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On Decay-nondecay and Scattering for
Schrodinger Equations with
Time Dependent Complex Potentials

By

Kiyoshi MocHIZUKI* and Takahiro MOTAT**

Abstract

We consider the Schrédinger equations with time dependent complex potentials.
Under suitable space-time decaying conditions on the potential we treat L? decay-
nondecay of solutions and also develop a scattering theory.

81. Introduction
We consider the Schrodinger equation
(1) 0w — Au+V(zx,t)u=0, (z,t)€R" xR,

where ¢ = /-1, 0 = 0/0t, A is the n-dimensional Laplacian and V' (z,?) is a
complex potential which is bounded and continuous in R™ x R.
We choose the initial condition at ¢ = 0,

(2) u(z,0) = f(z) € L?,

and restrict ourselves to solutions in L2. Here, for 0 < p < oo, L? = LP(R") is
the usual LP-space with norm

1/p
e ={ [ W@Pas} @ <p<oo il =es sup 1)

zeR"
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In the following we simply write / = / and omit the suffix L? of || - ||z

when p = 2.

Let Up(t) = e~ be the unitary group in L? which represents the solution
of the free equation
(3) i@tuo - AUO =0.

Then problem (1), (2) reduces to the integral equation

(4) u(t) =Uo(t)f + i/o Uo(t — 1)V (-, m)u(r)dr.

For given f € L2, this equation has a unique solution u(t) € C(R;L?). We
denote by U(t,s) € B(L?) the evolution operator which maps solutions at time
s to those at time ¢:

u(t) = U(t, s)u(s).

The unique existence of solutions of (4) implies that for each fixed s and ¢,
U(t, s) defines a bijection on LZ.

In this paper, under suitable conditions on V(x,t), we shall treat decay-
nondecay of solutions, and develop a scattering theory.

As is easily seen (Lemma 1 (i)), we have

(5) ()| + / / TV (2, £)[ux, 7) Pddr = Ju(s)]?

for any ¢t > 0, where ImV (z,t) denotes the imaginary part of V(z,t). If
ImV (z,t) > 0, then |lu(t)|| is decreasing with ¢, and a question rises whether it
decays or not as t goes to infinity.

The decay-nondecay problems of solutions have been studied for dissipa-
tive wave equations (see e.g. Mochizuki-Nakazawa [11]) based on the energy
identity corresponding to (5) and a space-time weighted energy estimate of free
solutions. In case of the Schrédinger equation, we can follow a similar line of
proof if the last estimate is replaced by the so-called LP — L7 estimates of free
solutions.

The scattering theory compares solutions of (1) and (3) not only when
t — oo but also when t — —oo. So, the positivity of ImV'(x,t) in (5) does
not work well, and it is necessary to obtain convenient space time estimates
of perturbed solutions. There are several works which treat time dependent
potentials. See Howland [2], Yafaev [12], Yajima [13], Kitada-Yajima [7] and
Jensen [3]. But their results are restricted to the case of real potentials. So, for
each fixed t the operator —A + V(z,t) becomes selfadjoint, and this fact plays
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an important role in their theory. In this paper, in place of the selfadjointness,
we require a smallness condition on V (z,t).

For time independent complex potentials, the smooth pertubation theory
has been developed by Kato’s classical paper [4] (see also Kato-Yajima [5]
and Mochizuki [8]) to treat small perturbations. This theory is based on the
weighted resolvent estimate, and is not available either in our time dependent
potential. In this paper, by solving the integral equation (4), we directly obtain
a necessary LP — L9 estimate for perturbed problem (1). Note that in the recent
work of Mochizuki [9] the corresponding results on scattering have been shown
for wave equations with time dependent coefficient, where is used a space time
weighted energy estimate of pertubed solutions.

Now, let us explain the results of this paper for a typical example

(6) V(e,t) = c(l+r) 1+ [t)™7 (r=]z])

with ¢ € C and o, 5 > 0.
In the next Section 2 we shall first show (Theorem 1) that L? decay
[lu(®)|| = 0 (t — o0) occurs if we require

(7) Imc>0 and a+p8<1
Contrary to this condition, if we require
(8) Ime>0 and a+(>1,

then as will be seen (Theorem 2) ||u(t)|| does not in general decay as t — oo.

In Section 3 we shall obtain space-time LP — L? estimates of u(t) (Theorem
3) based on similar estimates of free solutions. For this aim, we restrict ourselves
to complex potentials like

(9) % +35>1 and |c|issmallif §=0.

