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Abstract

Let X be a complex curve, X, the subanalytic site associated to X, M a
holonomic Dx-module. Let O&Sa be the sheaf on X, of tempered holomorphic
functions and .7 0l(M) (resp. #ol'(M)) the complex of holomorphic (resp. tempered
holomorphic) solutions of M. We prove that the natural morphism

H'(Fol' (M) — H'(SLol(M))

is an isomorphism. As a consequence, we prove that .#ol‘(M) is R-constructible in
the sense of sheaves on X,,. Such a result is conjectured by M. Kashiwara and P.
Schapira in [15] in any dimension.

Introduction

The problem of existence for ordinary linear differential equations (and
even non-linear) is classical and the litterature presents many results on this
subject. In particular, existence theorems for solutions with growth conditions
have been obtained by many authors such as J.-P. Ramis and Y. Sibuya ([21]),
B. Malgrange ([20]) and N. Honda ([7]). In [21] and [20], the authors proved
existence for functions with Gevrey-type growth conditions at the origin on
sectors of sufficiently small amplitude. Using similar techniques, in [7], the
author proved existence for ultra-distributions with support on R>q.

The functional spaces considered in [21] and [20] correspond to sheaves
on the real blow-up at the origin of C. Essentially they are sheaves on the
unit circle. Indeed, growth conditions did not allow a global sheaf theoretical
approach.

Nonetheless, tempered distributions were a basic tool in M. Kashiwara’s
functorial proof of the Riemann-Hilbert correspondence in [9] and [10]. In
order to use tempered distributions functorially, M. Kashiwara introduced the
new functor T"Hom of tempered cohomology. Such a functor represented the
first step in a different approach to sheaves which, through [13], led to the full
use of sheaves on sites in [14]. Indeed in [14], M. Kashiwara and P. Schapira
combined classical analytical results of S. Lojasiewicz ([16], see also [19]) with
sheaves on sites. They realized tempered distributions, tempered C* functions
and Whitney C* functions as sheaves on the subanalytic site. They also defined
tempered holomorphic functions OE(M as the complex of the solutions of the
Cauchy-Riemann system in the space of tempered distributions.
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In a subsequent paper, [15], M. Kashiwara and P. Schapira extended the
notion of microsupport of sheaves to the subanalytic site. In this way they
established the framework for the study of tempered holomorphic solutions
of D-modules. They also gave an example which is the starting point of the
study of tempered holomorphic solutions of an irregular ordinary differential
equation.

Given a complex analytic manifold X, we denote by Opf_ the category of
relatively compact subanalytic open subsets of X and by X, the subanalytic
site, that is the site whose underlying category is Op%_ and whose coverings are
the finite coverings. We denote by Mod(kx) (resp. Mod(kx,,)) the category
of sheaves of k-modules on the site X (resp. Xg,). Let o : X — X, be the
natural morphism of sites.

Given a Dx-module M, it is natural to compare

SolM = Ro.RHomp, (M, OX)

and

Folt M = RHomg,p (Qg./\/l, O}m)

(for the definition of g, see Section 2).

Along his proof of the Riemann-Hilbert correspondence, M. Kashiwara
proved that, if M is a regular Dx-module, then .#ol!t M == .Zol M.

In [15], the authors studied . 0l* M comparing it to .0l M, for a particular
example on a complex curve X.

In the present paper, we go into the study of .%0l*(M) for M a holonomic
D-module on a complex curve X. In particular we prove an existence theo-
rem for tempered solutions of ordinary differential equations in the subanalytic
topology, thus refining the classical results on small open sectors. Such a result
has two consequences.

First, we obtain that the natural morphism

(0.0.1) HY (Fol' M) — H*(F0lM)

is an isomorphism.

Second, we prove that the complex .%ol (M) is R-constructible in the sense
of [15]. In that paper the authors conjectured such a result in any dimension.

Our results being on a complex curve, it is natural to look for exten-
sions of them in higher dimensions. In [22], C. Sabbah conjectured and widely
developed the higher dimensional version of Hukuhara-Turrittin’s Theorem.
Recently Y. André announced the proof of Sabbah’s conjecture. Such results
would be at the base of a possible extensions of our results.
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The contents of the present paper are subdivided as follows.

In Section 1, we briefly review subanalytic sets recalling the classical re-
sults that we will need. We study in detail relatively compact subanalytic open
subsets of R2. We give a decomposition of U € Opﬁia using sets biholomorphic
to open sectors. Such a result will be essential in Section 3.

In Section 2, we recall definitions and basic results of sheaves on the
subanalytic site and tempered holomorphic functions on a complex curve. In
Subsection 2.2 we prove a result concerning the composition of a tempered
holomorphic function and a biholomorphism.

In Section 3, we consider an open disc X C C centered at 0 and

(0.0.2) P:= zNiIm + A(2)
dz

where m € Zso, N € N, A € gl(m,Oc(X)) and I, is the identity matrix of
order m. The aim of this section is to study the solvability of P in the space
of tempered holomorphic functions on U € Op% = with 0 € 9U. We prove
that there exist an open neighborhood W C C of 0 and a finite subanalytic
covering {Uj}je; of U N W such that for any g; € O% (U;)™ there exists
uj € O% (U;)™ such that Pu; = g; (j € J). We start the section by recalling
Hukuhara-Turrittin’s Theorem which is a basic tool in the study of ordinary
differential equations.

In Section 4, we deal with Dx-modules on a complex analytic curve X.
We begin by recalling some classical results on D y-modules. In Subsection 4.2,
we prove a first consequence of the results of Section 3, that is, (0.0.1) is an
isomorphism. In Subsection 4.4 we prove a second consequence of the results of
Section 3, that is, .#0l*(M) is R-constructible in the sense of sheaves on Xg,.

We thank P. Schapira for proposing this problem to our attention and for
many fruitful discussions and A. D’Agnolo for many useful remarks.

81. Subanalytic Sets

In the first subsection, we recall the definition and some classical results
on subanalytic sets. In the second subsection we focus on relatively compact
subanalytic open subsets of R2. We prove some results mixing the complex
and the real analytic structure on R?. Indeed, we describe the local structure
of relatively compact subanalytic open subsets of R? via biholomorphic images
of open sectors (Theorem 1.4).
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81.1. Review on subanalytic sets

Let M be a real analytic manifold, A the sheaf of real-valued real analytic
functions on M.

Definition 1.1. Let X C M.

(i) X issaid to be semi-analytic at x € M if there exists an open neighborhood
W of x such that X N W = U;er Njes X;; where I and J are finite sets
and either X;; = {y € W; fi;(y) >0} or X;; = {y € W; fi;(y) =0}
for some f; ; € A(W). X is said semi-analytic if it is semi-analytic at each
xe M.

(ii) X is said subanalytic if for any © € M there exist an open neighborhood
W of z, a real analytic manifold IV and a relatively compact semi-analytic
set A C M x N such that m(A) = X N W, where 7 : M x N — M is the

projection.

(iii) Let N be a real analytic manifold. A map f : X — N is said subanalytic
if its graph,
Lp={(x,y) € X x Nyy = f(2)} ,
is subanalytic in M x N.

o

Given X C M, denote by X (resp. X, 0X) the interior (resp. the closure,
the boundary) of X.

Proposition 1.1 (See [2]). Let X and Y be subanalytic subsets of M.

Then XUY, XNY, X, X and X \Y are subanalytic. Moreover the connected
components of X are subanalytic, the family of connected components of X is
locally finite and X s locally connected.

Definition 1.2, Theorem 1.1 and Proposition 1.2 below are stated and
proved in [4] for the more general case of o-minimal structures.

