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Magnetic Pseudodifferential Operators

By

Viorel IFTIMIE, Marius MANTOIU and Radu PURICE*

Abstract

In previous papers, a generalization of the Weyl calculus was introduced in con-
nection with the quantization of a particle moving in R™ under the influence of a
variable magnetic field B. It incorporates phase factors defined by B and reproduces
the usual Weyl calculus for B = 0. In the present article we develop the classical pseu-
dodifferential theory of this formalism for the standard symbol classes S;’s. Among
others, we obtain properties and asymptotic developments for the magnetic symbol
multiplication, existence of parametrices, boundedness and positivity results, proper-
ties of the magnetic Sobolev spaces. In the case when the vector potential A has all
the derivatives of order > 1 bounded, we show that the resolvent and the fractional
powers of an elliptic magnetic pseudodifferential operator are also pseudodifferential.
As an application, we get a limiting absorption principle and detailed spectral results
for self-adjoint operators of the form H = h(Q, HA), where h is an elliptic symbol, Q
denotes multiplication with the variables IT* = D — A, D is the operator of derivation
and A is the vector potential corresponding to a short-range magnetic field.

Introduction

One of the different, but related, points of view on the usual Weyl calculus
says that the correspondence symbol — operator, f — Op(f), is a functional
calculus for the family of operators Q1,...,Qn; D1,..., D, on L?(R"), where
Q; is the multiplication with the variable z; and D; = —id;. The familiar
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notation Op(f) = f(Q, D) keeps track of this fact. The relative sophistication
of this formalism has its roots in the non-commutativity of the basic operators:

(0.1) i[Q;,Qr] =0 =1i[Dj, Dy], i[Dj, Q] = 6jk-

For a nonrelativistic quantum particle in R™ placed in a magnetic field B
deriving from a vector potential A, the basic self-adjoint operators (quantum

observables) are the positions @1, ...,Q, and the magnetic momenta Hf‘ =
Dy —Aq,..., Hﬁ = Dy — A, satisfying the commutation relations

where Bjj, is (the operator of multiplication by) the component (jk) of the
magnetic field. These relations are a representation by unbounded operators of
a Lie algebra that has infinite dimension if B;; are not all polynomial functions.
For the case of a constant magnetic field such a calculus has been developped
in BMGH], or in [B] for the case of a lattice.

It is natural to look for a pseudodifferential calculus adapted to such a
situation. At first sight, a procedure could be to replace in the explicit formula
for Op(f) the symbol f(z,£) by f(z,& — A(x)), obtaining an operator Op 4 (f).
Although largely used in the literature (see [GMS], [Ic1], [Ic2], [IT], [IT1], IT2],
[ITs1], [ITs2], [NU1], [NU2], [Pa], [Um]), this point of view does not seem
adequate, due to the fact that the operators Op4(f), although representing
physical observables, are not gauge covariant. Two vector potentials A and A’
connected by A’ = A + dp for some smooth real function ¢, being assigned to
the same magnetic field B = dA = dA’, should produce unitarily equivalent
operators Op 4 (f) and Op 4, (f) for all reasonable f. In Section 6 we are going to
exibit large classes of symbols f (including the third order monomial f(z,&) =
£;&x&) for which the expected equality Op 4, 4,(f) = €?Opa(f)e™"¢ fails.
The pseudodifferential calculus with a magnetic field has been used in several
papers dealing with the Peierls substitution ([DS], [HS1], [HS2], [N], [PST],
[T]). Although gauge covariance is not essential for the technical arguments
used in this context, it is possible that our formalism may bring some new
insight and even technical advantages.

The right formalism was proposed independently and with different em-
phases in [KO1], [KO2] and [MP1], [MP2] where a gauge covariant functional
calculus DpA( f) is defined. It was generalized and related to a C*-algebraic
formalism in [MPR1], and applied to the strict deformation quantization in the
sense of Rieffel for systems in a magnetic field in [MP3] and [MP4]. We shall
remind very briefly this pseudodifferential point of view in Section 1, while
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the other sections will be dedicated to our actual purposes: a development
of the calculus for Hormander symbol classes S5 and applications. For the
time being, we have only succeeded to treat smooth, bounded magnetic fields
having bounded derivatives of all orders. Since, however, no decay at infinity is
requested, we belive that the theory we develop is general enough to support
nontrivial applications.

In Section 2 we show first that for f € 5], (p >0, 0 <1), Op?(f) leaves
the Schwartz space invariant. Afterwards, we study the product f of g for f, g
belonging to Hérmander’s classes of symbols S, (0<d§<p<1). This is
basic for the rest of the article. We give an asymptotic series for f of ¢, that
shows that the first term of the commutator fo? g—go® f is the Poisson bracket
{f, g9} assigned to the magnetic symplectic form op. Another consequence is
the existence of a parametrix for elliptic magnetic pseudodifferential operators.

In Section 3 we prove that Op™(f) is bounded in L2(R™) if f € 5'275 and
0<d<p<1, 6 <1 Thecased = pis a magnetic version of the Calderon-
Vaillancourt theorem transcripted for the Weyl calculus (cf. [Fol).

Section 4 is dedicated to the study of magnetic Sobolev spaces. Previously,
they were considered only in situations when a vector potential can be chosen
with bounded derivatives of strictly positive order, cf. [GMS] and [Pa].

In Section 5 we show that an elliptic magnetic pseudodifferential opera-
tor is self-adjoint on the corresponding Sobolev spaces. For convenient vector
potentials, the Schwartz space is a core. As a consequence of a Garding-type
inequality, we also treat semiboundedness.

Throughout the paper we suppose the magnetic field B to have bounded
components together with all their derivatives. In Section 6 we shall moreover
assume that B = dA for some smooth vector potential A having bounded
derivatives of any strictly positive order. This facilitates certain arguments; in
particular it leads to a connection between our magnetic calculus and the Weyl
calculus for a certain A-dependent Hérmander-type metric, and this allows the
transcription of certain classical results ([Hol], [Ho2|, [Bo3]) to our framework.

As said before, many authors use for a symbol p(x, &) the magnetic quan-
tization Op 4(p) that does not provide a gauge covariant calculus. In Section
6, as a continuation of the analysis in Subsection IV D of [MP2], we shall
compare this procedure with our gauge covariant quantization and prove that
Op?(p) — Op 4(p) is a pseudodifferential operator of strictly smaller order. In
fact we prove that under the above hypothesis on the magnetic field B, one
can pass from the functional calculus Op” to the functional calculus Op 4 and
in the opposite direction. Using the Weyl-Hormander-Bony calculus we ob-
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tain a Fefferman-Phong type theorem and prove that the resolvent and the
powers of a magnetic self-adjoint elliptic pseudo-differential operator are also
pseudodifferential. In particular we are able to compare three candidates for
the relativistic Schrédinger Hamiltonian with magnetic field: /(D — A)2 + 1,
OpA((€)) and Dp?((€)).

The last section is devoted to the spectral analysis (obtaining a limiting
absorption principle) for a class of elliptic pseudodifferential operators obtained
through a quantization (either by Weyl calculus, or by Op?, or Op 4), for a
symbol of the form p = pg + ps + pr, where py does not depend on x, pg is
a symbol with “short range” behaviour and py, is a symbol with “long range”
behaviour. We assume that all the derivatives of the magnetic field B verify
conditions of type “short range” at infinity, and our example 3 shows that these
hypothesis are in some sense optimal. The spectral analysis of Dp 4((¢)) has
been done in [Um] but without considering the problem of a limiting absorption
principle; moreover, as shown in Example 2, our hypothesis are more general.

An earlier version of this paper, with some proofs given in extenso, may
be found on the ArXiv electronic archieve [IMP].

Notations and conventions

We denote: X = R" with elements z,y,z, X* the dual of X with ele-
ments &,7,¢, (£,7) the duality form, = = R?" = X @ X* the phase space
with elements X = (z,¢), Y = (y,7n), Z
the canonical symplectic form [Y, Z] =

= (2,(), it is a symplectic space with
(n,z) —(C,y). On X we consider the
usual Lebesgue measure, but on X* and Z, respectively, it will be convenient
to use d¢ = (2m)""d¢ and dX = 7 "dX. If Y = R™ we set BC>®())
the subspace of bounded functions in C°°()) having bounded derivatives of
any order, ;gl(y) is the space of all C'*° functions on ) with the absolute
value of each derivative dominated by an (arbitrary) polynomial and C35, ,(J)
the subspace of C5¢)()) consisting of elements whose all derivatives are dom-
inated by a fixed polynomial of given (arbitrary) degree. S()) will be the
Schwartz space on Y, with dual §’()) and antidual S*()); we denote by (u,v),
(u € §*(Y), v e S())) the application of anti-duality. We use standard multi-
index notations: @ = (a1,...,m) E N Ja| =a1 4+ +am, al = a1l ... ap!,
99 =001 ... 00m or 9% = Oyt ...9%m, D* = i~1%19°, where m = dim ).

We frequently consider integrals as converging in &*, in particular as os-
cillatory integrals.

We denote by B(H;1, Hz) the Banach space of all linear bounded operators
T : Hy — Ha, with H;, Ho Hilbert (or Banach) spaces. In fact we preserve this
notation even if H;, Ho are topological vector spaces, to signify continuous,
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linear operators. For B(H,H) we abbreviate B(H). K(Hi, Hs) will denote
compact operators. B,(H) will be the Schatten-von Neumann class of order
p € [1,00] on H.

Given a Riemannian metric g, on = and a positive function M : & — R%,
we define the symbol space S(M, g) to be the space of C* functions f: = — C
such that

sup  (M(X)™" |0, ... 00, f(X)|) < o0, Vk €N,
X,Tje2
gx (Tj)<1
where we denote by Or f the derivative of f with respect to the direction T' € =.
We denote by ®(M, g) the family of Weyl operators Op(f) with f € S(M, g).
If M(X) = (£)™ and the metric has the form

gx = (&)>|dz|® + (£)7|d¢|?

for p, 6 and m real numbers and (¢) := (1 + |¢|?)}/2, we denote S(M,g) by
7'5(Z). We still use the notations

S™(E) = S7p(B),  STE) = () Shs(E),
meR
Explicitly, a function f € C°°(E) belongs to 57%5(Z) if for any multi-indices «
and § in N” there exists a finite constant C,g such that

|(9202£) (X)| < Cap (=711, v = (2,6 € =.

