paper is arranged as follows. In Section 1, we obtain several results
regarding the structure of certain reflection groups. The results of this section
are similar but more general than those in [MS] and [A4], and are applicable
to a wide range of reflection groups including extended affine Weyl groups.

In Section 2, we introduce a notion of supporting class for the semilattices
involved in the structure of extended affine root systems. This notion plays a
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crucial role in our work. Also we study an intrinsic subgroup H of an extended
affine Weyl group W which we call it a Heisenberg-like group. The center of H
is fully analyzed in terms of the supporting class of the root system. This a
basic achievement which distinguishes the results of this section from those in
[A4] and [MS] (See Corollary 2.2). In particular it, together with other results,
provides a unique expression of Weyl group elements in terms of the elements of
a finite Weyl group, certain well-known linear transformations belonging to the
corresponding Heisenberg-like group and central elements (see Proposition 2.3).
We encourage the reader to compare this with its similar results in [MS] and
[A4]. The main results are given in Sections 3 and 4 where we give our explicit
presentations for the extended affine Weyl group W and the Heisenberg-like
group H.

The presentation is obtained as follows. First by analyzing the semilattice
involved in the structure of R, we obtain a finite presentation for H. The
generators and relations depend on nullity, the supporting class of the involved
semilattice and the Cartan matrix of the corresponding finite type. Next using
the fact that W = W x H, where W is a finite Weyl group of the same type
of R, we obtain our presentation for W. So this presentation consists of three
parts, a presentation for H, the Coxeter presentation for the finite Weyl group
W and the relations imposed by the semidirect product (see Theorems 3.1 and
4.1).

For a systematic study of extended affine Lie algebras and their root sys-
tems we refer the reader to [AABGP]. For the study of extended affine Weyl
group we refer the reader to [S], [MS], [A1,A2,A3,A4], [ST] and [T].

81. Reflections Groups

Let V be a finite dimensional real vector space equipped with a non-trivial
symmetric bilinear form I = (-, -) of nullity v. An element « of V is called non-
isotropic (isotropic) if («, @) # 0 ((«, ) = 0). We denote the set of nonisotropic
elements of a subset A with AX. If « is non-isotropic, we set " = 2a/(a, @).
Let VO be the radical of the form and V be a fixed complement of V° in V of
dimension ¢. Throughout this section we fix a basis {aq,...,a} of V, a basis
{o1,...,0,} of V9 and a basis {\1,...,\,} of (V°)*. We enlarge the space V
to a £ + 2v-dimensional vector space as follows. Set

(1.1) V=V (V)
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where (V9)* is the dual space of V. Now we extend the form (-,-) on V to a
non-degenerate form, denoted again by (-,-), on V as follows:

¢ () vsy = ()
(1.2) o (V,(V0)*) = ((V°)*, (V%)*) == 0,
o (0p,Xs) i =0ps, 1<ms<vw

)

The pair (V,I) is called a hyperbolic extension of (V,I).
Let O(V, I) be the orthogonal subgroup of GL(V), with respect to I = (-, -).
We also set

FOV,I) = {w e OV, I) | w(8) =6 for all § € V°}.
For o € VX, the element w, € FO(\~77 I) defined by
we(u) = u — (u,a)a, (ueV),
is called the reflection based on «. It is easy to check that
(1.3) WWwaw™ " = Wy (a) (w e OV, I)).
For a subset A of V, the group
(1.4) Wa = (wa|a€AX),

is called the reflection group in FO(V,I) based on A.
For a € V and o € V°, we define T € End(V) by

(1.5) T (u) = u — (o, u)a + (a,u)o — (a’za) (o,w)o (ue V).

The basic properties of the linear maps 72 are listed in the following lemma.

The terms of the form [z,y] appearing in the lemma denotes the commutator

"y~ lzy of two elements x,y in a group.

Lemma 1.1. Leta,B,v€V, 0,6,7 € V° andwEFO(\},I). Then
(i) o7 =17, r € R,

(11) Tcr+5 Ta'TéT(O‘ O‘)E

(iil) 79,5 =T5T3,

(iv) [T, T3] = TW”

(v) [T"Tg,Ti] [TZ,TJHTg’Tﬂ
(Vi) wIgw™" =17 ).
(vit) T2, —wa+gwa, aeVx,
(viii) (T2)~t =T¢.
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Proof. The proof of each statement can be seen using the definition of
the maps T)J and straightforward computations. O

Part (vii) of Lemma 1.1 has been in fact our motivation for defining the
maps T2. If we denote by Z(G) the center of a group G, then we have from
parts (iii), (vi) and (vii) of Lemma 1.1 that for a € V, 0,5 € V°,

(1.6) TS € FO(V,I) and T¢ € Z(FO(V,I)).

