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On Q-conic Bundles

By

Shigefumi MoORI* and Yuri PROKHOROV**

Abstract

A Q-conic bundle is a proper morphism from a threefold with only terminal
singularities to a normal surface such that fibers are connected and the anti-canonical
divisor is relatively ample. We study the structure of Q-conic bundles near their
singular fibers. One corollary to our main results is that the base surface of every Q-
conic bundle has only Du Val singularities of type A (a positive solution of a conjecture
by Iskovskikh). We obtain the complete classification of Q-conic bundles under the
additional assumption that the singular fiber is irreducible and the base surface is
singular.
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81. Introduction

In this paper we study the local structure of extremal contractions from
threefolds to surfaces. Such contractions naturally appear in the birational
classification of three-dimensional algebraic varieties of negative Kodaira di-
mension. More precisely, according to the minimal model program every al-
gebraic projective threefold V' with (V) = —oo is birationally equivalent to
a Q-factorial terminal threefold X having a K x-negative extremal contraction
to a lower dimensional variety Z. There are three cases:

a) Z is a point and then X is a Q-Fano variety with p(X) = 1,

b) Z is a smooth curve and then X/Z is a del Pezzo fibration,

¢) Z is a normal surface and then X/Z is a rational curve fibration.

We study the last case.

(1.1) Definition. By a Q-conic bundle we mean a projective morphism
f: X — Z from an (algebraic or analytic) threefold to a surface that satisfies
the following properties:

(i) X is normal and has only terminal singularities,
(i) fiOx =0y,
(iii) all fibers are one-dimensional,
(iv) —Kx is f-ample.

For f: X — Z as above and for a point o € Z, we call the analytic germ
(X, f~50)red) & Q-conic bundle germ.

The easiest example of Q-conic bundles is a standard Gorenstein conic
bundle: Z is smooth and X is embedded in the projectivization Pz (&) of a
rank 3 vector bundle so that the fibers X,, z € Z are conics in Pz(€),. More
complicated examples can be constructed as quotients:

(1.1.1) Example-Definition (toroidal example). Consider the following
action of p,,, on P} x C2

(z;u,v) —> (ex; %, %),
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where ¢ is a primitive m-th root of unity and ged(m,a) = ged(m,b) = 1. Let
X =P xC?/w,,, Z := C?*/u,, and let f: X — Z be the natural projection.
Since p,,, acts freely in codimension one, —Kx is f-ample. Two fixed points on
P! x C? gives two cyclic quotient singularities of types %(17 a,b) and % (-1,a,b)
on X. These points are terminal if and only if a + b = 0 modm. In this case,
f is a Q-conic bundle and the base surface Z has a Du Val singularity of type
Ap—1. We say that a Q-conic bundle germ is toroidal if it is biholomorphic to
(X, f750)req) — (Z,0) above (with a + b = 0modm).

Our first main result is a complete classification of QQ-conic bundle germs
with irreducible central fiber under the assumption that the base surface is
singular:

(1.2) Theorem. Let f:(X,C) — (Z,0) be a Q-conic bundle germ, where C
is irreducible. Assume that (Z,0) is singular. Then one of the following holds:
Cases where X 1is locally primitive.

(1.2.1) (X,C) is toroidal.
(1.2.2) (X, Q) is biholomorphic to the quotient of the smooth Q-conic bundle

X' ={y? +uys +vys =0} C le,ymys X (CZ,U — (Ci,v.

by w,,-action:

(yla Y2,Y3, U,U) L (5ay1a571y27y375ua 6711})'

Here m = 2a + 1 is odd and € is a primitive m-th root of unity. The singular
locus of X consists of two cyclic quotient singularities of types %(a, -1,1) and
%(a +1,1,—1). The base surface C*/pu,, has a singularity of type Ay, _1.

Cases where X is not locally primitive. Let P € X be the imprimitive
point and let m, s and m be its index, splitting degree and subindex, respec-
tively. In this case, P is the only non-Gorenstein point and X has at most one
Gorenstein singular point. We refer to (5.3.1) for the definition of types (TAY)
- (IEY).

(1.2.3) (X,QC) is of type (IEV) at P, s =4, m =2, (Z,0) is Du Val of type

Az, X has a cyclic quotient singularity P of type %(5, 1,3) and has no other
singular points. Furthermore, (X, C) is the quotient of the index-two Q-conic

bundle germ given by the following two equations in P(1,1,1,2),, 4, x C3

y% - y% :uwl(ylv oo 7y4;7.t,’0) + va(yla e Yasu, 'U),
Y1y2 — Y3 =us(yr, ..., ya;u,0) + vha(yr, . . ., ya; u,v)
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by py-action:
Y1 =iy, Yo iy, Y3 Y3, Yaroiys, ueiu, v —iv,
(see Example (7.7.1)).

(1.2.4) (X,QC) is of type IDY) at P, s =2, m =1, (Z,0) is Du Val of type
Ay, (X,C) is a quotient of a Gorenstein conic bundle given by the following

. . 2 2
equation in Py xCg

yi + s +o(u0)y; =0, Y(u,v) € Clu®, v?, uol,
by py-action:
U= -u, v =v, Y1t Y, Y2 Y2, Y3 Ys.

Here ¢(u,v) has no multiple factors. In this case, (X, P) is the only singular
point and it is of type cA/2 or cAx/2.

(1.2.5) (X,0C) is of type (TIAY) at P, m = 2, s = 2, (Z,0) is Du Val of
type A1, (X, P) is a cyclic quotient singularity of type %(1, 1,3), and (X,C) is
the quotient of the index-two Q-conic bundle germ given by the following two
equations in P(1,1,1,2),, 4, x CZ,

y% - y% = uwl(ylv s Y43 U,’U) + qu?(yla s Yasu, 'U),

y?z) :u¢3(y17"'7y4;u7v)+Uw4(y17"’7y4;u71})

by po-action:
Y1y, Y2t Y2, Y3 Y, Ya b Y4, U U, U U
(see Example (7.7.2)).

(1.2.6) (X,C) is of type (IIY) at P, m =2, s =2, (Z,0) is Du Val of type
Ay, (X, P) is a singularity of type cAx/4, and (X,C) is the quotient of the
same form as in (1.2.5) (see Example (7.7.3)).

All the cases (1.2.1) — (1.2.6) occur-

By running MMP over the base Z we immediately obtain the following
fact which was conjectured by Iskovskikh:

(1.2.7) Theorem. Let f: X — Z be a Q-conic bundle (possibly with reducible
fibers). Then Z has only Du Val singularities of type A.
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We also note that the singularity (Z, o) is unbounded only in locally prim-
itive cases (1.2.1) and (1.2.2). In all other cases (Z,0) is either of type A; or
As. Theorem (1.2.7) has important applications to rationality problem of conic
bundles [Isk96].

Note that the condition that X has only terminal singularities is essential
in Theorem (1.2.7): put in Example (1.1.1) ¢ = 1 and b = —2 (m is odd).
We get an extremal contraction having two singular points which are canonical
Gorenstein of type --(1,1,—2) and terminal of type --(—1,1,—2). The base
surface has a singularity of type %(1, —2) which is not Du Val.

(1.2.8) Corollary. If in notation of (1.2) the base (Z,0) is not of type Aq,
then X has only cyclic quotient singularities.

In the case of smooth base our results are not so strong:
(1.3) Theorem. Let (X,C =~ P') be a Q-conic bundle germ over a smooth

base (Z,0). Then (X,C) is locally primitive and the configuration of singular
points is one of the following (notation (IA) — (1I1) are explained in (5.2.1)):

(1.3.1) 0, (IIT), (IIN)+(IIT) (X is Gorenstein).
(1.3.2) (TA), (TA)+(ITT), (TA)+(TTT)+(IIT).
(1.3.3) (ITA), (IIA)+(IID).

(1.3.4) (IC), (IIB).

(1.3.5) (IA)+(IA) of indices 2 and odd m > 3.

(1.3.6) (TA)+(TA)+(III) of indices 2, odd m > 3 and 1.

In contrast with Theorem (1.2) we can say nothing about the existence of
Q-conic bundles as in (1.3.3)—(1.3.6). There are examples of index-two Q-conic
bundles as in (1.3.2) (see [Pro97a, §3] and (12.1)). One can also easily construct
examples of Gorenstein standard conic bundles of type (1.3.1).

(1.3.7) Proposition (Reid’s conjecture about general elephant). Let
(X,C ~P) be a Q-conic bundle germ. Then, except possibly for cases (1.3.4),
(1.3.5), and (1.3.6), a general member of | — K x| has only Du Val singularities.
In these exceptional cases a general member of D € | — 2K x| does not contain
C and the log divisor Kx + %D is log terminal.

Proposition (1.3.7) follows from Remarks (7.6.1), (8.6.1) and Theorem
(10.10).
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(1.4) Comments on the approach. Contractions similar to Q-conic bundles
were considered in [Mor88]. In fact, [Mor88] deals with birational contractions
of threefolds f: X — (Z,0) such that X has only terminal singularities, —Kx
is f-ample, and C' := f71(0)eq is a curve. In this case, we have vanishings
R'f,.Ox = 0 and R'f.wx = 0. (cf. (2.3)). Though the former vanishing
was used all over the places in [Mor88], the latter vanishing R' f,wx = 0 was
used only occasionally. It is easy to find the places where the corollaries of
R'f.wx = 0 were used. In this paper we follow the arguments of [Mor8§]
paying special attention to those corollaries of R!f.wx = 0 and furthermore
give comments to modify the arguments when the corollaries are used.

Though fewer vanishing conditions are available, we have new tools Lemma
(2.8) and Theorem (4.4) for Q-conic bundles. These results together with
[Mor88] form the basis of our approach.

§2. Preliminaries

(2.2) Let f:(X,C) — (Z,0) be a Q-conic bundle germ. The following is an
immediate consequence of the Kawamata-Viehweg vanishing theorem.

(2.3) Theorem. R'f.Ox =0 fori > 0.

(2.3.1) Corollary (cf. [Mor88, Remark 1.2.1, Cor. 1.3]).

(i) If J be an ideal such that Supp Ox/J C C, then H'(Ox/J) = 0.

(ii) pa(C) =0 and C is a union of smooth rational curves.
(iii) Pic X ~ H?(C,Z) ~ ZP, where p is the number of irreducible components

of C.

(2.3.2) Remark. If C is reducible, then p(X/Z) > 1 and for every closed
curve C' C C the germ (X, C") is an extremal neighborhood (isolated or divi-
sorial). These were classified in [Mor88] and [KM92] under the condition that
(' is irreducible.

(2.3.3) Remark. In general, we do not assume that X is Q-factorial (i.e.,
a Weil divisor on X is not necessarily Q-Cartier). In fact, the following are
equivalent

(i) X is Q-factorial and p(X/Z) =1,

(ii) the preimage of an arbitrary irreducible curve I' C Z is also irreducible.
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Indeed, the implication (i) = (ii) is obvious. To show (ii) = (i), consider a Q-
factorialization ¥ — X [Kaw88] and run the MMP over (Z,0). If (i) does not
hold, p(Y/Z) > 1. On the last step of the MMP we get a divisorial contraction
Y.-1 — Y, over (Z,0). Let E be the corresponding exceptional divisor and
let T' be its image on Z. Then I is an irreducible curve and f~!(I") has two
components.

(2.4) We need the following easy construction which is to be used throughout
the paper. First, we claim that (Z,0) is a quotient singularity. Indeed, the
general hyperplane section H C X is smooth and the restriction fy: H — Z
is a finite morphism. Thus (Z,0) is a log terminal singularity [KM98, Prop.
5.20]. Therefore, (Z,0) is a quotient of a smooth germ (Z’,0") by a finite group
G which acts freely outside of o' [Kaw88, Th. 9.6]. Consider the base change

(X', ¢y —— (X,0)
(2.4.1) l 5 l ’

(7',0) —"— (Z.0)
where X’ is the normalization of X xz Z’ and €’ := f'~1(C);eq. The group G
naturally acts on X’ so that X = X’/G. Since X has only isolated singularities,

g is étale in codimension 2. Moreover, K x» = g* Kx and singularities of X’ are
terminal. In particular, f': (X', C") — (Z',0') is a Q-conic bundle germ.

(2.4.2) Corollary ([Cut88]). Let f: X — Z be a Q-conic bundle. If X is
Gorenstein (and terminal), then Z is smooth and there is a vector bundle € of
rank 3 on Z and an embeddings X — P(€) such that every scheme fiber X,
z € Z is a conic in P(E),.

Sketch of the proof. The question is local, so we assume that f: (X,C) —
(Z,0) is a Q-conic bundle germ. If (Z, 0) is smooth, the assertion can be proved
in the standard way: f is flat because X is Cohen-Macaulay and we can put
& = fLOx(—Kx) (see, e.g., [Cut88]). Assume that (Z,0) is singular. Consider
the base change (2.4.1). Then (Z',0') is smooth and G # {1}. Since X is
Gorenstein terminal, the action of G on X’ and C’ is free. On the other hand,
X' is also Gorenstein. By the above arguments f’ is a standard Gorenstein
conic bundle. In particular, the central fiber C” := f~1(0')req is a conic. If C”
is reducible, then the singular point P’ € C’ is G-invariant, a contradiction.
Hence, C' ~ P'. This contradicts the fact that the action of G on €’ is free. [

(2.5) Definition ([Mor88, (0.4.16), (1.7)]). Let (X, P) be a terminal 3-
dimensional singularity of index m and let C C X be a smooth curve passing
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through P. We say that C is (locally) primitive at P if the natural map
0:Z =7 (C\{P}) » m (X \{P}) =Z/mZ

is surjective and imprimitive at P otherwise. The order s of Coker g is called
the splitting degree and the number m = m/s is called the subindex of P € C.

It is easy to see that the splitting degree coincides with the number of
irreducible components of the preimage C* of C' under the index-one cover
X% — X near P. If P is primitive, we put s = 1 and m = m.

(2.6) From now on we assume that f:(X,C) — (Z,0) is a Q-conic bundle
germ with C' ~ P!. There are two cases (cf. [Mor88, (1.12)]):

(2.6.1) Case: (' is irreducible.

(2.6.2) Case: C" =U;_,C/, where s > 1 and C/ ~P!. In this case, G acts
on {C/} transitively.

(2.6.3) Claim. In the case (2.6.2), all the irreducible components C! pass
through one point P’ and do not intersect each other elsewhere.

Proof. Since G acts on {C}} transitively and p,(C’) = 0, each component
C! meets the closure of C’ — CJ at one point. O

(2.6.4) Proposition (cf. [Mor88, 1.11-1.13]).  Notation as in (2.4) and
(2.6.3).

(i) In the case (2.6.2), C is imprimitive at g(P’). Conversely, if C' is imprimi-
tive at some point P, then f is such as in (2.6.2) and P = g(P'). Moreover,
the splitting degree s coincides with the number of irreducible components

of C'.

(ii) (X,C) has at most one imprimitive point.

(2.7) Proposition ([Pro97a, Lemma 1.10]). (Z,0) is a cyclic quotient singu-
larity.

Proof. 1t is sufficient to show that G is a cyclic group. In the case
where X is locally primitive, G effectively acts on C’ ~ P! and on the tan-
gent space Tz » =~ C2. This gives us two embeddings: G C PGL(2,C) and
G C GL(2,C). Assume that G is not cyclic. By the classification of finite sub-
groups in PGL(2,C) G is either A5, Sy, Ay, or the dihedral group D,, of order
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2n (see, e.g., [Spr77]). In all cases there are at least two different elements of
order two in G. But then at least one of them is a reflection in G C GL(2,C),
a contradiction.