8§1. The Magnetic Functional Calculus

The mathematical framework that we consider is supposed to modelize a
quantum particle without internal structure moving in X = R™, in the presence
of a non-uniform magnetic field. The magnetic field is described by a closed 2-
form B on X = R”. In the standard coordinate system on R”, it is represented
by a function taking real antisymmetric matrix values B = (Bj) with 1 <
j <n, 1 <k <n and verifying the relation 0; By + Oy By; + 01Bji, = 0. We
shall always assume that Bj, € C55 (&), although this is not necessary for all
constructions or assertions. Anyhow, later on, even stronger assumptions on B
will be imposed.

Any such field B may be written as the exterior differential dA of a 1-form
A, the vector potential; by using coordinates, one has Bj, = 0;A, — O A, for
each j,k = 1,...,N. The components of the vector potential will always be
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taken of class C'2%(X), in order to define multipliers for S(X') and S*(X). This

pol
is, indeed, always possible, as can be seen by considering the transversal gauge

S
(1.1) Aj(z) =— ,;/0 ds Bji(sz)sxy,.

In the magnetic pseudodifferential calculus that we shall develop there are
two phase factors that play an important role, one defined by B and the other
by A. Given a k-form C' on X and a compact piecewise smooth k-surface
v C X, we denote by I'“(«) the usual invariant integral of C' on y. We shall
encounter circulations of the 1-form A along linear segments v = [z, y] defined
by its ends z, y and fluxes of the 2-form B through triangles v = (z,y, z) defined
by its vertices z,y, z. By Stokes’ theorem, one has

(1.2) PP (@, y,2)) = T4([,y]) + T (ly, 2]) + T4([z, 2]).

We shall constantly use the notations:

(1.3) A (z,y) : = exp{—il*([z,9])},
(14) QB('rvyvz) ::exp{—iFB(<x,y,z>)},
(1.5) wp(x,y,2) :=exp{—4iFp(z,y,2)}

=Bz —y+zz—y—zx+y—2).
Lemma 1.1.  If the components of B are of class Cgo)(X), Vv € N37
Ip(v) € N such that lﬁg’y,zwg(x,y,z)ﬂ < C (1 + Jz| + |y| + |2|)P(1),
If the components of the magnetic field B are of class BC™(X), then
L 0,,F = > i (Djkyr + Ejrzr), 0y, Fp = > 5, (D;-kyk-l-E;kzk),
0., Fp = e (D;’kyk + E;’kzk), where the coefficients Djy, ..., E;-’k are
of class BC>=(X3).

2. [(00701wp) (2,y.2)| < Capa(ly) + ())IHIHDL (0, 5,9) € NP2,
where Co g, are positive constants.

3. |(0%wp)(x,y,2)] < Collz —2) + (y — 2)°l, Va € N, where C, are
positive constants.

Proof. By straightforward computation. O

In a former paper [MP2] we have shown that for f € $*(Z) and u € S(X),
the formula (properly interpreted)

Tty

o) o @)= [ avanetrm s (U5 ) ut)
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defines an integral operator Op” (f) € B(S(X), S*(X)), and in fact Op” gives an
isomorphism between S*(Z) and B(S(X),S*(X)) (as linear topological spaces)
that restricts to an isomorphism between S(Z) and B(S*(X),S(X)). Let us
remark here that for any test functions v and v in S(X) and any distribu-
tion f € §*(X), we have the relation (DpA(f)u, v) = (u, DpA(f)v), where

(f,u) == (f,@). In particular, if f is a real distribution, then DpA(f) is a symet-
ric operator in B(S(X),S*(X)). In [MP2] we show that Op” induces a unitary
map from L2(Z) to Bo(L?(X)), the ideal of all Hilbert-Schmidt operators. The
family DpA( f) with f being the Fourier tranform of an arbitrary function in
LY(Z), is dense in the closed ideal K(L?(X)) of all compact operators.

An important property is gauge covariance. Let A and A’ be two vector
potentials of class C°,, defining the same magnetic field, dA = B = dA'.

pol?

Then there exists a real function ¢ € Cpg)(X) such that A" = A + Ve and
e (@ OpA(f)e= (@ = OpAtVe(f) for any f € S'(E) and all such functions
; this second identity is valid in B[S(X), S*(X)].

If f is the Fourier transform of f € S* (2) in the second variable we can
write

[0t 5] @) = m " [ ayAt (e () o)
For f,g € S(2), the product Op”(f)Op?(g) is smoothing, consequently of the
form DpA(f oB g), defining the Magnetic Moyal product f o g in S(Z). We use
the above formula twice and (1.2), compute its partial Fourier transform (in
the second variable) by the usual integral formula and obtain again an element
in S(Z). After some changes of variables and using Fubini Theorem we get:

(1.7) (foP g)(X) = //amzz e 22 B (1 oy, 2) (X —Y) g(X — Z).

One can extend the validity of (1.7) by duality, using the fact that for any
functions f and g in S(Z) we have

[ax o 90x0) = [ ax 1(x)9(x) = (1.9) = (1.9).
Thus for f, g, h € S(Z) we have (foP g, h) = (f, goPh) = (g, hoP f). Considering
(+,-) as duality between §’(Z) and S(E), we define for F € §'(E) and f € S(E):
(FoB f h) .= (F, foP h), (f B F,h) := (F,h o f), Vh € S(E), getting two
bilinear continuous mappings with good associativity properties. A substantial
extension of the magnetic Moyal product is obtained in [MP2] on the following
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class of distributions
MB(E)={FeS'(E) | FP feS(E), foP FeSE), VfeSE)},

called the magnetic Moyal algebra.

For F,G in MB(Z), we define (F of G,h) := (F,G oB h), Vh € S(2).
The set MP(Z) together with the composition law of defined above and the
complex conjugation F +— F is an unital *-algebra, containing S(Z) as a self-
adjoint two-sided ideal. Maybe the most important fact is that DpA is an
isomorphism of *-algebras betweeen M?B(Z) and B[S(X)]NB[S’'(X)]. We have
that C7%) () € MP(Z) ([MP2]). We also have the following result.

Lemma 1.2.  If the components of B are of class 1;’31(?6), then for any
m € R, any p > 0 and any § <1 we have S}'5(E) C MB ().

Proof.  We must prove that, for any couple (f,¢) € S)'5(Z) x S(E), we
have f of ¢ € S(Z). We have to study the oscillatory integral in (1.7) for
(fip) € S7%(E) x S(E). We choose x € C§°(E) with x(0) = 1, and for any
e > 0 we define f.(X) := x(eX)f(X). We show that the limit li_r%(f6 oB )
exists pointwise and is independent of the choice of x. Integrating by parts we

get

(18)  (foPQ)(X) = / / qY 47 221 () =2V (y=2N- f (X )

x £ [wP (2., 2)285p(X - 2)]

with £, = 1—-(1/4)A, and £; = 1—(1/4)A.. The integrals are well defined, due
to the decay assumptions on ¢. We choose first N, > (1/2)(m+n+1) and then
Ne¢ = (1/2)(q(2N2) +n+1), where ¢(N) := max{p(y) | || < N} and p(7) as in
the first statement of Lemma 1.1. Thus we can take the limit ¢ — 0 and obtain
for (foBp)(X) an identity similar to (1.8). This equation is clearly independent
on the choice of x and of the exact choices of N, and N; (by integration by
parts). For any k € N we may choose N, > (1/2)(m + k(|6| + |p|]) + n+ 1) and
N¢ > (1/2)(¢(2N,+k)+n+1) in order to prove (by further integration by parts
with respect to y and n) that f 0By € C¥(Z). In conclusion f ofp € C=(Z).
If we consider a multiindex a = (a, ag) € N?" and integrate by parts with
respect to y and 7, we prove that 9% (f o®¢) is a finite linear combination of
terms of the form
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I(X) _ / Yy dZe—2z[[YZ]]< > 2N,,<<>—2Ny
X

(05 tn)=2) (0 (wy=2<) {02 0P (2,9, ) |
< forr oo ore(x — )} {os" ogtoy 0y p(x - 1)},

with o + ol + o' = a, o/5 +ag = ag, |a| =k, |f| + 18" < 2N, Y|+
Y|+ 7" < 2Ny, |6'| +[6”] < 2N, and |A| < 2N,. Then taking into account
that ¢ € S(2), we can choose Ny, Ny, N, N¢ as functions of k and [ so that
[1(X)| < Ci{X)~!. We may suppose that § € (0,1). Let us remark that

1" 11

<€ 77>m plag+6" |46y’ +~4""| <C<€>m+6(k+2Ny)<n>\m|+6(k+2Ny),

(@—2)7" < Cl@)™2)', (-0 < CEO)THO"

We choose first Ny, > (1/2)(1 — )" (n+ 141+ m + kd) in order to verify the
integrability condition with respect to ¢ € X'. Then we choose s = [+m+d(k+
2N,)), and obtain a factor (£)~!. We can also choose N, > (1/2)(n+ 1+ |m| +
(k+2N,)d) in order to verify the integrability condition with respect ton € X
and t = [+ q(2N, + 2N, + k) to obtain a factor (z)~!. We end up by choosing
N, > (1/2)(n+14+142¢(2Ny+2N.+k)) and N; > (1/2)(n+1+q(2Ny+2N.+k))
in order to get the integrability with respect to (y,z) € X x X. O

8§2. The Magnetic Composition of Symbols

Our first task is to extend the magnetic composition law to classes of sym-
bols and obtain a precise asymptotic development for this composition, gener-
alizing the well known formulae from usual pseudodifferential calculus. This
will be a key technical ingredient in the following developments, in particular
leading to the existence of parametrices for elliptic operators.

If the magnetic field B has components of class BC*(X), by arguments
similar to those above, for any f € S™1(Z) and g € S™2(E), the magnetic Moyal
product foPg belongs to S™1*+™2(Z). Our sharp estimations on the flux of the
magnetic field (Lemma 1.1) will make possible a precise result concerning the
asymptotic development of f o g.

