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On the Presentations of
Extended Affine Weyl Groups

By

Saeid AzAM™* and Valiollah SHAHSANAET**

Abstract

We give a finite presentation for reduced non-simply laced extended affine Weyl
groups of arbitrary nullity. When nullity is less than or equal to 3, this presentation
reduces to a very simple presentation in which the generators and relations can be
easily read from a set of data attached to the root system.

80. Introduction

Groups generated by reflections play an important role in many fields of
mathematics. In Lie theory the Weyl groups of Lie algebras with root space
decompositions are groups generated by reflections. Different Weyl groups
possess different features which depend on the nature of the corresponding Lie
algebra or root system. In recent years the fantastic nature of extended affine
Weyl groups has captured interests of many people. It is now revealed that this
is mostly because of an intrinsic normal subgroup, called the Heisenberg-like
group, which has a very reach internal structure. The study of such Weyl groups
is therefore interesting both in terms of the application and also from the group
theory point of view. In this work we study the existence of finite presentations
for extended affine Weyl groups and their Heisenberg-like counterparts.
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Let R be a reduced non-simply laced extended affine root system of rank ¢,
nullity v and twist number ¢, with extended affine Weyl group W (see Definition
2.1). As a byproduct of our main theorem (Theorem 3.1), we prove that if v < 3,
then W has a finite presentation defined by generators

z

w’h t/\i,’lHlSiSE? 1§’]"§V7
1<r<s<v

[

and relations

n 2 2 3 N sA(r,s 71a~ i(r,s
(II) [ti,rvzr,s] = [ZT,SaZr’,s’} = [ti,f‘7tj,7'] =1, [ti,ratj,s] =z ( <) (7 )7

(III) [wza éns] =1 ’UA)itAj PW; = tAj Tf_*“i,j(”’))

)

where m; j, a; j(r), a; ;(r,s) and A(r, s) are integers introduced by (3.2), (2.16),
(2.17) and (2.12), respectively (see Corollaries 3.1, 3.2 and 3.3). Considering
the semidirect product W = W x H (Proposition 2.1), we may interpret the
above presentation as follows. The generators w; together with relations of
the form (I) afford the Coxeter presentation for the finite Weyl group W. The
generators t}-yr and Z,, together with relations of the form (II) present the
Heisenberg-like group H, and finally the relations of the form (III) are imposed
by the semidirect product interaction between W and H. The integers m; ; can
be read from the finite Cartan matrix, and the integers a; ;(r), a;;(r,s) and
A(r, s) are easily computed using certain root data. The presentation given
above for nullity < 3 is in fact a consequence of our general finite presentation
given for arbitrary nullity (Theorem 3.1).

We emphasize that the only known finite presentation for extended affine
Weyl groups of nullity > 1 is the so called generalized Coxeter presentation
([ST]) which is given only for nullity 2. Therefore for v > 2 our result gives, for
the first time, a finite presentation for reduced non-simply laced extended affine
Weyl groups. For simply laced extended affine Weyl groups, a presentation with
similar nature is given in [AzS2] and it is used to determine the existence of
the so called a presentation by conjugation for the corresponding Weyl groups
([AzS1]). In an under going project, using the results of the present work, we
investigate the existence of presentation by conjugation for the Weyl groups
under consideration (see also [H] and [Az2]).

The paper is arranged as follows. Section 1 contains the basic concepts
about semilattices and extended affine root systems. Section 2 forms the core
of the paper and contains several important results about the structure of an
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extended affine Weyl group and its Heisenberg-like subgroup (see for example
Proposition 2.1). Our main results about the presentations of extended affine
Weyl groups appear in Section 3 (see Theorem 3.1 and its corollaries). The
paper is concluded with a section of examples, Section 4. The reader would
find it helpful in understanding the notations and terms appearing throughout
the paper if he or she refers to Section 4 time to time while reading the paper.

For the study of extended affine root systems and their Weyl groups we
refer the reader to [Sa], [MS], [AABGP], [AzS2|, [AzS1], [Azl], [Az2], [SaT],
[Az4], [T2] and [T1].

81. Preliminaries

In this section, we briefly recall the definition of supporting class of a
semilattice from [AzS2]. Also we record some basic properties of the structure
of reduced non-simply laced extended affine root systems. For the theory of
extended affine root systems the reader is referred to [AABGP]. In particu-
lar, we will use the notation and concepts introduced there without further
explanations.

Let S be a semilattice of rank v in a real vector space V°. This means that
V0 is a v-dimensional real vector space and S is a subset of V° satisfying

0eS, S+25cS, SisdiscreteinV°, and S spans V°.

A subset B of S is said to be a basis for S, if it is a Z-basis for the Z-span
(S) of S. Then from [AABGP, II1.1.11] and [AzS2, §2], it follows that S has a
basis B = {o1,...,0,} and there is a unique set, denoted suppg(.S), consisting
of subsets of {1,...,v} such that

(1.1) § € suppy(S) and S = U <Z o+ 2<S>> ,

Jesupp, (S) \reJ

(If J = 0 we set by convention }>, ;0; = 0). Since B C S, we have
{r} € suppg(9) for all 1 < r < wv. The collection suppg(S) is called the sup-
porting class of S (with respect to the basis B). We call the integer ind(S) :=
|[suppg (S)| — 1, index of S. Finally, the supporting function of S relative to B,
is defined by

§:{1,...,v} x{1,...,v} — {£1,£2}
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1, if {r, s} € suppp(9),
if r<s,

2, if {r,s} & suppg(9),
1 ifr=s,
—1, if {r, s} € suppg(9),
{—2, if {r,s} & suppp(9),

Clearly, if S is a lattice, then d(s,7) = —1 and é(r,s) =1forall 1 <r < s < w.
The subset

(1.2) o(r,s) :

ifs<r.

(1.3)  ds(S) := {J € suppg(S) | {r, s} & suppz(S) for some r,s € J}

of suppg (S) will appear frequently in our work. Clearly we have

|J| > 3 for all J € J5(S) and [J5(S)[<2" —v— (;) -1

Lemma 1.1. (i) If {r, s} € suppg(S) for all 1 <r < s <wv (in particu-
lar, if S is a lattice) or rank(S) < 2, then J5(S) = 0.

(i) If rank(S) < 3, then |J5(S5)| < 1.

(iii) Up to similarity, the semilattices S of rank v < 3 in A with the basis
B are listed in the following table according to their supporting classes:

Table 1.4.  The supporting classes of S, up to similarity, for rank v < 3.

rank(S) | ind(S) suppg (S)
0 0 {0}
1 1 {0,{1}}
2 2 {0.{1},{2}}
3 {0.{1}, {2}, {1,2}}
3 3 {0,{1}, {2}, {3}}
4 {0.{1},{2}, {3},{2,3}}
5 {0. {1}, {2}, {3}, {1,3}.{2,3}}
6 {0, {1}, {2}, {3}, {1,2}, {1, 3},{2,3}}
7 {0, {1}, {2}, {3}, {1.2},{1,3},{2,3}, {1, 2,3}}

Proof. Parts (i) and (ii) immediately follow from the way J3(.5) is defined.
Also from [AABGP, Table I1.4.5], it follows that (iii) holds. O
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Here we recall the definition of an extended affine root system from
[AABGP, 11.2.1]. (In general for a subset A of a vector space equipped with a
symmetric bilinear form we set A* = {a € A | (a, ) # 0} and A = {a € A |

(@, ) = 0}.)

