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81. Introduction

In [Na] we have dealt with a deformation of a projective symplectic variety.
This paper, on the contrary, deals with a deformation of a local symplectic
variety. More exactly, we mean by a local symplectic variety, a normal variety
X satisfying

1. there is a birational projective morphism from X to an affine normal variety
Y

)

2. there is an everywhere non-degenerate d-closed 2-form w on the regular
part U of X such that, for any resolution = : X — X with 7~ 1(U) 2 U, w
extends to a regular 2-form on X.

In the remainder, we call such a variety a convexr symplectic variety. A convex
symplectic variety has been studied in [K-V], [Ka 1] and [G-K]. One of main
difficulties we meet is the fact that tangent objects T% and Ti are not finite
dimensional, since Y may possibly have non-isolated singularities; hence the
usual deformation theory does not work well. Instead, in [K-V], [G-K], they
introduced a Poisson scheme and studied a Poisson deformation of it. A Poisson
deformation is the deformation of the pair of a scheme itself and a Poisson
structure on it. When X is a convex symplectic variety, X admits a natural
Poisson structure induced from a symplectic 2-form w; hence one can consider
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its Poisson deformations. Then they are controlled by the Poisson cohomology.
The Poisson cohomology has been extensively studied by Fresse [Fr 1], [Fr 2]. In
some good cases, it can be described by well-known topological data (Corollary
10). The first application of the Poisson deformation theory is the following
two results:

Corollary 25. LetY be an affine symplectic variety with a good C*-
action and assume that the Poisson structure of Y is positively weighted. Let

xLylx
be a diagram such that,
1. f (resp. f’) is a crepant, birational, projective morphism.
2. X (resp. X') has only terminal singularities.
3. X (resp. X') is Q-factorial.

Then both X and X' have locally trivial deformations to an affine variety Y;
obtained as a Poisson deformation of Y. In particular, X and X' have the
same kind of singularities.

A typical situation of Corollary 25 is a symplectic flop. At this moment, we
need the “good C* condition” to make sure the existence of an algebraization
of certain formal Poisson deformation. For the exact definition of a good C*-
action, see Appendix. But even if Y does not have such an action, one can
prove:

Corollary 31. LetY be an affine symplectic variety. Let
xLylx
be a diagram such that,
1. f (resp. f’) is a crepant, birational, projective morphism.
2. X (resp. X') has only terminal singularities.
3. X (resp. X') is Q-factorial.
If X is smooth, then X' is smooth.

The proofs of Corollaries 25 and 31 are essentially based on [Ka 1], where
he proved that the smoothness is preserved in a symplectic flop under certain
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assumptions. Corollaries 25 and 31 are local versions of Corollary 1 of [Nal.
More general facts can be found in Corollary 30.
The following is the second application:

Corollary 28. Let Y be an affine symplectic variety with a good C*-
action. Assume that the Poisson structure of Y is positively weighted, and
Y has only terminal singularities. Let f : X — Y be a crepant, birational,
projective morphism such that X has only terminal singularities and such that
X is Q-factorial. Then the following are equivalent.

(a) X is non-singular.

(b) Y is smoothable by a Poisson deformation.

In the proof of Corollary 28, we observe that the pro-representable hulls (=
formal Kuranishi spaces) of the Poisson deformations of X and Y are isomor-
phic. Here we just use the assumption that Y has only terminal singularities.
Thus, any formal Poisson deformation of Y is obtained from that of X by the
contraction map; this makes it possible for us to obtain (a) from (b). But, what
we really want, is just that the formal Kuranishi space for X dominates that
for Y. The author believes that this would be true if Y does not have terminal
singularities. So our final goal would be the following conjecture:

Conjecture!. Let Y be an affine symplectic variety with a good C*-

action. Assume that the Poisson structure of Y is positively weighted. Then
the following are equivalent.

(1) Y has a crepant projective resolution.

(2) Y has a smoothing by a Poisson deformation.

The contents of this paper are as follows. In §2 we introduce the Poisson
cohomology of a Poisson algebra according to Fresse [Fr 1], [Fr 2]. In Propo-
sitions 5, we shall prove that a Poisson deformation of a Poisson algebra is
controlled by the Poisson cohomology. In particular, when the Poisson algebra
is smooth, the Poisson cohomology is computed by the Lichnerowicz-Poisson
complex. Since the Lichnerowicz-Poisson complex is defined also for a smooth
Poisson scheme, one can define the Poisson cohomology for a smooth Poisson
scheme. In §3, we restrict ourselves to the Poisson structures attached to a con-
vex symplectic variety X. When X is smooth, the Poisson cohomology can be
identified with the truncated De Rham cohomology (Proposition 9). When X

L After submitting this paper, the author showed in [Na 6] that the conjecture is true if
the minimal model conjecture holds.
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has only terminal singularities, its Poisson deformations are the same as those
of the regular locus U of X. Thus the Poisson deformations of X are controlled
by the truncated De Rham cohomology of U. Theorem 14 and Corollary 15
assert that, the Poisson deformation functor of a convex symplectic variety
with terminal singularities, has a pro-representable hull and it is unobstructed.
These are more or less already known. But we reproduce them here so that
they fit our aim and our context. (see also [G-K], Appendix). Kaledin’s twistor
deformation is also easily generalized to our singular case; but this generaliza-
tion is very useful in the proof of Corollary 25. At the end of this section we
shall prove the following two key results:

Theorem 17. Let X be a convex symplectic variety with terminal sin-
gularities. Let (X,{, }) be the Poisson structure induced by the symplectic
form on the regular part. Assume that X" is Q-factorial. Then any Poisson
deformation of (X,{, }) is locally trivial as a flat deformation (after forgetting
Poisson structure).

Theorem 19. Let X be a conver symplectic variety with terminal sin-
gularities. Let L be a (not necessarily ample) line bundle on X. Then the
twistor deformation {X,,}n>1 of X associated with L is locally trivial as a flat
deformation.

84 deals with a convex symplectic variety with a good C*-action. The main
results of this section are Corollary 25 and Corollary 28 explained above. These
are actually corollaries to Theorem 19 and Theorem 17 respectively. In §5 we
consider the general case where Y does not have a good C*-action. Corollary
30 is a similar statement to Corollary 25 in the general case; but for the lack of
algebraizations, it is not clear, at this moment, how the singularities of X’ are
related with those of X. Finally, we shall prove Corollary 31 explained above.
In §6 one can find a concrete example of a Poisson deformation (Example 32).
Example 33 is an example of a singular symplectic flop. The final section
is Appendix, where some well-known results on good C*-actions are proved.
The main result of Appendix is Corollary A.10. For a non-compact variety,
the analytic category and the algebraic category are usually quite different.
However, Corollary A.10 asserts that when we have a good C*-action, both
categories are well-matched.

The author would like to thank A. Fujiki for the discussion on Lemma
A.8 in the Appendix, and D. Kaledin for pointing out that Corollary 30 is not
sufficient for us to claim that X and X’ have the same kind of singularities.
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§2. Poisson Deformations

(i) Harrison cohomology (cf. [Ge-Sc]): Let S be a commutative C-
algebra and let A be a commutative S-algebra. Let S,, be the n-th symmetric
group. Then S,, acts from the left hand side on the n-tuple tensor product
ARg..Rs A as

7r(a1 ®...R an) = Ap-1(1) ®...R Qr=1(n),

where 7 € S,,. This action extends naturally to an action of the group algebra
C[Sy] on A®g ... ®s A. For 0 < r < n, an element 7 € S, is called a pure
shuffle of type (r,n —r) if (1) < ... < w(r) and 7(r + 1) < ... < w(n). Define
an element s, ,,—, € C[S,] by

Srn—r ‘= ngn(ﬂ—)ﬂ,

where the sum runs through all pure shuffles of type (r,n — r). Let N be the
S-submodule of A ®g A... ®s A generated by all elements

{Sr,nfr(al ®...Q an)}0<r<n,ai€A'

Define ch,,(A4/S) := (A®s A... ®s A)/N. Let M be an A-module. Then the
Harrison chain {ch.(A/S; M)} is defined as follows:

1. ch,(A/S; M) :=ch,(A/S) ®s M

2. the boundary map 8, : ch,(A4/S;M) — ch,_1(A/S; M) is defined by
On(a1 ®...Qa, ®m) :=

a1 ®R...R anpmm + Elgign_l(—l)niial ®R...R A 541 ®R...R Qp X m

+(-D"a2 ®...® a, @ aym.

We define the n-th Harrison homology Har,(A/S; M) just as the n-th
homology of ch.(A/S; M).
The Harrison cochain {ch’ (A/S; M)} is defined as follows

1. ch™(A/S; M) := Homg (chy, (A/S), M)

2. the coboundary map d" : ch™(A/S; M) — ch™"(A/S; M) is defined by
(d*f)(a1 @ ... @ ans1) = (=1)" a1 f(as @ ... @ apy1)

—|—21Sign(—1)n+17if(a1 X...Q A 541 ®...Q an+1) + f(a1 ®...Q an)a,H_l.
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We define the n-th Harrison cohomology Har(A/S; M) as the n-th coho-
mology of ch'(A4/S; M).

Example 1. Assume that S = C. Then chy(A/C; A) = Sym&(A) @¢ A
and ch;(A/C;A) = A ®c A. The boundary map 05 is defined as

Oa([a1 ® az] ® a) = a1 ® aza — a1as ® a + az ® aja.

We see that im(9z) is a right A-submodule of A®c A. Let I C A®c A be the
ideal generated by all elements of the form a ® b — b ® a with a,b € A. Then
we have a homomorphism of right A-modules I — (A ®c A)/im(d2). One can
check that its kernel coincides with I2. Hence we have

9114/0 >~ Har;(A/C; A).

In fact, the Harrison chain ch.(4/C; A) is quasi-isomorphic to the cotangent
complex L, ¢ for a C-algebra A (cf. [Q]).

Let A and S be the same as above. We put S[e] := S ®¢ Cle], where
€ = 0. Let us consider the set of all S[e]-algebra structures of the S[e]-module
A ®g S[e] such that they induce the original S-algebra A if we take the tensor
product of A ®g S[e] and S over S[e]. We say that two elements of this set
are equivalent if and only if there is an isomorphism of S[e]-algebras between
them which induces the identity map of A over S. We denote by D(A/S, S[e])
the set of such equivalence classes. Fix an S[e]-algebra structure (4 ®g S]], *).
Here * just means the corresponding ring structure. Then we define Aut(x,.S)
to be the set of all S[¢]-algebra automorphisms of (A ®g S[e], *) which induces
the identity map of A over S.

Proposition 2. Assume that A is a free S module.

(1) There is a one-to-one correspondence between Har?(A/S;A) and
D(A/S, S[e]).

(2) There is a one-to-one correspondence between Har'(A/S;A) and
Aut(x, S).

Proof. We shall only give a proof to (1). The proof of (2) is left to the
readers. Denote by # a ring structure on A ®g Sle] = A @ Ae. For a,b € A,
write

a*xb=ab+ ep(a,b)

with some ¢ : A x A — A. The multiplication of an element of S[e] and an
element of A®g S[e] should coincide with the action of S[e] as the S[e]-module;
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hence a * € = ae and ae *x ¢ = 0. Then
ax(be)=ax(bxe)=(axb)*e

= {ab+ ¢(a,b)e} x ¢ = abe + ¢(a, b) * (e x €) = abe.

Similarly, we have (ae) * (be) = 0. Therefore, * is determined completely by
#. By the commutativity of *, ¢ € Homg(Sym?%(A), A). By the associativity:
(axb)xc=ax(bxc), we get

¢(ab, c) + cp(a, b) = ¢(a,bc) + ap(b, ¢).

This condition is equivalent to that ¢ € Ker(d?), where d? is the 2-nd cobound-
ary map of the Harrison cochain. Next let us observe when two ring struc-
tures * and " are equivalent. As above, we write a * b = ab + e¢(a,b) and
a* b= ab+ ed (a,b). Assume that a map ¢ : A ® Ae — A Ac gives an
equivalence. Then, for a € A, write ¥(a) = a + f(a)e with some f : A — A.
One can show that 1(ae) = ae. Since ¢(a) " 1 (b) = 1(a * b), we see that

¢'(a,b) — d(a,b) = f(ab) — af(b) —bf(a).
This implies that ¢’ — ¢ € im(d").

Remark 3. Assume that S is an Artinian ring and A is flat over S. Then
A is a free S-module and for any flat extension A’ of A over S[e], A’ =2 A®gS[e]
as an S[e]-module.

(ii) Poisson cohomology (cf. [Frl], [Fr2]): Let A and S be the same
as (i). Assume that A is a free S-module. Let us consider the graded free
S-module ch.(A/S) := Bocmchm(A/S) and take its super-symmetric algebra
S(ch.(A/S)). By definition, S(ch.(A4/S5)) is the quotient of the tensor algebra
T(ch.(A/S)) := ®o<n(ch.(4/5))®™ by the two-sided ideal M generated by the
elements of the form: a®b—(—1)P9b®a, where a € ch,(A/S) and b € chy(A/S).
We denote by S(ch.(A/S)) the truncation of the degree 0 part. In other words,

S(ch.(A/S)) := @o<n(ch.(A/S))®" /M.
Now let us consider the graded A-module
S(ch.(A/9)) @5 A:=ch.(A/S) ®s A® (S*(ch.(A/S)) ®s A) @ ...

The Harrison boundary maps 0 on ch.(4/5) ®s A naturally extends to those
on 8™(ch.(4/95)) ®s A. In fact, for a; € chy, (4/5) ®s A, 1 <i <n, denote by
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aj---an, € SE(ch.(A/S) ®g A) their super-symmetric product. We then define
0 inductively as

d(ay...an) = 0(ay)as...an, + (=1)Pra; - O(as...ay).

In this way, each S%(ch.(4/5) ®s A) = S™(ch.(A/S)) ®s A becomes a chain
complex. By taking the dual,

Hom4 (8™ (ch.(A4/5)) ®s A, A)

= Homg(S™(ch.(4/S)), A)

becomes a cochain complex:

d
Hom(chg, A)
d d d
) I I
Hom(chy, A) Hom(chs ® chy, A)

Hom(ch;, A) Hom(A2chy, A) Hom(A3chy, A) ...

Here we abbreviate ch;(A/S) by ch; and Homg(...) by Hom(...). We want
to make the diagram above into a double complex when A is a Poisson S-
algebra.