An important ingredient for the estimation of the integral appearing in
(1.7) is a ‘stationary phase’ result, for which we introduce some notations. For
any ¢ € C°(X3) we define the following first order differential operator (with
respect to the variables U = (u, u) € E and V = (v,v) € E), having coeflicients
that only depend on (z,y, 2):

n

Mp(p) = [wp(z,y,2)]" Z (wp) Oy, — 0, (wpp) O,,] -

Jj=1
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‘We shall denote

[00,0v] = (s D) = (Dus D) =D (O, 00y — D, D))

Jj=1

and for t € R\ {0} and ¢ € C%,(X?) we define:

pol
Lo(t) = 5= {20100, 0v] + 17 Mol)}

Lemma 2.1.  Let p € Coo(X?).

1. We have the following equality:
/ / dY dZ exp{-2i[Y, Z]}p(z,y, z) = ¢(x,0,0)

(the integral being interpreted as an oscillatory integral).

2. If h e S(E x E), for any t € R* we have

// dy dz e 22z, y, 2)W(X —tY, X —tZ) = ¢(z,0,0)h(X, X)

1
—|—t2/ sds// ay dz e *W2V L (st)h] (X — stY, X — stZ).
0 EJE

Proof. (1) Let us fix x € C§°(&X) such that x(0) = 1. For any € > 0 we
define

Z/E/:deZ x(ey)x(en)x(ez)x(eC) exp{—2i[Y, Z] }p(x,y, 2)
=(27r)‘2”/x/xdydz X(—(€/2)y)x((€2/2)2)x ()X (2)e(x, —(e/2)y, (€/2)z).

By the dominated convergence theorem, it goes to ¢(z,0,0) for e — 0.

(2) We perform a first order Taylor expansion of h(X —tY, X — tZ) with
respect to t. The first term on the right-hand side is given by 1. For the second
term we integrate by parts, using the identity yje_%[[y’zH = %89 e~ 2Y:21 and
similar ones for y replaced with 7, z and (. |

To any differential operator P := cag(a:,y,z)agae, of order m with
respect to the variables U and V, we associate another differential operator
Mp(P) defined by Mp(P) := 3. MB(caﬁ)agaﬁ. This operator will evidently
have the same form, but will be of order m + 1.
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For any sequence of positive numbers {t; € R* | j € N*}, let t(;) :=
ty-...-ty (for k € N*) and let us define by recurrence the sequence of differential

operators:
Lo = 1,
L1 (tl) = wg,leB (tl),
My (Lj(ty, ..., t5))
20t (j+1)

Lj+1(t1, N ,tj+1) = Ll(t(j+1))Lj(t1, e ,tj) +

Theorem 2.2.  Let us assume that all the components of the magnetic
field B are of class BO®(X). If f € S]'5(E) and g € S (E), with m1 € R,
me €R,0< 0 < p<1, then foPg e S;f‘§+m2 (2) and we have the following
asymptotic development:

fo g ~ Zhj) h c Sml-&-mz —3(p— 5)(5)’ hO(X) :f(X)g(X),

// /dtldtg Lty TRty

X [Lj(ty, -, 1) (F(T)g(V))]]|

U=V=X
y=2z=0

Proof. We shall verify by induction that for any k£ > 1 we have

k—1

(2.1) foPg=S hy+ R,

=0

where

1 1 1
X):// / dtydty ... dt, 27102873y,
0 JO 0

x wp(z,y,2) [Li(t, ... . tx) (f([U) @ g(V))] |

dy dz e >

1
o

U=X—t(yY
V=X—tg,Z
For k = 1 we apply Lemma 2.1, taking p = wp, h = f®gandt =1, s = t;.
We just have to remark that in this case L, (t1) = wpL1(t1). Regarding the
integrals as oscillatory integrals, we may assume that f and g belong to S(Z).
Let us suppose now that formula (2.1) is verified for some k£ > 1. In order
to prove it for k+1 we shall rewrite the integral defining the rest R;. We notice
that

[Li(trse o 1) (F@QIUV) =D ag,(@y, 2.t 1) (0°F) (U) (8%9) (V).
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For each term we apply Lemma 2.1, taking ¢ = wpa_,, h = (0°f) ® (0%g) and

t=1ty---tg, s =tg4+1. We remark first that

> a,,(2,0,0,t,...,t) (0°f) (X) (%) (X)
a,B

apB)?

= [Li(ts, . te) (fO)g(V))] |

Then
1 _
Liwya, ) (trt1)) = 2;¥B {2a,,[00,0v] + (tes1) "Mp(a,,)},
and moreover
n

Mpg(a,,) = wit Z 10y, (wpa, )0, — 0, (wpa,,)0u,] = a,,Mp(1)+Mo(a,,).

j=1

Putting all these together we get

1 _
Liwpa, ) (tk+1)) = wB {aa,BLl(t(k+1)) + 5 (ter) 1Mo(aag)} ~

i
We remark further that Ly (t(1)) is a differential operator with respect to the
variables U and V and thus commutes with multiplication with the function
a,,; thus ZMO(aaﬁ)af’}é‘"B, = Mo(Li(t1,...,t)). Finally we get Ri(X) =
hi(X) + Ri+1(X) and the proof of (2.1) is finished.

Let us show now that, for each j € N, we have h; € S;”ngmz_j(p_é)(E).

This is evident for j = 0. For j > 1 notice that
Lilty, - t) =Y a, gy, 25ty )05 03 00 0,

where |o'| 4 |3"| = j, |o/| +|8'| < jand a_, ,, , .. are linear combinations of

products of derivatives of Fz with respect to y and z and monomials in tl_l,
Lt
the integrals. Lemma 1.1 shows that for y = z = 0 the derivatives of Fp are

! with exponents that do not exceed those of t1, ..., t; appearing in

either vanishing or at least bounded functions of z. We conclude that h; is a
linear combination of terms of the type

b(a) [ (020" 1) (0] [ (980" 9) ()] /O s /0 o a,

where b € BC*°(X), py > 0 for any I € {1,...,5} and |&"| +|68"| = J, |&/| +

|6'| < j. It follows immediatly, from the hypothesis on f and g, that h; €
mi+ma—j(p—0) =
s (=0 (=),
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We shall end the proof of the Theorem by checking that for any k£ > 1
one has R, € Sm1+m2+2" Rp= 5)( =).

the operator L; (tl, ..., t;) that was described above. It follows that Ry can be

We shall use once again the structure of

written as a linear combination of terms of the form

c/ / dty...dty 2 -t ’“//deZe 22y (2, y, 2)

rall, g, ﬁ//(x Y, z; tly" tk)

(x ,a

<[ (05'0¢" 1) (X = tr--00)] [(9F'00 " 9) (X 1+ 142)]

Now we no longer restrict to y = z = 0 and thus factors of the type y°27
may appear in the functions a ,

ol ol Bl B!

factors may be handled by integration by parts, using the exponential e~

(that contain derivatives of Fg). These
2i[Y, 7]

and will generate operators of the form 9 8? applied to the functions 8;"8?” f
and 05,8? ! g, but this will not alter their decay. We proceed as in the proof

of Lemma 1.2, and after a number of integrations by parts we write I(X) as a
linear combination of terms of the type

/ / dty - dty t9 -t / / dy dze*1"71
x(2)72N0(Q) 72N (07 () 2N ) (8 () ~2e)

)(83/,85 (wBa’a’,a“,ﬁ’,,B”) (.’I?,y,Z)

X (ag/ﬂ/,/ ag f> (X —tY) (a§’+e”a§ +/\g> (X =t 2),

where |[Y'| + || < 2Ny, [0 + (6" + [6""| < 2Ny, |€'| + €] < 2N,, |A] < 2N¢
and ¢; > 0 for any j € {1,...,k}.

We fix N, = N; = n in order to have integrability in the variables y and z.
Then we decompose the n-integral with respect to the two domains {|n] < x(&)}
and {|n| > k(£)} for some small fixed £ > 0, and similarly for the (-integration,
and thus write J(X) as a sum of 4 terms J,(X) (with a = 1,2,3,4). In order
to estimate each of these 4 terms separately we remark that we may choose
different values for the pair (IV,, N,) in each of these terms, due to the fact
that these choices are made by integration by parts in the variables y and z.
Moreover, for any r € R and for VIV, > 0, VN, > 0

/ dn(n)=2N= (¢ - tn)”“‘%Ny < C<£>T+25Ny+n.
{In<K(&)}
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Taking N, > 0 and 2N, > |r| + 20N, + n, we have

/ dn(n) 2N+ (€ — )TNy
(nl=r(6)}

= C/ dny (n)|TIF2ONy=2N: < O(g)Ir+20Ny —2N.4n.
{In|=k()}

Let us set m1 := my — pla”’| 4+ 6|c/| and 7o := mg — p|B”’| + §|6'|. We denote
N1
2

Un, N, (5 E,m) = % and we get the following upper bound for |J;(X)|

sup / dn\Ilr1+26Ny,2Nz(t§€777)/ dCWr, 425N, 2N, (€, C)
0<t<1 J{|n|<r(€)} {I¢I<K(&)}

< C<€>m1+mz—k(p—é)—&-%7

by choosing for this domain N, = N, = 0. For |J2(X)| we get the upper bound:

sup / d77‘11n+261vy,21v2(t§5777)/ dC¥,, 125N, 2N, (£ €, C)
0<t<1 J{|n|<k(&)} {I¢I=K(8)}

< C<£>r1+26Ny+n<§>\rz\—2Ny+n _ C<£>r1+|r2\+2n—2(1_5)1\/y7

and we have to choose on this domain N, = 0 and N, large enough. On the
similar domain with 1 and ¢ interchanged we have to choose N, = 0 and N,
large enough. For |J4(X)| we obtain the upper bound

sup | 0y, sasw,an. (66.1) | ACT, ca5n. o, (1 6,0)
0<t<1 J{|n|>r(£)} {I<1ZR(0)}

< C<§>\T1\+IT2\+2n—2(1—5)(Ny+Nz)

and thus we have to choose both N, and N, large enough. We conclude that
|Rp(X)| < C(€)mtmatan—k(p=0)