In the case where f is not locally primitive, by Claim (2.6.3), G has a fixed
point P’ € X’'. Let P = g(P’) and let U 3 P be a small neighborhood. There
is a surjection m (U \ {P}) — G. On the other hand, m (U \ {P}) is cyclic
[Kaw88, Lemma 5.1]. O

Thus we may assume that G = p,; and Z ~ C?/p,, where the action of
p, on C? ~ 7' is free outside of 0. We call this d the topological index of
f1(X,C)— (Z,0).

Let CI*¢ X be the subgroup of the divisor class group Cl X consisting of
WEeil divisor classes which are Q-Cartier.

(2.7.1) Corollary. (X \ Sing X) ~ p, and CI*° X ~ Z @ Zg4, where Zq =
Z/dZ and d is the topological index of f.

(2.7.2) Corollary. In the above notation, let Py, ..., P, be all the non-
Gorenstein points and let my,...,my be their indices (the case | = 1 is not
excluded). Assume that Py, ..., P, are primitive. Let s1 and my be the splitting
degree and the subindex of P;.

(i) For each prime p the number of the m;’s divisible by p is < 2.

(ii) There is a Q-Cartier Weil divisor D on X such that D - C =d/my ---m;.
Moreover, D generates C1°¢ X/ Torsion = CI*¢ X/=.

l
(iii) [ mi =d-lem(my, ma,...,my).
i=1
Proof. Let H be an ample generator of Pic X so that H - C' = 1. Clearly,
the following sequence

(2.7.3) 0 — PicX — CI** X - @, CI*(X, P;) — 0

is exact. Here CI*°(X, P;) ~ Z,,, by [Kaw88, Lemma 5.1]. Then (i) immediately
follows by (2.7.1).

Let us prove (ii). We have CI*® X/Z, ~ Z by (2.7.1) and the order of
(CI® X/Zq)/ Pic X is < [[m; by (2.7.3). Let D be an ample Weil divisor gen-
erating CI*° X/Z,. Since H - C =1, We have X [[m;D-C = H - C = 1. This
proves (ii).

Finally, by [Mor88, 1.9, 1.7] the Z-module CI* X is generated by H and
some ample Weil divisors Dy, ..., D; with relations m;D; — n;H ~ 0, where
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n; =m;D;-C, ged(my,nq) = s1, and ged(m;,n;) = 1 for i =2,...,1. Now (iii)
can be proved by considering the p-prime component of CI°¢ X for each prime
p. 1

(2.7.4) Corollary. In the locally primitive case, py has exactly two fized
points on (X',C" ~ PY). Therefore, there are two points on (X,C) whose
indices are divisible by d. Conversely, if there are two primitive points on
(X, C) whose indices divisible by r, then r divides d.

(2.7.5) Corollary. In the case (X,C) is imprimitive at P = g(P’), the
splitting degree s (> 1) divides d, and let v := d/s. Put X* := X'/, Z° :=
Z'/,., and C* := C'/p,.. We have the following decomposition:

X0 —L (x0.0) —L . (X,0)

070 /| ol /|

’ b
(2/,0) —m (2°,0) —— (Z,0)

and the following hold:

(i) The group w, does mot permute components of C', so C” has exactly s
irreducible components C? passing through one point P* = ¢"(P'). The
group p, = p,y/w, naturally acts on X° so that X = X"/,

(ii) If d > s, then p, has two fized points on each component C} C C', P' and
Q# P

(iil) (X°,C?) is a locally primitive extremal neighborhood (2.3.2), X° — X is
étale outside P° and C? — C is an isomorphism.
The base change ¢° as in (2.7.6) is called the splitting cover [Mor88, 1.12.1].

Proof. Let G C p,4 be the stabilizer of some component C] C C’. Then
G =, and X" := X'/G satisfies the desired properties. O

(2.8) Lemma. Let (X,C) be a Q-conic bundle germ with C ~ P. Let
d be the topological index of (X,C) and let my,...,m, be indices of all the
non-Gorenstein points. Assume that f is not toroidal. Then

Proof. Take D as in (ii) of Corollary (2.7.2). Then —Kx = rD for some
r € Zsg. We claim that » = 1. Indeed, for the general fiber L we have
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2=—-Kx-L=rD-L. Since D - L is an integer, r = 1 or 2. If r = 2,
then D-L =1, i.e., D is f-ample with deg = 1 on the general fiber. Apply
construction (2.4.1). Then D’ := f*D satisfies the same property: it is f’-
ample with deg = 1 on the general fiber. Since X'\ f~1(0') — Z’'\ {0}
is a standard conic bundle (see (2.4.2)), this implies that all the fibers over
Z'\ {0} are smooth rational curves. In particular, the morphism f’ is smooth
outside of C’. We claim that f’ is smooth everywhere. Denote F := Ox-(D’).
Then locally near a singular point P’ € X', F is a direct summand of 7, F*,
where 7: (X*, P¥) — (X', P) is the index-one cover and F* is the lifting of F.
Since F* is Cohen-Macaulay and Z’ is smooth, F is flat over Z’. Then by the
base change theorem ([Mum66, Lect. 7, (iii), p. 51]) f.F is locally free. Put
X := P(f.F) with natural projection f: X — Z’. We have a bimeromorphic
map X --» X’ over Z’ that indices an isomorphism (X \ C) ~ (X’\ C"), where
C = f~Y(0). Since f’, f are projective and p(X'/Z') = p(X/Z') = 1, we have
X ~ X’. But then X’ is smooth and so is the morphism f’. This proves our
claim.

Thus we may assume X’ ~ Z' x P!, Recall that X is the quotient of X’
by pg. By [Pro97a, §2] the action of p, is as in (1.1.1) and f is toroidal, a
contradiction to our assumption. Therefore, r =1 and —Kx -C = D - C. This
proves our equality. O

(2.8.1) Corollary. If X has a unique non-Gorenstein point which is imprim-
itive of splitting degree s and subindex m, then 2m = 0mod s.

Proof. Let f'~1(o') be the scheme fiber. Then f'~!(o') = rC’ for some
r € Zsg. Thus 2= —Kx/ - f~30') = —rKx: - C' = —rsKx - C = rs/m. This
proves our statement. [l

The following fact will be used freely.

(2.9) Proposition ([Pro97a, Th. 2.4]). In notation of (2.4.1) assume that X'
is Gorenstein (we do not assume that C is irreducible). Assume further that
d>1. Then (X,C) is in one of the cases (1.2.1), (1.2.2), (1.2.4).

Sketch of the proof. By (2.4.2) there is a p -equivariant embedding X’ —
P2 x Z' over Z'. Then one can choose a suitable coordinate system in P? and
7'~ C2. O
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§3. Numerical Invariants ip, wp and wp

For convenience of the reader we recall some basic notation of [Mor88].

(3.1) Let X be an analytic threefold with terminal singularities and let
C C X be a reduced curve. Let I C Ox be the ideal sheaf of C and let Ién)
be the symbolic nth power of I, that is, the saturation of I% in Ox. Put
gré O = Ién)/fén+1). Further, let F"wx be the saturation of JZwx in wx and
let gréw = F”wX/F”“wX. Let m be the index of Kx. There are natural

homomorphisms
a1 i A\ gre O — Homo, (0, grd w),
an: S"grs O — et O, n>2,
Bo : (gre w)®™ — (W)™ © Oc,

Bngrliw®Stert O —grbw, n>1,
where M* for an Ox-module M denotes its dual, Hom Ox (M, Ox). Denote
ip(n) :=lenp Coker a,, wp(0) := lenp Coker By/m,

n+1

wp(n) :=lenp Coker B,, wp(n):= < 9

)ip(l) —wp(n), n>1
Assume that C' ~ P'. Then we have by [Mor88, 2.3.1]

(3.1.1) —deggrlw =Ky -C’—|—pr(0)
P
(3.1.2) 2+ deggrd w — deggrs O = Zip(l).
P

1
(3.1.3)  deggrs O = §n(n + 1) deggry, O + Zip(n), n>2,
P

and therefore the following corollaries to rk gri, O =i+ 1 and R' f.Ox = 0:

(3.1.4) D (deggrt O+i+1)>0,  n>1,

i=1

(3.1.5)4 > fdeggrocw + Zip(l) =—-Kx-C+ ZTUP(O) + ZiP(l)'
P P P

(3.1.6) Remark. In the case of extremal neighborhoods by the Grauert-
Riemenshneider vanishing one has grl, w = Oc(—1) (see [Mor88, 2.3]). This
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is no longer true for Q-conic bundles: in Example (1.1.1) easy computations
show deg gr, w = —2 (see (3.1.1)). Similarly, in (1.2.4) we also have deg gr, w =
—2. We will show below that these two examples are the only exceptions (see
Corollaries (4.4.3) and (7.2.2)).

(3.1.7) Lemma. Ifgrlw=0(-1), then

n ]' *
(3.1.8) deggri-w = §(n+l)(n—2)—;wp(n), n > 1.

If furthermore H (wx /F"wy) = 0, then

(3.1.9) (deggrew+i+1) >0,  n>1

n
=1

7

Proof. Follows by the exact sequences
0 — grbw — wx/FMluy — wy/Flwx — 0

(see [Mor88, 2.3]). O

(3.1.10) Lemma ([Mor88, 2.15)). If (X, P) is singular, then ip(1) > 1.

Proof. The proof of [Mor88, 2.15] applies because it uses only local com-
putations near P that are not based on R! f.wx. [l

(3.1.11) Corollary. A Q-conic bundle germ (X,C ~ P') has at most three
singular points.

§4. Sheaves grw

(4.1) Lemma. Let f: X — Z be a Q-conic bundle. Assume that the base
surface Z is smooth. Then there is a canonical isomorphism R fuwx ~ wy.

Proof. Let g:W — X be a resolution. By [Kol86, Prop. 7.6] we have
RY(f o g)sww = wz. Since X has only terminal singularities, g.ww = wx and
by the Grauert-Riemenshneider vanishing, Rig.wy = 0 for ¢ > 0. Then the
Leray spectral sequence gives us R! fuwx = RY(f o g)sww = wz. |

For convenience of the reader we recall basic definitions [Mor88, 8.8].
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(4.2) Let (X, P) be three-dimensional terminal singularity of index m and
let m: (X*, P¥) — (X, P) be the index-one cover. Let L be a coherent sheaf
on X without submodules of finite length > 0. An ¢-structure of L at P is
a coherent sheaf L¥ on X* without submodules of finite length > 0 with p,,,-
action endowed with an isomorphism (L#)Hm ~ L. An f-basis of L at P is
a collection of p,,-semi-invariants sq, ...,sh € LF generating LF as an Oxs-
module at P¥. Let Y be a closed subscheme of X such that P ¢ Ass Oy and
let Y* C X* be the canonical lifting. Note that £ is an Oy-module if and only
if Lf is an Oy:-module. We say that L is £-free Oy-module at P if L is a free
Oy:-module at P! If L is ¢-free Oy-module at P, then an ¢-basis of £ at P is
said to be £-free if it is a free Oys-basis.

Let £ and M be Oy-modules at P with ¢-structures £ ¢ L% and M ¢ ME.
Define the following operations:

e LOMC (L@ M)*is an Oy-module at P with (-structure
(LOEM) =Lt oM
e LAMC (L ®M)*is an Oy-module at P with /-structure
(L @M = (L' ®o,, M*)/Saterge(0),
where Satz, F; is the saturation of F» in Fi.

These operations satisfy standard properties (see [Mor88, 8.8.4]). If X is an
analytic threefold with terminal singularities and Y is a closed subscheme of X,
then the above local definitions of @ and ® patch with corresponding operations
on X \ Sing X. Therefore, they give well-defined operations of global Oy -
modules.

(4.3) Let f:(X,C) — (Z,0) be a Q-conic bundle germ (we do not assume
that C is irreducible).

(4.4) Theorem. Assume that (Z,0) is smooth. Let J C Ox be an ideal
such that Supp Ox /J C C and Ox/J has no embedded components. Assume
that H' (wx ® Ox/J) # 0. Then Specy Ox/J D f~1(0), where f~1(0) is the
scheme fiber (in other words, J C mz,Ox, where mz, C Oz is the mazimal
ideal of 0).

Proof. First we assume that Specy Ox/J C f~1(0). Denote I' := f~1(0)
and V := SpecOx/J. Then wr ~ wx ® Or, and so wx ® Oy ~ wr ® Oy in
this case.
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Let Zy be the ideal sheaf of V in T where we note Zy # 0 by V € f~1(0),
and let Zp be an associated prime of Ty (i.e. Ip € Ass(Zy)), and let D C C
be the corresponding irreducible component. By the Serre duality, we have

wp = ﬂ{omor (OD,wF) = g{Om@F (OD7 Or‘) ® wr.

Hence Homo,(Op,Or) is a torsion-free Op-module of rank 1. We also see
Homo.(Op,Zyv) # 0 by Ip € Ass(Zy ). Thus the cokernel of the inclusion

0 75 J—ComoF (OD,I\/) — f]‘COTrL(QF (OD, OF).

is of finite length and is a submodule of Oy = Or/Zy . Since Oy = Or/Zy has
no embedded primes, we have Homo.(Op,Zy) = Home.(Op, Or) and

Iy = Homen(Or,Zy) D Home.(Op, Or).

Considering the trace map one can see that C ~ H'(wp) — H'(wr) is an
injection (and moreover H'(wp) ~ H!'(wr) ~ C). Since wr is f-invertible, the
composition map

v: H' (wp) = H'(wr) — H'(wr ® (Or/ Home.(Op, Or)))

is zero.
On the other hand, wr — wx ® Oy has the following decomposition

wr — wr ® (OF/}COmOF(OD,OF)) — Wr ® OF/IV >~ Wx ® Ov,
and the induced surjective map
H'(wr) — H'(wr @ Oy) #0

factors through v which is zero, a contradiction.

This proves that Specy Ox/J = f~1(o) if Specy Ox/J C f~1(o0).

Now we treat the general case. By Nakayama’s lemma H'(wx ® Ox/J)
®0,0z/mz, # 0. Since H' is right exact for Ox-sheaves, we see that

H' ((wx & Ox/J) ® Ox /mz,0x) ~ H (wx & Ox/J) @0, Oz/mz., # 0.
Let us consider the homomorphism
((.uX ®Ox/J) ® Ox/mZpOX — Wx ®Ox/<]s,

where J* is the saturation of J+mz ,Ox in Ox. It is surjective and its kernel
is supported at a finite number of points. Thus

Hl(wX ®Ox/JS) ~ Hl((wx ®Ox/J) ®Ox/mz}OOX) #0
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and J° D myz,Ox. By the special case treated above we have J 4+ mz,0x C
J® = mz)OOX, ie., J C mz)OOX.
O

(4.4.1) Corollary. Assume that (Z,0) is smooth. If H'(gr& w) # 0, then
C = (o).
Proof. Apply Theorem (4.4) with J = I¢. O

(4.4.2) Lemma ([Kol99, Prop. 4.2]). If X is not Gorenstein, then X has
index > 1 at all singular points of C'.

Proof. If C has at least three irreducible components, the assertion follows
by Remark (2.3.2) and [Mor88, Cor. 1.15]. Thus we assume that C' = Cy U Cy
and X is Gorenstein at P € C1 N Cy. First we consider the case when (Z,0) is
smooth. By our assumption groc w =wx ® O¢ is invertible at P. Consider the
injection (: groc w — groc1 w b groc2 w. Recall that (X, C;) is an extremal neigh-
borhood by Remark (2.3.2). Then by [Mor88, Prop. 1.14] grg, w = O, (—1),
so H%(Coker ) = H'(gr2 w). On the other hand, Coker ¢ is a sheaf of finite
length supported at P. Since grl w is invertible, Coker ¢ is non-trivial. So,
H'(gr w) # 0 and by Corollary (4.4.1) C; UCy = f~!(0). Thus X is smooth
outside of Sing C'. Since P is the only singular point of C' by Corollary (2.3.1),
we are done.

