Publ. RIMS, Kyoto Univ.
43 (2007), 923-943

Convergent and Divergent Solutions of Singular
Partial Differential Equations with Resonance
or Small Denominators

By

Masafumi YOSHINO*

Abstract

We show the solvability and nonsolvability of a singular nonlinear system of
partial differential equations with resonance in a class of functions holomorphic in
some neighborhood of the origin. These results are applied to the normal form theory
of a singular vector field.

§81. Introduction

In this paper, we study the solvability and nonsolvability of a singular
nonlinear system of partial differential equations which appear in the normal
form theory of vector fields. It is well-known that under the Poincaré condition
or a Diophantine condition the sytem of equations has a convergent power series
solution locally. (cf. Remark 2.) We are interested in the solvability in a class
of convergent power series without any Diophantine condition although there
are infinite resonances or small denominators. We are also interested in the
divergence caused by the presence of a nontrivial Jordan block in the linear
part. Because the singular operator which we consider has infinite resonance
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or small denominators, a standard energy method or an iterative method does
not work due to the presence of high loss of derivatives.

To our best knowledge, few results are known for such operators. One
interesting approach for the problem is the geometric viewpoint. To be more
precise, let us consider an equation appearing from a Hamiltonian vector field.
Clearly, the normalizing transformation satisfies an equation with infinite res-
onance. (cf. (2.2).) It is well-known that the formal power series solutions of
the equation do not converge in general. Due to Ito and Zung, the convergence
is equivalent to the existence of a certain number of integrals. (cf. [1] and [5].)

We shall give a rather simple wide class of nonlinear perturbations for
which one can always find a convergent solution, which is different from an
integrability condition because we put no restriction on the resonance dimen-
sion. (cf. [1] and [5].) We also construct a Liouville type linear part and a
nonlinear perturbation for which a divergence of a (unique) solution occurs.
(cf. Proposition 3.1.) This especially shows that our sufficient condition of a
nonlinear perturbation is necessary in general.

We are also interested in the divergence phenomenon caused by the pres-
ence of a nontrivial Jordan block of the linear part in a Siegel case. In fact, if this
is the case, then the solutions corresponding to the normalizing transformation
generally diverge even if we assume a Diophantine condition. (cf. Proposition
3.2.) Theorem 2.1 also gives a convergence criterion for these operators.

This paper is organized as follows. In Section 2, we state convergence
results. In Section 3, we study the divergence and Diophantine phenomena. In
Section 4, we prepare necessary lemmas. In Section 5 we prove our theorem.

82. Convergence Criterions

Let = *(z1,...,2,) € C", n > 2 be the variable in C", and R be the
set of real numbers. Let A be an n-square constant matrix. Let Ly be the Lie
derivative of the linear vector field Az - 9,

(2.1) Lav = [Az,v] = (Ax, 0,v) — Av,

where (Ax, 0,v) = Z?zl(Ax)j(ﬁ/ﬁxj)v, with (Ax); being the j-th component
of Az. We consider the system of equations

(2.2) Lau = R(u(x)),
where u = *(uy,ua, ..., u,) is an unknown vector function and

R(z) = (Ri(2), Ra(@), . .., Bu(2))
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is holomorphic in some neighborhood of # = 0 in C" such that R(z) = O(|z|?)
when |z| — 0. The equation (2.2) appears as a linearizing equation of a singular
vector field. (cf. [4]). Because we can always reduce A to a Jordan normal form
by the linear change of the unknown functions U = Au, we may assume that
A is put in a Jordan normal form. Moreover we assume that there exists 3 7,
0 < 19 < 7 such that

(2.3) every component of e A is a real number.

It follows that if A; (j =1,2,...,n) are the eigenvalues of A with multiplicity,
then we have

(2.4) 37, 0<p<m e ™\ eER (j=1,2,...,n).
If we set u(z) = z+v(x), v(z) = O(|z|?), then v satisfies the following equation
(2.5) Lav = R(z + v(x)).

Let Z, be the set of nonnegative integers, and let Z (k) (k > 0) be the
n-product of Z, v = *(v1,72,-..,Vn) such that |y] =1 +v2 + -+ + 7, > k.
For v € Z, we set 27 = a{* ---z}». For k > 0 and n > 1, we denote by C}[[x]]
the set of formal power series Zlank uyz” (u, € C"). We also define the
convergent n-vector power series which vanishes up to the (k — 1)-th derivative
by Cp[z]. We decompose A = Ag+ Ay, where Ag and Ay are the semi-simple
and the nilpotent part of A, respectively. We denote by Ly the Lie derivative
of the linear vector field Agx - 0.

For a formal power series f(z) = >__ f,27, we define the majorant of f,

M(f)(x) by
(2.6) M(f) = 31l
For a vector f = (f1,fe, ..., fn) we define M(f) = (M(f1),M(f2),...,

M(fn)). For a formal power series with real coefficients a(z) = }__ a,z7 and
b(z) =>_, bya?, we define a < b if ay < b, for all v € Z%. We define

(f1(2); fo(), -, ful(2)) < (92(2), 92(2), - - gn(2))

if fi(z) < gj(x) for j=1,2,...,n.
Let ¢ > 0 be a constant. Let A, (resp. A_) be the set of g(z) =
t(g1(),...,gn(x)) € CH[z] such that

(2.7) (Lag —c)M(g) >0 (resp. (Lag +c)M(g) < 0)



926 MASAFUMI YOSHINO

and that g(z) is a finite sum of the functions f = *(f1, f2,-- ., fn) € C2%[x] with
the following expansion at the origin

(28) fj(x) = xl/ij,"/x’Y’ fj,v € (C7 .] = 1527' - N,
v

where v is such that the j-th and the v-th components of Ag belong to the same
Jordan block of Ay. We can prove that Ay are linear spaces. (cf. Lemma 4.3.)
Then we have

Theorem 2.1.  Suppose that (2.3) holds. Let R(z) € Ay. Assume
that R(x) is a polynomial with degree < ¢+ 1 if Ay # 0. Then, (2.5) has a
holomorphic solution in some neighborhood of the origin x = 0.

