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Existence of Crystal Bases for
Kirillov-Reshetikhin Modules of Type D

Dedicated to Professor Noriaki Kawanaka on his sixtieth birthday

By

Masato OKADO*

Abstract

We show that a crystal base exists for any Kirillov-Reshetikhin module of type
D7(11>, generalizing the result of Kang et al. for the end nodes of the Dynkin diagram
of D,,.

81. Introduction

Let g be an affine algebra and let Ué(g) be the corresponding quantum
affine algebra without degree operator. Among irreducible finite-dimensional
Ué(g)—modules there exists a distinguished family called Kirillov-Reshetikhin
modules (KR modules for short). They were introduced in [17] in connec-
tion with a certain conjectural formula of multiplicities of irreducible U, (g,)-
modules in a tensor product of those modules. Here g, stands for the finite-
dimensional simple Lie algebra whose Dynkin diagram is obtained by removing
the O-vertex, that is prescribed in [10], from that of g. It is known [5, 4] that
irreducible finite-dimensional U;(g)-modules are classified by n-tuples of poly-
nomials called Drinfeld polynomials, where n is the rank of g.

Let us define KR modules by the Drinfeld polynomials. Let k € {1,2,...,
n},l € Zso and a an invertible element of Q(g). A KR module ﬁ/}(s) is defined
to be the unique irreducible finite-dimensional Uy (g)-module that has
{ (1 —aq 'w)(1 —ag®tu) - (1 —ag™'u) ifi=Fk,

Pi(u) =
(u) 1 otherwise
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as Drinfeld polynomials. (See Section 2.1 for the definition of ¢;.) When [ = 1 it
is also called a fundamental representation. Since a fundamental representation

is known to have a crystal base [14], we choose a' so that WZ(IZ)T has a crystal

base and redefine VVI(IZ) = I/Vl(lé)fa. WZSI;) is also denoted simply by VVl(k).

The above-mentioned coﬁjectural multiplicity formula was shown when g
is non-twisted by combining two results. The first one is the proof of cer-
tain algebraic relations among characters of KR modules, called Q-systems,
presented in [20] for simply-laced cases and in [8] for all non-twisted cases.
The second one is a derivation of the multiplicity formula, called fermionic
formula, in [16] for type A and in [7] for all non-twisted cases, by using the
Q@-systems. However, it deserves to emphasize that there is also a g-analogue
of the conjecture, called X = M conjecture [7, 6]. The definition of X requires
the existence of the crystal base of a KR module. Despite many efforts as in
[12, 11, 25, 18, 9, 14, 19, 23, 2], this existence problem is yet to be settled. For
type D for instance, the crystal base has been shown to exist for Wl(k) where
k=1,n—1,n;1 € Zsg in [12] and for Wl(k) for arbitrary k in [18, 14].

In this paper we prove the following theorem, thereby settling the problem
for type D.

Theorem 1.1. For2<k<n—2andl>1, the U;(D,gl))—module Wl(k)
has a crystal pseudobase.

Here (L, B) is said to be a crystal pseudobase if (L, B/{£1}) is a crystal base.
(See Definition 2.1 for the definition of a crystal base.) Let us give a short
sketch of our proof. We follow the technique already developed in [12], namely,
from a fundamental representation Wl(k) we construct Wl(k) for any [ by fusion
construction (Section 2.3), and we apply a criterion of the existence of a crystal
pseudobase (Proposition 2.6) to the constructed module Wl(k). Practically, we
need to check two conditions ((2.27) and (2.28)). Checking the second one is
not difficult, if once we find out the vectors {u;} correctly, whereas checking
the first one requires information on the image W and the kernel N of the
R-matrix R(z,y) : Wl(];) ® Wl(lz) — Wl(? ® Wl(’;) at x/y = ¢>. Up to now
such information was obtained by calculating the spectral decomposition of
the R-matrix when dealing with Wl(k) for higher . It seems to be the reason
why showing the existence of crystal bases of Wl(k) for higher k£ has not been
succeeded so far, since the calculation of the corresponding R-matrix is too
much complicated. However, thanks to the result by Nakajima [20], we are
now able to identify W and N with tensor products of KR modules (Lemma

3.4). Using the crystal base of W and a property of a bilinear form between
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Wl(g) ® Wl(’fl)_l and Wl(’fl)_l ® Wl(z), we can check the first condition of the

criterion. It is known that a U,(g)-module with a connected crystal base is

irreducible. Therefore, once Wl(k)

is shown to have a crystal pseudobase, it
follows that Wl(k) is an irreducible finite-dimensional module with the desired
Drinfeld polynomials, since it is a simple quotient of Wl(k) Wl(k) R ®

(k) 7ql—l 7qé}—l
wi

1—1-

7quter the author finished the manuscript, he learned from Kashiwara that
the module Wl(k) can be shown to be irreducible by Theorem 9.2 of [14]. Once
it is established, the character is known by [3]. Hence it turns out that there
is no need to prove the inequality of the character in (i) just after Proposition
3.7. However, this does not seem to prove that T/Vl(k) is isomorphic to a module
of the form of V®!/ Zi;g V® @ N @V®1=2-9) The author was also informed
from Nakajima that the existence of a polarization on the fundamental rep-
resentation Wl(k) was shown in [24] (see also [21, 1] for more general results).
Hence similar calculations of the prepolarization as in Section 5 will give a
proof of the existence of crystal bases for KR modules of other quantum affine

algebras.

§2. Crystal Base and Fusion Construction
8§2.1. Crystal base

In this subsection we briefly recall the definition of crystal bases. For more
details along with the definition of U, (g), refer to [13].

