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Notes on Microstate Free Entropy
of Projections

By

Fumio Hiarh'2* and Yoshimichi UEpaA®:3:**

Abstract

We study the microstate free entropy Xproj(P1, - - -, pn) of projections, and estab-
lish its basic properties similar to the self-adjoint variable case. Our main contribution
is to characterize the pair-block freeness of projections by the additivity of xpro; (The-
orem 4.1), in the proof of which a transportation cost inequality plays an important
role. We also briefly discuss the free pressure in relation to Xproj-

Introduction

The theory of free entropy, initiated and mostly developed by D. Voiculescu
in his series of papers [20]-[25], has become one of the most essential disciplines
of free probability theory. The microstate free entropy x(Xi,...,X,) intro-
duced in [21] for self-adjoint non-commutative random variables Xy, ..., X, is
defined as a certain asymptotic growth rate (as the matrix size N goes to oo) of
the Euclidean volume of the set of N x N self-adjoint matrices (41, ..., A,) ap-
proximating (X1, ..., X,,) in moments. It is this microstate theory that settled
some long-standing open questions in von Neumann algebras (see the survey
[26]). On the other hand, the microstate-free free entropy x*(Xi,...,X,) was
also introduced in [23] based on the non-commutative Hilbert transform and
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the notion of conjugate variables, avoiding use of microstates or so-called ma-
trix integrals which are rather hard to handle. Although it is believed that
both approaches should be unified and give the same quantity, only the in-
equality x < x* is known to hold true due to Biane, Capitaine and Guionnet
[3] based on an idea of large deviation principle for several random matrices.
In his work [25] Voiculescu developed another kind of microstate-free approach
to free entropy, the so-called free liberation theory, and introduced the mutual
free information i* for subalgebras rather than random variables. He suggested
there the need to apply the microstate approach to projection random variables
because the usual microstate free entropy x becomes always —oo for projec-
tions while ¢* does not in general. Following the suggestion, we here study the
microstate free entropy Xproj(P1i,...,pn) of projections pi,...,p, in the same
lines as in [21] and [22] to provide the basis for future research.

The large deviation principle for random matrices as mentioned above
started with the paper of Ben Arous and Guionnet [2] and has been almost
completed in the single random matrix case (corresponding to the study of
x(X) for single random variable X), see the survey [8]. We note that such large
deviation principle played quite an important role not only for the foundation
of free entropy theory but also for getting free analogs of several probability
theoretic inequalities (see [14] and the references therein). Recently, one more
large deviation was shown in [12] for an independent pair of random projection
matrices, including the explicit formula of the free entropy xproj(p, ¢) of a pro-
jection pair (p,q). This is one of a few large deviation results (indeed the first
full large deviation result) in the setting of several random matrices, though
the method of the proof is based on the single variable case. Moreover, in [15]
we applied it to get a kind of logarithmic Sobolev inequality between the free
entropy Xproj(p; ¢) and the mutual free Fisher information ¢*(W*(p) : W*(q))
(see [25]) for a projection pair. The large deviation result in [12] also plays a
crucial role in our study of Xproj here.

The paper is organized as follows. After giving the definition and basic
properties of Xproj(P15---,Pn) in §1, we recall in §2 the formula in the case of
two variables. In §3 we introduce a certain functional calculus for a projection
pair (p,q) and provide a technical tool of separate change of variable formula.
This tool is essential in §4 to prove the additivity theorem characterizing the
pair-block freeness of projections by the additivity of their free entropy. §5
treats a free analog of transportation cost inequalities for tracial distributions
of projections. Such a free analog is of interest by itself while its simplest
case is needed in the proof of the above-mentioned additivity theorem. Finally,
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along the same lines as in [10], we introduce in §6 the notion of free pressure and
compare its Legendre transform with xproj(P1, - - -, Pn), thus giving a variational
expression of free entropy for projections.

81. Definition

Let U(N) be the unitary group of order N. Let G(N, k) denote the set of
all N x N orthogonal projection matrices of rank k, that is, G(IV, k) is identified
with the Grassmannian manifold consisting of k-dimensional subspaces in CY.
With the diagonal matrix Py (k) of the first k& diagonals 1 and the others 0,
each P € G(N, k) is diagonalized as

(1.1) P =UPy(k)U",

where U € U(N) is determined up to the right multiplication of elements in
U(k) ® U(N — k). Hence G(N,k) is identified with the homogeneous space
U(N)/(U(k) @ U(N — k)), and we have a unique probability measure v ()
on G(N, k) invariant under the unitary conjugation P — UPU* for U € U(N).
In the homogeneous space description, this is the unique probability measure on
U(N)/(U(k) ® U(N — k)) invariant under the left multiplication of elements in
U(N) or in other words the induced measure from the Haar probability measure
yunvy on U(N). Let En g : U(N) — G(N, k) be the (surjective continuous) map
defined by (1.1), i.e., Enx(U) := UPn(k)U*. Then the measure yg(n,) is more
explicitly written as

(1.2) YG(N,k) = TU(N O§Nk

Throughout the paper (M,7) is a tracial W*-probability space. Let
(p1,-..,pn) be an n-tuple of projections in (M, 7). Following Voiculescu’s
proposal in [25, 14.2] we define the free entropy Xproj(p1, - - -, Pn) of (P1,-..,0n)
as follows. Choose k;(N) € {0,1,..., N} for each N € Nand 1 < <n in such
a way that k;(N)/N — 7(p;) as N — oo for 1 < i < n. For each m € N and
e > 0 we set

(1.3)
Toroj(P1,- -5 Pn; k1(N), .., En(N); Nymy,€)

:{(Plv“-a EHGNk ‘NTI‘NP "'P’L7) (pn"'pi,,.) <e

i=1

foralllgil,...,z;gn,lgrgm},
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where Try stands for the usual (non-normalized) trace on the N x N matrices.
We then define

(1.4)

Xproj (D1, -, Pn) = hm lim sup
6\0 N—oo

1 n
m log <®7G(N,ki(N))> (Fproj(ph <oy Pns kl(N>a .- 7kn(N)a N7m75))~

To justify the definition of xproj, here arises a natural question whether or not
the quantity Xproj(p1,...,Pn) depends on the particular choice of k;(N). The
answer is the following:

Proposition 1.1.  The above definition of Xproj(P1;---,Pn) is indepen-
dent of the choices of k;(N) with k;(N)/N — «; for 1 <i<mn.

Proof. For 1 < i < nletl;(N), N € N, be another sequence such that
l;(N)/N — «; as N — oo. In what follows we will denote, for brevity, the mi-
crostate set in (1.3) by L(k(N),m,e) with k(N) := (ky(N), ..., kn(N)). More-
over, let & ) (0) := (&, kl(N)(Ul) kv (Up)) for U = (Uh,...,Uy,) €

U(N)", and consider the subset D(I(N),m,€) = & © gg&v) (T(k(N),m,e))
of [T, G(N,1;(N)). Since

Enin)(U) = En vy (U) = U(Pn(ki(N)) — Py (Li(N))) U™,

we get
— ki(V)]
€n0, ) (U) = Enes oy (O) |, = — N
where || - ||1 denotes the trace-norm with respect to N~'Try. For every m € N
and € > 0, there exists Ny € N such that N7!I;(N) — k;(N)| < g/m for all
N > Ny and 1 < i < n. Let us prove that T(I{N),m,e) € T(I{N), m, 2¢) when-

ever N > Ny. Assume that N > Ny and Q@ = (Q1,...,Q,) € T(I(N), m,¢);
then there is U = (Uy,...,U,) € U(N)" so that § = §l~(N)((7) and P =

(Pr,..., P )—fk ()EF(k(N),m,s). Since
€ .
Qi — Pilly = ||€n.0: 3y (Us) = Env () ( i)||1<E, 1<i<n,
we get for 1 <iq,...,i.<nand 1<r<m

TN, Q1) — T (P

Z 1Qi; — Pyl <e,
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and thus

1
NTTN(Qil Qi) — T(Piy i) | < 26,

implying ¢ € D({{N), m, 2€). Setting 7z, 1= ®—; Y6(N.k: (N))» We now have,
thanks to (1.2),
ey (DN, . 26)) > g (BN hm )
( ) fz(N) k(i\f)( (E( N),m 5))
(WU(N)) Of,;(N)( F(N),m,e))
= i) (CR(N), m, )

whenever N > Ny. This implies that

, 1 . , 1 .
lim sup 75 log Y7 (TU(N),m,2¢)) > lim sup 75 log Yy, (T(k(N),m,e€)),

which says that the free entropy (1.4) given for I;(N ) is not greater than that
for I(N). By symmetry we observe that both free entropies must coincide. [

The following are basic properties of Xproj. We omit their proofs, all of
which are essentially same as in the case of self-adjoint variables in [21] or else
obvious.

Proposition 1.2.  Let p1,...,p, be projections in (M, ).
(1) Negativity: Xproj(P1,---,0n) <O0.
(ii) Subadditivity: for every 1 < j < mn,
Xproj (P15 -3 Pn) < Xproj (P1s- - -3 P5) + Xproj (Pj+15- - -, Pn)-

(iii) Upper semi-continuity: if a sequence (pﬁ’"), .. ,pn ) of n-tuples of projec-

tions converges to (p1,...,pn) in distribution, then
Xproj (p17 cee 7pn) > limsup Xproj (Pgm)

m—00

,...,pglm)).

(iv) Xproj(P1s---,Pn) does not change when p; is replaced by pi- :== 1 — p; for
some 1.
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Remark 1.3.  We may adopt different ways to introduce the free entropy
of an m-tuple (p1,...,p,) of projections in (M, 7). For instance, consider
two unitarily invariant probability measures 'y(Gl()N) and 'y(GQ()N) on G(N) :=
|_|£,:0 G(N, k) determined by the weights on G(N, k), 0 < k < N, given as

1 1 /N
@O = s e = o5 (V):

We set
Fproj(pla <y Dnj N7m7€)

1
= {(P17...7Pn) € G(N)" - ‘NﬂN(P“ o P) = (pn b)) < e

foralllgil,...,irgn,1§r§m},

and define for j = 1,2

. . . 1 . Qn
Xy (P1, -+, pn) = lim_limsup w2 108 (78<)N)) (Coroj (1, - -, pni Nym, €)).

e\.0 N—oo

It is fairly easy to see (similarly to the proof of Proposition 1.1) that both
xl(DQ)j(pl, oy Pn), J = 1,2, coincide with Xproj(p1, ..., Pn) given in (1.4).

