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Coupling of Two Partial Differential Equations
and its Application

By

Hidetoshi TAHARA™

Abstract

The paper considers the following two partial differential equations
ou ou ow ow
(A) = F(t,x,u, %> and (B) i G(t, T, w, %)

in the complex domain, and gives an answer to the following question: when can we
say that the two equations (A) and (B) are equivalent? or when can we transform (A)
into (B) (or (B) into (A))? The discussion is done by considering the coupling of two
equations (A) and (B), and by solving their coupling equation. The most important
fact is that the coupling equation has infinitely many variables and so the meaning
of the solution is not so trivial. The result is applied to the problem of analytic
continuation of the solution.

81. Introduction

In this paper, I will present a new approach to the study of nonlinear
partial differential equations in the complex domain. Since the research is still
in the first stage, as a model study I will discuss only the following two partial
differential equations

(A) @ = F(t, T, U, 2_2)

(where (t,z) € C? are variables and u = u(t,z) is the unknown function) and
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ow ow
(B) ot :G(t,x,w,%)
(where (t,z) € C? are variables and w = w(t, ) is the unknown function). For
simplicity we suppose that F(t,z,ug,u1) (resp. G(t,z,wp,w;)) is a holomor-
phic function defined in a neighborhood of the origin of C; x C, x C,, x C,,
(resp. Ci x Cy X Cyyy X Cypy ).
My basic question is

Question. When can we say that the two equations (A) and (B) are
equivalent? or when can we transform (A) into (B) (or (B) into (A))?

One way to treat this question is to consider the coupling of (A) and (B),
and to solve their coupling equation.

The coupling of two partial differential equations (A) and (B) means that
we consider the following partial differential equation with infinitely many vari-
ables (t,x,ug,uq,...)

P 0
(@) a—f + Y DF)(t, 2, o, .- ,um+1)% = G(faxv“?’D["ﬂ)

m>0

(where ¢ = ¢(t, x, up, u,...) is the unknown function), or the following partial
differential equation with infinitely many variables (¢, z, wo, w1, . . .)

oy

0
CONNLAE S e IR mn)

m>0

- F(t,x,w,D[w])

(where ¥ = ¥(t, z, wg, w1, ...) is the unknown function). In the equation (P)
(resp. (V)), the notation D means the following vector field with infinite many
variables

0 0 0 0
D=%+Zui+1a—m (resp. D:%—szi_i_la—wi),
>0 >0
and D™[F] (m = 0,1,2,...) are defined by D°[F] = F, D[F] = DF, D*[F] =
D(D[F)), D3[F] = D(D?*[F]) and so on. These two equations (®) and (¥) are

called the coupling equations of (A) and (B).

In Sections 3 and 4, I will explain the meaning of the coupling of (A) and
(B), solve their coupling equations, and establish the equivalence of (A) and
(B) under suitable conditions. Way of solving (®) and () is as follows: first we
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get a formal solution and then we prove the convergence of the formal solution.
Since the solution has infinitely many variables, the meaning of the convergence
is not so trivial.

In the last Section 5, I will give an application to the problem of analytic
continuation of the solution. The result is just the same as in Kobayashi [4]
and Lope-Tahara [5]: this shows the effectiveness of our new approach in this
paper.

In the case of ordinary differential equations, the theory of the coupling of
two differential equations was discussed in Section 4.1 of Gérard-Tahara [1]; it
will be surveyed in the next Section 2.

The results in this paper were already announced in Tahara [9].

82. Coupling of Two Ordinary Differential Equations

Before the discussion in partial differential equations, let us give a brief
survey on the coupling of two ordinary differential equations in [Section 4.1 of
Gérard-Tahara [1]].

First, let us consider the following two ordinary differential equations:

(2 )]
(v) W = g(t,).

where f(t,u) (resp. g(t,w)) is a holomorphic function defined in a neighborhood
of the origin of C; x C,, (resp. C; x C,,).

Definition 2.1.  The coupling of (a) and (b) means that we consider
the following partial differential equation (2.1) or (2.2):

9¢ 9¢

(2.1) 2 It = g(t,9)

(where (¢,u) are variables and ¢ = ¢(t,w) is the unknown function), or
oy o _

(22 2 gltw) e = f(1,9)

(where (t,w) are variables and 1 = 9 (¢, w) is the unknown function). We call
(2.1) or (2.2) the coupling equation of (a) and (b).

The convenience of considering the coupling equation lies in the following
proposition.
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Proposition 2.2. (1) Let ¢(t,u) be a solution of (2.1). If u(t) is a
solution of (a) then w(t) = ¢(t,u(t)) is a solution of (b).

(2) Let ¥(t,w) be a solution of (2.2). If w(t) is a solution of (b) then
u(t) = ¥(t,w(t)) is a solution of (a).

Proof. We will prove only (1). Let ¢(¢,u) be a solution of (2.1) and let
u(t) be a solution of (a). Set w(t) = ( u(t)). Then we have
dw(t) d 09 1)) du(t)
WO @ ottt = 20w + 220, ui) 4
d¢ 9¢

= 57 (G u®) + f{t u(t) 50 (6 u(t) = g(t o(F u(?))) = g(t wl?)).
This shows that w(t) is a solution of (b). O

Next, let us give a relation between two coupling equations (2.1) and (2.2).
We have

Proposition 2.3. (1) Let ¢(t,u) be a solution of (2.1) and suppose that
the relation w = ¢(t,u) is equivalent to u = Y(t,w) for some function ¥ (t,w);
then ¥ (t,w) is a solution of (2.2).

(2) Let (t,w) be a solution of (2.2) and suppose that the relation u =
Y(t,w) is equivalent to w = ¢(t,u) for some function ¢(t,u); then ¢(t,u) is a
solution of (2.1).

Proof. We will show only the part (1). Since w = ¢(¢,u) is equivalent to
u=(t,w), we get u = P(t, ¢(t,u)). By derivating this with respect to t and
u we get

_ W 0% ¢
0= 8—(t o(t,u)) + 6_(tv¢(t7u))§(tvu)7
B aw 0¢
1= ( o(t,u ))8_( u).
By using these relations we have
(2 4 gt gj)]www) 9 1,000 ) + g0, (1, )) 92 (1, (1, )
= 210000 22 () + g0t 0(01) 02 (1 6(t.1)
= 22,60, 00) (<52 1, 0) + gt 61, ) )
o 0

8w( ¢(t’u))f(ta u)%(ta u) = f(tvu)'
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Since w = ¢(t,u) is equivalent to u = (¢, w), we obtain

oY N _
E + g(t,U))% - f(t,w(tvw))a

O

this proves the result (1).

Now, let us discuss the equivalence of two differential equations. Let f(¢, z)
and g¢(t,z) be holomorphic functions of (¢,z) in a neighborhood of (0,0) €
C; x C, as before, and let us consider the following two equations:

du

[a] i flt,u), wu(t)—0 (ast—0),
[b] %L: =g(t,w), w(t)—0 (ast —0).

Denote by S, (resp. Sp) the set of all the holomorphic solutions of [a] (resp.
[b]) in a suitable sectorial neighborhood of ¢ = 0. Let ¢(¢,u) be a holomorphic
solution of (2.1) satisfying ¢(0,0) = 0: if u(t) € S, we have ¢(t,u(t)) —
#(0,0) =0 (as t — 0), and therefore the mapping

O S, dut) — ot ut) €Sy

is well defined. Hence, if ® : S, — S, is bijective, solving [a] is equivalent to
solving [b]. Thus:

Definition 2.4. If & : S, — S is well defined and bijective, we say
that the two equations [a] and [b] are equivalent.

The following result gives a sufficient condition for ® to be bijective.

Theorem 2.5.  If the coupling equation (2.1) has a holomorphic solu-
tion ¢(t,u) in a neighborhood of (0,0) € C; x C,, satisfying ¢(0,0) = 0 and
(0¢/0u)(0,0) # 0, then the mapping ® is bijective and so the two equations [al
and [b] are equivalent.

Proof. Let us show that the mapping @ : S, — & is bijective. Since
(0¢/0u)(0,0) # 0, by the implicit function theorem we can solve the equation
w = ¢(t,u) with respect to u and obtain v = (¢, w) for some holomorphic
function (t,w) satisfying ¢ (0,0) = 0. Moreover we know that this ¢ (¢, w)
is a solution of (2.2). Therefore, by (2) of Proposition 2.2 we can define the
mapping

U S 2 w(t) — ¢Y(t,w(t)) € S,
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Since w = ¢(t, u) is equivalent to u = P(t, w), w(t) = G(t, u(t)) is also equivalent
to u(t) = (¢, w(t)); this implies that w(t) = ®(u(t)) is equivalent to u(t) =
U(w(t)). Thus we can conclude that & : S, — S} is bijective and ¥ is the
inverse mapping of ®. O

In the application, we will regard (2.3) as an original equation and (2.4)
as a reduced equation. Then, what we must do is to find a good reduced form
(2.4) so that the following 1) and 2) are satisfied:

1) (2.3) is equivalent to (2.4), and

2) we can solve (2.4) directly.

In a sense, (2.4) must be the best partner, and our coupling equation is a tool
to find its best partner. The naming “coupling” comes from such a meaning.

In Gérard-Tahara [1], one can see many concrete applications of this theory
to the reduction problem of Briot-Bouquet’s differential equation.

§3. Coupling of Two Partial Differential Equations

Now, let us generalize the theory in Section 2 to partial differential equa-
tions. In this section we will give only a formal theory, and in the next section
we will give a substantial meaning to the formal theory.

Let us consider the following two nonlinear partial differential equations:

(A) @ zF(t,x,u,%)

(where (t,z) € C? are variables and u = u(t,z) is the unknown function) and

(B) %—1: = G(t,x, w, g—:)

(where (t,z) € C? are variables and w = w(t, x) is the unknown function). For
simplicity we suppose that F(t,x, ugp,u1) (resp. G(t,z,wp,w1)) is a holomor-
phic function defined in a neighborhood of the origin of C; x C, x C,, x C,,
(resp. C; x Cy x Cyyy x Cyy, ).

For a function ¢ = ¢(t,x,up,us,...) with respect to the infinitely many
variables (t,x, ug, u1,...) we define D[](t, z,ug,u1,...) by

D[éf’]:%(tv%uoyul,-- +;m+1 (t, z,ug,u,...).
For m > 2 we define D™[¢)] as follows: D?[¢] = D [D[4]], D3[¢] = D [D?[¢]],

and so on. If ¢ is a function with (p + 3)-variables (¢, z, ug, . . ., u,) then D™[¢]
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is a function with (p + m + 3)-variables (¢, x,ug, ..., Uptm). Of course, if ¢ =
Y(t, x, wo,wr,...) is a function with respect to the variables (¢, x,wq, w1, ...)
the notation D[¢](¢,x,wq,ws, ...) is read as

oY

o
DWJ] = %(t,x,wo,wl,...) +;wi+1%(t,$,wo,w1,...).