Let g be a symmetrizable Kac-Moody Lie algebra and let M be a U,(g)-
module. M is said to be integrable if M = @ cp M)y, dim M) < co for any A,
and for any ¢, M is a union of finite-dimensional U, (g, )-modules. Here P is the
weight lattice of g, M) is the weight space of M of weight A and U,(g;) is the
subalgebra generated by Chevalley generators e; and f;. If M is integrable, we
have

(2.1) M= @ fM(KerenM).
0<n<(hy,\)

Note that we use the following notations: [m]; = (¢* —q; ™) /(¢ —q; '), [n]:! =

[ _ [mls, fi(n) = fr/[n);! with ¢; = g(@-*), where (', ) is an invariant bilinear

form on P. We define the endomorphisms é;, f; of M by

(2.2) F(fu) = £5 0 and - & (f ) = £V
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for u € Ker e; N M, with 0 < n < (h;, \). Similarly, we have

(2.3) M= @ e (Ker finM,).
0<n<—(hi,p)

These two decompositions are related as follows:

if 0 <n < (h;A) and u € Ker e; N M),

then v = fiuh“)‘))u belongs to Ker f; N Mj, () and fi(n)u = eg<hi”\>_n)u.
Here s;(\) = XA — (h;, \)a;. Hence we obtain
(2.4) fi(egn)v) = egn_l)v and éi(el(-n)v) = egnﬂ)v

for v € Ker f; N M, with 0 <n < —(h;, ).

Let us now look at the definition of a crystal base. Let A be the subring
of Q(q) consisting of rational functions without poles at ¢ = 0. Let M be an
integrable U,(g)-module.

Definition 2.1. A pair (L, B) is called a crystal base of M if it satisfies
the following 6 conditions:

(2.5) L is a free sub-A-module of M such that M ~ Q(q) ®4 L,
(2.6) B is a base of the Q-vector space L/qL,
(2.7) &L C L and f;L C L for any 1.

By (2.7) & and f; act on L/qL.

&B c BU{0} and f;B ¢ BU{0}.
L= @)\EPL)\ and B = U)\epB)\

where Ly = LN M, and By, = BN (Lyx/qLy).
(2.10) For b,b/ € B,V = f;b if and only if &b’ = b.
Standard notations are in order. For b € B we set
(2.11) &;(b) = max{m € Z>q | €"b # 0}, @i(b) = max{m € Z>¢ | f™b # 0},
(212) () = Y e o) = 3 @i

(2.13) wtb = o(b) — £(b).



EXISTENCE OF CRYSTAL BASES 981

Here {A;} stands for the set of fundamental weights of g.

The crystal base behaves nicely under the tensor product. Let (L;, B;) be
the crystal base of an integrable U, (g)-module M, (j =1,2). Set L = L1 ®4 Lo
and B = {b; @by | b; € B;(j = 1,2)}. Then (L, B) is a crystal base of M;® M.
Moreover, the action of €; and fz becomes very simple as

(2.14) Gilby @ by) = 01 @02 i(by) 2 2ilb),
b1 ® &by if @i(by) < &4(b2),
(2.15) Fi(br @ by) = {ﬁbl Db it @ilbr) > eilba),
b1 ® fiba  if @i(b1) < &i(b2).

Here 0 ® b and b ® 0 are understood to be 0. We denote this B by B; ® Bs.
€i,p; and wt are given by

(2.16) gi(b1 ® ba) = max(e;(b1), £5(b1) + €i(b2) — @i(b1)),
(2.17) @i(b1 ® ba) = max(p;(b2), i(b1) + wi(b2) — €i(b2)),
(2.18) wt (b1 ® by) = wt by + wt bs.

Next lemma is used later in Section 4.

Lemma 2.2.  Let (L, B) be a crystal base. Assume that &b = f3b =0
for any b € B. Let v € L be such that v =0 mod qL. Then we have

(®) piO)

ev=gq; 7" év mod qq;

)

fiv= qi_gi(b)fiv mod qqi_gi(b)L.

In particular, e;o =0 (resp. fiv =0) if ;(b) =0 (resp. i(b) =0).

Proof. We prove the second relation. Let A be the weight of v. From the
assumption it suffices to check the relation for the following cases, since the
other cases are trivial.

(i) €i(b) = 0, (h;, A\) =1 or 2,

(i) €;(b) =0 or 1, (h;, A) = 0.

In case (i) we have fiv = fv by (2.1) and (2.2). In case (i) let us write v =
fivi+vg with v; € Ker ¢;NL (j = 1,2) such that (h;, wtv1) = 2, (h;, wtva) = 0.
Then we have fiv = f2v; = [Z]ifiv = qi_lfiv mod qqi_lL.

The first relation can be checked similarly by using (2.3) and (2.4). O
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§2.2. Polarization
We define a total order on Q(q) by

f>gifandonlyif f—ge€ |_|{q”(c+qA) | ¢ >0}
neZ
and f>gif f>gor f=g.
Let M and N be U,(g)-modules. A bilinear form (, ) : M ®q) N — Q(q)
is called an admissible pairing if it satisfies

(qhuv U) = (u, qhv)a
(2.19) (e;u,v) = (u,ql-_llfi_lfiv)7
(fiuvv) = (U,qi_ltieiv)a

for all u € M and v € N. (2.19) implies

(2.20) (egn)u,v) = (u,q{”zti_"fi(n)v), (fi(n)u, v) = (u, qi_"Zt?eEn)v).

A symmetric bilinear form ( , ) on M is called a preporlarization of M if it
satisfies (2.19) for u,v € M. A preporlarization is called a porlarization if it is
positive definite with respective to the order on Q(q).

§2.3. Fusion construction

In what follows we assume that g is of affine type. Let P be the weight
lattice, {A;} the set of fundamental weights and § the generator of null roots
of g. Then we have P = @, ZA; ® Z5. We set

P, = P/Zs.