Lemma 1.2. LetaeV,n. €eR and1l <r <wv. Then

v

TQZZ:lnTUT _ Tnror T;l né 2 U,,y
|| a Il .

r=1 1<r<s<v

Proof. For 1 <r < w, set §, := Y., n;o;. Using Lemma 1.1 (ii)—(iii)
and (1.6), we have

(o, @)
2

Euzlnrgr __mqmioi1+6a __ mqoq g Tl g1
I T = T

n101 Moo ds T2 (aéa) 02 a1 —(a o)
_ 101 202103
- Ta Ta Ta T63 T52

g1

o)

—HTWH I =

r=1s=r+1

MO e ”r”s
Mz 07
r=1

1<r<s<v

For a subset A of V, consider the subgroup
(1.7) H(A) := (Wasows | € A, 0 €V a+0c A).

of W4. We note that H(A) < H(V) = (Warows | a € VX, 0 € V),

We recall that a group H is called two-step nilpotent if the commutator
[H, H] is contained in the center Z(H) of H. We also recall that in a two-step
nilpotent group H, the commutator is bi-multiplicative, that is

(1.8) [H%,H%] = HH[xz,yﬂ
=1 j=1 i=1j=1

for all z;,y; € H.
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Lemma 1.3.  Let A be a subset of V. Then
(i) H(A) is a two-step nilpotent group.
(ii) If X is a generating subset of H(A), then [X, X] generates the com-
mutator [F(A), H(A)] of H(A).
Proof. (i) If wowato and wgwgays are two generators of H(A), a, € A*,
a+o,8+0 € A, then by Lemma 1.1(vii),(iv), we have
[WatoWa, Wa+swg] = [Tav,Tgv] = Ti"‘v’ﬁv)‘s.

Now the result follows from (1.6). (ii) is an immediate consequence of (i) and
(1.8). O

Lemma 1.4.

H(V) = (TFeror, T

1<i<t;1<rs<v;ng,,mys €R).

Proof. From parts (iii) and (vii) of Lemma 1.1 and Lemma 1.2 we see
that H (V) is a subset of the right hand side. Conversely, it follows from Lemma
1.1(vii) and (iv) that the right hand side is a subset of H (V). O

Ni,rOr My ,sOs
Lemma 1.5. Leth =[] _ 11—[1 1 To! " hicres<y To,7777, where ny r.,

mys are in R. If §; = Zle n; o, 1 <j<v, then
h(/\) 6 (5]75] ,_Z ) . +Z .
j 1<r<j—1Mr,j0r j+1<s<p M,s0s-

Proof. Let 1< j <vand&e V. Then from (1.5) and (1.2), it follows
that

[e3

TUJ ()\ ) )\ — 7(04720[) O'j and Tg: ()\J) = )\jfés,jgr+5r,jasa 1 § r,Ss § v,

and so using (1.6) and Lemma 1.1(ii)—(iii), we have

v /L
J) — H HTQL;‘TGT H TT’;LT sgs()\j)

r=14i=1 1<r<s<v
v /L
_ N ro mj 50 My 0 My 50 .
— H HTO‘; rOr H TO'J‘J s0s H TO’,.T] J H To’,.r s b()\j)
r=1i=1 jH1<s<v 1<r<j—1 {1<r<s<v|r,s#j}

mj sOs
— T"z TO'TT g+1<<<u s T )\
HH E1<T<J 1m¢"1‘7r( J)

r=1i=1
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v £
Sy
:HHT&L;AUTT@JHS S PV Z s

r=1i=1 1<r<j—1
v
Ni O
=TIz N = Y mejort Y mygo,
r=14i=1 1<r<j—1 J+H1<s<v
v /£
— M, rOr ) . .
_HHTai (Aj) E , My jor + E , Mj,s0s
r=1i=1 1<r<j—1 J+H1<s<v
[t - ¥ ot X mn
1<r<j—1 J+1<s<v
T j
fT I E My j0, + E m;j 50
1<r<j—1 J+H1<s<v
(8, 5;)
=N PO > megort Ym0
1<r<j—1 J+H1<s<v
|
Lemma 1.6.  FEach element h € H(V) has a unique expression in the

form

v 4
(1.9 h=hmirmes) = [[[[70 ] T0" (ir,mes €R).

r=1i=1 1<r<s<v

Proof. Let h € H. From (1.6), Lemmas 1.4 and 1.1(iv) it follows that h

has an expression in the form (1.9). Now let h(n r.s) be another expression

Z T"
of h in the form (1.9). Then by acting these two expressmns of h on A;’s,
1 <j <v, we get from Lemma 1.5 that n;, = n;)r and m,. s = m;  for all

1<i</fand1<r<s<v. O

Lemma 1.7. (i) Z(H(V)) = (T5,"*"*
v > 2.