Definition. A Poisson S-algebra A is a commutative S-algebra with an
S-linear map
{,}:A24— A

such that

1. {a,{b,c}} +{b,{c,a}} +{c,{a,b}} =0
2. {a,bc} = {a,b}c+ {a,c}b.

We assume now that A is a Poisson S-module such that A is a free S-
module. We put Ts(A) := @gcn(A)®®. We shall introduce an S-bilinear
bracket product

[ y ] : Ts(A) X Ts(A) g Ts(A)
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in the following manner. Take two elements from Ts(A): f = f; ® ... ® fp and
g=0g1®..® gq Hereeach f; and each g; are elements of A. Let m € S, be
a pure shuffle of type (p, ). For the convention, we put f;y, := g;. Then the
shuffle product is defined as

Jrg:=3sgn(m) fr1(1) @ .. ® fr1(ptq)s

where the sum runs through all pure shuffle of type (p,q). For each term of
the sum (which is indexed by =), let I be the set of all i such that 7= 1(i) < p
and 7=1(i + 1) > p + 1 (which implies that Jr=1(i41) = 9r—1(i+1)—p)- Then we
define [f, g] as

ESgn(W)(ZieIW(_1)i+1f7r—1(1) .. ® {fﬂ'_l(i)7 fw‘l(i+1)} ®...® fﬂ'_l(p-i-q))'

The bracket [, | induces that on ch.(A/S) by the quotient map Ts(A) —
ch.(A/S). By abuse of notation, we denote by [, | the induced bracket. We
are now in a position to define coboundary maps

§ : Homg(S* !(ch.(A/S)), A) — Homg(S*(ch.(A/S)), A)

so that Homg(S(ch.(A4/S9)), A) is made into a double complex together with d
already defined. We take an element of the form z; - - - x5 from S°(ch.(A/S))

with each x; being a homogeneous element of ch.(A/S).
For f € Homg(S* !(ch.(A/S)), A), we define

S(f)(wras) = > (=1)"Dlay, flar - 2 - a)]

1<i<s

_ Z<_1)T(i’j)f([$ial'j] @ T T).

i<j

Here [, ] is the composite of [ , | and the truncation map ch.(4/S) —
ch;(A/S)(= A). Moreover,

o(i) := deg(x;) - (deg(x1) + ... + deg(xi-1))

and
7(4,7) := deg(x;)(degzy + ... + degz;_1)

v

+deg(x;)(deg(z1) + ... + deg(z;) + ... + deg(z;-1)).
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We now obtain a double complex (Homg(S(ch.(A4/9)), A),d,d). The n-th
Poisson cohomology HP™(A/S) for a Poisson S-algebra A is the n-th cohomol-
ogy of the total complex (by d + d) of this double complex.

d
Hom(chg, A) -2,
d d d
w
Hom(chy, A) ——— Hom(chs ® chy, ) ——

J q A

Hom(chy, A) —>—  Hom(A2chy, A) —>— Hom(A3chy, A) ...

Example 4. We shall calculate ¢ explicitly in a few cases. As in the
diagram above, we abbreviate Homg by Hom, and ch;(A/S) by ch;.

(i) Assume that f € Hom(chy, A).

3(f)(anb) = {a, f(b)} + {f(a),b} = F({a,b}).

(ii) Assume that ¢ € Hom(chy, A). For (a,b) € Sym%(A)(= chy), and for
cc A(: Chl),

() ((a,0) - ¢) = [(a,b), p(c)] + [¢,(a, b)] — @([(a, b), c])

= {C, go(a, b)} - <p({c, b}7 CL) - QO({C, a}7 b)‘

(iii) Assume that 1 € Hom(A?chy, A).
S()(anbne)={a,¢b,c)} +{b,¢(c,a)} + {c,¢(a, b)}
+¢(a,{b,c}) + (b, {c,a}) + (¢, {a, b}).

Let A be a Poisson S-algebra such that A is a free S-module. We put
Sle] := S ®c Cle], where €2 = 0. Let us consider the set of all Poisson S[e]-
algebra structures on the S[e]-module A ®g Sle] such that they induce the
original Poisson S-algebra A if we take the tensor product of A ®g¢ S[e] and
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S over Sle]. We say that two elements of this set are equivalent if and only if
there is an isomorphism of Poisson Se]-algebras between them which induces
the identity map of A over S. We denote by PD(A/S, S[e]) the set of such
equivalence classes. Fix a Poisson S[e]-algebra structure (A ®g S[e], *,{ , }).
Then we define Aut(*,{ , },.5) to be the set of all automorphisms of Poisson
S|e]-algebras of (A ®g S[e],*,{, }) which induces the identity map of A over
S.

Proposition 5. (1) There is a one-to-one correspondence between
HP?(A/S) and PD(A/S, S[e]).

(2) There is a one-to-one correspondence between HP(A/S) and

Aut(x,{, },9).

Proof. (1): As explained in Proposition 2, giving an S|e]-algebra structure
* on A® Ae is equivalent to giving ¢ € Homg(Sym%(A), A) with d(¢) = 0 such
that axb = ab+ep(a,b). Assume that {, }. is a Poisson bracket on (A Ae, )
which is an extension of the original Poisson bracket { , } on A. We put

{a,b}c = {a,b} + ¢¥(a,b)e.

Since {a,be}. = {a,b* €} = {a,b}e and {ae,be} = 0, the Poisson structure
{, }¢ is completely determined by %. By the skew-commutativity of { , },
¥ € Homg(A%A, A). The equality

{a,bxc}c ={a,b}e xc+ {a,c}c b
is equivalent to the equality
(*) : 1/)(&, bC) - CQ/)((Z, b) - b¢(07 C)

= @({av b}’ c)+ @({% c}a b) - {av @(bv C)}
The equality

{a) {b> C}e}e + {b7 {07 a’}e}e + {07 {aa b}e}e =0
is equivalent to the equality
(%) = ¥(a, {b, c}) + (b, {c,a}) + ¥(c, {a,b})

Ha, (b, 0)} + {b,¥(c,a)} + {c,¥(a,b) } = 0.
We claim that the equality (x) means §(¢) + d(¢)) = 0 in the diagram:

Hom(Sym?2(A), A) % Hom(Sym?(4) ® 4, A) <~ Hom(A2A, A).
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By Example 4, (ii), we have shown that

5(¢)((a,b) - ¢) = {c, p(a,b)} — v({c, b}, a) — p({c,a},b).
On the other hand, for the Harrison boundary map
d:Sym*(A) @5 A®s A — N2A®g A,

we have

(a,b)®@c®@1)=blaNc)—abAc+a(bAc).
Since d is defined as the dual map of 0, we see that
dﬂ}(((h b) : C) = ’l/)(C, ab) - (I’(/J(C, b) - W(C; CL).

As a consequence, we get
(690 + dw)((% b) : C) = ’(/J(C, ab) - aw(Q b) - bw(q a)

—I—{C, <p(a, b)} - @({Cﬂ b}, a) - (P({c? a}7 b)'

By changing a and ¢ each other, we conclude that 6(p) + d(¢)) = 0.

By the equality (xx) and Example 4, (iii), we see that (%) means d(¢)) = 0
for the map & : Hom(A2A, A) — Hom(A3A, A). Next, let us observe when two
Poisson structures (¢, 1) and (¢’,9’) (on A® Ae) are equivalent. Assume that,
for f € Homg (A, A),

Xf:AD® Ae — AD Ae

gives such an equivalence between both Poisson structures, where xs(a) =
a+ f(a)e, xs(ae) = ae for a € A. Since ¢ gives an equivalence of S[e]-algebras,

(¢ = ¢)(a,b) = f(ab) — af(b) — bf(a) = —d(f)(a,b)
by Proposition 2. The map x s must be compatible with two Poisson structure:
{xr(a), xr(0)}e = xr({a, b}e).
The left hand side equals
{a,b} + [¢/(a,0) + {a, f(B)} + {f(a),b}]e.
The right hand side equals

{a, b} + [f({a,b}) + ¢(a, b)]e.
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Thus, we have
(¥ =1)(a,b) = =6(f)(a,b),
and the proof of (1) is now complete. We omit the proof of (2). O
We next consider the case where A is formally smooth over S. We put
CHVERE HomA(Q}q/S, A). We make @59 Ay ©4/5 into a complex by defining

the coboundary map
0: /\i@A/S — /\H_l@A/s

as

5f(day A ... Ndaiyr) =Y (=1)7T{a;, f(day A ... Adaj A ... Adaigr)}
J
=3 (=1 (d{ag, ax}) Aday A Adag A Adag A A dagg),
i<k

for f € /\i@A/S = HomA(Qle/S,A). This complex is called the Lichnerowicz-
Poisson complex. One can connect this complex with our Poisson cochain
complex C'(A/S). In fact, there is a map ch; ®s A — Qi}/s (cf. Example 1).
This map induces, for each i, Aichy(A/S) ®s A — qu/s. By taking the dual,
we get

/\i(":)A/S — HOIDA(/\iChl(A/S) ®s A, A) = Hom(/\lchZ(A/S),A)
By these maps, we have a map of complexes

Proposition 6. For a Poisson S-algebra A, assume that A is formally
smooth over S and that A is a free S-module. Then (N'©4/s,0) — (C'(A/S),
d +9) is a quasi-isomorphism.

For the proof of Proposition 6, see Fresse [Fr 1], Proposition 1.4.9.

Definition. Let T := Spec(S) and X a T-scheme. Then (X,{, })isa
Poisson scheme over T if { , } is an Op-linear map:

{, }iA%QTOX‘)OX
such that, for a,b,c € Oy,

1. {a,{b,c}} +{b,{c,a}} +{c,{a,b}} =0
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2. {a,bc} = {a,b}c+ {a,c}d.

We assume that X is a smooth Poisson scheme over T, where T' = Spec(S)
with a local Artinian C-algebra S with S/mg = C. Then the Lichnerowicz-
Poisson complex can be globalized 2 to the complex on X

LC(X/T) = (NOx/r,0).
We define the i-th Poisson cohomology as
HPY(X/T) := H'(X, LC (X/T)).

Remark 7. When X = Spec(A), HP'(X/T) = HP*(A/S). In fact, there
is a spectral sequence induced from the stupid filtration:

BP9 = HY(X, LCP(X/T)) => HP (X/T).

Since each LCP(X/T) is quasi-coherent on the affine scheme X, H1(X, LC?) =0
for ¢ > 0. Therefore, this spectral sequence degenerate at Eo-terms and we have

HP'(X/T) = H'(T(X, LC")),
where the right hand side is nothing but HP*(A/S) by Proposition 6.

One can generalize Proposition 5 to smooth Poisson schemes. Let S be
an Artinian C-algebra and put T := Spec(S). Let X be a Poisson T-scheme
which is smooth over T. We put T'[e] := SpecSle] with €2 = 0. A Poisson
deformation X of X over T'[¢] is a Poisson T'[¢]-algebra such that X is flat over
T'le] and there is a Poisson isomorphism &X' xpq T = X over T. Two Poisson
deformations X and X’ are equivalent if there is an isomorphism X = X’ as
Poisson T'[e]-schemes such that it induces the identity map of X over T. Denote
by PD(X/T,T[e]) the set of equivalence classes of Poisson deformations of X
over T[e]. For a Poisson deformation X of X over T[e], we denote by Aut(X,T)
the set of all automorphisms of X' as a Poisson T[e]-scheme such that they
induce the identity map of X over T.

Proposition 8. (1) There is a one-to-one correspondence between
HP?(X/T) and PD(X/T, T|e]).

(2) For a Poisson deformation X of X over T[e], there is a one-to-one
correspondence between HP'(X/T) and Aut(X,T).

2The definition of the Poisson cochain complex is subtle because the sheafication of each
component of the Harrison complex is not quasi-coherent (cf. [G-K]).
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Proof. We only prove (1). For an affine open covering U := {U, };es of
X, construct a double complex T'(LC (U, X/T)) as follows:

o d

[T, D(£C* (Ui, /T)) —— Ty, DILC* Uigi, /T)) —— ..

o 4

Hio F(‘C61<UZO/T)) - Hig,il F(Ecl(Uimil/T)) 7 e

3)

Here the horizontal maps are Cech coboundary maps. Since each £C? is
quasi-coherent, one can calculate the Poisson cohomology by the total complex
associated with this double complex:

HPY(X/T) = H'(T(LC U, X/T))).
An element ¢ € HP?(X/T) corresponds to a 2-cocycle

(LTG0 1T Gioin) € [T T (£C* Wi/ T)) @ [ T(LCT Wigia /T)):

10,01

By Proposition 5, (1), (;, determines a Poisson deformation U;, of U;, over T'e].
i, - Ome
can construct a Poisson deformation of X of X by patching together {U;,}.
Conversely, a Poisson deformation X is obtained by patching together local
Poisson deformations U; of U; for an affine open covering {U; };c; of X. Each U;
determines ¢; € I'(LC*(U;/T)), and each Poisson isomorphism Uilu,, = Ujlu,
determines ¢;; € T'(LC'(U;;)). Then

(L TT6w € [T reeetw/my e [ reec! W,y /1)

Moreover, (i, determines a Poisson isomorphism U;,|v, ., = Ui, |u

is a 2-cocycle: hence gives an element of 2-nd Cech cohomology. O

83. Symplectic Varieties

Assume that X is a non-singular variety over C of dimension 2d. Then
Xy is called a symplectic manifold if there is a 2-form wy € T'(Xo, Q?XO) such
that dwo = 0 and A%wy is a nowhere-vanishing section of Q%flo. The 2-form wyq
is called a symplectic form, and it gives an identification Q}(O =~ Ox,. For a
local section f of Ox,, the 1-form df corresponds to a local vector field Hy by
this identification. We say that Hy is the Hamiltonian vector field for f. If
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we put {f,g} :=w(Hy, Hy), then Xy becomes a Poisson scheme over Spec(C).
Now let us consider a Poisson deformation X of X over T := Spec(S) with
a local Artinian C-algebra S with S/mg = C. The Poisson bracket { , }
on X can be written as {f,g} = O(df A dg) for a relative bi-vector (Poisson
bi-vector) © € I'(X, /\QGX/T). The restriction of © to the central fiber X is
nothing but the Poisson bi-vector for the original Poisson structure, which is
non-degenerate because it is defined via the symplectic form wg. Hence O is
also a non-degenerate relative bi-vector. It gives an identification of © x,r with
Q}(/T. Hence © € I'(X,A?Ox,r) defines an element w € I'(X, Q%(/T) that
restricts to wp on Xp. One can define the Hamiltonian vector field Hy € ©x /7
for f € Ox.