Now we assume that (Z,0) is singular. Consider the base change (2.4.1).
Since X is Gorenstein terminal at P, so is X’ at all the points P/ € g~*(P).
Moreover, g is étale over P. Hence, the central curve C’ is singular at P;.
By the above, X’ is Gorenstein and by Corollary (2.4.2) f: X' — Z' is a
standard Gorenstein conic bundle. In particular, C’ is a plane conic. Since the
set g~1(P) is contained in the singular locus of C’, it consists of one point, a
contradiction. 0

(4.4.3) Corollary (cf. [Mor88, Prop. 1.14]). Assume that C is irreducible.
If grtl w # Oc(—1), then in notation of (2.4.1) we have f'=1(o') = C'. If
furthermore (X, C) is locally primitive, then it is toroidal.

Proof. Let m be the index of X. Since there is an injection (grd w)®™ —
Oc(mKx), deggrd, w < 0. Since grd w 2 Oc(-1), H'(gr w) # 0. In notation
of (2.4.1) we have H'(grl, w) # 0 (because H'(grd w) = H'(grd, w)Ha).

By Corollary (4.4.1) C" = f'=Y(o). If f is locally primitive, C’ is irre-
ducible (see (2.6.1)). So €’ ~ P! and X' is smooth. Up to analytic isomor-
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phism we may assume that X’ ~ Z’ x P'. Then in some coordinate system the
action of pg; on X’ is as in (1.1.1) (see [Pro97a, §2]), so f is toroidal. O

(4.4.4) Remark. In notation of Theorem (4.4) assume that the map H(I¢)
— HOY(I¢/J) is zero. Then Specy Ox/J C f~%(0). Therefore, the nonvanish-
ing H'(wx ® Ox/J) # 0 implies Specy Ox/J = f~1(0).

(4.4.5) Corollary. Notation as in (4.3). Assume that (Z,0) is smooth. If
the map H°(Ic) — HO(grt O) is zero, then H'(gri w) = 0.

Proof. Assume that H'(gri, w) # 0. In notation of Theorem (4.4), put
J = Ig) and V := Specy OX/Ig). From the exact sequence

0 —— grt OQwy —— (’)X/Ig)@)wx —— O ®@wx —— 0

H H |

gre w Oy @ wx grd w

and deg groci w < 0 for each i we get H'(Oy @ wyx) # 0. Then by Theorem
(4.4) and Remark (4.4.4) V = f=1(0). Let P € C be a general point. Then in a
suitable coordinate system (x,y, z) near P we may assume that C' is the z-axis.
So, I = (z,y) and Iéz) = (22, 2y,y?). But then V is not a local complete
intersection near P, a contradiction. O

(4.4.6) Corollary. Assume that (Z,0) is smooth and C is irreducible. If
Yopir(l) >3, then Y- wp(1l) < 1.

Proof. By (3.1.5) gr&w = O(—1). Further, by (3.1.2) deggr O < —2.
Hence, H%(grt, O) = 0 (cf. [Mor88, Remark 2.3.4]). Now the desired inequality
follows by Corollary (4.4.5) and (3.1.8). O

85. Preliminary Classification of Singular Points

(5.1) Notation. Let f:(X,C ~ P!) — (Z,0) be a Q-conic bundle germ.
Let P € C be a point of index m > 1. Let s and m be the splitting degree
and subindex, respectively. Thus m = sm. Consider the canonical u,,-cover
7 (X4 P¥) — (X, P) and let C¥ := 7~1(C). Take normalized f-coordinates
(1,...,24) and ¢ and let ¢ be an f-equation of X D C'> P (see [Mor88, 2.6]).
Put a; = ord z;.

Note that a; < oo and wtx; = a; modm. If m =1, then X = X%, In this
case, P is said to be of type (11I).
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(5.2) Primitive point. Consider the case when P is primitive and m > 1.
Then s = 1 and m = m. In this case, the classification coincides with that in
[Mor88] as shown next:

(5.2.1) Proposition (cf. [Mor88, Prop. 4.2]). Let P and m be as above.
Modulo permutations of x;’s, the semigroup ord C* is generated by a; and as.
Moreover, exactly one of the following holds:

(IA) a1 + as = Omodm, agy = m, m € Zsoay + Zsoaz, where we may still
permute x1 and x3 if as =1,

(IB) a1 + a3 =0modm, ay =m, 2 < ay,
I

(IC

(ITA

)

) a1 +az =a3=m, ag Z a1, aamodm, 2 < a; < ag,
) m =4, P is of type cAzx/4, and ordx = (1,1, 3,2),
)

m
(IIB) m =4, P is of type cAzx/4, and ordx = (3,2,5,5).

Proof. If X has an imprimitive point (# @), then P is as classified in
[Mor88, Prop.4.2] by (2.7.5), (iii). So we can assume that X has no imprimitive
points. If (X, C) is toroidal, then at both singular points ordz = (1,a,m —
1,m). So, these points are of type (IA). Taking Corollary (4.4.3) into account,
we may assume that grl,w = Oc(—1). By (3.1.1) and (3.1.5) we have wp(0) <
1 and ip(1) < 3. We claim that C* is planar, i.e., ord C* is generated by
two elements. Indeed, in the contrary case by [Mor88, Lemma 3.4] we have
ip(1) = 3. Hence P is the only singular point (see (3.1.5)) and (Z, o) is smooth
(Corollary (2.7.4)). By Corollary (4.4.6) wp(1) < 1. In this case, arguments of
[Mor88, 3.5] work. This shows that C* is planar. Now we can apply [MorS88,
Proof of 4.2] and obtain the above classification. O

(5.3) Imprimitive point. Now assume that P is imprimitive. Then in
diagram (2.4.1) the central fiber C’ has exactly s (> 1) irreducible components.
Note that the classification is different from that in [Mor88] only in the case
C/ — flfl(ol)'

(5.3.1) Proposition (cf. [Mor88, Prop. 4.2]). Let P, C*, and s be as above.
Modulo permutations of x;’s and changes of £-characters, the semigroup ow C*
is generated by ow x1 and ow xo except for the case (IEY) below. Moreover,
exactly one of the following holds:

(IAY) m > 1, wtxy + wtoz = 0modm, owz4 = (M, 0), ow C* is generated by
owxy and ow xo, and wp(0) > 1/2.
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(ICY) s =2, m is an even integer > 4, and

1 T2 X3 T4
wt 1 -1 0 m+1lmodm
ordl m—1mm+1

(I1Y) m =s=2, P is of type cAzx/4, and

T1 T T3 Ty
wt 1 3 3 2 mod4
ord1 1 1 2

(IDV) m =1, s=2, P is of type cA/2 or cAx/2, and

T Lo T3 X4
wt 1 1 1 0 mod?2
ord1 1 11

(IEY) m =2, s=4, P is of type cA/8, and

T Lo T3 Ty
wt 5 1 3 0 mod8
ord1 1 1 2

Moreover, we are in the case (IDV) or (IEV) if only if C' = f'=(o'). In this
case, P is the only non-Gorenstein point.

(5.3.2) Remark. It is easy to show that in cases (ICV) and (IEV) the point
(X, P) is a cyclic quotient singularity (cf. [Mor88, Lemma 4.4]).

Proof. First assume that C' # f'~!(o’). By Corollary (4.4.1) we have
H'(gr, w) = 0. Therefore,

HY (grd w) = H' (grl, w)Pa = 0.
This implies gr& w = O¢(—1) and wp(0) < 1. In particular, m > 1 (see [Mor88,

Cor. 2.10]). Let ¢*:(X’,C”) — (X,C) be the splitting cover. Consider the
exact sequence

(5.3.3) 0— gl w ~, @grg? w — Coker ¢ — 0.

i=1
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Note that grg, w = O(—1) (see [Mor88, 2.3.2]). Hence,

H°(Coker ) = H' (grl, w) = H' (grg, wyMars =0,

Since the support of Coker ¢ is zero-dimensional, ¢ is an isomorphism. There-
fore, the classification [Mor88, 4.2] holds for (X, P) in this case (see [Mor88,
3.6-3.8]).

Now we consider the case where C’ = f'~1(o’). If m = 1, then by Lemma
(4.4.2) the splitting cover X° is Gorenstein and — Ky - C? is an integer for any
component C? C C”. Hence, 2 = —Ky, - C” = —sK ., - C?. This implies s = 2.
We get the case (IDV). Furthermore by Proposition (2.9) we are in the case
(1.2.4) and hence P is the only non-Gorenstein point. From now on we assume
that m > 1.

(5.3.4) We claim that P is the only non-Gorenstein point. Indeed, assume
first that there are at least two non-Gorenstein points other than P on C.
Then on the splitting cover X” any irreducible component C? of C” contains
at least three non-Gorenstein points by m > 1 (2.7.5), (iii). Since the extremal
neighborhood (X°, C?) (2.7.5), (iii) can have at most two non-Gorenstein points
[Mor88, Thm. 6.2], this is impossible. So we assume that (X,C) contains
exactly two non-Gorenstein points, P and Q). Let n be the index of Q). Clearly,
—Kx - C’ = 2. On the other hand, by Lemma (2.8) —Kx/-C' = —sKx - C =
sd/mn. Let r = ged(m,n). Then d = rs and s = 2nm/r. Since m > 1, we
have s = 2s;, where s; = nin/r > 1. Consider the quotient X” of X” by
p,, C p,. We get extremal neighborhoods (X", C}’) with two non-Gorenstein
points: imprimitive of index ms; and primitive of index n. By [Mor88, Th.
6.7, 9.4] this is impossible. Thus the claim is proved. In particular, X =X'.

As above we have —Kx: - C' = 2 = s/m. Hence, s = 2m. In particular,
m = 2m? # 4 and P is not of type cAz/4. Up to permutation of z;’s we may
assume that wtxy = wtz123 = wt ¢ = Omodm. Since —Kx - C = 1/m and
P is the only non-Gorenstein point, ord(zy -+ 24/¢) = —mKx - C = 1 modm
(see [Mor88, Corollary 2.10]). So, az = 1 mod m.

Consider the map ¢: grl, w — @gr%l{ w (see (5.3.3)) and the induced map

(5.3.5) ®: grl, w = (Ocz0)Pm — @ grl, w® C(P),

i=1
where @ is a semi-invariant generator of wy: at P?. For example we can take

dro N dxs N dxy
8(;5/81:1

w =
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Since mwpy, (0) = m —1, we see that ®(vw) = 0 for u;-semi-invariants v with
ordv > m.

(5.3.6) Lemma. IfC’' = f'=1(0'), then

H'(gr2, w) = H°(Coker ¢) = H°(Coker ®) = C.
c

Proof. Since H7(gr?, w) = 0, we have
H°(Coker ) ~ H' (gr, w) ~ H' (wx' @ Opr-1(51)
~ (R'flwx/) ®@C(0') ¥ wz @ C(0') ~C.
(We used the base change theorem and Lemma (4.1).) O

There are two cases.

(5.3.7) Case ay > m. Clearly, a1 + a3 > m. Thus we may assume that
ay < az > m/2. In this case, ® factors through

u

(Ocnypn/(lﬂl’h,$1$3,$§,$2,$4) ~(D> "~ C(P2) @ (C(P)zs ~(D)“’“

for a unique 0 < A < m such that Aa;+wt @ = 0mod m. Since dim Coker ® < 1,

by (5.3.5) we have 2m = s < 2+ 1 = 3, a contradiction.

(5.3.8) Case ay; = 1. As above, ® factors through
R:= (Ocﬁ,P“/(‘xTn7 Z1T3, .’L‘%, mgla 1‘4) ’ @)I‘l’m.

This R is generated by the images of

ghalimemt gl iesd 0<i<(m—1)/a1, 1 <j<(m—1)/as.
Therefore,
m—1 m—1 m—1 m—1
om=s<dmR+1< o — 414+ 1< T oo,

ai as 1 1

This immediately implies a; = az = 1. Since a1 + a3 = Omodm, we have
m =2, s =4, and m = 8. Changing ¢-characters [Mor88, 2.5] and permuting
z1 and 3, we may assume that wtzo = 1mod8 and wtz; = 1 or 5mod 8. If
wtx; = 1modm, then ow C* is generated by ow z; and ow x3. In particular,
x1 /2o is constant on C*t. This means that R is generated by x; and x3. Hence,
by (5.3.5) 4 = s < dim R+ 1 < 3, a contradiction. Therefore, we have the case
(IEY).

O
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§6. Deformations of Q-conic Bundles

We recall the following

(6.1) Proposition ([Mor88, 1b.8.2]). Let (X,C) a the Q-conic bundle germ
and let P € C. Then every deformation of germs (X,P) D (C,P) can be
extended to a deformation of (X, C) so that the deformation is trivial outside
some small neighborhood of P.

Proof (cf. [KM92, 11.4.2]). Let P; € X be singular points. Consider the
natural morphism

U:Def X — [ [ Def(X, P)).

It is sufficient to show that ¥ is smooth (in particular, surjective). The ob-
struction to globalize a deformation in [ Def(X, P;) lies in R?f.Tx. Since f
has only one-dimensional fibers, R?f,Tx = 0. O

(6.2) Proposition. Let f:(X,C ~P') — (Z,0) be a Q-conic bundle germ.
Let (X4,Cy), t € T 5 0 be an one-parameter deformation as in Proposition
(6.1) and let X — T be the corresponding family so that Xo = X. There exists
a contraction f:X — 3 over T > 0 such that 30 = Z and for allt € T 5 0,
fi: X — 3¢ 18 a Q-conic bundle germ.

Proof. Consider the base change (2.4.1). Let I = f'~1(0’) be the scheme
fiber (so that Ty = C’) and let g~ (P;) = {P/,,...,Pis,}. We claim that
arbitrary deformation in Def(X, P;) determines a p -equivariant deformation
in J[,; Def(X', P} ;). Indeed, the total space Q of a deformation of a terminal
singularity (X, P) is Q-Gorenstein (see [Ste88, §6]) and index-one cover of 9 is
the total deformation space of the index-one cover (X*#, P*) of (X, P). Therefore
every deformation of a terminal singularity of index m is induced by some p,,,-
equivariant deformation of its index-one cover. This proves our claim. This
implies that a deformation in Def(X, P;) determines a deformation of X’ which
must be p -equivariant. Therefore, the cover X’ — X induces a cover X' — X
so that X = X'/ p,.

Since I" is a complete intersection in X', the conormal sheaf N, /% is
locally free. We have the exact sequence

0 —— N)*(//x/‘r’ B Nf\k//x/ — Nl:k’/X/ — 0

(6.2.1) H
O 022

Since Ext'(O%?, Or/) = HY(O%?) = 0, the sequence splits.
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Therefore the germ D of the Douady space of X’ at [I'] is smooth, where
[['] is the point representing I”. Let 4 — @ be the corresponding universal
family. There is a natural embedding 4 C X’ x ® such that 4 — © is induced
by the projection X' x ©® — . Thus we have the following diagram:

X x®D ) U3 o1
lpw 5
D

The natural embedding IV = IV x[I'’] C 4 induces an isomorphism a|p: IV — I".
Further, TV = TV x [I'] C {4 is a fiber of 3, so 1:/11 is locally free and isomorphic
to Ol@,g. Hence,
de: T jer — Ny

is an isomorphism. Shrinking 4 D IV and X’ D I" we may assume that «
is an isomorphism. This induces a p -equivariant contraction morphism ® =
a~1B: X" — D such that ®(I') is a point. Put 3 := D/p,. Since the morphism
p: X — T maps X to 0, by shrinking X we may assume that p is constant on
fibers of f. Then p defines 3 — . We obtain the following diagram

We have
FeOx = £ (t.0x ) Ha = (f.0,0x ) = (9.5, 0x )4 = (q.09)He = O3.