Similar to the quantum algebra U, (g) which is associated with P, we can also
consider U,(g), which is associated with P, namely, the subalgebra of U,(g)
generated by e;, fi,q" (h € (Py)*).

Let K be a commutative ring containing Q(g) and let z be an invertible
element of K. We introduce a K ®q(q) U, (g)-module V. by replacing the actions
of e;, f; with z%0e;, z=%0 f;. The action of ¢" is not changed. Let y also be an
invertible element of K. A K ®q(q) U, (g)-linear map

R(z,y): Va®Vy — V, ® Vi
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is called a R-matrix. Here we need to specify the coproduct A of U,(g) we use
in this paper. Our choice is the “lower” one (see [13]) given by

A(qh) =¢"@q¢" forhe (Pa)™,
A(ez) =6i®t;1+1®€i,
Alfi)=fi®1+t:® fi.

For a finite-dimensional U, (g)-module V' we assume the following.

(2.21) V is irreducible.

(2.22) There exists A\g € Py such that wtV C g —l—Z Z<po; and dim V), =1.
i#0

Here {a;} is the set of simple roots. Under these assumptions it is known
that there exists a unique R-matrix up to a scalar multiple. Moreover, R(x,y)
depends only on z/y. Take a non zero vector ug from V),. We normalize
R(zx,y) in such a way that R(z,y)(uo ® ug) = uo ® ug. It is known in [14] that
if Vis a “good” module then the normalized R-matrix does not have a pole at
z/y=ac€ A

Next we review the fusion construction following section 3 of [12]. Let [
be a positive integer and &; the [-th symmetric group. Let s; be the simple
reflection which interchanges ¢ and i 4+ 1, and let £(w) be the length of w € &;.
Let V' be a finite-dimensional U;(g)-module. Let R(z,y) denote the R-matrix
for V@V. For any w € &, we construct a map Ry, (z1,...,2;) : Vo, ®---QV,, —

Viwa ® - @ Vi) by

R1($1,...,Jil) = 1,

Rsi (1‘1, ey {,Cl) = ® idej ® R(QL‘Z, :L‘i+1) & ® idvzj s

j<i j>it1
wa’(ml, BEEE) IC[) = Rw’(xw(l), BEEX) xw(l)) © Rw(xla cee axl)
for w,w’ such that £(ww") = £(w) + £(w").
Fix r € Z~¢. For each | € Z~(, we put

R, :ng (qr(l—l), qr(l—3), el q—r(l—l)) :
Vqr(l—l) ® Vq'r‘(l—3) - Vq—r(l—l) — ‘/q—r(l—l) ® Vq—r(l—3) R Vq'r‘(l—l),
where wo is the longest element of &;. Then R; is a U,(g)-linear homomor-

phism. Define
Vi=Im R;.
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Let us denote by W the image of

R(q",q7") : Vgr @ Vymr — Ve @ Vo
and by N its kernel. Then we have

(2.23) V; considered as a submodule of V& = Vyra-1) @ - @ Vira-n)

1—2
is contained in ﬂ Ve oW g VeU-2-1)
i=0
Similarly, we have
-2 ‘
(2.24)  V is a quotient of V®!/ Z VO g N g yel-2-1)
i=0

§2.4. Preliminary propositions

In this subsection, following [12] we define a prepolarization on V; and
prepare a necessary proposition to show the main theorem. First we recall

Lemma 2.3.  Let M; and N; be U;(g)-modules and let ( , ); be an ad-
missible pairing between M; and N; (j=1,2). Then the pairing (, ) between
M; ® My and N1 ® Ny defined by (u1 ® ug,v1 ® va) = (u1,v1)1(u2,v2)s for all
u; € M; and v; € N; is admissible.

Let V' be a finite-dimensional U (g)-module satisfying (2.21),(2.22). Sup-
pose V has a polarization. The polarization on V' gives an admissible pair-
ing between V, and V,-:. Hence it induces an admissible pairing between
Ve, ® - @V, and Vxl_l ®~~~®Vxl—1.

Lemma 2.4. Ifz; = xl]_ll_j forj=1,...,1, then for any u,v' € V;; ®
< ® Vg, we have

(uy Ry (71, - -y m)u') = (W', Ry (21, - - -, 21)00).

By taking z; = ¢"=Y, x5 = ¢"(=3) | etc., we obtain the admissible pairing
( , ) between W = ‘/qr(lfl) ® VqT(zfz) Q- Vqﬂ(zq) and W/ = ‘/q—r(lfl) ®
Vqﬂ-(zfz) Q- ‘/qr(lfl) that satisfies

(2.25) (w, Rpw') = (w', Rjw)  for any w,w’ € W.
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This allows us to define a preporlarization (, ); on V; by
(Ryu, Ryu'); = (u, Ryu')

for u,u' € Vqr(z_n X Vqr(z—s) (SN ‘/q—r(l,—l).
Next we introduce a Z-form of U;(g). Recall that A is the subring of

Q(q) consisting of rational functions without poles at ¢ = 0. We introduce the
subalgebras Az and Kz of Q(q) by

Az ={f(a0)/9(q) | f(q),9(q) € Z[q], 9(0) = 1},
KZ = Az[q_l].

Then we have
K;NA=Ay, Az/quﬁz.

We then define U, (g)k, as the Kz-subalgebra of U;(g) generated by e, fi, q"
(h € (Pa)*). Set Vi, = Uy(8) k,uo and assume

(226) (VKZ))\O = Kzuo.

Let us further set
V)i, = Ri(Vie,)®H) 0 (Vi)

Then one can show

Proposition 2.5. (i) (, ); is a nondegenerate prepolarization on V.
(it) (Ra(ug"), Ri(ug'))i = 1.
(iii) ((W)Km (‘/l)Kz)l C Kz.