Definition 1.2 (Cylindrical Cell Decomposition). Let n € Zsg. A
cylindrical cell decomposition (ccd for short) {Cj} were Of R is a finite par-
tition of R™ into subanalytic sets C}, obtained inductively on n in the following
way. The sets C}, are called cells.

n =1: The cells defining a ccd of R are open intervals ]a,b[ or points {c},
where a € RU{—o00}, b€ RU{+0o0}, a < b, and ¢ € R.
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n>1: Aced {Dp}, _, of R" is given by a ccd {Cy
subanalytic continuous functions

}keK of R"71, I, € N and

Gty -5 Chyy, 2 Cp = R
such that, for any = € Cy, (r;(2) < (e j+1(x), j=1,..., s — 1 (k € K).
The cells Dy, are the graphs of ( ;,
L¢,, = {(z Cj(2)) € Cx xR} (1<i<ly),
and the sets
(1.1.1) {(z.y) € Cr x R; G (@) <y < Crjra(2)}
for 0 < j < li, where (p0 = —00 and (1,41 = +00.

Theorem 1.1 (See [4], Theorem 2.10).  Let A;,...,Aq be relatively
compact subanalytic subsets of R™. There exists a cylindrical cell decomposition
of R™ adapted to each A;. That is, each A; is a union of cells.

Proposition 1.2 (See [4], Theorem 3.4).  Let Z be a subanalytic subset
of R™. The following properties are equivalent.

(i) Z is closed and bounded.

(ii) Every subanalytic continuous map ¢ :]0,1[— Z extends by continuity to a
map [0,1[— Z.

(iii) For any subanalytic continuous function ( : Z — R, {(Z) is closed and
bounded.

For Theorem 1.2 below, see [2, Theorem 6.4].

Theorem 1.2 (Lojasiewicz’s Inequality).  Let M be a real analytic ma-
nifold, K C M. Let f,g: K — R be subanalytic functions with compact graphs.
If f71({0}) c g7 ({0}), then there exist c,r € Rsq such that, for any z € K,

|f(2)] = clg(z)|" .
For Theorem 1.3 below, see [12, Proposition 8.2.3].

Theorem 1.3 (Curve Selection Lemma).  Let Z be a subanalytic subset
of M and let zy € Z. Then there exists an analytic map

vil=-L1[— M,

such that ¥(0) = zo and y(t) € Z fort # 0.
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§1.2. Subanalytic subsets of R?

Notation 1.1.  Given a real analytic manifold M, we denote by Op,, .
(resp. Opjy..) the category of subanalytic open (resp. relatively compact
subanalytic open) subsets of M.

Let
7 :Rsox] — m,3n[ — R?
(0,9) — 0e™ .
One has that, given U € Opg. with 0 ¢ U, 7~1(U) is a subanalytic open
subset of Ry x] — , 37|, relatively compact in R2.
For R € Ryg, n,£ : [0, R] —] — 7, 37 subanalytic continuous functions
such that n(o) < &(p), for any ¢ €]0, R, denote

B = {(0.9) €)0, R[] =, 37[: n(e) < ¥ < £(0) } -

Remark that ES C [0, R]x] — , 3.

Proposition 1.3. LetU € Opﬁga, 0 € OU. There exists an open neigh-
borhood W C R? of 0, such that U N'W is a finite union of sets of the form
(B NW.

Proof. The set #71(U) is a subanalytic open subset of Rsox] — 7, 37|,
relatively compact in R2. Let ¢ € Ry, € < 7. Take a cylindrical cell decompo-
sition of R? adapted to

1 U)n <]R>O x| - e,27r+e[) .
The conclusion follows. ]

For z € C and € € Ry, denote by B(z,¢€) the open ball of center z and
radius e.

Let us introduce semi-analytic arcs and prove an easy result which states
the local equivalence between semi-analytic arcs and graphs of subanalytic func-
tions.

Definition 1.3.  Let 7 :] — 1,1[— R2? be an analytic map, § € Ry
such that v|(o 5 is injective. We call

.= 7(]0,5[)

a semi-analytic arc with an endpoint at v(0).
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Recall that, given a function 7, we denote by I';, the graph of 7.

Lemma 1.1. Let R € Ryg, n : [0, R[— R a subanalytic continuous

map. There exist § € R and an analytic map v :] — 1,1[— R? such that
~7(0) = (0,7(0)) and
(1.2.1) 7(] -1, 1[\{0}) =I,N (]O,é[xR) .

In particular, there exist a semi-analytic arc T' with an endpoint at (0,7](0))
and an open neighborhood W C R? of (0,1(0)), such that

L,NW=Tnw.

Proof. Let p; : R? — R be the projection on the first coordinate.
By Theorem 1.3 there exists an analytic map « :] — 1, 1[— R? such that

7(0) = (0,7(0)) and

(12.2) Y(1-LI00}) € TA{(0.0(0)} -

Remark that we can suppose that 7|jo;; and [j_; g are injective. Since

v(] = 1,1[) is arcwise-connected, py (v(] — 1,1[) ) is arcwise-connected as well.
Hence, since {0} & py (fy(] — 1,1[)) C Ry, there exists 6 € Ry such that

pi(v(1-1,1)) = [0,4[.
Further, by (1.2.2),

(1.23) (v = 1.10\{0})) =Jo, 4.

Let us prove that if 0 < < 6, then (z,n(z)) € v(] —1,1[\{0}), this
will conclude the proof. Let x €]0,6[. By (1.2.3), there exists y € R such
that (z,y) € v(]—1,1[\{0}). By (1.2.2), it follows that y = n(z). Hence

(z,n(2)) € 7(] - 1,1[\{0}). O

Roughly speaking, from Lemma 1.1 and Proposition 1.3, it follows that
(OU) N'W is a finite collection of semi-analytic arcs with an endpoint at 0.

Let us now introduce biholomorphic images of open sectors. We start with
a well known result on the local nature of holomorphic functions on C. For
Proposition 1.4 below, see [6, Theorem 2.1].

Proposition 1.4. Let U C C be an open neighborhood of 0, ¢ : U —
C a non constant holomorphic map such that 0 is a zero of order n for ¢.
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There exist an open neighborhood U' C U of 0, € € Rsq, and a holomorphic
isomorphism i : U" — B(0,€) such that, for any z € U’,

olur(2) = (¥(2))" .
Definition 1.4. Let a,(5 € R, r € Ryg, a < . The set
Sa,ﬂ,r = {Qeiﬂ c (CX; O<o<m ¢ E](Lﬁ[}

is called an open sector of amplitude 3 — « and radius r or simply an open

sector.

We will need to stress on the amplitude and the direction of a sector so we
will also use the following slightly different notation

Sranr = Sroprinr
for 7 € R and n,r € Ryy.

Corollary 1.1.  Let U C C be an open neighborhood of 0, o : U — C a
non constant holomorphic map such that ¢(0) = 0.

(i) There exist r,7 € Rso such that B(0,r) C U and, for any 9 € R, ¢l
s an injective map.
(ii) Suppose that, given «, § € R, there exist u,d, R € Rsq such that
<p(]0,6[><{0}) C Satp,B—p,R -

Then, there exist n,7" € Ry such that
QO(SO:I:n,r’) C SQ,B,R .
Proof. It is based on Proposition 1.4 and the fact that holomorphic iso-
morphisms are conformal maps. d

We are now ready to state and prove the main result of this section. Denote
by Oc¢ the sheaf of holomorphic functions on C.