Therefore f has connected fibers. Clearly, X is Q-Gorenstein and —Kx is -
ample. 1

(6.2.2) Remark. In general, it is not true that £, (0)req = C. It is possible
that f; ' (o) is reducible and C is one of its components. In this case, (X;, C})
is an extremal neighborhood by Remark (2.3.2).
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87. The Case where X is not Locally Primitive

In this section we consider the case where X is not locally primitive. We
classify configurations of singular points and prove Theorem (1.2) except for
one case when a Q-conic bundle germ has two non-Gorenstein points. Some
weaker results were obtained in [Pro97b].

(7.1) Notation. Let f:(X,C) — (Z,0) be a Q-conic bundle germ, where C
is irreducible. Assume that (X, C) contains an imprimitive point P. Let m, m
and s be the index, the subindex and the splitting degree of P, respectively.

(7.1.1) First we note that if o = 1, then by Lemma (4.4.2) X’ is Gorenstein
and we have the case (1.2.4) by (2.9). From now on we assume that m > 1 (in
particular, P is not of type (IDV)).

(7.1.2) Lemma (cf. [Mor88, Th. 6.1 (ii)]). In notation of (7.1), assume that
X has a singular point Q # P. Then Sing X = {P, Q} and Q is of type (IA)
or (IIT). If Q is of type (IA), then sizg = 1.

Recall [Mor88, 4.5] that a point P € X is said to be ordinary iff (X, P) is
either an ordinary double point or a cyclic quotient singularity.

Proof.  Assume that (X, C') has two more singular points  and R. Then
by Proposition (5.3.1), P is of type (IAY), (ICY), or (IY). By Proposition
(2.6.4) both @ and R are primitive. Replace (X, C') with L-deformation [Mor88,
Prop.-Def. 4.7] so that P, @, R are ordinary (cf. [Mor88, Rem. 4.5.1]). If this
new (X, C) is an extremal neighborhood, the assertion follows by [Mor88, Th.
6.1 (ii)]. Thus we may assume that (X, C) is a Q-conic bundle germ. Consider
the cover ¢g: (X', C’) — (X, C) from (2.4.1). By Lemma (4.4.2) we may assume
that P’ € X’ is not Gorenstein (otherwise (X', C’) is a standard Gorenstein
conic bundle germ and then (X,C) is as in (1.2.4), see Proposition (2.9)).
Let C! C C’ be any irreducible component. By (2.7.5) (iii), (X’,CY) is an
extremal neighborhood with at least three singular points. Then by [Mor88,
(2.3.2)] deggr};;O < —2. Hence, Ho(gra{ 0) = 0 [Mor88, Remark 2.3.4].

This implies that H°(gre, O) € @ H°(gre, O) = 0. Therefore, HO(Ig,)) =

H(I¢v) and HY(Ox. /I2)) = C. By Corollary (4.4.5) we have H'(grL, w) = 0.
Therefore, H'(grt w) = H'(grs, w)te = 0. With this extra condition, the
proof of [Mor88, Th. 6.1 (i)] (resp. [Mor88, Th. 6.1 (ii)]) works if P is of type
(ICY) (resp. (TAY)). Thus Sing X = {P, Q}.

Now assume that @ is not of type (IIT). Consider the splitting cover ¢ from
(2.7.6). Each (X°,C?) is an extremal neighborhood having two non-Gorenstein
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points: P° and Q7. By [Mor88, Th. 6.7, Th. 9.4] @’ is of type (IA) with siz = 1
and so is Q. 0

(7.2) Proposition. IfC' = f'=1(0') (and m > 1) or, equivalently if we have
a point of type (IEY), then f is as in (1.2.3).

Proof. We note that C’ = f'~1(¢’) (and m > 1) if and only if we are
in the case (IEY) by Proposition (5.3.1). In some (non-normalized) coordinate

system, C* C (C;l/hy%%y4 is a complete intersection given by

(7.2.1) Yi —y5 = yiya —y5 = ya =0,

where wt(y) = (5,1,3,0) mod 8. Thus we may fix an embedding C* C (Cf/hy%y3
and X* c Cj .. Let (u,v) be pg-semi-invariant coordinates in Z’ = C2.
Since C" = f'~1(0’), we may regard u, v as pg-semi-invariant generators of the
ideal of C* in X*. Therefore the ideal of C* in (thv.__
semi-invariant generators:

s has two systems of

Yi—v3, yiy2 — 3, ya and u, v, 4.
Up to permutation of u and v we may assume that

wtu=wtyl =2, wtv=wtyjy2 = —2modS8,

¢ = (unit)ys + (47 — ¥3) b1 + (Y12 — ¥3) b2

because wty?, wty2 # wtysmod8. In particular, X* is smooth and (X, P)
is a cyclic quotient of type %(5, 1,3). Hence (X', P') is a singularity of type
3(1,1,1) and coordinates y1, y2, y3 can be regarded as sections of | — Kx|
on X'. Note that the linear system | — K x| has a unique base point P’ and
| — 2K x| is base point free. Let z be a section of | — 2K x/|. Then y1,y2,y3, 2
define a map ¥: X’ --» P x C2, where P := Proj C[y1, y2,y3,y4] = P(1,1,1,2).
Since this 19 is regular on each component of C’ and on the tangent space to
C’" at P’, it is an embedding. Therefore, X’ can be naturally embedded into
P x C? and by (7.2.1) the defining equations are of the form

Y —y3  =uy + v,

Y1y2 — Y3 = uhz + v,
where ¢; = ;(y1, Y2, Y3, 2, u,v). This proves our proposition. 1
(7.2.2) Corollary. In the notation of (7.1) the following are equivalent:

(i) grd w 2 O(-1), (ii) we are in the case (1.2.4), and (iii) P is a point of type
(IDV).
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Proof. Assume that grd, w % O(—1). Then by (4.4.3) we see that f'~! (o)
= C'. If m > 1, then we are in the case (1.2.3) by Proposition (7.2), in which
case we have wp(0) = 1/2 and hence grl w = O(—1) by (3.1.1) and Lemma
(2.8). Hence m = 1, then we are in the case (1.2.4) as explained in (7.1.1).
Thus (i) implies (ii) and (iii).

If P is of type (IDV), then m = 1 and again by (7.1.1) we are in the case
(1.2.4). Then by [Mor88, (2.10)] we have wp(0) > 1 and so deggrd w < —1
(see (3.1.1)). O

(7.8) Proposition. In notation of (7.1) (X,C) has no type (ICY) points.

Proof. Assume that P € (X,C) is a type (ICY) point. Recall that s = 2
and 7 is even > 4 in this case. Then (X, C) has at most one more (primitive)
singular point. Applying L-deformation we may assume one of the following:

(7.3.1) P is the only singular point of X, or

(7.3.2) (X,C) has one more ordinary singular point @ of index n > 1.

By [Mor88, Th. 6.1 (i)] this new (X, C) is a conic bundle germ. Following
the proof of [Mor88, (i) Th. 6.1] we get Hl((’)X/Ig) ® wx) # 0. Hence,
HY (Ox: /IS @ wx/) #0.

(7.3.3) Let V := Spec (’)X//I(Q,). By Theorem (4.4) we have f'~1(o') C V.
Moreover, as in the proof of (4.4.5) one can see that V is not a local complete
intersection at the general point. Therefore, f'~1(0’) # V. Since V = 3C’ (as
a cycle), we have

2=—Kx/ -f 1)< -Kx/ -V=-3Kx -C".

Taking account of —Kx/ - C’ = d?/mn (see (2.8)) we get 2nm < 3d?, where
we put n = 1 in the case (7.3.1). Recall that s = 2. Write m = sm = 2m,
n =rn' and m = rm/, where r = ged(m, n). Then d = 2r (see Corollary (2.7.2)
(iii)) and n'm’ < 3. Note that m’ is the index of P/. If m’ = 1, then X’ is
Gorenstein by (4.4.2) and (X, P) cannot be of type (ICV) by Proposition (2.9).
So, m' =2, n' =1, and m = 2n. In particular, n > 1 and the case (7.3.1) is
impossible.

Note that (X, P) is a cyclic quotient singularity by [Mor88, Lemma 4.4].
Thus we may assume that X! = C3 and C* is given by the equations

T1,T2,T4

x4 = 23 — 2772 = 0. Thus C' near P’ is isomorphic to {z, = 23 — 272 =

0}/po(1,1,1). Putting wy = 22, wy = 23, wy = 2175 we get that near P’
m—1

' 3 ; ; —
the curve C" C C, ,, », can be given by two equations wp = wj and
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wiwe = w3. Eliminating we we obtain C’ := {w3 = w?"}. It is easy to see that
C’ has an ordinary double point at the origin only if n = 1. This contradicts
pa(C") = 0. O

The following lemma was proved in [Pro97b, §3]. However it was implicitly
assumed in the proof that X is Q-factorial. Below is a corrected version.

(7.3.4) Lemma. In notation of (7.1) assume that X is Q-factorial. Then
s = 2k If furthermore X has two non-Gorenstein points, then s = 2.

Proof. Write d = sr and s = 2Fq, where ¢ is odd. We will derive a

contradiction assuming ¢ > 1. Consider the quotient X1/ZT of X’/Z’ from
(2.4.1) by pror, C py:

:
Xt 2 . x

|
VA ot 7

where hf: Z1 — Zis a tg-cover. Then Ct:= gTil(C) has g irreducible compo-
nents because X1 is a p,.-quotient of the splitting cover (2.7.5) and therefore,
p(XT/Z1) = q by Corollary (2.3.1). There is a curve V C Z' such that fT=1(V)
has exactly two components, say F; and Fy/. For a general point z € V the
preimage fT_l(z) is a reducible conic, so fT_l(z) = {1 + ¢5. Consider the orbit
{E\,Es, ..., E;} of Ey under the action of p,. Obviously, every f1(E;) is a
curve on ZT. Further, 23:1 E; ~q g™ M, where M is a Weil Q-Cartier divisor
on X. On the other hand, p(X/Z) = 1 and M is f-vertical. Hence, M ~y0 and
> E;~s0. We can choose components {1, {5 C f‘L_l(z), z€Vsothat¢1-E; <0
and ¢1 - By, > 0. This gives us ¢ - E; > 0 for some E; € {E1, Eo, ..., E;}. Then
By = Ej, i.e., there exists o € p, such that o(F;) = Ey/. From the symmetry
we get that the orbit {Ey, Eo, ..., E;} may be divided into pairs of divisors Ej,
Ej such that fT(E;) = f1(E;/) is a curve. Thus both ¢ and ¢ are even. This
proves the first statement.

Now assume that X has two non-Gorenstein points and let s = 2%, k > 2.
Consider the quotient (X", C") of (X',C") by por—1. Then the central fiber
C" is reducible and every germ (X", C/') is an extremal neighborhood having

two non-Gorenstein points: imprimitive and primitive. By the classification
[Mor88, Th. 6.7, 9.3] this is impossible. O

(7.4) Proposition (cf. [Mor88, Th. 6.1 (iii)]). Notation as in (7.1). Assume
that (X, C) has one more non-Gorenstein point Q. Then P is of type (IAY),
sizp = 1, and wp(0) > 2/3.
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(7.4.1) Corollary. In the above notation we have wg(0) < 1/3. In particular,
the index of Q is > 4.

Proof. (7.4.1) immediately follows from (7.4) and (7.2.2). We assume
that sizp > 2 or wp(0) < 2/3 and we will derive a contradiction. Let n be
the index of Q. By Lemma (7.1.2) Sing X = {P, Q} and Q is of type (IA)
and by Propositions (7.2), (7.3) and Corollary (7.2.2), P is of type (IAV) or
(ITV). Replacing (X, C) with L-deformation, we may assume that X has only
ordinary points (in particular, P is of type (IAVY)). If this new (X,C) is an
extremal neighborhood, the assertion follows by [Mor88, Th. 6.1 (iii)]. Thus
we may assume that (X, C) is again a Q-conic bundle germ.

If Hl(OX/Ig) ®@wy) = 0, then following the proof of [Mor88, (iii) Th. 6.1]
we derive a contradiction. Hence, in notation of (2.4.1) we have Hl(OXr/Ig,) ®
wxs) # 0. Let V := Spec OX//I(Q,). As in (7.3.3) by Theorem (4.4) f'~1(o') C
V', and so

2=—Kx/ - f’il(ol) <—-Kx/ -V =-3Kx:- c’.

Taking account of —K - C' = d?/mn (see (2.8)) we obtain
2mn < 3d>.

Since X has only ordinary points of index > 1, X is Q-factorial. By Lemma
(7.3.4) s = 2. Write m = sm = 2m, n = rn’ and m = rm/, where r =
ged(m,n). By Corollary (2.7.2) (iii) we have d = sr = 2r. Then n'm’ < 3.
Since 7/ is the index of P’, we may assume that m’ > 1 (otherwise by Lemma
(4.4.2) and Proposition (2.9) we have the case (1.2.4)). Therefore, m’' = 2,
n' =1, and m = 2n.

We may assume that X# = C3 at P? the curve C* is given by the
equations x3 = x5 — 21*° = 0, and (X', P’) = C} . . /#y(1,1,1). Putting

wy = 22, wy = 73, w3 = w122 We get that near P’ the curve C' C {x3 =
0}/py = C2, ,,(1,1)/py can be given by two equations: wi' = wi? and wywy =
w3. We claim that a; = as = 1. Indeed, assume for example that a; > 1. Since
pa(C’) = 0, C’ has an ordinary double point at the origin. Hence, as = 1.

Eliminating w; we get the following equation for C’: w§'t' = w3. Again
the origin is an ordinary double point only if a; = 1, a contradiction. Thus,

a3 =ay =1 and wp(0) = 1 — 1/m by [Mor88, Th. 4.9]. This gives
wo(0) =1 —wp(0) + Kx - C = 1/in — 1/ = 0,

a contradiction. Hence we have sizp = 1 and wp(0) > 2/3. If P is of type
(I1V), then wp(0) = 1/2 (see [Mor88, Th. 4.9]). So, P is of type (IAY). 0
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(7.5) Proposition. In notation of (7.1) assume that P is of type (IAY). Then
P is of index 4, splitting degree 2 and subindex 2. Moreover, (X, P) is a cyclic
quotient and
Ty T T3 T4
wt 1 —1—1 0 mod4
ord1l 1 1 2
Proof. By (10.7.2) below P is the only non-Gorenstein point on X. *
Since —Kx - C = 1/m, wp(0) = 1 — 1/m. Hence we have as = 1 by [Mor88,
Th. 4.9.(i)]. The general member F' € | — K(x py| has only Du Val singularity
of type Apmip_1, k € Zwo. It is easy to see that F? is given by zo = 0, so
F-C =1/m. Hence, Kx + F is a numerically trivial Cartier divisor. Since
PicX ~ H*(X,Z) ~ Z, Kx + F ~ 0. Thus, the general member F € | — Kx|
does not contain C' and has only Du Val singularity of type A,,x—1. Consider
the double cover f|r: (F,P) — (Z,0). Diagram (2.4.1) induces the following

(F”P’) L (F7P>

f}/l fFJ/

(Z',0) —"— (Z,0)

where F' € |- Kx/|, P' = g7 }(P), F'NC’" = {P'}, and g is étale outside of P’.
Since Z' — Z is of degree s, s divides mk and (F’, P’) is of type A,,_1, where
n = mk/s = mk. We see n = 2 because otherwise we have a contradiction
by Lemma (7.5.1) below. Thus n = 2 and m = 2 (recall that m > 1 by the
assumption of (IAVY) (5.3.1)). In this case, by Corollary (2.8.1) s = 4 or 2. If
s =4, then —Kx/ - C' = s/m = 2 (see Lemma (2.8)). Hence, C' = f'~1(0')
and we have the case (1.2.3) by Proposition (7.2). But then P is not of type
(TAV), a contradiction. Hence s = 2 and the rest is easy. O

(7.5.1) Lemma. Let (S,Q) be a Du Val singularity of type Ap—1, n >3 and
let 7:(S,Q) — (C2%,0) be a double cover. Assume that p, acts on (S,Q) and
(C2,0) freely in codimension one and so that m is py-equivariant. Then the
quotient (S,Q)/p, cannot be Du Val of type A.