For the derivatives of R we may proceed in a similar way, since all the terms
obtained by differentiating the factor wp with respect to x are bounded by
monomials in y and z and thus can be dealt with by integration by parts in y
and z. We get

‘(agaka) (X)‘ < C(g)ymtmatan=k(p=8)-plfl+dlal  vo e N, Vg € N

In order to end our proof we fix some p € N and write the identity f o

g — Z?:o h; = Z;”:pﬂ hj + Ry, where k > p + 1 is chosen large enough
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to have 2n — k(p — 8) < —(p + 1)(p — &). This gives foPg — Y0 _(h; €
grmatm2=(eth(e=9)(Z), and thus foPg~ 3 h;. O

Let us explicitly compute the first terms of the asymptotic development of
the magnetic Moyal product.
1. We know from the statement of Theorem 2.2 that hg = fg.
2. In order to compute hi, we remark that for y = z = 0 the first order
derivatives of F'g vanish and thus

[L1(t1)(f © 9)] (jf;;)()
=, [0, F)(X)(02,9)(X) — (9, £)(X)(De; 9)(X)] -
In conclusion we have h; = f%{f, g}

3. For hg we need to compute the explicit form of the operator Lo(t1,t2). Using
Lemma 1.1 we obtain:

[Mo (L1 (t))(f @ 9)] | (X, X) = —% > Bin(@)(9, ) @ (9g,9)1(X, X).

y=2=0 Jk=1

Lyi(ty - t2) L1 (t1)(f ® 9)

= 3" (00 Oy Do, + DutyDuy By Dy, — 20,1 0u,00,0,) (f © 9)

J,k=1
+{terms vanishing for y = z = 0}.

Finally, we put everything together to obtain

ha(X) = (206,00, f © O, 06,9 — O, 0e, | © D, D

n
J,k=1

0| =

00,00 f © 06, 06,9] (X, X) — 0 > B0, ) ® (096,)] (X, X).

7,k=1

In particular we have

1 1« 1
(22)  folg—goPf=-{fig} =5 D Bin(0, N 09) = s {f.9}p
jik=1
(mod. SZ?§+m2_3(p_6) (2)), with {-,-}  the Poisson bracket associated to the

n

symplectic form op defined by o5 (2.6)[(y,n), (2. Q)] = >5-1(z5m; — y;¢) +
Zj,k Bik(z)y;zk-
One of the main tools in pseudodifferential theory is the parametrix.
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Definition 2.3. A symbol a € S}5(E) is called elliptic when there ex-
ists two positive constants R and C such that

CE)™ <la(z,§)|, VeeX, VeéeX™ withl|¢>R.
The operator DpA(a) will also be called elliptic.

Theorem 2.4. Leta € S;?(;(E), 0<6<p<1bean elliptic symbol.
Then there ezists b € S, §"(Z) such that a oBb—1,boPa—1€ 85 (). Thus
for any vector potential A with components of class Cgf;l(X) associated to B,
Op?(b) is a parametriz for Op?(a).

The proof is quite standard.

83. Sobolev Spaces

Theorem 3.1.  Suppose that the magnetic field B has components of
class BC™. Let f € S} (Z) for some p € [0,1). Then Op(f) € B(LA(X))
and we have the inequality

(3.1) [op'(s)

029, f(X)

< ¢(n) sup sup  sup <§>p(\6\—\a\)
B(L2(X)) la|<p(n) |BI<p(n) XEE

)

where ¢(n),p(n) are constants depending only on n, that can be determined
explicitly.

The proof is quite standard, making use of the Cotlar-Knapp-Stein lemma
and an idea of L. Boutet de Monvel ([BM]).

Remark 3.2.  Theorem 3.1 remains true also for symbols of class S} 5(Z)
with 0 < < p <1, due to the obvious inclusion S 5(2) C 53 5(2)

In this section we shall suppose that the components of the magnetic field
B are of class BC*(X); we shall work in a Schrodinger representation DpA
associated to a vector potential A (such that B = dA) with components of class

> ().

pol
Definition 3.3.
Am —_ R L Am
WX) = {9pM(a) | a €S53}, BAT(X) = W ().
Definition 3.4. For any s € Ry we set

ps(f) = <§>S € SS(E)r ms = DpA(ps) € \IIA’S(E)z
H5(X) :={ueL*(X) | PueL*(X)}.
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As a consequence of the Proposition below, the magnetic Sobolev space H % (X)
(for s € Ry) may be defined using any elliptic operator of order s.

Proposition 3.5.  For any s € Ry we have:

1. H%(X) is a Hilbert space for the scalar product
(u,v)s,4 7= (PBsu, Bsv)p2 + (v, )12, Vu,v € H(X).
2. If0<d<p<1,thenT e ‘Il;‘)’;()() is bounded from H%(X) to L*(X).

3. For any elliptic operator T € \Il;if(?(), the map

s 1/2
H\(X) 5w Jlull{ 4 = {|ITullf> + [lull? }

defines an equivalent norm on H%(X).

Proof. The first conclusion is evident, because P, € B[S*(X)] (Lemma
1.2). Let us fix now an operator T' € \Il,',i’; (X). We notice that, being elliptic,
P, € (X) has a parametrix Q, € ¥H7°(X) (Theorem 2.4), i.e. there
exists R, € T4 7°°(X) such that QP = 1 + R,. Thus, for any u € HE(X)
we have Tu = (TQ;)PBsu — (TR;)u. Theorem 2.2 implies that TQ, and TR,
belong to \Ilf”(;o(X). We use Remark 3.2 to deduce that Tu € L?*(X) and
[Tull2. < Co (IBsull32 + [|ul[?2). Thus we get the second conclusion of the
Proposition and the inequality ||ul|] , < Cllulls 4 for any u € H?(X). In order
to get the reversed inequality and thus the third conclusion of the Lemma, we
have to suppose T elliptic. Then there is a parametrix .S € \IJ;‘”S_S(X ) for T such
that ST = 1+ R, with R € ¥ ~°°(X). For u € L(X) such that Tu € L2(X),
we obtain Psu = (P 9)Tu — (Vs R)u € L2(X) and also |jul|s.4 < Cllully 4. Y

Lemma 3.6. [f0 < s <t, we have a continuous embedding H' (X) —
H: (X).

Proof. Assume that v € H%(X). By definition of the Sobolev space,
it follows that u € L?(X) and P,u € L?(X). Making once again use of the
parametrix ; € 'IJA’_t(X ) of P, we deduce that there exists some R; €
\IIA’_OO(X) such that v = Q:Bu + Reu. Thus Peu = P Qe Pru + PsNReu.
Using Theorem 2.2 we get that P8,Q; € ¥4~ ~9)(x) and PR, € TH2(X),
so that by Remark 3.2 we deduce that [|Bsulrz < C(||Brulrz + ||ullzz). O

Lemma 3.7.  Suppose given s € Ry, m < s and T € \Ilﬁ’ém(X). Then
T is a bounded operator from H%(X) to H5 ™(X).



602 VIOREL IFTIMIE, MARIUS MANTOIU AND RADU PURICE

Proof. Consider u € H%(X). Since m < s we also have T € \Il;‘,’;(/’\,’),
thus Tu € L*(X) and ||Tu r2(x) < C|lul|s,a. Moreover, due to our Theorem 2.2,
PoomT € T17(X), so that we have Py_p, Tu € LX(X) and [P Tul|L2(x)

< Cllulls,a- We conclude that Tu € H5 ™(X) and ||Tulls—m,a < Cllulls,a.
O

Remark 3.8.  If the vector potential A has components of class C35,(Z),
then R € WA7°°(X) defines a linear continuous operator from S*(X) into

C(X).

Lemma 3.9. For any s € R we have the continuous, dense embed-
dings S(X) — H%(X) — S*(X).

Proof. The existence and continuity of the two embeddings is evident.
Let us prove the density of S(X) in H%(X). Take u € H%(X). Let us choose
a sequence {v;}jen C S(X) that converges to PBsu in L*(X). We consider once
again the parametrix Q, of B, fix a cut-off function x € C§°(X) with x(z) =1
for |z| <1 and set x;(z) := x(z/j). We define u; := Q,v; — x;Rsu. Evidently
u; € S(X) and Q,v; converges to QPsu in HY(X). But QPsu = u + R,u,
so that the density conclusion will follow if we prove that x;9R,u converges
to Reu in H(X). Let us put 1 (§) = Z?zl szt for t € N, 2t > s and
T := Opt (1) = >i—1(Dj — Aj)*". Then T is a differential operator of order
2t and an elliptic operator in \IIA’2t(X ). A simple computation shows that
Tx;Rsu — x;TRsu is a finite sum of terms of the form (Dy — Ag)™*R,u, each
one multiplied by a bounded function of z (containing derivatives of x) and a
strictly negative power of j. Thus T ;9 su converges to TR u in L?(X). Using
Proposition 3.5(3), we deduce the convergence of x;R,u to Reu in HY (X), and
thus also in H% (X). O

Definition 3.10. For s € Ry, we denote by H ,*(X) the anti-dual of
H? (X) endowed with the natural norm (that induces a scalar product):

|(u, 0)]
Jufl 5,4 = -
peH3\{0} lells,a
Proposition 3.11. If s; < sy are two real numbers, then we have a

continuous embedding H2 (X) — H*} (X).

Proof. Just use Lemma 3.6 and a duality argument. ]

Proposition 3.12.  Let us fir s € Ry \ {0}.
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1. Ifu € 8*(X) is of the form u = P,v +w, with v and w from L*(X), then
_ 1/2
u€ Hy (X) and |ull—s.a < (J0]32 + lwlf.)"

2. Reciprocally, if u € H,*(X), then there exists v and w in L*(X) such that

1/2
w="Pew+w and (|o]2: + [[w]2.)"* < [lull ..