(ii) For any fized nonzero real numbers m, s, 1 < r < s < v, the group
(T,'7 | 1 <r < s <) is free abelian of rank @ .

(iii) H(V) is a torsion free group.

1<r<s<v, ms€R),if

Proof. (i) By (1.6), Lemmas 1.1(vii) and 1.4, it is clear that the right
hand side in the statement is a subset of the left hand side. To show the
reverse inclusion, let h € Z(H(V)). Consider an expression h(n; ., m, ) of h in
the form (1.9). We must show that n;, =0, forall1 <i</fand 1<r <uw.
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Since H(V) is a two-step nilpotent group, we have from (1.8) and Lemmas 1.4
and 1.1(iv) that forall 1 < j < /Zand 1 < s <,

TU° H H Tm rOr Tas

r=1i=1

v /£ v (Ze )
o nir(cyo)os i1 i, r Q05 )0 g
10 |

r=14i=1 r=1

Therefore by Lemma 1.6, ZZ 1Nir(as,05) =0,foralll <j<land1<r<wv.
But V = Z i—1 Roy; and the form restricted to V is non-degenerate, so n; , = 0
forall1<i</{ 1<r<vw.

(i) We show that {7, /™*7* | 1 < r < s < v} is a free basis for the group
under consideration. Let H1<r<s<y Tm #MrsTs =1l,n,s€Zforl <r<s<v.

Then by Lemma 1.6, n, sm,. s = 0 for all r, s. The result now follows as m, s’s

are NONZero.
(iil) Let h € H(V) and assume h"™ = 1 for some n € N. Let h = h(n; ,, m; )
(see (1.9)). Since H(V) is two-step nilpotent, we have

v /£
_pn _ nn; ror NMy 50
R 1 R | g

r=1i=1 1<r<s<v

where c is a central element. By part (i), 1 = h™ = h™(nn;,,m;. ) for some
real numbers m’m. By Lemma 1.6, n;, = 0 for all 4,7. Thus h is central and
so ¢ = 1. Now it follows again from Lemma 1.6 that m, s = 0 for all r, s. Ll

Corollary 1.1.  For any subset A of V, H(A) is a torsion free group.

Recall that we have fixed a complement V of V9 in V. Now for a subset A
of V, we set
A:={aeV]a+o¢c A forsome o €V}

Proposition 1.1.  Let A be a subset of V such that wy(A) C A for
all € A% and H(A) = (Warowe | a € AX,0 € V. a +0 € A). Then
WA = WA X fH(A)

Proof. Leta€ A, 0 €V’ a+0 € Aand w € Wy. By assumption w(a)
and w(a+0) = w(a) + o are elements of A. Thus, H(A) is a normal subgroup
of W4, by (1.3). Now we show that H(A)NW, = {1}. Since H(A) C H(V) and
W, € W,, it is enough to show that H(V)N Wy, = {1}. Let h € Wy, N H(V)
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and consider an expression of h in the form (1.9). Since h € W, we have from
(1.2) that h(\;) = Aj, 1 < j < v and so it follows from Lemma 1.5 that h = 1.

To complete the proof, we must show W4 = W H(A). Let o € A and
o € V0 such that & + o0 € A. By assumption, wsiows € H(A) < Wy and
Wato € Wa, therefore wy = WatoWatows € Wa and so W, € Wy, This
shows that W, H(A) € W4. To see the reverse inclusion, let wq, o € A*,
be a generator of W4. Then o« = & + o where & € A% and o € V°. Since
wg € W and since by assumption wawst+o, € H(A), we have wy = Wt =
Wa (WaWato) € W 4H(A). This completes the proof. O

82. Extended Affine Weyl Groups

In this section, we study Weyl groups of simply laced extended affine root
systems. We are mostly interested in finding a particular finite set of gener-
ators for such a Weyl group and its center (see Proposition 2.2). Since the
semilattice involved in the structure of an extended affine root system plays
a crucial role in our study, we start this section with recalling the definition
of a semilattice from [AABGP, I1.§1] and introducing a notion of supporting
class for semilattices. For the theory of extended affine root systems the reader
is referred to [AABGP]. In particular, we will use the notation and concepts
introduced there without further explanations.

Definition 2.1. A semi-lattice is a subset S of a finite dimensional real
vector space VY such that 0 € S, S +£2S C S, S spans V° and S is discrete
in V°. The rank of S is defined to be the dimension v of V. Note that the
replacement of S +25 C S by S+ 5 C S in the definition gives one of the
equivalent definitions for a lattice in V°. Semilattices S and S’ in V° are said
to be similar if there exist 1) € GL(V°) so that 1(S) = S’ + ¢’ for some o’ € S'.

