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§1. Introduction

This paper is written to dedicate to Professor Hironaka for his outstanding
contributions to mathematics, especially in algebraic geometry. His leadership
in Asia has inspired many generations of asian mathematicians. We wish many
young mathematicians will continue to follow his footsteps in this grand subject.

In this paper we describe some of our recent results in the asymptotic
analysis of various Kéahler metrics and their curvatures on the moduli spaces
of Riemann surfaces. These works will enable us to use differential geometric
techniques to study various algebraic geometric and topological problems about
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the moduli spaces. We believe that the new results here may give a new way
to study the intersection theory on various moduli spaces.

In his work [11], Mumford defined the goodness condition to study the cur-
rents of Chern forms defined by a singular Hermitian metric on a holomorphic
bundle over a quasi-projective manifold. The goodness condition is a growth
condition of the Hermitian metric near the compactification divisor of the base
manifold. The major property of a good metric is that the currents of its Chern
forms define the Chern classes of this bundle. For details, please see Section 2.

Except for the symmetric spaces discussed by Mumford in [11], several nat-
ural bundles over moduli spaces of Riemann surfaces give beautiful and useful
examples. In [20], Wolpert showed that the metric induced by the hyperbolic
metric on the twisted relative tangent bundle over the total space of moduli
space of hyperbolic Riemann surfaces is good. Later it was shown by Trapani
[16] that the metric induced by the Weil-Petersson metric on the determinant
line bundle of the logarithmic cotangent bundle of the Deligne-Mumford mod-
uli space is good. In both cases, the bundles involved are line bundles in which
cases it is easier to estimate the connection and curvature. Other than these,
very few examples of natural good metrics are known.

The goodness of the Weil-Petersson metric has been a long standing open
problem. In this paper, we describe our solution of this problem. In fact we
will present proofs of the goodness of the metrics induced by the Weil-Petersson
metric, as well as the Ricci and perturbed Ricci metrics on the logarithmic
cotangent bundle over the compactified moduli space of Riemann surfaces (the
DM moduli spaces). These works depend on our very accurate estimates of the
asymptotic of the curvature and connection forms of these metrics in [6] and [7]
together with the estimates of derivatives of the hyperbolic metric on Riemann
surfaces. The computations and proofs are quite involved and very subtle. We
will also present our proof of the dual Nakano negativity of the Weil-Petersson
metric. In [13] Schumacher proved the strong negativity of the Weil-Petersson
metric in the sense of Siu. Dual Nakano negativity is stronger than the strong
negativity in the sense of Siu and several interesting consequences will follow.
For example the goodness, combining with the dual Nakano negativity of the
Weil-Petersson metric, gives rise to interesting geometric consequences such as
infinitesimal rigidity of the complex structure on the moduli spaces. We feel
that our results open a new way to study the intersection theory on the moduli
spaces by using differential geometric techniques, and also to apply index theory
to the study of the geometry and topology of the moduli spaces and Teichmiiller
spaces.
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Now we briefly describe the organization of this note. In Section 2 we
recall some known works on the geometry of moduli spaces which include the
degeneration of Riemann surfaces and hyperbolic metrics, the Ricci, perturbed
Ricci and Kéhler-Einstein metrics as well as their curvature properties, the
asymptotic of Weil-Petersson metric, the Ricci and perturbed Ricci metrics as
established in [6] and [7]. We also review Mumford’s definition of good metrics.

In Section 3 we describe the main ideas of proving the goodness of the Weil-
Petersson metric and in Section 4 we describe the proof of the dual Nakano
negativity of the Weil-Petersson metric. In Section 5 we apply these results
to derive the vanishing theorem about certain cohomology groups and the in-
finitesimal rigidity of the moduli spaces. Our definition of the L? cohomology
generalizes the usual one with trivial bundle coefficients. Here we have used
both the Weil-Petersson metric and the Ricci metric and their goodness.

Finally in Section 6 we present the goodness of the Ricci and the perturbed
Ricci metrics. We remark that our previous results about the asymptotic be-
havior of the Kahler-Einstein metrics on the moduli spaces already imply an
orbifold Chern number inequality for the logarithmic cotangent bundle which
should give new information about positive divisors on the DM moduli spaces.
In this paper, we will only give the main ideas and sketch the proofs of the
results presented. For details and precise estimates, we refer the reader to [8]
and [9].