We can regard D as a vector field with infinitely many variables (z,ug,u1,...)
(resp. (x,wq,wr,...)):

0 0 0 0
D= 92 +;ui+1a—% (resp. D= 9 +;wi+1awi).

This operator D comes from the following formula: if K (¢, z,up,u,...)
is a function with infinitely many variables (¢, x,ug,u1,...) and if u(x) is a
holomorphic function, then under the relation u; = (8/0z)'u (i = 0,1,2,...)
we have
0 K( ou ) _ 0K 0K 0K

— t —_— ... —_—+ — —_— ... = DIK].
oz %% 5z ox + 8u0u1+ 8u1u2+ (K]

Therefore, for any m € N we have

Dm[K](t,x,u, g_:;’) = (%)m[K(t,x,u, %,)}

Definition 3.0.1.  The coupling of two partial differential equations (A)
and (B) means that we consider the following partial differential equation with
infinitely many variables (¢, x, ug, u1,...)

) 0
@ F+ S DI ) o = 61,6, 1)

m>0

(where ¢ = ¢(t, x,ug, u1,...) is the unknown function), or the following partial
differential equation with infinitely many variables (¢, z, wo, w1, .. .)

oy

B
(7) a_f +> DGt wo, -y W)

m>0

- F(t,x,w,D[w])

(where ¢ = ¢(t, xz, wp, wy,...) is the unknown function). We call (®) or (¥)
the coupling equation of (A) and (B).
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§3.1. The formal meaning of the coupling equation

In this section we will explain the meaning of the coupling equations (®)
and () in the formal sense. Here, “in the formal sense” means that the result
is true if the formal calculation makes sense. For simplicity we write

ou 0%u o"u )

(b(t,x,u,au/ax,...) :(b(t,.’lf,’lh%,@,...,a?,... .

The convenience of considering the coupling equation lies in the following
proposition.

Proposition 3.1.1. (1) If ¢(t, z,up, u1,...) is a solution of (®) and if
u(t, ) is a solution of (A), then the function w(t,x) = ¢(t,z,u,u/0x,...) is
a solution of (B).

(2) If ¥(t, z,wo, w1, ...) is a solution of (V) and if w(t,x) is a solution of
(B), then the function u(t,z) = Y(t,x,w,0w/0x,...) is a solution of (A).

Proof. We will show only (1). Let ¢(¢, x, ug, u1,...) be a solution (®) and
let u(t, ) be a solution of (A). Set u;(t,z) = (8/0x)'u(t,z) (i =0,1,2,...): we

have w(t, z) = ¢(t, x,u,Ou/dz,...) = ¢(t,x,ug, u1,...) and Ow/dx = D[@|(t, x,
Ug, U1, ...). Therefore we have

ow  0¢ ¢ du; i [Ou
§:§+Zaui ot 8t Zauz( x) {at]

- Zau,( )[(t’x’u’gi)]

3¢5

1(t, @, gy - .y wit1)
= G(t,m,¢,D[q§]) = G(t,x,w, Z—Z))

This shows that w(t, x) is a solution of (B). O

In order to state the relation between (®) and (¥), let us introduce the
notion of the reversibility of ¢ (¢, x, ug, u1,...).

Definition 3.1.2. Let ¢(¢, z, ug, u1, . ..) be a function in (¢, z, ug, u1, . . .).
We say that the relation w = ¢(t, z,u,0u/0x,...) is reversible with respect to
u and w if there is a function ¢(t, x, wo, w1,...) in (¢,x,w, wy,...) such that
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the relation

Wo = ¢(t,$, Ug, U1, U2, - . .)7
wy = D[é](ta T, Uy, U1, U2, . - .)’
(3.1.1) Wo :D2[¢](t,x,u0,u1,u2,...),

is equivalent to

Ug = w(tvxaw(hwl,w?a .. ')a
u1 = D[Y](t, z, wo, w1, wa, . ..),
(3.1.2) uy = D2[Y)(t, 2, wp, wi, wa, . ..),

In this case the function ¥(¢,x,wq,ws,...) is called the reverse function of
¢(t7 T, U, UL, - - )

By the definition, we see

Lemma 3.1.3.  The reverse function ¢¥(t,x, wo, w1, ...) of ¢(t, x, ug, u1,

..) is unique, if it exists.

Proof. Let ¥1(t, z, wp, w1, . ..) be another reverse function of ¢(t, x, ug, u1,
...). Then the system

Uug = lf}l(t,l‘,’wO, w1, wa, . . .),
Uy = D[l[ﬂ](t,:ﬁ, W, W1, W2, .. .),
(3.1.3) U :DQ[wl](t,x,wo,wl,wg,...),

is equivalent to (3.1.1), and so (3.1.2) and (3.1.3) are equivalent; this means
that the equality

Y(t, z,wo, wy, wa, .. .) = Py (¢, z, wo, w1, Wwa, . . .)
holds as functions with respect to (¢, z, wo, wy, wa, .. .). O

The following proposition gives the relation between two coupling equa-
tions (@) and (¥): we can say that the equation (V) is the reverse of (P).
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Proposition 3.1.4.  If ¢(t,x,ug, u1,...) is a solution of (®) and if the
relation w = ¢(t, x,u, du/0x,...) is reversible with respect to u and w, then the
reverse function ¥(t, x, wo, wy,...) is a solution of (V).

To prove this we need the following lemma:

Lemma 3.1.5. (1) For any functions ¢(t,x,ug,u1,...) and H(t, z, ug,
U1, . ..) we have

0 oDk[¢
3.1.4 DF | — k=0,1,2,....
e1a) Tt |52 ptm] -3 ST D, k=012
>0 >0
(2) For a function K(t,x,wp,ws,...) with respect to the variables (t,x,
wo, w1, . ..) we write Ky = K(t,z,¢,D[@],...) which is a function with respect
to the variables (t,x,ug,uy,...). We have

(3.1.5) D*[Ky] = (D,"IK]),, k=0,1,2,...,

¢’
where D, is the same operator as D with (ug,u1,...) replaced by (wo, w1, ...).
(3) If ¢(t, x,ug, u1,...) is a solution of the coupling equation (P), we have

k k
8D £ D 2D41g) _ _ (D,4C)

ou;
>0

(3.1.6) k=0,1,2,...

(b?

as a function with respect to the variable (t,x,uo,uy,...).

Proof. Let us show (1). By the definition of the operator D we have
3} 9 (0¢ 06 ¢
Dlé] = u; .
5 P = G (G H gt g )
C[os] . 99 -
—D{aui}+an_1 for i =0,1,2,...

(where 0¢/0u_1 = 0); therefore we obtain

o 32 o] - (o[22] - 82 )

>0 >0
dDI¢ 0¢ i 8¢ i
- ; (( Bul aui,l) DI[H] + o, H[HO
1 1+1
_; 8u1 ;au”D ;81%1)

_Z (‘9uZ

>0
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This proves the equality (3.1.4) in the case k = 1. The general case k > 2 can
be proved by induction on k.
Next let us show (2). The case k = 1 is verified by

Dl = 52+ S G
:(a_f;)¢+§<%>¢agj Y z+1Z(awj)¢a§;¢]
() Sl | e
_ (%_f;L g(gz)ﬂjﬂm
_ (%_f; + gK wjer), = (DulK].

The general case k > 2 can be proved by induction on k.
Lastly let us show (3). Since ¢(¢,x, ug, u1,...) satisfies the equation (®),
by applying D* to (®) and by using the relation D¥[Gy] = (D,,*[G])s we have

8Dk +ZD’“[D’ Bﬂ (D*(G) -

>0

Therefore, to prove the equality (3.1.6) we have only to notice the following

equality:
Dk
ZD’“[DZ ] > D'[F] 8 (M, k=0,1,2,...
ou;
>0 >0
which is already proved in the part (1). O

Proof of Proposition 3.1.4. Since (3.1.1) and (3.1.2) are equivalent, we
have the equality

(3.1.7) up = ¥(t, z, ¢, D[¢], D*[¢],...)

as a function with respect to the variables (¢, z,ug, u1, u2,...). Therefore, by
applying 9/0u; to (3.1.7) we have

onp N\ ODI[¢) 1, ifi =0,
3.1.8 -7 =
( ) ;(awj)qs Ou; 0, ifi>1.
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Also, by applying 9/0¢t to (3.1.7) and then by using (3.1.6) and (3.1.8) we have

0= (50), + (00, 2

= (%), +§(§—i)¢ —ZZDZIF}@I;—ZF + (DG
:(3_f)¢+j§(%)¢ Jo =2 DIE Z(aaf] ), 2
=<%—f>¢+z<%>¢<w>¢—fﬁ

Jj=0 J

Hence, as a function with respect to the variables (¢, x, ug, u1, u1,...) we have
the equality

ot /¢ ow;

(8_¢) +Z(8w) (D [G)s = F(t, 2,10, u1).

Since (3.1.1) and (3.1.2) are equivalent, we can regard this equality as a function
with respect to the variables (¢, x,wp,ws, ...) and obtain

+ Z 6% = F(t, 2,9, D[¢]).

This proves that ¢ (t, x, wp, w1, ...) is a solution of the equation (¥). O

§3.2. Equivalence of (A) and (B)

Let .# and ¢ be function spaces in which we can consider the following
two partial differential equations:

ou ouy .
[A] E:F(tx,u,%) mn 9,
ow ow .
[B] E ZG(t,x,w,%) lnff
Set

Sa = the set of all solutions of [A] in .Z,
Sp = the set of all solutions of [B] in ¥.



CouPLING OF Two PDEs 547

Then, if the coupling equation (®) has a solution ¢(t, x, ug,u; ...) and if ¢(¢, x,
u,du/0x,...) € 4 is well defined for any u € S4, we can define the mapping

(3.2.1) D : S84 3 u(t,z) — wt,x) = ¢(t, z,u,0u/dz,...) € Sp.

If the relation w = ¢(t, x,u,du/Ox,...) is reversible with respect to u and w,
and if the reverse function ¢ (t, x, wo, w1, . . .) satisfies ¥ (¢, z, w, Ow/dz,...) € F
for any w € Sp, we can also define the mapping

(3.2.2) U:Sgow(tx)— u(t,z) =yt z,w,0w/dz,...) € Sa.
Set w(t,z) = ¢(t,x,u,0u/dx,...); then by the definition of D we have

w = ¢(t, z,u,0u/ox,...),
Ow/0x = D[9|(t, z,u,0u/dz,...),
(3.2.3) 0?w/0x? = D*¢|(t, z,u,Ou/Ox,.. ),

Similarly, if we set u(t,x) = (¢, z, w, w/0x,...) we have

u=¢(t,z,w,0w/ox,...),
Ou/0x = D[d](t, x,w,0w/0x, . ..),
(3.2.4) 0?u/0x* = D?[¢](t, x,w,dw/dx,...),

Since (3.1.1) is equivalent to (3.1.2) we have the equivalence between (3.2.3)
and (3.2.4); therefore we have ¥ o ® = identity in Sy and ® o U = identity in
Sp. Thus, we obtain

Theorem 3.2.1.  Suppose that the coupling equation (®) has a solution
o(t,x,ug,ur . ..) and that the relation w = ¢(t,x,u,du/0x,...) is reversible
with respect to u and w. If both mappings (3.2.1) and (3.2.2) are well defined,
we can conclude that the both mappings are bijective and that one is the inverse
of the other.