Proposition 9. Assume that X is a Poisson deformation of a symplectic
manifold Xo over an Artinian base T. Then LC (X/T) is quasi-isomorphic to
the truncated De Rham complex (Q)Z(}T, d).

Proof. By the symplectic form w, we have an identification ¢ : © x /7 =
Q}(/T; hence, for each ¢ > 1, we get /\i@X/T ~ Qé{/@ which we denote glso by
¢ (by abuse of notation). We shall prove that ¢od(f) = do(f) for f € N'Ox/r.
In order to do that, it suffices to check this for the f of the form: f = afiA..Af;
with a € Ox, f1, ..., fi € ©x 7. It is enough to check that

d(b(f)(Hal AN...NH, ) =6f(da1 /\.../\daH_l).

i+1

We shall calculate the left hand side. In the following, for simplicity, we
will not write the + signature exactly as (—1), but only write + because it
does not cause any confusion. We have

(L.H.S.) = d(ow(fi, ) A . Aw(fi, ) (Hay Ao A Hy, )

= Y ()Y > +Ha,(aw(fr, Hay,) - - - w(fis Hay,))

1<j<i+1 {l1yeoli}={1,...,],.yi4+1}

+ Z (—1)7H%( Z Faw(fi, Hay ) X ...

1<j<k<i+1 {lyesy iy ={1,00 ] e By it 1}

o X W(f1, [Hayy Hapl) ¥ oo x w(fiy Hay,))

= > ()P £H (afi(day,) - - fi(da,)))

1<j<it1
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+ Y (VRO afi(day) - fild{ag,ar}) - fuldar,))

1<j<k<i+1

= Z (—1)j+1Haj (af(dal JAREAN daj JANEAN dai+1))
1<G<itl

+ >~ raf(d{aj,ap}t Aday A Adaj A Adag A A dagg)
1<j<h<it

= Z (—1)j+1{aj,af(da1 /\.../\lej /\---/\dai—i-l)}
1<j<i+1

+ > () af(d{aj,ak} A Adag A Ndag A A dagg)
1<j<k<i+1

= (R.H.S.). O

Corollary 10. Assume that X is a Poisson deformation of a symplectic
manifold Xy over an Artinian base T. If H'(X,0x) = H?*(X,0x) = 0,
then HP?(X/T) = H?((X)*",S), where (Xo)®" is a complex analytic space
associated with Xy and S is the constant sheaf with value in S.

Proof. By the distinguished triangle

Q)Z(}T — Qy)r — Ox L Q)Z(}T[l]

we have an exact sequence
— HPY(X/T) — H(Qy/7) — H (Ox) — .

Here H! (X, Q) = Hi((X(), S); from this we obtain the result. We prove
this by an induction of lengths(.S). We take ¢ € S such that ¢ - mg = 0. For
the exact sequence

0—>C$SH5’HO,

define X := X xp T, where T := Spec(S). Then we obtain a commutative
diagrams of exact sequences:

(4)

——  H'(Xo,Qx,) —— H(X,Qxy) —— H(X Q)

g ! |

—— H'((X0)™", Qxgyen) — H(X"" Qxan ) —— H'(X*", Qgan 1)
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By a theorem of Grothendieck [G], the first vertical maps are isomorphisms
and the third vertical maps are isomorphisms by the induction. Hence the
middle vertical maps are also isomorphisms. By the Poincare lemma (cf. [De]),

we know that H'(X", Q. ) 2 H'((X0)™", 5). 0

Example 11. When f : X — T is a proper smooth morphism of C-
schemes, by GAGA, we have

le*QX/T ®OT OTan &= Rl(fan)*c ®C OTan

without the Artinian condition for 7. But when f is not proper, the structure
of Rif*Q'X/T is complicated. For example, Put X := C?\ {zy = 1}, where
x and y are standard coordinates of C2. Let f : X — T := C be the map
defined by (z,y) — x. Set T':= SpecC|[[z]] and T}, := SpecC][z]/(z"*1). Define
X := X x¢ T and define f to be the natural map from X — 7. Finally put
X, ;=X x7T,. Then

1. le*Q'X/T is a quasi-coherent sheaf on 7', and le*QX/T‘T\{O} is an in-
vertible sheaf.

2. proj.lim H'(X,, Qx, r,) =0

Definition. Let X, be a normal variety of dimension 2d over C and let
Up be its regular part. Then Xj is a symplectic variety if Uy admits a 2-form
wp such that

1. dwo = 07
2. A%y is a nowhere-vanishing section of /\dQ}JO,

3. for any resolution 7 : Yy — X of Xo with 7=1(Up) = Uy, wp extends to a
(regular) 2-form on Y.

If X is a symplectic variety, then Uy becomes a Poisson scheme. Since
Ox, = (j0)+Ou,, the Poisson bracket { , } on Uy uniquely extends to that on
Xy. Thus Xy is a Poisson scheme. By definition, its Poisson bi-vector O is
non-degenerate over Uy. The O identifies Oy, with QlUO; by this identification,
Oply, corresponds to wg. A symplectic variety X, has rational Gorenstein
singularities; in other words, X has canonical singularities of index 1. When
X has only terminal singularities, Codim(Xy C Xg) > 4 for ¥ := Sing(Xj).

Definition. Let Xy be a symplectic variety. Then X is convez if there
is a birational projective morphism from X to an affine normal variety Yy. In
this case, Yp is isomorphic to Specl'(Xo, Ox,).
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Lemma 12. Let X, be a Poisson deformation of a convex symplectic
variety Xo over T, := Spec(S,) with S, := C[t]/(t"Tt). We define U, C X,
to be locus where X, — S, is smooth. Assume that Xo has only terminal
singularities. Then HPQ(Un/Tn) =~ H2((Up)*,S,), where S, is the constant
sheaf over (Up)®™ with value in S,.

Proof. Since X has terminal singularities, X is Cohen-Macaulay and
Codim(Xg C Xg) > 4. Similarly, X,, is Cohen-Macaulay and Codim(%, C
X,) > 4 for ¥, := Sing(X,, — T,). The affine normal variety Yy has sym-
plectic singularities; hence Y; has rational singularities. This implies that
H(Xy,0x,) = 0 for i > 0. Since Xy is Cohen-Macaulay and Codim(3, C
Xo) > 4, we see that H(Uy, Oy,) = H?(Uy, Oy,) = 0 by the depth argument.
By using the exact sequences

k
0 — Oy, 5 Ov, —» Oy, , —0

inductively, we conclude that H!'(Oy, ) = H?(Oy,) = 0. Then, by Corollary
10, we have HP?(U,,/T,,) = H?((Up)™™, S,,). O

Let X,, be the same as Lemma 12. Put T}, [e] := Spec(S,[e]) with ¢ = 0.
As in Proposition 8, we define PD(X,,/T,, T,[e]) to be the set of equivalence
classes of the Poisson deformations of X, over T),[e]. Let X, be a Poisson
deformation of X,, over T, [e]. Then we denote by Aut(X,,T,) the set of all
automorphisms of X, as a Poisson T, [e]-scheme such that they induce the
identity map of X,, over T,,. Then we have:

Proposition 13.

(1) There is a one-to-one correspondence between HP?*(U,/T,) and
PD(X, /T, Tye]).

(2) There is a one-to-one correspondence between HP*(U,/T,) and
Aut(X,.T,).

Proof. Assume that U, is a Poisson deformation of U,, over T, [e]. Since
Codim(X%,, C X,,) > 3 and X, is Cohen-Macaulay, by [K-M, 12.5.6],

Ext'(Q%, 5., Ox,) = Ext'(Qp 1., Ov,).

This implies that, over T, [e], U, extends uniquely to an X, so that it gives
a flat deformation of X,,. Let us denote by j : U,, — A, the inclusion map.
Then, by the depth argument, we see that Oy, = j.Oy,. Therefore, the
Poisson structure on U,, also extends uniquely to that on X,,. Now Proposition
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8 implies (1). As for (2), let U,, be the locus of X,, where X,, — T[] is smooth.
Then, we see that
Aut(Uy,, T,) = Aut(X,, T),),

which implies (2) again by Proposition 8. O

Let X be a convex symplectic variety with terminal singularities. We re-
gard X as a Poisson scheme by the natural Poisson structure { , } induced
by the symplectic form on the regular locus U := (X );ee. For a local Artinian
C-algebra S with S/mg = C, we define PD(S) to be the set of equivalence
classes of the pairs of Poisson deformations X of X over Spec(S) and Pois-
son isomorphisms ¢ : X Xgpec(s) Spec(C) = X. Here (X, ¢) and (A7, ¢') are
equivalent if there is a Poisson isomorphism ¢ : X = X’ over Spec(S) which in-
duces the identity map of X over Spec(C) via ¢ and ¢'. We define the Poisson
deformation functor:

PD(X,{ P (Art)c — (Set)

by PD(S) for S € (Art)c.

Theorem 14. Let (X,{ , }) be a Poisson scheme associated with a
convex symplectic variety with terminal singularities. Then PDx 1 }) has
a pro-representable hull in the sense of Schlessinger. Moreover PD is pro-
representable.

Proof.  'We have to check Schlessinger’s conditions [Sch] for the existence
of a hull. By Proposition 13, PD(C[¢]) = H?(U",C) < oo. Other conditions
are checked in a similar way as the case of usual deformations. For the last
statement, we have to prove the following. Let X’ be a Poisson deformation of
X over an Artinian base T, and let X be its restriction over a closed subscheme
T of T. Then, any Poisson automorphism of X over T inducing the identity
map on X, extends to a Poisson automorphism of X over T. Let R be the
pro-representable hull of PD and put R, := R/(mg)""!. Take a formal versal
Poisson deformation {X,} over {R,}. Note that, if we are given an Artinian
local R-algebra S with residue field C, then we get a Poisson deformation
Xg of X over Spec(S). We then define Aut(S) to be the set of all Poisson
automorphisms of Xg over Spec(S) which induce the identity map of X. Let

Aut : (Art)g — (Set)

be the covariant functor defined in this manner. We want to prove that
Aut(S) — Aut(S) is surjective for any surjection S — S. It is enough to
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check this only for a small extension S — S, that is, the kernel I of S — S
is generated by an element a such that amg = 0. For each small extension
S — 5, one can define the obstruction map

ob : Aut(S) — a - HP?(U)

in such a way that any element ¢ € Aut(S) can be lifted to an element of Aut(S)
if and only if ob(¢) = 0. The obstruction map is constructed as follows. For

¢ € Aut(S), we have two Poisson extensions Xg — X5 and Xg 2, Xz — Xs.
This gives an element of a - HP?(U) (cf. Proposition 13 3). Obviously, if this
element is zero, then these two extensions are equivalent and ¢ extends to a
Poisson automorphism of Xg.

Case 1 (S = S,41 and S := S,,): We put S,, := C[t]/(¢t"*!). We shall
prove that Aut(Sp4+1) — Aut(S,) is surjective. Taking Proposition 13, (2)
into consideration, we say that X has T°-lifting property if, for any Poisson
deformation X, of X over T,, := Spec(S,,) and its restriction X,,_; over T,,_1 :=
Spec(S,_1), the natural map HP' (U, /T,,) — HPY(U,,_1/T,,_1) is surjective.

Claim. X has TO-lifting property.

Proof. Note that X,, is Cohen-Macaulay. Let U,, be the locus of X,, where
X, — T, is smooth. We put

K, = Coker[H" (U™, S,,) — H°(U,,Ov,)].
By the proof of Corollary 10, there is an exact sequence
0 — K, — HP'(U,/T,) — H' (U, S,) — 0.

Since HY(U,Oy) = 0, the restriction map H°(U,,Oy,) — H°(U,_1,0vy, _,)
is surjective. Hence the map K,, — K,_1 is surjective. On the other hand,
HY (U™, S,) — HY U, S,_1) is also surjective; hence the result follows. [

Note that ¢ — t + € induces the commutative diagram of exact sequences:

0 —— (t”“) — Spy1 —— S — 0

g L] !

0 —— (t"e) —— Sple] —— Sn-1l€] xs,,_, S —— 0O

3Exactly, one can prove the following. Let T := Spec(S) with a local Artinian C-algebra
S with S/ms = C. Let X — T be a Poisson deformation of a convex symplectic variety
Xo with only terminal singularities. Assume that T is a closed subscheme of T” defined
by the ideal sheaf I = (a) such that a - mg = 0. Denote by PD(X/T,T’) the set of
equivalence classes of Poisson deformations of X over T7. If PD(X/T,T’) # 0, then
HP2%(Up) = PD(X/T,T").
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Applying Aut to this diagram, we obtain

Aut(Spy1) — Aut(S,) >l HPA(D)

o | 1 |

Aut(Syle]) —— Aut(S,_1[e] xs,_, Sn) SELLEN t"e - HP?(U)
The TO-lifting property implies that the map Aut(S,[e]) —
Aut(Sp_1]€] Xs,_, Sn) is surjective. Hence, by the commutative diagram, we
see that Aut(Sy,4+1) — Aut(S,,) is surjective.

Case 2 (general case): For any small extension S — S, one can find the
following commutative diagram for some n:

0O —— aS —— S S 0
. 4
0 —— (") —— Sup Sn, 0

Applying Aut to this diagram, we get:

Aut(S) —— Aut(S) SELLEN a-HP?(U)

o l |

Aut(Spq1) —— Aut(S,) —2— 1. HP?(U)

By Case 1, we already know that Aut(S,4+1) — Aut(S,) is surjective. By

the commutative diagram we see that Aut(S) — Aut(S) is surjective. O

Corollary 15. Let (X,{, }) be the same as Theorem 1. Then

(1) X has T*-lifting property. (cf. [Kaw, Na 5])
(2) PD(x ¢, 1) is unobstructed.

Proof. (1): We put S,, := C[t]/(t"*!) and T,, := Spec(S,,). Let X,, be a
Poisson deformation of X over T,, and let X,,_; be its restriction over T,,_1. By
Proposition 13,(1), we have to prove that HP*(U,,/T,,) — HP*(U,,_1/T}_1) is
surjective. By Lemma 12, HP?(U,,/T,,) = H*(U**,S,,). Since H*>(U"", S,,) =
H?(U*,C) ®c Sp, we conclude that this map is surjective.