Proof. Let R C C? be the branch divisor of 7. Since (S, Q) is of type
A, the equation of R must contain a quadratic term. Hence, in some g -semi-
invariant coordinates u,v in C2, the curve R can be given by u? 4+ v™ = 0. In

*In (10.1) — (10.7.2), no results in (7.5) — (9.4.2) are used when P is imprimitive. Thus
the back reference (10.7.2) here does not cause any trouble.
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this case, there is a pg-equivariant embedding (S,Q) — (Cj , ,,,0) such that
S is given by w? = u? +v" and w is a semi-invariant. Assume that S/p, is Du
Val. Since Kgyyy, is Cartier, we have wt(uvw) = wtw® = wtu? = wtv™. This
implies wt w = wt(uv) and wtv? = 0. Since the action of g, on C? is free in
codimension one, d = 2 and n is even. So, n = 21 for some [ > 2. Hence, S/p,
is a quotient of {u? +v? = w?} by py(1,1,0). But if [ > 2, this quotient is not
of type A, a contradiction. a

(7.6) Proposition. In notation of (7.1) assume that P is of type (IAY) (resp.
(ITY)). Then f:(X,C) — (Z,0) is as in (1.2.5) (resp. (1.2.6)).

Proof. In the case (IIY) X has no other non-Gorenstein points by (7.4).
Then applying (2.4.1) we will see that X/Z is the quotient of an index-two Q-
conic bundle f': (X', C") — (Z’,0") by py. The components of the central curve
C" are permuted, so C’ has two components of the same multiplicity. Hence
X'/Z' is in the case (12.1.6). The action on X’ is described in (12.1.12). O

(7.6.1) Remark. We have treated all the types (IAY)—(IIV) of imprimitive
points. Finally we note that the existence of a good anicanonical divisor (Propo-
sition (1.3.7)) in the imprimitive cases (1.2.3)—(1.2.6) can be shown exactly as
in [Mor88, 7.3] (see also [Pro97h]).

(7.7) Examples. Below we propose explicit examples of Q-conic bundles as
in (1.2.3), (1.2.5) and (1.2.6).

(7.7.1) Example. Under the notation of (1.2.3) consider the subvariety X’
defined by

Vi3 =uy

Y1y2 — Y3 = vya.

The projection f’: X’ — C? is a Q-conic bundle of index 2 (see (12.1.3)). Then
X'/py — C%/p, is a Q-conic bundle with an imprimitive point as in (1.2.3).
The singular point is unique and is of type (IEY).

(7.7.2) Example. Let X' C P(1,1,1,2) x C? be the subvariety given by the
equations

Yi — Y3 = uys
v3 =vys + u?ys + Auyrys, A eC.

Consider the action of py on X’:

Y=Y, Y2t Y2, Ys— Y3, Yarr —Ys, U U, VU
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Then X := X'/py — C?/pu, is a Q-conic bundle with an imprimitive point
as in (1.2.5). It has a singularity of type (IAY) which is the cyclic quotient
1(1,—1,1). If A =0, then X also has a (Gorenstein) ordinary double point.

(7.7.3) Example. Let X’ C P(1,1,1,2) x C? be the subvariety given by the
equations

Y —y3 = ulys + vys
Y3 =vys +u’y3 + Muyry2, A eC.

Define the action of gy on X’ as in (7.7.2). Then X := X'/, — C?/p, is
a Q-conic bundle with an imprimitive point as in (1.2.6). The non-Gorenstein
point is of type (IIY). It is the only singular point if A # 0. If A = 0, then X
has one more singular point which is of type (III).

In case of a Q-conic bundle with an imprimitive point, the proofs of The-
orems (1.2) and (1.2.7) are completed here modulo the arguments in (10.1) —
(10.7.2).

88. The Case where X is Locally Primitive. Possible Singularities.

In this section we consider locally primitive Q-conic bundles. The main
result is summarized in Theorem (8.6).

(8.1) Notation. Let f:(X,C ~P!) — (Z,0) be a locally primitive Q-conic
bundle germ. Let P € (X,C) be a (primitive) non-Gorenstein singular point
and let m > 2 be its index. We may assume that gr¥, w ~ Oc(—1) (see (4.4.3)).

(8.1.1) Lemma. There are at most 3 singular points of X on C.

Proof. By deggrlw < 0 and (3.1.5), we have >-0iq(l) < 3, and the
proof of [Mor88, 6.2(i)] works. O

(8.1.2) Lemma. If P is a point of type (IB) or (IC), then the base (Z,0) is
smooth. In the case (1IB), (Z,0) is either smooth or Du Val of type A;.

Proof. Assume that (Z,0) is singular and consider the base change as in
(2.4.1). Let P’ € g~ 1(P) and let m’ be the index of (X', P’). We note that
(X* P*) is also the index-one cover of (X', P"). Clearly, m’ divides m.

We claim that m’ < m. Suppose m’ = m. Then the Galois cover X’ — X
is étale at P’ and X’ has at least two points of the same index m on C’. This
means that Z’ is singular by (2.7.2), a contradiction. Thus m’ < m as claimed.
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Since C" is smooth, m’ € ord C*. This is not possible in cases (IB) and (IC)
(because modulo renumbering of a;’s ag = m, a1 + az > m, ged(a;,m’) = 1,
and a; > 1 for i = 1,2,3). In the case (IIB) the only possibility is m’ = 2 and
then the topological index of f is 2. O

(8.2) Proposition. Assume that P € (X,C) is a type (IC) point. Let m
be its index. Then (X,C) has no other singular points. Moreover, ip(1) = 2,
wp(0)=1—1/m, a; =2, and ag = m + 1.

Proof. Assume that (X, C) has one more singular point @ of index n > 1.
By Lemma (8.1.2) the base surface Z is smooth. Since ip(1) > 2 [Mor88,
Prop. 5.5], we have ip(1) = 2 and ig(l) = 1. We may assume that @ is
ordinary of type (IA) or (III) by L-deformation. Further, by Corollary (4.4.6)
wp(1) +wp(1) < 1.

If wp(0) # 1 — 1/m, all the arguments of [Mor88, 6.5.2] can be applied
and we derive a contradiction. Assume that wp(0) =1 —1/m. We follow the
arguments of [Mor88, 6.5.3]. Since P is of type (IC), m > 5, so wg(0) =1 —
wp(0)=1/nm =1/m—1/nm < 1/5. Let @ be of type (IA) (resp. (III)). Then,
for 1 < d <4, by [Mor88, 5.1] (resp. [Mor88, 4.9]), one has w§,(d) = d(d+1)/2
(resp. wp(d) = |(d+1)2/4]) for d < 4. On the other hand, by [Mor88, 5.5]
wp(1) =1 — 0p5. Therefore, m = 5. Further, by [Mor88, 5.5 (v)] wp(2) =0
and w}(3) = 4. Thus,

2321(1 +d+ deggrd w) = 23:1 @ —4— Zzzl d(d;” —_4<0

2
(resp. 23:1 @ —4-— 2321 {(dzl) J =-1< 0) .

Therefore, Hl(OX/IgL) ®@wx) # 0. Let V := Spec OX/IgL). Then by Theorem
(4.4) V o f~1(0). Moreover, V # f~1(0) because V is not a local complete
intersection inside X. Hence,

2=-Kx-f o)< —-Kx -V<-10Kx-C =10/nm.

This gives m < nm < 5, a contradiction. Hence P is the only singular point.
By (2.8) and (3.1.1) wp(0) = 1 — 1/m. Hence, a4 = 1modm ([Mor88,
Th. 4.9]). Now assume that ip(1) = 3. By [Mor88, Prop. 5.5] wh(1) > 2.
This contradicts (4.4.6). Thus, a; = ip(1) = 2 ([Mor88, Prop. 5.5]) and
m + 1 € ord C*. By normalizedness ay = m + 1 (see (5.1)). O

(8.3) Proposition. (X,C) has no type (IB) points.



ON Q-conNIic BUNDLES 347

Proof. By [Mor88, Prop. 4.7] we can deform (X,C) to (Xy,Cy ~ P1),
where X, has at least two non-Gorenstein points of the same index m. If
(X, Cy) is an extremal neighborhood, the assertion follows as in the proof of
[Mor88, Th. 6.3]. Otherwise (X, C)) is a Q-conic bundle germ over a singular
base (Zy,0x) by (2.7.2) (iii). But Z is smooth by Lemma (8.1.2) and Z) is a
deformation of Z, a contradiction. 1

(8.4) Proposition. If (X,C) has a point P of type (IIB), then P is the only
singular point and the base surface is smooth.

Proof. Assume that (X, C) has a singular point @ # P of index m > 1.
By [Mor88, Prop. 4.7] we can deform (X, C) to (X, Cy ~ P!), where X, has
three singular points Py, P; and @ of indices 2, 4 and m. If (X,,C)) is an
extremal neighborhood, the assertion follows by [Mor88, Th. 6.2]. Assume
that (X, C)) is a Q-conic bundle germ over (Zy,0,). Since the indices of P
and Pj are not coprime, the base surface (Zy,0y) is singular by (2.7.2) (iii).
So is the base surface (Z,0) of (X,C). By Lemma (8.1.2) (Z,0) is of type A;.
This implies that m is even and CI%¢ X ~ Z @ Z, (see Corollary (2.7.1)). Then
(X, Cy) contains three non-Gorenstein points of even indices. But in this case,
the map ¢ in (2.7.3) cannot be surjective, a contradiction. |

(8.5) Proposition (cf. [Mor88, Th. 6.6]). Let P € X be a type (IA) point of
index m. Then sizp = 1. If moreover P is the only non-Gorenstein point on
X, then (Z,0) is smooth, wp(0) =1 —1/m and ay = 1.

Proof. Assume that sizp > 2 and let m be the index of P.

(8.5.1) First we consider the case when (Z,0) is smooth. We claim that P
is the only singular point of X. Let Q € X be a singular point of index n > 1.
To derive a contradiction we note that the proof of [Mor88, Th. 6.6] works
whenever

HY(wx/F?*wx) = HY (wx/F?wx) = 0.

Assume that one of the above vanishings does not hold.
Let V := SpecOx /1Y), j = 2 or 3. By Theorem (4.4) (cf. (7.3.3)) we
have f~1(0) C V. Hence,

2=—-Kx -fYo)<-Kx -V=-6Kx-C.

Taking account of —Kx - C' = 1/mn (see (2.8)) we obtain mn < 3. So, m =
2 and n = 1. On the other hand, a point of type (IA) and index two has
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ordz = (1,1,1,2). Such a point is of size 1, a contradiction. Thus P is the
only singular point of X. By (2.8) and (3.1.1) wp(0) = 1 — 1/m. Therefore,
az = 1modm. On the other hand, as < m by definition of (IA) point. Hence,
as =1, m —ajas = a3 € ord C*, and sizp = 1, a contradiction.

(8.5.2) Now we consider the case when (Z,0) is singular. So the topological
index of f is d > 1. Put m’ := m/d. By definition of size we have

(8.5.3) 2 < Up(araz) := min{k | km'd — ajas € ord C*}.

Consider the base change (2.4.1). Note that P’ = g~!(P) is also a point of
type (IA) of index m’ having the same index-one cover as that of P. At P’ we
have

Up:(araz) = min{l | Im’ — ayay € ord C*}.

Write | := Up/(ajaz2) as | = gd — r, where 0 < r < d. Then
gm’d — ajas = lm’ — ayas + rm’ € ord C*.

(We used the fact that m’ € Zsoa; + Zsgas, see (5.2.1).) It is easy to see
now from (8.5.3) that Up/(ajaz) =1 > gqd — d > d(Up(ajas) — 1) > 2. This
contradicts the case (8.5.1) above.

(8.5.4) Finally assume that P is the only non-Gorenstein point on X. Then
(Z,0) is smooth by Corollary (2.7.4). Hence by (2.8) and (3.1.1) we have
—Kx-C=1/m and wp(0) =1 —1/m. Thus as = 1, see [Mor88, Th. 4.9].

1

Summarizing the results of this section we obtain

(8.6) Theorem. Let f:(X,C ~P') — (Z,0) be a locally primitive Q-conic
bundle germ. Assume that X is not Gorenstein. Then the configuration of
singular points is one of the following:

(i) type (IC) point P of size 1 and index m with ip(1) =2, wp(0) =1—1/m,
a1 =2, and ag = m+ 1;

(i) type (IIB) point,

(iii) type (IA) point P of size 1 and index m with wp(0) =1—1/m and ay =1,
and possibly at most two more type (III) points;

(iv) type (ITA) point P, and possibly at most two more type (IIT) points;
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(v) two non-Gorenstein points which are of types (IA) or (IIA), and possibly
at most one more type (III) point;

(vi) three non-Gorenstein singular points and no other singularities (cf. (8.1.1)).

(8.6.1) Remark. The existence of a good member of | — Kx| or | —2K x| in
the cases (i)—(iv) can be shown as in [Mor88, 7.3]. The cases (v) and (vi) will
be studied in the following sections.

89. The Case of Three Singular Points

In this section we consider Q-conic bundles with exactly three singular
points (cf. (8.1.1)). The main result is the following

(9.1) Theorem (cf. [Mor88, Th. 6.2]). Let (X,C ~ P!) be a Q-conic
bundle germ with three singular points. Up to permutations the configuration
of singular points is one of the following:

() (1A), (ITT), (M) (cf. (5.6) (i)
(ii) (TA), (IA), (III). In this case, the indices are 2, odd > 3, and 1.
In both cases (Z,0) is smooth.

(9.2) Notation. To the end of this section we assume that f: (X, C ~P!) —
(Z,0) is a Q-conic bundle germ with three singular points P, Q, and R. Let k,
m, n be the indices of P, @), and R, respectively.

(9.2.1) By (3.1.5) ip(1) = ig(1) =ir(1l) =1 and by Lemma (7.1.2) all these
points are primitive. By Propositions (8.2), (8.3), and (8.4) P, @, R are of
types (IA), (ITA), or (III). We may assume that grd w ~ Oc(—1) (see (4.4.3)).

(9.2.2) Lemma. A Q-conic bundle germ (X,C =~ P') cannot have three
Gorenstein singular points.

