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Klyachko’s Theorem in Semi-finite
von Neumann Algebras

By

Tetsuo HARADA™

Abstract

Let 2 be a von Neumann algebra and A be the set of all T-measurable operators.
For positive elements A and B in 2 we prove that

/Kus(A+B) ds < [ () ds+ [ pu(B) as,

I J

where p(-) denotes the generalized s-number and I, J, and K are on an analogue of
the Klyachko list.

81. Introduction

Recently, Klyachko [11] has shown that the possible eigenvalues «, 3, v of
Hermitian n x n matrices A, B, and C = A + B are characterized by a certain
list of inequalities togather with the trace equality > v, = > a; + > 5. If
we set a = (a1,...,05), 8= (B1,...,0n), and v = (71,...,7s) in decreasing
order, then this list of inequalities is of the form

(1) DD ai+ Y B

keEK iel jeJ

for certain subsets I, J, K of the same cardinality r, which are on the Klyachko
list, with 7 < n (i.e. This list includes 3n — 3 inequalities: a1 > ag > -+ > ay,
B1>02> 20, =72 > > Yn.). Weset \(I) = (4r—1,...,02—2,i1—1)
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for I = {iy,...,i.}. Then (I,J, K) is on the Klyachko list exactly when the
Littlewood-Richardson coefficient C’A()}()KA)( 7y Is positive (cf. [6], [7], [8]). From
the solution of the saturation conjecture by Knutson-Tao [12], one can show
that this list is exactly what was conjectured by Horn [10].

There is a long history to find necessary conditions. Arrange the eigenval-
ues of a Hermitian matrix X in decreasing order: A(X) = (A1(X),..., A\ (X)).
For example, in 1912 H. Weyl found

Xitj—1(A+ B) < X\(A)+ X\j(B) whenever i+j—1<n.

Some other inequalities were found in 1949 by Ky Fan:
Z)\k(A +B)< Z)\k(A) + Z)\k(B) for any r < n.
k=1 k=1 k=1

It is easy to check ({i},{j},{¢ +j—1}) and ({1,...,7},{1,...,r},{L,....7})
are on the Klyachko list.

There are some generalizations for the above inequality (1). Friedland
[4] proved the inequality (1) for positive compact operators. Bercovici-Li [2]
proved the inequality (1) for self-adjoint operators in II; factors. Their meth-
ods are simple and useful, but we think that the same method cannot apply
for the continuous infinite case, since they used discrete and finite properties
respectively. In this paper, we will prove the inequality (1) by another method
for any positive 7-measurable operators. Of course, this result includes the
infinite case (in particular, the continuous infinite case). And also, when 2
is a finite von Neumann algebra, we can prove the inequality (1) not only for
positive operators but also for bounded self-adjoint operators. More precisely,
Theorem 3.1 shows

[ waspyas< [ wydass [ s ds
Jo J1 J2
for positive operators A, B. Let C', D be bounded self-adjoint operators in 2,

there exists a positive number = such that C'+xI > 0, D+ xI > 0. Therefore,
we get

/ ws(C + D+ 221) dsg/
Jo

1s(C + ) ds—l—/ ps(D + 1) ds.
J1

Ja

Since pus(C+zI) = X\(C)+z and m(Jy) = m(J1) = m(J2) < oo (see Definition
2.4), the above inequality implies

MN(C+D)ds< [ M) ds+ | A(D) ds.
J[) Jl J2
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§2. Notation

In this section, we will collect some definitions and basic facts. Throughout
the paper, let 2 be a von Neumann algebra on a Hilbert space $ with a faithful
normal semi-finite trace 7. Let 2 denote the set of all 7-measurable operators.

Definition 2.1 (7-measurable operators). A densely-defined closed op-
erator A affiliated with 2l is said to be T-measurable if for each € > 0 there
exists a projection E in 2 such that E(H)) C D(A) and 7(1 — E) < e. (Here,
D(A) denotes the domain of A.)