Let I be the index set of the vertices of the Dynkin diagram of g with the
vertex 0 as in [10]. Let g, be the finite-dimensional simple Lie algebra whose
Dynkin diagram is obtained by removing the O-vertex from that of g. Let
P, be the set of dominant integral weights of g, and V(\) be the irreducible
highest weight U, (go)-module of highest weight A for A € P,. The following
proposition, which is essentially stated in Proposition 2.6.1 and 2.6.2 of [12], is
a key to prove the main theorem.

Proposition 2.6. Let M be a finite-dimensional integrable Ué(g) -module.
Let (, ) be a prepolarization on M, and My, a U;(8)r,-submodule of M such
that (Myk,, Mk,) C Kz. Let A\1,..., A, € Py, and we assume the following
conditions.

(2.27) dim My, <> dimV(Xj)s, fork=1,...,m.
j=1
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(2.28)  There evist uj € (Mg,)x, (j =1,...,m) such that (uj, ug) € 0+
qA, and (e;uj, e;u;) € qq;Q(H(hi’)\mA for any i € I\ {0}.

Set L ={u€ M| (u,u) € A} and set B={b € Mg, N L/Mg, NqL | (b,b)o =
1}. Here (, )o is the Q-valued symmetric bilinear form on L/qL induced by
(, ). Then we have the following.
(i) (, ) is a polarization on M.
(i) M =D, V(A;) as Uy(go)-modules.
(ii) (L, B) is a crystal pseudobase of M.

83. KR Module of Type D
§3.1. KR module Wl(k)

First we review the Dynkin datum of type DS). Let I ={0,1,...,n} be
the index set of the Dynkin diagram, {«;};cr the set of simple roots, {A;}ier
the set of fundamental weights. The standard null root § is given by

(3.1) d=oag+a;+20s+ -+ 20p_9+ an_1 + ay.

We denote the weight lattice by P, that is, P = @, ; ZA; © ZJ. The sublattice
P = @®,c;, ZA; can be viewed as the weight lattice for D,,. Here Iy = I'\ {0}
and A; = A; — a;Ag with a; being the coefficient of «; in (3.1). It is sometimes
useful to introduce an orthonormal basis {ej,€a,...,€,} of Q ®z P in such a
way that we have

o; =

{Gi—6i+1 (i:l,...,n—l)

€En—1 T €n (Z = n)a

61+"'+€i (7,:1,,n_2)
A=S(eaa+ - +en1—€,)/2 (i=n-1)
(14 +eno1+€,)/2 (i=n).

Then we have g = & — €1 — €5. Since the lengths of the simple roots are all
equal, we have ¢; = ¢ for any ¢ € I. Hence we shall abbreviate ¢ from [m]; or
[m];!.

Let Wl(k) be the k-th fundamental representation of Ué(D&l)). It is known
that it has the following decomposition into Uy (Dy,)-modules.

(32) W® ~ V(Ek)@V(Kk,g)EB---@V(KlorO) if1<k<n-2,
’ LT V(AR ifk=n—1,n.

On Wl(k) the following results are known.
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Proposition 3.1. (1) Wl(k) is “good” in the sense of Kashiwara. In
particular, it has a crystal base.
(2) Wl(k) has a polarization.

The first claim is due to Kashiwara [14] and the second to Koga [18], who
got the result by exploiting the fusion construction among the spin representa-
tions.

83.2. Crystal of Wl(k)

We denote the crystal of Wl(k) by B¥1. We review in this subsection
Schilling’s variation of Koga’s result on the crystal structure of B*!. First we
treat the case of k = 1. The crystal graph of B! is depicted as follows.

T2 s[5 P i Xy
0 n
=2~ 3] 3 w_g n ! 1

Here for b,b’ € B! b — means fib =V (< b= &b).

Next in view of (3.2) we recall the U,(D,)-crystal structure of B(A;),
the crystal of U,(D,)-module V(A;), by [15]. Consider the alphabet A =
{1,2,...,n,m,n—1, ..., 1} consisting of the crystal elements of Bl Tt is
given the following (partial) order.

1<2<-<n—1<"<n-T<--<T.
n

Then, for 1 <1 <n —2 B(A;) is identified with the set of columns

mi
ma
my
of height [ satisfying
(33) mj%mj_H fOI‘jzl,...,l—l,

if m, = p and my, = P, then dist(p,p) < p.
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Here dist(p,p) = a+1+1—bif m, = p and m, = p. The column tableau as
above is also written as mymsg - --my. Note that we allow (m;, m;41) = (n,7)
and (m,n). The actions of €;, f; (i € Iy) is given by considering the embedding

BR) —  (BW)
mpmg: - -mp—m;Qme - Qmy

and apply the tensor product rule of crystals on the r.h.s. B(0) is realized as
{#} with the trivial actions of &, f; (i € I), that is, &;¢ = fip = 0.

For 1 < k < n —2, we are to represent B*¥! as the set of column tableaux
of height k satisfying (3.3). By (3.2) B! is the union of the sets corresponding
to B(A;) with 0 <1 < k and [ = k (mod 2). In [22] maps from B(A;) to column
tableaux of height k were defined. If b € B(A;), then fill the column of height
1 of b succesively by a pair (i;,7;) for 1 < j < (k —1)/2 in the following way to
obtain a column of height k. Set ig = 0. Let ¢;_1 < ¢; be minimal such that

(1) neither i; or i; is in the column;

(2) adding i; and 4; to the column we have dist(i;, ;) > i; + J;

(3) adding i; and 7; to the column, all other pairs (a, @) in the new column

with a > 4; satisfy dist(a,@) < a+ j.
The filling map and f; for i € Iy commute. Denote the filling map to height
by F} or simply F. Let Dy or D, the dropping map, be the inverse of Fj. Ex-
plicitly, given a one-column tableau of b of height k, let ioc = 0 and successively
find i; > ¢;_; minimal such that the pair (i;,4;) is in b and dist(i;,4;) > i; + J.
Drop all such pairs (ij,7;) from b. Thus we have

B! ~ @ Fy(B(A))) as Uy(Dy,)-crystals.
0<I<k, 1=k (2)

It is the set of all column tableaux of height k satisfying (3.3) only.