Proof. Indeed, assume that (X, C) has three Gorenstein singular points
Py, P, P;. In this case, (Z,0) is smooth and (X,C) has no other singular
points. Applying L-deformation we may assume that P; are ordinary. Then by
[Mor88, Th. 4.9] wy, (1) = 1. This contradicts Corollary (4.4.6). O

(9.2.3) Lemma (cf. [Mor88, 0.4.13.3, Th. 6.2]). A Q-conic bundle germ
(X, C ~P) has at most two non-Gorenstein points.
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Proof (following [Mor88, 0.4.13.3]). Assume that P, @, R € X are sin-
gular points of indices k, m and n > 1. By (7.1.1) we may assume that the
subindex > 1 for imprimitive points and hence that (X, C') is locally primitive
(cf. (5.3.4)). By L-deformation at P, Q and R, and by [Mor88, Th. (6.2)] we
may assume that P, Q and R are cyclic quotient singularities. Using Van Kam-
pen’s theorem it is easy to compute the fundamental group of X \ {P, @, R}:

m (X \{P,Q,R}) = (01,02,0;)))/{0{“ =04 =0} = 010903 = 1}.

The target group has a finite quotient group G in which the images of oy,
o9, 03 are exactly of order k, m and n, respectively (see, e.g., [Feu71]). The
above quotient defines a finite Galois cover g: (X', ") — (X,C). By taking
Stein factorization we obtain a Q-conic bundle f':(X',C") — (Z',0') with
irreducible central fiber C'. By Corollary (2.7.1) G is cyclic. This contradicts
Corollary (2.7.4). O

(9.2.4) Remark. One can check also that the arguments of [Mor88, (6.2.2)]
work in this case without any changes.

(9.3) Proposition. In notation (9.2) (X, C) cannot have three singular points
of types (1TA), (III), and (III).

Proof. Assume that X contains a type (ITA) point P and two type (III)
points @ and R. The base (Z,0) is smooth by Corollary (2.7.4). Applying L-
deformations at @ and R and L’ deformation at P (see [Mor88, 4.12.2]) we may
assume that @, R are ordinary and (X, P) ~ {y1y2 +vy% +v3 = 0}/1,(1,1,3,2),
where C*% is the y;-axis. This new (X, C) is again a Q-conic bundle germ by
[Mor88, 6.2].

We claim that H(wx ® OX/I(S)) = 0. Indeed, otherwise we can apply
Theorem (4.4) to V := Specy @X/I(jg) (cf. (7.3.3)):

2=—-Kx-f'0)<—-Kx -V=-6Kx-C.

Taking account of —Kx -C = 1/4 (see (2.8)) we obtain a contradiction. There-
fore, H (wx ® Ox /I2)) = 0. This implies

(9.3.1) deggréw +2+deggrzw +3>0

(see (3.1.9)).
By [Mor88, 4.9] wg,(1) = wi(1) = 1 and w)(2) = w(2) = 2. By Lemma
(9.3.2) below and using (3.1.8) we obtain

deggrlcw = -2, deg gr%w = —4.
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This contradicts (9.3.1). O

(9.3.2) Lemma. Let (X, P) be a cAz/4-singularity of the form {y1y2 + y3 +
ys = 0}/py(1,1,3,2) and let C = (yy-azis)/pmy. Then

ip(1) =1, wp(l) =2, wh(l) = -1, ip(2) =1, wp(2) =3, wh(2) = 0.

Proof. Let I be the ideal of C* in X*. Since Ios = (y2, 3, y4), we have
Igu) = (y2) + IZ, and Iégu) =yolcs + I?,. Let @ be a semi-invariant generator
of wyi. For example we can take
dyi A dys A dy,
Y1

(D =

Obviously, wt @ = 1 mod 4. By definitions of gri, O and grl, w we get

gre O =ysy1 - Oc @ yay; - Oc,

S%gre O =y3ui - Oc & ysyayi - Oc @ yiyi - Oc,
2y _ . 3 3 2

gre O =y2y7 - Oc ® yzyayy - Oc @ y; - Oc,

gréw=yiw- Oc,

grew =12970 - Oc @ yzyayi o - Oc @ yiyiw - Oc,

where we note that y3 = —y1y2 in grZ, O. By definitions of ip and wp (see
(3.1)), ip(2) = lenCokeray = 1 and wp(2) = lenCoker 35 = 3. Hence,
wh(2) = 0. Computations for ip(1), wp(1l) and wi(1) are similar (for ip(1),
see [Mor88, 2.16]). O

(9.4) Proposition. Let (X,C ~ P!) be a Q-conic bundle germ having two
non-Gorenstein points P and Q) and one Gorenstein singular point R. Then
the indices of non-Gorenstein points are 2 and odd > 3. In particular, both P

and Q are of type (IA) (cf. (9.2.1)).

Proof. We use notation of (9.2). Assume k > 2, m > 2, n = 1 by
hypothesis. Up to permutation we also may assume that & < m. Apply
L-deformation so that P, (), R become ordinary. In particular, P and @
are of type (IA) points. If this new (X, C) is an extremal neighborhood, the
fact follows by [Mor88, Th. 6.2]. Thus we may assume that (X,C) is a Q-
conic bundle germ. By (2.8) and (2.7.2) (iii) we have —Kx - C = d/km and
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—Kx/-C" = d?/km, where d = ged(k,m) and (X', C") is asin (2.4.1). If k = m,
then X’ is Gorenstein and X cannot have three singular points by (2.9). Thus,
d<k<m If H(wx ® (’)X//Ig,)) # 0, then as in (7.3.3) by Theorem (4.4)
we have f’~1(o’) C Spec OX//I(Z,), and so

2=—Kx - f71) < -3Kx - C".
We get 3d? > 2km and d = k = m, a contradiction. Therefore,
(9.4.1)  H'(wx ®O0x./I2)) =0, H'(wx ®0x/I1Z) =0.

If H'(grZ w) = 0, the arguments of [Mor88, 6.2.3] apply and we are done. So
we assume H'(wy ® OX/IS’)) # 0 and

H'(wx: & Ox: JIS)) # 0.

Again apply Theorem (4.4) to (X’,C") with I, We obtain 4 < km < 3d2.
Thus d > 1 and X # X’. Note that in diagram (2.4.1) the preimage g~—!(R)
consists of d Gorenstein points. By Lemma (9.2.2) d = 2. Hence, k = 2
and m = 4. Clearly, wp(0) = 1/2. By Lemma (2.8) and (3.1.1) wg(0) =
1—1/2—1/4 = 1/4. Therefore, near @ we have ord zo = 3, so ordz = (1, 3, 3).
Further, by [Mor88, 5.1 (ii), 4.9 (ii), 5.3], w§, (2) = 3, wx(2) = 2, and wp(2) = 0.
By (3.1.8) deg grZ w = —5. In particular, h'(gr w) > 2 and h'(grZ, ') > 2.

Now we claim H°(X’, grl, ') = 0. Note that (X’,C’) has three singular
points: @’ of index 2 and two (III) points R’, R”. By [Mor88, 4.9, 5.3] we have
wp, (1) = =1 and wi, (1) = wh, (1) = 1. Thus, deggry, w’ = —2 (see (3.1.8)).
Since by (9.4.1) H'(gr{, w') = 0, we have grl, w’' ~ Ocr(—1) & Oc/(—1) and
HO%grt, w') = 0.

Finally we apply Proposition (9.4.2) below for (X',C’) with a = 2 and
derive a contradiction. a

(9.4.2) Proposition. Let (X,C) be a Q-conic bundle germ with smooth (Z, 0)
(C may be reducible). Assume that there exists a positive integer a such that
HI(X,griw) =0 for all j and all i < a and such that H' (X, grd w) # 0. Then

0 (1=0)

(9.4.3) HI (X, wx @ Iy =
wz (j=1, i<a),
and H* (X, gré w) ~ C.

Proof. We note that the first assertion follows from H°(X,wx) = 0 when
j =0 and from Lemma (4.1) when j = 1 and ¢ = 0. Consider the natural exact
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sequence
OHWX®18+1) wa®18) ng%WHO.

If (9.4.3) is proved for an i (< a), we have H'(X,wx @ IgH)) ~ HY(X,wx ®
Ig)), which proves the assertion for i + 1. If we set ¢ = a, we have a surjection
Oz ~wyz — HY(X, gr¥ w) which kills mz,. Thus H!(X, grl w) ~ C. O

Proof of Theorem (9.1). By Lemmas (9.2.2) and (9.2.3) X has one or
two non-Gorenstein points and by (9.2.1) these points are of types (TA), (ITA),
or (III). The case (ITA)+(IIT)+(III) is disproved in Proposition (9.3) and the
cases (IA)+(ITA)+(III) and (ITA)+(ITA)+(III) are disproved in Proposition
(9.4). O

Finally we note that the existence of a good member of | — K x| or | —2K x|
in the cases (i) and (ii) of Theorem (9.1) can be shown as in [Mor88, 7.3].

§10. Two Non-Gorenstein Points Case: General (Bi)Elephants

In this section we consider Q-conic bundles with two non-Gorenstein points
and no other singularities. The main result of this section is Theorem (10.10).

(10.1) Notation. Let (X,C ~ P!) be a Q-conic bundle germ having two
singular points P, P’ of indices m, m’ > 2. We assume that (X,C) is not
toroidal because in the toroidal case the existence of a good divisor in | — Kx]|
is an easy exercise (see (i) of (10.10)). Since (X, C) has at most one imprimitive
point, we will assume that P’ is primitive. Let s and m be the splitting degree
and the subindex of P. Recall that m = sm, that m > 4 by (7.1.1) if P is
imprimitive, and that s = 1 if P is primitive. Let I be the sheaf of ideals
defining C' in Ox. Let n: (X% P%) — (X, P) (resp. n”: (X", P”) — (X, P))
be the index-one cover and C* = 7#=1(C),eq (resp. C’ = 717N rea). Let
Ig (resp. Ig) be the canonical lifting of I at P (resp. P’). Take normalized
l-coordinates (x1,...,24) (resp. (2f,...,2})) at P (resp. P’) such that a; =
ordz; (resp. a; = ord z}).

By (4.4.3) and (7.2.2) we have gr%w ~ Oc(—1). We note that if m = 2
then P is primitive as seen above and we can reduce m = 2 to the case m' = 2
by switching P and P’.

Thus we distinguish the following three cases:

(10.1.1) m' =2 and m is odd,

(10.1.2) m, m' > 3, and
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(10.1.3) m' =2, m=2n,n € Zsy.

(10.2) The case (10.1.1) is easy. Indeed, by (7.1.1) and Corollary (7.4.1)
(X, C) is primitive. Hence the base (Z,0) is smooth by Corollary (2.7.4) and
both non-Gorenstein points are of type (IA) by Theorem (8.6) (v). We get
the case (1.3.5). The existence of a good member in | — 2K x| (Proposition
(1.3.7)) can be shown exactly as in [Mor88, 7.3]. From now on we consider
cases (10.1.2) and (10.1.3).

(10.3) First, we treat the case (10.1.3) till the end of (10.4).

(10.3.1) Lemma. In the case (10.1.3), (X, C) is locally primitive, n is even,
and we have

ar =1, as=n+1, az3=2n—-1, a4 =2n.
In particular, (X, P) is of type (IA).

Proof. By (7.4.1) P is primitive. Hence by (2.8) and (2.7.2), (iii) we have
—Kx - C = 5. Further, (4.4.3) implies grl w ~ O¢(—1). Thus by (3.1.1) we
have 1 1

wp(0) Zl—wp/(O)+Kx-C= 3 o
Hence, by Proposition (8.6) and [Mor88, 4.9 (i)] the point P is of type (IA).
In this case, wp(0) = 1 — az/2n (see [Mor88, 4.9 (i)]). This gives us ay =
n+ 1. Since ged(2n,as) = 1, n is even. Finally, by Proposition (8.5) sizp = 1.

Therefore, ajas < 2n and a; = 1. The rest is obvious. O

(10.3.2) Lemma (cf. [KM92, 2.13.1]). In the case (10.1.3), we can write
(Xv P) = (y17 Y2, Y3, Y43 (b)/lu’m(lv a2, _la Oa O) D (Cv P) = yl—am's/um,
(X, P') = (U1, 95, ¥, 43 ')/ 12 (1,1,1,0;0) D (C, P') = yy -azis/ ps,

where ¢ = y1ys mod(y2,y3)? + (ya).

Proof. We only need to prove the last equality, which follows from the
fact that (X, P) is a point of type cA/m. O

Denote £(P) := lenp I*(2) /1% where I* is the ideal defining C* in X* near
PE.

(10.3.3) Lemma (cf. [KM92, 2.13.2]). In the case (10.1.3) we have {(P) <1
and ip(1) =1.
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Proof. Follows by (10.3.2) and [Mor88, 2.16]. O

(10.3.4) Lemma (cf. [KM92, 2.13.3]). In the case (10.1.3) we have ((P') <1
and ’ip/(].) =1.

Proof. Assume that r := ¢(P’) > 2. Then by [Mor88, 2.16] the equation
of X” near P” has the following form: ¢’ = v}y, mod(y, y,y4)?, where i = 3
(resp. 4) if r is odd (resp. even). Consider the following L-deformation ¢ =
¢ + \yy " 2y). Then (X, C)) has three singular points of indices m = 2n, 2,
and 1. This is impossible by [Mor88, 6.2] and (9.1). Therefore, » < 1. The last
statement follows by [Mor88, 2.16 (ii)]. O

(10.3.5) Corollary. grt, O ~ O ® O(—1) in the case (10.1.3).
Proof.  Follows by (3.1.2) because H'(grt, O) = 0. O

(10.3.6) Let £ C grl, O be a (unique) subsheaf such that £ ~ O. Note that
L is an f-invertible O¢-module. Let u; (resp. u}) be an (-free {-basis at P
(resp. P’). By [Mor88, Cor. 9.1.7] there is a subbundle M ~ O(—1) of gri, O
such that grt, O = L& M is an (-splitting. Let ug (resp. uf) be an (-free (-basis
of M at P (resp. P').

(10.3.7) Lemma (cf. [KM92, 2.13.8]). gl deg(M, P’) = 1.

Proof. Since qldeg(M, P’) < m’ = 2, it is sufficient only to disprove
the case gl deg(M, P’) = 0. Assume that gl deg(M, P’) = 0. Since ys, ys3, Ya
form an ¢-basis of grl, O at P, we have M ~ (—1 + iP*), where i = 0, 1, or
m —ay (=n —1). Recall that gr& w ~ (=1 + (m — az) P* + P”). Therefore,

grhwe gt O&gdw~L&alwd (—2+ (m—ay+1i)P* + P”).

The last expression is normalized (because m —as+i=n—1+17 <m = 2n).
Hence, H'(grt w) # 0. Put V := Spec OX/Ig) and V' := Spec (’)X//Ig,)
(notation of (2.4.1)). As in the proof of Corollary (4.4.5) we get H!(Oy ®uwx) #
0 and therefore H'(Oy/ @ wx/) # 0 (notation of (2.4.1)). By Theorem (4.4)
V' D> f'71(o'). In particular,

2=—Kx - f"1)< ~-Kx/ - V' = -3Kx, -C' = 3/n.

This implies n = 1, a contradiction. O

(10.3.8) Lemma (cf. [KM92, 2.13.10]). ¢ldeg(M, P) =m — as.
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Proof. First we note that the arguments of [KM92, 2.13.10.1-2] apply
to our case and show in particular that if gldeg(M,P) # m — ay and if
HY(wx/F*(w,J)) = 0, then m is odd while m is even in our case. Hence
it is enough to derive a contradiction assuming that ¢l deg(M, P) # m —as and
H(wx [F*(w, 7)) # 0.

Let J be the C-laminal ideal of width 2 such that J/Ig) = L. Then

0% HY (wx /FHw,J)) = H (wx /J?wx) = H (wx & Ox/J?).