82. Case of Two Projections

Let (p, q) be a pair of projections in a tracial W*-probability space (M, 7)
with a := 7(p) and § := 7(q). Set

Ey:=pAq, Eio:=pAq-, Ep:=p-Aq FEop:=p-Aqg",

E =1 (EOO + E01 —+ E10 + E11)~

Then E and Ej; are in the center of {p,q}" and (E{p,q}"E,7|g{p.qyE) 18
isomorphic to L*°((0, 1), v; M3(C)), where v is the measure on (0, 1) determined
by

T(4) =5 Tro(A(z)) dv(z), A€ L>((0,1),r; M2(C)) = E{p,q}"E
(0’1)
(hence v((0,1)) = 7(F)). Under this isomorphism, EpE and EqFE are repre-
sented as

x x(1—x)

f 0,1).
(l—z) 1-2z orz € (0,1)

(BpE)(x) = [(1) 8} and (EqE)(z) =
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In this way, the mixed moments of (p,q) with respect to 7 are determined by

v and {7(Eij)} j—o- Although v is not necessarily a probability measure, we

define the free entropy X(v) by
Y(v) = // log |z — y|dv(z) dv(y)
(0,1)2

in the same way as in [20]. Furthermore, we set

(2.1) p:=min{a, 5,1 — a,1 — G},

(22) C:_p2B<O‘_ﬂ| |a+ﬂ_1|>

p p

(meant zero if p = 0), where

1 2 2 1 t2 t2
B(s,t) ::( ZS) 1og(1+s)—%logs+( +t) log(1+t)—5logt
2 t)? 1 t)?
—wlog(2+s+t)+$log(l+s+t)

for s,¢ > 0. With these definitions, the following formula of Xpro;(p,q) Was
obtained in [12] as a consequence of the large deviation principle for an inde-
pendent pair of random projection matrices.

Proposition 2.1 ([12, Theorem 3.2, Proposition 3.3]).  If 7(Eyo)7(E11)
= T(E()l)T(Elo) = 0, then

1 a—f
Xproj(p7 Q) = _E(V) + ‘ | logmdu(x)
4 2 (0,1)
~1
+ la+p-1| log(1 — ) dv(x) — C,
2 (0.1)

and otherwise Xproj(p,q) = —00. Moreover, Xproj(p,q) = 0 if and only if p and
q are free.

Note that the condition 7(Eyg)7(E11) = 7(Fo1)7(F10) = 0 is equivalent to

T

Eqy) = max{a+ 0 —1,0},
Eyp) = max{1l — a — 3,0},
)
)

3

Eyp) = max{a — 3,0},

(
(
2.3
(2.3) (
(Eo1) = max{f$ — a, 0}.

T
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When this is the case, the following must hold:
T(E01)+T(E10):|Oz—,8|, 7'(E‘00)-|—7’(.Eu):|Oé-i-ﬁ—1|7 T(E>:2p.

In the case where Xproj(p,q) = 0 (equivalently, p and ¢ are free), the
measure v was computed in [27] as

(2.4)

with &,1:= a+ 3 — 2a8 £+ /4aB(1 — a)(1 — B). It is also worthwhile to note
[12] that limsup in definition (1.4) can be replaced by lim in the case of two
projections due to the large deviation result mentioned above.

In §4 the equivalence between the additivity of xproj and the freeness of
projection pairs will be generalized to the “pair-block freeness result” for more
than two projections. To do this, we need a kind of separate change of variable
formula for Xproj, which will be established in the next section.

83. Separate Change of Variable Formula

Let N € Nand k,1 € {0,1,...,N}. Assume that 0 < k <land k+1 < N.
Consider a pair (P, Q) of N x N projection random matrices with rank(P) =
k and rank(Q) = I, which is assumed to be distributed under the measure
Ya(Nk) @ Yan,yy on G(N, k) x G(N,1). Then, by means of the so-called sine-
cosine decomposition of two projections, we can represent such (P, Q) as follows:

I0

(3.1) PzU(OO

@0@0>Ut

X X(T—X)

(32) QzU( XTI-X) I-X

@I@O) U*

in CV = (CFeC?)aCl-*aCN =+~ where U is an N x N unitary matrix and X
is a k x k diagonal matrix with the diagonal entries 0 < 7 < a9 < --- < xp < 1.
When z1,...,x are in (0,1) and mutually distinct, it is easy to see that U is
uniquely determined up to the right multiplication of unitary matrices of the
form

T 0

017®%@%,TEWQWGW%%L%EUWAk—ﬂ

We denote by V(N, k, 1) the subgroup of U(N) consisting of all unitary matrices
of the above form so that U(N)/V (N, k,1) becomes a homogeneous space. Also,
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let [0,1]% and (0,1)% denote the sets of (z1,...,x) satisfying 0 < z; < --- <
T < 1 and 0 < 1 < -+ < zp < 1, respectively. We then consider the
continuous map En 4 : U(N)/V (N, k, £) x [0,1]X — G(N, k) x G(N, 1) defined
by (3.1) and (3.2), that is, -

Enra([U], X)
10 X X(I-X)
=(U 00| U™ U 160 )|U
( <00®@> ’ ( XI-X) I-X EBEB) >7
where X = (z1,...,2) in the right-hand side is regarded as a diagonal matrix

as above. The set
(G(N, k) x G(N, 1))y == Enp (UN)/V(N, k1) x (0,1)%)

is open and co-negligible with respect to yg(n.x) @ Ya(n,) in G(N, k) x G(N, 1)
thanks to [5, Theorem 2.2] (or [12, Lemma 1.1]) and moreover Zy
gives a smooth diffeomorphism between U(N)/V(N,k,I) x (0,1)% and
(G(N,k) x G(N,1)),- Then we show the next lemma for later use.

Lemma 3.1.  The measure (Ya(n k) ® Ya(N,1)) © EN,k, 1 coincides with
1 k k
war® (i Tt 0o T (o TLan )
Nkt G2 1<i<j<k i=1

where YN 1 s the (unique) probability measure on U(N)/V (N, k,1) induced by
the Haar probability measure on U(N) and Zn ;1 is a normalization constant.

Proof. Let A be the measure on U(N)/V (N, k,l) x (0,1)% transformed
from the restriction of yo(n k) ® Yo, to (G(N, k) x G(N, 1)), by the inverse
of Zn k1, and p be its image measure by the projection map ([U], X) — X.
The disintegration theorem (see e.g. [16, Chapter IV, §6.5]) ensures that there
is a p-a.e. unique Borel map Ay from (0,1)% to the probability measures on
U(N)/V(N,k,l) such that \ = f(0,1)’g Ax du(X). Note that ([U],X) — X
splits into En 1, (P, Q) — PQP and the map sending PQP to the eigenvalues
in increasing order. Hence p coincides with the eigenvalue distribution of PQP
arranged in increasing order, which is known to be equal to the second compo-
nent given in the lemma by [5, Theorem 2.2]. Therefore, it suffices to show that
Ax coincides with yy 4, for p-a.e. X € (0,1)%. For each V € U(N), the uni-
tary conjugation AdV x AdV : (P,Q) — (VPV*, VQV*) on G(N, k) x G(N,]I)
and the left-translation Ly : [U] — V[U] := [VU] on U(N)/V (N, k,1) satisfy
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the relation En ;0 (Ly x id) = (AdV x AdV) o En,; hence, in particu-
lar, (G(N,k) x G(N,1)), is invariant under the action AdV x AdV for every
V € U(N). Then one can easily verify that

/ (/ f([U],X)d(AxoLv)([U])> du(X)
(0,1)8 \JU(N)/V(N,k,0)

_ / FUUL, X) dA([U), X)
U(N)/V(N,k,1)x(0,1)%

for any bounded Borel function f on U(N)/V(N,k,l) x (0,1)k. This means
that A enjoys a new disintegration \ = f(0,1)’g Ax o Ly du(X). The uniqueness
of the disintegration says that for u-a.e. X € (0,1)% one has Ax = Ax o Ly for
all V € U(N). Since yn k,; is a unique probability measure on U(N)/V (N, k,1)
invariant under all Ly, it follows that Ax = v, for p-a.e. X € (0,1)% so
that

A= / YN et GU(X) = YNkt @ K,
(0,Hk
as required. O

For a pair (p, q) of projections in (M, 7) we introduce a sort of functional
calculus via the representation explained in §2. Let ¢ be a continuous increasing
function from (0,1) into itself. With the notations in §2 we define a new

projection ¢(;p) in {p,q}" by

q(; p) == Eq(¢;p)E + Eoo + Eo1 + E1o + E1,

Y () Y(z)(1 —2p(z))
Y(@)(1—2(z)  1-9()

It is obvious that 7(q(¢;p)) = 7(q). (The definition itself is possible for gen-
eral Borel function from (0,1) into [0, 1] but the above case is enough for our

(Eq(4;p)E)(x) = for x € (0,1).

purpose.) The aim of this section is to prove the following change of variable
formula for free entropy of projections.

Theorem 3.2.  Let p1,q1, ...y PnyGnsT1,y - - -, T be projections in (M, )
and assume that Xproj(Pi, ¢i) > —00 for 1 <i < n. Let ¢1,...,¢, be continu-
ous increasing functions from (0,1) into itself, and q;(v;;p;) be the projection
defined from p;, q; and ¥; in the above manner for 1 < i < n. Then we have

Xproj(plaql(w1§p1)7 e ,Pn,CIn(l/JnJPn)7T17 .. 'urn’)

n
2 Xproj(pla q1,---3PnsQqn,T1, - 7rn’)+Z{Xproj (p“ Qz(’l/h,pz» - Xproj(pi7qi)}~
=1
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Moreover, if 11, ..., are strictly increasing, then equality holds true in the
above inequality.

The proof goes on the essentially same lines as in [22] and it is divided into
two steps; one is to analyze the case when 1, ...,, are all extended to C'-
diffeomorphisms from [0, 1] onto itself and the other is to approximate, in two
stages, the given 11,...,1, by C*°-diffeomorphisms from [0, 1] onto itself in
such a way that the corresponding free entropies converge to those in question.
As the first step let us prove the following special case of the theorem.

Lemma 3.3.  Let p1,q1,.--,Pnsqn,T1,---,Tn be as in Theorem 3.2. If
Y1, ..., are Cr-diffeomorphisms from [0,1] onto itself with 1;(0) = 0 and
¥i(1) =1 and moreover ;(x) > 0 for all x € [0,1], then the equality assertion
of Theorem 3.2 holds true.