Let S be a semilattice in V° of rank v. The Z-span A of S is a lattice in
VO a free abelian group of rank v which has an R-basis of VY as its Z-basis.
By [AABGP, II.1.11], S contains a subset B = {o1,...,0,} of S which forms
a basis for A. We call such a set B, a basis for S. Then

A=(S)= ZZO’T with o, €S forall 7.
i=1

Consider A := A/2A as a Zs-vector space with ordered basis B, the image of
Bin A. For 0 € Aand 1 <7 < v, let o(r) € {0,1} be the unique integer such
that ¢ = >_/_, o(r)G,. Then we set

suppg(o) :={1<r<v|o(r)=1}
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Then o =3
the form

(mod 2A). By [AABGP, I1.1.6], S' can be written in

resuppg (o) Ir

S=J©;+20),
j=0

where §p = 0 and J;’s are distinct coset representatives of 2A in A. The integer
m is called the index of S and is denoted by ind(S). The collection

(2.1) suppp(S) = {suppB(éj) |[0<j< m}

is called the supporting class of S, with respect to B. Since 0; = Zv‘ésupps(éj) oy

(mod 2A), the supporting set determines S uniquely. Therefore, we may write

(2.2) S = L—ﬂ (r, +2A) where 7, := ZUT'

Jesuppp(S) reJ

(By convention we have 7, := > .0, = 0). By [A5, Proposition 1.12], if
v < 3, then the index determines uniquely, up to similarity, the semilattices in
A. So by [AABGP, Table I1.4.5], up to similarity, the semilattices of rank < 3
in A are listed in the following table, according to their supporting classes:

Table 2.3.  The supporting classes of semilattices, up to similarity, for
v <3.

index supp(S)
0 {0}
{0,{1}}
{0.{1},{2}}
{0, {1}, {2},{1,2}}
{0.{1}, {2}, {3}}
{0.{1},{2}, {3},{2,3}}
{0. {1}, {2}, {3}, {1,3},{2,3}}
{0, {1}, {2}, {3}, {1,2}, {1, 3},{2,3}}

{0, {1}, {2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}

N =] O R

N O O W W N

Next we recall the definition of an extended affine root system.

Definition 2.2. A subset R of a non-trivial finite dimensional real vec-
tor space V, equipped with a positive semi-definite symmetric bilinear form
(+,-), is called an extended affine root system if R satisfies the following 8 ax-
ioms:

e R1) 0 € R,
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. R2) -
e R3) R spans V,

e R4)a € R* = 20 ¢ R,
e R5) R is discrete in 'V,

e R6) For o € R* and 8 € R, there exist non-negative integers d, u such that
B+na € R, n €Z, if and only if —d < n < u, moreover (3,a) = d — u,

e R7) If R = Ry U Ry, where (R;, Ry) = 0, then either Ry = () or Ry = (),
e R8) For any o € R, there exists a € R* such that a + o € R.

The dimension v of the radical V° of the form is called the nullity of R,
and the dimension ¢ of V := V/V is called the rank of R. Sometimes, we call
R a v-extended affine root system.

Corresponding to the integers ¢ and v, we set
Je=A{1,...,¢} and J,={1,...,v}.

Let R be a v-extended affine root system. It follows that the form restricted
to V is positive definite and that R, the image of R in V, is an irreducible finite
root system (including zero) in V ([AABGP, 11.2.9]). The type of R is defined
to be the type of the finite root system R. In this work we always assume that
R is an extended affine root system of simply laced type, that is it has one of
the types X, = Ay, Dy, Fg, E7 or Eg.

According to [AABGP, I1.2.37], we may fix a complement V of VO in V
such that

(2.4) R:={aeV|da+o € R for some o € V}

is a finite root system in Vv, isometrically isomorphic to R, and that R is of the
form

(2.5) R=R(X;,S)=(S+S)U(R+S)

where S is a semilattice in V°. Here X, denotes the type of R. It is known
that if £ > 1, then S is a lattice in V°.
Throughout our work, we fix two sets

II={ay,...,a¢} and B={o1,...,0,},
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where II is a fundamental system for R with (o4, ;) = 2 for all i € J;, and
B is a basis for S. In particular, S has the expression as in (2.2). Since B is
fixed, we write supp(.S) instead of suppg(.S). From S £25 C S, it follows that
Zo, C S for r € J,, and so we have from (2.5) that

(2.6) ai+Zo, CR,  (i,r) € Jyx J,

As in Section 1, let V = V@ VO @ (V9)*, where V is the real span of R.
With respect to the basis B, we extend the form (-,-) on V to a non-degenerate
form, denoted again by (-,-), on V by (1.2).

We recall from (1.4) and (1.7) that

(2.7) Wg = (w, | @ € R*)
is a subgroup of FO(\~7, I) and

H(R) = (WaroWa | € R*,0 €V a+0 € R)
is a subgroup of Wg.