Remark 1. If we drop the conditions of Theorem 2.1, then we encounter
the divergence caused by small denominators and the presence of a Jordan
block. More precisely, we have
(a) If ¢ = 0, then Theorem 2.1 does not hold in general because of small
denominators. Namely, the condition Ly, M(R) > 0 or Ly ,M(R) < 0 is not
sufficient. (cf. Proposition 3.1.)

(b) There exists R such that neither Ly, M (R) < 0 nor Ly M (R) > 0 holds
for which Theorem 2.1 does not hold. This follows from Proposition 3.1 in view
of the arbitrariness of R’ in Proposition 3.1.

(c) If A is not semi-simple, then there exists R which is not a polynomial such
that Theorem 2.1 does not hold. This follows from Proposition 3.2.

Finally we note that because (2.5) has infinite resonance in general, the
uniqueness of a solution in Theorem 2.1 does not hold in general.

Remark 2.  We will briefly review the notions used in this paper. Let
Aj (J = 1,2,...,n) be the eigenvalues of A with multiplicity. We say that
Aj (7 = 1,2,...,n) satisfy the Poincaré condition if the convex hull of \;
(j = 1,2,...,n) in the complex plane does not contain the origin 0 € C. We
can easily see that the Poincaré condition is equivalent to the following estimate:
there exist C' > 0 and K > 0 independent of « such that

(2.9) (A, a) = Aj| > Cla|, Vo= (a1,a,...,a,) €ZY, || > K,

for j =1,2,...,n, where A = (A1, A2,..., Ap) and (N, a) = Y7 Nia,.
For a = (a1, a9,...,0,) € Z" we define [|a|| = Y| |oi|. We say that
A € R" is a Diophantine vector if there exist 37 > 0 and 3C' > 0 such that

(210) (A a)—A|>Cla|™ ", VaeZ" o >2 j=1,2...,n
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We call (2.10) a Diophantine condition. The vector which does not satisfy a
Diophantine condition is called a Liouville vector. By considering the special
case of (2.10) we have the classical definition of a Diophantine number. We
say that a number ¢t € R\ Q is a Diophantine number if there exist 7 > 0 and
C > 0 such that for every p,q € Z, ¢ > 0, one has [t — £| > Cq=2~". The
Liouville numbers are the complement of Diophantine numbers in R\ Q.

Finally, we give the definition of a Brjuno type Diophantine condition. We
set £;(a) = (A, a) — \; and define

(2.11)  wy, = inf{|4;(a)];£;(a) # 0,0 € Z",2 < ||la|| < 2%,5 = 1,2,...,n},

where £k = 1,2,.... Then we say that \ satisfies the Brjuno type Diophantine
condition if

1
(2.12) -3 % < +o0.
k>0

We can easily see that a Diophantine vector satisfies (2.12).

83. Divergence and Diophantine Phenomena

In this section we study divergence caused by small denominators and the
presence of a Jordan block. We consider in z € C?

(3.1) Lau = R(z + u), A= ((1) _07_> )

where 7 > 0 is a Liouville number chosen later and v = O(|z|?). Then we have

Proposition 3.1.  For every R'(x) holomorphic in some neighborhood
of the origin, there exist a Liouville number 7 > 0 and a holomorphic pertur-
bation R"(z) # 0 such that Ly¢M(R") > 0 or Ly M(R") < 0 holds and that
the unique formal power series solution of (3.1) with R = R’ + R" diverges.

Proof. We construct an irrational number 7 by the continued fraction

expansion 7 = [a1, ag, ...}, a; € N. Namely, if we define the sequence {p,} and
{an} by
(32) Pn = QpPn—1 + Pn—2, n Z 2ap0 = Oapl - 1;

Gn = GnGn-1+qn-2, N =>2,q90=1,q = ay,
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then we have p, /¢, — 7 (n — 00). Moreover, we have (cf. [3])

1
(an-‘rl + 2)%21

1

2
an-‘rlqn

_Pn
an

(3.4) n>0.

<‘T <

We substitute the expansion of u = (u1,u2) and R;(x + u),

C— )
Uj = E :uwﬂj )
[n|>2

Rj(x +u)= Z Rj~(z1 + Z up )M (22 + ZuQ,nx")'y"’