Let A be a closed densely-defined operator affiliated with 2. Let |A| =
fooo Adey(|A]) be the spectral decomposition. Then it is easy to check that A
is 7-measurable if and only if 7(1 — ex(JA])) < oo for A large enough (cf. [3],
[14]).

Definition 2.2 (The generalized s-number, The spectral scale).  For a
self-adjoint element A € 2, the distribution function ds(A) is defined by

ds(A) = 7—(e(s,OO) (A)),
where e(5 o) (A) is the spectral projection of A corresponding to the interval
(s,00).
The generalized s-number is defined by

we(A) =inf{s : ds(|A]) <t} (0<t<o0)
while the spectral scale is defined by
A(A) =inf{s: ds(A) <t} (0<t<o0).

The above definitions correspond to the decreasing rearrangement of the
eigenvalues of [A[, and A respectively. (When e[y o) (A) = 00, A\¢(A) does not
necessarily correspond to the decreasing rearrangement of the eigenvalues of A.
Therefore, we use the spectral scale only for elements in a finite von-Neumann
algebra.) Of course, for positive operators, both definitions are the same.

If A is a 7-measurable operator, then we have ds(]A|) < oo for s large
enough and lims_, ds(]A|) = 0 as noted before. Moreover, p:(A), \:(A) are
non-increasing and right continuous on (0, 00). See [3], [15] for detailed prop-
erties of the above functions.

Definition 2.3 (Continuous flag).
Let {es}se0,00) Pe a net of projections in A satisfying the following condi-
tions.
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(i) 7(es) <s
(i) If s < t, then, e5; < e
Then, we call {es}e[0,00) @ continuous flag on 2.

Definition 2.4 (Admissibility).
Let J be a measurable set in [0,7(1)). (Here, m denotes Lebesgue mea-

sure.) For a continuous flag {es}, Qs({es},7) is the set of projections in A
defined by

Qi({est, 7) = {p € Uproj; 7(p) = m(J), 7(1 —p) = m(J°), T(p Nes) =
m{J N0, s]} (for all s € [0,7(1)))}.

Let Jo, J1, J2 be Lebesgue measurable sets in [0,7(1)) such that m(Jy) =

m(J1) = m(J2) and m(J§) = m(J5) = m(J§). A triple (Jo, J1, Jo) is called ad-

missible for continuous flags ({es}, {fs}, {gs}), if the following condition holds:
Qo ({esh 7) N ( Qg ({fs}, 7)) 0 (Qus({gs}, 7)) # 0,

where (Qe({fs}, 7)) = {1 —p;p € Qe({fs},7)}. Of course, when 7(1) < oo,
the above requirements for the complement of sets are automatically met.

Definition 2.5. For A € A we set

: || Ag]|
SG(A) = inf 2SI
GA) = I Tl

Proposition 2.1.  Let A, B be operators in 2.

1 |[A€]l = SG(A) - [l for € € 5.
2. SG(AB) > SG(A) - SG(B).
3. SG(A) = ||A7Y||7L, if A is invertible.

Proof. 1. follows immediately from the definition of SG(+).
2., 3. From the definition, we have

. [|ABE]|
ces\{or  |[¢]]

> i SG(A) - |1B¢]|
€9\ {0} €]

=8G(A) - SG(B),

SG(AB
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| A€
A) = _ A
S6A) = Il AT Ag

. |A-1<Ae>||>1
‘gei%"if{o}( TA¢]

-1
—( swp AED) Ay =),
cesvfoy €l

O

Definition 2.6. Let A be an operator in 2 and E be a projection in 2.
Then the restriction of SG(A) for a projection E (denote it SG(A)g) is

[1A<]]

SG(A)g = in LLERLEA
We =, 88 o Tl

For this restriction SG(-) g, an anologue of Proposition 2.1 is valid.