As in the proof of Lemma (10.3.7) put V := Specy, Ox:/J'®, where J' is
the pull-back of J on X’ (we use notation of (2.4.1)). Recall that Ic D J D
I2. Thus I, D J' D IZ, where I, is the ideal sheaf of C’. Since H'(wx ®
Ox/J®) # 0, we have H'(wx' ® Ox//J'®) # 0. By Theorem (4.4) V D
f'7Y(0'). Let Q" € C’ be a general point. Then in a suitable coordinate system
(x,y,2) near @ we may assume that C’ is the z-axis. So, I, = (z,y) and

IgQ) = (22, zy,y?). Since J’/I(CQ,) is of rank 1, by changing coordinates z,y
we may assume that J' = (z,5?) near Q. Then J'® = (22 272 y*) and

V = 1C’, where | = leng C|z,y]/(2?, 2y%,y*) = 6. Similarly to the proof of
Lemma (10.3.7) we have

2= Ky - f"H)< ~Kx/ -V =-6Kx -C"=6/n.

Since n is even > 2, we get only one possibility n = 2.

As in the proof of Lemma (10.3.7) we see that ¢l deg(M, P) = 0 (because
m—ay = 1). Then by (10.3.7) M ~ (—1+P"). Now we consider the base change
(2.4.1). Here g is a double cover and X is of index two. Set P%:= g~*(P), the
unique non-Gorenstein point of X’. (Note that in our notation P’ € X, which
is different from the notation of (2.4)—(2.7))). Note that the index-one covers
of (X, P) and (X', P%) coincide. Let M’ be the f-invertible sheaf on X', the
pull-back of M to X’. We have M’ ~ (=1 + 0P%) and gr%, wx: ~ (=1 + P¥),
where C’ := g71(C)yea. Hence, H (X', wxs @ M') # 0. Let J’ be the ideal on
X' lifting J. Then taking account of the exact sequence

0— Ici /T (=M) — Ox/ /] — Ocr — 0
and isomorphisms wy: ® Ocr ~ grd, w ~ Oc/(—1), we get H' (X' wx @
C

Ox//J") ~ HY(X",wx: @M') # 0. Hence by Theorem (4.4) we have f'~1(o')
Spec Ox-/J’ which means 2 < 2/2 =1, a contradiction. O

(10.3.9) Remark. In the above notation the case n = 2 can be disproved

also by considering possible actions of involutions on index two Q-conic bundles
X" — Z' (see (12.1.7) and (12.1.8)).
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Thus we have proved the following

(10.4) Proposition. In the case (10.1.3) there is an (-isomorphism M =~
0
gre w.

(10.5) Lemma. Up to permutations we may assume that P’ is of type (IA)
and P is of type (IAV), (IA), or (ITA). Moreover, sizp = sizp = 1.

Proof. 1f (X,C) is not locally primitive, the assertion follows by (7.1.2)
and (7.4). We assume that (X, () is locally primitive. By Propositions (8.2),
(8.3), and (8.4) points P and P’ are of types (IA) or (ITA). If both P and
P’ are of type (ITA), then wp(0) + wp:(0) = 3/2 > 1 (see [Mor88, 4.9 (i)]).
This contradicts (3.1.1). Thus we may assume that P’ is of type (IA) modulo
permutation of P and P’. To prove the last statement consider L-deformation
(Xx,Cx 3 Py, P}) of (X,C > P, P') so that Py, P} are ordinary points. In
particular, they are of type (IA). By [Mor88, 4.7] sizp, = sizp and sizp; =
sizp:. If (X, Ch) is a Q-conic bundle germ, the assertion follows by Proposition
(8.5). Otherwise we can apply [Mor88, Th. 6.6]. O

Temporarily we consider the following situation.

(10.6) Notation. Assume that P and P’ are ordinary. Then ip(1) = sizp =1
and ip/ (1) = sizpr = 1. Hence, gri, O ~ O & O(-1) (because H'(grl, O) = 0).
Let L C gr; O be a (unique) subsheaf such that £ ~ O. Note that £ is an
l-invertible Oc-module. Let uy (resp. u}) be an (-free ¢-basis at P (resp. P’).

(10.6.1) Theorem (cf. [Mor88, 9.3]). Notation as in (10.6). Then both
(Ct, PY) and (C°, P") are smooth, wtu, = —1modm, wtu! = —1modm’ and
furthermore we may assume that a; = ay = 1.

The proof follows [Mor88, 9.3]. We will treat (10.6.1) in four cases (10.6.2)—
(10.6.5) below.

(10.6.2) Case: P is of type (IAY).

If both P and P’ are primitive, then in a suitable coordinate system near
P* the ideal Iﬁc is generated by x7? — z3' and x3 (because P is ordinary).
Hence, either wtu; = ajas or wtu; = —a; mod m holds and the corresponding
assertion also holds for P’. Modulo permutation of P and P’ and if as = 1
(resp. a4 = 1) modulo further permutation of a; and ag (resp. o} and aj) there
are three cases:

(10.6.3) Case: wtu; = ajas, az Z £1modm, wtu) = afah, ab, Z £1mod m/.



358 SHIGEFUMI MORI AND YURI PROKHOROV

(10.6.4) Case: wtu; = ajag, az # £1modm, wtu) = a5 modm/.

(10.6.5) Case: wtu; = azmodm, wtuj = ajmodm’.

We will show that only the case (10.6.5) is possible and a; = a} = 1.
By [Mor88, Cor. 9.1.7] there is a subbundle M ~ O(—1) of gri, O such that
gry O = L@ M is an f-splitting. Let us (resp. uj) be an (-free ¢-basis of M at
P (resp. P').
(10.6.6) Let J be the C-laminal ideal of width 2 such that J/Ig) =L, and
our symbols are compatible with those in [Mor88, 9.3.2].

Note that wp(0) = 1 — as/m and wp/(0) = 1 — ah/m’. Then by (3.1.1)
and (Kx - C) < 0 we have

ay  ah
(10.6.7) 1< 24 22 ([Morss, 9.3.4]).
Using Lemma (2.8) that holds only for Q-conic bundles, we have
d li
(10.6.8) 14— =22, 5
mm m m

where d = mm/'/lem(m, m’) = sged(m, m’) by (2.7.2), (iii).

(10.6.9) Disproof of the case (10.6.2). This case corresponds to [Mor88,
9.3.ipr], and is disproved by the same argument as [Mor88, 9.3.5].
Hence we note that m = m below till the end of the proof of (10.6.1).

(10.6.10) Disproof of the case (10.6.3). This case corresponds to [Mor88,
9.3.a], and is disproved by the same argument as [Mor88, 9.3.6].

(10.6.11) Disproof of the case (10.6.4). This case corresponds to [Mor88,
9.3.b], and is disproved by the same argument as [Mor88, 9.3.7].

(10.6.12) Treatment of the case (10.6.5). This case corresponds to
[Mor88, 9.3c], and the arguments of [Mor88, 9.3.8] work except for [Mor88,
9.3.8.6], which we prove below using (10.6.8).

We have wtu; = agmodm, wtuj = a5 modm’. We will prove that a; =
ay = 1. By symmetry we may assume that ab/m’ > 1/2 (see (10.6.7)). Since
sizpr = 1, m' > ajab. This gives us aj = 1. We will prove a; = 1. Assume that
a1 > 2. Then computations [Mor88, 9.3.8.3-9.3.8.4] apply and give us a; = 2,
az = 1. In particular, C* is smooth over P and P’. Further by [Mor88, 9.3.8.5]
we have

qlc(L) = 2Pt + Pt

(10.6.13)
qgle(M) = —1+ (m — 2)P¥ + (m/ — ab) P",
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and qlc(grd w) = —1+ (m — 1) P + (m' — af) P"%.
(10.6.14) Claim (cf. [Mor88, 9.3.8.6]). m > 5.

Proof. Assume that m < 5. Since a3 = 2 and ged(m, a;) = 1, we have
m = 3. Then by (10.6.8)

2m' +d = 3a3, d=ged(3,m’).

Now one can see that computations of [Mor88, 9.3.8.6] apply and give us
x(FY(w, J)/F*(w,J)) < 0. From the exact sequence

0 — Flw,J)/F*(w,]) — wx/F*w,J) — gr&w — 0
we get
Xwx /FH(w, ) = x(F'(w, J)/F!(w, J)) + x(wx /F*(w, ])) < 0.

(we note that F'(w,J) = Saty, (Icwx) and wx/Fl(w,J) = gr& w). In par-
ticular, we have H'(wx/F*(w,J)) # 0. Recall that Ic D J D Iéz) and
F4(w,J) = Sat, (J?wx). Assume that (Z,0) is smooth, i.e., 3 1 m’. Then
by Theorem (4.4) f~'(0) C Spec Ox/J? C Spec OX/IgL). We get a contra-
diction (cf. (7.3.3)):

2=-Kx-f!0) < —-10Kx-C=10/(3m/), m'=1.

Now assume that m’ = 3m//, m” > 2. Take a Weil divisor £ such that qlc€ =
P —m” P, Then ¢ is a 3-torsion in CI*¢ X. Taking (10.6.13) into account we
obtain
decM@E) =1+ (m—1)P*+ (2m" — ab)P"* =
= -2+ (m — 1)P*+ (5m” — ab) P*.

Since ab, = 2m” +1, 5m” —al, = 3m” — 1. So, the last expression is normalized.
By [Mor88, 8.9.1 (iii)] deg- M®& = —2. Note that gry, O®& = (L&E)H(ME).
Hence, H' (grlc O ®¢&) # 0. This is a contradiction, and m > 5 as proved. [

The remainder of the proof is the same as [Mor88, 9.3.8.7]. Thus Theorem
(10.6.1) is proved.
Now we treat the case (10.1.2) from here till the end of (10.9).

(10.7) Proposition. In notation and assumptions of (10.1.2) (X, C) has no
(ITA) type points.
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Proof.  Assume that P is of type (ITA) (and P’ is of type (IA) by Lemma
(10.5)). Let d := ged(4,m’). By [Mor88, Th. 4.9, (i)] wp(0) = 3/4. Then by
Lemma (2.8) and (3.1.1) we have

’LUp/(O) =1- wp(O) +Kx-C= 1/4 — d/(4m’) < 1/2.
Hence, a] =1 (see [Mor88, Prop. 5.1]). Moreover,
(10.7.1) d+3m’ = 4a;

(because wp(0) = 1—ab/m’ by [Mor88, Th. 4.9, (i)]). Applying L-deformations
at P" and L’ deformation at P (see [Mor88, 4.12.2]) we may assume that P’ is
ordinary and (X, P) ~ {y1y2 + 92 + v3 = 0}/pu,(1,1,3,2), where C* is the y;-
axis. This new (X, C) is again a Q-conic bundle germ by [Mor88, 9.4]. Applying
[Mor88, 9.4.3-9.4.5] we get an (-splitting gri, O = LEM, where L ~ O and M ~
O(—1). Moreover, glc(L) = P* + P"* and qlc(M) = —1 + 2P% + (m' — ab) P"*
and we may assume that y3 is an {-free ¢-basis of L at P.

Now one can see that computations of [Mor88, 9.4.6] apply and give us
x(FY(w, J)/F*(w,J)) < 0. If 2 fm’, then we can apply the second half of the
proof of (10.6.14) to get a contradiction:

2=—-Kx-f ') < -10Kx -C=10/(4m’), m =1.

Thus 2|m’. If m' = 2m” and 2 /m”, then considering diagram (2.4.1) one has
H'(wx//Saty ., (JPwx:)) # 0 and similarly gets:

2=—Kx - f10) < -10Kx/ -C' = —20Kx - C = 20/2m’ = 5/m".

Thus m” = 1, and one sees d = 2 and a, = 2 by (10.7.1), which contradicts
ged(m’,ah) = 1, a condition on (IA) points. Hence 4|m’ and we set m’ = 4m”.

Take a Weil divisor ¢ such that gl (¢) = P* —m/ P"®. Then ¢ is a 4-torsion
in CI*¢ X. By [Mor88, 9.4.5] we have

glo(M) = =14 2P* + (4m" — ab) P"*
Recall that a), = 3m” + 1. Taking this into account we obtain
deM & &) = —143PF — P* = —24 3P 4 (4m” —1)P".

The last expression is normalized. By [Mor88, 8.9.1 (iii)] degr M ® £ = —2.
Note that grb, O @& = (L@ &) & (M ® E). Hence, H (grt, O ® €) # 0. This is
a contradiction. |
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(10.7.2) Corollary ([Mor88, 9.4.7]). In notation and assumptions of (10.1.2)
points P and P’ are type (IA) points such that ay = a} = 1, and moreover
L(P) <m and L(P") <m'.

Proof. By (10.5) and (10.7) P is of type (IA) and P’ is of type (IA) or
(IAY). Replacing (X, C) with L-deformation we may assume that both P and
P’ are ordinary. Then by (10.6.9), (10.6.1), and [Mor88, 9.3, 9.4] P’ is of type
(IA) and a1 = a} = 1 (L-deformation does not change a;’s because P and P’
are of type (IA) or (TAVY)). If £(P) > m, then an L’-deformation (X, C)) (see
[Mor88, 4.12.2]) has at least one Gorenstein singular point besides Py and P5.
This contradicts (9.1) and [Mor88, 6.2]. Thus £(P) < m. By symmetry we also
have ¢(P") < m/. O

(10.7.3) Corollary ([Mor88, 9.4.8]). In notation and assumptions of (10.1.2)
we have ip(1) =ip/(1) =1 and an isomorphism gri, O ~ O & O(—1).
Proof. Since £(P) < m and ¢(P") < m/, by [Mor88, 2.16 (ii)] we have

ip(1) = ip/(1) = 1. Hence deggri, O = —1, see (3.1.2). Taking account of
H'(gr{, ©) = 0 we obtain the last statement. O

(10.8) Proposition ([Mor88, 9.8]). We have

0(P) + qldeg(L, P) = {(P') + qldeg(L, P') = 1.
Proof. Similar to the proof of [Mor88, Theorem 9.8]. O

(10.9) Proposition ([Mor88, 9.9.1]). In the case (10.1.2), there is an (-
isomorphism M ~ grd, w.

Proof. Since grd w ~ O(—1), it is sufficient to show that gl deg(M, P) =

ql deg(grl w, P) = R(az) and gl deg(M, P') = ¢l deg(gr® w, P') = R'(a}). By
symmetry it is sufficient to prove for example the first equality. According to
(10.8) there are two cases.
(10.9.1) Case: {(P) =0, qldeg(L, P) =1. Then (X, P) is a cyclic quotient
singularity of type 1 (1,as,—1). If u; is an (-free (-basis of L at P, then
R(wtuy) = 1, so wtu; = —1modm. An (-free {-basis of gri, O at P is zo,
r3. Hence we can put u; = x3 and x5 is an {-free ¢-basis of M. Therefore,
gl deg(M, P) = R(wtx2) = R(as).

(10.9.2) Case: £(P) =1, qldeg(L, P) = 0. Then we can choose a some coor-
dinate system so that (X*, P¥) is given by ¢ = 0 with ¢ = z;23 mod(xs, 3, 4)>
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and C* is the zj-axis (see [Mor88, 2.16]). If u; is an (-free (-basis of L at P,
then R(wtui) =0, so wtu; = 0modm. Again an /-free (-basis of grl, O at P
is xo, 4. Hence we can put u; = x4 and x5 is an {-free ¢-basis of M. Therefore,
gl deg(M, P) = R(wtx2) = R(as).

|

Taking Propositions (10.4) and (10.9) into account one can see that all
the arguments and computations from [Mor88, 9.9.2-9.9.10] apply in our case.
This proves (iii) of the following theorem (cf. [KM92, 2.2.4]).