[v[>2

into the equation (3.1). Then we have the recurrence relations

(3.5) (m =702 = Dury = Ruy + Pyalujs, 0] < [nf,j = 1,2),
(3.6) (m =m0z + T)uz,y = Roy + Py a(uje [0] < |0l j = 1,2),

where P, ; is a polynomial of uy s’s with coefficients given by the expansions
of R. Now suppose that a1, as,...,a, are given. We determine p,, and g,, by
(3.2) and (3.3), and we want to determine u;, with n = (p, + 1,¢,) from
(3.5) assuming that u;s (|6] < |n|, j = 1,2) are already determined. This is
possible if 7 avoids a finite number of rational points. If the absolute value of
P, 1(ujs, 6] < |nl,j = 1,2) is smaller than 2/7+1  then we take R; , such that
|R1,| = 2- 3. On the other hand, if the absolute value of P, 1(ujs,|d] <
In|,j = 1,2) is larger than 2/"¥1 then we take R;, such that |R;,| = 2"l
It follows that the absolute value of the right-hand side of (3.5) is larger than
2. In view of (3.4), we determine a, 11 such that |uy 41,4y > (P + @n)!-
This is possible if we take a,41 sufficiently large. Moreover, by the definition
of continued fractions we see that the approximant [aj, as,. .., a,+1] avoids the
finite number of rational points given in the above if we take a,1 sufficiently
large. Next we determine p,+1 and ¢,+1 from (3.2) and (3.3). Then we want
to determine us ,, with 7 = (pp41 + 1, gn+1) from (3.5). We can determine the
terms u; 5 (0] < |n|, s = 1,2) if 7 avoids a finite number of rational points. This
is possible if a, 19 is sufficiently large. Then we repeat the same argument as
in the above. Clearly, R(x) is holomorphic in some neighborhood of the origin.
On the other hand, if we take a,+1 so that a, is larger than polynomial order
of gy, then it follows from (3.4) that 7 is a Liouville number. Therefore we can
determine a Liouville number 7 so that we have a divergent formal power series
solution u = 37, <, una".

By the definition of a continued fraction expansion, we have p,, +1 —7¢q,, —
1>0o0rp,+1—7g, —1 < 0 according as n is odd or even. For simplicity,
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we take p, and g, for odd n. If we take R{, appropriately, then we have
Ry, # 0 and the support of R, is contained in 7y — 772 —1 > 0. This
proves that Ly,M(R"”) > 0. By a similar argument we can also treat the case
Ly ,M(R") < 0. This completes the proof. O

Remark 3. We know that almost all nonlinear perturbations of a Liou-
ville type linear operator has a divergent solution. (cf. [2]) Our result shows
that for any nonlinear perturbation there exists a Liouville number 7 such that
the divergence occurs if we add a limited type of nonlinear perturbations.

Next we study the divergence caused by the presence of a nontrivial Jordan
block even if a Diophantine condition is verified. We consider in 2 € C?

1 0 0
(3.7 Lau = R(z + u), A=|0 —7 -11,
0 0 -7

where 7 > 0 is an irrational number and u = O(|z|?). Then we have

Proposition 3.2.  Let ¢ > 0. For every irrational number 7 > 0 there
exists R # 0 which is not a polynomial such that (Lan, — ¢)M(R) > 0 or
(Lag + ¢)M(R) < 0 holds and that the unique formal power series solution of
(3.7) diverges.

Proof. Let K be such that K > c¢+2. We denote by [c] the largest integer
which does not exceed c. Then we define

(3.8) Ri(z)= x[lc]+2]:21(x1), Ry(z) = Z zia), Rs(z) =0,

max{c,2}<i—7j<K

where R; is holomorphic at the origin such that Ry > 0. We can easily see
that (Lo, — ¢)M(R) > 0.

We will construct the solution v = (u1,us,us) of (3.7). We set uq(x) =
z1wi(xz1). Then it follows from the first equation of (3.7) that w; satisfies
101w = w[le(l + wl)[d”}?l (21(1 +wq)). By the elementary computations,
we can easily show that the equation has a holomorphic solution w;(x;1) such
that wy > 0. Next ug satisfies (x101 — 72202 — Tx303 — x302 + T)ug = 0. By
the irrationality of 7, we have uz = 0.

Next, by the second equation of (3.7) ug satisfies

(39) (33181 — 72909 — Tx303 — 309 + T)’U,g = Rg(l‘l(l =+ wl), To + UQ).
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We denote by g(z) the right-hand side of (3.9). By the expansions ugs(x) =
Yoo 2,0z and g(x) =Y gox®, we define the vectors U and G by

(3.10) U = "(Ug (ay N—t,0))00r G = "(Glar N—,0)) f0>

where we may assume that N + a3 > 2,N,ay € Z;. Indeed, by (3.8) and
(3.9) one may assume that the order of g(z) is greater than 2. Hence in the
definition of G in (3.10) we may assume that N +a; > 2,N,a; € Z;. On
the other hand, because the differential operator in the left-hand side of (3.9)
preserves homogeneous polynomials, we may assume the conditions for U. By
substituting the expansions of g(x) and uz(z) into (3.9), we have

(3.11) (1 =N +7)U — MpNU =G,

where My is given by

0 0 0 0 0 0
N 0 0 0 0 0
0 N—1 0 0 0 0
(3.12) My=|0 0 N-2...0 0 0f nN>1,
0 0 0 2 0 0
0 0 0 0 1 0

and My = 0. By inductive arguments we get

4
1 (N—247)!
(3.13) g (o, N—t) = (1 —7N+ 1 (N —0) (o, N—Ll+r,0—7)
=0

T

for £ =0,1,..., N, because ;1 — TN + 7 # 0 by the assumption a; + N > 2
and the irrationality of 7.