By this theorem, we may say:

Definition 3.2.2. (1) If the coupling equation (®) (resp. (¥)) has a
solution @(t, z,up,uy...) (resp. (¢, x,wo,w;...)) and if the relation w =
oty z,u,0u/dx,...) (resp. u = Y(t,x,w,0w/0x,...)) is reversible with re-
spect to u and w (or w and u), then we say that the two equations (A) and
(B) are formally equivalent.
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(2) In addition, if both mappings (3.2.1) and (3.2.2) are well defined, we
say that the two equations [A] and [B] are equivalent.

In the application, we will regard [A] as an original equation and [B] as a
reduced equation. Then, what we must do is to find a good reduced form [B]
so that the following 1) and 2) are satisfied:

1) [A] is equivalent to [B], and

2) we can solve [B] concretely.

83.3. A Sufficient condition for the reversibility

As is seen above, the condition of the reversibility of ¢(t,z,ug, u1,...) is
very important. In this section we will give a sufficient condition for the relation
w = ¢(t, x,u,0u/0x,...) to be reversible with respect to v and w.

Let us introduce the notations: D = {z € C; |z| < R}, O denotes the
ring of holomorphic functions in a neighborhood of Dg, and Ogl[ug, ..., up]]
denotes the ring of formal power series in (uy, ..., u,) with coefficients in Og.

Proposition 3.3.1.  If ¢(t,x,up, u1,...) is of the form

(3.3.1) ¢ =ug + Z or(z,ug, ..., ug) th e Z ORHU(), . ,uk]} tk,

E>1 k>0

the relation w = ¢(t, z,u,0u/0x,...) is reversible with respect to u and w, and
the reverse function ¥(t,x, wo,wn,...) is also of the form

(3.3.2) Y=wo+ Y iz, wo,... wi)th €Y Ogllwo,... wi]] .
E>1 E>0

To prove this, let us consider the following equation with respect to the
unknown function ¢ = (¢, z, wg, w,...):

(33.3)  wo=¢(t, 2,9, D] D*W],...) in Y Ogllwo,...wlt"
k>0
We have
Lemma 3.3.2.  Let ¢(t,z,up,u1,...) be of the form (3.3.1). Then, the

equation (3.3.3) has a unique solution ¥ (t,x, wo,w1,...) of the form (3.3.2)
and it satisfies also

(334)  wo =9 (2,6, D[¢], D*[¢]....) in Y Oglluo,... w]}t".

k>0
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Proof. Since the equation (3.3.3) is written in the form

wo =¥+ > ¢x(z, 9, DW,..., D*[y]) ¥,

E>1

under the expression ¥ =, ;t° we have

wo =YYt + Zaﬁk(af,zwiti,---7ZDk[wi]ti) t*.

i>0 E>1 i>0 i>0

By setting ¢ = 0 we have ¥y = wg, and so this equation is reduced to the form

(3.3.5) Z%‘ti - Z%(%Zd}iti, .. .,ZDk[wi]ti) "

i>1 k>1 >0 >0
Let us look at the coefficients of ¢ in the both sides of (3.3.5); we have
Y1 = —¢1(x, vo, Dltpo]) = —¢1(x, wo, Dlwo]) = —d1(x, wo, w1) (in the second
equality we used the fact g = wy).

In general, for p > 1 we consider the equation (3.3.5) in the modulo class
O(tP*1); then we have

P P p—k p—k
(3.3.6), S wit' = —Zd)k(m,zwiti,...,ZD’“[@/}i]ti)tk mod O(t7+0).
i=1 k=1 =0 1=0

Note that only the terms 1o(= wo), ¥1, ..., ¥p—1 appear in the right hand side
of (3.3.6),; therefore, if ¥o(= wo),1,...,9p—1 are known, by looking at the
coefficients of ¥ in the both sides of (3.3.6), we can uniquely determine ;.
Moreover, if ¥; has the form ¥;(x, wo,...,w;) for i =1,...,p — 1, we have the
result that ¢, also has the form v, (z, wo,...,w,). Thus, we have proved that
the equation (3.3.3) has a unique solution and it has the form (3.3.2).

Next, let us show that the above solution (¢, z, wp, ws,...) satisfies the
equation (3.3.4). To do so, it is enough to prove that

P p—i p—i
(33.7),  wo= Zu}(m S outt, .Y Digntt ) #i mod O(tP+1)
=0 k=0 k=0

(with ¢g = up and ¥y = wp) holds for all p = 0,1,2,.... Let us show this by
induction on p. Our conditions are: 1y = wg, 1 = —¢1(x,wy,w1) and the
relations (3.3.6), (for p > 1).

When p = 0, the relation (3.3.7), is nothing but the equality uy = ¥o(x, ¢o)
= ¢o. When p = 1, the right hand side of (3.3.7), is

Yo(x, po + P1t) + Y1 (x, do, D]go])t = do + Pp1t + 1 (2, ug, ur )t
=ugy + (¢1(xaan ul) + 1 (:L‘,U(),ul))t = Uo
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which is verified by ¢9 = uo and the definition of ¥ (x,ug,u1): this proves
(3.3.7);.
Let p > 2 and suppose that (3.3.7),_, is already proved: then we have

p—1—i p—1—i

p—1
wo=3 (@ 3 ath o 0 DG )¢ mod O(w)
i=0 k=0

p—1 p—1 pflk:o
=>4 (x > ontt ) Di[¢k}tk) t' mod O(tP).
=0 k=0 k=0

Since D7 [ug] = u; holds, by applying D7 to the both sides of the above equality
and by using (2) of Lemma 3.1.5 we have

p—1 p—1 p—1
(3.3.8)  u;=> D[] (x > wth, Y D )t ) " mod O(t?)
=0 k=0 k=0
for j=0,1,2,....

Since (3.3.6),, is a known relation we have

P
(3.3.9) Z Yi(w, wo, - . . wi)t

i=1
14 p—1 ' p—1 .
== on(m > wit's . > DMt ) ¢ mod Ot
k=1 i=0 i=0
as functions with respect to the variables (¢, z,wp, w1, ...). By substituting
p—1
w; = Do) (x,ug, . . . upgi)th, i=0,1,2,...
k=0

into the both sides of (3.3.9) we have the relation

)4 p—1 p—1 ‘ ‘
(33.10) > (x oit® .. .,ZDl[qsk]tk)tz
i=1 k=0 k=0
P p—1 p—1 p—1l 4
= — Z¢k <$,Z’(/)i($,z¢ktk, e ,ZDZ[(bk]tk)ﬁ, ey
k=1 i=0 k=0 k=0
p—1 p—1 p—1
> DMl (Y dntts Y D”’“[@]ﬁ)ﬂ) t’“
i=0 k=0 k=0

mod O(tP+1)
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as functions with respect to the variables (¢, z,ug,u1,...). Therefore, by ap-
plying (3.3.8) to the right hand side of (3.3.10) we obtain

/4 p—1 p—1 _ 4
Swi( Yo ontt Y D)
1=1 k=0 k=0

P
- Z(bk(x,uo +O(t),...,up + O(t"))t*  mod O(tP*1)
k=1

oz, uo, . .. ,uk)tk mod O(tP+1)

If
M-

S
I
-

which immediately leads us to (3.3.7),,.
Thus, Lemma 3.3.2 is proved. o

Proof of Proposition 3.3.1.  Let ¥(t,x,wp,ws,...) be the solution of
(3.3.3) in Lemma 3.3.2. Let us show the equivalence between the relations

(3.3.11) uj = DI[Y](t, z, wp,wy,...), j=0,1,2,...
and
(3.3.12) w; = DI@)|(t, ,up,uz,...), j=0,1,2,....

Let us apply D7 to the both sides of the equality (3.3.3); by (2) of Lemma
3.1.5 we have

w; = DI[¢](t,,v, D[Y], D*[¢],...), j=0,1,2,...

and therefore under the relation (3.3.11) we can get the relation (3.3.12). Sim-
ilarly, by applying D7 to the both sides of the equality (3.3.4) we have

u; = D'[Y](t,z, ¢, D[], D*[4],...), j=0,1,2,...

and therefore under the relation (3.3.12) we can get the relation (3.3.11). This
proves Proposition 3.3.1. O

83.4. Composition of two couplings

Let us consider three partial differential equations (A), (B) and

0z 0z

(©) o :H<t,x,z,%)
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(where (¢,z) € C? are variables and z = z(¢, ) is the unknown function). The
coupling equation (A) and (B) is

9¢ i 99 _
(3.4.1) o+ ;D [F)(t 200, i) g = G(t,x, &, D[¢])
and the coupling equation of (B) and (C) is

on i ) on _
(3.4.2) S+ > DGt win) g = H(t, 1, D[n])

i>0
(where n = n(t, z, wo, w1, ...) is the unknown function). We have

Proposition 3.4.1.  Let ¢(t,x,ug, uy, ua,...) be a solution of (3.4.1),
and let n(t, z, wo, wy,ws,...) be a solution of (3.4.2). Then, the composition
¢ =n(t,x, ¢, D[¢], D*[¢)],...) is a solution of

¢ i ¢
(3.4.3) 5+ 2 DUIFIE 0, i) o = H(t,x,g,D[g])

i>0 v

(which is the coupling equation of (A) and (C)).
Proof. Set

C(tu T, Uy, UL, U2, . . ) = ’I’](t, x, (b? D[(Mv D2[¢]7 .. ) (: 77¢)
Then, by Lemma 3.1.5, (3.4.1) and (3.4.2) we have
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0
- (% 2, 5o D[61), = (#(62,0.00),
= H(t,z, N> D[nLﬁ) = H(t,z, Nes D[%]) = H(t, ¢, D[(]).
This proves Proposition 3.4.1. o
By combining this with Definition 3.2.2, we can easily see

Proposition 3.4.2.  If(A) and (B) are formally equivalent (resp. equiv-
alent), and if (B) and (C) are formally equivalent (resp. equivalent), then (A)
and (C) are also formally equivalent (resp. equivalent).