Theorem 1.4. Let U € Opge , 0 € OU. There exist an open neigh-
borhood W C C of 0, a finite set J, open sectors Sji, ¢jr € Oc(Sjx)
(j € J,k=1,2) such that

(i) ¢;,£(0) =0 and Sﬁj,k|5,j_k is injective (j € J, k= 1,2),
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(i)
Unw = U (soj,1(5j,1> N@j2 (SJ'J)) :

JjeJ

Proof of Theorem 1.4. By Proposition 1.3, it is sufficient to prove the
statement for U = 7(B§) N W, for W C C an open neighborhood of 0.
First we need two technical lemmas.

Lemma 1.2.  Let S be an open sector, ¢ € Oc(S) such that ©(0) =0
and ¢|g is injective. Suppose that there exists € € R such that p(S) N B(0,€)
is contained in an open sector of amplitude strictly smaller than 2.

Then there exist r € R~q, an open neighborhood V- C C of 0 and (1,(s :
[0, €] —] — 7, 37| subanalytic continuous functions such that, for any o € [0, €|,
C1(0) < Ca(0) and

p(SNB0,7) =#(BE&)NV .

Proof. We limit to give a sketch of the proof which is essentially of topo-
logical nature.

There exist ) € [0, 27], p € Rso, p < 7, such that ¢(S)NB(0,€) C Sptpe.

Remark that [ — pu,n + p] Clnp—m,n+7[C] — m, 3n[. Take a ced of R?
adapted to

7?‘1<<p(5) a B(O,E)) N (R>o><]77 — o+ u[) :

Since, for any § € R+, cp(S) NB(0,d) has just one connected component having
0 in its boundary, the conclusion follows. ]

Lemma 1.3. Let R € Ry, n: [0, R] —] — 7, 37| a subanalytic con-
tinuous map. There exist an open neighborhood V. C C of 0, 7,7,¢ € Ry,
v € Oc (B(O, r)) and (1,(a : [0, €] —] — 7, 37| subanalytic continuous functions
satisfying the following conditions.

(i) 90\sz — s injective.

(ii) For any o € [0,¢], —m < (1(0) < n(0) < (2(0) < 37w and

(1.2.4) #(Sorr) = 7(BE) NV,

(1.2.5) #(S-ror) =7(BL) OV .



EXISTENCE THEOREM FOR TEMPERED SOLUTIONS 635

Proof. Remark that it is sufficient to prove the statement for |, for
some €' € Ry, € < R. We set for short ne := [,

Since 7(0) €] — 7, 3x[, there exist €, u1 € Rsg, p1 < m, such that [n.(0) —
H1,Me(0) + pa] C] — 7, 3n[ and

(1.2.6) Ty \ (0,7¢(0)) €10, R[x |ne(0) = p11,7(0) + o [ -

First, let us show that there exist an open neighborhood W C C of | —1, 1],
p € Oc(W) and ¢ € Ry such that ¢(0) = 0 and

(1.2.7) (p((] —1,1[\{0}) x {0}) - ﬁ(Fne N (]0,6[><R)) :

By Lemma 1.1, there exist § € R~ and an analytic map v :] — 1, 1[— R?
such that v(0) = (0,7(0)) and

v( = 1,10\{0}) =T, N (10, [xR) .

Since 7 o v is an analytic map, there exist a complex neighborhood Wof
] =1, 1[ and ¢ € Oc(W) such that ¢[;_11{xf0o} = 7 ©[j—1,1;- In particular,
©(0) =0 and

(1.2.8) <p((] ~ 1,1[\{0}) x {o}) - fr(rm N (]O,é[xR)) .

Hence, (1.2.7) follows.
Now, remark that (1.2.6) implies that

(1.2.9) 7Ty \ (0,7(0))) € S0y pur e -

Combining (1.2.8) and (1.2.9), we have that

#(10.1x{0}) € 7 (T, O (10,0[xR))
C (T \ (0,7(0)))
(1.2.10) C S (O) by Ft -

Since [7¢(0) — p1,7:(0) + p1] C] — 7, 3n[ and p1 < 7, there exists p2 € Rxg
such that p; < pe < 7 and

(1.2.11) [(7e(0) = p12,1e(0) + po] ) =, 3] .

Let r € Ry be such that B(0,7) C W. Then, Corollary 1.1 (ii) applies and
there exist 7 € R+ such that, up to shrinking r,

(1.2.12) ©(S0,7,r) C Sy (0)tpasR -
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Further, by Corollary 1.1 (i), up to shrinking 7 and r, we have that p|g;— is
injective.

Then, Lemma 1.2 applies and there exist 7’ € R~q, an open neighborhood
V CCof 0and (1,¢ : [0,€] =] — 7, 37| subanalytic continuous functions such
that, for any o € [0, €], (1(0) < ¢2(0) and

@(So.rar) =7(BE)NV .

Then, (1.2.11) and (1.2.12) imply that one can chose ¢; = 1. Hence (1.2.4)
follows.
Clearly, (1.2.5) can be proved using the same arguments. ]

End of the Proof of Theorem 1.4. As said above, by Proposition 1.3, it
is sufficient to prove the statement for U = ﬁ(B%) NW, for W C C an open
neighborhood of 0.

Consider BS, by Lemma 1.3, there exist (1, (s : [0, €] —]—7, 37, r, 7 € Rx,
w1, 02 € Oc (B(O,r)), V1, Vs C C open neighborhoods of 0 such that, for any

0 € [0,¢], m(o) < Glo) < 3m, —m < Gi(o) < &(0), ilg welg— are
injective and

ﬁ—(BE]Q) N Vl = SDI(SO,T,T) 5
#(BE,) N Va=02(S—ro.r) -

We distinguish two cases: £(0) = n(0) and n(0) < £(0).

(i) Suppose £(0) = 7(0).
We have that

—m < (1(0) <n(0) =£(0) < (2(0) <37 .
It follows that there exists € € Rs¢ such that, for any ¢ € [0, €],

Gilo) < (o) < &(o) < (o) -

Hence, considering 7, &, (1, (2 as restricted to [0, €], we have that
§ _ RC 13
BS = B& N B .

Now, up to take smaller 7, €, we can suppose that ﬁ(Bgl) and 7(B$?) are
contained in an open sector of amplitude strictly smaller than 27. In particular,
7 is a bijection on Bff U Bgl. It follows that

7(B}) = 7(B) N7 (BE,) -
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Taking V' := V1 N V,, the conclusion follows.

(i) Suppose n(0) < £(0).

Up to take smaller 7, there exist ¢ € Ry and «, 8 : [0,€'] — R constant
functions such that, for any o € [0, ¢'],

n(e) < a(e) < ¢2(0) < Gile) < B(o) <&(o) -
It follows that, considering 7, £, (1, (2 as restricted to [0, €],
_ Ié] 3
B =B UBJ UB, .
The conclusion follows. O

Detailing the proof of Theorem 1.4, one can give a more precise statement
in the following way.

Remark.  Let U, W, ;i and S;j as given in Theorem 1.4. Given r,n €
R, there exist an open neighborhood W’ C W of the origin, a finite set J’
and open sectors S, C Sjx (j° € J') such that the amplitude (resp. the
radius) of 57, ; is smaller than n (resp. r) and

00w = U (4(85) nesa(83a)

jeJ’

§2. Tempered Holomorphic Functions

In the first subsection we recall the definition and some classical results on
the subanalytic site X, underlying a complex curve X and sheaves on X,,.
In the second subsection we recall the definition of the subanalytic sheaf of
tempered holomorphic functions on a complex curve. In the third subsection
we prove a result on the pull back of tempered holomorphic functions through
biholomorphisms. We refer to [15] and [14] for the first and the second subsec-
tions.