Definition 2.3. The groups Wgr and H(R) are called the extended
affine Weyl group and the Heisenberg-like group of R, respectively. Since
R C R, we may identify the finite Weyl group of R with the subgroup W =
(wy | @ € R*) of Wg. When there is no confusion we simply write W and H
instead of Wg and H(R) respectively.

Lemma 2.1. H=(TJ|a€R, g€8).

Proof. For & € R and ¢ € S, we have from Lemma 1.1(vii) and (2.5)
that T = warows € H. Also if @ € R*, 0 € V0 and a + o € R, then
« = &+ 7, where & € R and by (2.5), 7,0,7+ 0 € S. Then waiswa
Wit r o WaWaWatr = T TTT .

O
We next want to find certain finite sets of generators for both W and H
and their centers. For r,s € J,,, we set

(2.8) ers i =Tg and C:=(cs|1<r<s<v).
Then by (1.6) and Lemma 1.1(viii) for all r, s € .J,, we have
(2.9) Crr=CssCrs =1 and C< Z(FO(\?,I)).
Moreover from (2.8) and Lemma 1.7(ii), it follows that

(2.10) C'is a free abelian group of rank v(v —1)/2.
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Also for (i,7) € Jy x J,, we set

(2.11) tigi=T0r.

From (2.6) and parts (iv) and (vii) of Lemma 1.1 for all v, s € J,, and 4,5 € Jy,
one can see easily that

(2.12) tir = Woyto,Wa, € H and [t ,, 5] = c,(f‘;’a") e K.

Lemma 2.2.  wgy,tj,Wa, = tj,rti_,r(ai’aj), fori,j € Jo, v €Jy.

Proof. Leti,j € Jy, r € J, and o = wq, () = oj — (a5, ). We have
7(0‘%0")
tirt, 7 ]

@,

from Lemma 1.1(vi) that wa,t;,wa, = TJ" = t;,

In order to describe the centers Z(H) and Z (W), we use the notion of
supporting class of S (with respect to B) by assigning a subgroup of C to S as
follows. We set
(2.13) F(S) =z, | TS J) <C,
where

H{r,séJ\r<s} Crs if J e Supp(S)
(2.14) z, =4 2 if J = {r,s} & supp(9),
1, otherwise.

(Here we interpret the product on an empty index set to be 1.) Our goal is
to prove that Z(W) = Z(H) = F(S). Note that if {r,s} C supp(S), then
Z(,. = Crs. In particular, if S is a lattice then the second condition in the
definition of z, is surplus and so F'(S) = (2., , [ 1 <r <s <wv) =C. Also

from the way z is defined and (2.12) we note that

{r,s}
(2.15) [tigitis) = %) € (2, ), 4,5 € T, 1,5EJ,.

Lemma 2.3. Leta= Zle mia; € R and o = S nwor €A Then

v

¢
7 =111t TI e
r=1i=1 1<r<s<v
Proof. Using Lemmas 1.2 and 1.1(iii), we have

v v /£
o __ MO g T \NsNp __ m;n Ny
rg=11z II @ =111 11 e
r=1

1<r<s<v r=1i=1 1<r<s<v
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For a subset J = {i1,...,i,} of J, with iy <iy < --- <4, and a group G
we make the convention

H A; = Qj; Qjy "+ * G, ((li € G)
ieJ

Proposition 2.1. H=(t;,,z, | (i,r) € g x J,, J T J,).

Proof. Let T be the group in the right hand side of the equality. We
proceed with the proof in the following two steps.

(1) T C H. By (2.12), it is enough to show that z, € H for any set
J C J,. First, let J € supp(S). Then by the definition of z
H{T)SEJ|T<S} ¢r.s. Now it follows from Lemma 1.2 that

Ty _ Yregor Tr Tr __ or _ ,—1 .
T} = TEreror = o [ 12 = cor JTT7 =27 T i

{r,seJ|r<s} reJ {r,seJ|r<s} reJ reJ

,» we have z, =

But since o; + 7, € R (by (2.2) and (2.5)), it follows from Lemma 2.1 and
(2.12) that

2z, = (M) [ tar € 3¢
reJ

Finally, suppose J = {r,s} ¢ supp(S) where 1 < r < s < v. Then from the
definition of z, and (2.12) we have

This completes the proof of step (1).
(2) H CT. We have from Lemmas 2.1, 1.1(ii) and (2.2) that

H=(T?|ac€R, oS8

Tg ‘ [ORS Ru [elS UJEsupp(S)(TJ + 2A)>
la€ R, o7, +2A, J e supp(S))
Tt la e R, 0 €2A, J e supp(S))

T;"TgT;" la € R, 0€2A, Jesupp(S)).