We set L := 2101 — 72202 — T2303. By the definition of Ry, we obtain
(L — ¢)M(R3) > 0. Because the order of xyw;, us or Ry is equal to or greater
than 2 by the constructions of w; and we or the definition of Ry, it follows
that, in the Taylor expansion of the right-hand side of (3.9) the terms x®
(a1 + N =2, + a3 = N) appear only in the expansion of Ry(x1,x2). Hence,
we see that (£ — ¢)M(uz) > 0 up to the terms of order 2. Now, suppose
that (£ — ¢)M(uz2) > 0 holds up to order k. Then, we want to show that
(L—c)M(g) > 0holds up to order at least k+1. Indeed, in view of the definition
of g we may consider the terms of order less than or equal to £+ 1 which appear

in 23 (1 +w;)"(z2 + u2)?. Let us consider the term () (Z)x’iw{xé_“u’g, (v>0
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and 0 < < j). Then, by the definition of g we have (£ — ¢)M (xia ™) > 0
because i — 7(j — p) > i — 7§ > ¢. On the other hand the terms of order less
than or equal to k + 1 appearing in u} satisfies (£ — ¢)M(-) > 0. Similarly we
have (L — ¢)M(wY) > 0. Hence we have the assertion. It follows from (3.9)
that (£ — ¢)M(uz2) > 0 holds up to order at least k + 1. By induction, we
obtain (£ — ¢)M (ug) > 0. Because 7 > 0, it follows that (£ + 7 — ¢)M (uz2) >
(L — ¢)M(uz) > 0. On the other hand, we have that (£ —1 — ¢)M(uy) > 0,
because the order of u1 = uq (1) is greater than [¢]+2 by the construction. We
also have (£ + 7 — ¢)M (u3) = 0 > 0. Therefore we have (Lp, — ¢)M (u) > 0.

Next we will show that ug > 0. Indeed, by the relation (£ —¢)M (uz) > 0
we see that the support of the Taylor expansion of us satisfies that a3 — 7a —
Taz > ¢ > 0. Because R > 0, it follows from (3.13) that the coefficients in
Taylor expansion of us of homogeneous order 2 are nonnegative. Namely, we
have ug > 0 up to order 2. Hence, we have g(z) > 0 up to at least order 3,
because R > 0. It follows from (3.13) that ug > 0 up to at least order 3. By
inductive argument, we have uy > 0.

We will show the divergence. By the definition of g, we can write g, =
Jo + ha, where g, comes from Ry(z) and h, comes from terms containing
wy and ug. By the assumption and what we have proved in the above, we
have g, > 0 and h, > 0. Because §(a, n,0) = 1, it follows from (3.13) that
U2, (a1,0,N) = N!(a;—7N+7)~N~1, Hence u, diverges. This ends the proof. [

84. Preliminary Lemmas

In order to prove lemmas, we use subspaces of A4. Let f € A_ be given
by (2.8). For p > 0, we introduce the norm of f by

(4.1) 1l = S MU 0) = 30 S 14101,
Jj=1 Jj=1 v
if the right-hand side is finite. The set of all f such that || f||, < oo is denoted
by A_ ,. We similarly define Ay ,. If we make the change of the variables
x; — £x;, then we may assume that p > 1 in the above definition. Hence we
assume p > 1 in the following. For the sake of simplicity, we sometimes omit
the suffix of the norm || - ||,,, and denote it by || - || if there is no fear of confusion.
Let the operators Q1 on the spaces A+ be defined by

+oo
(4.2) QuV(z) = — / AV (A )dt, Ve As,
0

if the right-hand side integral converges. We denote by A% the subset of ele-
ments of Az which are polynomials in . Then we have
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Lemma 4.1.  Suppose that (2.3) holds. Moreover, assume that Ay = 0.
Then, Q+ 1is a continuous linear operator on Az into Ax such that LaQ+V =
V' for every V. € Ax. Moreover, there exists c1 > 0 such that |Q+V |, <
allVll, for all Ve Az. If Ay # 0, then Q+ is a linear operator on A% into
A%

Proof. Because the proof is similar, we prove the lemma for ;. By
multiplying (2.5) with e~™, we may assume that all components of A are
real. For V(z) = *(Vi(z),Va(x),...,Va(2)) € A, let Vj(z) = 32 27V;,
(7 =1,2,...,n) be the Taylor expansion of V;(z). We set A = *(A1, A2,..., An).
We write A = Ag+ Ay, where Ag and Ay are the semi-simple and the nilpotent
parts of A, respectively. Because [Ag, Ax] =0, we have

(4.3) e AV (ehr) = e TN e As Y (),
Since (ef*z)Y = (e*vz)7et) it follows that the j-th component of
e tAsV (eth2) is given by
@) ey, = Y (e,
B! v

On the other hand, it follows from (2.7) that, for every v € Z(2) and j =
1,2,...,n, we have (\,7) — \; < —c < 01if V;, # 0. Hence we obtain

(4.5) exp(t(\, ) —tAj) <e ', Vt>0.

It follows that for each ¢ > 0, the sum (4.4) converges.

If A is semi-simple, i.e., Ay = 0, then it follows from (4.4) and (4.5) that
the integral (4.2) converges. If Ay # 0, then we see that the growth of terms
appearing in (e/*~¥z)7 is at most th1¢=1  where ¢ > 2 is the maximal size of
the Jordan block of Apy. Because we assume that V' is a polynomial in case
AN # 0, it follows from (4.3), (4.4) and (4.5) that the integral in (4.2) converges
and it is a polynomial of x.

Because the substitution 27 — (e**z)7 preserves the property (2.8), we see
that @4V is a finite sum of vector functions whose components satisfy (2.8).