§2.1. The subanalytic site

Let X be a complex analytic manifold, denote by X the complex conjugate
manifold and by Xy the underlying real analytic manifold. For k a commutative
ring, we denote by Mod(kx) the category of sheaves of k-modules on X.

We endow Op%_ := Op%, . with a Grothendieck topology, called the
subanalytic topology, by deciding that an usual open covering U = U;c;U; in
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OpY., is a covering for the subanalytic topology if there exists a finite subset
J C I suchthat U = U;c;U;. Denote by X, this site and call it the subanalytic
site. Further, denote by Cov,,(U) the family of coverings of U € OpY_, for the
subanalytic topology and by Mod(kx,,) the category of sheaves of k-modules
on the subanalytic site.

One can show (see [14, Remark 6.3.6]) that Mod(kx,,) is equivalent to the
category of sheaves on the site X, ;r, where the class of open sets of X, is
Opx,, and, for U € Opy__, the family of coverings of U for X, ;s consists of
subanalytic open coverings {U, }scx of U such that for any compact K of X,
there exists a finite subset J C X such that K N (Uje] Uj) =KnU.

Let PSh(kx,,) be the category of presheaves of k-modules on X,,. Denote
by for : Mod(kx,,) — PSh(kx,,) the forgetful functor which associates to a
sheaf F' on X, its underlying presheaf. It is well known that for admits a left
adjoint -* : PSh(kx_,) — Mod(kx., ).

For F' € PSh(kx,,), let us briefly recall the construction of F°.

For U € Op%_, and S = {Uy,...,Upn} € Covye(U), set
(2.1.1)

F(8) = { (51, 50) € [TFW) silosrue = selusuns ok =1,00om
j=1

If S is a covering of U and S’ is a refinement of S, then there exists a natural
restriction morphism F(S) — F(S').
@ss’
Then, for U € Op%_, set
(2.1.2) FPU):= 1l F(9) .

—
S€Covsq(U)

It turns out that F* ~ F++.

Now, let s € F*U). Since the inductive limit considered in (2.1.2)
is filtrant, s can be identified to an n-uple (s1,...,s,) € F(S5), for S =
{Uj}jzl)mm S COVSG((])7 S5 € F(Uj) (j =1,... ,n).

Further, if s € F*(U) can be identified to s; € F(S1) and to sy € F(S2),
for S1, 89 € Covsa(U), then there exists a refinement S € Covy,(U) of S; and
Sy and § € F'(S) such that s can be identified to 5.

For Proposition 2.1 below, see [14, Proposition 2.1.12].

Proposition 2.1.  Consider the complez in Mod(kx_,)
(2.1.3) F2p

The following conditions are equivalent.
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(i) (2.1.3) is exact.

ii) For any U € Op%. and any t € F(U) such that ¥(t) = 0, there exist
XSG
{Uj}jes € Covsa(U) and sj € F(Uj) such that o(s;) = tly, (j € J).

We shall denote by
Q" X — Xsa )

the natural morphism of sites associated to Op%  — Opy = {U C
X; U open}. We refer to [14] for the definitions of the functors o,
Mod(kx) — Mod(kx,,) and o~ : Mod(kx.,) — Mod(kx) and for Proposi-
tion 2.2 below.

Proposition 2.2.

(i) o« is right adjoint to o=1.

)
(i) 07! has a left adjoint denoted by o) : Mod(kx) — Mod(kx._,) -
(iii) o~! and o are exact, o. is exact on constructible sheaves.

)

(iv) o0« and o are fully faithful.

Through g., we will consider Mod(kx) as a subcategory of Mod(kx,,).
The functor g is described as follows. If U € Op%_ and F' is a sheaf on
X, then g/(F) is the sheaf on X, associated to the presheaf U — F(U)

§2.2. Definition and main properties of O}Sa

Througout this subsection, X will be a complex analytic curve with struc-
ture sheaf Ox. For higher dimensions we refer to [14].

Denote by Dx the sheaf of differential operators with holomorphic coef-
ficients on X. Denote by Dby, the sheaf of distributions on X and, for a
closed subset Z of X, by I'z(Dbx,) the subsheaf of sections supported by Z.
One denotes by Dbtxm the presheaf of tempered distributions on Xg defined as

follows
Opx,, 22U+ Db}m(U) = I'(X;Dbx,) /T x\v(X; Dbx,) .

In [14] it is proved that Dbl is a sheaf on X,. This sheaf is well defined in the
category Mod(¢/Dx). Moreover, for any U € Op%_ , Dbk is I'(U, -)-acyclic.
One defines the sheaf OE{M e Db (gﬂ)x) of tempered holomorphic func-

tions as
O = R'Homg!py(gg(’)y, Db, ) .
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In [14] it is proved that, since dim X = 1, Rp.Ox and O%_ are concen-
trated in degree 0 . Hence we can write the following exact sequence of sheaves
on Xg,

0— 0% —Dbly -LDb —0.
Lemma 2.1. Let X=C, Xp=R?, U,V ¢ Opge, -
(i) H(U, 0% ) =0, forj>0.
(ii) The following sequence is exact

(221) 0— 0% (UUV)— 04 (U)@ 0 (V)= O (UNV)=0.

Proof. (i) By the definition of Db%_, given h € Db (U), there exists
h € Dby, (R?) such that i~z|U = h. It is well known that there exists g €
Dby, (R?) such that dg = h. This implies that 9(glu) = h. So we have the
exact sequence

0 — 0% (U) — Dby (U) -L Dby (U) — 0.

Since Dbtxm is acyclic with respect to the functor I'(U; ), for U € Op%_,
it follows that, for all j € Zso, H(U,0% ) = 0.
(ii) Obvious from (i). O

Now we recall the definition of polynomial growth for C*° functions on
Xg and in (2.2.5) we give an alternative expression for tempered holomorphic
functions on U € Op%_ .

Definition 2.1.  Let U be an open subset of Xg, f € C%, (U). One says
that f has polynomial growth at p € X if it satisfies the following condition.
For a local coordinate system z = (z1,x2) around p, there exist a sufficiently
small compact neighborhood K of p and M € Z~ such that

(2.2.2) sup dist(z, K \ U)M|f(z)] < +o0 .

zeKNU
We say that f € CS, (U) has polynomial growth on U if it has polynomial
growth at any p € X. We say that f is tempered at p if all its derivatives have
polynomial growth at p € X. We say that f is tempered on U if it is tempered
at any p € X. Denote by C)O(o’t the presheaf on Xg of tempered C*°-functions.
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It is obvious that f has polynomial growth at any point of U. If no
confusion is possible we will write “f is tempered” instead of “f is tempered
on U”.

In [14] it is proved that C3"" is a sheaf on X,,.

For U C R? a relatively compact open set, we can characterize functions
with polynomial growth on U by means of a family of norms.

For . € R?, f € C8(U), g = (91,---,9m) € ( H‘g‘z’(U))m and M € Zso,
denote

(2.2.3) dou () := dist(z, 0U) ,
11 = sup Sou (x)™ [ f ()],
lgl) :=max {|g;|t/s j=1,...,m} .

Proposition 2.3.  Let U C R? be a relatively compact open set and let
feCs(U). Then f has polynomial growth if and only if there exists M € R-q
such that

(2.2.4) I£18F < +oo,
or equivalently: there exist C, M € Rsqg such that for any v € U,
|f(z)| < Coou(x)™ .
Proof. Suppose that f satisfies (2.2.4), that is,

sup dou ()| f ()| < +oo .

xzeU
Let K be a compact neighborhood of U. For any p € U, K is a compact
neighborhood of p such that

sup dist(z, K\ U)M|f(x)| < sup dav (2)™|f ()|
z€KNU zelU

<400 .