(2): By Theorem 14, PD has a pro-representable hull R. Denote by hg :

(Art)c — (Set) the covariant functor defined by hg(S) := Homigeal c—alg. (R, S).
Since PD is pro-representable by Theorem 14, hp = PD. We write R as



FLOPS AND SYMPLECTIC VARIETIES 281

Cllz1, ..., zr]]/J with r := dimcmg/(mg)?. Let S and Sy be the objects of
(Art)c such that Sy = S/I with an ideal I such that Img = 0. Then we have
an exact sequence (cf. [Gr, (1.7)])

hr(S) — hr(So) % (J/mpJ)* ®c I.

By sending t to t+¢€, we have the commutative diagram of exact sequences:

0O — (t”“‘l) — Spp1 —— S — 0

©) | | l

0 —— (t"e) —— Sple] —— Sn-1lel Xs,,_, Sn —— 0
Applying hg to this diagram, we obtain

hi(Spi1) — hr(S,) — @ (J/mpJ)*

o l |

hi(Splel) ——— hr(Sn_1le xs,_, Sp) —2— e ® (J/mpJ)*

By (1), we see that hr(Sy[e]) — hr(Sn—1l€] Xs,_, Sn) is surjective. Then,
by the commutative diagram, we conclude that hr(Sp+1) — hr(S,) is surjec-
tive. [l

Twistor deformations (cf. [Ka 1]): Let X be a convex symplectic variety
with terminal singularities. We put U := X,..,. Let { , } be the natural Poisson
structure on X defined by the symplectic form w on U. Fix a line bundle L on
X, Define a class [L] of L as the image of L by the map

HY U™, Ofyan) — HE U™, Qpran ) = H*(U™, C).

We put S, := C[t]/(t"*!) and T,, := Spec(S,). By Proposition 13, (1), the
element [L] € H?(U*", C) determines a Poisson deformation X; of X over Tj.
We shall construct Poisson deformations X, over T,, inductively. Assume that
we already have a Poisson deformation X,, over T;,. Define X,,_; to be the
restriction of X,, over Tj,_1. Since H' (X Oxan) = H?*(X* Oxan) = 0, L
extends uniquely to a line bundle L,, on (X,,)*". Denote by L,,_; the restriction
of L, to (X,,—1)*". Consider the map S,, — S,,—1]¢] defined by t — ¢+ e. This
map induces
PD(S,,) — PD(S,—1]e]).

The class [L,_1] € H>(U*,S,,_1) determines a Poisson deformation (X,_1)’
of X,,_1 over T,,_1]e]. Assume that X,, satisfies the condition
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(*)n : [Xn] € PD(Sy) is sent to [(X,—1)"] € PD(Snh-1]€]).

Note that X; actually has this property. We shall construct X, 4; in such
a way that X,y satisfies (%),4+1. Look at the commutative diagram:

PD(S,41) —— PD(S,)

my ! !

PD(S,ld) —— PD(S,-1[d x5, , 51)
Note that we have an element
(X, — X1 — (Xn-1)")] € PD(S,—1]€] x5, , Sn).
Identifying HP?(U,,/T,,) with H?(U",S,,), [L,] is sent to [L,_1] by the map
HP*(U,,/T,) — HP*(U,,_1/T_1).
Now, by Proposition 13,(1), we get a lifting [(X,,)'] € PD(S,[¢]) of

(X — Xno1 — (Xn_1)")] € PD(Sn_1]e] xs,_, Sn)

n—1

corresponding to [L,]. By the standard argument used in T'-lifting principle
(cf. proof of Corollary 15, (2)), one can find a Poisson deformation X, i,
such that [X,,11] € PD(Sp+1) is sent to [(X,,)'] € PD(S,le]) in the diagram
above. Moreover, since PD is pro-representable, such [X,,41] is unique. By the
construction, X, 11 satisfies (),,+1. This construction do not need the sequence
of line bundles L, on (X,)*; we only need the sequence of line bundles on
(U,)%". For example, if we are given a line bundle L° on U%". Then, since
H (U, Opan) = 0 for i = 1,2, we have a unique extension L% € Pic((U,,)*").
By using this, one can construct a formal deformation of X.

Definition. (1) When L € Pic(X*"), we call the formal deformation
{ X, }n>1 the twistor deformation of X associated with L.

(2) More generally, for L € Pic(U"), we call, the formal deformation
{X,}n>1 similarly constructed, the quasi-twistor deformation of X associated
with L°. When L extends to a line bundle L on X", the corresponding quasi-
twistor deformation coincides with the twistor deformation associated with L.

We next define the Kodaira-Spencer class of the formal deformation {X,}.
As before, we denote by U, the locus of X,, where f, : X,, — T, is smooth.
We put f2 := fn|u,. The extension class 6,, € H'(U,Oy, 7, ,) of the exact
sequence
0= (f)" 1, ,c — U, /c — W,yr, — 0
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is the Kodaira Spencer class for f, : X,, — T;,. Here note that Q%p =~ Orp . dt.

n—1

Lemma 16. Let {X,} be the twistor deformation of X associated with
L € Pic(X). Write L, € Pic(X2") for the extension of L to X,. Let
wy € F(Un,QQUn/Tn) be the symplectic form defined by the Poisson T, -scheme
X,,. Then
1(On11)(wn) = [Ln] € Hl(U7 Qlljn/Tn)a

where the left hand side is the interior product.

Proof. 'We use the same notation in the definition of a twistor deforma-
tion. By the commutative diagram

(Xn)/ —— An4il

= |

T, [6] — dn41
we get the commutative diagram of exact sequences:

0 —— OUTLd/E — Q%Un)’/Tn‘Un —_— Qiljn/Tn — 0

i T y |

0 —— Oy, dt —— Qtljn+1/c|Un — Q,ljn/Tn — 0

The second exact sequence is the Kodaira-Spencer’s sequence where the
first term is (fo)*Q%FnH/C and the third term is QlUn’+1/Tw’+l|Un. Let n €
HY(U,0y, /1,) be the extension class of the first exact sequence. By the def-
inition of (X,)’, we have i(n)(w,) = [Ln]. On the other hand, the extension
class of the second exact sequence is 0, 1. Hence n = 6,,11. O

Let {X,} be the twistor deformation of X associated with L € Pic(X).
For each n, we put Y,, := Spec['(X,,,Ox,). Y, is an affine scheme over T,.
Since H(X,0x) =0, I'(X,,,0x,) — I'(X,,_1,Ox, _,) is surjective. Define

Yoo := Spec(limI'(X,,, Ox,,)).

Note that Y., is an affine variety over T, := SpecC][[t]]. Fix an ample line
bundle A on X. Since H!(X,0x) = H?(X,0Ox) = 0, A extends uniquely to
ample line bundles A, on X,. Then, by [EGA III, Théoréme (5.4.5)], there is
an algebraization X, of {X,} such that X, is a projective scheme over Y,
and X Xy, Y, 2 X, for all n. By [ibid, Theoreme 5.4.1], the algebraization
X~ is unique. We denote by g~ the projective morphism X, — Y.
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Theorem 17. Let X be a convex symplectic variety with terminal sin-
gularities. Let (X,{ , }) be the Poisson structure induced by the symplectic
form on the regular part. Assume that X" is Q-factorial *. Then any Poisson
deformation of (X, {, }) is locally trivial as a flat deformation (after forgetting
Poisson structure).

Proof. Define a subfunctor
PDy; : (Art)c — (Set)

of PD by setting PD;;(S) to be the set of equivalence classes of Poisson defor-
mations of (X,{, }) over Spec(S) which are locally trivial as usual flat defor-
mations. One can check that PD;; has a pro-representable hull. Let X,, — T,
be an object of PDy;(S,,), where S,, := C[t]/(t"*!) and T,, := Spec(S,,). Write
Tx. s, for Hom/(Q s1,» Ox,,). By Proposition 13, we have a natural map
HP*(U,,/T,) — Ext* (2 /1, ,Ox,)-
Define T'(X,,/T,) to be the kernel of the composite
HP*(U,/T,) — Ext'(Q% 1. ,Ox,) — H*(Xn, Tx /7,)-

Let PDy (X, /Ty; T l€]) be the set of equivalence classes of Poisson deformations
of X,, over T,,[e] which are locally trivial as usual deformations. Here T),[e] :=
Spec(S,le]) and S,le] = C[t,€]/(t" 11, €2). Two Poisson deformations of X,
over T, [€] are equivalent if there is a Poisson T}, [€]-isomorphisms between them
which induces the identity of X,,. Then there is a one-to-one correspondence
between T'(X,,/T,,) and PDy(X,,/Tn; Tnle]).

Lemma 18. T(X,/T,) = HP*(U,/T,).

Proof. Since H(X, Ty r.) C HY(X “",T}qn /1), it suffices to prove
that HP?(U,,/T,,) — HO(X“”,T}%”/TH) is the zero map. In order to do this,
for p € 3(= Sing(X)), take a Stein open neighborhood X2"(p) of p € X,
and put U2"(p) := X"(p) N U2". We have to prove that H2(U",S,) —

H2(U2"(p), Sy) is the zero map. In fact, on one hand,

HP?(U,,/T,) = H*(U"", S,)

4Since X is convex, there is a projective birational morphism f from X to an affine variety
Y. Take a reflexive sheaf F' on X" of rank 1. The direct image f2"™ F* of the dual sheaf
F* is a coherent sheaf on the Stein variety Y. Hence f2"F* has a non-zero global
section; in other words, there is an injection Oxan — F*. By taking its dual, F is
embedded in Oxan. Thus, F = O(—D) for an analytic effective divisor D. So, for any
reflexive sheaf F' of rank 1, the double dual sheaf (F®™)** becomes an invertible sheaf
for some m.
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by Lemma 12. On the other hand, H°(X2"(p), T)lcg"/Tn) =~ HY U™ (p), Ovan(p))
(cf. the proof of [Na, Lemma 1]). By the symplectic form w,, € T'(U,, Q?X”/T”),

Opan (p) is identified with Qflf;’;”(p)' Hence

HY (X3 (p): Txgnyz,,) = H (U™ (9) Qrgn()-

By these identifications, the map HP*(U,,/T,) — HO(Xﬁ”(p),T}(M/Tn) coin-
cides with the composite

H*(U™, S,) — H* (U (), Sn) — H' (U (p), Wran )
where the second map is induced by the spectral sequence

EP = HUUS (), Won,y) => HPHI(U, S,)

(for details, see the proof of [Na, Lemma 1]). Let us consider the commutative
diagram

Pic(X*) ®z S, —— Pic(U")®z S, —— H2U™,S,)

W 1 l

Pic(X " (p)) ®7 Sp —— Pic(U""(p)) @z S0 —— H2(U"(p), S)

Here the second map on the first row is an isomorphism because
HY (U™, Opan) = H*(U,Opan) = 0. Since Codim(X C X) > 3, any line
bundle on U%" extends to a coherent sheaf on X*". Thus, by the Q-factoriality
of X", the first map on the first row is surjective. If we take X" (p) small
enough, then Pic(X**(p)) = 0. Now, by the commutative diagram above, we
conclude that H2(U", S,,) — H2(U"(p), S,) is the zero map. This completes
the proof of Lemma 18. O

Let us return to the proof of Theorem 17. The functor PD has T'-lifting
property by Corollary 15. By Lemma 18, PDy; also has T-lifting property. Let
R and Rj; be the pro-representable hulls of PD and PDy; respectively. Then
these are both regular local C-algebra. There is a surjection R — R;; because
PDy; is a sub-functor of PD. By Lemma 18, the cotangent spaces of R and Ry
coincides. Hence R = Ry;. O

Theorem 19. Let X be a convex symplectic variety with terminal sin-
gularities. Let L be a (not necessarily ample) line bundle on X°™*. Then the
twistor deformation {X,} of X associated with L is locally trivial as a flat
deformation.
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Proof. Define U,, C X,, to be the locus where X,, — T, is smooth. We
put ¥ := Sing(X). For each point p € X, we take a Stein open neighborhood
p € Xpn(p) in (X,,)", and put U™ (p) := X, (p) NUL"™. Let L, € Pic(X,,) be
the (unique) extension of L to X,,. We shall show that [L,] € H*(U,S,,) is
sent to zero by the map

H* (U™, 8,) — H* (U (p), Sn)-

This is enough for us to prove that the twistor deformation {X,} is locally
trivial. In fact, we have to show that the local Kodaira-Spencer class Hifﬁl(P) €
HY(U5™(p), Ouan(p)) is zero. By the same argument as Lemma 16, one can
show that

U051 (P) (W) = [Lnlvan ()] € HY (U™ (0), Ureny))-

Now let us consider the commutative diagram induced from the Hodge spectral
sequences:

HAU™,S,) ——  H'Up Q)

(15 | |
HQ(Uan(p)7 Sn) E— Hl(Ugn(p)7 Qlljﬁn/T”)

For the existence of the first horizontal map, we use Grothendieck’s theo-
rem [G] and the fact H*(U,,Op,) = 0 (i = 1,2) (cf. Lemma 12). Since X"
is Cohen-Macaulay and Codim(X C X) > 4, we have H* (U™ (p), Opan(p)) = 0
for i = 1,2, by the depth argument. This assures the existence of the second
horizontal map. The vertical map on the right-hand side is just the composite
of the maps

Hl(UmQ(lJn/Tn) - Hl(UﬁKQbm/Tn) - Hl(USn(p)7Q(1]“"(p)/Tn>'
If [L,] € H?(U%",S,,) is sent to zero by the map
H* (U™, 8y) — H* (U (p), Sn),

then, by the diagram, [Ly|yan ] = 0. Thus, the local Kodaira-Spencer class
0'o¢, (p) vanishes. Let us consider the same diagram in the proof of Theorem
17.