Definition 1.1. A subset R of a non-trivial finite dimensional real vec-
tor space V, equipped with a positive semi-definite symmetric bilinear form
(+,-), is called an extended affine root system if R satisfies the following 8 ax-

ioms:
e R1) 0 € R,
e R2) —R =R,

e R3) R spans V,
e R4) o € R* = 2a ¢ R,
e R5) R is discrete in V,

e R6) For a € R* and 8 € R, there exist non-negative integers d, u such that
B+na € R, n€Z,if and only if —d < n < u, moreover (3,a") =d — u,

e R7) If R* = Ry U Ry, where (Ry, Ry) = 0, then either Ry = () or Ry = 0),
e R8) For any o € R, there exists « € R* such that a + o € R.

The dimension v of the radical VO of the form is called the nullity of R,
and the dimension £ of V := V/V? is called the rank of R.

According to [AABGP, 11.2.9], the set R, the image of R under the canon-
ical map :V — V is an irreducible finite root system in V. The type of R is
defined to be the type of R. The extended affine root system R is called simply
laced if the finite root system R is simply laced, that is it has one of the types
Ay (0 >1), Dy (£ >4)or Ep (¢ =6,7,8). The extended affine root system R
is called reduced if the finite root system R is reduced, that is it has one of the
types Ag (5 Z 1), Bg (5 Z 2), Cz (E 2 3), Dg (E 2 4), Eg (€ = 6,7,8), F4 or
G4, and not the one of type BCy (¢ > 1). In this work we assume that R is a
reduced nonsimply laced extended affine root system in 'V of rank € and nullity
v relative to the form (-,-).

Remark 1.  The notion of a “reduced” extended affine root system which
we have used above is defined in [AABGP] and it is different from the notion
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of a “reduced marked” extended affine root system appearing in [Sa]. In [Az3],
the author clarifies the relation between extended affine root systems of Saito
and those from [AABGP]. In particular in nullity 2 the classification of marked
elliptic root systems of Saito [Sa] and extended affine root systems of [AABGP]
is compared. Also the notion of marking is analyzed in nullity 3. In general
the notion of marking decreases the number of possible root systems appearing
in the classification. (See [Az3, Remarks 11-13]).

By [AABGP, 11.2.37], We may fix a complement V of V° in V such that
(1.5) R:={&eV|da+o € R for some o € V°}

is a finite root system of type X, in V. Then we can write R\{O} = Ry U ng
where R, and R, are the sets of short and long roots of R, respectively. Let

(1.6) S:={ceV’ |a+oecR, forsome ac Ry},

and
L:={0ceV’|a+o€R, forsome ac Ry}
Then S and L are semilattices in V°. Set
{2, if X@ = Bg, Cz or F47
k =

(1.7)
3 if X, = Go.

From [AABGP, 11.4.11] we have |(S)/(L)| = k' for some integer 1 < ¢ < v. The
integer ¢ is called twist number of R. By [AABGP, Lemma 4.15 and Proposition
4.17] there are subspaces V§ and V9 of VY of dimensions ¢ and v —t respectively,
and semilattices S; in V§ and Sy in V9 so that

(1.8) VO = V(l) @V(Q), S=851®A; and L =kA® S5,

where Ay := (S7) and Ay := (S2). It is known that if X, = Fy or Go, then Sy
and Sy are lattices in V§ and V9, respectively. Also if X, = By (resp. X, = Cy)
with ¢ > 3, then Sy (resp. Sp) is a lattice in V9 (resp. V9). Therefore by
[AABGP, Theorem 2.37 and Propositions 4.16 and 4.17],

(1.9) R= R(Xy,S1,52) := (S+S)U (Rg, + S1 ® Az) U (R, + kA © Sa),

with S = 57 + As.
Without loss of generality, we may write B := By U By where

(1.10) By :={o1,...,0¢} and By:={ott1,...,0,}
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are bases of S and Sq, respectively. For any subset J of {1,...,v}, we set
(1.11) T, = ZUT.
reJ

By (1.1) we have

(1.12) S; = U & +28), j=12
JESUPDy;  (S;)

Note that by the facts that B; € S;,1<j <2, and 0 € supij(Sj) we have
{(ZJ, {r}l|1<r< t} C suppg, (S1) and {(Z), {r}lt+1<r< V} C suppgp,, (S2).

We will see later how the terms Suppsg (S5), 1 <j <2, appear in our presen-
tation of the extended affine Weyl group of R (see Theorem 3.1).

82. A Finite Set of Generators for Extended Affine Weyl Group W

We keep all the notations as in Section 1. In particular, R is an extended
affine root system of reduced nonsimply laced type X, in V of nullity v and of
twist number ¢ satisfying (1.9). As in Section 1, we fix a complement V of VO
in V, a finite root system R in V, and two semilattices S; and So in VO such
that (1.8), (1.9) and (1.12) hold. For a subset J = {i,...,i,} of {1,...,v}
with i1 < iy < --- < i, and a group G we make the convention

Hai:ailaiQ---ain (a; € G).

icJ

(Here we interpret the product on an empty index set to be 1.) Also for a group
G, we denote the commutator =1y~ 12y of two elements =,y € G by [z, y], and
denote the center of G by Z(G).

To introduce the extended affine Weyl group of R, we need to consider the
so called a hyperbolic extension V of V as follows. Throughout our work we fix
a basis {A1,...,\,} of the dual space (V°)* of VO and we set V := V@ (V°)*.
Now we extend the form (-,-) on V to a non-degenerate form on V, denoted
again by (-, ), as follows:

* (" ')|v><v = (" ')7
(2.1) ° (\'77 (VO)*) = ((VO)*, (VO)*) := {0},
d (0T7)‘s> = 5r,57 1<r,s<v.
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Let O(f?) be the orthogonal group of V, with respect to I = (+,+). For each

aeV* :={veV|(v,v)#0}, set ¥ =2a/(a,a) and define w, € O(V) by

wa(u) =u— (u,a")a, (ueV).

One can see easily for a € V* and w € O(V) that
(2.2) w2 =1 and WwWaw ' = Wy (a).-

Definition 2.1.  The extended affine Weyl group W of R is the subgroup
of the orthogonal group O(V) generated by the reflections wy, o € R*. Using
the fact that R C R, we identify the finite Weyl group W of R with a subgroup
of W. The subgroup

H = (Warows |a€R* 0V a+ocR)
of W is called the Heisenberg-like group of R.

We know from [Azl, Proposition 3.27] that W is the semidirect product of
a finite Weyl group and 3 (we see this fact later as a byproduct of our results).
Since finite Weyl groups are completely known, for a better understanding of
W, one should study H. This is what we start with. Let us first introduce a
few notation.

Throughout this work we fix a fundamental basis

(2.3) = {ai,...,a}
of R. Moreover, we normalize the form (+,+) such that
(2.4) (a,0) =2 ifa€ Ry and (a,a)=2k ifac Ry,

Foranyae R*,1<i<fand 1<r <v, set

2k k, ifa € Rgp + S, . k, if1<r<t,
L, ifaEng+L, o 1, ift<r <y,

kir = k(a;,0,) := min{n € N| oy + no, € R}.
Then from (1.9), it follows that
1, ifa; € R,

(2.6) o; + Zk;yor CR, and ki, = )
k.., if ; € ng.
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For a € V and ¢ € V° we define a linear map 79 € End(V) by

(2.7) T (u) :==u+ (a,u)o — (o, u)a — 5

(@, @)

(o,u)o (ueV).