Hence, f has polynomial growth.

Conversely, suppose that h has polynomial growth. That is, for p € 9U,
there exists a compact neighborhood K, of p verifying (2.2.2).

Set

V= {o € Ky dornic, (@) > dou(@) } -

Then for any z € V, dou () = dovnk, ().
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Since p € V, there exists € € Ry such that B(p,e) C V. Set

Zy = B(p,e) U (K,NIU) .

Then Z,N0U = K, NOU and, for any = € Z, N U, dov(x) = dounk,(x) =

dounz, ().
Hence,
sup Sou ()M |f(x)| = sup dounz, ()M f ()]
x€Z,NU € Z,NU
< sup dounk, (@)M|f(2)|
z€EK,NU
<400 .
Since OU is compact, the conclusion follows. O

Lemma 2.2 below is an easy consequence of Cauchy’s Formula. See [23,
Lemma 3].

Lemma 2.2. Let U be a relatively compact open subset of X, f €
Ox (U) with polynomial growth on U. Then f € O%_(U).

For Proposition 2.4 below, see [14].
Proposition 2.4.  One has the following isomorphism
Ok,, = RHomp (00, CX)") -

Hence, for U € OpY_ , we deduce the short exact sequence

(2.2.5) 0 — O (U) — CHU) -2 ¢HU) — 0 .

§2.3. Pull-back of tempered holomorphic functions

Recall that, for U a relatively compact open subset of R? and z € R2, we
set dgy (2) := dist(z,9U).

Lemma 2.3. Let X be an open subset of R2, f : X — R? be a C®-
subanalytic map. Let U € Op%, ., V € Opge satisfying f(U) = V and
f(OU) =0V. Let h € C5(V).

Then h has polynomial growth on V if and only if ho f has polynomial
growth on U.
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Proof. Consider the subanalytic continuous functions dar7, dav of |7 : U —
R>¢. Since f(0U) =9V and f(U) =V,

(6av o fl7) " ({0}) = oU .

In particular,
-1 _
(dov o flz) — ({0}) = 355 ({0}) -
By Theorem 1.2, there exist a,b, o, f € Rs such that, for any = € U,

(2:3.1) a(ov o flg(@)) " < dou (@) .
and
(2.3.2) b(Sou (2))” < Sov o fly () .

(i) Suppose that ho f has polynomial growth on U, that is, there exist
C, M € R+ such that, for any = € U,

[h(f(2))] < C (0w (x) " .

By (2.3.1), we obtain

—Ma«

|h(f(2))| < CaM (6av o flz())

Since f(U) =V, it follows that, for any y € V,

h(y)] < Ca™ (Sov (y)) M,

that is, h has polynomial growth on V.
(ii) Suppose that h has polynomial growth on V', that is, there exist
C’', M’ € Ry such that, for any y € V,

Ih(y)] < " (6av (1)~
Since f(U) =V, we have, for any = € U,
[h(f(2))| < €' (Sav o ().
By (2.3.2), we obtain
[h(f(@))| < Cb™M (Sou (@) ™",

that is, h o f has polynomial growth on U. 1
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Theorem 2.1.  Let X be an open subset of C, f € Oc(X). Let U €
Op%,, such that flg is an injective map. Let h € Ox(f(U)). Then, h €
Ot (f(U)) if and only if ho f € O% (U).

Proof. Since f is an open mapping, f|y : U — f(U) is a holomorphic
isomorphism.
It is sufficient to prove that f(8U) = 8(f(U)) in order to apply Lemma
2.3.
(i) f(OU) C 8(f(U)). For = € dU, there exists {z, }nen C U such that
xn, — . It follows that f(z,) — f(z), hence f(z) € f(U). Suppose
n—+oo

n— 400

that f(z) € f(U). Since f|y is an isomorphism onto f(U), there exists T € U
such that f(Z) = f(x), this contradicts the hypothesis that f|z is injective. It
follows that f(z) € o(f(U)).

(i) f(8U) D 0(f(U)). Fory € 9(f(U)), there exists {yy }nen C f(U) such
that y, — y. Set x, := (f|U)71(yn). Then {z,}neny C U is a bounded

n—-+oo
sequence. Hence there exists a subsequence converging to = € U. Since f(z) =
y and f|y is an isomorphism onto f(U), x € dU. O

83. Existence Theorem

Let X C C be an open neighborhood of 0, P a differential operator defined
on X, whose only possible singular point is 0. In this section we study the non-
homogeneous ordinary differential system relative to P.

In the first subsection we recall some classical results on the holomorphic
solutions of P.

In the second subsection we start by recalling an existence theorem for tem-
pered holomorphic functions on small open sectors. As said in the introduction
such a result is classical and it has been treated in more general cases by many
authors. We recall the version obtained by N. Honda in [7]. Then we state and
prove the main result of this section which states that given U € Opf_, with
0 € OU, there exist an open neighborhood W of 0 and {Uj}jeJ € Covso(UNW)
such that P is a surjective endomorphism on O% (U;) (j € J). The proof is
based on the decomposition of the germ of U at 0 in sets biholomorphic to open
sectors (Theorem 1.4) and on an existence theorem for sets biholomorphic to
open sectors. The proof of this latter result uses a result on the composition
of a biholomorphism and a tempered holomorphic function (Theorem 2.1) in
order to reduce the problem to open sectors of small amplitude.

As a corollary we obtain that P is a surjective endomorphism of the sheaf

t
O%..-
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83.1. Some classical results

Denote by C(g the sheaf of continuous functions on C. For R a ring, we
denote by gl(m, R) (resp. GL(m, R)) the ring of (resp. multiplicative group
of invertible) m x m matrices. In this chapter we are going to consider z'/,
l € Z~g, as a holomorphic function on open sets contained in open sectors of
amplitude smaller than 27, by chosing the branch of z'/! which has positive
real values on Rs¢ x {0}.

Let X C C be an open disc centered at 0. Let

(3.1.1) P = sz%IerA(z) ,
where m € Zso, N € N, A € gl(m, OC(X)) and I,,, is the identity matrix of
order m.

Theorem 3.1 below is a fundamental result on ordinary differential sys-
tems. A complete proof of Theorem 3.1 below, originally due to Hukuhara and
Turrittin, is given in [24].

Theorem 3.1 (See [24]).  Let P be the differential operator (3.1.1).
There exist | € Z~q, a diagonal matric A € gl(m,z‘l/l . (C[z_l/l]) and for
any Y9 € R, there exist 91,92 € R, 91 < g < ¥, R, K,M € Ry and
Fsy s,n €GL (m, Oc(Svy,05,1) NCE(Sy, 05,7 \ {0})), satisfying the following
conditions

(i) for any z € Sy, 9, R,

(3.1.2) KM < |Fsy, o n(2)] < K27

99, R

(ii) the m columns of the matriz Fs, , (2)exp (A(2)) are C-linearly inde-
pendent holomorphic solutions of the system Pu = 0.

If no confusion is possible we will write F'(2) instead of Fs, , .(z).
Note that (3.1.2) implies that F, F~' € GL(m,O%_ (S, .9,.r)).

Definition 3.1.  We call the matrix F(z)exp (A(z)), given in Theorem
3.1, a fundamental holomorphic solution of P on Sy, 9, r. If U is an open
subset of Sy, v, r, we say that P a fundamental holomorphic solution on U.