As an application of Proposition 3.4.1, we will give another criterion of the
reversibility of ¢(t, z, ug, u1, . ..). In the context of Section 3.1, let ¢(¢, =, ug, u1,
..) be a solution of (®), and let ¥ (t, x, wo, w1, ...) be a solution of (¥). Then,
by Proposition 3.4.1 we see that the composition & = (¢, z, ¢, D[¢], D*[¢],...)
is a solution of

9¢ i o _
(3.4.4) = ;D F)(t 0, i) o = F(t, €, D[g}),
and the composition 7 = ¢(t, x, v, D[b], D?[/],...) is a solution of
(3.4.5) 90 5™ DiGIt, w0 )ﬁza(m 1, Dl
b at Z>0 ) 3 07 et 7/+1 awZ 3 ) ) *
It is easy to see that the equation (3.4.4) has a solution £ = wug; therefore, if
the solution of

(3.4.6) Z D™[F)|-=- = F(t,x,£, DIE)), g‘t:O:

3um

is unique and if (t,x,¢, D[¢],...)|,_, = uo holds, we have uy = ¥(t,z, ¢,
DJ¢],...). Similarly, if the uniqueness of the solution of

(347) + Z au G(t7 Z,, D[W])» n t:0: Wo

is valid and if ¢(t,z,¢, D[],...)|,_q = wo holds, we have wy = ¢(t,z,,
D[], ...). Thus, we obtain
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Proposition 3.4.3.  Let ¢(t, z,up, u1, . . .) be a solution of (®) with ¢l
= wug, and let Y(t,x, wo,wr,...) be a solution of (V) with Y|=g = wo. If
the uniqueness of the solution is wvalid in two Cauchy problems (3.4.6) and
(3.4.7), then we can conclude that the relation w = ¢(t,x,u,0u/dx,...) is
reversible with respect to u and w, and V¥(t, x,wp, w1, . ..) is the reverse function

of ¢(t, x,ug,uy,...).

84. Equivalence of Two Partial Differential Equations

In this section, we will give a concrete meaning to the formal theory in
Section 3 and establish the equivalence of two partial differential equations.

Let (t,z) € C¢xC,, be the variables, and let F'(¢, x, 21, 22) be a holomorphic
function defined in a neighborhood of the origin of C; x C, x C,, x C,,. Let
us consider the following partial differential equation

Ju ou

(4.0.1) 5 = F(t,x, u, %)
and let us seek for a reduction to a simple form. As is seen in the case of ordinary
differential equations (in [1]), it will be reasonable to treat the equation

dw
ot

as a candidate of the reduced form of (4.0.1). In order to justify this assertion,

(4.0.2) =0

it is enough to discuss the following coupling equation

9¢

0
(@) a—(f+mZ>ODm[F](t,x,uo,...,umﬂ)%:07 N
0
v yf:F(t,x,w,D[w]).

In this section we denote by R(C\ {0}) the universal covering space of C\ {0},
and we write Sy = {t € R(C\ {0}); |argt| < 0} and Sp(r) = {t € R(C\
{0}); 0 < |t| < |argt| <0} for @ >0 and r > 0.

§4.1. Formal solutions of (®) and (7)

First, let us look for a formal solution of the coupling equation (®) in the
form

(4.1.1) ¢=uo+ Y du(r,ug, ..., ur)t" € > Ogluo,... up]]t*.
k>1 k>0

‘We have
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Proposition 4.1.1.  The coupling equation (®) has a unique formal
solution of the form (4.1.1). Moreover we have the following properties: 1)
o1 (z,u0,u1) = —F(0,z,ug, up), ii) ¢g(x,ug,...,ux) (for k > 1) is a holomor-
phic function in a neighborhood of {(x,ug,...,ur) € C x CF1: |z| < R, |uo| <
p and |ui| < p} for some R > 0 and p > 0 which are independent of k, and
iil) ¢x(x, ug, ..., ur) (for k > 2) is a polynomial with respect to (ug,. .., ux).

Proof. Set ¢ = ug and

F(t,x,21,22) = ZFZ(I', 21, 29) V.
i>0

By substituting (4.1.1) into the equation (®) we have

Sket™ T+ N > DME(, o, - ,umﬂ)gfj fiti — .

k>1 i>0 j>0 0<m<j m

If we set t = 0 in the above equality we see

0
(4.1.2) ¢1 = —FQ(:IJ, Uugp, U1)(r“);:j(()) = —FQ(ZE, Uop, ul) = —F(O, T, Uuo, ul),
and also by looking at the coefficients of t* (with k > 1) we have the following
recurrent formulas:

1 O
(413) ¢k+1 = —k——l—l Z Z Dm[Fi](ZE,Uo, . .,um+1)85;.

i+j=k 0<m<j

This proves that ¢ (x,ug,...,ux) (k = 2,3,...) are determined uniquely by
the formula (4.1.3) inductively on k. The other conditions follow from (4.1.3)

and the definition of D. |

Next, let us look for a formal solution of the coupling equation (¥) in the
form
(4.1.4) b =wo+ Y vl wo,...,wp)th €D Opllwo, ... wy]]t".

k>1 k>0

We have

Proposition 4.1.2.  The coupling equation (V) has a unique formal
solution of the form (4.1.4). Moreover we have the following properties: 1)
P1(x, wo, w1) = F(0, 2, wo, wy), ii) Yr(x,wo, ..., wg) (for k > 1) is a holomor-
phic function in a neighborhood of {(x,wy, ..., w;) € Cx Ck1: |z| < R, |wg| <

p and |wy| < p} for some R > 0 and p > 0 which are independent of k, and
iil) g (x, wo, ..., wg) (for k > 2) is a polynomial with respect to (wa, ..., wg).
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Proof. Set ¥y = wy and

(415) F(t,:ﬁ, wo + Y, w1 + Z) = Z am,a(x,wo, wl) REVAS

4,7,

Then, by substituting (4.1.4) into the equation (¥) and by comparing the co-
efficients of t* in the both sides of the equation (¥) we have the result that
Yr(x,wo,...,wg) (k =1,2,...) are determined uniquely by the following re-
current formulas: 11 (x, wo, w1) = ag,0,0(z, wo, w1) = F(0,z,wp, w1) and

1

(4.1.6) 1pk+1(x,w0,.. .,U)].H_l) = k—+1 Z ai,j,a(x,wo,wl)
1<it+j+a<k
X Z wll'”,(/)ljD[,(/)ml]'“D[wma]
|t |m|=k—i

(for k > 1), where |I| = l; +--- +; and |m| = my + --- + m,. This proves
Proposition 4.1.2. ]

Let o¢(t,x,ug,u1,...) and (¢, x,wp,ws,...) be the formal solution in
Propositions 4.1.1 and 4.1.2, respectively. Then, by Proposition 3.3.1 we see
that the relation w = ¢(¢, z,u, Ou/dx,...) is reversible with respect to v and
w and that (¢, z, wo,ws,...) is the reverse function of ¢(t, z,up, u1,...). By
Definition 3.2.2 we have

Theorem 4.1.3.  The two equations (4.0.1) and (4.0.2) are formally
equivalent.

84.2. Convergence of ¢(t,x,wp, w1, ...)

In this section we will prove the convergence of the formal solution

(4.2.1) w:wo—i-Zzbk(:c,wo,...,wk)tk
k>1
of the equation (V) in Proposition 4.1.2.
For Ry >0, >0 and n > 0 we set

(4.2.2)  Wi(Ri,e,n) = {(z,wo,...,wi) € C x C*15 2] < Ry,
lwo| < 0le/n°, Jwy| < e/, ... |we| < k‘!s/nk}
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(k=1,2,...). By Proposition 4.1.2 and by taking R; > 0, ¢ > 0, > 0 so that
Ry, € and /7 are sufficiently small we may suppose that each ¥y (z, wo, ..., wg)
is a holomorphic function on Wy, = Wy (R, e,n) and so

||wkHWk :Irvl[?lx|/l/)k(x7w0""?wk)’ <m7 k:1727""
k
We have

Proposition 4.2.1.  Let Ry > 0 be sufficiently small. Then, for any
1n > 0 we can find an € > 0 such that the series

(4.2.3) > lkllw, 2 with Wi = Wi(Ry,e,m)
k>1

is convergent in a neighborhood of z =0 € C.

To prove this result, we suppose:

c-1) F(t,x, 21, 22) is a holomorphic function in a neighborhood of K =
{(t,m,21,29) € C*; [t] <7, |z| < Ry, |21| < p1, |22| < pa2} for some
r>0, Ry >0, p; >0and py >0, and

c-2) |F(t,z,21,22)| < M on K.

Take any 0 < pJ < p; and 0 < p§ < pa. Set Ko = {(z,wp,w1) € C3; |z| <
Ry, |wo| < pY, Jw1] < p3}, and let a; j o (z, wo, w1) ((4,7, ) € N3) be the coeffi-
cients in (4.1.5): by Cauchy’s inequality we have

M

(4.2.4) a; j.o(T, wo, w1)| < — . on Ky
a5 | 't (p1—pY) (p2—p5)*

for any (i, j, o) € N3.
Let w(z) be a holomorphic function on Dg = {z € C; |z| < R} for some
R (with 0 < R < Ry) and suppose the condition

(1.25) fule <t |52 <8
where we used the notation
Jwlln = max w(a)].
By (4.2.4) we have
M

(4.2.6) |a; jal@, w, 0w/Oz)| < on Dp.

r (p1=pP) (p2—p5)*

The following is the key result on the convergence of ¢ (¢, z, wp, w1, . ..).
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Proposition 4.2.2.  Suppose the conditions c¢-1) and ¢-2). If w(zx) is a
holomorphic function on Dg for some R (with 0 < R < Ry) and satisfies the
condition (4.2.5) for some p\ and p (with 0 < p§ < p1 and 0 < p9 < p2), then
the series

(4.2.7) 3 (x w, gl;f) k

k>1

is convergent at least in the domain

(4.2.8) Q {(x,z) € C?; |z| <R,

2| r
—lal = R+ AMr((R/(pr—p9)) + (¢/(p2—p3))) }

Moreover, we have the following estimates:

(4.2.9) Z‘wk (x w, w g;:)‘ 2|7 < /01%/)(1) on £,
(4.2.10) ;‘D[wk](x,w, - ‘g’;::lw k< p2 on Q.

Before the proof of this result, we recall Nagumo’s lemma:

Lemma 4.2.3 (Nagumo’s lemma).  If f(x) is a holomorphic function
on {z € C; |z| < R} and satisfies

C
||f||s§m fOTO<V8<R
for some C >0 and a > 0, we have
1)eC
H at ;a+1 for 0 < Vs < R.

This was first proved by Nagumo [6] in a more general form; one can see a
simple proof in the book [3] (Lemma 5.1.3 of [3]). In the proof of Proposition
4.2.2 this lemma will play an important role.