Finally, in Section 4 these estimates are used to develop a scattering theory
(Theorem 4). As will be shown, the strong limit

Z* =5~ lim Uy(—t)U(t,0)

t—too

exists under (9). Moreover, it gives a bijection on L? if |c| in (9) is restricted
smaller. In this case the Mdller wave operator is obtained by W+ = (Z%)~!
and the scattering operator is defined as follows:

S=WhHw-=z%(z")""
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Note that example (6) has been given in Yafaev [12] when c is real and
08 > 0. His results include the following. The wave operator

W* =s— lim U(0,t)Up(t)
t—+too

exists if « + B > 1. It is in general incomplete, but becomes complete, i.e.,
the range of W¥ coincides with the whole space L2, if the stronger condition

% + 3 > 1 is required.

§2. L? Decay and Nondecay of Solutions

In the following we distinguish the real and imaginary parts of V' (z,t) by
Vr(z,t) and Vi(x,t), respectively:

V(z,t) = Vg(z,t) + iVi(x,t).

Lemma 1.  Let u(t) be the L? solution of (1), (2).
(i) Assume that V(x,t) is bounded, continuous in R™ x R. Then we have

1 ¢ 1
S+ [ [ Vite Dl dodr = 117
0

(ii) Assume further that 0:Vr(z,t) and VVi(z,t) are bounded, continuous
in R™ x R. Then we have

%/{|Vu|2+VR(x,t)|u|2}dx 0+/0 /[Vl(x,t){|Vu|2+VR(x,t)|u|2}

1
+Re{(VVi(z,t) - Vu)ua} — EatVR(x,t)|u|2 dzdt =0

Proof. By a standard approximation procedure (see Remark given be-
low), we have only to show these identities for smooth u(t) € C((0,00); H?) N
C1((0,00); L?). Here H7 (j = 1,2) is the Sobolev space with norm

191 = [ @+ [97uP)de < .
(i) We multiply by @ on both sides of (1). Then
(10) iugtt — V- {(Vu)a} + |Vul> + V(z, t)|ul* = 0,
where u; = Oyu. Taking the imaginary parts, we have

(11) %8t|u|2 IV - {(Va)a}] + Vi, t)luf? = 0.
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Integration by parts on R™ x (0,¢) then gives the desired identity.
(i) We take the real parts of (10) and multiply both sides by Vi(z,t).
Then

—Vi(z,t)Im(uwsii) — Re[V - {Vi(z,t)(Vu)u}] + Re[{VV(z,t) - Vu}u]
+Vi(z, ){|Vu|® + Vr(z, t)|ul*} = 0.
Next we multiply both sides of (1) by @; and take the real parts. Then
1 1
—Re{V - (Vui:)} + §8t{|Vu|2 + Vr(z, t)|u*} — §8tVR(x,t)|u\2
—Vi(x, t)Im(ua;) = 0.
Getting together these equations, we have

%8t{|Vu|2 + Vr(z, t)|u*} = Re[V - {Vi(, t) (V)i + (Vu)is}]

FRe[(VVi (2, 8) - V)] — %ath(x,t)W

+V1(x,t){|Vu|2 + VR(;v,t)|u|2} =0.

Thus, integrating it on R™ x (0,t) gives the desired identity. |

Remark. Let u; (j =1,2,...) be the solution of the modified equation

wj(t) = Uo(t) (hy % f) + i / Uo(t — 7){hy  V(-,7)(h; = u(r)) b,

where hj(z) € C§° is a series of functions satisfying h; — § (delta function)
as j — 0o, and h * g means the convolution of A and g. Then as is proved in
Ginibre-Velo [1] (cf., also Mochizuki-Motai [10]), u;(t) — u(t) in C(R : L?)
if f € L? and V(x,t) satisfies conditions of (i). Moreover, u;(t) — u(t) in
C(R: H')if f € H' and V(x,t) satisfies the conditions of (ii).

We shall show that L2-decay of solutions occurs under the following con-
dition.
(A1) V(xz,t) satisfies
Vi(z,t) 2 ¢(|z] + 1),

|VVI('/Bat)‘ + 8tVR(xat) < CIVI(xvt) + 77(75)’
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where ¢(0) is a positive, bounded continuous function of o > 0 such that

/ " b(o)do = o,

C} is a positive constant and 7(t) is a positive L! function of ¢ > 0.