Lemma 3.1.  LetU € OpY_ , connected and simply connected. Suppose
that P has a fundamental holomorphic solution F(z)exp(A(z)) on U. Let g €
o)™, z €U.
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Then, forI',, . CU a path from z to z € U,

F(z)exp () [ exo (- MOV X ac

N
T.,.. ¢

is a holomorphic solution of Pu = g.

Proof. Obvious. O

83.2. Existence theorem for tempered holomorphic functions

Let [ € Zwo, p(z) € 2~Y/1-C[z~1/!], S an open sector of amplitude smaller
than 27, g € Ox(S). Set

(321) e (9)(2) == exp (p(2)) / exp (— p())9(Q)dC .

on,z

where 29 € S and T',, , C S is a path from zy to 2z € S.

Proposition 3.1 (See [7], Proposition 2.3). Let 1 € Zso and p(z) €
2=V Cle=YY. There exists a € Rsq such that for any open sector S of
amplitude n < «, there exist zo € S and a path I.,.C S from zy to z € S such
that if g € Ox(9) satisfies |g|} < +oo, for some M € R, then I, .,(g) €
Ox(S) and

[£p.20 (9)§" < +o0 .

Now we prove an analogue of Proposition 3.1 for sets biholomorphic to an
open sector of sufficiently small amplitude. Then we will use such a result to
prove an existence theorem for P on U € OpY_ , 0 € 9U.

Proposition 3.2. Let W C C be an open neighborhood of 0, ¢ €
Oc(W) non constant, p(0) =0, | € Zsq, p € 2~ /'C[z71/1.

There exist r,n € Rsq such that for any open sector S CC B(0,7) C W of
amplitude smaller than n, there exist 2y € gp(g) and a path I',, . C @(?) from
2o to z € p(S) such that, for any g € O% (¢(9)),

I (9)(2) = exp (p(2)) / exp (— p(0))g(Q)dC € O ((5)) -

Fzg,z
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Proof. The proof is based on the following sequence of equivalences which
will be made rigorous along the proof.

(3.2.2) L2 (9)(2) € Ok, (9(9))
)
Iy (9) 0 p(w) € Oy, (S)
)
I ,w0(9)(w) € Oy, (S)

for some p(w) € w™ Y Clw™ ], ' € Zg, wo € S and § € O, (S). We will
obtain (3.2.2) from Proposition 3.1 by taking the amplitude of S small enough.

There exists ¢ € Zso such that, p(w) = wp;(w) and 1(0) # 0, for any
w € W. There exist r,m9 € Rsg, 19 < 2w, such that, for any open sector
S cC B(0,r) C W of amplitude smaller than 79, ¢|g is injective. For the rest
of the proof, a sector S will be supposed to have amplitude (resp. of radius)
smaller than 7y (resp. 7).

Let

n
- Z"_J
23/
Jj=1

for g € Zsgand a; € C (j =1,...,n).
We have

for some I, \j, qj,q' € Z>o, Bjk,a; € Cand 3 j, 3 j,1; power series in LA
for some " € Z~g, converging on S and defined on S.
Set

/

q
Zw]/l' e w'Clw "]
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and ,
q
h(’LU) ‘= exp (Zd}ﬂu})) S O(C(S) N C(g(g) .
j=1
It follows that

exp (p(p(w))) = exp (p(w)) h(w) .

Consider § € w™ " C[w=/"]. By Proposition 3.1, there exists 7 € R,
such that for S an open sector of amplitude smaller that 7, there exist wg € S,
a path Ty, » C S from wy to w such that, for any § € (’)%VSG (S),

(3.2.3) exp (5(w)) / exp (— H(O)G(Q)dC € Oy (S) .

Tuwgw

Since the multiplication by h and h™' is a bijection on O}, (S), (3.2.3)
implies that, for any g € O}, (S),

(3.2.4) h(w)Ij.u, (R §)(w)

— h(w) exp (5(w)) / exp (= HO)AQ) GO € Oy (S) .

Fwo,w

Set zp 1= p(woy) € ga(g) and let I, , = cp(l“wo,w). Then, for any g €
0%, (#(5)),

(3.2.5) Ip.2(9) © o(w) = h(w) 5w, (B~ (g0 9)-¢") (w) .

Up to shrinking 7, we can suppose that n < 7. In particular ¢|g is
injective for any open sector S of amplitude smaller than 7.
Since (g o ¢)-¢" € O (S), (3.2.4) and (3.2.5) imply that

Ip.zo(9) 0 p(w) € Oy, () -
Since |z is injective, the conclusion follows by Theorem 2.1. O
Let us now consider the differential operator P given in (3.1.1).

Proposition 3.3.  Let J be a finite set, W; C C open neighborhoods of
0, ¢; € Oc(W;) non constant, ©;(0) =0 (j € J). There exist r,n € Rsg such
that for any sector S CC B(0,r) C NjesW; of amplitude smaller than 7,

POk (;(8)™ — O%_ (p;(S)H™

is an epimorphism (j € J).
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Proof. There exists ny € Rs such that for any sector S CC N;je;W;
of amplitude smaller than 7y, P has fundamental holomorphic solutions
F(z) exp(A(2)) on ¢;(S), for any j € J.

For k=1,...,m, let p; € z~/!'C[z~'/!] be the (k, k)-entry of A, for some
leZxg.

By Proposition 3.2, for any j € J,k = 1,...,m, there exist 7}, n;x such
that for any open sector S CC B(0,7;,1) C NjesW; of amplitude smaller than
Nk, there exist zo;x € ¢;(S) and paths I'., . from zo 1 to z € ¢;(S) such
that for any g; € O%  (¢;(9))

sa

exp (pi(2)) / exp (— p(0))g;(Q)dC € O ((5)) -

205,502

Set
ro=min{r;; je€Jk=1,...,m},
n:=min{ng,njx; j € k=1,...,m}.

Let S CC B(0,r) be an open sector of amplitude smaller than 7. Let I'; be
the collection of m paths I'., , -, then for any g € O% (¢;(S))™

exp (A(2)) / exp (= A(Q))g(Q)d¢ € Ok, (#5(5)"
(4 €J). »
Since multiplication by F(z) and % are bijections on O% (gp(Vj))m,
we obtain that, for any g € O%_ (¢;(5))™,

-1
F)ep (AG) [ exo (= MO) “g—a(@)ds € Ok, (e4(5)"
(4 €J).
The conclusion follows by Lemma 3.1. O

Lemma 3.2.  Let U,V € Op%, . If P is a surjective endomorphism
both on OfXM(U)m and OE(M (V)™. Then P is a surjective endomorphism on
o%. (unv)m.

Proof. The result follows from the exact sequence (2.2.1). O

Theorem 3.2.  Let U € Op%  with 0 € OU. There exist an open
neighborhood W C X of 0 and {U;};je; € Covso(U N W) such that, for any
Jed,

P 0%, (U)"™ — Ok (U;)™
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is an epimorphism.

Proof. By Theorem 1.4, there exist an open neighborhood W of 0, a
finite set J, open sectors S; 1, ¢;r € Oc (m), such that ¢; 1(0) =0, goj,k\sjfk
is injective (j € J,k =1,2) and

(3.2.6) uvnw={J (%‘,1(5]‘,1) N Wj,z(sj,z)) :
jeJ
Further, by Remark 1.2, we can suppose that the amplitude and the radius of
S; 1k are arbitrarly small. In particular, Proposition 3.3 applies and we have
that P is an epimorphism on ¢; j (Sj,k)7 forany je€ J, k=1,2.
The conclusion follows from (3.2.6) and Lemma 3.2. O

The following Corollary is an obvious consequence of Theorem 3.2. In view
of Proposition 2.1, it states that P is an epimorphism of sheaves on Xg,.