Proposition 2.2.  Let A, B be operators in A and E, F be projections
in 2.

L |[A¢]| = SG(A)E - [[€]] for & € E(9).
2. SG(AB)g > SG(A)p - SG(B)g.

3. If E(9) is an invariant subspace of A and AFE is invertible as an element in
B(E($)). then SG(A)g = ||(EAE)™Y||5'. Here, ||-||g is the usual operator
norm in B(E(9)).

4. 8G(E)p =1, if E % 0.

5. SG(A)g > SG(A)p, if E < F.

Proof. 1., 2. are trivial (as in the proof of Proposition 2.1).
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3. We compute

E — 1mn M
ceE(mM\{0} |[¢]]
. ||[EAEE]|
geB(O\{0}  |[¢]]
— i ||[EAEE]|
¢eB(9)\{0} |[[(FAE) " EAE(]|

( |<EAE>1EAE5||> -

SG(A)

sup
€€ B(5)\{0} [|[EAE]|

-1
(. lEaE)
= p

£€B(5)\{0} [1¢]]

= [[(BAE)™ |5

4. SQ(E)E = infgeE(y))\{Q} % = 1.

5.

|| A¢]|
SG(A) g = in ——
Dz = oo Tl
0 ||AE]]

~ cer(o)\{o} |[¢]]

=SG(A)F.

8§3. Main Theorem
Proposition 3.1.  For A € 2 we have
ue(A) = inf{||AE||; E is a projection in A with 7(1 — E) < t}

= sup{SG(A)g; E is a projection in A with 7(E) > t}.

Proof. The first equality is shown in [3]. We show the second equality.
Let us denote the supremum in this proposition by «. If a = 0, then we have
pt(A) > a. So we can assume « > 0. Then, for a sufficiently small £ > 0, there
exists a projection E with 7(E) > t such that

0<a—€<SQ(A)E.
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If £ € E(9) Nejo,a—e(|A)(H), |I€]] = 1, then we have

(A"AgE) = [|AE]]* > SG(A)E > (a—¢)?,

(A*Ag1E) = | Al epo,a—e (|ADEI® < (o —2)*

Therefore E A ejg,a—c(]A]) = 0, and we compute

E=E—EAepas(lA]
~ EVepa——c(A]) —epo,a—c(Al)
<1—ep,a—q(|4])
= e(a—e,oo)(‘AD'

We thus get
T(e(a—s,oo)(‘AD) > T(E) >t a—e< :ut(A)‘

On the other hand, set F = e[,,(4),00)(|4]). If pu:(A) = 0, then we have
1t(A) < a. So we can assume p(A) > 0. As7(E) > tand SG(A)g > SG(|A|)E
(Let A = u|A| be the polar decomposition. Since E($)) C |A|($), we have
SG(u)g = 1.), we get

a>SG(JA|)E
= |[(EJA|E) 5"

/ A" ldex(|A])
[10(A),00)

> pit(A).

-1

E

|

Proposition 3.2.  Let A be a positive operator in A. Let J be a mea-
surable set in [0,7(1)), and p be a projection in .

L If1(p A e (a),00)(A) > m{J N[0, s]}, then pyino,sy (PAP) > ps(A).

2. ]f T(R(pe(us(A)po) (A))) < m{‘] N [058]}7 then ﬂm{Jﬂ[O,s]}(pAp) < :uS(A)
Here, R(pe(u,(4),00)(A)) denotes the range projection of pe(,. (a),00)(A)-

Proof. 1. If pus(A) = 0, then it is trivial. So we can assume ps(A4) > 0.
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From Proposition 2.2, we compute

L {ar0,51} (PAP) = SG(PAD) phe . ).y (A)
> SG(D)prci. yoey(4) * SGA) prei. ar.oer (A)
> SG(A)e, (a0 (A)

_ | / A1 dey(A)
(ks (A),00)

> ps(A).