In conclusion we have

H*(X)={ue S (X) | Jv,we L*(X) such that u = P,v +w},

_ 1/2
and for u € H,*(X) and v, w as above, ||[ul|—s 4 = (||v]|32 + [|w]|2.) 2,
The proof uses a standard argument (see [Bo3]).
Lemma 3.13. For any s € Ry we have the continuous embeddings

S(X) — H,*(X) — S*(X), the space S(X) being dense in H ,*(X).

Proof. The continuous embeddings follow from Lemma 3.9 and the defi-
nition of H ,*(X) as anti-dual of H%(X). Let us fix now u € H*(X). There
exists a pair {v,w} € L?(X) x L?(X) such that u = P,v + w. Moreover, we
may approach v and w in L?-norm by sequences {v;}jen and {w;};jen from
S(X). If we put u; := PB,v; + w; and use Proposition 3.12, we deduce that

1/2
luj = ull-s,a < ([vj = oll72 + wj —wl||72) " — 0.
j—00

|

Proposition 3.14.  For s and m real numbers, any T € \Il;i’ém(?() 18
bounded as operator from H%(X) to H5 ™(X).

Proof. The case s > 0 and m < s is the content of Lemma 3.7. By duality
we obtain also the case s < 0 and m > s. If s > 0 and m > s, let us choose
u € H%(X) and write once again u = Q:Psu + Rsu, with Q, € U475 and
R, € U7, Thus Tu = (TQ,)Psu + TRu. We have Pou € L2(X), TQ, €
\Il;"’ém_s and m — s > 0, so that we conclude that (7Q,)Bsu € H ™ (X). We
also remark that TR, € ¥4~ so that TR,u € L*(X) € H5 ™ (X). The

case s < 0 and m < s follows from Proposition 3.12. O

Definition 3.15. We define H,;*(X) := UserH % (X) endowed with
the inductive limit topology and HY (X)) := NgerH 3 (X) endowed with the
projective limit topology.
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Proposition 3.16. LetT € \Il;ign (X); then

1. T induces linear continuous maps H (X)) — H,;*°(X) and HY (X) —
HY(X).

2. If m = —o0, T induces a linear continuous map H (X)) — HY (X).

3. If T is an elliptic operator and we have u € H ,*°(X) and Tu € H%(X),
then v € H5™(X).

The proof is straightforward.

Remark 3.17.  The property (3) of Proposition 3.16 may be completed as
follows: If T is an elliptic operator and u € S*(X), then we have sing supp Tu =
sing supp u; in particular, if Tu € C*°(X) then u € C®(X).

The above statement follows from Lemma 3.8 and from the fact that any
operator T € \Ilﬁ’ém(X) is pseudo-local (i.e. sing suppTu C sing suppu). In
fact, the integral kernel of T is the product of the C* function exp{—i['4
([z,y])} and the distribution defined by the oscillatory integral [, d€e*@=v:S¢
(%ﬂ, {) , that is a C'*° function outside the diagonal of X x X.

Lemma 3.18.  For any m € N we have the equality
(3.2) HR(X)={ue L*(X) | (D— A)% € L*(X), Yo € N" with|a| < m},

where (D—A)* = (D1—A1)** -+ - (D, —A,)*". Moreover, we have the following
1/2
equivalent norm on HJ (X): ||u|lm,a ~ (Zlalgm (D — A)o‘u||2LQ)

Proof. Let us denote by M the linear space defined in (3.2) endowed
with the norm || - || defined by the formula above. Remark that D; — A; =
Opt(g;) € B (X), so that (D — A)* € 4™ (X) for |a| < m. In conclusion,
for u € H'} (X) we have (D — A)*u € L*(X), and ||(D — A)%ul|2 < Cl|ulm,a-
Reciprocally, let u € M. We consider the operator E = Op” (v,,,) € ¥42™(X)
(with the notation introduced in the proof of Lemma 3.9), that is elliptic. Thus
we can find F € 4~2™(x) and R € ¥4~°°(X) such that FE—1 = R. Due to
our choice of u and the definition of M, we have (D; — A;)™u € L?(X) for any
je{1,...,n} and thus Eu € H,™(X). We get u = F(Eu) — Ru € H}(X),
and we finish the proof by the closed graph theorem, due to the fact that M
is a Hilbert space. O
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Remark 3.19.  Let us point out here that for any real function ¢ €
Co1(X), the multiplication with e'? defines a unitary operator intertwining

the Sobolev spaces H) ¢, (X) and H(X).

84. Self-Adjointness and Semiboundedness

Theorem 4.1.  Suppose given a magnetic field B with components of
class BC™(X). Let p € S)'5(E) be real withm >0,0<p < <1;if m>0
we also assume that p is elliptic. Let us set P := DpA(p) in a Schrodinger
representation defined by a vector potential A associated to B (i.e. B = dA),

having components of class Sgl(X). Then P defines a self-adjoint operator P
on the domain D(P) := H'}(X) and S(X) is a core for P.

Proof. The operator P is symmetric on S(&X'), which is dense in H'} (X).
The case m = 0 is clear, because P is a bounded operator. For m > 0 we can
define P on D(P) := H'}(X) using Proposition 3.14 and obtain a symmetric
operator. If v € D(P*), there exists f € L?(X) such that (Pu,v)z> = (u, f)2
for any u € S(X). Thus Pv = f (as distributions) and v € H'}(X) = D(P),
proving self-adjointness. The last statement follows from the fact that the
topology of H'J'(X) may be defined by the graph norm of P (see Lemma
3.5(3)) and from the density of S(X) in H’{(X) (Lemma 3.9). O

We intend to prove a magnetic version of the Garding inequality. The
following Lemma is an adaptation to the case B # 0 of Lemma 2.2.2 in [Ho].

Lemma 4.2. Let 0 < 0 < p < 1 and suppose that f is a real valued

symbol of class 52’5(:) such that there exists a real valued symbol fo € SS’S(E)

satisfying )i(rlifO(X) >0 and f— foy € Sp_((;p_‘s)(E). Then there exists a real
€= ’

valued symbol g € 5’2’5(5) such that f — goPg € S™2(2).

Theorem 4.3. Let B be a magnetic field with components of class
BC>®(X). Letem e R,0<d<p<1 pc€e S;%(E), Suppose that there
exist two constants R and C such that Rep(x,&) > C|&|™ for |£| > R. Let us
set P := DpA(p) in any Schrodinger representation defined by a vector poten-
tial A associated to B, whose components are of class Coo(X). Then Vs € R
there exist two finite positive constants Cy and C1 such that

Re(Pu,u)rz > Collully, o4 — Cillul?a, Vue HF(X).
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Proof. We assume first that m = 0. We can choose a positive constant d
and a cut-off function x € C§°(X™) such that x(£) > 0 and x(£) =1 on a given
neighbourhood (large enough) of the origin 0 € X*, so that for p :=p+dx €
52’5(5) we have Re(p(x,£)) > ¢ > 0. Hence it is evident that we can take from
the begining Re p(z,£) > ¢ > 0. Using Lemma 4.2, we deduce the existence of
g € 8) 5(Z)r and real ro € ST>°(Z) such that Rep — § —goP g = ro. We get

Re (Pu, )2 = §||u||2Lz + HDpA(g)uH; n (DpA(To)u,u) L, Yue HY(X),

and thus the inequality for m = 0.
For the case m # 0, notice that the operator Q := B_,, ;2 PB_,,, 2 satisfies
the conditions of the case m = 0. Thus Vs’ € R

Re(Qu,v)r2 > Cyllvli> — Cillvlld 4, Vv € HF(X).

Foru € H} (X) we denote v = Q_,,, ou € HY (X) where Q_,,, /5 € A2 ()
and P, 0Q 2 = 14+R', Q1 /9P _nj2 = 1+R", with R" and R” belonging
to WAT°(X). We conclude that

2

Re (P(1+ R)u, (1+ R)u) 2 > Cg |9 myoull7. = C[|Qmmoulll, -

To obtain the stated inequality, we remark that for functions f and g in H (X)
and ¢t € R we have |(f,g)rz| < C||fllt.allgll-t.4, and that Vs € R

12l my2,4 < H‘B—m/QQ—m/QuHm/Q,A + 1R 2,4
C(HQ—m/QUHLQ + ||u||5vA) :

IA

|

Corollary 4.4.  Under the hypothesis of Theorem 4.1, if p > 0 for |£| >
R, the self-adjoint operator P is lower semibounded.

Proof. The single non-trivial case is m > 0. Taking s = 0 in Theorem 4.3
one gets (Pu,u)rz > Collul?, 5 4 — Cillull72 > ~Cillul7=, Vu € HY(X). O

85. Vector Potentials with Bounded Derivatives of Strictly
Positive Order

In this Section we are going to assume (even when it is not stated explicitly)
that the magnetic field B can be deduced from a vector potential A satisfying

|(aaA])({E)| < Cav V] =1,...,n, Va € Nnv ‘Oé| >1,

that implies evidently that all the components of B are of class BC*.
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85.1. General facts
We illustrate our assumption on B by two examples.

Example 1.  Assume that the components {B;} of the mag-

1<j<k<n
netic field are C°° real valued functions, periodic with fe;spe;ct to a lattice
I' C X. It has been proved (see [HH] and [If]) that there exists a constant
magnetic field B° = {BJ;},_, ., and a potential vector A of class C*° and
I'-periodic, such that B — B° = dA. If A° is a linear vector potential defining
the magnetic field B°, then A := A° + A has all the derivatives (of strictly

positive order) bounded and B = dA.

Example 2. Let us assume Bj; € C>® N L™, and |[(0“Bji)(z)| <
co{x)~ for all multiindices o with || > 1. We define the associated transversal
gauge vector potential (1.1). Then for any « with |a| > 1 we get that outside
the ball of radius 1

1
(0°4,) (&) < Clal [ dss™ (L sfa) ™t + G < Ca
0

Definition 5.1. For 0<d < p<1 we consider the following metric on =:

gt = gl = (€= A@)P|dx? + (€ - A(x))"0|def,

and its symplectic inverse (with respect to the canonical symplectic form [.,.])

907 = 907 = (€= AW@)*|daf® + (€ — A())~*|de]*.

Let p(X) := (6 — A(z)) > 1, v4(X) =& — A(x) € X*.
The following facts follow by straightforward arguments.