Note that potential (6) with (7) satisfies the above condition. In fact, we
have
Ime(1 + |z[)~(1 +t) 7% > Ime(1 + || +t)~27F,
1 Rec 1

[VVi(z, )]+ 0:Vr(z,t) < ya(l + |2)7" = B —(1+8)7" ¢ Vi(z,1).
|Rec|
c

Im

So, (A1) is satisfied with ¢(0) = Imc(1+0)"* 8, C; = a +
0.

and n(t) =

Lemma 2.  Under (Al), there exists Co > 0 such that
¢
[ Vu(t)|? —|—/ /Vj(x,t)|Vu\2d:Udt < Col|flI3: for any t > 0.
0
Proof. Since Vg(z,t) is bounded, it follows from Lemma 1 (i) that

1 t
§/|VR(x,t)Hu|2dx+/ Vl(x,t)\VR(;v,t)||u\2dxdt§C||f\|2.
0

On the other hand, by the second inequality of (A1) and Lemma 1 (i) we have
for any 0 < e < 1,

/0 /[Vl(x,t)Vu|2 + Re{(VVi(z,t) - Vu)u} — %BtVR(x,t)uF] dxdt

2/ /[{(1—€)W($7t)—en(t)}|vu|2—CG{C1W(J:,t)+77(t)}|u\2] dzdt
0

¢ 1
> [ 10 vt - noyvupded - c. (563 + s ) 171
These inequalities and the identity of Lemma 1 (ii) show
t
IVuOIF+ [ 10 = Vite.t) =m0} Tuldadt < €] 1
In this inequality, we first apply the Gronwall inequality to obtain

IVu@* < Sl 11



SCATTERING FOR SCHRODINGER EQUATIONS 1189

Then we have

t
[ [ atervuopasd < a1
and the assertion of the lemma is concluded. O

Theorem 1.  Assume (Al). Let f € H' and also \/o(r)f € L?, where
p(o) = / d(s)ds+ 1 and r = |z|. Then
0

IV F U0+ [ [ el +Vile. Ofudode

< SIVEOI + 201 + Co)ll I

for any t > 0. (o) being increasing to oo as o — 00, this implies
lu@®)* < o "HIVeOFI? + 20+ Co)lI 7} — 0 as t — oo

Proof. 'We multiply by ¢(r + t) on both sides of (11) and integrate over
R™ x (0,t). Since ¢(r) = O(r) as r — oo, there exists a sequence Ry — 00
(k — o0) such that

t
lim Im/ / p(Oru)udSdt = 0,

k—o0

and it follows that

sIVet+aumk+ [ {;¢|u|2 T Im(gu,a) + ¢V1u|2}dxd7
= SV

By means of the first inequality of (A1), this and Lemmas 1 (i) and 2 show the
theorem. O

Next, in order to treat L? nondecay of solutions, we require in contrast to
(A1) the folowing condition.
(A2) V(z,t) satisifes

Vl(fvt) 2 0, |V($,t)‘ § CgV](.T,t) +77(t)

and also
[V (2, t)| < &(x) +m(t),



1190 KiyosHr MOCHIZUKI AND TAKAHIRO MOTAI

where Cj is a positive constant, n(t) and 7, (¢) are positive L' function of ¢ > 0
and £(x) is a positve function of z € R™ such that

&(z) e LI(R™), for some 1< qg<mn.

Note that potential (6) with (8) satisfies this condition. In fact, it follows
from the Young inequality that

—a—p B —a-p
(1+7) +a+ﬁ(1+t) )

(67

a+ 0

(1+r)*1+t)P<

Since o 4 3 > 1, we can choose &(x) = e(1 +r)~* 8 for iﬁ < ¢ < n, where
a

€ is any positive constant if 5 > 0 and € = || if § = 0.
We use the following well known property of free solutions.

1 1
Lemma 3. Let2 < p < oo and put — =1— —. Let ug(t) be the solu-
p p

tion of the free equation (3) with initial condition
UO(.Q?,O) = fo S Lp,.

Then we have
lluo(t) e < (4m[t)™P=2| fol| Lo

Theorem 2.  Assume (A2). Then for each 0 # f € L? n L*/(a+D)
there exists so > 0 such that for all s > s,

U(t,0)[U(0,s)Uo(s)f] = U(t,s)Uo(s)f /0 as t— oco.

