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Inequalities for Some Functionals Associated
with Bounded Linear Operators
in Hilbert Spaces

By

Sever S. DRAGOMIR™

Abstract

Some inequalities between the operator norm, numerical radius and the function-
als vy, d, defined in terms of the real and imaginary part of (Az,z), z € H, ||z|| =1
are established. New upper bounds for the nonnegative quantity ||A|*> — w? (A) with
A € B(H) that complement some recent results of the author are given as well.

81. Introduction

Let (H,{(-,-)) be a Hilbert space over the real or complex number field K
(K=R,C). Let B(H) denote the C*-algebra of all bounded linear operators
on a complex Hilbert space H. For A € B (H), let w(A) and || A|| denote the
numerical radius and the usual operator norm of A, respectively. It is well
known that w () defines a norm on B (H) and for every A € B (H)

(1) S 14l <w(4) < 4]

For recent results concerning inequalities between numerical radius and
operator norms, see [3], [4] and [5].
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Replacing the supremum with the infimum in the definitions of the oper-
ator norm and numerical radius, we can also consider the quantities £ (A) :=
inf) ;=1 [|Az| and m (A) = inf ), =1 [(Az, x)|. By the Schwarz inequality, it is
obvious that m (4) < ¢(A) for each A € B(H).

We can also consider the functionals v, : B(H) — R given by

(1.2) vs (A) := sup Re(Az,z) and 6s(A):= sup Im (Az, z)

llzll=1 llzll=1

where “s” stands for supremum, while the corresponding ones for infimum are
defined as:

(1.3) v; (A) := inf Re(Az,z) and §;(A):= inf Im(Az, x).

llzll=1 llzll=1

We notice that the functionals vy, §, with p € {s, i} are obviously connected
by the formula

(1.4) 0p (A) = —vg (1A) forany A€ B(H),

[19¢X

where p # ¢ and the “/” in front of A represents the imaginary unit. Also, by
definition, vy and d, are positive homogeneous and subadditive while v; and §;
are positive homogeneous and superadditive.

Due to the fact that for any = € H, ||| = 1 we have

—w (A) < — [{Az,z)| < Re(Azx,z),Im (Az, z) < |Im (Az, z)| < w (A),

then, by taking the supremum and the infimum respectively over « € H, ||z|| =
1, we deduce the simple inequality:

(1.5) max {|vp (A)], 16, (A)[} <w (4), A€ B(H)

where p € {s,i}.
For two operators A, B € B (H) we define

[N

(1.6) we(4,B)i= sup 1Az, 2) + (B, )]
and
(1.7) me (4,B) = it [[(Az, )" +|(Bz, )]

we (A, B) is called the Fuclidean operator radius for the pair (A, B) and
has been introduced in [6] (see also [2]). In [6] the author considered the concept
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for n operators. In the case n = 2 and with the above notations, we can state
the inequality obtained by Popescu [6]:

1
2v/2

for any (A, B) € B?(H). The constant ﬁ and 1 in (1.8) are sharp. In [2]
the following sharp inequalities for the Euclidean operator radius have been
obtained as well:

(1.8) |A*A + B*B||? < w. (A,B) < |A*A+ B*B||?

1 2 2\132 ,
(1.9) 7 [w(A* + B?)]? <w. (A4, B);

1
(1.10) 7 max{w (B+ A),w (B — A)} <w. (4, B)

N

1
Sﬁ[wz(B—i—A)—i—wz(B—A)] :

(1.11) w? (A, B) < max { A | B } +w (B 4),

(1.12)
w? (4, B) < o [max (1B~ AI%, B+ A} +w (B — 4%) (B + A)]

(1.13) w? (A, B) < % |A*A+ B*B|| + |A*"A— B*B|] +w (B*A);
for any A,B € B(H).

We now recall that an operator B : H — H is called accretive if Re (Bx, x)
>0 for any = € H, ||z|| = 1. Using this concept we established in [1] amongst
others the following reverse inequalities connecting the operator norm with the
numerical radius:

If,p e K(K=C,R), ¢ ¢ {—¢, ¢} and the composite operator C., , (A4)
= (A* — @I) (I — A) with A € B(H) is accretive, then

1 Jp—gf
4 |+

(1.14) 0 <) |4 —w(A) <

Moreover, if Re (¢@) > 0, then

2/Re(07) _ w(A)

1.15 s
(115) Dol = Al
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which, in the case that [¢p — | < @ | + | provides a refinement of the other
important inequality between the operator norm and the numerical radius,
namely