-1

€ (A),00) (A)
2. Consider the set of T-measurable operators p2p. Since pAp is in 2,

ut(pAp) = inf{||pApE]||; E is a projection in p2Ap with 7(p — E) < t}.

Therefore,

g ano,s1} (PAP) < |[pAp(p — R(pe(u. (a),00)(A)))]]
= [lpAp(p A epo,u. (4 (A)l
= |lpA(p A ejo,pu. a) (A)]]
< AP A epou.ay ()]
= || Aejo,u, () (A) (P A€o, a)y (A
< [|Aego,pu, cay (Al
< ps(A).
O

Proposition 3.3.  Let A be a positive operator in A and J be a Lebesgue
measurable set in [0,7(1)). Let p be a projection in A with m(J) = 7(p). Then,

7(p)
/ Hm{ano,s]} (PAp) ds = / ps(pAp) ds = T(pAp).
J 0

Proof. It suffices to prove that fi,,{njo,s)} (PAP) and ps(pAp) have the
same distribution function. At first we claim that

m{s € J; m{injo,s)y (PAP) >t} = m{J N[0,a]} (t > 0)

with a = sup{s € J; iy n0,s3 (PAP) > t}.
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Let u be an element in J such that p,1snp0,4} (PAp) > t, then

m{s € J; miino,sy (PAp) >t} > m{J N[0, ul}.

(since iy is decreasing for s < u, pim{sn0,s]} (PAP) > 1)

From the definition of a there exists {a;} in {s € J; tm{sn0,s} (PAP) > t}
such that o; " «.

Therefore, we have m{s € J; i inpo,s3 (PAP) > t} > m{J N[0, o]} (for
all j). Taking the lim;_,o, of the both sides, we get

m{s € J; tm{njo.s)y (PAP) >t} > m{J N [0,a]}.
Conversely, from the definition of «, we obviously have
m{s € J; im{ano,s)y (PAp) >t} <m{J N0,a]}.
Finally, we will prove that m{J N[0, a]} = m{s; us(pAp) > t}. Clearly,
m{J N[0, 05]} < m{s;ps(pAp) > t}.

(since fim{info,q,)) (PAP) > 1)

So we get
m{J N [0,a]} <m{s;us(pAp) > t}.

On the other hand, we set
B = sup{s; us(pAp) > t}.

Since ps is decreasing, m{s; us(pAp) >t} =0
If 3 = o0, then a = 7(p) = m(J) = co. Therefore, we get the conclusion. So
we can assume 3 < co. When we set

f(@) =m{JN[0,2]} (x€[0,7(1))),

f is a measurable function on [0,7(1)). Futhermore, f is a continuous finction
on [0,7(1)).
Indeed, if z; — z, then

(1)
lim m{JN0,z;]} = lim / XJn[0,z;] dm
J—0o0 J]—00 0

O
Z/ lim X jnjo,;] dm
0 J—oe
(by the dominated convergence theorem)
=m{J N[0, z]}.
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Since f(0) =0, f(7(1)) = m(J) = 7(p), [ attains any value in [0, 7(p)].
Therefore, for all £ > 0, there exists x such that
m{JN0,z]} =0 —e.
When we set y = sup{J N [0, z]},
{7N[0,2]} ={JN[0,y]}.

From the definition of y, there exists {y;} in {J N[0, z]} such that y; /" y. We
get

lim m{JN[0,y;]} =m{JN[0,2]} =6 —e.

j—oo

As m{J N[0,y;]} < B — e, we have piy(njo,y,)} (PAp) > t. Therefore we get

m{JN[0,a]} > lim m{JN[0,y;]} =3 —¢ (from the definition of a, y; < )
j—oo

The proof is complete since ¢ is arbitrary. O

Proposition 3.4. Let A be a positive operator in A. Let J be a mea-
surable set, and p be a projection in .

L Ifp € Qi({equ, (a),00)(A)},7), then T(pAp) > [, ns(A)ds.