The following lemma will be frequently referred to in the sequel.

139

Lemma 2.1 ([AzS2, Lemma 1.1]). Letw € O(V), a, 8,7 € V and o, 9,

7€ VY. Then
(i) T0 =79, r € R,
i) 7o+ = ToTdT{%

iii) T, , = TST,

( ,

(iii) T

(iv) [T, TB] T B3

(v) [T”TQ,T’] (T3, T7)[T5, T,
(vi) wIgw™ = T3,

(

(

. y
vil) TS, = wa_H,wa, a eV,

viii) (T2)~! = T7.
Forany 1 <i¢</and 1<r;s <v we set

k] o

(2.8) Crs = T’fl‘“ and t;,:= Tj@”ar.

It is clear that ¢, s = cj

(2.6) and parts (iv) and (v1) of Lemma 2.1, it follows that

(2.9) CrsW = wWer s, (wWeW), tir = Watk; o, Wa; €H

and

al, Vk a;)ki rkj s
(2.10) [t t.s] = coiao® ()

Finally, using (2.7) and (2.8) we have

(2.11) Ht (o)) —aj—i—z oj, o )ngk; po,

reJ reJ

1<j<o.

(1<i,j<t n, €Z).

srand ¢, = 1forall 1 <r,s <wv. Also from (2.8),

Let 65, j = 1,2 be the supporting function of the semilattice S;, relative
to the basis B; (see (1.2) and (1.10)). For any 1 <r,s < v we set

01(rys) if 1 <r;s <t

1 fl<r<t<s<vy,

(2.12) Ar,s) =

-1 fl<s<t<r<uyp,

da(r,s) if t<r,s <w.



140 SAEID AZAM AND VALIOLLAH SHAHSANAEI

It is clear that A(r,s) = —A(s,r) forall 1 <r < s <w. If S; (resp. S2) is a
lattice, in particular, if Xy = Cy (¢ > 3), Fy or Gy (resp. Xy = By (£ > 3), F}
or Gy), then A(r,s)=1forall 1 <r <s<t (resp. t <r <s<v).
In order to describe the center Z(H), for any J C {1,...,v}, we set
cArs)kr it J={r s}, r<s,

s

(2.13) 2z, = q i sesiresy cms if T € suppg, (S1) Usupps, (Sa),

1, otherwise.

Then from (2.9) we have

(2.14) wz, = 2Z,W for any w € W.

J J

Lemma 2.2. (i) C:=(cs|[l<r<s<v)and(z, , |1<r<s<v)
are free abelian subgroups of O(V) of rank v(v —1)/2 on generators ¢, s and
(.. TESPectively, 1 <r < s <wv. .

(i) (z, | J € {1,...,v}) is a free abelian subgroup of O(V) of rank

viv—1)/2.

Proof. (i) holds by (2.8), (2.13) and [AzS2, Lemma 1.7(ii)]. Next, suppose
that C” := (¢2X : 1 <r < s <wv). Then from (2.13), we see that the group in
the statement of (ii) is squeezed between two groups C’ and C and so by (i),
the result follows. U

Lemma 2.3. (i) If (o, J) € (Rsh x suppg, (S1)) U (ng x suppg, (S2)),
then
Z; = WaWartr, H Wate, Wa € Z(W)NH.
reJ

(i) If (o, 08) € Ry % ng so that (o, 3) # 0 and {r,s} & suppp, (S1)U
suppp, (S2) with 1 <r < s <wv, then z, , € Z(W)NH and

{
[wa—i-crrwom wa+aswa]7 if 1<r<s<t,

Ziay = [Woto, W, Wato,wpl, if t<r<s<v

[Woto. WE, Wato, Wa], if 1<r<t<s<w.

Proof. (i) From (1.9) and (1.12), it follows that «+7, € R* and a+ o0, €
R*, for all r € J and so WaWartr, HTEJwaJrarwa € H. Then from the facts
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z, = (H wa+arwa) z, H Woto, We (by (2.14))

reJ reJ

= (H wa+g7,wa)7l H cf’: H Wato,We (by (2.13))
reJ {r,seJ|r<s} reJ

= Wato, W - k(a Wa+to, Wa
11
reJ {r,seJ|r<s} reJ

= (H wa+c,rwa>_l H vaflk(a H Wato,Wa (by (2.8))
reJ {r,seJlr<s} reJ

= (H wa+arwa) ( H Tk (e ) H Wato, Wa

reJ {r,s€J|r<s} reJ
(by Lemma 2.1(viii))

= (H TZ@)_l( H Tf;lk(a)‘”> B H Woto, W (by Lemma 2.1(vii))

reJ {r,seJ|r<s} reJ
= (H T H Tk "h(e)oy ) H Woto,We (by Lemma 2.1(iv))
reJ {r,seJ|r<s} reJ
=(T%)7! H Worto, Wa (by [AzS2, Lemma 1.2])
reJ
= (Watr, we) ! H Worto, We (by Lemma 2.1(vii))
reJ
= wawa+5 H Wo+o, Wq -
reJ

Thus by (2.14) we have z, € Z(W) N K.
(ii) By the way A(r,s) and k, are defined and the facts that (a,a) = 2,
(B,08) = 2k and (a, 8) = —k we have
2oy = sk (using (2.13))
Ak Af 1<r<s<t,
=2 if t+1<r<s<uv,
cf}yif 1<r<t<s<v,

T?27:, if 1<r<s<t,

=S T2 o if t41<r<s<wv, (using(28))

Tge, if 1<r<t<s<uv,
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T20, T, 1<r<s<t,
T30, Tgeol,if t+1<r<s<v, (usingLemma 2.1(iv))

BV
wa-i—ay,.wavwa—i-o'swa]a lf 1 S r<s S ta

Wi, WE, W4, wgl, if t+1<r<s<wv, (usingLemma 2.1(vii)).

[
[
T35, Tw),if 1<r<t<s<v,
[
[
[

Whto, WE, Wato, Wal, i 1 <r<t<s<v,

Therefore z € Z(W)NH (see (2.14)). O

{r.s}

Let a;; = (au, ajv), the (4, j)-entry of the Cartan matrix of R with respect
to 11 (see (2.3)). Then for 1 <i,j <fand 1 <r <s<wv, we put

(215) Q; 5 (T’) = kwki—’:ai,j and Q; 5 (T’, S) = k:lk(ai)ki7rkj,sai7j.