We would like to thank professors H.-D. Cao, R. Schoen and E. Viehweg
for their help and encouragement.

§2. Background and Notation

In this section we review the necessary backgrounds and setup our nota-
tions. Most of the results can be found in [6], [7], [20] and [11].

Let Mg be the moduli space of Riemann surfaces of genus g with &
punctures such that 2g — 2 4+ k > 0. We know there is a unique hyperbolic
metric on such a Riemann surface. To simplify the computation, throughout
this paper, we will assume £ = 0 and g > 2 and work on M, . Most of the
results can be trivially generalized to Mg .

By the Riemann-Roch theorem, we know that the complex dimension of
the moduli space is n = dim¢ My = 3g — 3. Given a Riemann surface X of
genus g > 2, we denote by A the unique hyperbolic (Kéhler-Einstein) metric
on X. Let z be local holomorphic coordinate on X. We normalize A:

(2.1) 0,0zlog A = A
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Let (s1,---,sn) be local holomorphic coordinates on M, near a point
p and let X, be the corresponding Riemann surfaces. Let p : TaM, —
HY(X,, TX,) =2 H*(X,,TX,) be the Kodaira-Spencer map. Then the har-

monic representative of p (%) is given by

o\ . o
(2.2) p<88i)—ag(—>\ 8Si8510g)\)&®dz—Bz.

If we let a; = —A710,,0-log A and let A; = Oa;, then the harmonic lift v; of

8 .. .
757 1s given by

00
_881 alé)z'

(2.3) v

The well-known Weil-Petersson metric w,,, = @hﬁdsi A ds; on My is
defined to be

where dv = @)\dz A dZ is the volume form on X;. It was proved by Ahlfors
that the Ricci curvature of the Weil-Petersson metric is negative. The upper
bound of the Ricci curvature of the Weil-Petersson metric was conjectured by
Royden and was proved by Wolpert [18].

In our work [6] we defined the Ricci metric w;:

(2.5) wr = —Ric(wy,,)
and the perturbed Ricci metric ws:
(2.6) wr =w; +Cwyp

where C'is a positive constant. These new Kéahler metrics have good curvature
and asymptotic properties and play important roles in our study.

Now we describe the curvature formulae of these metrics. Please see [6]
and [7] for details. We denote by f; = A;A; where each A; is the harmonic
Beltrami differential corresponding to the local holomorphic vector field % It
is clear that f;; is a function on X. We let L] = —0,0z be the Laplace operator,
let T = (04 1)~! be the Green operator and let e;; = T(f;). The functions
e;;7 and f;z are building blocks of these curvature formulae.

The curvature formula of the Weil-Petersson metric was given by

(2.7) R =— /X (e + eifyy) dv.

s
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This formula was first established by Wolpert [18] and was generalized by Siu
[15] and Schumacher [14] to higher dimensions. A short proof can be found in
[6].

To describe the curvature formulae of the Ricci and perturbed Ricci met-
rics, we need to introduce several operators. We first define the operator
& 1 C™(X;) — C*(X;) by

(2.8) &(f) =0 (i(Br)Of) = —A"10.(Ar0- f) = — ALK Ko (f)

where Ky, K; are the Maass operators [18], [6].
It was proved in[6] that & is the commutator of the Laplace operator and
the Lie derivative in the direction wvy:

(29) (D + 1)’Uk — ’Uk(D + 1) = v — v = &.

We also need the commutator of the operator v;, and 7;. In [6] we defined the
operator Q7 : C*°(Xy) — C>(Xj) by

(2.10) Qui(f) = [0, &l(f) = Pleg) P(f) = 2f,q0f + X7 0: fi70=f

where P : C®(X) — T(AY9(T%1X,)) is the operator defined by P(f) =
0.(A10. ).

The terms appeared in the curvature formulae of the Ricci and perturbed
Ricci metrics are formally symmetric with respect to indices. For convenience,
we recall the symmetrization operator defined in [6].

Definition 2.1. Let U be any quantity which depends on indices i, k, c,
7,1, 3. The symmetrization operator o; is defined by taking the summation of
all orders of the triple (i, k, ). Similarly, o9 is the symmetrization operator of
7 and 8 and o7 is the symmetrization operator of 7, [ and f3.