Next we will show that (Las + ¢)M(Q4+V) <« 0. We note that every
monomial % which appears in (e!A~¥2)7 satisfies (\,7) = (), §). Indeed, the
map x — e~z induces a linear upper (lower) triangular transformation among
the components of x corresponding to the same Jordan block. Because \;’s
coincide with each other for such components, we have the assertion. In view
of the definition of @, the condition (\,7) — A; < —c is preserved by the
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operator Q4. Hence we have Q4 V € A_. Therefore Q4 : A_ — A_ is
well-defined if Ay = 0. We remark that the above argument also shows that
Qs : A% — A° is well-defined if Ay # 0.

Next we will show that Ly@Q+V =V for V € A_. For every V € A_ we
will prove

(4.6) e" ™M Az, 0,)V (ethz) = e*tA%V(etAx), t>0,

in some neighborhood of the origin x = 0 independent of ¢, 0 < ¢ < co. Indeed,
by the relation 9,V (et*z) = (VV) (et 2)e! we have

(4.7 (Az,0,)V (e z) = (VV) (e 2)e Az
ino D oan Ao
=(VV)(e Ax)ae Ap = EV(e Ax).

This proves (4.6) for each ¢ > 0 and z in some neighborhood of the origin. If
Ay =0, then we have

—in d -
e tAav(etAl,) _ ;<A77>et()\,y) Astvﬂyx'y,

where V(z) = 37 V,27. Because |etA M =Ast|| < 1 for all t > 0, we see that
the right-hand side is holomorphic in some neighborhood of z = 0 independent
of t. By an analytic continuation, (4.6) holds for all 2 in some neighborhood
of the origin independent of ¢, ¢ > 0. This proves (4.6).

By (4.6) we have

(4.8) LaQ4V =((Az,0:) — M)Q+V

:7/ e_tA<Ax,81>V(etAx)dt+A/ e AV (et dt
0 0

:f/ e*tAiV(etAx)dtJrA/ e MV (M) dt
0 dt 0

d

=— /000 pr (e*tAV(etAx)) dt =V (z).

Finally we shall prove the estimate. If A is semi-simple, then we have
Q+Vj(z) = - Zx”/ exp(t(\,7) — tA))dtV = D a7 (A7) = A) Vs
2l 0 ¥

Therefore, there exists ¢; > 0 independent of V' such that ||Q+ V|, < ¢1||V]|,.
This ends the proof. O

For the later use, we give several lemmas.
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Lemma 4.2. If f € Cllz], g € C'[z] and c is a complex number, then
M(fg) < M(f)M(g), M(f+g) <M(f)+M(g) and M(cf) < [c[M(f).

The proof is clear from the definition.

Lemma 4.3.  Assume that 0 < f < g and ¢ > 0. If (Lpas +¢)g < 0,
then (Lag + ¢)f < 0. Similarly, if (Lag —¢)g > 0, then (Lag —¢)f > 0.

Proof. Suppose that (Lx, +¢)g < 0. If f =" fya7 and g = ) g,2”,
then ((\,7) +¢)gy < 0and 0 < f, < g,. If g = 0, then we have f, = 0
and hence ((A\,7) + ¢)f, < 0. On the other hand, if (\,v) + ¢ < 0, then
((A,7) +¢)fy <0. This proves that (Lag +¢)f < 0. We can prove the latter
half similarly. ]

Remark 4.  The spaces A4 are linear spaces. Indeed, let f,g € A_ and
a € C. The condition (2.8) is easily verified for f+g or af. Weset £ := Ly, +c
(¢>0). Then LM(f) <« 0 and LM (g) < 0 imply that L(M(f)+ M(g)) < 0.
Because M(f + g) < M(f)+ M(g) by Lemma 4.2, it follows from Lemma 4.3
that LM (f + ¢g) < 0. This proves that A_ is a linear space. The proof is the
same for A, .

Lemma 4.4. Let p > 0. For u,v € C"[z]| such that ||u||, < oo and
[vllp < o0, we have |lu- v, < [lulo]|v]],-

This is clear from the definition.

85. Proof of Theorem 2.1

Proof of Theorem 2.1.  We will prove the theorem in the case R € A_.
The proof is the same in the case R € A,. If there is no fear of confusion,
we omit the suffices and we simply denote A and @ instead of A~ , and Q+ ,,
respectively. Similarly, we sometimes omit the suffix of || - ||, and write || - ||
instead of || - || ..

In order to solve (2.5) we set v = QV. By Lemma 4.1, Eq. (2.5) can be
written in the form

(5.1) V =Rz +QV),
if Ay = 0. In view of this we will solve (5.1). We define the sequence {V7},; by

(5.2) VO =R(z), V! = R(z +QV°) — R(x),



DIVERGENT SOLUTIONS OF SINGULAR PDE 935

(5.3) VIl = Rz +QV 4 +QVI) —R(z+QV°+-- - +QVI™Y) i =1,2,...

In order to show that V7’s are well-defined we first consider the case Ay # 0.
By Lemma 4.1 and the assumption, we see that V° and QV° are polynomi-
als. Hence, by (5.2) V! is a polynomial. Inductively, we see that V7’s are
polynomials. We will show that V7 € A°. For this purpose, we will prove
that R(z + QV) € A% if V € A°. Indeed, if we can prove this, then we have
R(z +QV?%) € A° Tt follows that V! = R(z + QV°) — R(z) € A°. Next we
have VO + V! € A% and thus V2 € A% By the induction we have V7 ¢ A°
(j=0,1,2,...).
In order to show (2.8) we write

(54)  Rj(@+QV)=) Rj,(+QV)' =) R, H(xi +(@QV))™,

where (QV); is the i-th component of QV. Because QV € A%, (QV); is the
sum of the functions h,, with h, being divisible by x,, where z}, and x, belong to
the same Jordan block. If R;(x) is divisible by x} with x) and z; belonging to
the same Jordan block, then it follows that R;(z+ QV') is the sum of functions
divisible by some z, with x, and x; belonging to the same Jordan block. Hence
(2.8) holds.