We are left to give the rule of the actions of ¢y and fo. For this purpose we
need slight variants of Fj, and Dy, denoted by Fj, and Dy, respectively, which
act on columns that do not contain 1,2,2,T. On these columns F}, and Dy, are
defined by replacing i — i — 2 and i — i — 2, then applying F;, and Dy, and
finally replacing i — i 4+ 2 and 7 — i + 2. The following proposition is given in
[22].
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Proposition 3.2. Forbc B*!,

Fy(Dg—o(x)) ifb=12z
Fr_1(2)2 if b= 1222
Fr_1(2)T if b=12x1
ab— Fk_%(x)ﬁ if b= 12221
’ Fy(Dy-1(2)2)  ifb=1z
Fy(Dpa(x)T)  ifb=2x
221 if b=1x1 and Dj_s(z) = z
0 otherwise
Fk(Dk,Q((E)) ’Lf b= .’L‘ﬁ
2F,_1(x) if b= 2221
1F_1(2) if b= 1221
b= 12F,_o(x) if b= 12221
7 ) Fe(@Di_1(2))  ifb=al
Fk(].Dk_l(.fC)) sz:x§
12z if b=12T and Dy_s(z) = z
0 otherwise

where x does not contain 1,2,2,1.

§3.3. Existence of crystal pseudobase for Wl(k)

In this subsection we prove our main theorem by using Proposition 2.6.
We prepare several lemmas and propositions.

Lemma 3.3.  Let R(z/y) be the R-matriz from Wl(’;) ® Wl(’;) to Wl(’;) ®
Wl(lfc) Then it has the following form.

Z—q2
R(Z) = P2wk + mpwk+1+wk—1 +

Here z = z/y,w; = €1 + €2+ - + € €ﬁ+ for0<j<n-—1, and Py stands
for the projector onto the irreducible Uy(D,,)-module V(\) in (Wl(k))®2.

Proof. Let ug be a Uy(D,,)-highest weight vector of Wl(k) of highest weight
Ap(= @y). Since V(wpy1 + wr_1) is multiplicity free, a unique highest weight
vector up to a scalar is given by

v =1 ® fruo — ¢frto @ uo.
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Since fiug =0 for i € I\ {k}, we have
FWy = Uy @ F(l)uo — qF(l)uo ® ug
where F() = fre+1- fa—ofnfn—1- fer1f1-- - fe—1. Hence we have
F®y = quo @ FPug — gFPug @ ug + (unwanted terms)

where F(?) = fo--. f,F() and we know fo(unwanted terms) = 0 by weight
consideration. Hence we have

F®y = q_ly_luo ® F(?’)uo — q;v_lF(?’)uO ®ug on Vy @V,

where F®) = fF®) and V = Wl(k). Note that F®uy = aug with some o # 0,
since the corresponding crystal element is not killed from Proposition 3.2. Thus
we have

FOvy=a(qg 'y — gz Yup ® ug.
Now let
R(Z) X SO(Z)PQE% + @I(Z)Pwk+1+wk—1 +
Then we have
R(z)F®v = a(¢™'y™" — qu™")p(2) (uo © o)
=FPOR(z)v = ' () FO = a(¢7'a™" — qy™ )¢ (2) (uo @ uo).
Here by v" we mean that it is considered to be in V, ® V,,. Thus we have
2

@) e) =1~

|

Set W = Im R(¢?), N = Ker R(¢*). They are Ué(D,(ll))—modules. Using
the main result of [20] one can show the following.

Lemma 3.4. We have

wewt, N~@w
jok

as Ué(Dr(Ll))-modules. Here j ~ k means that the corresponding vertices are tied
by an edge in the Dynkin diagram. Moreover, both W and N are irreducible.
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Proof. In [20] it is shown that there exists an exact sequence of U;(Dyg))—

modules
0 @WY W W, o
jrok

(An acute reader should have noticed that the exact sequence is different from
[20]. It is because the definition of the KR modules and the choice of the
coproduct are different.) Moreover, it is also known that &), Wl(j ) and Wz(k)
are irreducible. Set W' = @), Wl(j) and consider N N W'. Since W' is

irreducible, we have NNW’ = {0} or W’. Recall that Wl(ff]) ®W1(2),1 contains a

unique irreducible Uy(D,,)-module V(w41 +wg—1). From the previous lemma
and (3.2) we know it is contained both in N and in W’. Hence we have N D W'.
Now suppose N 2 W’. Then we have a surjective U, (Dgll))—linear map

Wl(,];) (%) WI(Z)*I/W/ _ Wl(,]fz) ® Wl(,]j;)*l/N'

Since the Lh.s. is irreducible, N = W’ or Wl(,lz)®W1(Z)—1' Since N cannot be the

second choice by the previous lemma. One obtains N = W/ and W ~ WQ(k). O
Since W is known to be a KR module by the previous lemma, we have
Lemma 3.5. As a U,(D,)-module W has the following decomposition.

W = @ V(Kk—le + Kk—ng)

0<my; <ma<[k/2]

We set B = B¥1. We fix a basis {vr}rep of Wl(k) in such a way that
vy mod gL = I as an element of B.

Proposition 3.6. N contains a vector of the form

vy, @ v, — E A, 1,05, DV, (aJlJZ € A)
J1®J2€B1

for any I, I such that I @ I, € B®%\ By.

See (4.2),(4.4) for the definition of Bj.