Pic(X") ®z S, ——— Pic(U")®z S, ——— H2U™,S,)

w l 1

Pic(X " (p)) ©7 Sy ——— Pic(U"(p)) ®z S, —— H2(U"(p), Sn)
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Since L,, is a line bundle of (X,)*" and Pic((X,)*") & Pic(X*"), [L,] €
H?(U,S,) comes from Pic(X"). If we take X%(p) small enough, then
Pic(X**(p)) = 0. Hence, by the commutative diagram, we see that [L,] €
H?(U,S,) is sent to zero by the map H*(U",S,) — H?(U*(p),S,). O

84. Symplectic Varieties with Good C*-actions

Let X be a convex symplectic variety with terminal singularities and, in
addition, with a C*-action. We put YV := Spec I'(X, Ox). Then the natural
morphism g : X — Y is a C*-equivariant morphism. We assume that Y
has a good C*-action with a unique fixed point 0 € Y. By definition, V :=
Y — Sing(Y) admits a symplectic 2-form w; hence it gives a Poisson structure
{, } on Y. We assume that this Poisson structure has a positive weight { > 0
with respect to the C*-action, that is,

deg{a, b} = deg(a) + deg(b) —{

for all homogeneous elements a,b € Oy. Now let us consider the Poisson defor-
mation functor PD(x 1) (cf. Section 3). By Theorem 14, it is pro-represented
by a certain complete regular local C-algebra R = lim R,, and a universal formal
Poisson deformation {X“"} of X over it.

Lemma 20. The C*-action on X naturally induces a C*-action on R
and { XUy,

Proof. Take an infinitesimal Poisson deformation (Xg,{ , }s;¢) of X
over S = Spec(A) with A/m = C. By definition, ¢ : Xg ®4 A/m = X is
an identification of the central fiber with X. Since X is a C*-variety, for
each A € C*, we get an isomorphism ¢, : X — X. By the assumption,
&3{, }=A{, }. Then (Xs,A\{, }s;¢x0t) gives another Poisson deformation
of X over S. This operation naturally gives a C*-action on R and {X,,}. O

We shall investigate the C*-action of R. In order to do that, take L €
HY (U™, O}0n) and consider the corresponding quasi-twistor deformation of
X. We define a C*-action on C[[t]] so that ¢ has weight /. This induces a
C*-action on each quotient ring S,, := C[t]/(¢t"*!). We put T, := Spec(S,,).

Lemma 21. Any quasi-twistor deformation {X,} of X has a C*-action
so that {X,,} — {T} is C*-equivariant.

Proof. Let R — CIJt]] be the surjection determined by our quasi-twistor
deformation. We shall prove this map is C*-equivariant. For A € C*, let
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A 2 T, — T, be the morphism induced by ¢t — A't. We shall lift C*-actions
of X, inductively. More explicitly, for each A\ € C*, we shall construct an
isomorphism ¢y, : X, — X,, in such a way that:

(1) the following diagram commutes

¢

X, —", X

o L
T, T,

(ii) (pan)™{s tn = /\l{ s Jn, and

(iii) the collection {¢xn}, A € C* gives a C*-action of X,,.

Suppose that it can be achieved. As in Lemma 20, let us fix an original
identification ¢ : X,, x7, Tp = X. Let h,, : R — S, and h)) : R — S,, be the
maps determined by (X,,,{, Yn;¢) and (X,,, \'{, }..; dx o) respectively. Let
A € C* act on Ry, as ¢y, : Ry, — Ry,. By definition, h,, 01y, = h)). Then the
existence of ¢, , implies that there is a commutative diagram

hn
R, —— 5,

(18) ¢>\,nl All

R, —I» S,

The construction of ¢ ,, goes as follows. We assume that ¢ ,—; already
exist. Let U,_1 C X, _1 be the locus where X,,_; — T,,_1 is smooth. Let
Wn_1 € F(Un—hQQUn,l/Tn,l) be the symplectic 2-form corresponding to the
Poisson structure { , },_1. By the assumption, X,,_ 1 — T,,_; is a C*-
equivariant morphism. The symplectic 2-form w,_1 has weight | with the
induced C*-action on U,_1. Let L,_1 € Pic(U?",) be the (unique) extension
of L € Pic(U*). By T*-lifting principle, the extension of X,,_; to X, is de-
termined by an element 6,, € H*(U,,—1,A' Oy, /1, ,), where A Oy, 7, is
the Lichnerowicz-Poisson complex defined in §2. The symplectic 2-form w,,_1
gives an identification (cf. §2):

H*(U,—1, NOu, . ir,_,) = H* (U1, Qgi,l/Tn,l)'

By definition of the twistor deformation, 8, is sent to [L,_1]. Since [L,_1]
and w,_1 have respectively weights 0 and [ for the C*-action, #,, should have
weight —[. This is what we want. O

Since any direction in H?(X?", Q) is realized in a suitable quasi-twistor
deformation, C* has only weight [ on the maximal ideal mpg of R. Thus, one
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can write R as Cl[ty,...,tn]], where ¢; are all eigen-elements with weight .
Let ) := Spec lim T'(X“miv, Oxuniv). The C*-action on {X2""} induces a C*-
action on . Let X — Y be the algebraization of { X"} over ). Since Y and
R are both positively weighted, Y is also positively weighted. The C*-action
of the formal scheme {X“**} induces a C*-action of X in such a way that
X — Y becomes C*-equivariant.

Lemma 22. There is a projective birational morphism of algebraic vari-
eties with C*-actions
X =Y

over Spec Clty, ..., t,;n] which is an algebraization ofPE' — ). Moreover, X and
Y admit natural Poisson structures over Spec Clty, ..., tm].

Proof. Let A be the completion of the coordinate ring of the affine scheme
Y at the origin. Then A becomes a complete local ring with a good C*-action.
The C*-equivariant projective morphism X — Y induces a C*-equivariant
projective morphism X, — Spec(A). By Lemma A.8, there is a C*-linearised
ample line bundle on Xy By Lemma A.2, there is a C-algebra R of finite
type such that R = A. Put Y := Spec(R). Since R is generated by eigen-
vectors (homogeneous elements) of C*-action, R contains ¢;. So R is a ring over
C[t1, ..., t;n]. By Proposition A.5, there is a C*-equivariant projective morphism
X — Y which algebraizes X4 — Spec(A). This automatically algebraizes X —
V. The complete local ring A admits a Poisson structure over Cl[[t1, ..., t,]]
induced by that of (), Oy). This Poisson structure induces a Poisson structure
of R over C[ty,...,t,,] because, if a,b € A are homogeneous, then {a,b} € A
is again homogeneous. The corresponding relative Poisson bi-vector © of Y
is non-degenerate on the smooth part. Hence it defines a relative symplectic
2-form on the smooth part of ). This relative symplectic 2-form is pulled back
to X and defines a relative Poisson structure of X. |

Let us fix an algebraic line bundle L on X. Since H'(X,0x) = 0 for
i = 1,2, there is a unique line bundle L € Pic(z’?) extending L. Let L4 €
Pic(z’%A) be the pull-back of L to X4. Since L is fixed by the C*-action of X,
L, is fixed by the C*-action of X4. By Lemma A.8, for some k > 0, (ﬁA)®k
is C*-linearized. By Proposition A.6, there is a C*-linearized line bundle on
X extending (ﬁ 4)®%. Thus, by replacing L by its suitable multiple, we may
assume that L extends to a line bundle on X. Let U be the regular part of X
and let [L] € H?(U", C) be the associated class with L|;;. Let us denote by
M the maximal ideal of Cl[ty,...,t,,] and identify (M/M?)* with H*(U"*, C).
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Then [L] can be written as a linear combination
a1ty + aoty + ... + amtr,
with the dual base {t}} of {t;}. Take a base change of
X — Spec Clty, ..., ts]

by the map
Spec C[t] — Spec Clty, ..., t,]

with ¢; = a;t. Then we have a 1-parameter deformation X% of X over T :=
Spec CJt]. As we have shown in Lemma 21, this deformation gives an al-
gebraization of the twistor deformation X — Spec C[[t]]. We put V¥ :=
Spec (XL, Ox1). Now let us consider the birational projective morphism

gr : X5 — Y-

over Spec C[t]. Let n € SpecC[t] be the generic point and let X and Y," be
the generic fibers. Then we get a birational projective morphism

. yL L
gy Xy = Y

Proposition 23 (Kaledin). Assume that X is smooth and L is ample.
Then gy, : X# — YnL s an isomorphism.

Proof. Denote by T(2 SpecC]t]) the base space of our algebraized twistor
deformation X%, Since T has a good C*-action, X’ is smooth over T.. The
line bundle L on X uniquely extends to a line bundle £ on X*. Moreover,
XL is a Poisson T-scheme extending the original Poisson scheme X; thus,
the symplectic 2-form w on X extends to a relative symplectic 2-form wp €
F(XL,QQXL/T). Let 07 € H' (XL, ©y1,7) be the extension class (Kodaira-
Spencer class) of the exact sequence

0— (fT)*Q%F/c — Q}YL/C — Qi(L/T — 0.

By Lemma 16, we see that, in Hl(,)(L7Q},(L/T)7 i(07)(wr) = [£]. We put
wy = wT\X#, 0, = 0T|X# and L, := L|x,. Then, in Hl(XnL,§2§(#/]€(17))7 we
have an equality:

i(6) (wy) = [Ly].

Since g, is a proper birational morphism, we only have to show that X, does
not contain a proper curve defined over k(n). Now let + : C — X, be a
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morphism from a proper regular curve C defined over k(n) to X,. We shall
prove that «(C) is a point. Let 0c € H(C, O¢/k(n)) be the Kodaira-Spencer
class for h : C' — Speck(n). In other words, f¢ is the extension class of the
exact sequence

0= h* Qe = ey = QWi = 0
Then, by the compatibility of Kodaira-Spencer classes, we have

i(00)(wy) = 7 (i(0n) (wn))-

The left hand side is zero because t*w, = 0. On the other hand, the right hand
side is ¢*[Ly)]. Since L is ample, L, is also ample. If ¢(C') is not a point, then
*[Ly] # 0, which is a contradiction. O

The following is a generalization of Proposition 23 to the singular case.

Proposition 24. Assume that X has only terminal singularities and
L € Pic(X).
(a) If L is ample, then g, : X# — YnL is an isomorphism.

(b) Let XT be another convex symplectic variety over Y with terminal
singularities and assume that L becomes the proper transform of an ample line
bundle Lt on X*t. Then g, is a small birational morphism; in other words,
codimExc(g,,) > 2.

Proof. (i) We shall use the same notation as the proof of Proposition 23.
We note that the Kodaira-Spencer class 67 € Ext! (QQL/T, Oy1) is contained in
H' (XY, 01 ,7) because the twistor deformation is locally trivial by Theorem
19. Let U C XT be the locus where X — T is smooth. Denote by U, the
generic fiber of Y — T. Let (07)° € H°(U, Oy 7) be the restriction of O
to U. The relative Poisson structure on X'* over T' gives an element (wr)? €
HOU, 2 /T). Note that, in general, (wr)? cannot extend to a global section of
Qi,L/T. Let [£]° € HY(U, Qi{/T) be the class corresponding to a restricted line
bundle Ly, Then, (07)°, (wr)? and [£]° defines respectively the classes

0 € H Uy, O, /1)

wy € H(Un, 0, 1)

and
[Ly)° € H' (Up, 5, ji))-
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We then have
i(0) (wy) = [Ly]".

(ii) (Construction of a good resolution): We shall construct a good equiv-
ariant resolution of X*. In order to do that, first take an equivariant resolution
T : X — X of X, that is, (m9).05 = Ox. Here Ox := Hom(Q%,Ox). By
Theorem 19, our twistor deformation gives us a sequence of locally trivial formal

deformations of X:
X—-Xi—..—-X,—..

We shall construct resolutions 7, : X,, — Xp inductively so that there is an
affine open cover X,, = U;crU,; such that (m,) " (U,;) =& (m0) " (U) x7 Tn-
Note t}iat, if thif could be done, then (7,,).0% 7 = Ox, /1, Mo~reover7 if
we let 0, € H'(X,,_1, @5(7171/%71) be the Kodaira-Spencer class of X,, — T,,,
then 6, coincides with the Kodaira-Spencer class 6, € HY (X, _1, Ox, 1 /Th_1)
of X,, — T, because 6,, is mapped to zero by the map

HY(X,_1, Ox. . 1,) H°(X,,R! (Tn-1)O%, /1 ,)-

Now assume that we are given such a resolution 7, : X, — X,. Take the
affine open cover {U, ;}icr of X,, as above. We put U, ; := (m,) "' (U, ;). For
i,j € I, there is an identification U, ;

U;; = Unjlu,, determined by X,,. For
each ¢ € I, let U, ; and U,, ; be trivial deformations of U, ; and U, ; over T;,41

respectively. For each ¢, j € I, take a T),41-isomorphism

ji *Un.ilu,;, — Unjlu,

such that gji‘Tn = id. Then
hijk == Gij © Gjk © Gri

gives an automorphism of U, ;|u

e over Ty such that hyjg|r, = id. Since

™ ¢ Xn — X, is an equivariant resolution, g;; extends uniquely to
?]ij : Z/?n,i|Ui_7‘ = L?nvj|Uij .
One can consider {h;;;} as a 2-cocycle of the Cech cohomology of ©x; hence
it gives an element ob € H?(X,0x). But, since X,, extends to X, 1, ob = 0.
Therefore, by modifying g;; to g;; suitably, one can get
9ij © Gik © Gy = id-
Then

~/ ~/ ~/ .
9i5 © 95k © Gki = id.
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Now X,, also extends to Xn+1 and the following diagram commutes:

Xn — Xn-i—l

w I

Xn - Xn+1

By Théoréme (5.4.5) of [EGA III], one has an algebraization X2 — Y.
of {Xn — Y, }. Moreover, the morphism {7, : X, — X, } induces 7o : Xé:o —
XL . By the construction, the C*-action on XX lifts to )N(Cfo Then Xfo — Yo
is algebraized to a C*-equivariant projective morphism XL — YL in such a
way that it factors through X'”.

(iii) Let 7 : XX — XT be the equivariant resolution constructed in (ii).
Let us denote by Xn the generic fiber of XX — T. This resolution gives an
equivariant resolution m, : Xn — X,. In particular, (Wn)*@;(/k(n) = Ox, /k(n)-
Let 0, € H'(X,), @ffn/k(n)) be the Kodaira-Spencer class for X, — Speck(n).