Next we will show that (La, + ¢)M(R(- + QV)) < 0. Let 27 be any
monomial appearing in the right-hand side of (5.4). Because (L, +c¢)M(R) <
0 by the assumption, it follows that the 7’s in (5.4) satisfy that (X,7)—X; < —c.
In view of the relation QV € A°, (QV); can be expanded in the power series
of 2% such that (), 8) — \; < —c. If we expand (z; + (QV);)" in the right-hand
side of (5.4) into the power series of x, then we see that 2" appears if some
x; in 27 is replaced by 2 appearing in (QV); a finite number of times. If 27
turns into x” by the one substitution, then we have

A =X =7 =X =N+ (N6 <2< —c

By the similar argument, we have the estimate (A, ) — A; < —c in the general
case. Hence R(x + QV) satisfies (Lag + ¢)M(R(- + QV)) < 0. This proves
that R(xz +QV) € A°.

Next we consider the case Ay = 0. Let V € A. Because @ is continuous
by Lemma 4.1, R(z + QV) is well-defined in some neighborhood of the origin if
[IV|| is sufficiently small. We will estimate ||R(- + QV)||,. By making the scale
change of the variables, if necessary, one may assume [|R|[2, < €. By Lemma
4.1, Lemma 4.4 and (4.1) we have

(5:5) IR(+QV)llp < D 1Rjnl(p+ eV,

V53
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If ||V, < e for sufficiently small e such that c¢;e < p, then the right-hand side
of (5.5) is bounded by ¢ because ||R||2, < €. On the other hand, by the same
argument as in the case Ay # 0, we can prove that R(x 4+ QV') € A. Therefore,
one can define V7 € A (j =0,1,...) by (5.2) and (5.3) inductively.

Next we will prove the convergence of {V7} in A. For this purpose we will
show that there exist constants ¢y > 0 and Ky > 0 independent of j such that,
for j=0,1,2,...,

V7] < cge?*,

1QV7|| < Kol V7.

Clearly we have ||V°|| = || R|| < € by the definition. Next we will show (5.7) for
j =0. If Ay = 0, then the estimate follows from Lemma 4.1. Hence we may
assume Ay # 0. Let dy be the degree of R. By Lemma 4.1 we have QV° € A°.
By the definition we have

(5.8) QV° = —/ e VO (et ) dt = —/ e AN gm0 (ot )t
0 0

We set

(5.9) W(t,x) = (Wi(t,z), ..., Wa(t,z)) := e AsV0(err).

Then the components of the first Jordan block of e *ANW are given by

3

t2 t
(510) Wl_tW2+EW3_§W4+"'

t2
WQ—tW3+§W4_"'

There are finite number of similar terms corresponding to every Jordan block
of e " ANV Hence we can easily see that ||QV?]|, is bounded by the following
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quantity
S| 7wt S| et
k=0 ’ k=0 ’

<Z/ -7 Wi (2, ||dt+2/ = [Wiga(t, )l dt + --
= [T [T na o

0

+/OOO|W3(t,-)| <1+t+ 2>dt+
sg / Bo(t) | (¢, ) |t

where By(t) = S0t /!, We write VO = (V2, VP, ..., V), and expand vy

(1 <j < n) into the Taylor series V) = >°_ V) 27. Then, by (5.9) we have

(5.12) Wit @) = ™M VP (M) = ™ Zvo thy
— Z et(A,»y)—tAj Vj?w(etANx) )
Y

Because the sum with respect to + is finite, we have
(5. 13

/ B e < 31V [ Bt 0= ey
On the other hand, we have

(5.14) Iy, < ph (e ey < ol 37 (e,
[vI<do

where € = (1,1,...,1). In terms of the estimate (X\,7) — \; < —c (j =
1,2,...,n) and (5.14), the right-hand side of (5.13) can be estimated in the
following way

(5.15) <>,
Y

Bo(t)e Z (eAN@)ddt

[0|<do

< K(do) Y- pMV0,| = K(do) [V,

3y
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where K (do) = [ Bo(t)e Y 5<q, ("~ €)°dt. Therefore we have [|QV?||, <
K(do)||VO|,. If we set Ko = max{K(dy), c1} with ¢; given by Lemma 4.1, then
we have (5.7) for j = 0.

Next we will prove (5.6) for j = 1. It follows from (5.2) that

1
(5.16) IVl < IIQVOII/0 IVR(- +7QV°)||dr.

In order to estimate ||[VR(- + 7QV?)|| we make the same argument as in (5.5).
Indeed, if we have the estimate

(5.17) > IRjq

ol

M(©20)" < 26, G=1,2,...,m,

for some constant co > 0 independent of €, then we obtain
(5.18) IVR(+7QVO)| < cae, ¥r,0 <7 <1,

if K(dp)e < p. The estimate (5.17) follows from the assumption ||R|2, < € if
we replace p > 1 with 1 < p’ < p. For the sake of simplicity we assume that
(5.17) holds in the following.