2/Re(09) _ w(4)
el = AL

Also, if Re (1)¢) > 0, then under the assumption that C, ; (A) is accretive, we

IN

(1.16) %

also have:

—l? 2
el A7,

(1.17) (0 <) A* = w? (4) <
[l + ¢l = 2/Re (63)| w (4).
Now, if M > m > 0 and A € B(H) is such that Cy, ar (A) = (4"

—ml) (MI — A) is accretive or, sufficiently, Cp, ar (A) is self-adjoint and posi-
tive in the operator partial order of B (H), then [1]:

| A] M+m
(1.18) (1 S AN
1.19 0<) |4 A <(\/M\/ﬁ)2 A
(1.19) 0 H_w()_Ww( )

1 (M —m)?

(1~20) (0=) ||A|| —w (A) < 1 ma
(121) O DI - () < (Frm ) A?
and
(1.22) 0 <) AP — w? (4) < (VAL —yim) " w(4).

The main aim of this paper is two fold. Firstly, some natural connections
amongst the functionals vy, d,, the operator norm and the numerical ranges
w, m,w, and m, are pointed out. Secondly, some new inequalities for oper-
ators A € B (H) for which the composite operator C, r (4) with 7,T' € K is
assumed to be c?-accretive with ¢ € R are also given. New upper bounds for the
nonnegative quantity ||A||*> — w2 (A), which complement the ones from (1.17),
(1.21) and (1.22) are obtained as well.
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§2. Preliminary Results

In the following we establish an identity connecting the numerical radius
of an operator with the other functionals defined in the introduction.

Lemma 1. Let A€ B(H) and~,T' € K. Then for anyxz € H, ||z|]| =1
we have the equality:

(2.1) Re[((I'T — A) z,z) (x, (A — 1) )]

bl _o+r
N o

Proof. We use the following elementary identity for complex numbers:

(2.2) Re (ab) = i {|a + b = Ja— b|2] , a,beC,

for the choices a = ((TT — A)z,z) =T — (Az,z) and b = ((A —~I)x,x) =
(Az, ) — v to get

(2.3) Re [<(r1 — A)z,2) (A— D)z, x>}
1
= 7 [T =P - 12 ¢4a,2) - (v + )]
for x € H, ||z|| = 1, which is clearly equivalent with (2.1). O

Corollary 1.  For any A € B(H) and ~,T € K we have

(2.4)
- R E B Y i
i Re[((TT = A) ) o, (A= 1) )] = 1T =~ (4= T35 1)
and
(2.5)

1 r
sup Re[((TT — A)z,z) (z,(A—~I)z)] = 1 T —~]* = m? (A— % ~I> .
[lz][=1

The proof is obvious from the identity (2.1) on taking the infimum and the
supremum over x € H, ||z|| = 1, respectively.

If we denote by Sy := {x € H|||z|| = 1} the unit sphere in H and, for
AeB(H), T €K we define

(A7, D) () :=Re[((TT — A)x,z) (x, (A—~I)z)], =€ Spy;
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then, on utilising the elementary properties of complex numbers we have
(2.6) p(A;7,T)(x) = (Rel — Re(Axz, z)) (Re (Az,z) — Re")
+ (ImT — Im (Az, z)) (Im (Az, ) — Im~)

for any = € Sg.
If we denote:

ts(iy (A;7,T) == sup ( inf >u(A;%F) (2)

llz|=1 \ll=ll=1

then (2.4) can be stated as:

+T 1
(2.7) (AT (4= T30 ) = o
while (2.5) can be stated as:

+T 1
(2.5) e (i 0) e (4= 58 1) = 10—

for any A € B(H) and v,I' e K.

Remark 1. Utilising the equality (2.6), a sufficient condition for the in-
equality u; (4;v,T) > 0 or, equivalently, w (A — % . I) < % IT" — 4] to hold
is that

(2.9) Rel' > Re (Az,z) > Rey and ImI >Im (Az,z) > Im~y
for each z € H, ||z|| = 1.

The following identity that links the norm with the inner product also
holds.