We now apply the fusion construction in Section 2.3 to V = Wl(k) with
r = 1. The assumptions (2.21),(2.22) are valid with \g = Aj. (2.26) can also
be checked. Other necessary properties are guaranteed by Proposition 3.1. For
l € Z~o we define I/Vl(k) =Im R;. Let k' = [k/2]. Let ¢ = (¢1,¢2,...,¢r) be
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a sequence of integers such that [ > 01 >¢cg > -+ > ¢ > 0. For such ¢ we
define a vector u,, (0 <m < k') in Wl 1nduct1vely by

85 m = (6o N e e,

where ug here is u$' in (Wl(k))®l. Set u(c) = ugs. The weight of u(c) is given

by
k/

Ae) = (e — ¢jr1)Re—aj,

=0

where we have set ¢y =1, cyr41 = 0. For [,m € Z>¢ such that m <[ we define

] = e

The following proposition calculates values of prepolarizations necessary to

the g-binomial coefficient by

prove the main theorem.
- 2
Proposition 3.7. (1) (u(c),u(c)); = H qu(21*0]’) L ],
J

(2) (eju(c),eju(c)); = 0 unless k —j € 2Z>o. If k —j € 2Z>q, then
setting p = (k — j)/2+ 1 (eju(c), eju(c)); is given by

’

20 — 0
2l—cp—1—1 (cj—6;,p)(2l—cy) J.p
oot ] [L et |27 v,
: j=1 G — 53'710

Proofs of these propositions are given in subsequent sections.
The rest of this section is devoted to the proof of Theorem 1.1. From
Proposition 2.6 it suffices to show
(i) ch VVl(k) Szl>c1>-~>c,€/>0 ch V(XA(c)), where V(X) is the irreducible
Uq(Dy,)-module with highest weight A and chV stands for the formal
character of V.
(ii) (u(c),u(c")); € deer +qA and (eju(c), eju(c)); € g~ =2 AN A for
j # 0.
Let us show (i).  First notice that > ... 5. soch V(A(c)) =
> o<my<o<mi<kr BV (Ag—2m, + -+ Ag_am,). In view of (2.24) and Propo-

sition 3.6 Wl(k) is a quotient of a module generated by the set of vectors

{U[1®’U12® ®’U1l|f® j+1 € By forj=1,. l—l}.
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Assume I; € B(Ag_2m,,, ;) C B. Then I; ® I, ® - -- @ I; belongs to

-1

ﬂ B(Ag—2m,) @+ ® B(Ak—2m,;,5) @ B(Ag—2m, ., + Mo—2m,)
j=1

® B(Kk—Qmj,l) X ® B(Kk—Zml)-

However, the above crystal is known to be identified with B(Kk,gml + -+
Aj_2m,) (see Proposition 2.2.1 of [15]). This fact verifies (i).
For the proof of (ii) note that

[m] € ¢!~ A, {:ﬂ € g Mmm 4,

If ¢ # ¢, (u(c),u(c")); = 0 since the weights of u(c) and u(c’) are different.
(u(c),u(c)); € 14+ qA by Proposition 3.7 (1). For the second part it suffices to
notice that (h;, A(c)) > 0. The proof is completed.

84. Proof of Proposition 3.6

We prepare several lemmas. The next one is a direct consequence of Propo-
sition 3.2.

Lemma 4.1.  Suppose k > 2. Set k' = [k/2]. For elements b,b' in B*!
let b =% b mean éob = . Then we have the following rules of 0-actions. In
(2)-(4) e stands for a crystal element whose explicit form is not used later.

(1)

el
ol e
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(2) Let 1 <m < k' — 1.

1
1 2
2
) k—m-—1 )
k—-m % k-m-1-% °
k—m
: k—2m+1
E—2m—+1 2
T

(3) Let 0 < my < mg < k' —1,m; < p < min(may,ms — 1), where mg; =
mg —my, Mg = My + Mma.

1
1 2
2
: k—mo —p—1
k—mo; —p k—2p+1
k—2p+1 . ; i
_ R : Lo, e
. k—2m1
k—2m1 k—mm—p—l
k—moy —p :
. k‘—2m2+1
k’—2m2—|—1 2
1

(4) Let 1 <mqg <mg <k —1,ma1 +1 < p < may, where mag = mo —my. Set
ms = my1 + Mo.
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1
1 2
2 :
k—ms+p—1
k—ms+0p k—ms+p—1
kfms‘i’p g . :
] Lo, ‘ SN
k—2m;+1
k—2my+1 k—2p
k—2p
: k—2my +1
k—2mgo+1 2
1

Lemma 4.2.  Let V be a Uy(gy)-module with a crystal base (L, B). Let
W a submodule of V.. Let {b; | j € I} C B. Suppose v is a vector in W such
that v = Zj b; mod qL. Decompose I as I =1, 15 by

L={jel|é&bj=0foranyi}, I,={jel]éb;#0 forsomei}.

Then there exits a highest weight vector w in W such that w Ezjeh b; mod qL.

Proof. By applying fiéi we know that there exists a vector v’ in W such
that v' =3, b; mod gL, where I’ = {j € I | &b; # 0}. Hence there also
exists a vector v” in W such that v” = Zje(p)c b; mod ¢L. Continuing this
with different ’s, we obtain a vector v in W such that v =3, ; b; mod ¢L.
Hence we can write v" as v" = w+w' in such a way that w = >, b; mod ¢L
is a highest weight vector and w’ € ¢L is not, but we can remove w’ from v"”. [

In what follows in this section, by abuse of notation we represent a basis
vector vy in Wl(k) also as I.