2. If p € (Qre({equ.(a),00 (A}, 7))L, then 7(pAp) < [} ps(A) ds.

Proof. 1. Proposotions 3.2 and 3.3 show the result.
2. From the Definition of (e ({e(,,(4),00)(A)}, 7)) T,

T((1 = p) Aeu,a),00)(A) >m{JN0,s]} (forall s €[0,7(1))).
By substracting the both sides from s, we have
s =7((1=p) Neu,(a),00)(A)) < s —m{J°NJ0,s]} (forall se[0,7(1))).
We note
= 7((1 = p) N e, (a),00)(A))
T( €(1s(A),00) (A)) = T((1 = p) A€y, (a),00)(A))
= 7T(€(u.(A),00) (A) = (1 = p) Ae(u,(a),00) (A))

=7((1=p) V e(u,(a),00)(4) = (1 = p))
= T(R(D(u(4),00) (A))),
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and
s—m{J°N|o0,s]}
=m{[0,s]} —m{J°N|[0, s]}
=m{JNJ0,s]}.

Using Propositions 3.2 and 3.3, we get

7<pAp>s;/Cus@4>da
]

Theorem 3.1. Let A and B be positive operators in A. Let Jo, Ji
and Jo be measurable sets with m(Jy) = m(J1) = m(J2) and m(J§) = m(Jf) =
m(Js). If a triple (Jo,J1,J2) is admissible for ({e(.. (a+B)oc)(A + B)},
{e(,us(A),oo)(A)}) {e(,us(B),oo)(B)})) then

[ s pyas< [ paydse [ ) s
Jo J1 J2

Proof. If p € Q,({equ.(a4B),00) (A+B)}, 1) N (e ({€(u, (a),00)(A) ), 7)) E
m(QJg({e(ps(B),oo)(B)}a T))J‘, then

T(p(A+ B)p) > / ws(A + B)ds (by Proposition 3.4 ).
Jo
On the other hand, since p € (¢ ({e(,, (a),00)(4)}, 7)) >, Proposition 3.4 shows
T(pAp) < / ps(A) ds.
J1
Similarly, for an operator B we get
r(pdp) < [ a(B) ds
J2

Therefore, we obtain

L;MA+BMBSNMA+BD

AN

7(pA) + 1(pB)
MS(

/J A) ds+ /J2 ws(B) ds.
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Lemma 3.1.  For J = [0,r] we have
Qe ({e(ua(a),00 (A} 7)5 = {D € Wproji T(p) = 1}
Proof. Let p be a projection with 7(p) = r. It is enough to prove that
T((1 =) Ae(u.(a),00)(4) = m{[0,5] N[0, 7]}
If s < r, it is trivial. When r < s < oo, we get

T(R(e(MS(A),oo)(A)p)) T(R(PG(MS(A),OO)(A)))

7(p)

r

IN

= m{[0, s] N[0, 7]}.
By substracting the both sides from s, we get the conclusion.

From Theorem 3.4 and Lemma 3.1 we obtain
Qo1 ({€(ua(A+B),00) (A + B)},7) 0 (Qpo,e (L€, (4),00) (A) 1, 7))
N(Qpo,re ({€(ua(B).00) (B) 1 7)) = Qo) ({€(u, (4+8),00) (A + B)}, 7).

When 2 has no minimal projection, Qo ,({€(.. (A4 B),00) (A + B)},7) is not an
empty set, because e(#T(A+B)7OO)(A + B) is inclueded. Since we can always
embed 2 into A ® L‘(’[‘(’)’l];dt)7 we get the inequality

/0 ws(A+ B) dsg/o ws(A) ds—i—/o ws(B) ds (for all r € [0,7(1))).

This inequalty was found by Ky Fan when 2 = M,,(C). For a general von

Neumann algebra with a faithful semifinite normal trace several proofs are

known (cf. [3], [9]).
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