Therefore we get, from (5.16) that

1
(5.19) VY < K(d0)0252/ dr = coe?,
0

where ¢g = K(dg)ca.

Next we will estimate ||QV!||. In view of Lemma 4.1 we may assume that
An # 0. We write V1 = (V1 V..., V1) and consider the Taylor expansion
Vi (z) =32, V;l,a". Here the sum is a finite one. We will show that for every
v such that V;'. # 0 we have

(5.20) (M) =X <~ (1l = 1),

Noting that V}' = R;(z+QR)—R;(x), we first consider R;(z). Because R € A°,
we have (\,7)—\; < —c(j =1,2,...,n) for every z7 in the expansion of R;(x).
Because |y| < dg, we have

do—1

C
21 -\ < —c=— < - -1 =1,2,...,n.
(5 ) <)‘77> A] — & Cd()—l — d0_1(|7‘ )v .] )<y ,

Next we will prove (5.20) for R;(z + QR). We note that QR satisfies
(5.20) because QR € A° and QR is the polynomial of degree dy. We set
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z = r+ QR and we consider Rj(z) = Y ; R;j2° = > R; 27, where we
expand 2’ = (z + QR)? into the polynomial of z in the right-hand side. Then
x7 appears in the expansion of R;(z+QR) in the following way. In the term z?,
some x;(1) (1 < j(1) < n) is replaced by 29" which appears in the expansion
of (QR);(1), where (QR);(1) is the j(1)-th component of QR. Next some x ;)
(1 <j(2) < n) is replaced by 29 which appears in the expansion of (QR) (2.
In the same way, some x(;) (1 < j(k) < n) is replaced by 29" which appears in
the expansion of (QR);(x), (k = 1,2,...,v). It follows that y has the expression

(5.22) y=3+0W —e;q) + 6@ —ej)+ -+ —ej.
By noting that QR € A° and by the same calculations as in (5.21) we have
c
5 —1
(9]~ 1),

(524) (A ®)) = Ny < —c < ,ﬁ(w(m 1), 1<k<w
-

(5.23) AG) =N <—c<—

Hence, by (5.22) we have

(5.25) (A) — A = (A, 0) — \j + XV:(Q, 6™) = Ajew)
k=1

C Y C
<— —1 B 1)) = — -1 i=1,2,....n.
< d0_1(|5\ +;(I5 | —1)) do_l(hl ), i=12,....n

This proves (5.20).
We will estimate ||QV1!]|. By the same argument as for ||QV°|| we have

5:20)  1QVI,<TIVE [ Bal)e e
Iy 0
S
j7‘7‘21’0 j;|7|<’/0

where V1 = Zw Vj%,yac'y and vg is a sufficiently large integer chosen later. We

consider I;. We have
[(et*¥2)7], < p"! x (a polynomial of ¢ with degree determined by vp).

On the other hand, we have (A\,7) — A; < —c and ¢ > dy — 1 > 1 by the
assumption. It follows that I; can be bounded by

(5.27) L < Z |le,y\,0MK17

j7‘7‘<l’0
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where K depends on vg.
Next we consider I. By the definitions of the norm and e~V we have

(5:28) Iyl < (et ey < phleth,

where € = %(1,1,...,1). Hence, by (5.20) we have

o t t
(529) L < Z |‘/j%'y|p|ﬂy|/ By(t) exp ( ct_ el + t7|> dt.
dilI=vo 0 do—1 do—1

By the assumption ¢ > dy — 1 there exists x > 0 such that (¢/(dy—1) —1) > &.
We take v so that ¢/(dp — 1) < kvp. Then we have

ct ct|y|
do—1 dg—1

ct c
+thyl < do—1 — Kty <t (ﬁ —IWO) -

Hence the integral in the right-hand side of (5.29) converges and it is bounded
by some constant K, independent of . Therefore we have

(5.30) I <Ky» [V |,
Y
We note that Ky and K5 depend on ¢, dy and the dimension n, and are inde-
pendent of v. By (5.26), (5.27) and (5.30) we have
(5.31) 1QVHl, < Lo+ I < KoV,

where Ky = max{K;+ Ko, K(dy), c1} with ¢; given by Lemma 4.1. This proves
(5.7) for j = 1.

We will prove (5.6) and (5.7) by induction. Suppose that we have proven
(5.6) and (5.7) for j =0,1,2,..., k. Then, by (5.6) and (5.7) we have

k k
(5:32) QO+ + VI < Ko YoV < Koe Y _(eco)” = 2Koe,
v=0 v=0

if eco < 1/2. Hence, if p+2Koe < 2p, then VF*1 is well-defined. Moreover, by
the definition we have
1
(5.33) VM <@Vl / IVR(-+QV® + -+ QVF! 4+ 7QV¥)||dr
0
< Kockeftlege = cftleht?

)

where ¢y = Kgco. Here we used the estimate

IVR(-4+QV° 4+ - + QVF 1 4 7QVH)|| < coe,
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which follows by the similar argument like (5.18).
Next we will prove (5.7) for j = k+1. If Ay = 0, then the assertion follows

from Lemma 4.1. Hence we assume Ay # 0. Let VETL = {(VFTL | yk+1)
and let ijH(:c) =2, lef;rlx’y, (j = 1,2,...,n) be the Taylor expansion.