Lemma 4.3. Let 0 < m < k’. A highest weight vector of V(2Ax_2m)
in W is given by

k—m & k—m mod qL.

k—2m+1 k—-2m+1
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Proof. A highest weight vector of V(2A}) is given by

Noting that W is a submodule of Wl(lfl),l ® Wl(,]z), apply €2 and use Lemma 2.2
and 4.1 (1). We obtain

3 3
1 1 1 1
4 1 1 4
: 2 2
qé®.+(1+q2)f®§+q,®k5 ® : mod gL
- ' ko ok ' - ko ok
2k -z ) >z
z T T z 1 1
) )

()

as a vector in W. Apply further e;”, - -- 652)6(2) @) () ()

1 €y 1" €3 ey ,one obtains

as a vector in W.
For m > 1, we prove by induction on m. By Lemma 2.2 and 4.1 (2), one
has
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622—)27;@—2 o 652)6(12)622—)2771—1 " -e§2)e§)e§ k—m @ k-m

k—m k—m

k—2m+1 k—-2m+1

=k-m—-1® k—m—1 mod gL,
k—m-—1 k—m-—1

k—2m—-1 k—2m-—1
as a vector in W. Lemma 4.2 completes the proof. O

Lemma 4.4. Let 0 < m; < mg < k'. Set moy = mo — mq,ms =
my +mg, M = max(my,ma1). A highest weight vector of V (Ak_am, +Ak—2m.)
i W is given by

1 1
1 1
2 2
k’—’ﬂ’Lm—p k—ms—l—p
M E—2p+1 m2 kE—ms+p
(4.1) k—p © , + Y k-p © ’
p=m1 k—p p=M+1 k_p .
. k_2m1 . k‘—2m1+1
: k—mgl—p : k‘—2p
E—2p+1 . k—2p+1 .
mod qL.

Proof. We prove by induction on msy. The case of mo = my is proved in
the previous lemma. Assume m; > 0. Apply €x—2m,—2 - €1€k—2mqe—1 - - €2€0
to (4.1) and use Lemma 2.2 and 4.1 (2),(3),(4). Since one can always neglect
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terms corresponding to the crystal elements that are not killed by é; for some
1 # 0 by Lemma 4.2, we obtain

1 1
2 2
1 1
2 : 9 :
. kfmglfpfl . kfmerpfl
M . k—2p+1 mao : k—mis—kp—l
S k-p ® ) + Y k-p @ .
p=m kTp : p=M-+1 m .
k —2my . k—2m; +1
i k;—mgl—p—l : k‘—2p
k—2p+1 . k—2p+1 .
k*ngfl k*ngfl
1 1

2

+k7m271® kfml
kfmgf]. kfml

k—2ms—1 k—2m;+1

mod gL as a vector in W. Note that the last term can be regarded as the term
in the summand of the middle term for p = mgy+ 1. If m; > moy, the induction
proceeds. If m; < maoq, note also that the term in the summand of the middle
term for p = M + 1 can be regarded as the one of the first term for p = M + 1.

The proof for m; = 0 is similar, but needs some attention. Note that only
the first summation survives in (4.1). Divide the cases into three: p = 0,1 <
p < mo — 1,p = mo for the calculation of the action of eg. O

The following lemma is an easy consequence of (2.25) with [ = 2 and the
nondegeneracy of the admissible pairing.

k) (k)
,q ® Wl,q*1

and Wl(lz)_l ® Wl(z) induced from the poralization of Wl(k). Then u € N if and
only if (u,v) =0 for any v € W.

Lemma 4.5. Let (, ) be the admissible pairing between Wl(

Now we are to prove Proposition 3.6. Set

b(Ap_om)=12---(k—m)(k—m)---(k—2m+1) € B.
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b(Ax_2m) is a highest weight vector of V(Aj_s,,) in Wl(k). We define the
following subsets of B2,

(42)  Bi' = {b(Ar—2m,) ® b(Ar—2m,) | 0 < 1my < mp <K'},
Bl = {elements appearing in the summand of (4.1)}\ B,

(4.4) B, U fi. - fBi | \{0} fora=1,2,

i1,--,tm €lo

(4.5) Bs = B%?\ (ByUBy), BI={bec Bs|é&b=0foranyi#0}.

Note that (4.1) always contains b(Ag_am,) @b(Ag_om,). For J = I @ I, € B®?
set vy = vy, vy,.

Lemma 4.6.  For any J € B} L B! there exists a highest weight vector
wy i N such that

_Jvyg—vy, Z'fJEBéL
wy = X h
vy if J € B

mod qL®?. Here Jy is the unique element of B that has the same weight as
J.

Proof. If the weight of J is not of the form of Kk_gml + Kk_gmz, the
assertion is clear. Suppose wtJ = Kk_gml + Kk_gmz. Consider a highest
weight vector of the form

!/
v=cpvy + E Cj, V1, + E CjV, + 0.
.]2 .]3

Here J; is the unique element in B} of the fixed weight, c;, € A for a = 1,2, 3,
the summation ) ; ranges over .J, € B! that has the fixed weight for a = 2,3,
and v’ is some vector in ¢L®2. Let w be the highest weight vector (4.1) in W.
From Lemma 4.5 v € N if and only if (v, w) = 0. On the other hand, we have
(v,w) = ¢y, + 35, ¢g, mod gA since (L¥?, L®?) C A. Thus we have

¢y +ZCJ2 = 0 mod gA.
J2

Hence for any cj,,cj, € A, there exists a highest weight vector v in N such
that v = Y, cg,(vs, —v,) + 2, €205, mod ¢L¥?. The assertion follows
from this by setting c; = 1,cy =0 for J' # J. |
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Applying fi’s to wy for all J in B} L B} we obtain all weight vectors of N.
Any such weight vector should have the following form

a'UJ+ E Cjrv g + E dJ”UJ”,

J'#J,J'€Byl1B3 J"eBy

where J € By LU Bs,a € 1 +qgA,cy € qA,dj» € A. By Gaussian elimination,
we obtain the desired result.