Lemma 5.2.  The metric defined in Definition 5.1 has the following
properties:

a) It is a Hormander metric, i.e.:

e (slow variation) there exists C > 0 such that ¢2(X —Y) < C~!
implies (g2 /g)* < C

o (temperedness condition) there exist C > 0 and N € N such that
(g2/g)Fr < C(1+ g2 (X - Y))N for any X,Y in =,

o (uncertainty condition) g;‘ < g}‘?"’,
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b) It is a conformal metrzc i.e. g 7 = M (X) g)‘?, where we have defined
/\A( )2 1nf{g |gX —1}

c) It is geodesically tempered, i.e. it verifies the temperedness condition with
respect to the geodesic distance associated to gﬁ“’

Lemma 5.3.  For any m € R the function M (X) = (£ — A(x))™ is a
g -weight for the metric g? defined in Definition 5.1, i.e. it is

. (gA—continuous) There exists C > 0 such that g2(X —Y) < C™' implies

(M (X) /M (V) < C,

o (gA-tempered) There exists C >0 and N € N such that
[MA)/MAV)] T < € 1+ g (x = 1))Y

Definition 5.4. We consider the following spaces of symbols associated
to the metric g2 of Definition 5.1 and a g*-weight M:

o SA (M) = S(M,g") the symbols ¢ € C°°(Z) such that ¥(a, ) € N" x N",
(@200 (@.6)] < Cup M(X)AX) P850

° SAJr the symbols ¢ € C*°(E) such that Ve, 5 € N7, with |a| +|5] > 1, we
have | (92074)(w,€)| < Cup p (X0 -PI40l01,

. S:;;m = 5;36 (u™) for m € R (we call this m the order of the Weyl operator
associated to a symbol of this class).

If p =1 and § = 0 the indices p and § will be omitted from the above notations.
By a slight abuse, for any p € C*(Z) we set (p o v4)(X) := p(z, v4(X)).

Remark 5.5.  For p € C*(E) it is clear that p € S)'5(Z) if and only if
povt € S:;;m. This allows us to define asymptotic sums of symbols from

Sﬁ’gm. In fact, for a sequence {g;},., Wlth qj € SA "7 and {m; };en decreasing,

with lim m; = —o0o, there exists g € S , umquely defined modulo S4~ :=
J—>oo
n Spi" such that ¢ — S0 a5 € S, Wk > 1. We shall write ¢ ~ 3272 g;.

Remark 5.6.  The symbol p € S’;? (Z) is elliptic if and only if p o v4 is
elliptic for the metric g# (i.e. 14 |(pov?)(z,€)| > c[u?(z, £)]™).
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85.2. Comparison of two quantizations

We shall use the notation Op(p) = Op°(p) for the usual Weyl quantization.
As mentioned in the Introduction, Op 4(p) := Op(p o v*) is sometimes used as
the quantization of the symbol f. We show now explicitly that it lacks gauge
covariance, completing the discussion in [MP2].

For f € S™(2), A € Cpo)(X, X™) and ¢ € Cpg,(X) real valued, set

F(f. A, ) = €#0p(f o vh)e ™ — Op(f 0 11+7%).

It is an operator with distribution kernel

[K(f,A,w)}(w,y)=eXp{i<x—y,A(x;y»}@(%y)f(x;y,x—y),

where f is the Fourier transform of f in the second variable and

®(o.y) = exp ilp(o) - o)) - e {i (- 0v0) (T52) ).

Thus gauge covariance is equivalent with the vanishing of the tempered dis-
tribution exp{i(y, A(x))}®(z + y/2,2 — y/2) f(x,y). An easy argument proves
that ¢ vanishes identically if and only if ¢ is a polynomial of degree < 2. This
can easily be used to prove the lack of gauge covariance for an enormous class of
symbols f. Let us consider the monomial f(z,£) = (§+ A(z))%, a € N; one has
F(f,A,¢) = 0 if and only if 85 [®(z+y/2,2 —y/2)] |y=0 = 0 for any 5 < .
Simple calculations show that this holds if || < 2 but is no longer true for
|B] > 3, (one checks easily that f(z,&) = (& + A;(2)) (& + Ax(2))(§ + Ai(x))
is indeed a counterexample). Let us also notice that the Fourier transform of
f(x, &) = (€) is a distribution f with singular support X x {0} and analytic
outside. In fact some straightforward computation proves that f is rotation
invariant and verifies an ordinary differential equation (in the radial variable)
with analytic coefficients. Thus it is nonzero on a dense set in X x X and in
order to have gauge covariance, the function ® should be identically zero and
this is not the case if ¢ is not a second order polynomial. Thus we conclud that
Op 4((£)) does not provide a gauge covariant quantization.

In spite of all these, it is useful to express DpA(p) as Op 4(q) for some
symbol ¢, but keeping in mind that this operator is the magnetic quantization
of p and not of q. We are going to explore this in the sequel. We define
T 4([z,y]) == (x — y,T4(z,y)) so that T4(z,y) = fol ds A((1 — s)z + sy).
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Proposition 5.7.  Foranyp € S;’fé(E) there exists a unique q € 5275(5)
such that DpA(p) = Op(qov?). Besides, we have qov* ~ Zé‘io qJA, where

G (X) = Y0 S {(-Dy) 0 [pla &~ T +y/2,2 — y/2)])

la|=3 y=0

In particular q§t = pov?, ¢ =0, q]A € Sﬁ;m_(jﬂ)p (Vi > 1), q—p €
—3p,/—
SZL& P(2).

Proof. 1t is easy to see that the usual Weyl symbol of the operator Op (p)
is

P00 = [ dyn (gD /20 - 0/2)

We use the Taylor expansion of p(x,{ + 7) and some standard estimations for
the integrals in order to obtain the formulae of the Proposition. ]

Remark 5.8.  If p € S?(Z) is a polynomial of degree less then or equal to
2 in the variable £ € X* (with coeflicients depending on the variable x € X),
we have ¢ = p in the above Proposition and thus we get Op”(p) = Op(po v4).

Proposition 5.9 (Converse of Proposition 5.7).  For any q € S,%(E),

there exists a unique p € S)'5(E) such that Op(p) = Op(q o v?).

Proof. We proceed as in the proof of Proposition 5.7 using the formula:
PO = [ dydn g g+ T+ g2 - /) - AW)).
XX X*

|

Remark 5.10.  The Propositions 5.7 and 5.9 imply that, under the hy-
pothesis of Section 5, the properties of the magnetic pseudodifferential oper-
ators may be obtained through the usual Weyl functional calculus associated
to the metric g ([Bo3], [Hol], [Ho2]). An example is the following Fefferman-
Phong theorem:

Corollary 5.11.  Let us choose p € Sﬁfg_é)(E) with p > 0. Then there

exists a constant C > 0 such that (DpA(p)u,u)L2 > —C|lulj?,, Yu € S(X).
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Proof. Choosing p as in the statement of the Corollary and using Propo-
sition 5.7, we conclude that there exist ¢ € Sif[;p_é)(E) and r € S;g_%(E)
such that ¢ = p + r and DpA(p) = Op(q ov). The condition p > 0 im-
plies that DpA(p) is symetric and thus ¢ and r will be real. Thus we can
write Op?(p) = Op(p o v4) 4+ Op(r o v4) and pov? € Sﬁf(p_‘s)
sequence of the Fefferman-Phong inequality ([Ho2|, T.18.6.8), there exists a
constant Cp > 0 such that (Op(pov*)u,u),, > —Co|lull22, Vu € S(X). Us-
ing Proposition 5.9 we deduce the existence of a symbol rg € 5;37725(5) such
that Op(rov?) = Op”(rg), that is a bounded operator in L2(X) due to the fact
that p+ 2§ > 0 and to Remark 3.2. We conclude that there exists a constant

Cy > 0 such that (Op(rov*)u,u),, > —Cy ||ul|F., Vu € S(X). O

. As a con-

85.3. Resolvents and fractional powers of elliptic magnetic
pseudodifferential operators

Due to the fact that the Héormander metric g is conformal and geodesi-
cally temperate we can use a Theorem of Bony ([Bol]) characterizing pseu-
dodifferential operators by commutators and prove that the resolvent and the
powers of an elliptic magnetic self-adjoint pseudodifferential operator are also
of this type.

Theorem 5.12 (Bony). Let g € S*(2) and Q := Op(q). Then q €
Sﬁ;;m if and only if Q € B(H'},L*(X)) and for any finite family {b;},_,_, C
ST we have ad(Op(by)) - ad(Op(by))Q € B(H'y, L*(X)).

Corollary 5.13.  Under the hypothesis of Theorem 4.1 let P := DpA(p),
We also denote by P the induced self-adjoint operator in L?(X) (with domain
H"). Then for any z € C\ o(P) we have (P — 2)~' = Op*(p,) with p, €
Sps (2)-

Proof. Obviously (P — 2)~! € B(H,™, L*(X)). Using Proposition 5.7,
there exists g € S;‘,;;m such that Op?(p) = Op(q). For a finite family {0} cin
C S:;;+, the arguments in [Bol] imply that ad(Op(by1)) - - - ad(Op(by))Op(q) is
a Weyl operator having a symbol of class S:g”. A simple computation shows
that the operator ad(Op(b1))- - ad(Op(by))(P — 2)~! is a finite sum of terms
of the form +(P — 2) "1 K,, (P —2)7' -+ (P —2)7'K,, (P — 2)7!, where | < k
and each factor K, is of the form

Ko = 1L ad(©Op(b;))P = T ad(Op(b;))Op(q),

J€Ja Jj€Ja
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with J, finite subset of {1,...,k}. We conclude that K, € B(L*(X),H™),
and thus

ad(Op(b1)) - ad(Op(be)) (P — 2) ™" € B(H ™, L*(X)).

Using Theorem 5.12, we conclude the existence of a symbol ¢, € Sﬁ;;_m such
that (P — 2)~! = Op(g,). By Proposition 5.9, we deduce the existence of a
symbol p. € S, §*(E) such that Op(p.) = Op(G.) = (P —2)~ . O

Remark 5.14.  From Theorem 5.12 it follows directly that an operator
Op?(p) (with p € S*(2)) is a “smoothing” one, i.e. transforms H ;> into
H®, if and only if it belongs to ¥*~>°(E).