Let Ez’iki and Pﬁki be the curvature tensors of the Ricci and perturbed
Ricci metrics respectively. In [6] we established the following curvature formulae
of these metrics:

_ poB {01 /X Qki(eﬁ)eaﬁ dv}
+ rPAReB o {01 /X fk(eiﬁ)eaﬁ dv} {51 /X El(ezﬂ)e'ﬁ) dv}

_pPa -
+ijh Riw
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and
(2.12)
Pgq=—h? {0102 /X {T(ﬁk(eﬁ))gz(eaa) + T(gk(eﬁ))gﬁ(eoj)} d’U}

_ haB {01/ Qkf(eﬁ)eag dv}
+ FPApB 0 {01/ Ek(eig)e €ap }{01/ &ile p] v5 }

+ T hquzqkl + CRZ]kl

It is easy to derive information of the sign of the curvature of the Weil-
Petersson metric from its curvature formula (2.7). However, the curvature
formulae of the Ricci and perturbed Ricci metrics are too complicated to use
directly. Thus we need to look at the asymptotic behavior of these metrics.
We now recall geometric construction of the DM moduli space which is due to
Earle-Marden and the degeneration of hyperbolic metrics. Please see [6] and
[18] for details.

Let M, be the Deligne-Mumford compactification of M, and let D =
My \ M,. It was shown in [2] that D is a divisor with only normal crossings.
A point y € D corresponds to a stable nodal surface X,. A point p € X, is a
node if there is a neighborhood of p which is isometric to the germ {(u,v) | uv =
0, |ul,|v| <1} € C2. Let p1,---,pm € X, be the nodes. X, is stable if each
connected component of X, \ {p1,---,pm} has negative Euler characteristic.

Fix a point y € D, we assume the corresponding Riemann surface X,
has m nodes. Now for any point s € M, lying in a neighborhood of y, the
corresponding Riemann surface X can be decomposed into the thin part which
is a disjoint union of m collars and the thick part where the injectivity radius
with respect to the Kéhler-Einstein metric is uniformly bounded from below.

There are two kinds of local holomorphic coordinate on a collar or near a
node. We first recall the rs-coordinate defined by Wolpert in [20]. In the node
case, given a nodal surface X with a node p € X, we let a,b be two punctures
which are glued together to form p.

Definition 2.2. A local coordinate chart (U,u) near a is called rs-
coordinate if u(a) = 0 where v maps U to the punctured disc 0 < |u] < ¢
with ¢ > 0, and the restriction to U of the Kéahler-Einstein metric on X can

be written as STal? E |du|?. The rs-coordinate (V,v) near b is defined in a

log Jul
similar way.
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In the collar case, given a closed surface X, we assume there is a closed
geodesic v C X such that its length I = I(y) < ¢, where ¢, is the collar constant.

Definition 2.3. A local coordinate chart (U, z) is called rs-coordinate

at v if v C U where z maps U to the annulus ¢~ ![¢|2 < |z| < ¢|t|2, and the

T 1 7 log |z| \2 2
= CSC dz|*.
log [t] |z] log [¢] )*ldz|

Kéhler-Einstein metric on X can be written as %(

The existence of collar was due to Keen [5]. We formulate this theorem in
the following:

Lemma 2.1. Let X be a closed surface and let v be a closed geodesic
on X such that the length | of v satisfies | < c.. Then there is a collar £ on
X with holomorphic coordinate z defined on Q such that

2
(1) z maps 2 to the annulus {%6_27 <|z| < ¢} fore>0;

(2) the Kahler-Finstein metric on X restricted to Q) is given by

1
(2.13) <2u2r2 csc? 7') |dz|?

where u = 2=, r = |2| and 7 = ulogr;

2

(3) the geodesic 7y is given by the equation |z| = e~ T ;
(4) the constant ¢ has a lower bound such that the area of Q2 is bounded from
below by a universal constant.

We call such a collar Q a genuine collar.