Note that a; ; € {—1,0,2, —k}. Moreover, if |a; ;| = |a;;| # 0, then |o;| = ||
and if |a; ;| < |a;;| then a;; = —1, aj,;, = —k, |os| < |oy| and k(a;) = k. So
from (2.6) and (2.15) we have (for 1 <r < s <)

—kp, i i) <lagal,
(2.16) aij(r) = aij,  iflaig] = lajal,

_kk;17 if ‘ai7j| > |aj7’i|7

and
—kkr_lks, if |ai7j| < |aj7i\,
kkla;;, if |ai | = |ajil, i € Ren
(217) aid-(r,s) _ r Qig, | i, gyl G .s )
ksai g, if aij| = lajil, i € Rig,
—k, if |ai ;| > lajl,

where k and k,, 1 < r < v are defined by (1.7) and (2.5), respectively. Then
from (2.16), (2.17) and the fact that kk_ ! € {1,k} for any 1 < r < v we have

(2.18) a;;(r) €Z and a;;(rs)€Z.
Lemma 2.4. If1<ij</flandl<r<s<v, then

—1

(2.19) A(r,s) a;;(r,s) € Z.
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Proof. TFirst, let X, = Fy or Go. Then from (2.18) and the fact that
S1 and Ss are lattices we have A(r,s)"'a; ;(r,s) = a;;(r,s) € Z. Next, let
Xy = By or Cp. From (1.2) we know that A(r,s) =1if1 <r <t <s<w.
Alsoif X = By (£ > 3) and t < r < s < v then Sy is a lattice and if X = Cy
(0 >3)and 1 < r < s <t then S is a lattice, so A(r,s) = 1. Therefore the
only cases which we must consider are

(1) X =By, 1 <r<s<t,

(2) X =Cpt<r<s<uwv, (By=Ch).
Since A(r,s)™! € {1,1/2}, it is enough to show that if A=1(r,s) = 1/2 then
a; ;(r,s) € 2Z. In case (1) we have k, = ks = k = 2 and so by (2.17), a, ;(r,s)
is even except possibly when |a; ;| = |a;;| # 0 and oy, a; € R.n. But in type
By this only can happen if a; = «;. Then a; ; = 2 and a; ;(r, s) € 2Z. In case
(2), we have k, = ks = 1. Then by (2.17), a; ;(r, s) € 2Z except possibly when
la; ;| = |a;;] #0 and o; = oj € ng. Again this only can happen if o = .
Then a; ; = 2 and we are done. g

Lemma 2.5. (i) If1<i,j<flandl<r<s<uwv, then

—1
A(r, i3 (T _ —ai j(r)
[tirotys] = 2000 @00 and - wa,ty pwa, = bt 0,

(ii) If J € suppgy, (S1) U suppp, (S2), then

2 _ H 3—A(r,s)
ZJ Z{r,s} .
{r,seJ : r<s}

(iti) If J € suppsy,(S;)\ds,(S;), 7 = 1,2, then

= H Py

{r,s€J : r<s}

Proof. (i) We have

(i) k()i rky, s

[ti,’r’a tj,s] =Cr,s (by (210))
= ArEANS) e (by (2.15))

—1
_ (Cﬁgr’s)k")A(r’s) aq,j(r,s) (by (2.19))

= B0 0 by (2.13))

and

Tk:j,rar

Oz;./ Wa, (by (28))

Wey; tjrWa; = Wa,



144 SAEID AZAM AND VALIOLLAH SHAHSANAEI

kjror kjror .
:Twai(aJY) = Tajv_(a%aiv)% (by Lemma 2.1(vi))
kj rOrmkjror
= Ta]V Z/’_(Otjvm)%v (by Lemma 2.1(iii))
kjror
= tjvrT—(oz;./,ozi)a;/ (by (28))
=1, 777 by Lemma 2.1(i)
— t‘%rTa_vk]mk:Tl(a;/’aJkTTO-T

—t;, TR by (2.15))
Kirory—a; ;(r
=t (T, ") 745 (by (2.18))
(ii) From (2.13) and the fact that (3 — A(r,s))A(r,s) = 2 for r < s, we
obtain
H Z?:s(r,s) _ H CS’S_A(T’S))A(T’S)M _ H Ci’zr — Z%
{r,seJ : r<s} {r,seJ : r<s} {r,seJ : r<s}

(iii) Since {r, s} € suppg, (S1)Usuppg,(S2), for all v, s € J, then A(r,s) =
1 for all 7, s € J, and so from (2.13) we get

_ A(r,s)kr _ kr
H Z{T,s} - H Cr,s - H Cr,s =Z;-

{r,seJ : r<s} {r,seJ : r<s} {r,seJ : r<s}

To obtain further information about elements of Z (), we consider pairs
of collections of the form

(220) (M7 g) = ({mr,s}1§r<s§t7 {GJ}Jeafgl(Sl))
and
(221) (ﬁ, E) = ({nr,s}t<r<s§w {EJ}JGB’BQ(S2))7

where m,.s, n,s € Z and €, € {0,1}. To each such pair we assign central
elements of H by

(2.22) um, 9= [[ =0 I =7
1<r<s<t J€dz,(S1)

and

(2.23) am, &)= I = II =7

t<r<s<v J€I5,(S2)
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Lemma 2.6. (i) Each element uw € (z, | J C {1,...,t}) has an ez-
pression of the form u = u(m, €), where pair (m, €) is of the form (2.20).

—

Moreover, u(m, €) =1 if and only if (m, €) satisfies

(2.24) m,. s = —A(r,s)"* Z X, (r,8)e,, 1<r<s<t, where
J€J 5, (S1)

L if{r,s} C J,
X, (r,s) = {

0, otherwise.

(ii) Each elementu € (z, | J C {t+1,...,v}) has an expression of the form
u = u(n, &), where pair (i, &) is of the form (2.21). Moreover, a(fi, &) = 1 if
and only if (0, &) satisfies

(2.25) nps=—A(r,s)7" Z X, (r8)e, t<r<s<w.
J€332(Sz)

Proof. (i) Let uw € (z, | J C {1,...,t}). Using Lemma 2.5(ii) it is imme-
diate that u can be written in the form u(m, €). Moreover from the way z, is
defined we obtain

um, )= [ =rs II 2

1<r<s<t J€Jx5, (S1)
kA(r, rs ke
= [T @z I I &%
1<r<s<t Je€dp, (S1) {r,s€Jlr<s}
kA(r, . kx ; (r,8)e.
= H cEAmSmrs H H s ,
1<r<s<t 1<r<s<t J€d s, (S1)
EA(r,s)myr, s k ZJGH’Bl (sp) X ()€,
= H C7"75 ’ H Crs
1<r<s<t 1<r<s<t

kA(r,s)m,. s+k EJES'Bl (s1) X, (r,s)e;
1<r<s<t

Then from Lemma 2.2(i) and the fact that m,, € Z for all 1 <r < s <t it
follows that u(m, €) =1 if and only if (m, €) satisfies (2.24).
(ii) An argument analogous to (i) shows that (ii) holds. O

The results of this section are summarized in the following propositions.
For completeness we have recorded parts (iii)—(iv) and (vii)—(viii) which can be
found in [Az1] and [K]. The proofs of these parts are now easy consequences
of our results in this section.
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Proposition 2.1. (i)
H="{tirz, |1<i<l1<r<v, JeJp, (S1)UIz,(52)).

(il) W= (wq,, tir, 2, |1 <i<Ll, 1<r<v, JeJgp (S1)UIs,(52)).
(iii) H is a torsion free, two-step nilpotent group.
(iv) W=W x H.

(v) Each w € W has a unique expression of the form

vt
(2.26) w=w(w, {ni,}, ui,{mrs},u2) =w H Ht:-f;‘ful H Z/me g,
r=li=1  1<r<t<s<v

where up € (z, | J C{L,...,t}), ue €z, | JC{t+1,...,v}), mps,ni, €Z
and W € W. Moreover, uy and ug are of the forms u; = u(m, €) and ug =
w(n, &), where (m, €) and (R, &) are pairs of the forms (2.20) and (2.21),
respectively.