In order to study the fractional powers of operators as in Corollary 5.13
we first remark from Corollary 4.4 that (for the case n > 2 and replacing if
necessary p by —p) Op”(p) is lower semibounded. Thus in this case (adding
if necessary a sufficiently large constant) we may suppose that p > 1 and
Op?(p) > 1. We can work with the usual Weyl quantization, because (having
assumed that the magnetic field B admits a vector potential with bounded
derivatives of any strictly positive order) the two quantization are in a one-
to-one correspondence that associates to elliptic magnetic operators, operators
that are elliptic with respect to the metric g4.

Given p € S)'5(E), resp. p € S:g",
resp. Op(p), any element py € 5)'5(E), resp. po € S:;;m, satisfying p — pg €

—(p—6) /=
S =(2), resp. p—po

we call a principal symbol of DpA(p)7
Am—(p—0
c Sp,g (p ).

Theorem 5.15. Letm >0, p € S;i;;m a real elliptic symbol, such that
p>1and P:=9Op(p) > 1. Then for any s € R we have P* = Op(qs) for some
gs € S;‘;ssm. Moreover P admits p* as principal symbol.

Proof. We follow the proof of Proposition 29.1.9 from [Ho3], using Corol-
lary 5.13. O

Remark 5.16.  Using Theorem 5.15 and Proposition 5.7 we see that the
operators Op”((€)), Op,((€)) = Op(pu?) and /(D — A)2 + 1, are elliptic Weyl
pseudodifferential operators of first order associated to the metric g4 and hav-
ing the same principal symbol . Thus, all three define self-adjoint, lower
semibounded operators in L?(X), having the same domain HY4(X) and dif-
fering only by bounded L? operators. Each one may be a candidate for a
magnetic relativistic Schrodinger Hamiltonian. Nevertheless, the last one can-
not be obtained by a complete ‘quantization’ procedure applying to a larger
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class of classical observables, while the second one (although used in [Ic1], [Ic2],
[IT1], [IT2], [ITs1], ITs2], [NU1], [NUZ2|, etc.) is not covariant for the gauge
transformations. Thus, we consider that the only adequate one should be the
first one.

§6. The Limiting Absorption Principle

This section is devoted to the spectral analysis of operators of the form
Op(p), Op(por?) and Op?(p), for an elliptic symbol p € S™(E), and a limiting
absorption principle for this type of operators is obtained. The main tool we
shall use is an abstract result belonging to the ‘conjugate operator method’,
(proved in [ABG]). We shall also make use of some known properties of the
Weyl calculus ([Hol], [Ho2]) and of the magnetic pseudodifferential calculus
developed above. The following hypothesis will be assumed all over this section:

Hypothesis 6.1.  There exists ¢ > 0 (that we can always suppose small-
er then n — 1), such that for any @ € N" there exists C, > 0 for which
|(0%Bjk)(x)] < Co(x)~17¢, for any x € X and j, k € {1,...,n}.

Concerning the vector potential A defining B, we shall suppose that it has
been chosen to satisfy the conditions in Lemma 6.2 below.

Lemma 6.2.  Suppose that Hypothesis 6.1 is satisfied. Then:

a) there exists a vector potential A such that B = dA and for any multiindex
a e N |(0%A,)(x)] < Colzx)~€ for any x € X and any j in {1,...,n},

b) if |a| > 1, then the above vector potential A also satisfies |(0%A;)(x)| <
Co(x) 1 ¢In(1 + ().

Proof. We choose the Coulomb gauge

A =3 /X dy (OuE)(4)Bry(z — ).

where F is the standard elementary solution of the Laplace operator on X and
then we use the results in Section 8 of Chapter II in [Mi. O

Before formulating the main result of this section let us make some re-
marks. Any vector potential verifying the conditions in the above Lemma 6.2
has the property 0“A; € L>(X) for any @ € N* and any 1 < j < n. Thus we
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can apply the results of our previous Section 5. Moreover it is easy to verify
that in the present situation, all the magnetic Sobolev spaces H% (X (defined
in Section 3) coincide with the usual Sobolev spaces H*(X) = H{(X).

If p € S™(Z) is a real elliptic symbol and m > 0, the operator P := Op(p)
is self-adjoint in L?(X), having the domain H™(X'). We shall denote its form
domain by G := D(|P|'/?) = H™/2(X). Let us still denote by G, and G,
(s € Rand 1 < p < o0) the spaces of the Besov scale associated to G and
G* = H™™2(X) (see [ABG]). Let us finally remark that for any z € C4 we
have (P — 2)~! € B(G*;G) C B(g;‘m,l;g,l/zm).

We shall denote by g the metric g, := |dz|* 4 (£) 7%|d¢|? and by M,, 5 (for
m and ¢ in R) the weight function M,, s(X) := (x)~2(£)™, for X = (z,€) € =.

Theorem 6.3.  Assume that the magnetic field B satisfies Hypothesis
6.1. Let p € S™(E), with m > 0, satisfying the conditions:

i) p is real valued and elliptic;

il) there exists pg € S™(E) a real elliptic symbol depending only on the variable
& € X*, positive for || large, and there exists ps € S(Mpm 14e,9) and
pr € S(Mm-1,,9), such that p = po + ps + pr.

Let H, Hy, respectively, the self-adjoint operators defined by Op(p) and Op(po)
in L?(X), both having domain H™(X). They have the following properties:

a) Oess(H) = 0ess(Ho) = po(X*).

b) The singular continuous spectrum of H (if it exists) is contained in the set
of critical values of py defined as A(po) := {po(&) | py(&) = 0}.

c) The eigenvalues of H outside A(po) have finite multiplicity and can accu-
mulate only in A(pg).

d) (Limiting Absorption Principle) The holomorphic function Cy > z — (H—
2)7le B’(gi‘/2 1 9-1/2,00) has a weak”-continuous extension to
Ci \ [A(po) Uop(H)].

For the proof of this Theorem we shall need some auxiliary results.

Lemma 6.4. Let Hypothesis 6.1 be verified. We consider the symbol
p e S™(E).

a) There exists ¢ € S(My_1.c,9) such that Op®(p) = Op(p) + Op(q).
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b) If, moreover, the symbol p verifies for all a € N™ with |a| > 1, and for all
B eN”

(6.1) (020, p)(w,6)| < Caplw) ™ In(1+ () ()™,
then, for a and 3 as above, we have 8;‘8?(1 € S(Mg,g), with

Mpg(x,€) = (z) "' In(1 + (z))()™ 17

Proof. a) The stated equality is obtained by choosing:

q(m,&):// dt d ety (134-3,.23—2,77-1'5)
XX 2 2

with
0.9 = = (P, [ o) (T e - )) ).
Using the estimation
|0“A(x + 52)| < Co(x)"%(2)¢, Va,z€ X,Vs € [-1/2,1/2],Ya € N,

one verifies easily that ¢ € S(My,—1.e, 9)-
b) We can follow once again the proof of point (a), and remark that for
la] > 1 and s € [—-1/2,1/2] we have

07 Al + 52)] < Chda) ™~ In(L + (@) (=) *“In(1 + (2)).

The supplementary condition (6.1) is needed when we estimate the derivatives
027 (in the differentiation of 0, p with respect to the first argument). O

Lemma 6.5.  Under Hypothesis 6.1, the operator Op(q) : H™(X) —
L?(X) defined in Lemma 6.4(a) is compact.

Proof. For any s € R the operator (D)* = Op(ps) € ¥(ps,g), and
the operators (D)® and (D)~° are one the inverse of the other. If we de-
note py(x,&) = (z)!, it follows that Op(q)(D)™™ € ¥(p_p_1,9), we also

have ol lllirln {{z)=¢(¢)~'} = 0 and the Theorem 18.6.6 in [Ho2] implies that
z|+|&|—o0

Op(q)(D)~™ is compact. Thus Op(q) = (Op(q)(D)~™) (D)™ is compact as an
operator from H™(X) to L?(X). O
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Proposition 6.6.  Under Hypothesis 6.1, if p € S™(E) is real and el-
liptic with m > 0, it follows that Op(q) (defined in Lemma 6.4(a)) is a rela-
tively compact perturbation of Op(p). In particular o e[ Op™ (p)] = Tess[OP(p)].
Moreover, if p(w,€) = p(€), then oess[Op" (p)] = 0ess[Op(p)] = p(X*) and, if

lim p(§) = oo, then Uess[DpA(p” = Oess[Op(p)] = [7,00), with v := glen/,g*p(f)

|€]—o0

Proof. Due to Theorem 4.1 the operator DpA(p) is self-adjoint on the
domain H™(X), and the same is true for Op(p). Lemma 6.5 above implies that
Op(q) is a relatively compact perturbation of Op(p). Then, if p(x,&) = p(§)
we see that Op(p) is unitarily equivalent to the operator of multiplication with
the function p in L?(X*) and thus we have the second equality. For the last
one just remark that |p(§) > C|&|™ for || > R, so that p will have constant
sign for |£| > R. U

Lemma 6.7. Let m € R and p € S™(E) be given such that p(z,§) =
p(§); let also 0, be a function in C*°(X) depending on the parameter r > 1 and
such that for any o € N™ with |a| > 1 satisfies |(020,.)(z)| < Cor~!, Vo € R",
Vr > 1. Thenr(po 6, — 6, 0p) € S"HR"™) uniformly in r > 1.

Proof. For any u € S(X

{199(s), Op(6 / [ aude €)1 () = 0, ) )
— eHT=v,8) ). (..U
;/~/X><X* dydf pj(g))‘]( 'Y, ) (y)7

where p; () = (D;p)(§) € S™7HE), Aj(w,y.7 de( 0r) (s + (1= s)y),
and for any o € N”, € N”, we have 7"0385)\ 6 L>(2 x [1,00)). Thus we
have the formula [Op(p), Op(0,)] = r—* zn: Op(g;) with

j=1

q; (217, 67 T) = // dyd?? ei<ym>pj (é- + 77)/1‘] ((E, Y, T)
XX X*
and p;(z,y,7) :=r\j(x+y/2,2—y/2,r). For Ny and N, integers large enough
(aaaﬁ ) (2,6,7)

m 1-18] // dydn 2N1< > 2N3+|m—1—|8||
XX X*

< Clgleym 1ol
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O

Lemma 6.8. Let p € S(Mp5,9) and 6 > 0. Then there exists ¢ €
S™(Z) such that Op*(p) = (@)~ Op(q).