3

3

=
=
=
=
=

We get from Lemma 2.1 and the facts that 2A C S and 7, € S for J € supp(.5),
that
H=(T9, Ta’, T,” |a € R, o €2A, J € supp(S)).

Now we show that each generator of I of the form T7, T.7, Ty” belongs to
T. Let o = Zle mia; € R, 0 = XY_12ns05 € 2A, ng € Z and J € supp(S).
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Then it follows from Lemmas 1.2 and 2.3, the definition of z, and the fact that
c%,s IS <z{}> CT,foralll <r s<v that

TJ T1€1,2n05_HH SnbeT

reJ s=1
and
v /L
_ (ti T)quvnT (62 )QnTns cT.
s s,T

r=1i=1 1<r<s<v

Finally,
4
T =12 " = ] Html II cr=1111tNz"e1
redi=1 {r,seJlr<s} reJi=1

From steps (1)—(2), the result follows. O

Corollary 2.1. If¢>2 or S is a lattice, then

H=_(tir, &rs|1<i<Ll 1<r<s<u).

Proof. This an immediate consequence of Proposition 2.1 and the fact

F(S) = C. O

The remaining results of this section are new only for type A;. In fact for
types different from A;, one can find essentially the same results in [MS] and
[A4]. However, for completeness we provide a short proof of them, where the
proofs now are easy consequences of our results in Section 1.

Proposition 2.2.

(1) W=Wx K.

(ii) If £ =1, then W = (wq, , t1r,2, |7 € Jy, J C Jp).

(iil) If € > 1, then W = (wq,, tip Crs |t € Jp, m € J,, 1 <1 <s<w).
(iv) H is a torsion free group.

(v) H is a two-step nilpotent group.

(vi) Z(W) = Z(30) = F(S), if v>2.

(vil) F(S) is a free abelian group of rank v(v — 1)/2.

Proof. (i) is an immediate consequence of Proposition 1.1 and Lemma 2.1.
From (i), Corollary 2.1, Proposition 2.1 and the fact that W is generated by
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Weys - - -, Way, it follows that (ii) and (iii) hold. (iv) and (v) follow from Lemma
1.3 and Corollary 1.1. From (2.13) and Proposition 2.1 we have F(S) C Z('W).
So to prove (vi) it is enough to show that Z(W) C Z(H) C F(S). Let w €
Z(W). By (i), w = wh for some v € W and h € H. Since for all (i,7) € J; x J,,
t;,» € H we have from Lemma 1.1 that

L=wt; ot =wl7 w ' T = T o Ter =T i)
This gives a; — w(a;) € VO. Since w = wh and h(a;) = a;, mod V| it follows
that w(a;) = «; for all ¢ € J,. Thus w = 1 and so w = h € H N Z(W). This
gives Z(W) C Z(H). Next let h € Z(H). From Proposition 2.1 and (2.15), it
follows that

—zHHtm”, (z € F(S), mi, € 7).
r=1i=1

Then by (v), (1.8) and (2.12) we have that

v £

1= [h,tj7s] = H anlr’ o H l_Icm7 rai,ap) HC(Zl 1 M, ,al,aJ)

r=1i=1 r=14=1

Therefore from (2.10), it follows that (ZZ 1 Mir0g, az) = 0 for all j € J.
Since the form on V restricted to V = 21:1 Re; is positive definite we get
m;, =0 for all i € J, and r € J,. Then h = z € F(S) and so (vi) holds. By
(2.15) and the fact that ¢} , = [t1,,t1,5], we see that the group in the statement
:1<r<s<v)and C. Since C is free
abelian on generators ¢, 5, 1 <1 < s < v, then (vii) follows. O

is squeezed between two groups (c2 Crs

The following important type-dependent result gives explicitly the center
Z(W) = Z(H) in terms of the generators ¢, .
Corollary 2.2. (i) If Xy = Ay, then
Z(H) = (cis, z, |1 <r<s<uw, J€supp(9)).

In particular if S is a lattice, then Z(H) = (¢, |1 <r < s <v).
(ii) If Xy = Ay(€ > 2), Dy or Ey, then Z(H) = (¢, s | 1 <7 < s < ).

Proof. Both (i) and (ii) follow immediately from (2.14) and Proposition
2.2 O
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Proposition 2.3.
(i) If Xy = Ay, then each element w in 'W has a unique expression in the
form
(2.16) w=w(n,m.,z):=wy ||tz (ne{0,1}, m, € Z, z € F(9)).
r=1
(il) If Xy = Ae(€£ > 2), Dy or Ey, then each element w in W has a unique
expression in the form

v /£
(2.17) w = w(w, mj p, Myg) (=W H Ht:nr H ey,

r=1i=1 1<r<s<v

where W € W, and m; ., my s € Z.