First we will prove (5.20) for « such that V]k:;'l # 0. We will prove this by
the induction on v of V. Suppose that (5.20) holds for V', (v =0,1,...,m)
(m < k) in such a way that R;j(x+QV°+---+QV") (v=0,1,...,m—1) also
satisfy (5.20). We have already proved the assertion for m = 0,1. We want
to show that R;(z + QVY +--- + QV™) (1 < j < m) satisfies (5.20). If we
can prove this, then ijH satisfies (5.20) by the inductive assumption and the
definition of ij“.

We note that every j-th component of QV” (v =0,1,...,m) also satisfies
(5.20). Indeed, @ maps every monomial vector z¥W, (W, a constant vector) to
the vector whose components are the polynomials of the form Z(A,y):(A,&) csa?
for some constants c5. Hence, in view of the definition of @, we have the

RJ(Z) = Z Rj,gzé = Z ]‘:L>J‘7,),.CE7
g v

be the Taylor expansion at the origin, where z = 2+QV°+- - -+QV™. For every

assertion. Let

vandj, (0 <v <m, j=1,2,...,n), we denote by (QV"); the j-th component
of QVV. If 27 appears in the expansion of 20 = (2 +QV°+--- + QV™)%, then
we see that some z;(1) (1 < j(1) < n) in the monomial 2° is replaced by 20"
which appears in the expansion of some (QV");(1), (0 < v < m). Similarly,
Zj(2) (1 <4(2) <n) in the monomial 2° is replaced by some (QV");(2) and so
on. Hence we see that (5.22) holds.

Because 6%) satisfies (5.20) by the inductive assumption we have

C
dop—1

(5.34) (A, 00y — Ajky = (A, 6 — k) < — (16™] —1).

Summing up with respect to k and by using |y| = 5] + 3, (|6(®)| — 1) which
follows from (5.22) we have

v

(5:35) (A7) =X =(A0) = A5+ 3 (AW = ejn)
k=0
<= gm0 =14 200 = 0) = =55 - .

Hence we have proved that Rj(z + QV°+ -+ QV™) (1 < j < m) satisfies
(5.20). By induction (5.20) holds for v such that V]k:;'l # 0. If we can prove



942 MASAFUMI YOSHINO

(5.20), then the remaining argument of the proof of (5.7) for j = k + 1 is
identical with the one for |QV!.

By (5.6) we see that the limit V' := 3372 (V7 exists in A. If Ay = 0, then
the domain of @) contains A and satisfies Ly@ = Id on A by Lemma 4.1. It
follows that v := QV is a solution of (5.1).

Next we consider the case Ay # 0. Because VY = O(|z|?) by the as-
sumption, we see from (5.2) that V! = O(|z|?). Inductively, we can see that
VI =O(|z)7*2) for j = 0,1,2,.... It follows that for every 27, the coefficient of
z7in V =3 " V7 is a finite sum. Because every V7 satisfies (5.20), it follows
that every component of V satisfies (5.20).

We will show that QV is well-defined. We set V = (V1,V5,...,V,). Let
Vi=> - Vina? be the Taylor expansion at the origin and consider

(5.36) e MMV (ea) =e ™ (V; (etAx))j

,tAN (Ze Ay) t)\]V ( tAN ) )

By integrating both sides of (5.36) we make the same argument as in the es-
timate of ||QV!| in (5.26), (5.27), (5.28) and (5.29). Indeed, we have (5.26)
with V! replaced by Vj . Then we can show the estimates (5.27) and (5.30).
Hence QV is well-defined. Moreover, the argument shows that the sum in the

J

right-hand side of (5.36) converges uniformly in ¢, 0 < ¢ < oo and in & when x
is in some neighborhood of the origin.

Next we will prove LyQV = V. We make the same argument as in (4.8).
Indeed, it is sufficient to show that (4.6) holds for all z in some neighbor-
hood of the origin independent of ¢. First, by (4.7) we have that, for each

t, (Az,0,)V(e*z) = LV(et*z) in some neighborhood of the origin z = 0
poss1b1y depending on ¢. On the other hand, we have

(537) 67U\%‘/( 7tA d Z e A7) tANz)V

_ _ d
—e tAN ZetO\,fy) tASV,Y <<)\ 'Y>( tAN ) + E(etAN.ﬁ)’Y) ]
Y

By applying the same argument as the one in showing the uniform convergence
of (5.36) we can show that the right-hand side of (5.37) is an analytic function of
x in some neighborhood of the origin independent of ¢, 0 < ¢ < oo. Therefore,
by the analytic continuation (4.6) holds in some neighborhood of the origin
x = 0 independent of . Hence we have LyQV = V. This proves that v := QV
is a solution of (2.2), which ends the proof of Theorem 2.1.



DIVERGENT SOLUTIONS OF SINGULAR PDE 943

Acknowledgement

The author would like to express his gratitude to the anonymous referee

for pointing out critical remarks.

(1]
2]
(3]
(4]

(5]

References

H. Ito, Integrability of Hamiltonian systems and Birkhoff normal forms in the simple
resonance case, Math. Ann. 292 (1992), no. 3, 411-444.

R. Pérez-Marco, Total convergence or general divergence in small divisors, Comm. Math.
Phys. 223 (2001), no. 3, 451-464.

W. M. Schmidt, Diophantine approzimation, Lecture Notes in Math., 785, Springer,
Berlin, 1980.

L. Stolovitch, Singular complete integrability, Inst. Hautes Etudes Sci. Publ. Math. No.
91 (2000), 133-210.

N. T. Zung, Convergence versus integrability in Poincaré-Dulac normal form, Math.
Res. Lett. 9 (2002), no. 2-3, 217-228.