Then the Kodaira-Spencer class 6, € H'(X,), Ox, /x(n)) for X, coincides with 0,
by the natural injection H(X,), Ox, /i) — H(Xy, O, /i)~ Let iy 1 Uy —

~

X, be the embedding of the regular part. Since (iy).QF; /4, = (ﬂ'n)*Q?{”/k(n),
by [F1], w9 extends to

Wy S F(Xna (Wn)*Q?(n/k(n))'

(iv) We have a pairing map:

HO(Xy, (). x Hl(Xna(Wn)*eXn/k(n)) — HY(X,, () Q% ).

E )
X /() X /)

Denote by i(6,)(wy) the image of (wy,, §,,) by this pairing map. By pulling back

L, by m,, one can define a class [L,] € H' (X, (m,).Q%

Xk (17))' Let us consider

the exact sequence

H%:(Xm(ﬂ'n)*g ) — Hl(Xn’(ﬂ'n)*Ql

/i) = H (Uns Q0 i),

1
X, /k(n) Uy /k(n)

where ¥ := X, \ U,. Since (m,).Q

1 ~ (i 1 o
Xy/k(m) — (Z”)*QUn/k(n) by [Fl], it is a
reflexive sheaf. A reflexive sheaf on X,

n is locally written as the kernel of a
homomorphism from a free sheaf to a torsion free sheaf. Since X, is Cohen-

Macaulay and Codim(X C Xj;) > 2, we have Hy(X,, (1,).Q% /k(n)) =0. We
n

already know in (i) that [L,]® = i(6))(wy) in H(U,, Qlljn/k(n)). Therefore, by

the exact sequence, we see that

[Ln} = i(0) (wy).
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(v) Consider the pairing map

HY (X, 0% i) % H' Xy O i) = H' (X Q3 )-

By the construction of Xn, the Kodaira-Spencer class én of )~(,, — Speck(n)
coincides with the Kodaira-Spencer class 6,,. Hence (w,, ,) is sent to (,)*[L,]
by the pairing map.

Now we shall prove (a). For a proper regular curve C defined over k(n),
assume that there is a k(n)-morphism ¢ : C' — X,. We shall prove that (m,) o

1(C) is a point. By the compatibility of the Kodaira-Spencer classes, we have

i(0c) (" wy) = ¢ (i(wn) (0))-

The left hand side is zero because t*w, = 0. The right hand side is ¢*(m,)*[L,]
as we just remarked above. If m, o «(C) is not a point, then this is not zero
because L, is ample; but this is a contradiction.

Next we shall prove (b). We shall derive a contradiction assuming that
gr + X1 — YT is a divisorial birational contraction. We put € := Exc(gr).
By the assumption, there is another convex symplectic variety X over Y,
and X and X are isomorphic in codimension one over Y. Let F C X (resp.
F* C X7T) be the locus where the birational map X — — — X is not an
isomorphism. Then codim(F C X) > 2. We shall prove that (L,C) > 0 for
any proper irreducible curve C' which is not contained in F. Let C be such
a curve. Take a common resolution s : Z — X and put : Z — XT. We
may assume that Exc(u) is a union of irreducible divisors, say {E;}. Since X
and X are isomorphic in codimension one, Exc(u) = Exc(p). On can write
(pt)*LT = p*L — Xa,;E; with non-negative integers a,. In fact, if a; < 0 for
some j, then E; should be a fixed component of the linear system |(u™*)*LT|;
but this is a contradiction since L™ is (very) ample. One can find a proper curve
D on Z such that u(D) = C and such that C* := p* (D) is an irreducible curve
on X*. (i.e. uT(D) is not reduced to a point.) Note that D is not contained
in any F;. Then

(L,C) = (u*L,D) = ((u")*L* + Sa;E;, D) > 0.

Let us consider all effective 1-cycles on X which are contracted to points by g
and are obtained as the limit of effective 1-cycles on X,’;J. Since £ has codimen-
sion 1 in X%, one can find such an effective 1-cycle whose support intersects F
at most in finite points. In other words, there is a flat family C — T of proper
curves in XY /T in such a way that any irreducible component of Cy := CN X is
not contained in F'. Let C_',, be the generic fiber of C — T'. Take a regular proper
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curve C' over k(n) and a k(n)-morphism ¢ : C — X, so that 7, o 1(C) = C,,.
By the definition of C, (L,, C,) > 0. Now one can get a contradiction by using
this curve C in the similar way to (a). O

Corollary 25. LetY be an affine symplectic variety with a good C*-
action and assume that the Poisson structure of Y is positively weighted. Let

xLtylx
be a diagram such that,
1. f (vesp. f’) is a crepant, birational, projective morphism.
2. X (resp. X') has only terminal singularities.
3. X (resp. X') is Q-factorial.

Then both X and X' have locally trivial deformations to an affine variety Y;
obtained as a Poisson deformation of Y. In particular, X and X' have the
same kind of singularities.

Proof. (i) By Step 1 of the proof of Proposition A.7, the C*-action of
Y lifts to X and X’. So we are in the situation of section 4. Since Y is a
symplectic variety, outside certain locus at least of codimension 4 (say X), its
singularity is locally isomorphic to the product (C"~2,0) x (S, 0) (as an analytic
space). Here (.9, 0) is the germ of a rational double point singularity of a surface
(cf. [Ka2]). We put V :=Y — . Since f and f’ are both (unique) minimal
resolutions of rational double points over V, f=3(V) = (f)~1(V).

(ii) Fix an ample line bundle L of X and let {X,,} be the twistor deforma-
tion associated with L. This induces a formal deformation {Y,,} of Y. Let L'
be the proper transform of L by X — — — X’. Since X’ is Q-factorial, we may
assume that L’ is a line bundle of X’.5 Let {X/} be the twistor deformation
of X’ associated with L’. This induces a formal deformation {Y;/} of Y.

Lemma 26. The formal deformation {Y,} coincides with {Y,}.

Proof. The formal deformation {X,} of X induces a formal deforma-
tion of W := f~1(V), say {W,}. The deformation induces a formal defor-
mation {V,,} of V by V,, := Specl'(W,,, Ow., ) because R'(f|w).Ow = 0 and

5The twistor deformation associated with L and the one associated with L®™ are es-
sentially the same. The latter one is obtained from the first one just by changing the
parameters t by mt.
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(flw)«Ow = Oy (cf. [Wa]). Since V =Y — % with codim(X C Y) > 4, the
formal deformation {V,,} of V extends uniquely to that of Y (cf. Proposition
13, (1)). This extended deformation is nothing but {Y,,}. On the other hand,
the formal deformation {X/} of X’ induces a formal deformation of W' :=
(fH)~YV), say {W/}. As remarked in (i), W = W’. Moreover, by Corollary
10, the Poisson deformations of W (resp. W) are controlled by the cohomology
H2(W C) (resp. H?((W')%" C)) because H'(Ow) = 0 for i = 1,2 (resp.
Hi(Ow) =0 for i = 1,2). Since L’ is the proper transform of L, [L|y] is sent
to [L'|w-] by the natural identification H2(W?* C) = H?*(W'*" C). This im-
plies that {W;} and {W{} coincide. By the construction of {X,,} (resp. {X/}),
L (resp. L') extends uniquely to L, (resp. L.). Then [Li|w] € H*(W S;)
is sent to [L}|w/] € H?(((W’)*", S;), which implies that W5 and W'y coincide.
By the similar inductive process, one concludes that {W,,} and {W,,} coincide.
The formal deformation {W,} of W’ induces a formal deformation {V,'} of V,
which coincides with {V,,}. So the extended deformation {Y} also coincides
with {Y,,}.

(iii) Let
XL — y — (X,)L

be the algebraizations of

{Xn} = {¥n} — {X0,}

over T. Let n € T be the generic point. Then, by Proposition 24, (a), X} = Y}l

Since X is Q-factorial, we have:

Lemma 27. XnL 1s also Q-factorial.

Proof. Let D be a Weil divisor of XnL. One can extend D to a Weil
divisor D of X by taking its closure. The restriction of D to X defines a Weil
divisor D|x. Note that the support of D|x is D N X and the multiplicity on
each irreducible component is well determined because D is a Cartier divisor
at a regular point of X. Let m > 0 be an integer such that m(D|x) is a
Cartier divisor. Let O(mD) be the reflexive sheaf associated with mD and
let O(mD|x) be the line bundle associated with mD|x. By [K-M, Lemma
(12.1.8)],

O(mD) ®o,r Ox = O(mD|X)

In particular, O(mD) is a line bundle around X. Therefore, mD is a Cartier
divisor on some Zariski open neighborhood of X C X’. Let Z be the non-
Cartier locus of mD. Since O(mD) is fixed by the C*-action on X'*, Z is stable
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under the C*-action. Since fr : X — ) is a projective morphism, f7(Z) is a
closed subset of Y. Since Y N fr(Z) = 0 and Y has a good C*-action, fr(2)
should be empty; hence Z should be also empty. 1

Since X and X’ are both crepant partial resolutions (with terminal sin-
gularities) of Y, they are isomorphic in codimension one. Now one can apply
Proposition 24, (b) to the twistor deformation {X/} of X’. Then we conclude
that (X’),L,/ — Y, is a small birational projective morphism. On the other
hand, Y, (= X]) is Q-factorial by Lemma 27. These imply that (X')} = Y,.
By Theorem 19, X — T and (X’ )L/ — T are locally trivial deformations of
X and X' respectively. O

Corollary 28. LetY be an affine symplectic variety with a good C*-
action. Assume that the Poisson structure of Y is positively weighted, and
Y has only terminal singularities. Let f : X — Y be a crepant, birational,
projective morphism such that X has only terminal singularities and such that
X is Q-factorial. Then the following are equivalent.

(a) X is non-singular.
(b) Y is smoothable by a Poisson deformation.

Proof. First of all, the C*-action of Y lifts to X by Step 1 of the proof of
Proposition A.7. Secondly, by Corollary A.10, X" is Q-factorial. We regard
X and Y as Poisson schemes. The Poisson deformation functors PDx and
PDy have pro-representable hulls Rx and Ry respectively (Theorem 14). We
put U := (X)reg and V := Y, 4. Then, by Lemma 12, HP*(U) = H*(U**, C)
and HP?(V) = H?(V°" C). Note that, by Proposition 13, they coincide with
PDx(CJe]) and PDy (Cle]), respectively. By the proof of [Na, Proposition 2],
we see that

(¥) : H*(U*™,C) = H*(V*",C).

Let [ > 0 be the weight of Poisson structure on Y. Then one can get universal
C*-equivariant Poisson deformations X and ) over the same affine base B :=
Spec C[t1, ..., ty], where m = h?(U", C) and each t; has weight [. By Theorem
17 X — B is a locally trivial deformations of X. The birational projective
morphism f induces a birational projective B-morphism

fB: X —=).

Let 1 be the generic point of B. Take the generic fibers over . Then we have

x, 1y,
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Every twistor deformation of X associated with an ample line bundle L deter-
mines a (non-closed) point ¢;, € B. By Proposition 24, f¢, is an isomorphism.
This implies that f,, is an isomorphism. Therefore, ), is regular if and only if
X is non-singular. O

85. General Cases

Let X be a convex symplectic variety with terminal singularities. Let {X,,}
be a twistor deformation for L € Pic(X). We put Y;, := Specl'(X,,, Ox, ) and
YL := SpeclimI'(X,,Ox,). Asin §3, {X,} is algebraized to g, : XL — YL
over T, where T, := Spec CJ[t]]. We do not know, however, as in §3, that
{X,,} can be algebraized to gr : XL — YL over T := Spec C[t]. Let 1. €
Spec C[[t] be the generic point and let g, : XL — Yan be the morphism

Moo
between the generic fibers induced by goo.

Proposition 29. (a) If L is ample, then g, : X} — Y is an iso-

morphism.

(b) Let X be another convex symplectic variety over Y with terminal
singularities and assume that L becomes the proper transform of an ample line
bundle Lt on Xt. Then g, is a small birational morphism; in other words,
codimExc(g,_ ) > 2.

Proof. The idea of the proof is the same as Proposition 24. But we
need more delicate argument because neither XZ or Y. is of finite type over
Tw. First of all, we should replace the usual differential sheaves ' LT
(i>1), Q}(OLQ/C’ and QlToo/c respectively by Qé{i/Tm’ Qﬁ(é/c, and QlToo/c.
Here Q’X LT is a coherent sheaf on X,fm determined as the limit of the formal
sheaves {Q’Xn /Tn}’ Q}X L/c is a coherent sheaf on X determined as the limit

of {Q}X,LH sclx, } and Qtl[go /c s a coherent sheaf on Tis determined as the limit
of {Q,

n

+1/C|Tn}' Now the Kodaira-Spencer class 01 € Extl(QkL /T ,Ox1)
for XL — T, is the extension class of the exact sequence

Then, as in Proposition 24, we can construct a good resolution 7, : X g‘o — X é:o
of X é:o Let E be the exceptional locus of go,. Assume that foo(Eo) contains
a generic point 7 € To. By cutting Fo by goo-very ample divisors and by
the pull-back of suitable divisors on Y,,, we can find an integral subscheme
Co C XE of dimension 2 such that goo(Cs) — Ts is a finite surjective
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morphism. Note that Co, — T is a flat projective morphism with fiber
dimension 1. Take a desingularization Co, — Cs which factors through X L.
We put C), := Cx X1 Ty, and C,_ = Cx X7 Spec k(o). Then C,_ is
a proper regular curve over k(7). Moreover, one can define Qlcm /c 88 the
limit of the formal sheaf {Q¢, sc}- Then, the Kodaira-Spencer class ¢, for
Ch.. — Spec k(1) is well-defined as an element of H'(Cy,Oc, /k(.))-
Then, the final argument in the proof of Proposition 24 is valid in our case. [

The same argument of Proposition 25 now yields:
Corollary 30. LetY be an affine symplectic variety. Let
xtylx

be a diagram such that,

1. f (vesp. f’) is a crepant, birational, projective morphism.

2. X (resp. X') has only terminal singularities.

3. X (resp. X') is Q-factorial.

Then, there is a flat deformation

X = Yoo «— X!)o

over T, := SpecC|[t]] of the original diagram X — Y «— X' such that
(1)) Xoo — Too and X, — T are both locally trivial deformations, and
(ii) the generic fibers are all isomorphic:

X, =Y, =X,
for the generic point n € T.