Proof. In the same way as in the proof of [22, Proposition 3.1] it suffices
to show when n = 1; hence we assume n = 1 and write p = p1, ¢ = ¢1 and
1) = 1)1 for brevity. Let v and {Eij}g,j:() be as in §2 for (p, ¢). By Propositions
1.2 (iv) and 2.1 we may assume that 7(p) < 7(¢) < 1/2 so that F1; = Ejp =0
by (2.3). We may further assume that p is non-zero; otherwise there is nothing

to do. With the polar decomposition (1 — p)gp = vp 4+/Pgp(p — pgp), we thus
represent p, ¢ and ¢(;p) as follows:

— *
D =Yy qVp,a

q = pap + vp.g/pap(p — pap) + /pap(p — pap)v;; , + vp.q(p — PRV,

+ (q —pgp — (1 =p)gp — pa(1 —p) —vpq(p - pqp)v;,q),
q(v; p) = ¥(pap) + vp.g VP (pap) (p — ¥ (pap))
+ VY (pap) (p — Y (pap) vy 4 + Up.q(p — Y (pap))vy ,

+ (q —pgp — (1 —p)ap — pa(1 — p) — vpq(p — pqp)vﬁ,q)’

where ©(pgp) means the functional calculus of pgp. Choose two sequences
E(N), I(N) for N > 2 in such a way that 0 < kE(N) < I(N) < N/2 and
E(N)/N — 7(p), I(N)/N — 7(q) as N — oo. As explained at the beginning of
this section, for each (P, Q) € (G(N,k(N)) x G(N,I(N)))o there is a unitary
U € U(N), unique up to V(N,k(N),I(N)), for which we have (3.1) and (3.2).
Then we can define the map @y on (G(N,k(N)) x G(N,I(N)))o by sending
(P,Q) to (P,Q(¢; P)) with

P(X) V(X)) (T = (X))
VOX) (I = 4(X)) I—(X)

Q; P):=U (

@I@O) U-.
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With the polar decomposition (I — P)QP = Vpo+/PQP(I — PQP) we have
the following expressions:

Q = PQP + Vpg\/PQP(P — PQP)
+/PQP(P — PQP)Vi o+ Vp (P — PQP)Vi 4
+(Q=PQP ~ (I - P)QP — PQI - P) - Vi o(P — PQP)Vi,),
Q(¥; P) = $(PQP) + Vp,oV/(PQP)(P — (PQP))
+VY(PQP)(P — Y (PQP))V g + Veg(P —¥(PQP))Vig
+(Q = PQP ~ (I - P)QP ~ PQ(I — P) - Ve (P ~ PQP)Vi ).

Upon these expressions, what we now need is to approximate v, , and Vp g
by polynomials of p, g and P, @, respectively, as stated in the next lemma very
similarly to [11, 6.6.4].

Lemma 3.4. Foreacht > 1 ande > 0 one can find Nog,mg € N, g9 > 0
and a real polynomial G in such a way that the following assertions hold:
® |[vp,g — (1 =plap- G(pap)lle <e.
e For each N > Ny, if (P,Q) € (G(N,k(N)) x G(N,I(N)))o satisfies

(33) | TN(PQP)™) ~r((pap)™)| <eo for1<m < mo,

then ||[Vp,g — (1 — P)QP - G(PQP)||; < e.
Here, || - ||¢ denotes the Schatten t-norm with respect to T as well as N 1 Try.

The proof of this technical lemma is essentially similar to that of [11, 6.6.4]
so that its sketch will be given later.

Proof of Lemma 3.3 (continued). Choose ki(N),...,ky»(N) so that
ki(N)/N — 7(r;) as N — oo, and set

/ ’

O =Dy x [ [idave vy on (GIN,E(N))xG(N,I(N)))ox ] [ G(N, ki(N))
i=1 i=1

and YN = Yo (N,k(N)) ©VG(N,I(N)) ®®Zil Ve Nk (N))- Let m € Nand € > 0 be
arbitrary. In what follows, for brevity we write I'proi(p, ¢, 71, - - ., Tnr; N, mo, €0)
etc. without k(N),I(N),k1(N),...,ky(N). Thanks to Lemma 3.4 together
with the expressions of ¢(¢; p) and Q(v); P) above, we can choose Ny, mg € N
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and g9 > 0 with mg > m and g9 < € such that, for every N > Ny, if (P,
Q,R1,....Ry) € Tproj(Py ¢ 715 - -, s Nymg, £0) and (P, Q) € (G(N, k(N)) x
G(N,I(N)))o, then ®x (P, Q, Ry, ..., R,) falls into Tpoi(p, ¢(¥;0), 71, - -« s T
N,m,e). Via En (), n) in the first two coordinates, Lemma 3.1 enables us
to estimate the Radon-Nikodym derivative dyy o ®x/dyn on a co-negligible
subset of T'proj(P, ¢ 715 - - -, 'nr; N,m, €) from below by the infimum value of

(3.4)
2 k(N)

W*i(PQP))—w( (PQP))

k(N) b(M(PQP)) I(N)=Kk(N) k(N) 1 — (M (PQP)) N—k(N)—I(N)
XII( ZPQP>) ( AAPQP))

i=1

for all (P,Q) € (G(N,k(N)) x G(N,I(N)))o N Tproj(p, q; N, mo,€0) with the
eigenvalue list A\;(PQP), ..., A\y(n)(PQP) in increasing order.
Let 91 (x, y) be the so-called divided difference of v, i.e.,

V(@)= (y)
— (35 # ?J)’

1] — z—y
vrny) {wm> (z = y).

Then, quantity (3.4) is rewritten in the coordinate (P, Q) as

deti ()2 wr(n)? [P ® P-¢U(PQP @ P,P© PQP)-P® P}
x (dety(nyxk(v) [P(PQP) "¢ (PQP)P))
X (dety(ny k() [P(P = PQP) ™' (P — ¢(PQP)P])
— exp (Tr%) (P ® P - log((PQP ® P,P ® PQP))- P ® P))
% (exp (Trpen) (P - log (PQP) 1y (PQP)) - P))) ™ ~H™)
x (exp (Tryqw) (P -log ((P = PQP)™ (P — ¢(PQP))) - P))) 7,

UN)—k(N)

N—k(N)—I(N)

where (PQP ® P,P ® PQP) is defined on PCN ® PCN while
(PQP)~ 1 (PQP) and (P — PQP)~1(P—¢(PQP)) are on PCY. Let § > 0 be
arbitrary. Since 1 is C', log ¥!] (x,%) is continuous on [0,1]? so that there is a
real polynomial L(z,y) on [0,1]? such that || logyM — L||o < 4. If m’ € N is
larger than the degree of L, then we have, for each (P, Q) € T'poi(p, ¢; N, m’, ")
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with an arbitrary ¢ > 0,

mT &2 (P®P~logw[l](PQP®P,P®PQP) : P®P)

2(p@p-log M (pgp ® p, p @ pap) -p®p)’
1
<25+ ‘FT‘r}?}Q(Pé@P-L(PQP@RP@)PQP) P®P)
®2(p@p- L(pgp ® p,p ® pgp) -p®p)‘
<20+ Ce

with C' > 0 depending only on L (hence on §). Therefore, for each n > 0 there
are mp; € N and €7 > 0 such that

(3.5) exp (TMQN) (P ® P -log (wm (PQP® P,P® PQP)) P& P))
> exp (N2 {T®2(p ®p-log " (pgp @ p,p @ pap) - p @ p) — n})

for all (P, Q) € Tproj(p, ¢; N,m/,€’) as long as m’ > mq and 0 < &’ < &;. Since
7 1(z) and (1 — 2)~1(1 — ¢(z)) are both bounded away from zero on [0, 1]
due to the assumption on 9, the same argument works for the other two terms

exp (Trr(vy (P - log (PQP) ™' (PQP)) - P)),
exp (Tryvy (P - log (P — PQP)™ (P — (PQP))) - P)).

Therefore, for each 1 > 0 there are mo € N and €5 > 0 such that

(3.6) exp (Tryw) (P - log (PQP)™ ' (PQP)) - P))
> exp (N {7(p - log((pgp) "¢ (pgp)) - p) — n}) ,
(3.7) exp (Trk(N) (P -log ((P — PQP)~ ( w(PQP))) P))
> exp (N {7(p-log((p — pap) " (p — ¢(pap))) - p) — n})

for all (P, Q) € T'proj(p, ¢; N,m/,€’) as long as m' > mg and 0 < &’ < e5. Hence,
whenever N > Ny, m' > max{mg,mi,ms} and 0 < & < min{eg,e1,e2}, we
have

mlog’}/N( pI‘O](p? (¢7 )Tla“-arn';NamaE))

> m 1Og TN (QN (Fproj(p7 q;T1, -5 Tn/; N7 m/’gl)))

1
m 10g YN (Fproj (pa q,T1,+--,Tn’; Na m/7€/))

Y
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+722(p@p-log ! (pgp @ p,p @ pap) - p @ p)

+ (l(zj\\;) — k(NN)) 7(p - log((pap) "¢ (pap)) - p)

I (1 _ % - %) 7(p-1og((p — pap) ' (p — ¢ (pap))) - p) — 31

1
= N2 log'yN(FprOj(p7qa 7’17...,T'n/;N, mlvsl))
1 // Ylz) - 1/)(3/)’
+ - log | ———==| dv(x) dv(y
R e R

+l<&D_EQQ>AngﬂQdW@

2 N N T
1 I(N) K(N) 1 —(z)
3 <1 "N N) /(0,1) log 5, dvlw) = 3n.

Take the limsup as N — oo and the limit as m — oo, € \, 0 in the above
inequality. Since 1 > 0 is arbitrary, we get

Xproj (0 q(¥5p), 11,y

)
1
> Xproj (P 071, - 7o) + log
(0.1)2

@) [ Y@ L) ) [ 1)
+7/M1g dur) + D=0 /1g—d<>

2 X (0,1) 1—=x

Y(x) —P(y)

PO =D (@) dv(y)

= Xproj (P, @715 - -+, Tn) + Xproj (0 4(¥5 D)) — Xproj (25 @)

thanks to Proposition 2.1. The reverse inequality can be shown as well if
we replace the inequalities (3.5)—(3.7) by their reversed versions. Hence we
complete the proof of Lemma 3.3. O

Proof of Lemma 3.4 (sketch).  Given small o, § > 0 we can estimate

(3.8) llvpq — (1 = p)ap)(v/pap(p — pap) + a1) 7|}

{V((Oﬁ)) +v((1=8,1)) +v([8,1 - B]) (m) }

<

N~

(39)  [Vpg— (I —P)QP(\/PQP(P — PQP) + ol)'||;