Proof of Proposition 4.2.2. By Proposition 4.1.2, we may assume that all
the terms

k=1,2

g Ly oo

wk(x,w,g—:,...,%),

are holomorphic functions on Dg.
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We will prove the convergence of (4.2.7) by the method of majorant series.
As an equation of majorant series, we adopt the following analytic functional
equation with respect to Y':

_ M R \i+i ;.0 €Y \a
(4.2.11) Y_ziﬂgizo r (p1—p9)7 (p2—pY) (R—s) Y (Rfs) ’

Y (0) =0,

where s is a parameter with 0 < s < R. By the implicit function theorem we see
that (4.2.11) has a unique holomorphic solution ¥ = Y'(z) in a neighborhood
of z =0 € C. If we expand this into the form

Y = ZYkzk

k>1

we easily see that the coefficients Yy (kK =1,2,...) are determined uniquely by
the following recurrent formulas: Y7 = M and

M R i+j
(4.2.12) Y41 = Z 7 (p1—p%)i (pa—pI)e (R - s)
1<itj+a<k PLopLEAP2=P2

ey, ey,
Y, y( ml)(_m)
” Z _ll i\R_s R—s
[U+|m|=k—1

(for g > 1), where |I| =13 +---+1; and |m| = mq + - -- + mq. Moreover, by
induction on k£ we can see that Y}, has the form

Ch

V= —— —
T (R—sF T

k=1,2,...
where Cf, >0 (k=1,2,...) are constants independent of the parameter s. We
write Y, = Yj(s) when we emphasize the fact that Y3 depends on the parameter
s (with 0 < s < R).

The following lemma guarantees that Y'(z) =3, ., Yi(s)z
series of (4.2.7). -

k is a majorant

Lemma 4.2.4. For any k=1,2,... we have:

(4.2.13), Hwk (w,w, ow 8kw) <Yi(s) for 0<Vs<R,

oz’ xR ) s =
ow o1y eYi(s)
(4.2.14),, HD[wk](J:,w,a—x,...,amkH) STEZ for0<Vs< R
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Proof of Lemma 4.2.4. We will prove this by induction on k. Since v is
defined by 1 (x, wo, w1) = F(0, x, w, w1), we have

Jou (e 5], < e 0 5], <
for 0 < Vs < R. By Lemma 4.2.3 we have
2
[P 5 i) =[G (e 5L < 2 = s

for 0 < Vs < R. This proves (4.2.13), and (4.2.14),.
Next, let k > 1 and suppose that (4.2.13),, and (4.2.14) , are already proved
forp=1,...,k. Then, by (4.1.6), (4.2.6) and the induction hypothesis we have

ow oF
me (337111, F AR W)

1 M
< — - -
T k41 19+]Z+a§k i (p1=pP)7 (p2—p5)~

ey, ey,
Y; y( ml)( ma)_
x Z o b\R—s R—s
[1|4+|m|=k—i

Therefore, by comparing this with (4.2.12) and by using R/(R—s) > 1 we have

az1s) oo 22, 2000
1 1 Crp

< _ =_- e+l :
_k:—l—lka Fr1(R=s)F for 0 <Vs< R

this yields (4.2.13), ;. Moreover, by applying Lemma 4.2.3 to (4.2.15) we have

ow O+ 2w
HD[’QZJ}C+1] (.’L', w, %, ey W)
ow O w
=[G ) (zo G ),
1 (k; + 1)€Ck+1 eCk+1 €Yk+1
SEAL (R (Rospal R r0sTsl
This proves also (4.2.14), ;. O

Now, let us prove that the series (4.2.7) is convergent in the domain € in
(4.2.8). By Lemma 4.2.4, for any fixed s with 0 < s < R we have

Z!W(x’w’gw axk)H 2* < 3 Yals)|2lF = Y(J2])
k>1

k>1
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where Y (z) is the unique solution of (4.2.11). Therefore, to prove the conver-
gence of the series (4.2.7) on Q it is sufficient to show that Y'(z) is convergent
on (2, or equivalently that Y'(z) is holomorphic on €.

Note that Y (z) > 0 and so

v=z ), ri(pl—p?é\f(pz—pg)a(R]js)i+jziyj(}z€—fs)a

i+j+a>0
R i R Y j Y “
:Mzi-s-J;Zo(R—si) (R—Spl—P(lJ)](Re_SpQ_pg)
Mz
R e ]

where >, ;2" < Y, b;z" means that |a;| < b; holds for all ¢. Therefore, if we
consider the equation
Mz
Rz R/(p1—pY) +e/(p2—ph)
(- 7=7)(- Era—d

3

(4.2.16)

we see that this equation has a unique holomorphic solution Z(z) in a neigh-
borhood of z = 0 € C and we have Z(z) > Y (z). Moreover, by solving (4.2.16)

concretely we have
1 48M
Z(2) = (1 o Z)

26 1—az
" /(r=) + e/ (p2—13)
R 1 R/(p1—p1) +e/(p2—p3
“ R—sr and 5 R—s

Thus, we conclude that Z(z) is holomorphic in the domain

46M
Qs:{zeC; p |Z‘<1}

1—alz|

{.cc. N r
_{ GRSt R+4M7’(R/(m—p‘f)+6/(pz—p8))}‘

Since Z(z) > Y (z) holds, we see that Y (z) is also holomorphic on €, and so

the series
3 PG ol

is convergent in the domain ;.
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Since s can be taken arbitrarily in 0 < s < R, we obtain the result that
the series (4.2.7) is convergent in the domain

U {(w) €C?; | <s,2 € Q} =Q.
0<s<R

This proves the former half of Proposition 4.2.2.

Let us show the estimates (4.2.9) and (4.2.10). Since Y (z) < Z(z), we
have Y (|z]) < Z(|z]); therefore, if |x| = s we have

5o 2, ) e B )

<Y(]) < 2(2) = 2 (1— 1—45MZ')

23 1 —alz|
< 1 _ (R—s)
26 2(R/(p1—pY) +e/(p2—p%))
R pi—p? .
S 2

this proves (4.2.9). Similarly, we have

Ow o+ lw i
S|P (o0 - e | 1
k>1
e e e 1 48M |z|
" R-s (|Z|)_R75 (I=1) Rs?ﬁ( 1—alz|
< _°© 1 e
T R-528  2(R/(p1—p?) +e/(p2—p3))
0
e p2—pY
< = on €;
2e/(p2—p9) 2
this proves (4.2.10).
Thus, all the parts of Proposition 4.2.2 are proved. O

For a(x) = Y ;50 aix’ we write |a|(z) = X5 lailz’ > 0; for a(z,y) =
Do Wi iyl we write |a|(x,y) = D la; jlzty? > 0; and so on.

Let F(t,x, 21, 22) be as before, let |F|(t, x, 21, 22) be defined as above, and
let us consider

(v) W% P (2w DI)).
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It is clear by Proposition 4.1.2 that (¥™) has a unique formal solution ¢ (¢, x
wg, W1, . . .) of the form

)

’lﬁ+ :w0+z¢;(x,w0,...,wk)tk S ZOR[[wO,...,wk]]tk

k>1 k>0

and that ¥ (z,wo, ..., wg) > 0 holds for all k = 1,2,.... By Proposition 4.2.2
we have

Proposition 4.2.5.  Suppose that |F|(t, x, z1, z2) satisfies the conditions
c-1) and c-2) with F and M replaced by |F| and M, respectively. If w(z) is a
holomorphic function on Dg for some R (with 0 < R < Ry) and satisfies the
condition (4.2.5) for some p§ and p§ (with 0 < pd < p1 and 0 < p < pa), then
the series

) ok
(4.2.17) S (mwa—za—;:) ok

k>1

is convergent at least in the domain

(4.2.18) ot :{(J:,z) € C?; |z| < R,

2| r
R—ls] "R+ AM*r(R/(p1—p9) + e/ (p2—p3)) }

Moreover, we have the following estimates:

(4.2.19) Z‘wk (a: w, dw g;:)‘ |2]F < %ﬂ? on QF,
k>1
ow ak-i—l _ 0
(4.2.20) Z‘D[w;](:p,w, p ' m k+1)‘\ |F < P2 5 PP ot
k>1

By using this proposition, let us give a proof of Proposition 4.2.1.

Proof of Proposition 4.2.1. Let r > 0, Ry > 0, p1 > 0 and ps > 0 be as
in Proposition 4.2.5, and let 0 < R < Ry, 0 < p < p; and 0 < pJ < po. Take
a >0 and L > R such that

a 0 a 0
hold. Set a
w(zr) =
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Then, we see that w(z) is a holomorphic function on Dg and

oFw kla
= k=0,1,2,...
Oxk (L — x)ktl’ B

and so we have ||w|g < p{ and ||0w/dz|r < p3. Hence, by Proposition 4.2.5
and its proof we see: for any fixed s with 0 < s < R the series

oFw Jk
(4.2.22) ZH% (x w, axk)
is convergent in the domain
42.23 m:{zec; LI ! }
“223) 9 R—s ~ B IR (=) + /(o2 —pD)

Since T (¢, z,wp, ..., wx) > 0 holds, we have

[ (210, 22.... ak_w)

oz’ Oxk
Ola 1la kla
Nl
7Hwk (m, (L—w)’(L—a:)Z""’(L—x)’H‘l) s
Ola 1la kla
— T .
=i (s (L—s)’(L—s)2"”’(L—s)k+1>’

therefore, if we set e = a/(L —s),n =L — s and

Wk(575777) :{(QC,U)(),. '-awk) e Cx (CkJrl; |£B‘ <s,

lwo| < Ole/n°, [wi| < le/n,... |wy| < kle/n*},
we have
Ole 1le kle
F
e U (=)
— (s Ola 1la kla )
COPAT(L =) (L= )2 (L= )R

ot (o G )

Thus, by the convergence of (4.2.22) we obtain the result that the series

(4.2.24) > Iwellw, 2" with Wy, = Wi(s, ,n)
k>1

is convergent on Q.
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Now, let us justify the assertion of Proposition 4.2.1. Take any 0 < Ry <
Ry and fix it. For any n > 0 we take € so that

(4.2.25) 0 < e < min{p}/2, pIn/4}.

Set L =Ry +1n, a =¢(L —Ry) and R = min{Ry, Ry + 7n/2}; then we have
n:L—Rl,EZCL/(L—Rl), L—RZL—Rl—n/an/Q,

a :s(Lle) Sﬁ:%Sp?,
L-R_ L-R ~n/2
a _5(L—R1)< en 4e

_ = 0
C-RE _ (L-R? (22 7"

Thus, by setting s = R; we can conclude that the series (4.2.24) with s = Ry
is convergent in the domain QEI (with R = min{Ry, Ry + n/2}). This proves
Proposition 4.2.1. O

By the proof we have

Proposition 4.2.6.  Suppose that |F|(t, x, z1, z2) satisfies the conditions
c-1) and c-2) with F and M replaced by |F| and M™, respectively. Let 0 <
) < pr and 0 < pY < pa. Then, for any 0 < Ry < Ry, n >0 and 0 < ¢ <
min{p) /2, pn/4} the series

Z leJcrHWka with Wi = Wi(Rq,€,n)
k>1

is convergent in the domain Qf; (in (4.2.23) with s = Ry and R = min{Ry,
Ry +n/2}). Moreover, we have the following estimate:

0
p1—p
> i llwlzl* < 5 L oon Qf.
k>1

The following corollary explains how to use this result.