Lemma 2. Let A€ B(H) and~v,I' € K. The for each x € H, ||z| = 1,
we have the equality:

(2.10) Re((A* — 31) (T — A) 2, ) =i|r_7|2_ H(A— %1)1‘ 2

Proof. We utilise the simple identity in inner product spaces

2

u—+v
- ) U,’U,y€H,

2

1
1) Retu-py o) =y fu- ol = |y
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for the choices u =Tz, y = Az, v = vy with € H, ||z|| = 1 to get

2

1 I
Re (T'w — Az, Ax — yz) = Z|F—7|2—H(A—%'I>$ , € H, |z =1,

which is clearly equivalent with (2.10). O

Corollary 2.  For any A € B(H) and ~,T € K we have

213wl - an@er-a)= g - a2
and

* _ 1 2 2 '}/+F
(213)  0,[(A4" =31 (TT = A) = ;[T = — ¢ (A—T-I>.

We recall that a bounded linear operator T' : H — H is called strongly
c2-accretive (with ¢ # 0) if Re (Ty,y) > ¢? for each y € H, ||y|| = 1. For ¢ = 0,
the operator is called accretive. Therefore, and for the sake of simplicity, we
can call the operator c¢?-accretive for ¢ € R and understand the statement in
the above sense.

Utilising the identity (2.10) we can state the following characterisation
result that will be useful in the sequel:

Lemma 3. For A € B(H) and v,T € K, ¢ € R, the following state-
ments are equivalent:

(i) The operator C,r (A) := (A* —4I) (T'I — A) is *-accretive;

(ii) We have the inequality:

(2.14) HA SR

Remark 2. Since the self-adjoint operator 1" : H — H satisfying the
condition: T > ¢?I in the operator partial order “>” is c?-accretive, then a
sufficient condition for C., r (A) to be c?-accretive is that C., r (A) is self-adjoint
and C, r (A) > 1.

Problem 1 (Open Problem).  Characterise (give sufficient conditions
for) the operator A € B (H) such that the transform C,  (A) is c*-accretive
for appropriate choices of v,I' € K and ¢ € R.
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83. General Inequalities

We can state the following result that provides some inequalities between
different numerical radii:

Theorem 1. For any A € B(H) and v,T" € K we have the inequalities

Lw?(TT - A, A—~I)

1 F 2we( ’

(3.1) ZF—72<m2<A_%.I>+
w (T — A)w (A —~I)

and

3.2 Troap<w (a2 )y oz r—a a0,
1 2 gMe

Proof. Utilising the elementary inequality

(3.3) Re (ab) <

_%[mﬁ+wﬂ, a,beC

we can state that
(3.4) Re {((FI — Az, z) (A —~I)x, a:>]

< 3 [T = )22 + (4 - D 22
for any x € H, ||z|| = 1.

Taking the supremum over z € H, ||z|| = 1 in (3.4) and utilising the
representation (2.5) in Corollary 1, we deduce

1 2 2 7+
4\I‘ v"—m <A 5 I

(T = A2, 2) + (A= D) a,2)]

IN
|
n
o
e}

:%MGY—AA—ﬂL

which is clearly equivalent to the first inequality in (3.1).
Now, by the elementary inequality

Re (ab) < |a|[b] for each a,b€ C,
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we can also state that
1 2 2 y+T
) A-L1—— .7
10— =m ( .

< sup [[((A=TD)z,z)| [(A=~])z, )]

[lz]|=1
< Sup [((A=TI)z,x)| Sup (A =~I) z,z)|
x||=1 z||=1

=w (T —A)w(A—~I)

and the second part of (3.1) is also proved.
Taking the infimum over x € H, ||z|| = 1 in (3.4) and making use of the
representation (2.4) from Corollary 1, we deduce the inequality in (3.2). O

Remark 3. If the operator A € B (H) and the complex numbers v, are
such that p; (A4;7,T) > 0 or, equivalently w (A - %I) < % T — ~|, then we
have the reverse inequalities

(3.5) 0<%|F—7|2—m2(A_$.I>

w2 (TI— A, A—~I)

IN

w (T —A)w (A —~I)
and

a7t

1 2 9
. < - T - —
(3.6) 0_4| ~ w ( 5

1
I> < §m§ (TT— A, A—~I).
Since, in general, w(B) < ||B||, B € B(H), hence a sufficient condition for
(3.5) and (3.6) to hold is that HA - V—fIH < 3| —~] holds true. We also

notice that this last condition 1s equivalent with the fact that the operator
Cyr (A) = (A* —AI) (I'T — A) is accretive.

From a different perspective and as pointed out in Remark 1, a sufficient
condition for p; (4;v,T) > 0 to hold is that (2.9) holds true and, therefore, if
(2.9) is valid, then both (3.5) and (3.6) can be stated.