< #( MPQP) < 8+ 4 (i M(PQP) > 1)
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+k(N) «a '
N B1-B)+a)’

where 0 < A\ (PQP) < -+ < Ay (PQP) < 1 are the eigenvalues of PQP|pcw
for (P,Q) € (G(N,k(N)) x G(N,I(N)))o. For any n > 0 let us choose 8 > 0
so that v((0,28)) + v((1 — 26,1)) < n'. By (3.8) we get

(3.10)
t
tT(E) o
B B Vrap(p — pap) “t T ]
[vp.q = (1 =P)ap)(Vpap(p — pap) +al) ™"y < o+ —5 O

Note that v is non-atomic on (0,1) due to the assumption Xpro;j(p,q) > —00.
Set {n,; = min{x € [0,1] : v((0,z)) = i7(E)/k(N)} for 1 < i < k(N); then we
get

k(N)
((pgp)™) = lim > (¢ns)™ forallmeN.
i=1

Also choose a constant C' > sup o N/k(N). By [11, 4.3.4] there are mo € N
and g9 > 0 such that, for every N € N and for every (A1, ..., Ag(wy) € (0,1)5),

1 k) - TR .
k(N);)\i k(N)iZ:;(gN’Z) < 2Cegy forl<m <my
implies
k(N)
(3.11) Z N = &na| ™ < B’

Assume (3.11). Set g := #{i : \; < B} and i1 = #{i : E&v,; < 206}
i1 < 1 < 1, then |)\i — fN,i| =&ni — Ai > 3 so that we get ig < iy + k(N)n!
by (3.11). Since i;7(E)/k(N) < v((0,28)) < 7, we get ig < 7(E)~1(1 +
7(E))k(N)nt. If there is no i; < i < ig, then ig < iy < 7(E) 1k(N)nt
Therefore, #{i : \; < B} < 7(E)"Y(1 + 7(E))k(N)n!. Similarly, we have
#{i: N >1—6}<7(E)"Y1+7(E))k(N)nt. Now, choose Ny € N so that

k

1 N)

sz 7((pap)™)| < €0
1

—~

1=

forall 1 < m < mg and N > Ny. We then conclude that if N > Ny and
(P,Q) € (G(N,k(N)) x G(N,I(N)))o satisfies (3.3), then
1+ 7(E)

&) k(N)n',

(3.12) #{i: Mi(PQP) < B} <
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(3.13) #{i: \i(PQP) >1- 3} < 11_(7;()E>k(]\f)nt.
Inserting (3.12) and (3.13) into (3.9) we get
(3.14) IVrq — (I = PYQP(V/PQP(P — PQP) +al)~'|;

1+7(E) ,, 1 a '
=T E ”*2( 6(1—@)'

Finally, let @ > 0 be so small as a/1/5(1 — 8) < 7, and choose a real polynomial
G(x) such that |G(z) — (v/x(1 — 2)+a) "t < nfor all z € [0,1]. Then by (3.10)
and (3.14) we obtain

|vp,g — (1 —p)ap - G(pap)|l¢ < 2n

and

1/t
1Vpg — (I = P)QP - G(PQP)|: < ((% + g) + 1) n.

The proof is completed if n > 0 was chosen so small as ((1/7(E) + 3/2)"/t+
n <e. O

For the second step we present two more technical lemmas. The proof of
the next lemma should be compared with that of [22, Lemma 4.1].

Lemma 3.5. Let p be a measure on [0,1] with no atom at 0 and 1,
and assume the conditions

(3.15) //(071)2 log |z — y| dp(z) du(y) > —oo,
(3.16) /(071) log z du(z) > —oo,
(3.17) /(0}1) log(1 — x) dp(x) > —o0.

If 9 is a continuous increasing function from [0, 1] onto itself with 1 (0) = 0 and
Y(1) = 1, then there exists a sequence of C*-diffeomorphisms 1; from [0,1]
onto itself with 1;(0) = 0 and ¥;(1) = 1 such that

(i) ¥i(z) > 1/j for all j €N and x € [0,1],

(ii) ¥; — ¢ uniformly on [0,1],
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(iii) lim / / log [ — y| d(;.11) () d(t;12) (v)

]—M)O

/ / log | — y| d(vhups) () d(vups) (y),
(0,1)2

(v) Jim [ togzdiwyn@) = [ logwd(w(a),

J7eeJ(0,1) (0,1)

() tim [ dog(1 - 2)d(wyp)() = [ lo(1 - x) d(vn) (o),
J—° J(0,1) (0,1)

where Y. is the image measure of p by . Furthermore, even when conditions

(3.16) and/or (3.17) for u are dropped, the conclusion holds without (iv) and/or

(v) correspondingly.

Proof. Extend 1 to a continuous increasing function on the whole R pe-
riodically, namely, ¥(z + m) = ¥ (z) + m for x € [0,1] and m € Z. For each
J €N, by (3.15)-(3.17) one can choose d; € (0,1/;] such that

818 sl yldu) () =
(3.19) / /{ ) A) <1 To),
(3.20) /(0 5 )logxd,u(m) > 1/j,
(3.21) 1((0,65)) < 1/(jlogj),
(3.22) /( L Jonll =) dute) 2 -1
(3.23) p((1—45,1)) < 1/(jlog ).

We further choose a C°°-function ¢;

>
J 5(a) dx = 1 such that |4 % ¢;)(x) — ¥(x
define

0 supported in [—1/4,1/j] with
)| < 6;/25 for all € [0,1], and

() = (1—3)«1/;*%)() (6% 6;)(0) for = € [0,1].

hIH

Then one can immediately see that ¢; is C*°, ¢;(0) = 0, ¢;(1) = 1 and also
(i) and (ii) are satisfied.
Notice that, for z,y € [0, 1] with |z — y| > §;,

[¥5() = ¢;(y)]
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_ |z =yl N0k 6 () — (0 % 6
-k +(1 j)w 6,)(@) — (4 % 6,) ()|

> eyl
J
i <1 - %) (@) = 0w)] — 16 % 6)(@) — (@) — [b(y) — (@ * &) ()]}
1
> (1- 3w - vl

and in particular

e z(l - %)W) for & € [5;, 1),

1 — () 2(1 _ %)(1 —p(x) forz e (0,1— 4.

Hence we have by (3.18) and (3.19)

/ / log o — ] d(t;+16) ()d(t;18) ()
(0,1)2
>

-y
/ / log ! dp(z) du(y)
{(@)€(0,)2:]z—y|<b;} J

’ //{w)y)e(o,l)%m—mzaj} bg((l - %) (z) - My)) dp(x) du(y)
- ‘? " 1°g<1 B %) " //() log | — y] d()(2) d(¥o11) (),

and also we have by (3.20)—(3.23)

[ togzdtwn)@)
(0,1)

. /W o8 & dutr) + /[5,.,1> g (1-1)0()) duto

2 1
> —=+ log<1 - —,) +/ log ¥(x) du(z),
J J (0,1)

/ log(1 — z) d(v¢;p) ()
(0,1)
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> —; + log (1 — %) + /(071) log(1 — ¥(x)) du(x).

Therefore,

mint [ loafe ] d(4)) 00500

J—o0

> //(071)2 log [ — y| d(tup) () d(tupr) (y),

lim inf /( | Jomwdyop)(@) 2 | togwd.n(a),

Jee (0,1)

lin inf /( | JoBl1 = ) dlU)(2) 2 /( |, Joall =) A @)

J—

On the other hand, Fatou’s lemma says that the reverse inequalities of the
above three ones with limsup in place of liminf actually hold true. Hence we
have (iii)—(v). Finally, the above proof shows the last statement as well. O

Lemma 3.6.  Let u be a measure on [0, 1] with no atom at 0 and 1, and
let 1 be a continuous increasing function from [0,1] into itself. Assume that u
satisfies conditions (3.15)—~(3.17) in Lemma 3.5 and also ¥.u does (3.16) and
(3.17). Then, there exists a sequence of continuous increasing functions ¥y,
from [0, 1] onto itself with ¥, (0) =0 and ¥, (1) =1 such that

) f(o 1) [Ym(z) = ¥(@)|* du(z) — 0,

m—00

/ / log |z — y| d(vups) () d(vups) (y),
(0,1)2

(i) Tim // log [ — 9| d(Wmefs) (@) d(thmais) (y)

(i) Jim [ dogwd(vnn(@) = [ logzdib.n(e),
Mmoo J(0,1) (o,

()t [ dog(1 ~ @) d(vp)(o) = [ Tog(1 - x) d(vun) (o)
m=oe J(0,1) (0,1)

Furthermore, even when conditions (3.16) and/or (3.17) for u and ¥.p are

dropped, the conclusion holds without (iii) and/or (iv) correspondingly.

Proof. 'We assume that both ¢(0) > 0 and (1) < 1; the other cases can
be handled easier. Condition (3.15) implies

(3.24) (—logm)v((0,1/m))? //01/ )210g|x— y|dv(z) dv(y) — 0,
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(3.25) (—logm)r((1—1/m,1)) // log |z — y|dv(z)dv(y) — 0
1-1/m,1)2
as m — o0. On the other hand, (3.16) and (3.17) imply

(3.26) (=logm)r((0,1/m)) > /(0 y )logxd,u(x) — 0,

(3.27) (—logm)v((1—1/m,1)) > / log(1 — z) dpu(x) — 0,
(1—1/m,1)
respectively. For each m > 2 define a function v, on [0, 1] by

map(x) (0<z<1/m),
Y (x) == ¢ () (I/m<z<1-1/m),
1-ml-2)1-9() Q1-1/m<z<1),

which is clearly continuous and increasing with ,,(0) = 0 and ,,,(1) = 1.
Then (i) immediately follows. It is easy to check the following:

( )|$_y| for a:,ye(O,l/m),
[thm (2) = Ym(y)| = § m(1 —¢(1))|z —y| forz,y e (1-1/m,1),
[(z) — ¥(y)| for other z,y € (0,1).