Corollary 4.2.7.  Let 9(t,x,wg,w1,...) be the unique solution of (V)
of the form (4.2.1), and let w(t,z) be a holomorphic function on Sp(r) x Dr
for some 8§ >0, r >0 and R > 0. If

(4.2.26) sup  |w(t,z)| < min{p1/2, pR/4}
Sg(r)xDr

holds, the function ¥(t,z,w,0w/dz,...) is convergent and defines a holomor-
phic function on Sp(r1) X Dg, for somery >0 and Ry > 0.
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Proof. By the assumption we can take ¢ > 0,0 <7 < R, 0 < p{ < p
and 0 < pY < py such that

sup |w(t, x)| < e < min{p}/2, pin/4}.
Se(r)xDr

Then, by Cauchy’s inequality we have

kle
H@xk H < o Se(r), k=0,1,2,...
and therefore by setting Ry = R —n and Wy, = Wi (Ry,e,7n) (k=1,2,...) we
have
k
L

S - )|

<D nllwa e <> 10 Iwilt* < oo, ift € Sp(r) NQ,.

k>1 k>1

This proves Corollary 4.2.7. O

Remark.  Of course, this corollary can be verified directly by Proposition
4.2.2.

§4.3. Convergence of ¢(t,x,ug,us,...)

In this section we will prove the convergence of the formal solution

(431) ¢ZUO+Z¢k(CL‘,uO,...,Uk)tk
k>1

of the equation (®) in Proposition 4.1.1.
For Ry >0, >0 and n > 0 we set

(4.3.2) Ur(R1,e,m) = {(z,uo,...,ux) € C x CHM1: x| < Ry,
lug| < 0le/n°, Juy| < 1le/n, ..., |ux| < k!e/nk}

(k=1,2,...). By Proposition 4.1.1 and by taking R; > 0, £ > 0, n > 0 so that
Ry, € and ¢/ are sufficiently small we may suppose that each ¢y (z,uo, ..., ug)
is a holomorphic function on Uy = Uy (Ry,¢€,7n) and so

v, :rrlljax‘qbk(x,uo,...,uk)’ <oo, k=1,2,....
k

‘We have
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Proposition 4.3.1.  Let Ry > 0 be sufficiently small. Then, for any
n > 0 we can find an € > 0 such that the series

(4.3.3) > llekllu, 2 with Up = Ug(Ry,e,n)

E>1

is convergent in a neighborhood of z =0 € C.

To prove this, we consider

0
() BT || (10t D)
let
(4.3.4) Vs :wOJqu/J;'(x,wo,...,wk)tk

k>1
be the unique solution of this equation. Then, Proposition 4.3.1 follows easily

from Proposition 4.2.6, Lemma 4.3.2 given below and Stirling’s formula

Vorartl/2e—r < Fl+z) < Vora®t/2e=2 4l for 2 > 0.

Lemma 4.3.2. Forany k=0,1,2,... we have

(k + q
(4.35)k okl (z,0T,..., D)) < Z (W, W) B
q>0
(with ¢g = up and war = wy). In particular, by setting t = 0 we have

k,k
(436)k |¢k|(.’li, wo, - .- ,wk) < EQZ);((E,’LU(), v ,wk).

Proof. When k = 0, we have ¢g(z,ug) = up and

ol (, ) = 9t =) ofts;
q2>0
this proves (4.3.5),. When k = 1, we have ¢;(z,ug,u1) = —F (0, z,uo,u1) and
SO

|¢1] (2, ", D)) = [F|(0,2,97, D))
< |F|(t, =, ¢", D))
0 0
A D W (R L

p=>0 q=0
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this proves (4.3.5),.

Let k > 1 and suppose that (4.3.5),, is already proved for p = 0,1,...

Then, by (4.1.3) we have

0|9l
Ouy,

|k+1] <yI Z Z D™|Fi|[(z, uo, - - -y Um+1)

1—0—] k0<m<j
and so
(43.7)  |gwral(z, 0", ., DFF T]) ¢
<<— Z > DMIE (2 ¢t .. D ) £

z+] k0<m<y

O,

Since we have by (2) of Lemma 3.1.5

IE) @0t D) ¢ = D[R (e, 0, DRt ¢

" _ pm[0¢F) _ 9D™ W]
< D" |FI(t 0%, D) | = D7 [T | = =5
by applying this to (437) we have
(4.3.8) \¢k+1|(x G, DRt ¢
<< Z Z 8Dm 8‘¢J|( ,¢+7~-~,Dj[1/)+])t]
0<]<k0<m<] Um
1 ] ‘
“F 2 a(l%ux,w,...,pﬂww) ‘.
0<j<k

Thus, by the induction hypothesis we obtain

(43.9)  |ppsl(z g, .., DM T ¢

1 9 (j+af ;
<<k—+1 > E(Z : g (@ w0, - wigg) 1) X ¥

|
0<j<k q>0 J:

J+q 145
= O I s )
0<j<k ¢>1

p+1
k:—i— Z Z +1—j)¢p+1(x Wy -+, Wpt1) TP

0<j<k p>j

< 9O gyt D) o
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Since the degree of each term of the left hand side of (4.3.9) in ¢ is greater than
or equal to k, by looking at the terms whose degree in ¢ is greater than or equal
to k and then by canceling t* from the both sides we obtain

|¢k+1|(33 Y, Dk+1[1/)+])

p+ 1 -
<< Z Z 1_J)l/);+1($,w0,...7wp+1)tp k
0<J<k p>k
(k+1+q)?
Yy B )
¢>0 0<j<k
X ¢lj+1+q(x7 wo, - - - vwk+1+q) td
] ol (e ]
- : - !
Bl ¢>0 Lo<j<k J: J!
X Pii14q(T w0, Whp11g) 17
1 (k+1+q)Ft!
- k+1 Z k! '(/J;L_l_i_q(l', wo, - - - 7wk+1+q) 4
q>0
(k+1+¢g)" \ians
- Z k _|_ 1 w;@:-l-‘rq(x? wo, - - - 7wk+1+q) tq,
q>0
this proves (4.3.5)k+1. 0

Since k*/k! < eF/y/2m holds for any k = 1,2,..., we have the following
precise form of Proposition 4.3.1:

Proposition 4.3.3.  Suppose that |F|(t, x, z1, z2) satisfies the conditions
c-1) and c-2) with F and M replaced by |F| and M™, respectively. Let 0 <
) < p1 and 0 < pY < pa. Then, for any 0 < Ry < Ry, n >0 and 0 < ¢ <
min{p?/2, pn/4} the series
S lgkllu, 2 with Uy = Up(Ry.e,m)
k>1

is convergent in the domain

T, = {z e C; el < ! }
fam "R—Ry ~ R+AM*r(R/(p1—p?) + ¢/(p2—p9))
(with R = min{ Ry, R1 + 1/2}).

Moreover, we have the following estimate:

k< P(l)
> llellu, 2 < on Qg -
k>1
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Corollary 4.3.4.  Let ¢(t,x,up, u1,...) be the unique solution of (®) of
the form (4.3.1), and let u(t,x) be a holomorphic function on S¢(r) x Dg for
some 0 >0, r>0 and R > 0. If

sup fu(t,2)| < min{py/2, paR/4}
Se(r)xDr
holds, the function ¢(t, x,u,0u/dx,...) is convergent and defines a holomorphic
function on Syp(r1) X Dg, for somer; >0 and Ry > 0.

§4.4. Equivalence of (4.0.1) and (4.0.2)

Now, let us establish the equivalence of two equations (4.0.1) and (4.0.2).
Let » >0, R >0, p1 >0 and ps > 0. We suppose:

F(t,x, 21, 22) is a holomorphic function on {(t,a:, 21,22) € C4;

H
() ] <, |z < R, |21] < p1, || < p2}-

Definition 4.4.1. (1) We denote by 2  the set of all the functions
w(t, z) satisfying the following properties:
i) w(t,z) is a holomorphic function on Sg(r1) x Dg, for some 6 > 0,
0<ri<rand 0 < Ry < R, and
i) |w(t, z)| < pd and |(Ow/dx)(t, z)| < p hold on Sy(ry) x Dg, for
some 0 < pd < p; and 0 < p§ < pa.
(2) We denote by # the set of all the functions w(t,z) satisfying the
following properties:
i) w(t,z) is a holomorphic function on D,, x Dpg, for some 0 <11 <,
and 0 < R; < R, and
i) [w(t,z)] < p? and |(Ow/0x)(t,z)| < p3 hold on D,, x Dg, for some
0<p{ <prand 0 < p) < po.

Then we have

Theorem 4.4.2.  Suppose the condition (Hy). The following two equa-
tions are equivalent:

ou ou , )
(4.4.1) i F(Lx,u, %) in 2 (resp. in ),
(4.4.2) dw =0 in Z (resp. in ).

ot



CouPLING OF Two PDEs 571

This follows from Theorem 3.2.1 and

Proposition 4.4.3. (1) Let ¢(t,z,ug, u1,...) be the solution of (P) in
(4.1.1). Ifu € Z (resp. u € ), then we have ¢(t,z,u,0u/dx,...) € X
(resp. ¢(t,x,u,0u/dx,...) € H).

(2) Let (t,x,wp,wn,...) be the solution of (V) in (4.1.4). Ifw € X
(resp. w € ), then we have (t,z,w,0w/0z,...) € X (resp. ¥(t,z,w,
ow/dz,...) € H).

Let us show this proposition now. For a function w(t,z) = 3,5, wi(t)z!
we write |w|,(t,z) = 3,50 lwi(t)|z!. I w(t,z) € X (resp. w(t,z) € ) holds,
the coefficients wy(t) are all holomorphic on Sy(r1) (resp. on D,.,); but |w;(t)]
(I > 0) are only continuous on Sy(r1) (resp. on D, ). In order to treat this
function |w|,(t,x), let us introduce the following function spaces C(Z") and
Cr):

Definition 4.4.4. (1) We denote by C(Z2") the set of all the functions
w(t, x) satisfying the following properties:
i) w(t,z) is a continuous function on Sy(ry) x Dg, for some 6 > 0,
O0<ri<rand 0< Ry <R,
ii) w(t, z) is holomorphic in & € Dg, for any fixed t € Sp(r1), and
i) |w(t, z)| < p? and |(dw/z)(t,z)| < p3 hold on Sp(r1) x Dg, for
some 0 < pd < p; and 0 < p§ < po.
(2) We denote by C'(##) the set of all the functions w(t, z) satisfying the
following properties:
i) w(t,z) is a continuous function on D,, x Dg, for some 0 < r; <7,
and 0 < R; < R,
ii) w(t, z) is holomorphic in « € Dg, for any fixed ¢ € D,,, and
i) |w(t, z)| < p§ and |(Ow/0z)(t,z)| < p3 hold on D, x Dp, for some
0 < p{ <p1and 0 < pJ < po.