In Corollary 30, X, (res. X) is not of finite type over k(n). So, at this
moment, it is not clear how the singularities of X are related to those of X’.
However, one can say more when X is smooth:

Corollary 31. With the same assumption as Corollary 30, if X is non-
singular, then X' is also non-singular.

Proof. Since X is non-singular, X, is formally smooth over C. Since
X, =Y, Yy is formally smooth over C outside Y. By [Ar 2, Theorem 3.9]
(see also [Hi], [Ri], [Ka 3]), for each closed point p € Y, there is an etale map
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Zso — Yo whose image contains p € Y, and Z,, — T is algebraized to
Z — T. Here T = Spec CJ[t]. The completion Z of Z along the closed fiber
coincides with Z.. The diagram

Xoo — Yoo — X<,>o
is pulled back by the map Z,, — Y to
Xoo Xy, Zoo — Zoo — X!)o XYoo Zoo-

Take generic fibers of this diagram over T.,. Then three generic fibers are
all isomorphic. Hence, the formal completion of the diagram along the closed
fibers (over 0 € T,,) gives two “formal modifications” in the sense of [Ar 3.
By [Ar 3], there exists a diagram of algebraic spaces of finite type over C:

X —Z—X

which extends such formal modifications. Take the closed fibers of this diagram
over 0 € T. Then X} is non-singular since Xj is etale over X. On the other
hand, Xy and A} both have locally trivial deformations to a common affine
variety Z; (¢ # 0) by the diagram. Therefore, X is non-singular. Since X
is etale over X’ and the image of this etale map contains (f’)~!(p) by the
construction, X’ is non-singular at every point ¢ € X’ with f/(¢) = p. Since
p € Y is an arbitrary closed point, X’ is non-singular. O

§6. Examples

Example 32. Assume that O, C sl(n) is the orbit containing an nilpo-
tent element x of Jordan type d := [dy, ..., dg]. Let [s1, ..., $;n] be the dual parti-
tion of d, that is, s, :== #{j;d; > i}. Let P C SL(n) be the parabolic subgroup
of flag type (s1, ..., $m). Define F := SL(n)/P. Note that h'(F,Q}) =m — 1.
Let

1 C CTmo1 CC"®¢c OF

be the universal subbundles on F'. A point of the cotangent bundle T*F' of F
is expressed as a pair (p,¢) of p € F and ¢ € End(C"™) such that

¢(C") C T (p), -+, ¢(72(p)) € 11(p), (72 (p)) = 0.

The Springer resolution
s:T"F — O,
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is defined as s((p,¢)) := ¢. Therefore, T*F is a smooth convex symplectic
variety. Let £ be the universal extension of Op by QL. In other words, £ fits
in the exact sequence

O—>Q}¢—>51>(9?71—>0,

and the induced map H°(F,O%n~') — H'(F,QL) is an isomorphism. The
locally free sheaf £ can be constructed as follows. For p € F,;, we can choose a
basis of C™ such that Q}(p) consists of the matrices of the following form

0 - *
0 0--- =
0 O0-- 0

Then &(p) is the vector subspace of sl(n) consisting of the matrices A of
the following form

ai *oee *
0 ag -+ *
K
0 0-- an
where a; := a;l;, and I, is the identity matrix of the size s; x s;. Since

A € sl(n), ¥;s;a; = 0. Here we define the map n(p) : £(p) — CP"~1 as
n(p)(A) := (a1,az2, - ,am—1). Let A(E*) := SpecpSym (£*) be the vector
bundle over F' associated with £. Then we have an exact sequence of vector
bundles

0—-TF— AE*") - FxC" ! =0

The last homomorphism in the exact sequence gives a map
f:AE) —-Cm

where f~1(0) = T*F. This is a universal Poisson deformation of the Poisson
scheme T*F (with respect to the canonical symplectic 2-form). In fact, by
Proposition 1.4.14 of [C-G], there is a relative symplectic 2-form of f extending
the canonical symplectic 2-form on T*F'; hence f is a Poisson deformation.
Let p : T*F — F be the canonical projection. Then we have a commutative
diagram of exact sequences:

0 —— p*QL, —— p*E — pOpt —— 0

= | 1 1

0 —— Op<p —— OaE+)|lr*r —— Npep/a@Esy — 0
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Let T be the tangent space of the base space C™~ ! of f at 0 € C™~ L.
The Kodaira-Spencer map 8¢ of f is given as the composite

T — H°(T*F,Np«p/a(e+y) — H (T*F,O7-p).
On the other hand, if one identifies 7 with H°(F, O)? '), then one has a map
T=H(F,0% ") — HY(F,QF).
By the construction, the Kodaira-Spencer map is factored by this map:
T — HY(F, Q%) — H(T*F,O7-p).

The first map is an isomorphism by the definition of £. The second map is an
injection. In fact, let S C T™F be the zero section. Then Ng/p+p = Q4 and
the composite H!(F, QL) — H(T*F,Or-r) — H'(S,}) is an isomorphism.
Therefore, the Kodaira-Spencer map 6 is an injection. Since f is a Poisson
deformation of T F, the Kodaira-Spencer map 6y is factored by the “Poisson
Kodaira-Spencer map ” 9}3:

9P
T -5 H*(T*F,C) — HY(T*F, Q. ).
Hence 9]13 is also injective. Since dimT = h?(T*F,C) = m — 1, 9}3 is actually
an isomorphism.

More generally, let G be a complex simple Lie group and O be a nilpo-
tent orbit in g := Lie(G). Assume that the closure O of O admits a Springer
resolution u : T*(G/P) — O for some parabolic subgroup P C G. One can
identify T*(G/P) with the adjoint bundle G x* n(P), where n(P) is the nil-
radical of p := Lie(P). Let r(P) be the solvable radical of p and let m(P) be
the Levi-factor of p. We put &(P) := g™("), where

g™ ") = (€ g;[r,9] = 0,y € m(P)}.
In [Na 4, §7], we have defined a flat deformation of T*(G/P) as
G xP r(P) — ¢(P).

Then this becomes a universal Poisson deformation of T*(G/P).

Example 33. Let O be the nilpotent orbit in sl(3) of Jordan type [1,2].
Then the closure O has two different Springer resolutions

T*(SL(3)/P12) — O « T*(SL(3)/P2.1),
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where P; o and P,; are parabolic subgroups of SL(3) of flag type (1,2) and
(2,1) respectively. We put X := T*(SL(3)/Py2) and X~ := T*(SL(3)/Ps,1).
Then X+ and X~ are both isomorphic to the cotangent bundle of P2. We
call the diagram a Mukai flop. Let G C SL(3) be the finite group of order 3
generated by

o O

1
0
0 2

O oy O
Y

where ( is a primitive 3-rd root of unity. Then G acts on O by the adjoint action.
Since the Kostant-Kirillov 2-form on O is SL(3)-invariant, the G-action lifts to
symplectic actions on X+ and X~. Divide O, X+ and X~ by these G-action,
we get the diagram of a singular flop:

Xt/)G—-0/G— X /G.
Here X+ /G (resp. X~ /G) has 3 isolated quotient (terminal) singularities. This

is a typical example of Corollary 25.

87. Appendix

(A.1) Let Y := Spec R be an affine variety over C. A C*-action on Y is a
homomorphism C* — Autc(R) induced from a C-algebra homomorphism

R — R®c Clt, 1/t].
More exactly, a C-valued point of C* is regarded as a surjection of C-algebras:
o:C[t,1/t] - C.

Then
1dRo

R— R®cC[t,1/t] = R
is an element of Autc(R). If this correspondence gives a homomorphism C* —
Autc(R), we say that R (or V) has a C*-action. A C*-action on Y is called
good if there is a maximal ideal mpg of R fixed by the action and if C* has only
positive weight on mp. Next let us consider the case where Y is the spectrum
of a local complete C-algebra R with R/mpr = C. A C*-action on Y is then a
homomorphism C* — Autc(R) induced from a C-algebra homomorphism

R — R®cClt, 1/1],
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where R®cClt, 1/t] is the completion of R Clt, 1/t] with respect to the ideal
mpr(R ®c CJt,1/t]). Then the C*-action is called good if C* has only positive
weight on the maximal ideal of R.

Lemma (A.2). Let (A, m) be a complete local C-algebra with a good C*-
action. Assume that A/m = C. Let R be the C-vector subspace of A spanned
by all eigen-vectors in A. Then R is a finitely generated C-algebra with a good
C*-action. Moreover, R = A where R is the completion of R with the mazimal
ideal mp.

Proof. Since A/m* (k > 1) are finite dimensional C-vector spaces, they
are direct sum of eigen-spaces with non-negative weights:

A/mF = @, (A/mF)v.

The natural maps (A/mF)* — (A/m*~1)¥ are surjections for all k. Since
m/m? is also decomposed into the direct sum of eigen-spaces, one can take
eigen-vectors ¢;, (i = 1,2, ...,1) as a generator of m/m?. We put w; := wt(¢;) >
0. One can lift ¢; to ¢; € lim(A/mF)" by the surjections above. Since A is
complete, ¢, € A and wit(p;) = w;. Put wpmen = min{wy, ...,w;} > 0. We
shall prove that R = C[¢1, ..., #1]. Let » € A be an eigen-vector with weight
w. Take an integer ko such that ¢ € m*o and 1 ¢ m*o+L. Since every element

ko+1

of m*o /m can be written as a homogeneous polynomial of ¢ = (¢, ..., #;)

of degree kg, we see that

Y = fio (01, ..., 1) (mod mk‘)“)

for some homogeneous polynomial fj, of degree ky. We continue the similar
approximation by replacing ¢ with ¢ — fi,(¢). Finally, for any given k, we
have an approximation

¥ = fio () + ... + fr—1(0) (mod m").

Assume here that k > w/wp,. We set ¢ := g <i<k—1fi(¢). Assume that
W —) € m” and ¢ — ¢’ ¢ m"! with some r > k. Since ¥ — ¢’ has weight
w, [ — '] € m™/m" ! also has weight w. On the other hand, every non-zero
eigen-vector in m”/m"*! has weight at least rw,i,. Hence w > rwpy,, but
this contradicts that r > k > w/wyn. Therefore, ¥ = ¢’ mod m" for any r.
Thus,

V= fio(9) + - + fr—1(0).

This implies that R = Cl¢y,...,¢;]. Let mgp C R be the maximal ideal

generated by ¢;’s. Let Ry be the C-vector subspace of mF (C A) spanned
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by the eigen-vectors. The argument above shows that Rj = (mg)¥. Since
Ry = @y lim(m* /mF+H)"  we conclude that (mp)* = @, lim(mF/m*+1)v. We
now have

R/(mg)* = @y lim(A/m")" /| @, lim(m"* /mF v =
Do {lim(A/m?)® /lim(m* /m* 1)} = @, (A/mb)Y = A/mF.

Here the 2-nd last equality holds because {(m*/mF+%)*}, satisfies the Mittag-
Leffler condition. This implies that R=A. 1

(A.3) Let R be a integral domain finitely generated over C or a complete
local C-algebra with residue field C. Assume that R has a good C*-action. Let
M be a finite R-module. We say that M has an equivariant C*-action if, for
each o € C*, we are given a map

¢ M — M

with the following properties:
(1) ¢ is a C-linear map.
(2) ¢po(rz) = o(r)¢po(z) for r € R and x € M.
(3) ¢or = ¢y 0 ¢ for o, 7 € C*.
(4) ¢1 = id.

We say that a non-zero element x € M is an eigen-vector if there exists an
integer w such that ¢,(x) = oz for all o € G.

Let M and N be R-modules with equivariant C*-actions. Then an R-
homomorphism f : M — N is an equivariant map if f is compatible with both
C*-actions.

Lemma (A.4). Let A and R be the same as Lemma (A.2). Let M be a
finite A-module with an equivariant C*-action. Define Mg to be the C-vector
subspace of M spanned by the eigen-vectors of M. Then Mg is a finite R-
module with an equivariant C*-action. Moreover, Mr @p A = M.

Proof. The idea is the same as Lemma (A.2). The finite dimensional C-
vector space M /m*M is the direct sum of eigen-spaces. Thus, for each weight
w?

(M/m*M)" — (M/m*~'M)"®

is surjective. Let Z; (i = 1,...,7) be the eigen-vectors which generate M/mM.
We lift Z; to x; € M by the surjections above. Since M = M, z; are eigen-
vectors of M. We set u; := wt(x;) and upm;n := min{uy, ..., u, }. We shall prove
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that Mg is generated by {z;} as an R-module. Let y € M be an eigen-vector
with weight u. Take an integer ko such that y € m* M and y ¢ m*Fo+1M. Let
us consider the surjection

m* Jm*otl @ M/mM — m*o M /mFotia,

As in the proof of Lemma (A.2), every element of m*o /mko+l is written as a
homogeneous polynomial of ¢1, ..., ¢; of degree kg, where ¢; are certain eigen-
vectors contained in R. We put Wiy := min{wt(¢1), ..., wt(¢;)} > 0. On the
other hand, M/mM is spanned by z;’s. Thus,

y = Yri(¢)z; mod mFoH M,

where r; are homogeneous polynomials of degree kg such that wt(r;(¢))+u; = w.
We write g, for the right-hand side for short. Now, we have y— g, € m*+1 M.
By replacing y with y — gx,, we continue the similar approximation. Finally,
for any k, we have an approximation:

Y = ko + Ghot1 + - + gr_1 mod mF M.

By the construction, y — Xi,<i<k—19: i an eigen-vector with weight u. In
particular, [y— Yk, <i<k—19:] € mFM/m*+1 M has weight u. On the other hand,
every non-zero eigen-vector of mkM / mF+t1M has weight at least kwiin + Umin -
If we take k sufficiently large, then kwpin + Umin > u. This implies that
[y — Ek,<i<k—19:) = 0. Repeating the same, we conclude that, for any r > k,

Y = Lpy<i<k—19; mod m" M.

This implies that, in M,
Y = Dky<i<k—-1Yi-

Thus, Mg is generated by {z;} as an R-module. Let M} be the subspace
of M spanned by the eigen-vectors in m*M. Then the argument above shows
that My = (mgr)*Mp. Then, by the same argument as Lemma (A.2),
Mg/(mg)*Mgr = M/mFM; hence Mr ®p A = M. In order to prove that
Mg, has an equivariant C*-action, we have to check that ¢,(Mpg) C Mg for all
o € C* (cf. (A.3)); but it is straightforward. O

Proposition (A.5). Let A be a local complete C-algebra with residue
field C and with a good C*-action. Let f : X — Spec(A) be a C*-equivariant
projective morphism and let L be an f-ample, C*-linearized line bundle. Let
R be the same as Lemma (A.2). Then there is a C*-equivariant projective
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morphism fr: Xr — Spec(R) and a C*-linearized, fr-ample line bundle Lg,
such that Xr Xgpec(r) Spec(4) = X and Lr ®r A = L.