Hence we have

//O b log [ — y| d(Vm ) () d(mpt) (y)
> [ tostmu0)z o) o)ty
(0,1/m)?
+//1 1/m,1)2 log(m(1 —(1))|z — y|) du(z) du(y)

// log () — (y)| du(x) du(y)

= (log m + log (0))u((0, 1/m))* /// ol ol dn(a) ity

+ (log m +log(1 — (1)) p((1 — 1/m, 1))
log |z —y|ldu(x) d
+//1 ey gl — yldu(z) du(y)

+ [ st~ vwldute) anw)
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SN // log |1(x) — ¥ (y)| du(x) duy)
(0,1)2

as m — oo by (3.24), (3.25) and (3.15). Therefore,

m— 00

lim inf //(071)2 log | — y| d(Vrms ) () d(Prnspt) (y)
> / /( 081 V1)) i) 1)

This together with Fatou’s lemma implies (ii). On the other hand, by (3.16)
for p and ¥, we have

/ log(ma(z)) du(z)
(0,1/m)

= (logm)v((0,1/m)) —|—/

log z dyu(x) +/ log ¥(z) du(z) — 0
(0,1/m)

(0,1/m)

thanks to (3.26). Furthermore,

0> / log(1 — m(1 — 2)(1 — $(x))) du(x)
(1-1/m,1)
> log (1 —1/m)- p((1—1/m,1)) — 0.

These imply (iii). Similarly, (iv) follows from (3.17) for u and t,u thanks to
(3.27). O

We are now in the final position to prove Theorem 3.2 in full generality.

Proof of Theorem 3.2.  As mentioned before we may assume n = 1, and
write p = p1, ¢ = ¢1 and ¢ =1);. We may further assume that xproj(p, ¢(¥; p)) >
—o0 as well as Xproj(p; ¢) > —o0; otherwise, both sides of the inequality are
—oo thanks to Proposition 1.2 (ii). By Proposition 2.1 both v and ¥,v satisfy
condition (3.15); moreover they satisfy (3.16) unless 7(p) = 7(q) and also (3.17)
unless 7(p) = 7(1 — g). In each case where those equalities of traces occur or
not, we choose a sequence v, correspondingly as mentioned in Lemma 3.6.
Since

[0t (pap)p — o (pap)pl3 = / | (@) 0@ @) — 0,

)

we get pthm (pgp)p — p¥(pgp)p strongly so that q(vm;p) — ¢(v;p) strongly as
m — oo due to the definition of ¢(1; p). By Propositions 1.2 (iii) and 2.1 we see

that it suffices to prove the inequality in the case where ¢)(0) = 0 and (1) = 1.
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The same argument by using Lemma 3.5 in turn enables us to reduce the proof
to Lemma 3.3, and the proof of the inequality is now completed.
To prove the equality of the last statement, let ¢ be a strictly increasing
function on (0,1) and define ¢ on [0, 1] by
0 (0 <2 <9¥(0+)),
() = Qv Hz) (¥(0+) <z <y(1-)),
1 ((1-) <@ <1).

Furthermore, set ¢ := ¢(¢;p) and ¥ := t,v. Then it is clear that ¥ is the
measure corresponding to the pair (p,q) so that v = @*D and ¢ = Q(’(;;p).
Hence the inequality established above can be applied to (p, ¢) and ¥ too, and
we have the reversed inequality as well. [l

84. Additivity and Freeness

In this section, we prove the next additivity theorem asserting that the
pair-block freeness of projections is characterized by the additivity of their free
entropy. For the projection version of free entropy we have no counterpart of
the so-called infinitesimal change of variable formula in [22, Proposition 1.3],
and hence we need to find another route to proving that the additivity implies
the freeness.

Theorem 4.1.  Letp1,q1,- .- PnyGn,T1, - - -, T be projections in (M, T).
(1) If {p17q1}7 LR {pn7qﬂ}7 {7"1}, sy {Tn/} are free, then

Xproj(plaqlv <3 Pnyqn,T1, - - 7T7L/) = Xp!'Oj(plvql) + o+ Xproj(pnaQn)~

(2) Conversely, if Xxproj(Pisqi) > —oo for 1 < i < n and equality holds in (1),
then {p1,q1}, -, {Pnsant, {r1}, ..., {rn'} are free.

3) In particular, Xproi(P1,---,0n) = 0 if and only if p1,...,pn are free.
proj

Proof. (1) It suffices to prove the following two assertions:

(a) If {p,q} and {p1,...,pn} are free, then
Xproj (P, @ P1; - - -3 Pn) = Xproj(Ps @) + Xproj (P1, - - -, Pn).-
(b) If {p} and {p1,...,pn} are free, then

Xproj(paph s ;pn) = Xproj(pla cee 7pﬂ)



72 Fumio HiAl AND YOSHIMICHI UEDA

Since the proofs of these are identical, we give only that of (a), which is essen-
tially same as in [21, 24] (see also [11, pp. 269-272]).

To prove (a), we may and do assume that Xproj(p,q) > —oo and
Xproj(P1,---Pn) > —o0. Choose k(N),I(N),k;(N) € {0,1,...,N} for each
N € Nand 1 < ¢ < n so that k(N)/N — 7(p), I(N)/N — 7(q) and
ki(N)/N — 7(p;) as N — oo. We set

QN(m,E) = Fproj(pv q; k(N)v Z(N)7 N,m,E)
X Fproj(plu e 7pn7k1(N)7 o '7kn(N);N7m78)7
@N(m,f) = Fproj(p7Q7p1a v 7pn7k(N)7l(N)7k1(N)a .. 7kn(N)1N7m7€)

Given m € N and € > 0 one can show as in [11, 6.4.3] that there exists €1 > 0

such that
lim v (Qn(m,e1) N On(m,e))

=1
N—o00 ’VN(QN(m,El))

)

where YN = YN k() @ Va(NI(N)) @ YRV and ey = ®ZL:1 TG(N,ki(N))-
Hence we have

. 1
lim sup W 10g 'YN(@N(m: 6))

N—o0

. 1
> lim sup el log yn (2 (m, 1))

N—oc0

o1
= Jim 5 log(vav kv)) ® Yo uny) (Toroi (P ¢ K(N), U(N); Nym, 1))
, 1
+hjrvnsup Nz 19875 (Tproj(P1, - s Prs k1 (N), . kn(N); Ny, e1)

2 Xproj (p, Q) + Xproj (p17 cee ap'ﬂ)'

Here the above equality is due to [12, Proposition 3.3]. Therefore,

Xproj(P, @, P15+ - Pn) = Xproj (P, @) + Xproj (P15 - - - s Dn)s

and the reverse inequality is Proposition 1.2 (ii).

(3) will be proven in Corollary 5.7 of the next section as a consequence of
a transportation cost inequality for projection multi-variables.

(2) We may assume that p1,qi,...,Pn, ¢, are all non-zero. For 1 < i <
n let v; be the measure on (0,1) corresponding to the pair (p;,q;) (see §2).
Since v; is non-atomic by the assumption Xproj(pi,¢;) > —00, one can choose
a continuous increasing function t; from (0, 1) into itself such that ;,v; is
equal to (2.4) with « = 7(p;) and 8 = 7(¢;). Consider ¢;(1;;p;) constructed
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from (p;, ¢;) and v; (see §3). Since 1);,.v; corresponds to the pair (p;, ¢;(¢i; pi)),
we get Xproj(Pir ¢i(¥i;pi)) = 0. Therefore, by Theorem 3.2 and the additivity
assumption, we have

Xproj(P1, @1 (V1501), - - s P @ (Un3 Pr) s 15 -y Tr)

n
> Xproj (P1y @15+ 3 Prs s P15 ) = 3 Xpro (Pir @i) = 0.
=1

This implies by (3) that p1,q1(¥1;01)s -+, Pry @n(Un; Pn)s 71, ..., Ty are free.
Since v; and 1;.v; are non-atomic, it is plain to see that {p;,¢;}’ =
{pi, q:(Wi;p;)}" for 1 < i < n. Hence the freeness of {p1,q1},-..,{pPn, @}, {r1}
..., {rn} is obtained. O

85. Asymptotic Freeness and Free Transportation Cost Inequality

The aim of this section is to prove a transportation cost inequality for
tracial distributions of projection multi-variables. To do so, we first present an
asymptotic freeness result for random projection matrices generalizing
Voiculescu’s result in [19].

85.1. Asymptotic freeness for random projection matrices

Let ({P(s,N), Q(S’N)})ses be an independent family of pairs of N x N
random projection matrices, and let k(s,N), I(s,N), ni1(s,N), nio(s,N),
no1(s, N) and mngo(s, N) denote the ranks of P(s,N), Q(s,N), P(s,N)A
Q(s,N), P(s,N) A Q(s, N)*, P(s,N)* A Q(s,N), P(s, N)* A Q(s, N)*, re-
spectively. For each s € S we assume the following:

(1) k(s,N), l(s,N) and n,;(s, N)’s are constant almost surely and k(s, N)/N,
l(s,N)/N and n;;(s, N)/N converge as N — oo.

(2) The joint distribution of (P(s, N), Q(s, N)) is invariant under unitary con-
jugation (P, Q) — (UPU*,UQU™) for U € U(N).

(3) For each s € S the distribution measure of P(s, N)Q(s, N)P(s, N) with
respect to N~1Try converges almost surely to a (non-random) measure on
[0,1] in the weak topology as N — oc.

Let (R(s',N))scs’ be an independent family of N x N random projection

matrices, also independent of ({P(s, N),Q(s, N>})SGS7 and assume that each

R(s',N) is distributed under the measure g (n ks, vy on G(N, k(s', N)) with
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0 < k(s’, N)< N such that k(s’, N)/N converges. Finally, let (D (¢, N)):cr be a
family of N x N constant matrices such that supy || D(¢, N)||co < 400 for each
t € T and (D(t,N),D(t, N)*)tcr has the limit distribution. In this setup, we
have the following asymptotic freeness result for random projection matrices
generalizing [19, Theorem 3.11].

Theorem 5.1.  With the above notations and assumptions the family

(({P(S,N),Q(S,N)})ses, (R(s',N)) , cqr {D(tN), D(t, N)*: t € T})

is asymptotically free almost surely as N — oo.