Proof. The distribution kernel of the operator <Q>5DpA(p) is given by
le—ym) a6, [THY A
K(z,y) = [ dpe™ ™" a)’p  — = n =T (z,y) ).
Thus we can write (Q)?Op? (p) = Op(q) with g(z,§) :=
= // dydn "V (x4 y/2)°p(w,n — Tz + y/2, 2 — y/2))
XX X*
= // dy dp &Y (x4 y/2)°p(x, § + 0 — Fl,y)),
XX X*
with F' € BC*®(X x X). For N; and Ny large enough we get
|(9:024) (2. 6)|
< Cagle™ 1 [ dy g2 g2l
B XXX

< C&ﬁ<§>mflﬁl-

O

Proof of Theorem 6.3. We are going to verify the hypothesis of Theorem
7.6.8. in [ABG], that directly implies the conclusion of our theorem; for the
second equality in (a) we take into account Proposition 6.6.

1. The difference (H +i)~' — (Ho + 1)~ is a compact operator in L*(X).
We have Op(p) = Op(po) + Op(ps) + Op(pr). Thus we can write

(H+0)7" = (Ho+0)~" = —(H + i)~ {Op(ps) + Op(pr) }(Ho + )"

From the definition we see that (ps + pr)(z,§) = (x)~°r with r € S™(Z). We
remark that (Ho+4) ! isin B [L*(X), H™(X)], Op(r) isin B [H™(X), L*(X)],
(H+i)"tisin B[H ™(X),L*(X)] and (Q)~¢ is a compact operator in B(L?
x(X), H ™(X)), so that the difference of the resolvents is compact.

2. For any p € C3°(X) with p(x) = 0 for x in a neighborhood of 0 € X, setting

pr(@) = p(x/r), we have [~ dr [lp,(Q)Op(ps)| < 00,

B(G,G*)

By construction we have ps(z,&) = (2)717¢qo(z, &) with o € S™(Z). Let us
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~ o z\ (_r_ e — = (14e) 5
denote p,.(z) = p(r) (<w>) . Thus p.(Q)Op(ps) = r Pr(Q)Op(qo),

and observing that

[107(Q)Op(q0)l ~"25.(Q)Op(g0) (D)

Blo.9m H B(L2(X))

it will be enough to prove that

sup||(D)~"/25, (Q)Dp(a0) (D)2

r>1

< 00.
B(L2 (X))

Remarking that the function p,. satisfies the hypothesis of Lemma 6.7 we con-
clude that r {p,m/Q o Py — pr O p,m/Q} € §~U+m/2)(Z) uniformly in r > 1.
But

(D)™""251(Q)9p(a0) (D) /2
= 51(Q)(D)”"2Dp(q0) (D)2
+ [(D) 772, 5:(@)| Dp(g0)(D) 2

and by the previous remark the second term above is a Weyl operator of order
—1, uniformly for » > 1. The first term of the above sum is a Weyl operator of
order 0, thus defining a bounded operator, uniformly in r > 1.

3. For any function § € C*(X) with 0(x) = 0 on a neighborhood of 0 € X
and 0(x) = 1 in a neighbourhood of infinity, we have for any j = 1,--+ | n,
S 10:(Q)[Q Opr)lll, ., < 00, for O (x) = O(x/7).

In order to prove this estimation we notice that [Q;, Op(pr)] = —Op(De,pr)
and using Lemmas 6.4 and 6.8 we also have (D¢, pr)(z,§) = (x)~°q1 with
q1 € S™4(Z). Thus —0,(z) (De,pr) (z,€) = r“¢p(z)q1(z, ) with ¢, (z) :=
O(x/r)(r/{x))¢. Thus it will be enough to prove that

sup ||(D) 7"/, (Q)Dp(q1)(D) /2

r>1

< 00,
B(L2(X))
and this follows by the same argument as in step (2) due to the fact that the
function ¢, also verifies the hypothesis of Lemma 6.7.
4. For any test function 6 € C°°(X) with 6(x) = 0 on a neighborhood of 0 € X
and 0(x) = 1 in a neighbourhood of infinity, we have for any j = 1,--+ | n,
S8 10:(Q)Q) D, Op (L)l ., < 00, for 0, (x) = O(x/r).
We start from the equality [D j,Dp(pL)] = Op(Dg,pr) and, using Lemmas
6.4 and 6.8, we see that Ve’ € (0,¢), (Dg,pL)(z,§) = <x>_(1+6/)q2 with ¢o €
Sm=HZ). Thus 0,(z)(x) (Da,pr) (z,€) = v~ @p(2)ga(x,§), with ¢, (z) =
O(x/r)(r/{x))¢ and everything goes on as before. O
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For ¢t and s in R let us denote by H; the usual weighted Sobolev spaces,
ie. H; = {u € S*(X) | (D)*(Q)'u € L*X)}. We notice that L? = HY
and G = Hgl/z. As shown in [BGS], for § > 0 and v > ¢ + 1/2, we have the
gﬁg C G /s, the first being also compact. By
duality we get the continuous embedings G_1/3 o C H’_nﬁl 2 C L%, the last
one being compact. One easily gets from the point (d) of our Theorem 6.3

continuous embedings L2 C H
o

that the limiting absorption principle is valid in B(L2;L? ) for the uniform
topology, for any v > 1/2.

Remark 6.9.  The limiting absorption principle is valid in B(H~ m/ 2;

HT&) for the uniform topology, for any v > 1/2 (we may evidently suppose
v <1).

To prove this fact we start with the following identity for z € C4, conse-
quence of the resolvent equation:

(H—2)"" = (H—i) "+ (z—i)(H—i) >+ (z—i)*(H—i)""(H—2)""(H—1i)"".

As (H—1i)7t e B(Ham/Z;Hgnm), the desired result will follow if we prove
that (H —4)~! € B(H;mﬂ;H;n/z) for any v € [—1,1]. In order to verify this
relation, one may proceed as in the proof of our Lemma 6.7, and show that
for any function ¢ € C*°(X) with 0%¢p € L*>®(X) for || > 1, the commutator
[Op(p), ¢(Q)] is a Weyl operator with symbol of class S™~1(Z). It follows that
for any u € S(X)

P(Q)(H — i)t = (H — i)~ (pu) + T,

with T € B(H, m/ 2H /%) This equality may then be extended to those
elements of Ho_m/Q which verify ¢u € Ho_m/z. Choosing p(z) := {(x)7 with
0 <+ <1, we deduce that (H —i)~! € B(H;mm;?ﬂ?m) for any « € [0,1]. By
duality we obtain the same statement for v € [—1,0].

Remark 6.10.  The conclusion of Theorem 6.3 remains true if we replace
the operator H = Op(p) with H' = Op”(p).

In fact, from point (a) of Lemma 6.4 we deduce the existence of a symbol
¢ € S(My-1,.9) such that Dp* (p) = Op(p) + Op(q) = Op(p'), where p' =
po+ps+p), and pf =pr+q € S(Mpm—_1,,9). Since p’ —p € S(Mp,—1.,9), we
conclude that p’ is elliptic. As Op(p’) = DpA(p) is symmetric, we deduce that
p’ is real.

Remark 6.11.  The conclusion of Theorem 6.3 remains true if we replace
the operator H = Op(p) with H” = Op(p o v?).
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In order to prove this statement, we start from the equality

ovi) — u(x) = =YLy (g u
Door") = o)) ule) = [[  aa (2,9, uly)

for any u € S(X), where

r(z,y,§) = —/0 dr (A((z +y)/2, (0ep)((x +y)/2,§ — TA(z +y)/2))).

Repeating the proof of Lemma 6.4(a) with T'4(z, y) replaced by A((x +1v)/2),
we conclude that there exists ¢ € S(My,—1,c, g) such that Op(pov?) = Op(p) +
Op(g) and we are once again in the situation of the previous Remark 6.10.

Example 1. The magnetic relativistic Schrédinger Hamiltonian DpA
((€)). We consider the situation of Remark 6.10 with p(§) = po(&) = (§),

ps = pr, = 0. In this case we have po(X*) = [1,00) and A(pg) = {1}. Thus
this operator has no singular continuous spectrum.

Example 2.  The operator Op(u?). We recall that u(z,&) = (€ —
A(z)). We are now in the situation of Remark 6.11, with p(§) = po(§) =
(&). T. Umeda ([Um]) has applied the Enss method to this operator obtaining
properties (a), (b) and (c) from our Theorem 6.3, but not a limiting absorption
principle. Besides, the hypothesis in [Um] are less general then ours: he imposes
restrictions on the vector potential A of the form [0%A;(z)| < Cy(z) 1€ for
any a € N (for 1 < j <mnand z € X) and ¢ > 0. We are making hypothesis
only on the magnetic field B and the only properties of A that we use in the
proof of Theorem 6.3 are those deduced in Lemma 6.2 from our Hypothesis 6.1.

An interesting result has been obtained by T. Ichinose and H. Tamura
[IT2], showing that under very general hypothesis we have Op(u4) > 1. Thus
under our hypothesis one has o(Op(u?)) = [1, 00).

Example 3. The Remarks 6.10 and 6.11 may also be applied to the
Schrédinger operator H = (D — A)?2, taking p(€) = po(€) = €|, ps = pr, = 0.
In this case Theorem 6.3 does not bring anything new (the situation may be
understood from the one without magnetic field), this type of results being
known for much more general (singular) magnetic filds of the “short-range”
type (see [BMP]). This situation is a consquence of the fact that there exist
magnetic fields which verify our Hypothesis 6.1 with ¢ < 0 and such that
(D — A)? has dense pure spectrum in an interval of R (see [CFKS]), and thus
Theorem 6.3 clearly may not be applied.
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