(vi) ZOW) = (2,2, | 1 <r <s<wv, J €Jp,(51) Uds,(52)).

(vii) If v = 1, then Z(W) = {1} and H is a free abelian group of rank €.

(viii) If v >2, then Z(W)=Z(H) is a free abelian group of rankv(v — 1)/2.

Proof. (i)—(ii) Let 7" and T” be the groups on the right hand sides of the
statements (i) and (ii), respectively. From (2.9) and Lemma 2.3 we have T' C H
and T C 'W. So to complete the proofs of (i) and (ii), it is enough to show
that weqowe € T and w, € T’ for all @ € R* and ¢ € V° with a + o € R.
Recall that IT = {a1,...,a} is a basis for R. Without loss of generality, we
may assume that (a1,as) € Ry, ¥ ng and (aq,as) # 0. Let « € R* and
o € V0 so that a+0 € R. Then by (1.9) we have @ = & +§ and a+0 = &+,
where & € Ry, W Ry, and 6,8” € V0 and so from (1.9), (1.12) and the facts that
Ry, = Wau, Riy = Waw, 2/ = 25!, Zo, and 2A, = 257, Za,, we get

wlay) +7, + X0 nbi(r)o,,  ifa€ Rg,+ S,

227)  a= .
w(ag) + 7, + > nebo(r)keo,, if € Ry + L,

(2.28) . {u'}(ozl) +7, 4+ > nbi(r)o., ifac Ry, + S,
) a+o=

w(ag) + 71, + ZZ=1 nlby(r)k,.op, if € ng + L,

where & = 1(a;) for some w € W and j € {1,2}, J,J' € suppsg,, (S5), nr, 1y €
Z, and

1, ifl1<r<t,

9, if1<r<t,
(2.29)  by(r) =

and bo(r) := {

1, ift<r<v, 2, ift<r<w.
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We now set

t
wy :—Ht H to, ", w) ::Ht;{; H t;’?;

r=t+4+1 r=1 r=t+1
t v t , v ,
R —ny Ny r —n,. n,.
I | I | L
r=1 r=t+1 r=1 r=t+1

Then from the facts that (as,ay) = —k and (a1,ay) = —1 and using (2.11),
(2.27), (2.28) and (2.29) we get o = ww;(a; +7,) and a + o = wwj(a; +7,,),
j =1,2 and so we have

Wa = Wi, (a;+7,) = (WW))Wa, 47, (bw;) ™" = wijaj+‘rJ wj_lw_l (by (2.2))

. -1
= WW;j W, (waj Wa 41, H tj,r) (H t; T) w L
redJ

~1
= WW;jWa, 2, (H tw) wj_lu'zfl (by Lemma 2.3(i))

red
and
Woto = wu’)w;(aj+7 ) = ( )waj+TJ, (ww;)_l (by (22))
— i) 1—1,:—1
= WWjWa, 47, W; w
:u')w;waj (wajwaj_HJ/ H th) ( H 173 r) w Lp~1
redJ’ reJ’
-1
= WWiWa, 2, ( H tj,r) w;_lu'}*l (by Lemma 2.3(i)).
reJ’
Thus

-1
_ .o -1, .-1
WotoWq = (wija].zJ, ( I | tj’r> wJ w )

reJ’
x(u'}ijaj (Ht”) w; Lay 1).

Then from the facts that w;,w’, € T and w € T', j = 1,2, it follows that

WatoWq €T and w, € T. ’
(iii) By Lemma 1.3(i) and Corollary 1.1 of [AzS2], (iii) holds (see also [Az1,
Proposition 3.27]).
(iv) This is an immediate consequence of (i)—(iii), Lemma 2.5(i) and the

fact that W is a finite group.
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(v) Let w € W. By (i () (2.14) and Lemma 2.5, w has an expression of the
given form. Now let w(w', {n} .}, uj,{m; ;}, up) be another expression of w
in the form (2.26). Then from (i) and (ii) we have w = w’ and

(2.30) H thl “uy H z/moug = H Ht P H Z{rrsiu/z

r=14=1 1<r<t<s<v r=1i=1 1<r<t<s<u

By the way z,’s are defined (see (2.13)) and the fact that J C {1,...,¢} and
JCA{t+1,...,v} for all (J,J) € suppg, (S1) X suppg,(S2), the elements
up,u}, us and uh can be written in the forms

’ !
Moy s M,
H e, uy = H cre’, H e, and  up = H crs’,
1<r<s<t 1<r<s<t t<r<s<v t<r<s<v
where m,. s, m.. . € Z. Then from (2.8), (2.30) and (2.13), it follows that
oy o k1 vt n' ki ro m. k 'o
irki o My sk i,rRi,rOr T s
11 HT ; | RS U o Iz .
r=1i=1 1<r<s<v r=1i=1 1<r<s<v

forall1<i</{,1<r<vw
and m, s = m;  forall 1 <7 < s <vandsou; =uy and uz = us.

Now using [AzS2, Lemma 1.6] we have n;, = n}

27’7

(vi) Let F' be the group on right hand side of the statement. By Lemma
2.3, it is clear that FF C Z(W). To see the reverse inclusion, let w € Z(W). By
(v), w has an expression of the form

(2.31) w_wHHt”” (weW, ni,€Z, uck).

r=14i=1

We must show that w =1 and n;, =0forany 1 <i¢<fZand 1<r <wv. For
any 1 <i </, set 3; := w(a)) — . Then from the fact that ti,Tw_lt;ﬁ =1
forany 1 <: </, 1<r <v, we get

Ar=wti pw ™t ()
=)} Firorw TR (L) (by (2.8))
=T

?TJ;T a TOT(AT) (by Lemma 2.1(vi))

=T ) =T57"(A,)  (by Lemma 2.1(iii))

(a))—oy
(/6’@7 Bi)

=\ = Bi + (B, A ki por — =22 (B, A )k o (by (2.1) and (2.7)).
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Hence f3; = [(5;, /\T)ki,T—kir(ﬁi, Bi)/2)a, €V° and so by the fact that @~ w(a})
= ) + ¢ for some § € V°, we have

This gives w(ey) = o for all 1 < i < ¢ and so w = 1. So to complete the
proof of (vi) it remains to show that n;, =0for 1 <7< fand 1 <r < w.
First, let v = 1. Set & 1= B¢_jn;10) and B 1= & — wa, (¢) = (&, a))a; € V.
Then using the facts that w = Hle iyt € Z(W) (see (2.31)) and F = {1} we

have (for any 1 < j < /)

Al = ww,, w_lwaJ(Al)
-1
_Ht”’llw%(Ht"”> Wa, (A1)

0
_ H L 101 nl 1w% ( T:L 101> waj ()\1) (by (2.8))
= T i vwaJ (ng,ﬂz‘ v)_lwa: ()‘1) (by Lemma 2'1(iii))
7, 1 i=1"i,1% !

_ Tw (T3 7)o, (M) = T TE T ()

[e3

= T[’;“”l (A1) (by Lemma 2.1(iii))

=M1+ (B, \)kinor — (kiao1, \)B — (ﬁéﬁ) (ki1o1, AM)kiior (by (2.7))
(5 3)

=\ — ki3 — kiio1r (by (2.1)).