Corollary 3.1.  Let U € Opk,, with 0 € OU. There exist an open
neighborhood W C X of 0 such that for any g € O% (U)™, there ewist
{Uj}jer € Covea(UNW) and u; € O%_ (U;)™ satisfying

Proof. Obvious. O

84. Tempered Holomorphic Solutions

In this section we deal with solutions of Dx-modules, for X a complex
analytic curve.

In the first subsection we recall some classical results about D x-modules.
First, for a coherent Dx-module M, we define the complex of holomorphic
(resp. tempered holomorphic) solutions of M, .%ol M (resp. .%ol M). Then,
we recall that, if M is a regular holonomic D x-module, then .#ol* M ~ S0l M.
Moreover we recall that a holonomic Dx-module is locally an extension of a
Dx-module supported on a point (hence regular) and a Dx-module locally
isomorphic to a differential operator.

In the second subsection we state the existence theorem in the framework
of D-modules. It asserts that, for a holonomic Dx-module M, H! (5’ olt./\/l) is
isomorphic to H' (,5” ol./\/l). Using the results recalled in the first subsection,
we reduce to the case of a differential operator. Such case is the object of the
third subsection.
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In the third subsection we treat the case of a differential operator. Making
use of the language of sheaves on X;,, we give a more natural setting and
statement to the results obtained in Section 3.

In the fourth subsection we prove that .#ol*(M) is R-constructible in the
sense of sheaves on Xj,.

Throughout this section, X will be a complex analytic curve.

84.1. Classical results on D-modules

For a detailed and comprehensive exposition of Dx-modules we refer to [3]
and [11]. For an introduction to derived categories and cohomology of sheaves,
we refer to [12].

We denote by Dx the sheaf of differential operators with holomorphic
coefficients on X, Mod(Dx) the category of Dx-modules, Mod ., (Dx) the full
subcategory of Mod(Dx) consisting of coherent D x-modules.

For M € Mod o (Dx) we denote by charM the characteristic variety of
M. Recall that M € Mod o, (Dx) is said holonomic if dim charM = 1. We
denote by Mod(Dx) C Modeon(Dx) the abelian category of holonomic Dx-
modules.

We denote by D°(X,,) (resp. D*(X), D*(Dx)) the bounded derived cate-
gory of sheaves of C-vector spaces on X, (resp. sheaves of C-vector spaces on
X, Dx-modules). We denote by D® , (Dx) (resp. D% (Dx)) the full subcategory
of D*(Dx) consisting of bounded complexes whose cohomology groups are co-
herent (resp. holonomic). For M € D? , (Dx), set charM := Ujezchar H? (M),

Let T*X be the cotanget bundle on X, nx : T*X — X the canonical
projection, T% X the zero section of T*X and T*X := T*X \ T4 X.

For M € D? , (Dx), set

S(M) =7y (char/\/l N T'*X) :

It is well known that, if M € D% (Dx), then S(M) is a discrete subset of
X.

Definition 4.1.  An object M € D% (Dx) is said regular holonomic if,
for any = € X,

RHomp, (M, Ox ) — RHomp, (M, @XI) ,

where (5)(@ is the Dx z-module of formal power series at z. We denote by
Db, (Dx) the full subcategory of D% (Dx) of regular holonomic Dx-modules.
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Recall that o : X — X, is the natural morphism of sites. For a coherent
Dx-module M, we set for short

S 0lM = Ro,RHomp, (M, Ox) € D°(X,,)
Fol' M =RHom,p, (oM, 0% ) € D*(Xsa) .

For Theorem 4.1 below, see [10]. We recall it here with the notation of
[15].

Theorem 4.1.  Let X be a complez analytic manifold, M € Db, (Dx).
The natural morphism in D°(X,q)

FLol! M — FolM
is an isomorphism.

For a € X, let I'if4)(-) be the tempered support functor on a. For M ¢
D?(Dx), denote
M(xa) := Ox(xa) ®p,, M,

where Ox (*a) is the Dx-module of meromorphic functions at a.
Proposition 4.1 below follows from Kashiwara’s Lemma (see [11, Theorem
4.30]) and Kashiwara’s thesis [8].

Proposition 4.1. Leta € X.
(i) For M € D%(Dx), there exists a distinguished triangle
RI‘[{G}]M — M — M(*a) Jr—1> .
(i) If M € D}(Dx), then RT{uyM € D, (Dx).

(i) If M € Mody(Dx), then there exist an open neighborhood W of a and
P € Dx (W) such that

Dx|w

M(xa)|w =~ Dxlw P

84.2. Existence theorem for holonomic Dx-modules

Theorem 4.2.  Let M € Mody,(Dx). The natural morphism of sheaves
on Xgq

(4.2.1) H'(Fol' (M) — H! (Fol(M))

is an isomorphism.
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Proof. The problem is local on Xg,. Since S(M) is a discrete set, it is
sufficient to prove the statement in the case S(M) C {a}, for a € X.

Now, using Theorem 4.1 and Proposition 4.1, it is sufficient to prove the
statement for M = D?V—V‘fp, for W C X an open neighborhood of a and P €
Dx(W).

That is, up to shrinking X, we are reduced to prove that the natural
morphism of sheaves on X,

H' (yozt(pf)fp)) — i (yOZ(Df)-(P))

is an isomorphism.
This is the object of Subsection 4.3 below. o

84.3. The case of a single operator

For this subsection, let X C C be an open disc centered at the origin and
4.3.1 P= (2)—
(43.1) Yo

J=0

for a;(z) € Ox(X) (j =1,...,m), an, not identically zero.

Set S(P) := S(Dx/Dx - P), then we have

S(P)={z€X; an(z) =0} .

Remark that, since p, is exact on constructible sheaves and Ox is .-

acyclic,

0.0x = Ox
Po.Ox POy

Proposition 4.2.  The natural morphism of sheaves on X,

0% Ox
4.3.2 Lox
(4.3.2) PO, POy

is an isomorphism.
We need two preliminary lemmas.

Lemma 4.1.  Let U € Op%, , S(P)NU = 0. For any g € O'(U), there
exist {U;}jes € Covsa(U) and u; € O'(U;) such that Puj = gly, .
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Proof. Since the problem is local on X, and S(P) is a discrete set, we
can suppose that S(P) = {0}.

First case: 0 ¢ OU. It follows that P is a regular operator on a neighbor-
hood of U. The result follows immediately by Theorem 4.1.

Second case: 0 € OU. The result follows from Theorem 3.1 and the first
case. O

Lemma 4.2. Let U C X be an open ball and assume OU N S(P) = 0.
Then, the natural morphism

0% . (U) i Ox(U)
PO _(U)  POx(U)

is an isomorphism.

Proof. Consider the following commutative diagram

Ox(U) Pe Ox(U)
POx (D) POx(U)

S~ F

O% . (V)
POL_(0) -

The proof consists of two steps:
(i) ¢¢ is an isomorphism,
(ii) ¢y is injective.
(i) Consider the complex
F = OHOXLOX—%).

Since OUNS(P) = 0, then RToy (F |¢7) ~ 0. It follows that RI'(U, #) —
RI‘(U, ﬁ) In particular, since Ox is F(U, ) and F(U, ~)—acyclic, it follows that
@, is an isomorphism.