Proof. Set n(s,N) = (N — Zgj:O ni;(s,N))/2. By assumption (1),
n(s, N) is constant almost surely and n(s,N)/N converges as N — oco. As
before, the sine-cosine decomposition of two projections enables us to represent

10

P(s,N) =U(s,N) (lo . @1@1@0@()) U(s, N7,

Qs N) = Uls, N) (l X()I(— X) i(f ;(X)

in CN = (C">N) @ C?) @ Cr1(s:N) @ Crro(:N) @ Cror(s:N) gy Croo(s:N) | where
U(s,N) is a random unitary matrix and X = X(s, N) is a diagonal matrix
whose diagonal entries are 0 < z1(s, N) < wa(s, N) < -+ <0 (s, N) < 1.
Also, we can represent

@I@O@I@O) U(s, N)*

R(S/,N) = U(S/,N)Pk(S/’N)U(SI,N)*

for each s" € S’, where U(s’, N) is a unitary random matrix and Py ) the
diagonal matrix whose first k(s’, N) entries are 1 and the others 0. As in the
proof of [11, 4.3.5] we can assume that (U(s, N))scsU (U(s’,N))secs forms an
independent family of standard unitary matrices thanks to independence and
assumption (2). We fix s € S and assume limy_,o, n9(s, N)/N > 0. (When
n(s,N)/N — 0 the discussion below becomes rather trivial.) Write A(s, N)
and B(s, N) for the matrices appearing inside AdU(s, N) in the above repre-
sentation of P(s, N) and Q(s, N), that is, A(s, N) = U(s, N)*P(s,N)U(s, N)
and B(s,N) =U(s, N)*Q(s, N)U(s, N). By assumption (3) one observes that
the empirical distribution n(s, N)~* Z:lz(slN) 0z, (s,N) converges to a measure p,
on [0, 1] weakly in the almost sure sense as N — oo. Choose (non-random) 0 <

&1(s,N) < -+ < &y(s,n) (s, N) < 1insuch a way that n(s, N)~! Z?:(‘qlN) O¢(s,N)
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converges to ps weakly as N — oo. Let Z(s, N) be the diagonal matrix with
diagonal entries & (s, N), ..., & s,n) (s, N) and define

E(s,N) VE(,N)I —EZ(s,N))

C(S7N) = \/E(S,N)(I—E(SaN)) I—E(S,];)

SI®00ID0.

By [11, 4.3.4] we then have
A}im [ X (s, N) = Z(8, N)llpn(s,N)1Te, oy = 0 almost surely for all p > 1

so that for any polynomial F’
Nlim |F(B(s,N)) = F(C(s,N))|lp,n-11ry, =0 almost surely for all p > 1.
—00

Moreover, note that (A(s, N),C(s, N)) has the limit distribution for each s € S.

Under the above preparations, the remaining proof is similar to that of
[11, 4.3.5] as sketched below. We may assume that {(D(t,N))yen : t € T}
forms a x-subalgebra of [ ]y oy Mn(C). What we have to prove is

. 1

ngnoo NTrN (Yi(N)Y2(N)--- Y, (N)) =0 almost surely

if (Y;(N))nen, 1 <i <m, are one of the following:

(a) Y;(N) = Fl(P(Sz, N), Q(Si, N)) = U(Si, N)FZ(A<S“ N), B(Si, N))U(Sz, N)*
with s; € S and a noncommutative polynomial F; such that
N~'Try (F;(A(si, N), B(s;, N))) — 0 almost surely,

(b) Yi(N) = a;R(s}, N) + Bl = U(s}, N) (i Pacsr ) + B:1)U (s, N)* with s €
S" and «, B; € C such that a; N~ 1k(s}, N) + 3; — 0,

(c) Y;(N) = D(t;,N) with t; € T and N~'Tryn(D(t;, N)) — 0,

where each neighboring Y;(N) and Y;;1(N) are of the different forms (a)—(c)
or of the same form (a) with s; # s;41 or of the same form (b) with s # sj_ ;.
Set Z;(N) := U(s;, N)F;(A(s;, N),C(s;, N))U(s;, N)* if Y;(N) is of the form
(a) (that is, B(s;, N) in the form (a) is replaced by the corresponding C(s;, N)
contructed above), and otherwise Z;(N) := Y;(N). By the Holder inequality
one has

1 1
NTrN(Yl(N) - Y (N)) — N’I‘rN(Zl(N) - Zm(N))| — 0 almost surely.
Then one gets

1
lim NTrN(Zl(N) <+ Zm(N)) =0 almost surely

N—o0
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(see [11, 4.3.1]). Here the existence of the limit joint distribution of three dif-
ferent families {(A(s, N),C(s,N))}ses, {Prs',n)}sresr and {D(t, N)}ier to-
gether is unnecessary (and not assumed here), because any two constant ma-
trices from those different families appearing in the string 7, (N) - - - Z,,(N) are
separated by one of U(s,N), U(s,N)*, U(s',N) and U(s’, N)*. The proof is
now completed. 1

85.2. Free transportation cost inequality for projections

Let A?") e the universal free product C*-algebra of 2n +n’ copies of

proj
C*(Zy) = CaC, and denote the canonical 2n + n’ generators of projections by
e1, fis-- -, en, fn, €, ..., €. Foragiven 2n+n'-tuple P= (P1,Q1,-.., Py, Qn,
Ry, ..., R, ) of projections in My (C), there is a unique *-homomorphism from

Agg;rn ) into M ~(C) sending e;, f;, e to P;, Q;, R;, respectively, which we de-

note by h € A" s h(P) € My(C). For k = (k1, L1, ..., kn,ln, ki, ... k)

proj
€{0,1,...,N}>"+" denote by G(N, k) the product [\, (G(N, k;) x G(N, 1))
X H?/:l G(N,k}) of Grassmannian manifolds, and by P(G(N, E)) the set of
Borel probability measures on G(N, k). Note that each A € P(G(N, E)) clearly

gives rise to the unique tracial state A on Apiz;’_n ) defined by

proj

/NTrN )) dA(P) for h e AP,

Let us denote by T'S (Al(frZ;rn ) the set of tracial states on Al(frZ;rn ). More-

over, we denote by T'S5 (Apzr::]_‘—n )) with & := (a1, 81, .« Qn,y By &y .., al)) €

[0,1]27+7" the set of T € TS(A(2”+” ) such that 7(e;) = ay, 7(f;) = f; and

proj

7(e}) = o;. Following [4], we define the (free probabilistic) Wasserstein distance
W3 free(T1, T2) between 71,79 € T'S (Aggfn ) to be the infimum of

T(Z(Wl(ﬁ)—02(€i)|2+|01(fi)— +Z\01 ) — oa(e )|2>

i=1

over all T € TS(Agzj_" )*Afrz;rn )) with 7001 = 7, T 0 09 = T9, where o

and o9 stand for the canonical embedding maps of A(2n+n into the left and

proj
right copies in Aper:— " *A;Z]-’_n ), respectively. The next lemma will be one

of the keys in proving a free transportation cost inequality.
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Lemma 5.2.  For each pair A1, A2 € P(G(N, E)) we have
PO 1 1
Wi tree(3s Ag) < ——Ws s (A, Ag) < ——Wa a(A1s Ag).
2,free (A1, A2) N 2,75 (A1, A2) N 2,d(A1, A2)

Here, Wy s and W q are the usual Wasserstein distances determined by the
Hilbert-Schmidt norm ||P—Q| ms and the geodesic distance d(P, Q) with respect
to the Riemannian metric induced from Try, respectively.

Proof. The first inequality is shown in the same way as in [14, Lemma 1.3],
while the second immediately follows from the inequality |P—Q|lms < d(P, Q)
(see e.g. [9, Appendix BJ). O

Let @ € [0,1]2"*"" and E(N) = (k1(N),I1(N), ..., kn(N), 1n(N), kL (N),
.k (N)) € {0,1,...,N}*"*"" for N € N be given so that k(N)/N — &
as N — oo. The free entropy Xproj(7) for 7 € T'Sg (Afrzrn/)) is defined as
follows. We denote by I'proj(7; k(IN); N, m, €) the set of all 2n + n/-tuples P €

G(N,k(N)) such that

1 o
for all monomials h € Agzrn/) ineq, fi,...,€n, fn, €1, ..., e, of degree at most

m. We then define

. . 1 -
Xproj (T) := n}gnoo limsup — log Ve (Fproj(r; kE(N); N, m, 5)),

eN\.0 N—oo N2

where 7 vy == L1 (Ye(v k(v @ Yo uvy) ® @1 Yaw k(v on G(N,
E(N)) Note that the quantity xproj(7) coincides with Xproj(P1,¢1,- - DPn, Gn,

%) in the GNS

associated with 7; hence it is independent of the

T1,...,Tp) When p; = m(e;), ¢ = 7-(f;) and Ty o= (e
(2n+n')
proj

particular choice of k(NN) due to Proposition 1.1.

In what follows, let 7 € T'Sz (A(Qn'm/)) be arbitrarily fixed. Then one can

representation of A

proj
choose a subsequence N; < Ny < --- so that
. 1 >
(5.1) Xproj(7) = lm —=-loggy, (Tproj (73 k(Nim); Ny, m, 1/m)).

Set T'w,, = Dproj (75 E(Nn); Ny, m, 1/m) and define Ay, € P(G (N, K(Nyy)))
by
1

A} (13) = —
N ’Y;;(Nm)(FNm)

1y, (P) dygy, ) (P)-

Here the next lemma can be easily proven as in the proof of [14, Eq. (2.5)].
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Lemma 5.3. lim )\T = 7 in the weak™ topology.

For 1 < i < n the C*-subalgebra generated by e;, f; (obviously identified
with Al()zrlj = C*(ZQ*ZQ)) is isomorphic to
= {a(") = [a;(- -:1 € C([0,1]; M2(C)) : a(0), a(1) are diagonals}
by
10 t t1—t)
7 t == 5 i t =
e e(t) lo o] fim 1) [ a0 1-t

Under this isomorphism, any tracial state on A is written as
Ty {ai;} (@) = @10a11(0) + ap1a22(0) + arra11 (1) + agoaze(1)
1
+ / L s (a(t)) dv (),
1) 2

where a;; > 0, Z
1- Zijzo oyj. Let 1/) = (Y1,...,%,) be an n-tuple of continuous functions on
[0,1], and define the probability distribution A% on G(N, k;(N)) x G(N, 1;(N))
by

dA%i (P7 Q) = ﬁ eXP(—NTfNWi(PQP))) d('YG(N,ki(N)) by 'VG(N,li(N)))(Pa Q)
N

i,j=0 g < 1 and v is a measure on (0,1) with v((0,1)) =

with the normalization constant Z}l\’, For 7, (0,3 € T'S(0,8:) (.Afrz)j) one has

Xproj (Tv {ai;}) = Tv oy} (Yilefe))
“lsoy4d / ((co1 + a10) log ¢+ (a0 + an1) log(1 — ¢) — 4s(t)) du(t) — C

with some constant C if agoay; = agraig = 0, and otherwise —oo. Thus,
a general result on weighted logarithmic energy (see [18]) ensures that there

is a unique maximizer T(w 8 € TS(ai,m)(ASwj) of the functional 7 €
TS (ci,B:) (Aglj) — Xproj(T) — T(¢i(efe)). Then, we define the tracial state
¥ € TS(AG™) by

Tg = (*?:17'(11}051_7&))*T(O/l’m’a/n/), T(a),..,al,) = *;Ll: (Oé do + (1 —a; )(51)

in the natural identification AZ"T™) = (*?ZlA(Q) > ( LC Zg)). Fur-

proj proj
thermore, we define the joint distribution

)\% = <®>\%1> 24 (@’YG(N,k;(N))) on G(N, /;(N))
i=1 j=1
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(also considered as a 2n + n’-tuple of random projection matrices). The next
lemma follows from a large deviation result for two projection matrices as in
[12] and Theorem 5.1.