Then we have
Lemma 4.4.5. Ifw(t,z) € Z (resp. w(t,z) € H) we have |w|,(t,z) €
C&) (resp. |w|(t,x) € CEL)).

Proof.  Suppose that w(t,z) = >7;5, wy(t)z! € 2. Then, by the condi-
tions |w(t, z)| < p? and |(Ow/dz)(t,x)| < p§ on Sp(ry) x Dg, with 0 < p§ < py
and 0 < pJ < ps we have

0 0
()] < £ (120) and Jiw(n)] < 2 (2 1),
1 1
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and so we see:

0
£1
wla(t,z) = () <> that = —F
1>0 1>0 R 1-z/R
3|w‘aﬁ Z s ,0(2)
()l < S L2 2
1>1 I>1 Ry T1- v/ B

Therefore, if we take Ry > 0 sufficiently small so that p?/(1 — Ra/R1) < p1
and p3/(1 — Ra/R1) < pa we have the properties: i) |wl|,(¢,z) is a continuous
function on Sy(r1) X Dg,, ii) |w|z(¢, ) is holomorphic in @ € Dg,, and iii)
lola(t,2)] < i and |(Bwl. /02)(t, 2)| < p3 on Sp(r1) x D, for pf = pb/(1 -
Ra/Ry) < p1 and p = p3/(1—R2/R1) < pa. This proves the result: |w|, (¢, z) €

C(Z). The case 4 can be proved in the same way. O
Let
(4.4.3) YT :w0—|—zw2‘(:ﬁ,w0,...,wk) t*
k>1

be the unique solution of

(4.4.4) 8¢+ = |F|(t, 2,0, DW])

If w=w(tz) € Z (resp. w=w(t,xz) € ), we have |w|, = |w|,(t,z) €
C(Z) (resp. |wle = |w|.(t,2) € C#)) and

o (x,w,0w/dx, . ..) < |og|(z, |w|y, Olw| /O, . . .)
kk
< E’I/J;:(x, |wle, Olw|./0x,...), k=1,2,...,

Y (z,w, 0w/0x, . ..) < |Yi|(x, |w]e, Olw|. /0, . ..)
<Y (2, |wlg, Olwl,/0x,...), k=1,2,...

as formal power series in = (with a parameter ¢). Therefore, to prove Proposi-
tion 4.4.3 it is sufficient to show the following result.

Lemma 4.4.6. Ifw=w(t,z) € C(&) (resp. w=w(t,z) € CU¥)) we
have T (t,x,w,0w/0x,...) € C(Z) (resp. YT (t,z,w,0w/0z,...) € CFF)).

Proof. Let0>0,0<r <r,0<R; <R,0<p)<p;and0<p) < ps.
Let w(t, ) be a continuous function on Sy(r1) X Dg, which is holomorphic in z €
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Dg, for any fixed t € Sp(r1) and satisfies |w(t, z)| < p§ and |(dw/0z)(t, z)| < p3
on Syp(r1) X Dg,.

Then, by Proposition 4.2.5 we see that for any fixed t € Sy(r1) and any
fixed s with 0 < s < R; the series

a5 ot e 22 B

is convergent in the domain

aF - {z ec; r };
"Ri—s R1 +4M*r(Ry/(p1—pY) + ¢/ (p2—p9))

moreover we have the following estimates:

810 —
St (e G e < 2 me
E>1

Ow oFtlw p
ZHDW}:—](%w’%, karl)H |z |k £ = on QF.
E>1

Thus, by setting z =t we have

‘w+(t,x,w, g—:, .. )‘
MRS > P 2
E>1

<P+ (p1—pY)/2<p1 on (Se(r1)NQT) x Dy,

and
2t 20 = ot e 22
< [zt + XJoteii(o g S e

< P34 (p2 — p3)/2 < p2 on (Se(r1) NQ) x Ds.

This proves that ¢ (¢, z,w,0w/dx,...) belongs in the class C(Z").
Thus, the case w € C(Z") is proved. The case w € C() can be proved
in the same way. O

Let us give an application. Suppose the condition (H;). Let u(t,z) € &
be a solution of the equation

(4.4.6) % = F(tmu %).
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Set w(t,x) = ¢(t, z,u,0u/dx,...). Then, w(t,z) € Z is a solution of

ow
4.4.7 — =0
(4.4.7) 5
and so w(t, z) can be expressed in the form w(t, 2) = h(z) for some holomorphic
function h(z) in a neighborhood of = 0. Since w(t, z) = h(x) € J# holds, by
the reversibility we have u(t, z) = ¥ (t,z,w,0w/0x,...) = Y(t,x, h,0h/0x, . ..)
€ . Thus, we have u(t,z) € . This proves

Theorem 4.4.7.  Suppose the condition (Hy). If u(t,z) is a solution of
(4.4.6) belonging in the class X, then u(t,x) can be continued holomorphically
up to some neighborhood of the origin of Cy x C,.

85. Application

Lastly, let us give an application to the problem of analytic continuation of
the solution. We will prove the same result as in Kobayashi [4] and Lope-Tahara
[5], as an application of the theory of coupling equations in this paper.

Let w be an open neighborhood of the origin of C; x C,. In this section
we suppose

(Ha) F(t,x,z,22) is a holomorphic function on w x C,, x C,,

and consider the equation

ou ou

(5.0.1) 5= F(t,x, u, %)'

By the Taylor expansion in (z1,22) we can express F'(t,z, 21, 22) in the
form

F(t,z,z1,2) = Z aja(t, ) 217 22%,
(,a)€A

where (j,) € N x N, A is a subset of N x N, and a; (¢, z) are holomorphic
functions on w. Without loss of generality we may suppose that a; o (t,z) # 0
for any (j,«a) € A; then we can write a;q(t,x) = t*= b, ,(t,z), where kj o
is a non-negative integer and b;,(0,xz) # 0. Using the above, the function
F(t,x, 21, 22) may now be written as

F(t,l‘,ZhZ’Q) = Z tkj‘“bj,a(tvx) Z]_jZQQ.
(da)er



CouPLING OF Two PDEs 575

Set Ay = {(j,a) € A; j+ a > 2}. We remark that the equation (5.0.1) is
linear if and only if Ay = (; it is nonlinear otherwise. In the case Ay # () we
define the index o by

ki —1

(5.0.2) o= sup — 2%
Geyes, JHa—1

which was introduced by Kobayashi [4]. Note that this o is a non-positive real

number.

Lemma 5.0.1. Set M = {(j,a) € Ag;0 = (—kjo—1)/(j+a—1)}
We have:

(1) If (j,a) € M we have kj o +1+0(j +a—1) =0.

(2) If (j,a) € A\ M we have kjo+1+0(j+a—1)>0.

Proof. (1) is clear from the definition of o. Let us show (2). Let (j,a) €
A\ M; if j+«a > 2, by the definition of o we have o > (=kj o —1)/(j +a—1)
which is equivalent to kjo + 1+ 0(j + o —1) > 0, if j + a = 1 we have
kia+l4+o(j+a—1)=kjo+1>1 andif j+a =0 wehave kjo+1+0(j+
a—1)=kjo+1l—0>kj,+1>1. O

85.1. Further equivalence of two PDEs

Let o be the index defined by (5.0.2), and let us define a function-class .%,
whose elements can be singular at ¢t = 0.

Definition 5.1.1.  We denote by .%, the set of all the functions w(¢, x)
satisfying the following properties:
i) w(t,z) is a holomorphic function on Sy(r) x Dg for some 6 > 0,
r>0and R > 0, and
i) lw®)||lg = o(Jt|”) (as t — 0 in Sp(r)).

Then we have

Theorem 5.1.2.  Suppose the conditions (Ha) and Agy # 0; let o be the
one in (5.0.2). The following two equations are equivalent:

ou ou .
(5.1.1) i F(t,x,u, %) n Ly,
(5.1.2) O g i,

ot
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This follows from Theorem 3.2.1 and

Proposition 5.1.3.  Suppose the conditions (Hz) and Ay # 0; let o be
the one in (5.0.2). We have:

(1) Let ¢(t, z,ug,u1,...) be the solution of (®) in (4.1.1). If u € .%,, then
we have ¢(t,x,u,0u/dx,...) € S,.

(2) Let ¥(t, z,wo,w1,...) be the solution of (V) in (4.1.4). If w € .7,
then we have ¥(t,x,w,0w/0x,...) € L.

Proof. We will prove this by using Propositions 4.2.6 and 4.3.3. Since the
proofs of (1) and (2) are quite parallel to each other, we will prove only the
part (1).

Let u(t,z) be a holomorphic function on Sy(rg) x Dg, with 6 > 0, rog > 0
and Ry > 0, and suppose that |lu(t)||r, = o([t|”) (as t — 0 in Sp). We may
assume that ro > 0 and Ry > 0 are sufficiently small, and so we may also
assume that |F|(¢, x, 21, z2) is holomorphic in a neighborhood of {(t, z, 21, 22) €
C*; |t| < 7o, ]z| < Ro,lz1] < p1 and |23] < po} for any p; > 0 and ps > 0.
Hence, we may assume that

(5.1.3) Z ol o pljpga < 0
(J,a)EA

holds for any p; > 0 and ps > 0, where

(5.1.4) Bj = mggﬁ)\(gmﬂbmd(t,x)‘, (J,a) € A.

Since ||u(?)||r, = o(|t|”) (as t — 0 in Sp) is assumed, we can choose
a function €; (in t € Sp(rg)) such that ||u(t)||g, < €:]t|” on Sp(rg) and that
e, = o(1) (ast — 0 in Sp). Without loss of generality we may assume that
lt|/er = o(1) (as t — 0 in Sp(r)); if otherwise we have only to replace ¢, by
max{e, [t|'/2}.