Now we describe the pinching coordinate chart of M, near the divisor D
[20]. Let Xy be a nodal surface corresponding to a codimension m boundary
point and let pq,---,p, be the nodes of Xy. Then X, = Xo \{p1, " ,Pm}
is a union of punctured Riemann surfaces. Fix rs-coordinate charts (U;,n;)
and (V;,¢;) at p; for ¢ = 1,--- ;m such that all the U; and V; are mutually
disjoint. Now pick an open set Uy C X, such that the intersection of each
connected component of Xo and Uy is a nonempty relatively compact set and
the intersection Uy N (U; UV;) is empty for all i. Now pick Beltrami differentials
Um+1, - ,Vn, which are supported in Uy and span the tangent space at )}0 of
the deformation space of Xo. Let AZ™™ C C"™™ be the polydisc of radius
e. For t" = (tyg1,--- tn) € AT, et v(t”) = Y27 L tivi. We assume
[t = (i min |t:[?)2 small enough such that |v(¢”)] < 1. The nodal surface
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X4 is obtained by solving the Beltrami equation dw = v(")dw. Since v(t") is
supported in Uy, (U;,n;) and (V;, ;) are still holomorphic coordinates on Xg 4.
By the theory of Ahlfors and Bers [1] and Wolpert [20] we can assume that
there are constants d, ¢ > 0 such that when [t”| < d, ; and (; are holomorphic
coordinates on Xy, with 0 < |n;] < ¢ and 0 < |(;| < ¢. Now we assume

t' = (t1,--- ,tm) has small norm. We do the plumbing construction on X 4
to obtain X; = Xy 4. For each ¢ = 1,---,m, we remove the discs {0 <
Ini| < %} and {0 < |¢;] < \thl} from Xg» and identify {% < |ni| < ¢} with

{% < |¢| < ¢} by the rule 7;¢; = t;. This defines the surface X;. The tuple
t=({',t") = (t1, - ,tm,tms1, - ,tn) are the local pinching coordinates for
the manifold cover of M,. We call the coordinates n; (or (;) the plumbing
coordinates on X, s and the collar {% < |ni| < ¢} the plumbing collar.

Remark 2.1.  From the estimate of Wolpert [19], [20] on the length of

short geodesic, we have u; = 217 ~ *W~
k2

In [6] we first proved the equivalence of canonical metrics on Mg:

Theorem 2.1.  All the canonical metrics on the moduli space Mg: the
Teichmiiller-Kobayashi metric, the Carathéodory metric, the induced Bergman
metric, the asymptotic Poincaré metric, the McMullen metric, the Ricci metric,
the perturbed Ricci metric and the Kahler-Einstein metric are equivalent.

The new metrics we defined have nice curvature properties which can be
used to control the Kéhler-Einstein metric. In [6] and [7] we proved

Theorem 2.2. The Ricci and perturbed Ricci metrics are complete
Kdhler metrics with Poincaré growth. These metrics and the Kdhler-Finstein
metric have bounded geometry on the Teichmiiller space T,. Furthermore, all
the covariant derivatives of the curvature of the Kdhler-FEinstein metric are
bounded. The Ricci and holomorphic sectional curvatures of the perturbed Ricci
metric are bounded from above and below by megative constants.

We also derived in [6] and [7] the precise asymptotic of the Weil-Petersson,
Ricci and perturbed Ricci metrics and their curvature. This is one of the
key components in the proof of the goodness of these metrics. For the Weil-
Petersson and Ricci metrics we have

Theorem 2.3.  Let (t,5) = (t1,-+* ,tm, Sm+1, - ,5n) be the pinching
coordinates near a codimension m boundary point in ﬂg. Let h and T be the
Weil-Petersson and Ricci metrics respectively. Then the Weil-Petersson metric
has the asymptotic:
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(1) b = 207 (1+ O(uo)) and hyz = 32 (1+ O(u)) for 1 <i < m;

(2) 1T = O(ltits]) and hyg = O (757 ), if 1 < 0,5 < m and i # j;
(3) W' = O(1) and hi; = O(1), if m+1 < i,j <n;
(4) BT = O(|t,) and hy; = O (m) ifi<m<j:

(5) hii = O(|t;|) and hz = O (m) if j<m<i

where ug = Z;nzl uj + 320,11 I8]- The Ricci metric has the asymptotic:

(1) 75= 2= | (14 O(ug)) and 7% = %

LI (1 + O(uo)), if i < m;

l\)

2) Tﬁzo(l“;l (i +uy)) and 79 = O(ltity), if i, < m and i £ j
(3) ( )andr”— (It:]), if i <m and j > m+1;
4) T o), ifi,j >m+1.