Then 3 = '6 £) k‘Z 101 € VNV = {0} and so 3 = (&, o) )aj =0foralll <j </
Since the restrlctlon of the form (-,-) to V = Zi:l Rozi is positive definite we
get n;, =0forall 1 <i</land1<r <wv. Next,let v > 2. Then from the
fact that w =1 we have (forany 1 <j < ¢, 1<s<v)

1:[11.) tjs]

[Hnt”w ] (o (2.31)

r=1i=1

H H ?;T, j.s]  (by (iil) and Lemma 2.1(v))

r=17=1
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s—1 ¢ 4
_ nl?‘ n7,< n7r
SRR | (TRl )
r=1i=1 i=1 r=s+14i=1
s—1 ¢ v 4
NG MNi,r1—1
=TT 1T tsl T THtes 23]
: r=s+1i=1

3
Il

=
©
Il
—_

|
::N

»
|

Z:L}i,ﬂ:}A(r’s) az,j(r,s) H Hz{—rzi},rA(sn") a;,j(s,r) (by Lemma 2.5(i)).

r=s+1:=1

\ |
—
-
_

Since (2, , | 1 <r < s < v) is a free abelian group of rank v(v —1)/2 on

generators z,, ,, 1 <r < s <wv (see Lemma 2.2(i)) from the way a; ;(r, s)’s are

defined (see (2.15)) we have n; (o, ;) =0 for all 1 < j < ¢ and so from the

fact that (o, ;) # 0, it follows that n; , =0forall1 <i<fand1<r <w.
(vii) From (i) and Lemma 1.1(i) we have H = (t;1 | 1 <4 < £). So by

Lemma 2.5(i) and the fact that 2, ,, = 1, (v), } is a free abelian group of

rank ¢ on generators ¢; 1, 1 < i < {. Also by (vi) it is clear that Z(W) = {1}.
(viii) From (vi) and its proof, it follows that

ZW) = Z(H) = (2,2, | L <7 <s<wv, J€Jp,(51) Uds,(52))
=(z, | JC{1,....v})

and so by Lemma 2.2(ii), Z(H) is a free abelian group of rank v(v —1)/2. O

83. A Finite Presentation for Extended Affine Weyl Group W

We keep the notation as in the previous sections. In particular, R is
a reduced non-simply laced extended affine root system of type X, of twist
number ¢ and nullity v of the form (1.9) and W is its extended affine group.
Also IT = {a1,...,ap} is a basis of R. Let By = {o1,...,0¢} and By =
{ot+1,...,0,} be two bases for semilattices S; and Ss, respectively. Using the
Coxeter presentation for the finite Weyl group W and results from Section 2
we obtain a finite presentation for 'W.

Let A = (a;;)1<i,j<¢ be the Cartan matrix of type Xy, that is a;; =
(vi,af), 1 <id,j €< (.

We recall from [K, Proposition 3.13] that W is a Coxeter group with

generators Wy, , - - ., Wq, and relations

£

(3.1) w2 =1 and (wa,wa,)™ =1 (i#j),
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where m; ;’s are given in terms of the Cartan matrix by the following table:

Qi jQj 4 0 1 2 3

3.2
( ) m;. j 2 3 4 6

Theorem 3.1. Let R = R(Xy,S1,S52) be a reduced non-simply laced
extended affine root system of rank £, nullity v, twist number t and of the form
(1.9). Then the extended affine Weyl group W of R is isomorphic to the group

I~

W defined by generators

Wiyt 1<i <l 1<r <,

(3.3) z 1<r<s<y,

s

J J6331(51)U332(S2)7

z

(d3,(S1) and J3,(S2) are defined by (1.3)) and relations

(I) @2 =1 and (w;;)™ =1, (i # j), (ms;’s are given by table (3.2))
(IT) it 10 = fj7rf;fi’j(r), (aij(r)’s are given by (2.16)),

~ ~ —1
(III) [tir,tjs] = 3A(rs) aij(rs) (A(r,s) 's and a; ;(r,s)’s are given by

)8

(2.12) and (2.17)),

(V) ’23 = H{T,SGJ :r<s} 23:A(r7s)ﬂ J € 3'31(51) U332(82)7

(VLY) [[icpcges 200 HJeagl(Sl)'%jJ =1, for m.s € Z and €, € {0,1}
satisfying

My = —A(r75)_1 Z X, (rys)e, foralll <r <s<t, where
J€J 5, (S1)

L oif{r,s} S J,
X.](Tv S) = {

0, otherwise,
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(VI.2) T 2mms 1] 5eg. 37 =1, for ng, € Z and ¢, € {0,1}
t<r<s<v “rs J€J 5, (S2) )
satisfying

nrs = —A(r, s)_1 Z X, (r,8)e, forallt<r<s<uv.
J€d 5, (S2)

~

Moreover, ZMW) =(%2__, 2, |1 <r<s<v, Je&Jp,(51)UIz,(S2)).

rs?
Proof. From parts (ii) and (vi) of Proposition 2.1, Lemma 2.5(i)—(ii) and
(3.1), it follows that the assignment w; — w,, fim b, Zrs — 2, ,, and

Z, — z,, induces a unique epimorphism ) : W — W. Consider the subgroup

~

W= (; | 1<i<0)
of W. By (3.1), the restriction of ¥ to W induces the isomorphism
(3.4) WEW.

We now show that 1 is injective. Let ¢(w) = 1, for some w € W. From the
defining relations V, we know that any even power of generators Z, can be
written in terms of generators Z_ , 1 < r < s < v. Therefore using defining
relations ITI-V, we see that w can be written in the form:

L v

(3.5) w=w][[[# am o J[ 2 am, e),

i=1r=1 1<r<t<s<v

where n} .,m. . € Z, (m, €) and (@i, &) are pairs of the forms (2.20) and (2.21),

i, hrs
respectively and

am, €)= [ 2 J] 27 and am, 2= [ 2 [[ 27-

1<r<s<t JeJp, (S1) t<r<s<v JE€J B, (S2)

Then from (3.5) we have

l v , ,
1=y()=p@) [[] 5 wm o [ =00 al@a, o).

i=1r=1 1<r<t<s<v
So from Proposition 2.1(v) and (3.4), it follows that w = 1 and n;, = 0 for
all 4,73 my. =0 forall 1 <r <t <s< v, ulm,e) =1and (n, &) = 1. Also

by Lemma 2.6, the pairs (m, €) and (71, €) satisfy (2.24) and (2.25), respectively
and so using defining relations VI.1, VL2 and (3.5) (together with w = 1,
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n;, =0 for all 4,7 and m, s =0forall 1 <r <t < s <v)weget w=1. Thus
¢ is an isomorphism. Finally, from Proposition 2.1(vi), the way 1 is defined
and the fact that ¥(Z(W)) = Z(W) we get

ZW)= (2., 2, |1 <r<s<v, J€Js,(51)UJn,(S2))

)

and this completes the proof. O

Corollary 3.1. Let R = R(X,,S1,52) be a reduced non-simply laced
extended affine root system of rank £, nullity v, twist number t and of the form
(1.9). If S1 and S are lattices (in particular, for types Fy and Gs), then the
extended affine Weyl group of R is isomorphic to the group defined by generators

{@,@wléiéé,lgrgw

Z 1<r<s<v,

r,s)

and relations [y, 2] = [t}m/,ér’s] = [tAi’MtAj,r/] = 1, I, II and III, where

~

A(r,s) =1 for all1 <r < s <v. Moreover, Z(W) = (£, |1<r<s<v).