85. Proof of Proposition 3.7
We begin this section with an easy lemma.

Lemma 5.1.  Let v be a weight vector in VVl(k). If (wtv, €;) > 1 for some
ie{l,...,n}, thenv=0.

Proof. The claim follows from the fact that (wtu,e¢;) < 1 for a nonzero
weight vector u in Wl(k) and Wl(k) is a subspace of Wl(k). O

The following formula will be used frequently.

min(a,b) ¢ btfl
(5.1) F@e0) — Z o (b=1) pla=s { i }
J

where {1} = T4, (¢" "t — " 1t=) /(" — ¢ 7").
In this section we abbreviate [ of the preporlarization (, ); on T/Vl(k). We
also write |u|? for (u,u). Recall the definition of u,, (3.5). wtu,, is given by

Wty = (I — c1)Ak + (c1 — c2)Ng—2 + -+ + (Cm-1 — Cm) Mk—2ms2 + CnNk—20m.

Lemma 5.2.

|um|2 — qcm(2l—cm) [21

m

:| |um,1|2.

Proof. Since the other case is similar, we prove when k is even. Using
(2.20), we have

fm|? = (8751 -l (el e e gy, 1) ).

By (5.1) we obtain
(5:2) f{m

Cm cm—3) | Em Cm Cm Cm Cm Cm
= rn] l§—2mj)|: :|(§€ Q)m 1° eg ))(32—2)m+1 eé ))e((J )um71~



EXISTENCE OF CRYSTAL BASES 1001

Note that wt f{ 7 (el - el (e I(QCWLQ)m_A'_]_ o S N) el ) = Wty —
(2¢m — §)Qk—2m- From Lemma 5.1 the summand in the r.h.s. of (5.2) becomes
0 unless j = ¢,,. Hence we have

|2 = [(elm 1 ) (el e el

2
Ck—2m—1 Ck—2m+1" Upp—1]"

e

Similar calculations continue until we arrive at |u,,|? =
Using (2.20),(5.1) and Lemma 5.1 again, we this time have |u,[? =

qcm(2l—cm) [f,i] Upn—1 |2. n

Lemma 5.3. (1) ejurr = 0 when k is even, if j > k+1 or j =1 when
k is odd.
2) |fjul* = qor i) [221} g HMepallup? if j =k —2p+2,p =
1,..., K.
(3) Ifjupl?=0ifj=k—2p+1,p=1,... k.

Proof. (1) Write up = Fug. If j > k + 1, e; commutes with E. The
claim follows from ejug = 0. When k is odd, ejuy = 0 follows from Lemma
5.1.

(2) When ¢, = 0, the equality is shown as follows.

2 2
| fiup|® = | fr—2protp1]
= (Up—1,q "th—2pro€k—2pt2 fr—2pratp—1)
= qCp_rl[Cp—l]|up—l|2-
Here we have used the relation ey_opi2up—1 = 0, that can be confirmed by

Lemma 5.1.
Now assume ¢, > 0. Imitating the proof of Lemma 5.2, one obtains

(
[Fupl? = (e 41 -+ e5™)el™ - froapiaupaf*
Next we calculate

(cp) (Cp) (cp)
q Ptk 2p+1f 2p+1( k—2p+1 " €2 )

_ — C
=q ZegﬂCPQPJ—O)—l szpi)l { pj } l(c%%p“'eéc'))eé%) * fh—2pt2up—1.

cp)
! fk72p+2up71

Since (wt f,ng2pJ_21 ,(:P;p' éc”) fk opt2Up—1, €k—2pt+2) =1 — 1+ ¢, — 7, the
summand of the above expression survives only when j = c,,c, — 1. Noting
[>~1] =0, we obtain

P

| fiupl® = |(€§€Cf)2p e €g:p))€g:p) < fr—2p+1fe—2pt2tp_1|?
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Calculating similarly, one gets |fjup_1|2 = |ei « fo- -+ fo—opsotip_1|?. After
(cp)

removing e, "’ , we arrive at

1 20 —1
‘fjup|2 = (ICP(QZ 1=ep) [ ¢ ] |fa--- fk72p+2up71‘2~
P

Calculating similarly, we obtain

cp,l—l[

|fo- fo—opratip—1]® = [fe—apratip_1]* = ¢ cp—1][tp—1]*.

(3) The proof goes parallel to that of (2). When ¢, =0,
| fitupl® = | fo—zpr1up—1]> =0
from Lemma 5.1. Assume ¢, > 0. One obtains
|fiupl? = |fifa- - fk—2p+1up—l/2|2'
Noting that fiu,—1 =0fori=1,...,k—2p+ 1, we have
fife - frmopirtiy_12 = fifo - fk—2p+1(€;(:f)2p+1 ey
=q- fl(e]gci’;plll .. egcp—l)) . e(()cp)up_l -0

Here « is a product of g-integers.
The proof is complete. ]

Now we are in a position to prove Proposition 3.7. (1) is a simple conse-
quence of Lemma 5.2. (2) when j > k + 1 is settled by Lemma 5.3 (1). To
show when j < k note that

lejun | = (urr, g~ 5" fre un)
= P fjup | + g% 7By |uw

where
Choiyg = Chi if j =k (2),
0 if j £k (2).

Thus we are left to evaluate |fjuj/|*. Examining the proof of Lemma 5.2

Bj = —(hj, whup) = {

carefully, one notices that the same recursion formula is valid when m > p,
namely, one has

C. —C 2l
|fjum|2 =gq m (2l—cm) |:C :| |fjum—1|2 for m > P.

m

The formula for | f;us|? is obtained from this, Lemma 5.3 (2) or (3) and Lemma

5.2. Calculating explicitly we obtain (2).
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