Proof. Let u(t) and uo(t) be nontrivial L?—solutions of (1) and (3), re-
spectively. Then

0 (u(t), uo(t)) = (Au(t) — Vu(t), uo(t)) — (u(t), Auo(t)),
where (-, ) is the innerproduct of L2. Integrating both sides over [s, t], we have
t
(u(t), up(t)) — (u(s),up(s)) — z/ (Vu(r),up(r))dr = 0.
By the Schwarz inequality

(12) |(u(t), uo(t)) — (u(s), uo(s))]

t 1/2 t 1/2
< {/ /|V|u|2dxd7} {/ /|V||u0|2d9cd7} .
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The second inequality of (A2) and Lemma 1 (i) show

/:/|V||u2da:d7- < /:/{C%,Vz(:s,r) + () ul2dadr

<(2+/ tnde)nu(s)P.

On the other hand, the third inequality of (A2) combined with the Hélder
inequality shows

t t t
(13) [ [ Wlhuo(r)Pdedr < s [ uolr) adr + [ n(r)drijuas)”
Thus, it follows from Lemma 3 that
1/2

(14) 1t w0t = ) oo < (52 [ ntoar) ey

1/2

t t
x{czn&nu [ o O B + ﬂl(T)dT||U0(0)||2} ,

where we have used the equalities

o ™ n\_" 4 1 qg+1
2 2) ¢ 2¢ 2

Now, for every nonzero fo € L? N L2%/(@+1) et ug(t) = Uy(t) fo and
u(t) = U(t,s)Uo(s) fo = U(t,0){U(0, s)Uo(s) fo}.

We can show that this u(¢) does not decay as t — oo. In fact, contrary to the
conclusion, assume that ||u(t)|] — 0 as t — co. Then letting ¢ — oo in (14), we
obtain

1/2

sl < (4 [ atmar) s

1/2

x{czuenm [t ol + [ n1<r>dr|fo||2} ,

Since ||Up(s) fol| is independent of s, this leads to a contradiction if s is chosen
sufficiently large. O
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83. Space-time LP? — L7 Estimates

In this section we first summarize space-time LP — L7 estimates of free
solutions, and then use it to obtain similar estimates of perturbed solutions.

11 n(1 1
=5 MU T\ )

< C5||h||Lr’(Ri;LP’)-
L™ (Ry;LP)

n—2

Lemma 4. Letn > 3 and let 5
n

<

K=

Then there exists Cs > 0 such that

1
As is well known this lemma is a direct from Lemma 3 if — > 5
P n

/Ot Us(t — 7)h(r)dr

_9
T2 At

1 -2
the end point — = nT, it is due to Keer-Tao [6].
P n

As a corollary of this lemma we have the following

Lemma 5. Letn, p and r be as in Lemma 4. Then
(i) For anyt e Ry,

(ii) For foy € L%, we have Uy(t) fo € L"(Ry; LP) and

1Uo () follLr R0y < V2C5]| fol-

Now, we return to the perturbed problem. We obtain similar estimates of

/t Us(—7)h(r)dr

0

< \/ﬁ”hHU’(Ri;L"')'

perturbed solutions requiring the following condition on V (z,t).
(A3) V(x,t) satisfies

V(z,t) € L¥(R; LY),

where 1 9 1 "
0<-<-— and —=1-——.
q —n v 2q
Moreover, V (z,t) satisfies the smallness condition
(15) C5||V||L00(Ri;Ln/2) <1 when v =00,

where C5 is a constant given in Lemma 4.
Note that potential (6) with (9) satisfies this condition (A3) if we choose

1 2
l:Owhena:O, — = — when =0 and
q q n
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max{0,2(1—-08)} 1 min{a,2}
<< —
n q n
For 1 <~, <00 and +s > 0, we put

when «, 5> 0.

VIl =L (Re s LV),

where Ry, s = [s,00) for s > 0 and R_,s = (—o0,s] for s < 0. The space
Y] = LY (Ry; L) is already used in this Section. By (A3) we have V(z,t) €
Y4 for any 4s > 0. Moreover, as we see from (15), there exists s > 0 such
that

(16) Cs[|Vllyps < 1.

In the following we fix such an s, and choose the pair {p,r}, related to
{q, v}, as follows:

1 1 1 1 1 1
_ = — —_ = _ = — 1 — — .
(17) 573 (1 q)’ and . 2( 1/)

As is easily seen, the condition for {g, v} in (A3) is equivalent to that for {p,r}
in Lemma 4.

Theorem 3.  Let n > 3 and assume (A3). Then for each f € L?,
(i) The integral equation

u(t) = Uyt — s)f + z/ Uo(t — 1)V (7)u(r)dr

has a unique solution in u(t) € Y.
(i) This solution belongs to C(R4 s;L?) and coincides with U(t,s)f.
Moreover, we have

V2Cs
18 ullyrr < ——————
as) Il < TG gy M1
and
19) | v miriin| < 2o
-V (r)u(r)dr .
. T

Proof. (i) For g(t) € Y%, we put

D, 9(t) = / Up(t — 1)V (7)g(r)dr, t€Ry.