Proof. (i) First we can express each element w € W in terms of generators
given in Proposition 2.2(ii). Next we can reorder the appearance of generators
in any such expression using (2.15), Proposition 2.2(vi), Corollary 2.2(i), Lem-
mas 2.2 and the fact that wil = 1. Now to complete the proof it is enough to
show that the expression of w in the form (2.16) is unique. Let w(n/,m.., 2") be
another expression of w in the form (2.16). Then from Proposition 2.2(i) and
Lemma 1.6, it follows that n = n/ n, =n/ for all r € J, and z = 2/

(ii) Let w € W. By parts (iii) and (vi) of Proposition 2.2, Corollary 2.2(ii),
Lemma 2.2 and (2.15), w can be written in the form (2.17). Let w(u', n{ ., m;. ;)
be another expression of w in the form (2.17). Then from Proposition 2.2(i)
and Lemma 1.6, it follows that v = «’ and n;, = n; ., (i,7) € Jy x J, and

my s =m,  forall 7,5 € J,. U

83. A Presentation for Heisenberg-Like Group

We keep all the notations as in Section 2. In particular, R is a simply laced
extended affine root system and H is its Heisenberg-like group.

We recall from Proposition 2.2 that F'(S) = Z(H). For 1 <r < s <wv, we
define

(3.1) n(r,s) =min{n € N: ;' € F(S5)}.

Remark 1. Tt is important to notice that we may consider C' = (¢, s :
1 <r < s<v) as an abstract free abelian group (see Lemma 1.7(ii)) and F(S)
as a subgroup whose definition depends only on the semilattice S. It follows
that the integers n(r, s) are uniquely determined by S (and so by R).
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We note from (2.14) that if 1 <r < s < v, then depending on either {r, s}

is in supp(S) or not we have z = ¢2,. Thus we have the

= Cps O 2 s

{r,s} {r,s}

following lemma.

Lemma 3.1. (i) n(r,s) € {1,2}, 1 <r<s<w.
(ii) If {r,s} € supp(S) for all 1 <r < s < v, then n(r,s) =1 for all such
r,s and
F(S)={c,s |1<r<s<uv).

In particular, this holds if S is a lattice.
(iti) If supp(S) € {0, {r,s} | 1<r <s<v}, then

F(S) = <c?g’5) [1<r<s<v)

{1, if {r, s} € supp(9),
n(r,s) =
2, if {r, s} & supp(S).

Let A = (a;,5)1<i,j<¢ be the Cartan matrix of type X/, that is
a;j = (i, o), 4,j € Je

Lemma 3.2. n(r,s)|a;;, 4,j€J,, 1<r<s<v

Proof. By (2.15), crif = c,(»?‘sj’aj) € F(S) for all r,s € J, and i,j € Jy.
Now the result follows by the way n(r, s) is defined. |

By Lemma 3.2, we have a; jn(r,s)™' € Z, i,j € J;, 1 <r <s<wv. So
from (2.12) we have

(3.3) i tys] = (cpyasm(rs) ™

Note that the integer n(r, s) appears only in type A; as in other types n(r, s) =
1.

Theorem 3.1.  Let R = R(Xy, S) be a simply laced extended affine root
system of type X, and nullity v with Heisenberg-like group 3. Let A = (a; ;) be
the Cartan matriz of type Xy, n(r, s)’s be the unique integers defined by (3.1)
and m = ind(S). If
(3.4) F(S) is generated by elements "), 1 <r <s<uw,

T8 ’
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then H is isomorphic to the group H defined by generators

(3.5) {ymgise, l<r<u,

Zrs 1 <r<s<v,

and relations

[ZT,S7 Z'r’,s/]u
(36) ng?( = [yiﬂ‘? ZT’,S']a [yi,ra yj,r]a
L -1
[Yir Yj,s] = ngs”n(r’s) , T <s,

where if £ > 1 or £ =1 and v < 3, the condition (3.4) is automatically satisfied.
Moreover, if £ > 1, n(r,s) =1 for all r,s and if £ =1 and v < 3, n(r,s)’s are
given by the following table:

vim|n(l,2) | n(1,3) | n2,3)
0|0 - - -
171 - - -
21 2 2 - -
(3.7) 5 L ' '
313 2 2 2
4 2 2 1
b) 2 1 1
6 1 1 1
7 1 1 1

Proof. By Propositions 2.1, 2.2(vi), (2.13) and assumption (3.4), we have
H=(tir|(G,r) € Jex J,)F(S) = <ti’r7c7’f’(;75) |1<i<{ 1<r<s<v).