(10.10) Theorem (cf. [Mor88, Th. 9.10], [KM92, 2.2.4]). Let (X,C ~ P!)
be a Q-conic bundle germ having two non-Gorenstein points P, P’ of indices
m, m’ > 2 and no other singularities. Then P, P’ are of type (IA) by (10.5)
and (10.7), and the following assertions hold.

(1) If m’ = 2 and m is odd, then the general member of | — 2K x| does not
contain C and has only log terminal singularities.

(ii) If (X, C) is toroidal, then a general member F € | — Kx| does not contain
C. It has two connected components. Fach of them is a Du Val singularity
of A-type.

(i) If (X,C) is not toroidal, we further assume either m, m’ > 3 or m' = 2
and m is even. Then a general member F € | — Kx| is a normal surface
containing C, smooth outside of {P, P'}, with Du Val points of A-type at
P, P'. Furthermore C on F is contractible to a Du Val point of A-type.

Note that (i) and (ii) of (10.10) are easy (cf. [Mor88, Th. 7.3]). In (ii) one
can also take as F' the sum of two horizontal toric divisors.

8§11. Two Non-Gorenstein Points Case: the Classification

The following is the main result of this section.

(11.1) Theorem. Let (X,C ~ P') be a Q-conic bundle germ having two
points of indices m, m’ > 2 and no other singularities. Assume either m, m' >
3 orm/ =2 and m is even. Then (X,C) is either toroidal or as in (1.2.2).

The above theorem is an easy consequence of Theorem (10.10) and Propo-
sition (11.2) below.

(11.2) Proposition (cf. [Pro97a, §4]). Let f:(X,C) — (Z,0) be a non-
Gorenstein Q-conic bundle germ with C ~ P!, Assume that the general element
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F €| — Kx| containing C' has only Du Val singularities. Let F DR 7 be
the Stein factorization and let P = f1(C). Assume that (F, P) is a singularity
of type A. Then one of the following holds:

(i) f is as in (1.2.2), or

(il) X s of index 2 and (Z,0) is smooth.

Proof of Proposition (11.2). By the inversion of adjunction [Kol92, 17.6]
the log divisor Kx + F' is plt. Consider diagram (2.4.1) and put F’ := ¢g*F.
We may assume that Z’ ~ C? and Z ~ C2/u,(1,q), where ged(d,q) = 1. By
[Kol92, 20.3] Kx' + F' = g*(Kx + F) ~ 0 is plt. In particular, F’ is normal
and irreducible. Further, diagram (2.4.1) induces the following diagram

(F',C") == (F,C)
(11.2.1) (F',P') —*— (F,P)

(2/,0) —"— (Z,0)

where the vertical arrows are Stein factorizations of restrictions f’|p and f|p.
It is clear that f} and fo are double covers. By adjunction Kp ~ 0 and fj is
a crepant morphism contracting C’. Since g is étale in codimension one and
(F, P) is a singularity of type A, (F', P') is also of type A. Note that (F’, P')
cannot be smooth (because f] is non-trivial).

Consider the case d > 2. Then by Lemma (7.5.1) (F”, P’) is of type A;. In
this case, F’ is smooth and so is X’ (see, e.g., [Pro97a, Lemma 1.4]). Therefore,
f is the quotient of a smooth conic bundle by p,. By Proposition (2.9) we get
the case (1.2.2).

Thus we may assume that d = 1 (and X’ = X). Let R C Z be the
ramification divisor of fo. Since (F, P) is of type A, in some coordinate system
on Z = C2?, R is given by the equation z¥ + 42 = 0. Let I' C Z is given
by £ = 0 and let S := f*I'. By the inversion of adjunction the log divisor
Kz +T + 3R is log canonical (Ic). So are Kz + f3T = f5(Kz 4+ T + $R) and
Kp+ f*T = Kr + S|r. Again by the inversion of adjunction Kx + F + S is
lc near F. Shrinking X we may assume that Kx + F + S is lc everywhere.
Replacing I with a general hyperplane section through o, we may assume that
S is smooth outside of C'. Then Kx + S is plt. In particular, S is normal and
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has only log terminal singularities of type T' [KSB88]. Let D := F|g. Then
Ks+ D ~ 0islcand D D C. By the classification of two-dimensional log
canonical singularities [Kaw88], [Kol92, Ch. 3] Kg + C is plt.

The restriction fs:S — I' is a rational curve fibration such that —Kg is
fs-ample. If C is a Cartier divisor on S, then S is smooth and so is X. Take
the minimal positive n such that nC' is Cartier. Then nC ~ 0. This induces
an étale in codimension one p,,-cover 7:S% — S such that C% := 7*C ~ 0.
The divisor Kg: + C% = 7*(Kg 4 C) is plt (see, e.g., [Kol92, 20.3]). Hence,
C" is smooth and so is S%. Thus S is a quotient of S% ~ C x P! by u,. It
is easy to see that S has singular points of types +(1,¢) and %(—1, q), where

n

ged(n, g) = 1. These points are of type T if and only if
(g+1)?=(¢g—1)?>=0modn

(see [KSB8&8]). This implies n = 2 or 4. If n = 2, then S is Gorenstein and so is
X, a contradiction. Hence n = 4, so the singularities of S are of types %(1, 1)
and Az. By [KSB88] (X, ) has exactly one non-Gorenstein point which is of

index 2. O

§12. Index Two Q-conic Bundles

Index two Q-conic bundles were classified in [Pro97a, §3]. Under the condi-
tion that the base (Z, 0) is smooth, these are quotients of some elliptic fibrations
by an involution. Here we propose an alternative description and sketch a dif-
ferent proof. (Note that a Q-conic bundle of index two over a singular base is
either of type (1.2.4) or toroidal [Pro97a, §3]).

(12.1) Theorem. Let f:(X,C) — (Z,0) be a Q-conic bundle germ of index
two. Assume that (Z,0) is smooth. Fiz an isomorphism (Z,0) ~ (C2,0). Then
there is an embedding

(12.1.1) X¢—=P(1,1,1,2) x C?

P
\ l

C2
such that X is given by two equations

ql(y17y27y3) - ¢1(y17 v 7y4;u7v) = 07
(12.1.2)

q2(y17y27y3) - ¢2(y17 v 7y4;u7v) = 07
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where ¥; and q; are weighted quadratic in yy,...,ys with respect to wt(yy,. ..,
ye) = (1,1,1,2) and ¥;(y1,...,y4;0,0) = 0. The only non-Gorenstein point
of X is (0,0,0,1;0,0). Up to projective transformations, the following are the
possibilities for q1 and go:

(12.1.3) ¢ = y? — 93 and g2 = y1y2 — y3; then f~1(0) is reduced and has
ezxactly four irreducible components;

(12.1.4)  ¢1 = y1y2 and @2 = (y1 + y2)ys; then f~1(0) has three irreducible
components, one of them has multiplicity 2;

(12.1.5) ¢ = y1y2 — y2 and qa = y1y3; then f~1(0) has two irreducible
components, one of them has multiplicity 3;

(12.1.6) q1 = y? — y3 and g2 = y3; then f~'(0) has two irreducible compo-
nents, both of multiplicity 2;

(12.1.7)  q1 = y1y2— 93 and g2 = y3; then f~1(0) is irreducible of multiplicity
4

(12.1.8) ¢1 = y? and q2 = y3; then f~1(0) is also irreducible of multiplicity
4.

Conversely, if X C P(1,1,1,2) x C? is given by equations of the form (12.1.2)
and singularities of X are terminal, then the projection f: (X, f~1(0)reqd) —
(C2%,0) is a Q-conic bundle of index 2.

Sketch of the proof. First we prove the last statement. Assume that X
has only terminal singularities. Then X does not contain the surface {y; =
Y2 = y3 = 0} = Sing P x C? (otherwise both 1; and v, do not depend on ).
By the adjunction formula, Kx = —L|x, where L is a Weil divisor on P x C2
such that the restriction L|p is Op(1). Therefore, X — C? is a Q-conic bundle.
Tt is easy to see that the only non-Gorenstein point of X is (0,0,0,1;0,0) and
it is of index 2.

Now let f:(X,C) — (Z,0) ~ (C?,0) be a Q-conic bundle germ of index
two. Let P € X be a point of index 2. We claim that P is the only non-
Gorenstein point. Indeed, if C' is irreducible, the assertion follows by Corollary
(2.7.2), (iii). If C = UC; is reducible, the same holds by Lemma (4.4.2) and
[KM92, Th. 4.2, Prop. 4.6]. Thus P is the only non-Gorenstein point on
X. By (5.2.1) each (X, C;) is of type (IA) at P. (The case (IB) is excluded by
Proposition (8.3) and [Mor88, Th. 6.3]). Hence the general member F' € |—Kx|
satisfies F' N C = {P} and has only Du Val singularity at P (see [Mor88, Th.
7.3]).
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Let m: (X*¥, P*) — (X, P) be the index-one cover and let F¥ = 7! (F),.q be
the pull-back of F. Let T' := f~1(0) be the scheme fiber and let T'* = 7#=1(T").

(12.1.9) Lemma.

Opsnrs = Clz,yl/(zy, 2* +3%).
Furthermore po-action is given by wt(x,y) = (1,1) mod 2.

Proof. Since (F*, P*) is a Du Val singularity, we may assume that (F*, P¥)
C ((Ci’y’z,O). The scheme F* NT*¥ is defined in (Ciyz by three equations
a = 8 =~ =0, where two of them are coordinates on Z = C2, and the rest is
the defining equation of F¥ ¢ C3. Since the morphism F* — Z is flat and of
degree 4, we have

(DFﬁﬁI‘ﬁ =~ C{may,z}/(a’ﬂvv)

is of length 4. Furthermore u, acts on the ring so that wt(z,y, z,a, 8,7) =
(1,1,0,0,0,0) mod 2 because the quotient (F*, P*)/u, is Du Val, and, in par-
ticular, Gorenstein. If «, 3,7y € (x,9,2)?, then len C{z,y,2}/(a,3,7) > 8,

which is a contradiction. Hence, in view of the weights, we may assume that
a = (unit) - z + ay - § + a9 - v modulo permutation of a, 3,7. Thus we have

(QFﬁﬂl"ﬁ = C{may}/(ﬂv 7)

Since wt(x,y,3,v) = (1,1,0,0) mod 2, we see 3,7 € (x,y)?. Hence we may
assume that 8 = rymod(x,y)® modulo coordinate change of z,y and change
of 3, v. Modulo analytic change of coordinates xz, y, we may assume (3, v) =
(zy, 2@ + y°) for some a, b > 2. Since the ring Opsnp: is of length 4, we have
4=a+band hence a =b= 2. O

Using this lemma one can apply arguments of [Mor75, pp. 631-633] to
get the desired embedding X C P(1,1,1,2) x Z considering the graded anti-
canonical Oz-algebra

R = @RZ—, where R; := H°(Ox(—iKx)).
i>0

We sketch the main idea.

Let w be a local generator of Oys(—Kx) at P¥ let u, v be coordinates
on Z = C?, and let z = 0 be the local equation of F* in (X¥, P¥). Using the
vanishing of H*(Ox(—Kx)) for i > 0 and the exact sequence

0— Ox(—(i — 1)Kx) — Ox(—in) — OF(—ZK)() — 0
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one can see

Ri/(zw)Ri_1 ~ H(Op(—iKx)), i>0.

Therefore,
Ri/(20)Ri1 + (u, v)Ri = (Operps (—iKx))H2.

By Lemma (12.1.9) we have an embedding
R/ (2w, u, V)R — (Clz, y, w]/(zy, 2 + y2))“2 .
Using Ry /(u,v)Ro = C, one can easily see that

R/(zw, u, V)R = Cly1,y2, yal/ (v1¥2, ¥i + ¥3),

where y; = 2w, yo = yw, ys = w?. Put y3 := zw. Then similarly to [Mor75,
pp. 631-633] we obtain

R ~ OZ[ylay27y37y4]/I’

where 7 is generated by the following regular sequence

yiye +ysli(yr, - y3)  FU1(Wr, - vasu,0),
v+ ys +uyslo(yr, ... ys) +2(yr, ..., ya;u,v)
with wi(y17"'ay4;070>:0' L

As is seen in Theorem (1.2), a Q-conic bundle is often constructed as a
quotient of one of index two by a cyclic group. Theorem (12.1) is useful in
such a context. Finally we provide facts which are used in the study of Q-conic
bundles with imprimitive points (cf. Proposition (7.6)).

(12.1.10) Proposition. Assume that in the notation of Theorem (12.1) a
cyclic group py acts on X and Z so that f is pg-equivariant. Then the diagram
(12.1.1) can be chosen to be p;-equivariant.

Proof. The sheaf Ox(—Kx) has a natural p -linearization. Hence the
embedding X = ProjR — P(1,1,1,2) is p,-equivariant. O

The following is obvious.

(12.1.11) Lemma. In notation of Theorem (12.1) assume that f has an
equivariant pg-action and that f~1(o) has two irreducible components, both
of multiplicity 2 (i.e., we are in case (12.1.6)), which are permuted by some
element of py. Then the coordinates yi,...,ys,u,v can be chosen so that they
and the equations (12.1.2) are semi-invariant.
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Proof. Indeed, by (12.1.10) the action of p,; preserves the pencil Aj(q1 —
¥1) + A2(g2 — ¥2). It remains to note that in (12.1.6) ¢; and go are the only
degenerate quadratic forms in this pencil and they cannot be interchanged. [

(12.1.12) Lemma. In notation and assumptions of Theorem (12.1) and
Lemma (12.1.11) assume additionally that d = 2. Furthermore assume that py
acts on X and Z so that the action is free in codimension one, has a unique fixed
point P = (0,0,0,1;0,0), and the quotient (X, P)/pq is a terminal singularity.
Then modulo change of coordinates, we are in case (12.1.6) with the action
written as follows:

Y1 =y, Y2 Y2, Y3 Yz, Ya 't —Ys, U U, VU

Proof. By Lemma (12.1.11) we can choose the coordinates y1, . .., ys, u, v
so that they and the equations (12.1.2) are semi-invariant. Since the action
of py on Z ~ C? is free outside of o, this action is given by u — —u, v
—v. Modulo multiplication of +1 on the p,-linearization of O(—Kx), we may
assume also that y3 — y3. Then y; — +y; for all 7.

Recall that we are in the case (12.1.6) with X C P(1,1,1,2)y, ys.ys.5u XCo .-
Since (1,1,0,0;0,0) € X, the point is not u,-fixed by the assumption. Hence
y1Y2 — —y1y2. Modulo permutation of y1,yo2, we have y; — y; and ys — —ys.
It remains to show only that y4 — —y4. Assume to the contrary that y4 — y4.

Let U C P(1,1,1,2) be the chart y4 # 0. Then U ~ C3 /o (1,1,1).

21,%22,%3

Let X* be the pull-back of X N (U x Cz,)onC: _ . xC2 andlet Pt e xt*
be the preimage of P.

Since the induced map X* — X is étale in codimension one, (X*¥, P%) —
(X, P) is the index-one cover. Hence (X*, P*) — (X, P)/u, is also the index-
one cover of the terminal point (X, P)/u, of index 4 (the last is true because
the action of p, is free in codimension one). Hence the morphism is a p,-
covering by the structure of terminal singularities. However (X, P)/u, is the

quotient of (X*, P¥) by commuting py-actions:
(21, 22, 23,u,v) — (—21, —22, —23,u,v), (21, —22, 23, —U, —V)
This is a contradiction, and we have y4 — —y4 as claimed. O
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