Take any 0 < R < Ry/2 and fix it. Then, take any ¢ € Sp(ro/(4e)) and
fix it. Set us(z) = u(t,x); then us(z) is a holomorphic function on Dg and
satisfies

k!€t|t|g

(5.1.5) < ;
R Rk

8k
H i k=0,1,2,...:

oxk

this is verified by the conditions Ry — R > R, ||ut||r, < €|t|” and Cauchy’s
inequality.
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Therefore, if we set

€t|ta Ettg
M, e

(5.1.6)  r=delt|, pi =2¢t]7, p1=3elt]7, py =4
and Ry =R, n=R, ¢=¢lt]”

(where t € Sp(ro/(4e)) is fixed), we can apply Proposition 4.3.3 to this case
and obtain the following result: the series

Z | nllv, 2 with Uy, = Ug(R,&,m)

E>1
is convergent in the domain

e(3+4M+r((3+2e)/(&]t]7)) }’

(5.1.7) Q= {z €eC;lz| <

where M is a constant satisfying
(5.1.8) [[F|(t, 2, 21,22)| < MT on K~

and K* is the compact set K* = {(t,z,21,22) € C*; |t| < r,|z| < Ry, |21] <
p1, |22| < pa2} under the condition (5.1.6). Note that the domain Q* depends
on t. Since (5.1.5) is written as
akut
ozF || 5

kle

< W’ k=0,1,2,... (under (5.1.6))

we have

o (e G o i) = X vl

k>1 k>1

and so we see that the series of the left hand side is also convergent on Q*.
If the fixed ¢ satisfies t € Q*, we can set z =t and obtain the convergence

Oouy Ok, &
kz;lcbk(x,ut, 2 Dak ) t
on Dp (where t is fixed).
Thus, to prove the convergence of ¢(t,x,u(t,x), (Qu/0x)(t,x),...) on the
domain Sy(u) X Dg it is sufficient to show the following lemma:

of

Lemma 5.1.4.  There is a p such that 0 < u < ro/(4e) and that t € Q*
holds for any t € Sy(u); in other words, the inequality

e(3+4M+r((3+ 2e)/(et]?))

It <
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holds for any t € Se(u), where r is the one in (5.1.6) and M™ is a constant
satisfying (5.1.8).

Proof of Lemma 5.1.4.  Since r = 4e|t| we have only to show the inequality
(4elt])
e(3 4+ AM*(4eft])((3 + 2¢)/ (e]]7))

ltl <

which is equivalent to

Mﬂﬂ< 1
elt]e ~ 16e(3 + 2¢)’
Since |F|(t, x, 21, 22) is expressed in the form

|F|(t, @, 21, 22) Z thie by | (8, ) 217 20
()€

(5.1.9)

and since K* is the compact set K* = {(t,x,21,20) € C*; |t| < rz] <
Ry, |z1| < p1,|22| < p2} we may take M T as
(5.1.10) Mt = Z rkiaBj 4 p17pe®  (under (5.1.6))
(Ja)en

where B; o ((j,) € A) are the constants in (5.1.4).

Let us show that the inequality (5.1.9) (with (5.1.10)) holds if [¢| is suffi-
ciently small. By using r = 4elt|, p1 = 3¢[t|7, p2 = 5¢|t|”/R and by setting
A= (ro/4e) 77, c1 = (3r09)/(4€)%, ca = (5r97)/(R(4€)?), we have

—+ ) . _
MIU S (4et) = Bya 3 (5/B) (etl”) e

eiftl” (j)en
4 kjat+l+o(j+a—1) )

=4 Z (_e|t|) J e’ O rokie By o 1l oo

(4, a)EA "o
S SR ST
(j,a)eM (J,0)€A\M (4,2)=(0,0)

j+a>1

— L 4D+ s

In the case (j,o) € M, we have j+a>2and kj o +1+0(j+a—1)=0.
Since |¢| is sufficiently small we may assume that ¢, < 1 holds. Therefore, we
have
(5.1.11) =A ) el M By el o

(Gra)emM
<e A Z 7" Bjociica® = 0(1) (as [t| — 0).
(j,e)eM
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Since t € Sy(ro/(4e)) we have (4e/rg)|t|] < 1. Therefore, by using ¢ < 1
we have

4 kja+lto(j+a—1)
(5.1.12) L<A Y ﬁ|t) ’

j e
0" Bj a1’ co

. To
(4,0) EA\M

Jjta>1

4e kja+l4+o(j+a—1) _ i
<A E T_|t|) TQkJ’a Ja c1’ex®
Gayeaym 0
1<j+a<nN
+A E TOkJa j,a C1 0204
jta>N

for any integer N > 0. Since the second term of the right hand side is conver-
gent, by choosing N sufficiently large we can make it as small as possible. If
we fix NV, the first term of the right hand side is only a finite sum; therefore,
by using the condition kj o + 14 0(j + a — 1) > 0 and by letting [t| — 0 we
can make it as small as possible. Thus, we obtain the result: Iy = o(1) (as
[t| — 0).

In the case j + a =0 we have kj o +1+o(j+a—-1)=kjo+1—0 >
kjo+12>1and so

4 kjat+l+o(j+a—1) .
(5.113) =4 Y T—e|t| et pgkie By eyl en®
G.)=(0,0)  °
4
S A(—e‘ﬂ) Gt_l’l“oko’o BO’O
To
4
_ I A(—e)rok°~° Boo =o(1) (as [t| — 0).
€t To

In the last equality, we used the condition: |t|/e; = o(1) (as |t| — 0).
Thus, we have proved that

M|t
i =o0(1) (as|t| — 0)
€tlt]e

which implies that there is a g > 0 such that (5.1.9) holds for any |¢| < p. This
proves Lemma 5.1.4. d

Completion of the proof of Proposition 5.1.3. By Lemma 5.1.4 we have
seen that ¢(t, z,u(t, ), (Ou/0z)(t,x),...) is convergent on the domain Sp(u) x
Dp. Moreover, by the latter half of Proposition 4.3.3 we have

Ouy 0"y ko PL— Y
kz;l‘éf’k(%ut, e Ok )‘ [t]" < —y  on So(p) X Dpg.
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Since p; — pJ = €t|” we have
I6(t, 2, u(t, ), (Bu /) (t,2), .. ) m
< ol + 3o (o, 2 Y|

e R
= or or
o Et|t‘0 _ o
< elft]” + = =o(ltl”) (as[t| —0).
Thus, we have obtained the condition ¢(t, z,u(t, x), (Ou/0z)(t, x),...) € Fs.
This completes the proof of Proposition 5.1.3. O

§5.2. In the case |u(t)]| = O(]t|?)
Let M be as in Lemma 5.0.1. In this section we suppose
(5.2.1) M=0:

this implies that k; o + 1+ 0(j +a — 1) > 0 holds for all (j,a) € A. Let us
define a function-class Z, by the following;:

Definition 5.2.1.  We denote by %, the set of all the functions w(t, =)
satisfying the following properties:
i) w(t, ) is a holomorphic function on Sy(r) x Dg for some 6 > 0,
r >0 and R > 0, and
i) |lw(t)||r = O(|t|7) (as t — 0 in Sp(r)).

Then we have the following result.

Theorem 5.2.2.  Suppose the condition (Hy). Let o be the one in (5.0.2)
and suppose the condition (5.2.1). The following two equations are equivalent:

ou ou .
(522) a = F(t, Zr,Uu, £> m go-,
ow ,

To prove this, it is sufficient to show the following result:

Proposition 5.2.3. (1) Let ¢(t,z,ug, u1,...) be the solution of () in
(4.1.1). If u € Z,, we have ¢(t,z,u,0u/0x,...) € Z,.

(2) Let ¢(t, x,wo, w1, ...) be the solution of (V) in (4.1.4). If w € %, we
have (t, z,w,0w/0x,...) € Z,.
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Proof. In this case, the proof is quite parallel to the proof of Proposition
5.1.3; we have only to notice that “ = o(|t|?)” is replaced by “ = O(|t|?)”,
and so we have only to replace e; by a positive constant C' > 0 in the proof of
Proposition 5.1.3. Thus, by using the conditions kj o +1+4+0(j +a—1) >0
(for (4,) € A) and (4e/ro)|t] < 1 we can estimate (M T|t])/(C|t|7) as follows:

M+‘t| kjo j o\Jjta—1
G = 2 Uelt) " Bia ¥ (5/R)" (CIHT)T ]
(J,a)EA
kja+l4+o(j+a—1) . )
=A Z (_‘ |) Citetpokia B, eyl en®
(J,a)eA
Ejat+l+o(+a—1) _
<A Z (_| |) cite—lp ki o 1)
(J,a)EA
j+aN
+A Y O ke B ey
(J,a)EA
jta>N
:I1 +IQ.

We note that the series Is is convergent; therefore, by taking N sufficiently
large we can make Iy as small as we want; if N is fixed, the term I, is a finite
sum and so by using the condition k; o +14+0(j+a—1) > 0 we see: Iy = o(1)
(as [t| — 0). Thus, if |t| > 0 is sufficiently small we have

M|t - 1
Cltle ~ 16e(3 + 2¢e)’

(5.2.4)

This corresponds to the result in (5.1.9).
The other parts of the proof of Proposition 5.2.3 is the same as in the proof
of Proposition 5.1.3, and so we may omit the details. d

§5.3. Analytic continuation

Let us give an application. Let u(t,z) € 7, (resp. u(t,x) € Z,;) be a
solution of the equation
ou ou
= F(t T, u, )

ot " Ox
Set w(t,z) = ¢(t, z,u,0u/dx,...). Then, w(t,x) € %, (resp. w(t,z) € %) is
a solution of

ow

ot
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and so w(t, z) can be expressed in the form w(t, ) = h(z) for some holomorphic
function h(z) in a neighborhood of = 0. Since w(t,z) = h(z) € # holds, by
Theorem 4.4.2 we have u(t,z) = ¥ (t,x,h,0h/0x,...) € . This proves

Theorem 5.3.1.  Suppose the conditions (Ha) and Ag # (; let o be the
one in (5.0.2). We have:

(1) If u(t, x) is a solution of (5.0.1) belonging in the class 5, then u(t,x)
can be continued holomorphically up to some neighborhood of the origin of C; x
C,.

(2) If M =0 and if u(t,x) is a solution of (5.0.1) belonging in the class
%, then u(t,x) can be continued holomorphically up to some neighborhood of
the origin of C; x C,.

Note that this is just the result of the first order case in Kobayashi [4]
and Lope-Tahara [5]. It is shown in Tahara [7] and [8] that the above result
is optimal for the analytic continuation of the solution. We will give here only
the following example.

Example 5.3.2. In the case

Ou  /0u
ot u(%
we have 0 = —1/m and M # ). We see:
(1) If u(t,x) is a solution belonging in the class ., (with o = —1/m),
then u(t,x) can be continued holomorphically up to some neighborhood of the
origin of C; x C,,.

)m (with m € {1,2,...})

(2) But, we have a solution

—1\1/m
u(t,z) = (—) Jt:T_FC (where ¢ € C is an arbitrary constant)
m m
which belongs in the class 2, (with 0 = —1/m) and which cannot be continued

holomorphically to any neighborhood of the origin. Since this solution has a
singularity on {t = 0} of order [¢|{~*/™, this does not belong in the class .7,
(with o = —1/m).
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