From (3.3) and the fact that c?,(sr’s) € Z(H), for 1 <r < s <w, it is clear that

there exists a unique epimorphism ¢ : H — I such that ©(Yir) = tip and

o(zrs) = c?,(sr’s). We now prove that ¢ is a monomorphism. Let h € J and

©(h) = 1. By (3.6), h can be written as

h= H H yZTT“ H Z:}:ss (mi,m Nrs € 7).

r=1i=1 1<r<s<v
Then

v £
V=) =[] [Tt I oo

r=1i=1 1<r<s<v
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Now it follows from Proposition 2.3 and (2.10) that m;, = n,, = 0, for all
i,7,8 and so h=1.

Next let £ > 1. By [AABGP, Proposition 11.4.2] the involved semilattice
S in the structure of R is a lattice and so by Lemma 3.1(ii), n(r,s) = 1 for
all r;s. Finally, let £ = 1. According to [AABGP, Proposition I1.4.2], any
extended affine root system of type A; and nullity < 3 is isomorphic to an
extended affine root system of the form R = R(A;,S) where supp(S) is given
in Table 2.3. The result now follows immediately from this table and Lemma
3.1(if)—(ii). O

84. A Presentation for Extended Affine Weyl Groups

We keep the same notation as in the previous sections. As before R =
R(Xy,S) is a simply laced extended affine root system of nullity v, W is its
extended affine Weyl group and H is its Heisenberg-like group. Using the Cox-
eter presentation for the finite Weyl group W, Theorem 3.1 and the semidirect
product W x 3, we obtain a finite presentation for W. Let A = (a;;)1<i j<¢
be the Cartan matrix of type Xj.

We recall from [Ka, Proposition 3.13] that W is a Coxeter group with

generators Wy, - . ., Wq, and relations

7

(4.1) w2 and (waiwaj)a?*jJr2 (i # J)-

(e

Theorem 4.1. Let R = R(Xy, S) be a simply laced extended affine root
system of type Xy and nullity v with extended affine Weyl group W. Let A =
(ai,;) be the Cartan matriz of type X, and n(r, s)’s be the unique integers defined
by (3.1). If

4.2 F(S) is generated by elements c”(r’s), 1<r<s<vw
g y T8 )
then W is isomorphic to the group W defined by generators

Ly, 1SZS€a
yi,?‘algigga 1ST§V3
Zrs, 1 <r<s<v

and relations

2 . .
'r’Lz? (xi'rj)ai’j+2a (Z #])7

—aij

TiY5rZi = YjrY;r "
[ZT,37 ZT’,S/]? ['ria zT,SL [yiﬂ” ZT,S]v [yiﬂ”v yjﬂ”]’

am,jn(hs)_l

Wi,rs Yj,s) = 2rs ,1<r<s<w
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Moreover if £ > 1 then n(r,s) = 1 for all r,s, (in particular, the assumption
(4.2) holds). Furthermore, if £ = 1 and v < 3 then the assumption (4.2) is
automatically satisfied and the relations Ry reduces to the relations

2 .1
=, TYrZ =Y.,

:RW = [zr,s, zr’,s’]y ['T'a Z?",SL [yTv Z?",s]a
—1
[Yr, ys] = z,?f;(’“’s) ,1<r<s<uy,

where n(r, s)’s are given explicitly by (3.7) (depending on m = ind(S)).

Proof. From parts (ii), (iii) and (vi) of Proposition 2.2, (2.13) and as-
sumption (4.2), it follows that

W = (wq,, tir | (i,7) € Jo X J,)F(S)
(4.3)
= (Ways tirs cﬁ(f’s) |1<i<{t, 1<r<s<v).

By (3.3), Lemma 2.2, (4.1) and the fact that c?f;“’s) €eZ(H), for1 <r<s<v,

. n(r,s) . .
the assignment z; — wq,, Yir — tir and 2, s — crs "’ induces a unique

epimorphism ¢ from W onto W. Also by Lemma (4.1), the restriction of i to
W := (z; | 1 < i < ¢) induces the isomorphism

(4.4) NERY

We now show that 1 is injective. Let ¢(i) = 1, for some € W. From the
defining relations for W, it is easy to see that w can be written in the form

v /L -
N < M, r Ny s < y
w=w H Hyi,r H zryt (W EW, nps,mi, €Z).

r=1i=1 1<r<s<v
Then
v /£
V=gt =i T T TT engom
r=1i=1 1<r<s<v

Therefore from (4.4) and Propositions 2.3, it follows that m, , = 0, n, s = 0 for
all 7,7, s and w=1. Thus @ = 1 and so W = W. Now an argument similar to
the last paragraph of the proof of Theorem 3.1 completes the proof. |

We close this section with the following remark.
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Remark 2. In Section 2, we fixed a choice of a hyperbolic extension (V, I)

of (V,I),

determined by extended affine root system R and then we defined the

extended affine Weyl group W as a subgroup of O(V,I). As Remark 1 and

Theorem 4.1 suggest, the definition of W is independent of the choice of this

particular hyperbolic extension, if condition (3.4) holds.
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