Lemma 5.4.
1 )
(1) By, :== I&im N2 log Z}ff exists for every 1 < i < n.

(2) ]\}gnoo 5\% = T;f’ in the weak™® topology.

Proof. When ey, f1,...,en, fn disappear and only €},..., €., appear, we
have nothing to do for (1) and moreover (2) immediately follows from
Voiculescu’s original result [19, Theorem 3.11] rather than Theorem 5.1 as
follows. Let Ry(N),..., R, (N) be an independent family of random projec-
tion matrices of ranks k% (NN) distributed under g NS (V) respectively. Note

that )\}f, in this case coincides with vy := ®;:1 VG(NK, (N))- For a monomial

(n")

proj one has

h=rjrj, €A

() = E o (Tow ) (5 (9) -+ By (V)

which converges to T(a'lw--va;/)(rjl ---7; ) thanks to [19, Theorem 3.11]. This
immediately implies (2) in this special case.

For the general case, i.e., when ey, f1,...,en, fn really appear, we need
to show (1) and limy_ ;\11{}; = 7';7/” weakly* for each 1 < ¢ < n. Both are
simple applications of the large deviation result for the empirical eigenvalue
distribution of two random projection matrix pair (P(N),Q(N)) distributed
under )\J”f;’, whose proof is essentially same as in [12, Proposition 2.1] (or in the
proof of [15, Theorem 2.1]). Once the latter convergence was established, the
above argument would equally work well even in the general setting when [19,
Theorem 3.11] is replaced by Theorem 5.1. O

With the above lemmas we can now prove the following transportation
cost inequality in the essentially same manner as in [14].

Theorem 5.5.  Assume that ¥;’s are C?-functions and p = min{l —
cl[¥illoo — c2l|¥!loc : 1 < i < n} >0 for some universal constants cy,cy > 0.

For every T € TS5 (Afrzrn/)) we have

(5:2)  Wafree (T’ Téf?) NE (—xproj(T) +7 (Z ¥ (pqp)> + B@)

P
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with Bzﬁ = Z?:l By, . In particular, when ey, f1,..., ey, fn disappear and only
el,...,eh, appear, (5.2) simply becomes

(53) WQ,frcc(Ta T(a’l,...,ail,)) < \/ 72Xpr0j (T)

Proof. Since W e is lower semi-continuous in the weak™ topology, we
have by Lemmas 5.3 and 5.4 (2)

W tree (T, T;f) < lim inf Wa ree (X;Vm : &ﬁm) .

By Lemma 5.2 we also have
1
VN,

We then need to confirm Bakry and Emery’s T's-criterion [1] for )\}6 with the

Wasee (AR, 0%, ) € —=Waa (N5, AR, )

constant pN, that is,
(5.4) Ric(G(N,k(N))) + Hess(¥n) > pN Iy,

where Ric(G(N, E(N))) is the Ricci curvature tensor of G(N, k(N)), Hess(¥ y)
is the Hessian of the trace function

\IIN(Plana"'aPn7Qn7R1a"'7Rn/) = NTI'N (Z%(HQ;H))a

i=1
and d(N) is the dimension of G(N, k(N)), i.e.,

d(N) := 2Z(ki(N)(N—ki(N))Jrli(N)(N—li(N))) +QZ K (N)(N —k;(N)).
i=1 j=1

It is known (see [15, Eq. (2.2)]) that Ric(G(N,k)) = NIayn—r) so that we need

only to estimate the Hessian Hess(\Ilg\i,)) of the trace function \Ilg\i,) :(P,Q) €

G(N,k;(N)) x G(N,l;(N)) — NTry(¢;(PQP)) from below. This can be done

by computing Hess(¥ Az, ) explicitly, and consequently we can find two universal

constants ¢y, cy > 0 so that

Hess(W$) > — N (c1 [l oo + callt] lloo) Lok (N) (N — ks (N)) 420 (N (N—1: (V)

Hence (5.4) is confirmed. See Remark 5.6 below for more details on this esti-
mate. Thus, by the transportation cost inequality in the Riemannian manifold
setting due to Otto and Villani [17] we obtain

(5.5) Waa(Ax, AR, ) < \/p%ms(xyvm,%m),
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where S ()\}'V , )\%m> stands for the usual relative entropy. We compute

T

; dA
S(Who AR, ) = / log = dF,,
N

n n
=—log gy, ) (Tn,.) + NaAR, (Z %(@fiﬁ)) + Y log Z§

i=1 i=1
Consequently, we obtain the desired inequality (5.2) by taking the limit of
(5.5) as m — oo after divided by N2, due to (5.1), Lemmas 5.3 and 5.4 (1). Fi-
nally, we should remark that if ey, f1, ..., en, fn disappeared, then the argument
would become simpler without estimating the Hessian of ¥ . 1

Remark 5.6.  The computation of Hess(\IIE\i,)) mentioned in the above
proof is outlined here. The tangent space TpG(N, k) at P € G(N, k) is iden-
tified with the set of X € My(C)®® satisfying X = PX + X P, on which our
Riemannian metric is given by (X|Y) := Re Try (Y X) (this is inherited from
that on the Euclidean space My (C)**). Moreover, the geodesic curve started
at P with tangent vector X is given by C(t) := exp(t[X, P])Pexp(—t[X, P])
for t € R. (See e.g. [6, §2] for a brief summary and references therein.) Since

(Hess(W)((C1(0), C2(0))(C1(0) & C5(0)[C}(0) & C4(0)))
d2

E NTI‘N(dJi(Ol(t)OQ(t)Cl(t)))

=0

for geodesic curves C1(t) € G(N,k;(N)) and Ca(t) € G(N,1;(N)), it suffices
(for getting the desired inequality in the above proof) to estimate, at ¢t = 0, the
second derivative of the composition of ¢(t) := C1(¢)Ca(t)C1(t) € My (C)** and
X € My(C)** — &(X) := NTry(¢;(X)) with the usual Euclidean structure
on My(C)*®. Passing once to the identification My (C)** = RN* | we observe
that

(@ 09)"(0) = (V@) (6(0)¢'(0)[¢(0)) + ((VP)(£(0))|6"(0))

thanks to the usual chain rule. By [13, Lemma 1.2] we can estimate the
operator norms |(V2®)(4(0))|ls (for linear operators on (Mx(C)*%, (-|-)))
and [|(V®)(4(0))]|co (for elements in My (C)**) by N||¢}]|c and N||¥}]s0, re-
spectively, from the above. As mentioned above the tangent vector C}(0) €
My (C)*@ satisfies C/(0) = C;(0)CI(0) + CI(0)C;(0) and the geodesic curve
C;(t) must be

C;(t) = exp(t[C;(0), C;(0)])C:(0) exp(—t[C;(0), C3(0)]).
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It follows from these facts that

¢'(0) = C1(0)C2(0)C1(0) + C1(0)C5(0)C1(0) + C1(0)Co(0)C1(0),
¢"(0) = [[C1(0), C1(0)], C1(0)]C2(0)C1(0)
+ C1(0)[[C3(0), C2(0)], C5(0)]C1(0)

+ C1(0)C2(0)[[C(0), C1(0)], C1(0)]
+2{C1(0)CL(0)C1(0) + C1(0)C2(0)C1(0) + C1(0)CH(0)C1(0) }.

Hence we get the rough estimates
19" (0I5 < B1CT(O0)]1 s + 31 C5(0)[Frs:
16" ()]l < 8ICT(0) s +41C5(0) s
(we used 2C%(0)% = |[C(0), C;(0)], CL(0)]], i = 1,2, for the latter). Therefore,
(®0¢)"(0)
< N{Bll¢illoo + 6l197 o) ICLO)NFrs + (4l 10 + 31197 |0 1C5(0) 1 }-

Since ® o ¢(t) does not change when C1(t), Ca(t) are interchanged, one finally
finds two universal constants ¢; =6 > 0, co2 = 9/2 > 0 so that

(@ 0)"(0)] < N(eal[¥flloo + c2ll¥7 o) (1C1(0)][7rs + [1C2(0) IF5),
which immediately implies the desired inequality.

Corollary 5.7.  Ifpi,...,pn are projections in (M, T) and Xproj(p1, - - -,
pn) =0, then p1,...,p, are free.

Proof This follows from (5.3) and the fact that Ws fee is a metric on
TSs (AprOJ) where & := (7(p1),...,7(Pn))- O

The corollary was an essential ingredient of the proof of Theorem 4.1.
In the self-adjoint case, the free transportation cost inequality [14, Theorem
2.2 or Corollary 2.3] provides a new proof of the fact that Xi,..., X, form
a free semicircular system if x(Xi,...,X,) attains the maximum under the
restriction 7(X?) = 1, while Voiculescu’s original proof in [22] is based on the
infinitesimal change of variable formula.
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§6. Free Pressure
Let (A}(ﬁgj)m denote the space of self-adjoint elements in the universal

C*-algebra A}(;gj with the canonical projection generators ey, ..., e, as in the
(n)

previous section. Elements in (Aproj

hamiltonians on Z;".” Motivated from the viewpoint of statistical mechan-

sa . o1 .
) are considered as “free probabilistic

ics, we introduce the free pressure for those free hamiltonians, and its Legendre

transform with respect to the duality between (Ag())_i)sa and T'S (Agz())j) is com-

pared with Xproj-.

Let @ = (ov,...,ap,) € [0,1]" and k(N) = (ki (N), ..., k. (N)) € {0,1,...,
N} for N € N be given so that k(N)/N — @ as N — co. As before we write
G(N,E(N)) := I/, G(N, k;(N)) and Tewy = ®i1 VG(N ki (wy) for short. For

— —

P = (Py,...,P,) € G(N)" we have the *-homomorphism h € AT h(P) €

proj

Mp(C) sending e; to P;, 1 <4 <n. For each h € (A(n) )sa define

proj

. 1 " -
(6.1) wg(h) :=limsup N2 1og/ B exp(—NTrN (h(P))) dvE(N)(P),
G(Nk(N))

N—o0

which we call the free pressure of h under the trace values (ayq, ..., ay,).