707

The holomorphic sectional curvature of the Ricci metric has the asymptotic:

(1) R = —gota (14 O(ug)) if i < m;
(2) Rz =0(1) if i > m.

We also have a weak curvature estimate of the Ricci metric. Let

A—{$| if i<m
=

1 if ©>m.

Then

(1) Rz =0Q1) ifi,j, k,1 > m;

(2) Ez’iki = O(NiAjALA)O(uo) if at least one of these indices i,j,k,1 is less

than or equal to m and they are not all equal to each other.

The asymptotic of the perturbed Ricci metric and its curvature can be

found in [6] and [7]. Also, precise estimates of the full curvature tensor of the

Weil-Petersson, Ricci and perturbed Ricci metrics, which will be used in the

proof of their goodness, can be found in [8] and [9].
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Stronger estimates of the asymptotic of these metrics lead to the Mum-
ford’s goodness condition of singular Hermitian metrics on vector bundles over
quasi-projective manifolds. We recall the definition and basic properties of
good metrics from [11].

Let X be a quasi-projective variety of dim¢c X = k obtained by removing
a divisor D of normal crossings from a closed smooth projective variety X. Let
E be a holomorphic vector bundle of rank n over X and E = E |x. Let h be
a Hermitian metric on E' which may be singular near D.

We cover a neighborhood of D C X by finitely many polydiscs

(U= (A% Gre o 50) e

such that V,, = U, \ D = (A*)™ x A¥=™_ Namely, U, N D = {z; -+ 2,,, = 0}
Welet U = Jyen Uaand V = {J,c 4 Va. On each V,, we have the local Poincaré

metric

Yy 1 B k 3
Wpa =~ > sdz NdZi+ Y dz NdE |

i=1 2‘Zi|2 (IOg |21D i=m+1
Definition 2.4. Let n be a smooth local p-form defined on V,.

e We say 1 has Poincaré growth if there is a constant C, > 0 depending on
1 such that

P
2
it )P < LIl
i=1 ’
for any point z € V,, and ty,--- ,t, € T, X.
e We say 7 is good if both 7 and dn have Poincaré growth.

Definition 2.5. An Hermitian metric h on E is good if for all z € V,
assuming z € V,, and for all basis (e1,--- ,e,) of E over U,, if we let hiz =
h(e;, e;), then

,(deth)™ " < C (3, log |zz|)2n for some C' > 0 and n > 1.

hi;

e The local 1-forms (8h . h_l)w are good on V,. Namely the local connec-
tion and curvature forms of h have Poincaré growth.

It is easy to see the following basic properties of good metrics:

e The definition of Poincaré growth is independent of the choice of U, or
local coordinates on it.
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e A form n € AP(X) with Poincaré growth defines a p-current [] on X. In

[ mne<oc

fact we have

for any ¢ € AFP(X).

e If both n € AP(X) and £ € A9(X) have Poincaré growth, then n A £ has
Poincaré growth.

e For a good form n € AP(X), we have d[n] = [dn].

The importance of a good metric on E is that we can compute the Chern
classes of E via the Chern forms of h as currents. Namely, with the growth
assumptions on the metric and its derivatives, we can integrate by part, so
Chern-Weil theory still holds. In [11] Mumford has proved:

Theorem 2.4.  Given an Hermitian metric h on E, there is at most
one extension E of E to X such that h is good.

Theorem 2.5.  Ifh is a good metric on E, the Chern forms c;(E,h) are
good forms. Furthermore, as currents, they represent the corresponding Chern
classes ¢;(E) € H*(X,C).

In the following sections, we will discuss the goodness of the above metrics
and their applications.

83. Goodness of the Weil-Petersson Metric

From Theorem 2.3, it is very natural to consider the metrics induced by
the Weil-Petersson, Ricci, perturbed Ricci and Kéhler-Einstein metrics on the
logarithmic extension £ = T2 (log D) of the cotangent bundle T3, to the

g

DM moduli space ﬂg.