By Lemma 4 we have

r'p’ -
Yyl

/ Ut — 1)V (7)g(r)dr

< G|Vl
Yt
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Here

Vallyy o < WVlvzalgllyere—rm e,

/

/
and (17) implies that rPa__ p and r_y/ = r. Thus, the above inequality
q v—r

;=

proves that

(20) 1@+ 5gllype < Cs[V]|yza

g”YQza
Now, for f € L? we define {uy(t)} successively as follows:
ug(t) = Uo(t — S)f7 uk(t) = UO(t) + i@i,suk_l(t).

uo(t) € Y% by Lemma 5 (i), and hence, each ug(t) € Y% by (20). Moreover,
since

n
tn = unallyzs < (19 lsevrgs) wollyzs

and ||+ s|[syyr) <1 by (16) and (20), we see that {un(t)} converges in Yih
as n — oo.

It is obvious that the limit u = u(t) is the desired solution of the integral
equation.

(ii) Tt follows from Lemma 5 (i) that

(21) ‘/: Uo(—7)V(T)u(r)dr

< V205Vl < VGV Iy s lullyzs.

This and the integral equation show that the solution u(t) is in C(Ry s; L?).
Since the integral equation has a unique solution in C(R s; L?), this u(t) coin-
cides with U(t, s) f. Moreover, inequality (18) easily follows from the definition

u(t) = uo(t) + Y _{un(t) = we—1(t)}
k=1

if we note Huo\|y£1; < V2G5 1]l
Inequality (19) follows from (18) combined with (21). O

84. Scattering
Our results on scattering are summarized in the following theorem.

Theorem 4.  Let n > 3 and assume (A3). Then
(i) For every f € L? there exists fOi € L? such that

U, 0)f — Us()fEI? — 0 as t— +oo.
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We put
Z* =5~ lim Uy(—t)U(t,0).

t—+oo

Then Z* defines a nontrivial bounded operator on L?.
(ii) If (15) in (A3) is replaced by the stronger condition

(22) 3C5 |V oo (ry;onr2y <1 when v = o0,

then Z* gives a bijection on L?. Thus, the scattering operator
S=z5z7 )" fy =

is well defined and also gives a bijection on L?.

Proof. (1) We put u(t) = U(t, s)f and ug(t) = Up(t — s)fo. Then as in
the proof of Theorem 2 we have

t

(23) (u(t), uo(t)) — (u(o), uo()) —i/ (V(T)u(r), uo(7))dr = 0

[ea

for any o, t € Ry 5. It follows from (A3) and Lemma 5 that
¢
| [ WiluoPdods

where we have used the equalities

L1/ 1y 11
2¢ 2 q) p 2
3

On the other hand, by (A3) and Theorem

1/2 1o
< ‘|V‘|y;s§||u0||yj2:gs’,2q/

1/2
<V2GH|IVIrall foll

(24)

(ii) we similarly have

(25) " Wiepasar] %ww%”w
95 // wldedr| < o YRR
- 1= Cs[|V ||y

Now we have from (23) and (24)

[(Uo(s —)U(t, s)f — Uo(s — a)U(o, 5)f, fo)]

([mfwvwmvm

<

1/2
V2GS IVIRY . foll
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+oo
/ /|V|\u|2dxdT

this shows the existence of the strong limit

Since
1/2

— 0 as o — Z£o0,

ZF(s)=s— liﬂ:mOo Uo(s — t)U(t, s)

t—

in L?, and we also have

7t =5 — im Ug(=)U(t,0) = Uo(—8)ZE(s)U(s,0).
The nontriviality of Z% is easily verified if we use (18) and follow the proof of
Theorem 2.
(ii) To verify the assertions, we have only to show that Z*(s) is a bijection
on L2. For this aim we use the following inequality due to (23), (24) and (25).

|(Uo(s —t)U(t,s)f — Uo(s — o)U(a,s)f, fo)l

05||V||Y”'q,
< —— £l foll-
L= GsllVllyy

s

We put 0 = s and let ¢t — +oo. Then it follows from this inequality that

205Vl
(({Zx(s) = I} ], fo)| < WHfH”foH
5V vz
Since
205 Vlyye B
1=Cs|Vllyps ~
this implies ||Z+ — I||(z2) < 1 and the proof is completed. O
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