Proof. We put A; := I'(X,L®%) for i > 0. Then, X = Proj, ®;>0 A;.
If necessary, by taking a suitable multiple L®™, we may assume that A, :=
®i>04; is generated by A; as an Ag(= A)-algebra. By Lemma (A.4), we take
a finite R-module A; r such that A; p ®r A = A;. The multiplication map
A; ®a, Aj — Aiyj induces a map A; g ®r Aj r — Aiyj r; hence (A g =
®i>04; r becomes a graded R-algebra. We shall check that (A,)g is a finitely
generated R-algebra. In order to do this, we only have to prove that (Ag).
is generated by A; r as an R-algebra since A; g is a finite R-module. Let us
consider the n-multiplication map

n

Moy, © AI,R XR ... DR AI,R — An,R'

Let M be the cokernel of this map. Since m,, is a C*-equivariant map, M is
a finite R-module with an equivariant C*-action. Taking the tensor product
®prA with m,,, we get the n-multiplication map for A,; but this is surjective by
the assumption. Therefore, M:=M@pA=0. The support of M is a closed
subset of Spec(R), stable under the C*-action. Since M = 0, this closed subset
does not contain the origin 0 € R; hence it must be empty because R has a good
C*-action. Finally it is clear that (Ag). ® g A = A, by the construction. O

Proposition (A.6). Let f: X — Spec(A) and fr : Xr — Spec(R) be the
same as Lemma (A.5). Let F' be a coherent sheaf of X with a C*-linearization.
Then there is a C*-linearized coherent sheaf Fr of Xg such that FR®r A = F.

Proof. We put Ox (1) := (®;>04;)[1]. Then the coherent sheaf F' can be
written as

—_~—

F= @iZOP(—X7 F(Z))

Let us write M; for I'(X, F'(i)). By Lemma (A.4), there is a finite R-module
M; r such that M; p ®r A = M;. We define

Fr:=®i>0M; r.
We shall prove that (M,)g 1= ®;>oM; r is a finite (A,)g-module. There is an
integer ng such that, for any i > ng, and for any 7 > 0, the multiplication map

J

Ay XAy - D4, Ay ®A0Mi - MiJrj
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is surjective. For the same i, j, let us consider the R-linear map
J
ALR XRr ... DR ALR ®RMi,R - MH—j;R-

Let N be the cokernel of this map. Since this R-linear map is compatible with
the C*-action on R, N is a finite R-module with an equivariant C*-action. By
the choice of i and j, N := N ®p A is zero. This implies that N = 0. a

Proposition (A.7). LetY be an affine symplectic variety. Assume that
Y has a good C*-action with a fized point 0 € Y. Assume that, in the analytic
category, Y admits a crepant, projective, partial resolution f : X — Yo
such that X has only terminal singularities. Then, in the algebraic category, Y

admits a crepant, projective, partial resolution f : X — 'Y such that X% =X
and fo = f.

Proof. (STEP 1): We shall prove that the C*-action of Y*" lifts to X.
Since Y*" is symplectic, one can take a closed subset 3 of Y™ stable under
the C*-action and codim(¥ C Y*") > 4, such that the singularities of Y*" — X
are local trivial deformations of two dimensional rational double points. We
put Yy := Y% — 3. Since f is the minimal resolution over Yy, the C*-action on
Yy extends to Xy := f~(Yp). Note that, in X', X — X} has codimension at least
two by the semi-smallness of f ([Na 3]). The C*-action defines a holomorphic
map

o CF x Xy — A,

and this extends to a meromorphic map
0:C"xX—-———>X.

Let us prove that o, : X —— — X, which is an isomorphism in codimension one,
is actually an isomorphism everywhere for each t € C*. Let £ be an f-ample
line bundle on X. We put LY := (0°)*L]{13xx,- Since Pic(Xy) is discrete, L{
are all isomorphic to L|x,. Since L|x, extends to the line bundle £ on X,
(6%)*L extends to a line bundle on C* x X, say ¢*L by abuse of notation.
The line bundle £; := 0*L|{yxx coincides with the proper transform of £
by o;. Since Lo(= L) is f-ample and Pic(X/Y ") := Pic(X)/f*Pic(Y*") is
discrete, £; are all f-ample. This implies that o; are all isomorphisms and o is
a holomorphic map. One can check that o gives a C*-action because it already
becomes a C*-action on Aj.

(STEP 2): Let Y, be the n-th infinitesimal neighborhood of Y*" at 0,
which becomes an affine scheme with a unique point 0. We put &, := X Xyan
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Y2, By GAGA, there are projective schemes X,, over Y,, such that (X,,)*" =
X,. Fix an f-ample line bundle £ on X. Again by GAGA, it induces line
bundles L,, on X,,. The C*-action on X induces a C*-action on X, for each
n. This action induces an algebraic C*-action of X,,. In fact, the C*-action of
X originally comes from an algebraic C*-action on Y, the holomorphic action
map

C'xX—-X
extends to a meromorphic map
P'xX-——-—>X.
Thus, the holomorphic action map
C"x X, — X,
extends to a meromorphic map
P! x X, —— — X,.
Thus, by GAGA, we have a rational map
P'xX,-——X,

which restricts to an algebraic C*-action on X,,. Let us regard {X,,} and {Y,,}
as formal schemes and {f,, : X,, — Y,,} as a projective equivariant morphism of
formal schemes with C*-actions. Put A := lim Oy, o and Y := Spec(A). Then,
by [EGA III], Theoreme 5.4.5, the projective morphism of formal schemes can
be algebraized to a projective equivariant morphism of schemes

f:X—Y.

The affine scheme Y admits a C*-action coming from the original C*-action on
Y, which is compatible with the C*-action on {Y,,}. The C*-action on {X,}
naturally lifts to X in such a way that f becomes a C*-equivariant morphism.
In fact, let

o, :C"x X,, — X,

be the C*-action on X,,. Let us consider the morphism (of formal schemes):
idx {o,}: C* x {X,} - C" x {X,}.

Here we regard the first factor (resp. the second factor) as a C* x {Y;, }- formal
scheme by id X ({fn} o {on}) (resp. id x {f,}). Then the morphism above is
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a C* x {Y, }-morphism. By [ibid, Theoreme 5.4.1], this morphism of formal

schemes extends to a C*xY-morphism ©

C*'xX — C*x X,

where the first factor

resp. the second factor) is regarded as a C* xY -scheme
by idx f o & (resp. id

(
X f). The extended morphism gives a C*-action

C'xX - C*xX 2 x.

Moreover, {L,} is algebraized to an f-ample line bundle L on X ([ibid, The-
oreme 5.4.5]). Since £ is fixed by the C*-action on X, L is also fixed by the
C*-action on X.

Lemma (A.8). Let f : X =Y be a C*-equivariant projective morphism
where Y = Spec(A) with a complete local C-algebra A with A/m = C. Assume
that f*OX = Oy . Let L be an f—ample line bundle on X fixed by the C*-action.
Then L™ can be C*-linearized for some m > 0. Moreover, in this case, any
C*-fized line bundle M on X is C*-linearized after taking a suitable multiple
of M.

Proof. We only have to deal with an f—ample line bundle L. In fact, let
M be an arbitrary line bundle on X fixed by the C*-action. Then M ® Ler
becomes f—ample for a sufficiently large r. If we could prove the lemma for
f-ample line bundles, then M®™ @ L®™™ is C*-linearized. Since L®™™ is also
C*-linearized, M®™ is C*-linearized. We assume that L is f-very ample and
X is embedded into P 4(H°(X, L)) as a Y-scheme, where H°(X, L) is a free
A-module of finite rank, say n. Since C* acts on A, we regard C* as a subgroup
of the automorphism group of the C-algebra A. Let ¢ € C* and let M be an
A-module. Then a C-linear map ¢ : M — M is called a twisted A-linear map if
there exists o € C* and ¢(azx) = o(a)¢(x) for a € A and for € M. Now let us
consider the case M = H°(X, L), which is a free A-module of rank n. We define
G(n, A) to be the group of all twisted A-linear bijective maps from H(X, L)
onto itself. One can define a surjective homomorphisms G(mfl) — C* by
sending ¢ € G(n,A) to the associated twisting element o € C*. Note that
this homomorphism admits a canonical splitting ¢ : C* — G(n, A) defined by
(o) (@1, ey 2p) = (o(21), ..., 0(25)). There is an exact sequence

1 — GL(n, A) — G(n, A) — C* — 1.

6% means the formal product. Let B be the completion of A[t, 1/t] by the ideal mA[t, 1/t]
where m C A is the maximal ideal. Then C*xY = Spec(B). The scheme C*Xx X is
defined as the fiber product of C* x X — C* x ¥ and C*XY — C* x Y.
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Let us denote by A* the multiplicative group of units of A. One can embed
A* diagonally in GL(n, A), hence in G(n, A) Then A* is a normal subgroup
of G(n, A). The group PG(n, A) := G(n, A)/A* acts faithfully on H°(X, L) —
{O}/A*. On the other hand, define S(n,fl) to be the subgroup of G(n,fl)
generated by SL(n, A) and +(C*) There are two exact sequences

1 — SL(n,A) — S(n, A) — C* — 1,

and
1 — PGL(n,A) — PG(n,A) — C* — 1.

Since A is a complete local ring and its residue is an algebraically closed field
with characteristic 0, the canonical map SL(n, A) — PGL(n, /1) is a surjection;
hence the composed map S(n, A) — G(n, A) — PG(n, A) is surjective.

Let us start the proof. Note that HO(X, L) — {0} /A* is identified with the
space of Cartier divisors whose associated line bundle is L. Since L is fixed by
the C*-action, the C* action on X induces a C* action on H(X, L) — {0}/ A*.
This action gives a splitting

o : C* — PG(n, A)

of the exact sequence above. We want to lift the map a to S (mA) We put
H := ¢ (a(C*)), where ¢ : S(n,A) — PG(n, A) is the quotient map. Since
Ker(p) = un, H is an etale cover of C*. Now H acts on H°(X,L). Then
H naturally acts on the n-th symmetric product S"(H°(X, L)), where p, acts
trivially. Therefore, we get a C*-action on S"(H°(X,L)). This C*-action
induces a C*-linearization of OP(HO(X,ﬁ)(n)' Since L#" is the pull-back of this
line bundle by the C*-equivariant embedding X — P(H°(X, L)), L®" has a
C*-linearization. O

By the lemma above, L™ is C*-linearized for some m > 0. Now one can
write
X = PrOjA Dr>0 f*£®nm7

where each f*ﬁ@)"m is an A-module with C*-action. Since Y has a good C*-
action, there exists a projective C*-equivariant morphism f : X — Y such that
X xy Y = X by Proposition (A.5).

(STEP 3): We shall finally show that X" = X and f*" = f. The formal
neighborhoods of X" and X along f~!(0) are the same. By [Ar], the bimero-
morphic map X*" — — — X is an isomorphism over a small open neighborhood



312 Y OSHINORI NAMIKAWA

U of 0 € Y%, But, since Y*" has a good C*-action and this action lifts to both
X% and X, the bimeromorphic map must be an isomorphism over Y. [

Proposition (A.9). Let Y = Spec(A) be an affine variety with a good
C*-action and let f : X — Y be a birational projective morphism with X
normal. Assume that Y has only rational singularities, and X is Q-factorial.
Then X" is Q-factorial.

Proof. Let g : Z — Y be a C*-equivariant projective resolution. Let
0 € Y be the fixed origin of the C*-action and let ¥ := Spec(A) where A is
the completion of A at 0. We put 7 = Z xy Y and denote by g : Z =Y
the induced morphism. Since Y has only rational singularities, Pic(Z*") =
H?(Z" Z), which is discrete. Hence every element £ € Pic(Z") is fixed
by the C*-action. Take an arbitrary line bundle £. We shall prove that, for
some m > 0, L®™ comes from an algebraic line bundle. As in the proof of
Proposition 26, £ defines a line bundle L on X. By Lemma (A.8), L®™ is C*-
linearized for some m. By Proposition (A.6), L®™ extends to a C*-linearized
line bundle M on Z. By the construction, there is an open neighborhood
U of 0 € Y such that M |(gan)-1) = LO™|(gan)-1(1). Since Y has a
good C*-action, one can assume that H2(Z", Z) = H?*((¢*")~1(U),Z); this
implies that Pic(Z") = Pic((¢*")~}(U)). Thus, M = L™  Let us take a
common resolution of Z and X: hy : W — Z and hy : W — X. Let D be
an irreducible (analytic) Weil divisor of X*". Take an irreducible component
D’ of (hg")~1(D) such that (h§")(D’) = D. We put D := (h¢")(D’). We first
assume that D is a divisor of Z%". Then the line bundle Oz (rD) becomes
algebraic for some r > 0. Hence Owean(rD’) is algebraic. Finally, the direct
image (h§").Owan (rD’) is algebraic, and its double dual is also algebraic. Thus
we conclude that Oxan(rD) is an algebraic reflexive sheaf of rank 1. We next
assume that D is not a divisor. Then D’ is an exceptional divisor of h;. In this
case, Owan(D’) is algebraic, and the same argument as the first case shows
that Oxan (D) is algebraic. O

Corollary (A.10). LetY be an affine symplectic variety with a good C*-
action. Then the following hold.

(i) If f : X =Y is a Q-factorial terminalization, then X" is Q-factorial
as an analytic space.

() If f : X — Y is a Q-factorial terminalization as an analytic space,
then there is a projective birational morphism f : X — Y such that X" = X
and for = f.



[Ar 1]
[Ar 2]

[Ar 3]
[C-G]

[EGA TII]

[De]
(]
[Fr 1]
[Fr 2]

[Ge-Sc]

c]
[G-K]
[Ca]
[Hi]
[Ka 1]
[Ka 2]

[Ka 3]
[K-M]

[K-V]

[Kaw]

[Na]
[Na 2]
[Na 3]

[Na 4]

[Na 5]
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