We first give a general discussion of the goodness condition of the metric
on FE induced by a Kihler metric g on M. Let D = M, \ M, be the compact-
ification divisor and let p € D be a codimension m boundary point in ﬂg with
the corresponding stable nodal surface X . Let n = 3g — 3 be the dimension
of Mgy. Let (t1,--- ,t,) be the pinching coordinates near p where (¢1,--- ,tn)
corresponding to the degeneration directions.

For any Kéhler metric g on My, let g* be the induced metric on E. We
know that

dt

dtl m
1 - ... matl, e dtn
(3 ) ( t ) ) tm adt +1 dt )
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is a local holomorphic frame of E. Under this frame, the metric ¢* and its
inverse are given by

=g i,j<m
tit;

=g 1<m<j

3.2 =T
(32) T
J
g% i,j>m
and

(33) ()7 =5 TEm S
fjgﬁ j <m<1

95 1,5 >m.
Now we define two quantities. Let

%’? i,k<m
(3.4) Dk _ t, k<m<i
! ti i<m<k

N

1 o,k>m.

Let v; = *ﬁ for i < mandlet u; = Ql—ﬂ where [; is the length of the geodesic
loop on the i-th collar of X = X;. We have that

u; = v;(1+ O(vy)).

Now we let

(3.5) A= T =
1 1> m.

Let A = (A¥) be the connection form of g* where i is the row index and k
is the column index. We have

(3.6) AE =3 S (000) (97 | ity

D J

By (3.2), (3.3) and (3.4), we have

(3.7) Af =~ Z Dy Z (‘%91&) gﬁ dtp
J
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ifi#kori==Fk>m. We also have

(3.8) Aﬁ = Z Z (81791‘3) gﬁ dt, — % + Z (@‘gﬁ) 96 dt;
J

pFi J
ifi=k<m.
To prove the goodness of g*, the first order estimates are reduced to

(3.9) DEY” (9915) 7] = O(A,)

J

ifitkori=k>morp#i=k<mand
1 7
(3.10) E+Z(aigi3)g] = 0(A;)
J

ifi=k=p<m.
For the estimates on the g* itself, we need to show that

m 2n
, (detg") ™' <C (Zlog|ti|> :
i=1

By (3.2) we have (det g*) ™" = |t1 - - tm|2(det g), inequality (3.11) is equiv-
alent to

(3.11)

*

(3.12)

*

m 2n
, Jtg - ~-tm|2(detg) <C (Z log|ti> .
i=1

The second order estimates are reduced to show that dA¥ has Poincaré
growth for any choice of i, k. Since

dA=0A+0A=0A—ANA,

if each entry of A has Poincaré growth, then each entry of A A A has Poincaré
growth. Thus we need to show that each entry of A has Poincaré growth.
By (3.7) and (3.8), since D! = 1, we have

(3.13) 9AF = DFog [ (apg,ﬁ) g7 | dt, A dE, = —DFg" Ry= _dt, A dE,
J
where ngpq is the curvature of g. Thus we need to show that

(3.14) |DEGTR,; 5] = O(A,A,).

By collecting the above argument, we have
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Lemma 3.1.  The metric g* on T (log D) induced by a Kdhler metric

g on M, is good if and only if the estimates (3.9), (3.10), (3.12) and (3.14)
hold.

In this section, we will focus on the goodness of the metric induced by the
Weil-Petersson metric h. The main theorem is

Theorem 3.1.  The metric h* on the logarithm cotangent bundle E over
the DM moduli space induced by the WP metric is good in the sense of Mumford.
Thus the Chern forms of h*, as currents, are equal to the Chern classes of E.

We now sketch the proof of this theorem in three steps: the zero-th order,
first order and second order estimates. The details are in [8]. In the following,
we take the metric g;7 to be the Weil-Petersson metric i,z We use the same
notation as in our paper [6].

We first consider the zero-th order estimate. This follows directly from
Theorem 2.3.

Lemma 3.2. The inequality (3.12) hold for the Weil-Petersson metric h.
Proof. By Theorem 2.3 and (3.2), (3.3), we have

. 2u7 (14 O(ug)) i=j<m
K4 0(1) otherwise
and

m 3
|ty tm|?(deth) < C (Huz> .

i=1
It is easy to see that (3.12) hold.
O

Now we prove the first order estimates. In order to compute the connection
of the induced metric h*, it is easier to prove the formula (3.6) directly with
the metric h. We use the estimate of Masur [10] and refine the estimates of
Schumacher [13] and Trapani [16].