The following reverse inequality of (3.6) is incorporated in the following
result:

Proposition 1. Let A € B(H) and v,T € K be such that (2.9) holds



1104 SEVER S. DRAGOMIR

true. Then

3.7 (0<)(Rel’ —vs (A)) (vi (A) = Rey) + (ImI" — &, (A)) (6; (A) — Imy)

1 2 2 y+T
< D—rf—w?(A-1T2 7).
< 7=l w( 5

Proof. Taking the infimum for x € H, ||z|| = 1 in the identity (2.6) and
utilising the representation (2.4) and the properties of infimum, we have:

1 2 2 y+T
1 T =~ —w (A 5 I)
> | iﬂ£1 [(ReT — Re (Az, z)) (Re (Az, z) — Revy)]

+ inf [(ImT —Im(Az,z)) (Im (Az, z) — Im )]

llzll=1

> inf (Rel' —Re(Az,z))- inf (Re(Ax,x)— Rew)

~=ll=1 ll]l=1

+ inf (ImT —Im (Az,2))- inf (Im(Az,x) —Im~)

llzll=1 llzll=1

= (ReI‘ sup Re (Ax,x)) < inf Re(Ax,x) Refy>

|lz||=1 [l][=1

+ (ImF— sup Im <Ax,a:>> ( inf Im (Azx,x) —Imv)

l|lz]|=1 [lzll=1
which is exactly the desired result (3.7). O

The representation in Lemma 2 has its natural consequences relating the
numerical values ¢ (A) and w (A) of certain operators as described in the fol-
lowing:

Theorem 2. For any A € B(H) and v,I' € K we have:
(38) S|P~ < <A L -I>
4 2
w[(TI— A*) (TI — A) + (A" —7I) (A—~1)],
+q w4 A1) (T - A)],

LI|(A* —3I) (VT — A) - 1)
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and
1 2 v+
. —|I'= <||A-——1

39) fIr-of<|a-23

L [(T1 — A%) (L1 — A) + (A* — 31) (A —~4T)] ,
+q m[(A" A1) (T - A)],

HRA =) (T - A) - 1],

respectively.

Proof. Utilising the elementary inequality in inner product spaces
1 2 2
(3.10) Re (u,v) < [Hun + ol } . woveH,

we can state that

(3.11) Re (T] — A)z, (A —~I) )
<5 [Ier = a2 + A = 1) ]
= L[0T A%) (T =AY, 2) + (A" = 31) (A~ 1) 2, )]
= L([(FT ~ A) (T — 4) + (A" 1) (A~ D)) )

for each z € H, ||z| = 1.

Taking the supremum in (3.11) over x € H, ||z|| = 1 and utilising the
representation (2.13), we deduce the first inequality in (3.8).

Now, by the elementary inequality Re (a) < |a|, a € C we have

(3.12) Re ((A* — 3I) (TT — A) z,2) < |((A* — 3I) (D] — A) z, )|,

which provides, by taking the supremum over x € H, ||z|| = 1, the second
inequality in (3.8).
Finally, on utilising the inequality

1
R9<U,U>S1HU—’UH2, U,UGH,

we also have

(313)  Re((A® —51) (N1~ A)a,2) <  [[(A" A1) (T — A) ~ T)
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for any = € H, ||z|| = 1, which gives, by taking the supremum, the last part of

(3.8).

The proof of (3.9) follows by the representation (2.12) in Corollary 2 and
by the inequalities (3.11) — (3.13) above in which we take the infimum over

e H, |2l = L.

Corollary 3. Let A € B(H) and v,I' € K. If C,r (A) is accretive,

then
(3.14) 0§%|r—7|2—42(14_¥.[>
sw [(TT — A*) (T — A) + (A* = 1) (A —~1)] ,
< [w[(A* -0 (T - A),
I =30 (P - A) - 1)?
and
(3.15) 0< £|F—fy|2—HA—¥I i
gm [(T — A*) (T — A) + (A* = 31) (A= ~1)]
S [m[(A* —30) (T = A)],
TG (A" =AD) (TT = A) - 1],
respectively.

84. Reverse Inequalities

The inequality ||A|| > w (A) for any bounded linear operator A € B (H)
is a fundamental result in Operator Theory and therefore it is useful to know

some upper bounds for the nonnegative quantity ||A|| —w (A) under various as-

sumptions for the operator A. In our recent paper [1] several such inequalities

have been obtained. In order to establish some new results that would com-

plement the inequalities outlined in the Introduction, we need the following

lemma which provides two simple identities of interest:
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Lemma 4. For any A€ B(H) and v,T € K we have
2 2
(4.1)  |[[Az[]” — [(Az, )]

(1S ) - (12510

=Re[((TT — A)z,x) (x,(A—~I)x)] —Re((TT — Az, (A —~I)z),

2

for each x € H, ||z|]| = 1.