Proof. By Lemma 1.1(i), J5, (S1) = J5,(S2) = 0 and so any generator or
relation in Theorem 3.1, which is indexed by J5, (S1) or J5,(S2) will be surplus.
Now the result follows using the fact that A(r,s) =1forall 1 <r<s<v. O

We note from Lemma 1.1 that if S is a semilattice with rank(S) < 2, then
d5(S) = (0. Now this fact together with Theorem 3.1 implies the following two
corollaries.

Corollary 3.2 (Affine case). If R is an extended affine root system
of type Xy of nullity v = 1 and twist number t, then its extended affine Weyl
group is isomorphic to the group W defined by generators by, t;, 1 < i < £,
and relations I, Wit ;= fjfi_ai’j(l) and [t;,t;] = 1, 1 < i,j < £. Moreover,
Z(W) = (1).

Corollary 3.3 (Elliptic case). If R is an extended affine root system
of type Xy of nullity v = 2 and twist number t of the form (1.9), then its
extended affine Weyl group is isomorphic to the group W defined by generators
Wi, tiy, 2,1 <0 < 0,1 <7 <2 and relations 1, T, [W;, 2] = [tir, 2] =

[tir tjr] =1 and [tAi,l,tAjﬁg] = “‘“vj(l’Q)A(l’Q)fl, where if Xy = Fy or G, then
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A(1,2) =1 and for types By, Co, A(1,2) is given by

(ind(S1), ind(S2)) | A(1,2)

BQI

NN = O O+
— N~ = N

[\
—

Bz(ﬁ Z 3) :

NN = O+
—= N = |

[\
~

Co(t>3):

N = O O+
— = = N

~

Moreover, Z(W) = (2).

Corollary 3.4 (Nullity 3 case). If R is an extended affine root sys-
tem of type Xy of nullity 3 and twist number t of the form (1.9), then its
extended affine Weyl group is isomorphic to the group W defined by generators
Wy, £z‘,r; Zrs, 1 <1<, 1 <r <3, 1< r<s <3 and relations I, 11, 111
and [W;, 2, 5] = [fl-,r,éns] = [tAi’mtAj,r] = 1. Moreover, if X; = Fy or Ga, then
A(r,s) =1 for all 1 < r < s <3 and if Xy = By or Cy, then the integers
A(r, s)’s are given by
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— —~~ —~
[xp] ™ [ap]

NN = o - T S T~ T~ [ p— N =]~ =N NN~ — NN~ = = A |
a a q

— — —

[xp] [ap] [ap]

[ o o I - NN = = =] AN N = [ N N e e i
a q >

— — —

[a\] N [a\]

—lN N N = — N =[N = = = [ e e Ko T e B R e —_lN NN - A= |
a a a

— —~ —~

= ~ n

2

%) N 2)

~— el N—r

=3 s S

S~~~ —~ — Py Y S|~~~ ~—~ —~ —~ —~ — Sl=~ =~~~ —~|~ —~| —~| —~
Sl 9w o~ = o oo oo S~ m|H o oo oo Sl o ol =
o o o oo — N M |n 0 O~ = I I R T R S N === == e T I
22222 2T ELED S e A e A e
w ~ N—r

= = =3

I < I

S < S

SN~—" ~— S~—

+ | O N [xp] + O [a\} [ap] = | O — [a\ Bl Ean]

BQZ

Bz(f >3):
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A~

Moreover, Z(W) = (21,2, 21 3, 22.3)-

Proof. 1f Xy = Fy or G3. Then by Corollary 3.1, the result holds. Next,
let X; = By>3 (resp, Cr>3). Then according to [AABGP, Propositions 4.9
and 4.17] and Lemma 1.1, R is isomorphic to an extended affine root system
R'" = R(Xy,51,95) of the form (1.9) where suppg, (S7) (resp. suppg,(S5))
is given by Table 1.4 (see Lemma 1.1(ii)) and S} (resp. S) is a lattice. So
without loss of generality, we can assume that S; = 57 and Sy = S5. Then by
Theorem 3.1 and (2.12), the result holds. Finally, let X, = By. Then again we
may assume that suppg, (S1) and suppg, (S2) are given by Table 1.4. Now the
same argument as in the previous case works also in this case. |

Remark 2. (i) If Sy (resp. S1) is a lattice (in particular for type By>3
(resp. Cp>3)), then any generator or relation in Theorem 3.1, which is indexed
by d5,(S2) (resp. ds,(S1)) (see Lemma 1.1(i)) will be surplus. Moreover,
A(r,s) =1forallt+1 <r<s<wv(resp. 1 <r<s<t)andl <r<t<s<w.
(ii) If one of the following conditions holds:

(a) Xg=DB; (£>3) and t < 3,

(b) Xp=Bs,t<3and v —t <3,

() Xe=Cy (£>3)and v —t < 3.

Then using Table 1.4, we may choose S; and S (and B; and Bs) such that
J5,(S1) = J5,(S1) = 0 (see Lemma 1.1) and so any generator or relation in
Theorem 3.1, which is indexed by Js,(S2) U ds,(S1) will be surplus. Also
the integers A(r, s)’s are easily computable using Lemma 1.1(ii) and [AABGP,
Propositions 4.9 and 4.17] (see the proof of Corollary 3.4).

(iii) Using an argument analogous to the proof of Theorem 3.1 we can prove
that the generators fim, Z., and Z, together with relations ITI, V, VLj, j = 1,2
and [Ei,raZA } = [57;,7”’27‘,5] = [fi,rvfj,r} = [27;5727./,5/] = [27‘,5’2]] = [éJaéJ/] =1

present the Heisenberg-like group H.

84. Examples

This section contains some examples in which we have computed the terms
appearing in our presentation of an extended affine Weyl group (Theorem 3.1).
In Example 1, we compute the supporting class of a semilattice S of rank 4,
the supporting function §(r, s) and the set Jp(S). In Examples 2 and 3, we
consider the extended affine Weyl groups of two extended affine root systems
of type By, one with nullity 3 and the other with nullity 7. The supporting
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class, the sets Js,(S;)’s, the integers k,’s, k;,’s and A(r,s)’s are computed.
Moreover the presentation stated in Theorem 3.1 is explicitly given for these
particular examples. In Example 2 the sets J5,(S;), ¢ = 1,2 will be empty
and so no relation of the forms (V) and (VI) appears in the presentation, while
in contrast in Example 3 we do get a relation of the form (V) (but again no
relation of the form (VT)).

Example 1. Let V° be a 4-dimensional real vector space with a basis
B ={01,09,03,04}. Let A =3%_,Zo, and

S =2AU (Up_y (0r +20)) U (o1 + 02+ 2A) U (01 + 03 + 04 + 2A).

Then S is a semilattice in V° of index 6 and B is a basis for S. Moreover,

supps (S) = {(Z)’ {1}, {2}, {3}, {4}, {1, 2}, {1, 334}}'

According to (1.2) we have
5(1,2) =1,

5(1,3) = 6(1,4) = 6(2,3) = 5(2,4) = 5(3,4) = 2,
5(3,1) = 6(4,1) = 6(3,2) = 6(4,2) = 5(4,3) = -2 and 6(2,1) = —1.
Also we have J5(9) = {{1,3,4}}.