(ii) Let h € ker(iy), that is, h € O%_ (U) and there exists u € Ox(U)
satisfying Pu = h. Let us prove that u € O% (U).

The problem is local on X,,. Clearly, uly, € O%,_ (Up) for any Uy €
Opgr,,- So, let € OU, there exists an open neighborhood W of x such that
S(P)NUNW = 0. In particular, P is a regular operator on U N W.

By Theorem 4.1, the complex

t Pt
0 — Ok lvnw — Ox_ lvnw — 0
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is concentrated in degree 0. In particular, there exists {V;},cs € Covyo(UNW)
and v; € O%_(V;) such that Pv; = hly,, that is, P(v; — uly;) = 0. Since
S(P)NV; =0, then v; — u|y, extends holomorphically up to the boundary of
Vj. That is v;—uly, = w, for some w € Ox (V). In particular u|y, € O%_ (V}).
The conclusion follows. O

Now we can prove Proposition 4.2.

Proof of Proposition 4.2. Since S(P) is a discrete set and the statement
is local on X,, we can suppose that S(P) C {0}.
We are going to prove that, for any U € OpY__, the natural morphism

t

O%., ¢ Ox
(4.3.3) por 1) 5 )

is an isomorphism.
Consider the presheaves on Op%_~ defined by

0% (U)
C t —— Xsa
Op%,, 2 U+— F'(U) := 7}303(3&((]) ,
Ox(U)
S — F ===
Op%., 22U (U) POX )

Recall that, for a presheaf G on X,, we denote by G* the associated sheaf on

Xsa. We have that POXt” = Fb* and Q*m ~ Fo,

Suppose that 0 ¢ U. Then F*(U) ~ 0 and Lemma 4.1 implies that
Fte(U) ~ 0.

Suppose now that 0 € U. First, let us prove that ¢ is surjective.

Recall (2.1.1). Let s € F*(U). Since the inductive limit considered
n (2.1.2) is filtrant, s can be identified to (sg,...,s,) € F(S), for S =
{Uo,...,U,} € Covgo(U) and s; € F(U;) (j = 0,...,n). Up to take a re-
finement, we can suppose that 0 € Uy is an open ball7 s € F'(Uyp), 0 ¢ Uy,
sk = 0 and so|ly,nu, = 0 as an element of F*'(Uy N Uy) (k # 0).

It follows that (sg,0,...,0) defines an element of F*(S). In particular, it
defines a section st € F(U) such that ¢(s) = s. Hence ¢ is surjective.

Now, let us show that ¢ is injective.

Let s € F“*(U) such that ¢(s') = 0. As before, s’ can be identified
with (sb,...,s,,) € F'(S), for S = {Uo,...,U,} € Covee(U) and s} € F'(Uj)
(j =0,...,n). Up to take a refinement of S, we can suppose that 0 € Uy is
an open ball, 0 ¢ Uy and s} = 0 for k # 0. That is, s* can be identified to
(sh,0,...,0) € FY(9).
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Now, let ¢; : Ft(Ug) — F(Up). By Lemma 4.2, ¢; is injective. Clearly,
©(s') = 0 implies that ¢;(sf) = 0. Hence s = 0 and ¢ is injective. O

84.4. R-constructibility for tempered holomorphic solutions

In the study of classical solution sheaves of D-modules, the notions of
micro-support and R-constructibility play a central role. We refer to [12] for
definitions and classical results. In [15], M. Kashiwara and P. Schapira defined
such notions in the context of sheaves on X,,. Further, they conjectured some
results on tempered holomorphic solutions of holonomic D-modules involving
R-constructibility corresponding to classical results on holomorphic solutions.

Proposition 4.3 below follows from the results obtained in Section 3. It
proves, in dimension 1, a conjecture from [15] stating that, for M a holonomic
Dx-module, .70l*(M) is R-constructible in the sense of sheaves on X,,.

Denote by D% _(Cx) the full triangulated subcategory of the bounded
derived category of Mod(Cx) consisting of complexes whose cohomology groups
are R-constructible. In what follows, for F € D*(Cx,,) and G € D} _(Cx),
we set for short

RHomc, (G, F) = o~ 'RHome,_ (G,F) € D'(Cx)

and
RHomc, (G, F) := RI'(X, RHomc, (G, F)) .

Proposition 4.3.  Let X be a complex curve and let M € D! (Dx).
Then, for any G € D} _.(Cx), RHomc,y (G, Sol*(M)) € Db__(Cx).

Proof. We may suppose that X C C is an open ball centered at the origin.
By dévissage we may suppose that M =~ %, for P a differential operator as
in (4.3.1) such that S(P) C {0}. Since the triangulated category D% _(Cx) is
generated by the objects Cy, for U € OpY_ , we may assume that G = Cy for
such an U.

Let V € Op%.. such that 0 ¢ V, then Theorem 4.1 implies that

Fol'(M)|y ~ Sol(M)|y. In particular,
RHomg, (Cy,.Lol"(M))|x\{0y =~ RHomc, (Cy, .S 0l(M))|x\{0} -

It follows that RHomc, (Cy,-#ol'(M)) is weakly-R-constructible on X and
R-constructible on X \ {0}.
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Since Homg,, (Cy, L 0l*(M)) is a subsheaf of Homg, (Cy, % 0l(M)) and
RHomc, (Cy, S 0l*(M)) is concentrated in degrees 0 and 1, it remains to prove
that the stalk at 0 of Ext¢ (Cy,.0l'(M)) has finite dimension.

Since RHomc, (Cy, Lol (M)) is weakly-R-constructible, there exists an
open ball B such that

(4.4.1) Extg (Cy, Fol'(M)), ~ R'Homc, (Cynp, S ol (M)) .
Recall that .#ol*(M) is represented by the complex
0— O%.. L, 0%..—0

and that O}m is T'(V,-)-acyclic for V' € Op%,_ . It follows that the object
RHomc, (Cy, L ol*(M)) is represented by the complex

T(U, ZLol'(M)) :=0 — O%_(U) 2> 0% (U) —0.
In particular
R'Homc, (Cy, L ol'(M)) ~ H' (T'(U, Lol*(M))) .

We conclude the proof by showing that H' (I'(U,.%0l'(M))) has finite dimen-
sion.

First consider the case 0 € U. By (4.4.1), we can suppose that U is an
open ball. Then, by Lemma 4.2, we have

HY(D(U, #0l'(M))) ~ H' (D (U, Sol(M)))

and the conclusion follows.

Suppose now that 0 € 9U.

By Theorem 3.2 and Lemma 3.2, there exists a finite covering {Uj}
Covse(U) such that, for any K C J

s €

(4.4.2) H' (L' (Uk, Lol"(M))) =0,

where we have set for short Uk := Nge g Ug-
Arguing by induction on n > 1, we are going to prove that, for any n > 1
and Ky,...,K, C J,

HY(D(Up_, Uk, , Lol'(M)))

has finite dimension. This will conclude the proof.
If n = 1, the result follows at once from (4.4.2).
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Suppose now that, for any Ki,...,K/,_; C J,
(4.4.3) dim H'(T(UpZ{ Uk ,-0l"(M))) < +oo .
Consider K, ..., K, C J and the following distinguished triangle

(4.4.4) T(Up, Uk,, S ol (M) —
L(UpZ) Uk, , Lol' (M) & T (U, , S ol' (M) —
I'(UpZi Uk, NUk,, S ol'(M)) A,

Clearly Uk, N Uk, = Uk,uk,. Then (4.4.3) implies that the second
and the third term of the distinguished triangle (4.4.4) have finite dimensional
cohomology groups.

The conclusion follows. O
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