Proof. The first identity is obvious by direct calculation. The second
identity can be obtained, for instance, by subtracting the identity (2.10) from
(2.1). |

As a natural application of the above lemma in providing upper bounds for
the nonnegative quantity [|A|* —w? (4), A € B (H), we can state the following
result:

Theorem 3. For any A€ B(H) and v,T' € K we have

(42) (09 [Af* - w* (4)

2
SHAM[ m2<Aﬂ~I)
2 2
1 +T .
=y (4= T5E ) S At - a0 (7 - A).

Proof. From the first identity in (4.1) we have

2
(- ) )
2
for any x € H, ||z|| = 1.
Taking the supremum over x € H, ||z|| = 1 and utilising the fact that
+T ? +T ?
<A1’,x>|2+H<AP)/2‘I>$ ‘<<Aﬁy2f)x,x> ]
r 2
(A—%-I)x

2

sz(A’HI‘. >
2 )

T 2
(4.3) ||Az|® = |<Az,x>|2+H (A - % -I) z

sup
llzll=1

< sup [(Az,z) + sup
lz]=1 lzf=1

(=

(1757

— inf
lzl|=1
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we deduce the first part of (4.2).
The second part follows by the identity (2.12). O

Remark 4.  Utilising the inequality (3.1) in Theorem 1 we can obtain
from (4.2) the following result:

44) 04 - w?(4)
w2 (TI—A,A—~I),
< - [(A" =A1) (T = A)] +
w (Tl —A)w(A—-~I),

which holds true for each A € B(H) and v,T € K.
Since m? <A — %I ) > 0, hence we also have the general inequality

(4.5) (0 <) [ A* = w® (4)

1 .
< L I0=f = v (A" =30 (U1 - A)],
for any A € B(H) and 7,T € K.

Theorem 3 admits the following particular case that provides a simple
reverse inequality for ||A]| > w (A) under some appropriate assumptions for the
operator A that have been considered in the introduction and are motivated
by earlier results:

Corollary 4. Let A € B(H) and v,T € K, ¢ € R. If the composite

2

operator Cy 1 (A) is c*-accretive, then:

(4.6) (0) 14" = w* (4)

1 I
< M= = —m? (AV;- )

The proof is obvious by the first part of the inequality (4.2) and by Lemma
3 which states that C., r (A) is c*-accretive if and only if the inequality (2.11)
holds true.

Remark 5. From (4.6) we can deduce the following reverse inequalities
which are coarser, but perhaps more useful when the terms in the upper bounds
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are known:
(4.7) (0 <) 4> —w? (4)
i |F - 7|2 )

<=+ w2 (TT— A A—AI),

w(TT—A)w(A—~I).

In particular, if C, r (A) is accretive, then the following inequalities that com-
plement the results from the Introduction can be stated:

(4.8) (0 ) [|A]* — w? (A4)
1 2 2 y+T
<-—|I'- — A—-1— .7
< g T=a—m ( 5
%‘F_rﬂQa

IN

%wg (FI—A,A—’VI),

w(T —A)w(A—~I).

Remark 6. If N > n > 0 and the composite operator C, n (4) =
(A* —nI) (NI — A) is c?-accretive or, sufficiently, self-adjoint and positive def-
inite with the constant ¢ > 0, then we have the inequalities:

(4.9) (0 <) JA* = w® (4)
1 2 2 2 y+T
SZ(N—TL) —c—m (A—T I)
%(an)Q’

<+ w2 (NI —AA—nl),

w(NI —A)w(A—nl).

Remark 7.  If the operator A on the scalars «,T" from the statement of
Corollary 4 have in addition the property that

r
(4.10) ’<(A—%-I> x,x>’ >d foreach z € H, |z =1,

where d > 0 is given, then by (4.6) we also have

(411) 0 <) JAI? ~? (A) < P~ — & — .
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We notice that a sufficient condition for (4.10) to hold is that the operator
A — L. T be d—accretive.

Remark 8. Finally, we note that if the operator C, n (A) is accretive,
(or sufficiently self-adjoint and positive), then we have the following reverse
inequalities that complement the results from the introduction:

(N—TL)Q,

=

(4.12) (0 <) JJA]> — w? (A) < { Jw? (NI — A, A—nl),

w(NI—A)w(A—nl).
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