Example 2. Let V=3%2_ Ra; ®Z2_;Ro, be a 5-dimensional real vec-
tor space equipped with the positive semi-definite symmetric bilinear form (-, -)
given by

VO = Z‘?:l Ro; is the radical of the form,
(a1,00) =2, (a2,a0) =4, (a1,a9)=-2.

Let R be the finite root system in V= ¥2_,Ra; of type Xy = By with basis
IT = {a1, @} and the Cartan matrix (relative to IT)

(4 1) A= a1,1 a1,2 _ 2 -1
' az.1 a2 2 -2 2 '
Let S be the semilattice in V° with basis B = {07, 02,03} such that

(4.2) Suppsg, (S) = {@, {1}, {2}, {3}, {1,2}, {173}}'

Then
(4.3) Ri=(8+5)U (Ron +5) U (Rig +2(5))
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is an extended affine root system in V of type Xy, = Bs, of nullity » = 3 and of
twist number ¢ = 3. Comparing (4.3) with (1.9) we have S = 57, So = 0 and
R = S(Bs,51,0). Since oy € Ry, and as € ng, the integers k,’s and k; ,’s
(relative to the basis IT = {a, as} of R) introduced in (2.5) and (2.6) are given
by

(44) kl = kg = kg = k‘g,l = k‘g,g = k‘g,g =2 and kl,l = kl’g = kLg =1

and so from the way that ¢;,’s and A(r, s)’s are defined (see (2.9) and (2.12))
we have

(4.5) i = Way40,Way a0d o, = Wayt20,Wa, (1 <17 < 3),
and

(4.6) A(L,2)=A(1,3) =1 and A(2,3) =2

Then using (2.13), (4.4) and (4.6) we have

(4.7) Ziay = 032, Ziay = cis and 2, ., = cjs.

Let W be the extended affine Weyl group of R. Then from Proposition 2.1(ii)
and the fact that Jg,(S1) = J5,(S2) = 0, we see that W is generated by
elements

Way s Way, t1,r, o, (1 <r<3) and Z(pays (1<r<s<3).

Next using (4.1) and (4.4) we have for 1 <r <3 and 1 <r < s <3 (see (2.16)
and (2.17))
a11(r,s) =2, ag2(r,s) =4, a12(r,s) = =2, as1(r,s) = =2,
a11(r) = az2(r) =2, a12(r) = =2, az21(r) = -1
Therefore from (4.1), (4.2), (4.6), and Theorem 3.1, it follows that the extended
affine Weyl group of R is isomorphic to the group defined by generators
’Li)l, 1212, 7?177«, tAgﬂn, (1 <r< 3) and ,?t’hs, (1 <r<s< 3),
and relations
w2 =1, (i)t =1, ity =11, ol n = 7?2_7,1«,
Wty 0y = fz,rf?,T, Waty ,Wo =ty rta .,

[t11,t12]) = [t22,t1.1] = [f1,2,2,1] 512727 [t2,1,f2,2) = 2?,2’

[t11,t13] = [f23,t11] = [f1,3,101] = 212737 [to1,t23] = 5’f,3,

[t t1s) = [ta3.tio) = [E13,t00] = 2,5, [f22,23] = 222737
and

['UA)i?ZA'r,s] = [fi,rwér,s] = [fi,ng,r] = [Arwér/,s/] =1
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Example 3. Let V be a 9-dimensional real vector space with a fixed
basis {ay,as2,01,...,07} equipped with the positive semi-definite symmetric
bilinear form (-,-) given by

Vo .= 23—1 Ro; is the radical of the form,
(ala al) = 23 (CVQ,OQ) - 47 (alaQQ) = -2

Let R be the finite root system of type By as in Example 2. Let V¢ and V9 be
the subspaces of V° with bases By := {01, 02, 03,04} and By := {05, 06,07}, re-
spectively. Also, let S and Sy be the semilattices in V§ and V9 with supporting
classes

(4'8) Supps, (Sl) = {(Z)’ {l}v {2}7 {3}7 {4}7 {17 2}7 {17 3, 4}}
and
(4.9) Supps, (52) = {07 {5}, {6}, {7}, {5,6}, {5, 7}}
Then

ds,(51) ={{1,3,4}} and J3,(52) = {{}}.

Now S := 51 @ (S3) is a semilattice in VY and
(4.10) R :=R(B5,51,5) = (S+S) U (Rep+S1®(S2)) U (Riy+2(S1) @ S»)

is an extended affine root system in V of type X, = Bs, of nullity 7 and of twist
number 4. Since IT = {ay, s} is a basis for the finite root system R such that
(a1,a9) € Ry, % ng, the integers k,’s, k; ,’s (relative to H) and k(a;)’s, (see
(2.5) and (2.6)) are given by

(4.11) ki =ky=hy=ky =2, ks=he=hky=1

(412) ki, =1, kop =k, 1<r<7, k(a;)=2 and k(az)=1.
From (2.9) and (4.12) we have

(4.13)  t1p = Wayt0,Wa, and 3, = Wayth,o,Way (1 <7 <7).
Using (4.8) and (4.9) we obtain (see (2.12))

(4.14) A(L,2) =A(5,6) =AG,T) =Alr,s) =1, 1<r<4<s<T
and

(4.15) A(1,3) = A(1,4) = A(2,3) = A(2,4) = A(3,4) = A(6,7) = 2.
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Then by (2.13) we have

(4.16) =z =AMk (1<r<s<7) and 2z =c 2

{r,s} s {1,3,4} 1,3 1,4 3,4

where the integers k,’s and A(r, s)’s are given by (4.11) and (4.15). Finally,
using (4.1), (2.16) and (2.17) we get (forall 1 <r <7and 1 <r <s<T7)

ara(r,s) =4k, aga(r,s) = 2k, o(r, ) = —2k Yk,

1
aza(r,s) = =2, a11(r) =ag2(r) =2, a12(r) = —ky, ag:(r)=—2k"

and so from Proposition 2.1 and Theorem 3.1, it follows that W is generated
by elements

Way s Wags T yt2r (1 <r<7), 2 1<r<s)<7 and =z

{r,s}? ( {1,3,4}"

Moreover W is isomorphic to the group defined by generators
Wy, W, by, to, (1<r<T), 2, 1<r<s<T),2

and relations

UA;ZQ =1, (@11@2)4 =1, 2= 21,321 4Z3 4 wlfl ry = f;}‘7
w2£2,r7i12 = ??2_;, UAjltAg)TUA}l = t2 Ttlrw w2t1 g = tl Ttgkr_l,
[ i1s] = 24k;1A(r,s)71’ [, f2,4] = 525:0%9) -

[£177’7£2,8] = _Zk kSA(T78)717 [tQ,mtl,s} - Z_2A(T',s)71

[0, 20a] = [i1,2] = Firs 2] = Birtir] = B8] = 03] = 1,
where the integers k,.’s and A(r, s)’s are given by (4.11), (4.14) and (4.15). We

note that 22 = 2, 321425, is the only relation of the form (V) which we get and

that no relation of the form (VI) appears in this presentation as it is easy to
see that for all 1 <r < s <4, m, , =0 are the only integers satisfying (2.24).
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