Proposition 6.1.  The above definition of wz(h) is independent of the
choices of k(N) with k(N)/N — @.

-

Proof. Let I(N) = (l1(N),...,l,(N))), N € N, be another sequence such

—

that {(N)/N — d as N — oo. We set

On(h):= max

1 . 1 .
Teu(n)» NN (h(gg(N)(U)) - NTrN (h(ff(N)(U))

N

for h € AE)?())J- and N € N, where €E(N)(ﬁ) = En e (U1), - EN vy (Un))
for U = (Uy,...,U,) (see §1). Thanks to (1.2) we get

~—

. . .
| e o8 /G(N,E(N» P <_NTTN (h(P))) Py (P
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< dn(h)

for each h € (A;?(’)J) Hence, it suffices to prove that § N( ) — 0as N — oo.
Since |0n (h1) — dn(h2)| < ||h1 — he|| for all hy, he € Aproj, we may show that
on(h) — 0 for h = e ---e;, with 1 < iq,...,4, < n. As in the proof of

Proposition 1.1 we have, for such h,

‘lem (h(&g) () — 3 Te (1) (0)

<> 1€k, (3 (Ui;) = €t vy (Ui )y
=1

<Z|kz, “Ll

as N — oo, and the conclusion follows. O

The following are basic properties of wz(h); we omit the proofs very similar
to those of [10, Proposition 2.3] but note that the last assertion of (iv) follows
from (6.2) and Proposition 6.4 (1) below.

Proposition 6.2.

(i) wz(h) is convex on (A}()?C))J)Sa.

(11) If h1,h2 S (.A(n)')sa and h; < hg, then 7T5;(h1) > Wa(hg).

proj

(i) |7a(h1) — wa(ha)| < |[ha — hal| for all hy,hy € (AT )™

(iv) If hy € (A(J ) and hy € (.A(n_‘j))sa with 1 < j < n, then

prO_] proj

7T&(hl + h2) S W(al,...,aj)(hl) + ’/T(ajJrl,...,an)(hQ)a

where hy + ha is the sum as an element of AprOJ AI(DJrOJ*Ap?OJ] . In
particular when j =1 or j = 2, equality holds in the above inequality.

Remark 6.3.  Another possible definition of free pressure is to use the
probability measure ’yé()N) or 'yé on G(N) given in Remark 1.3. For h €

(A(n) A)Sa define

proj

7@ () = limsup — 5 log/ exp(—NTrN (h(ﬁ))) d<7g()N))®n(ﬁ)
G(N)™

N—o0o
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for j =1,2. It is not difficult to show that
M (h) =73 (h) = max{rg(h): a e [0,1]"}

for every h € (Agﬁgj) We simply write 7(h) for these equal quantities; then

7(h) has the same properties as in Proposition 6.2. However, unlike the free
entropy quantities Xé]%j discussed in Remark 1.3, 7(h) does not coincide with
7z (h); the latter actually depends on &.

In the single projection case, Al(jlro =C?, (Al()lrlj)s =R?and T'S (.Apmj) =
{70 : 0 < a < 1} where 74((1,¢(2) = a¢y + (1 — )¢ for (¢1,¢2) € C. Let 0 <
a <1 and choose k(N) such that k(N)/N — a. For each h = (hy,h2) € R?, it

is straightforward to check that
1
(62) Wa(h) = hrn mlog/ exp(—NTrN(h(P))) dPYG(N,k(N))(P)
G(N,k(N))
= —Oéhl — (1 — Oé)hg = —Ta(h)
and hence Xproj(Ta) = 0 = 7o (h) + mo(h). Moreover,
7w(h) = —min{hq, he} = min{—7,(h) + Xproj(Ta) : 0 < a < 1}.

In the case of two projections, .Apm] = C*(ZakZs) with the canonical

projection generators e, f. Let «, 8 € [0,1]. The next theorem says that the

free entropy Xproj(7) for 7 € T'S(4 ) (Al(frz)j

h e (A;rl])sa are the Legendre transforms of each other.

) and the free pressure 7, gy(h) for

Proposition 6.4.

1) In the definition of w4 gy(h) in (6.1) limsup can be replaced by lim.
(a,3)

(2) T(ap(h) = max{—T(h) + Xproj(7) + T € T'S(4,p) (Al(DrO])} for every h €
(A ).

proj
(3) Xproj (T):inf{T(h)Jr?r(aﬁ)(h) the (Afrlj)sa} for every T €T'S 4 gy (Afrlj).

(4) w(h) = max{—T(h) + Xproj(T) : T € TS(.AprOJ)} for every h € (A(z) S

proj

Proof. Thanks to the Lipschitz continuity in A of the quantity inside
lim sup in (6.1) as well as both sides of the equality in (2), to prove (1) and (2),
we may assume that h is a self-adjoint polynomial of e, f written as

h = Cl+Ae+Bf+ZA (efe)’ +ZB (fef)’ +ZD (ef) + (fe)?)

k=1 = j=1
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with A,B,C’7 Aj,Bj,Dj € R. Set

m
ho := Ae+ Bf + ZCk(efe)k
k=0
with Cp:=C, C; :=A; + Bj+ D;, 1 <j <m. We then get 7(h) = 7(ho) and
TI‘N(h(P, Q)) = TI"N(ho(P, Q)) for P, Q S G(N) so that W(Q)B)(h) = W(Q)B)(ho).
Hence it is enough to prove (1) and (2) for hg above. A bit more generally, let
h e (A(2 ) ** be of the form

proj
h = Ae+ Bf +(efe),

where 1) is a real continuous function on [0, 1]. Choosing k(N),(N) such that
kE(N)/N — « and I(N)/N — (3, we have

(6.3)

1
—210g/ exp(=NTry (¢(P,Q)))
N G(N,k(N))x G(N,I(N))

d(ve kN k( ) @vavuny) (P Q)

_ V) LU
_—AT—BT-I—mlg/[O’l]nexp NZz/J dA\n(z1,...,2N),

where Ay is the empirical eigenvalue distribution of PQP when (P, Q) is dis-
tributed under yg(n k(N)) @Va (v, (). By applying Varadhan’s integral lemma
(see [7, 4.3.1]) to the large deviation in [12, Theorem 2.2] we have

(6.4)
hrn 1 log/[m]n exp( Nzw (2;) ) dAn(21,...,2N)
- sup{a minfor 4))0(0) ~ maxfor < 1.0p01) 5 [ vty
1 lo — 3]
+ ZE(V) t s o log x dv(z)
+ la+f-1| log(1 —z)dv(z) — C’},
2 [0,1]

where v runs over all measures on (0,1) with »((0,1)) = 2p. Here, p is in
(2.1) and C in (2.2). Let 7 =17, (a,;} € T'S(a,p) (A(2) ) (see §2 and §5). When

proj
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agoar = apraqp = 0 (this is necessary for xproj(7) > —00), Xproj(T) is given
as in Proposition 2.1 and moreover we get

T(h) = Aa+ BG + (0410 + aop1 + Otoo)d)(()) + 0411’(/)(1)
1

T RCORTOET

= Ao+ BB + (1 — minfa, 5})1(0) + max{a + § — 1,0}4(1)

1
+5 () dv(z)

2 Jon
thanks to (2.3). Furthermore, Proposition 2.1 implies that xpoj(7) is concave
and weakly* upper semi-continuous restricted on T'S(, g (Aglj). Hence we
obtain (1) and (2) by (6.3) and (6.4) together with the formulas of Xproj(7) and
7(h). Moreover, (3) follows from (2) due to the duality for conjugate functions
(or Legendre transforms). Finally, (4) is obvious from (2) and Remark 6.3. O
(n).
proj
(or for m-tuples of projections) via the (minus) Legendre transform of free

Now, we introduce a free entropy-like quantity for tracial states on A

pressure. Define
Tproj (7—) = lnf{T(h) + W&(h) the (Al()?gj)sa}

for @ € [0,1]" and T € TSa(A}(;gj). Since 75 is a convex and continuous
]()Z())j)sa by Proposition 6.2, the above Legendre transform is

reversed so that we have

ma(h) = sup{ —7(R) + npros (7) 5 7 € TSz (ALD) |

function on (A

for h € (A}(;gj)sa. For each h € (A](;gj)sa there exists a 7 € T'S (A}(;gj) such
that

7&(h) = =7(h) 4 1proj (7)-
This equality condition is a kind of variational principle and such 7 may be
called an equilibrium tracial state associated with h (and &).

Moreover, for each n-tuple (p1,...,p,) of projections in (M, 1), we have
T(p1,eoipm) € TS(AE)ZZJ.) defined by 7(,, .. p.)(h) := 7(h(p1,...,pn)), Where h €

Agr%j — h(p1,...,pn) € M is the x-homomorphism sending e; to p;, 1 <i < n.
We define

Nproj (P15 -« » Pn) = Mproj (T(p1,~-.7pn))'
It is obvious by definition that the quantity 7proj(p1,...,pn) has the same
properties as Xproj(p1, - - -, Pn) given in Proposition 1.2.
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Theorem 6.5.  Letp1,q1, .-, PnsGn, "1, - - -, e be projections in (M, 7).
(1) nprOj(pl» cee apn) > Xpmj(pla e apn)'

(2) If {plaql}; e {men}, {T1}7 ey {Tn/} are free, then

nproj(plv(h, <oy PnsGns T - - 7Tn’) = Xproj(pl,qla <oy PnsGn, T, - 7TTL')'

Proof. The proof of (1) is similar to that of [10, Theorem 4.5 (1)]. By
(6.2) and Proposition 6.4 (3), 7proj = Xproj holds when n =1 or n = 2. Hence
(2) is seen from (1) together with the subadditivity of 7,r0; and the additivity
of Xproj in Theorem 4.1 (1). O

Remark 6.6. It is known that 7,.; and Xproj are not equal in gen-
eral. This can be seen as in [10, Remark 4.6] by proving the so-called de-
generate convexity [26, x.8] for xproj. In fact, Miyamoto [28] proved that if
Xproj(P1s - -+ Pn) > —o0 and >, min{7(p;), 7(1—p;)} > 1 (this forces n > 3),
then {p1,...,pn}" is a non-I" IT; factor.

Finally, we note that the definition (6.1) is slightly modified in such a
g)(g) is defined for self-adjoint elements
of the minimal C*-tensor product AI(;Z())j Qmin ASZ()JJ and the modified quantity
g) via Legendre transform is always equal to
Xproj(P1, - -, Pn). The procedure of this modification is essentially same as [10,

§6] so that we omit the details.

way that the modified free pressure 7

Tproj (P15 - - -, Pn) induced from =
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