By the work of [6] we know that

i7 @Z@
(3.15) B :/X S dv

where ; is the holomorphic quadratic differential corresponding to dt; and A
is the KE metric on X. In order to compute the connection forms of the WP
metric, we need to estimate the derivatives of each y; and A.
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Unlike the approach in [6], here we take plumbing coordinate and plumbing
collar rather than rs-coordinate and genuine collar because we need the trivi-
alization of the collars. It is easier to compute the derivative of the hyperbolic
metric by using the plumbing coordinate on the degeneration collars.

We first change coordinate on the collars. Let (¢1,--- ,t,) be the pinching
coordinates near a codimension m boundary point p in the DM moduli. Let z;
and w; be the plumbing coordinates on the i-th collar of X; with ¢ < m. Let
ri = |z, 0; = arg z;, 7; = |w;| and 0, = argw;. We know that z;w; = t;. Let
Q% be the i-th plumbing collar of size ¢ with a fixed 0 < ¢ < 1. Namely,

Qf: ={z | c_l\ti| <r; <ct={w;| c_1|ti\ <7 <c}

We denote by (2. the union of all collars: Q. = [J;~, Q.. We also define the
half collars QiF and Qi by

Qi = {2 | [til? <7ri < c}
and
Q17 = {zi [ el <mi < Jl2} = {wi | |6]? < T <}

To compute the derivative of o, by our works in [6] and the work of Masur
[10], we have the expansion of ¢; on the plumbing collars. Let A} be the
closed polydisc in C™ such that the radius of each disk is § > 0. We assume
the pinching coordinates t = (¢, -+ ,t,) is defined for ¢t € A}. By shrinking ¢
we have

Lemma 3.3. Let k < m and let z and wy be the plumbing coordinates
on the k-th collar QF with ¢ < ¢g <1 fized. Then on QF we have

(1) @i = =% () + af (a1) if i Smoand i # ks
(2) @i = ZPF(ar) + i (20)) if i > m;
t

(3) wr = 7;}%(1 + i (2k) + @ (21))-

There is a constant M > 0 such that in the above formulae, the functions p¥, q¥
satisfy

(1) pk =322 a¥ (t)z such that each a¥ (t) is a holomorphic function of the

s=1 "1is

multi-variable t and Y o | |a¥ (t)|c§ < M for t € AY;

2) ¢ = Dos<1 af ()t °z5 such that ak(t) is holomorphic in t and
Yac 1 lal(B)leg® < M fort e A},
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There are similar erpansions by using the wy coordinates. Furthermore, on
X\ Q. we have

T
’ o) i>m.

For the proof of this lemma, please see [10]. We also have the estimates of
the derivatives of pf and ¢

Lemma 3.4. Let 0 < ¢ < ¢g be a fized constant. On the collar QF we

have
opk dak (¢ dak (t
(1) alt’; =% aégj( )z,‘z such that Yoo, aafsj() c* <M, forte A’gl;
k k k
(2) ?)Z] = Zs§_1 7(9&5;@1?,;32“2 such that Zs§—1 L%fft) ¢ < M forte A%‘
and j # k;
g _ aak (t
(3) BZ; = L ng_l bfs(t)tk 28 where bE(t) = tkaa%k() — sak (t) and

tr
ng 1 ‘bl‘g (t)|c < M.
Here My is a constant depending on M, c,co,d,n.

By combining the above two lemmas, we can get desired estimates of the
derivatives of each quadratic differential ;.

We then estimate the KE metric A and its derivatives on each Riemann
surface. The following estimate of A is due to Masur [10]. The following lemma,
although is not sharp, will be enough for our purpose.

Lemma 3.5.  For each 1 < i < m, there is a constant o > 0 such that,
on Q' we have

©7 I 1
- - —_
ar?(logr;)? =" = ri(logr;)?
and on Q2= we have
1 1 <A<a 1

a?f(logﬁ)z 72 (logTi)?’

The estimate the derivative of \ is more subtle. We have

Lemma 3.6.  Let A be the KE metric on the Riemann surface X = X;.
On each collar QF, \ has a unique representation in term of the plumbing
coordinate z;,. Then

\i (log A )| = O(A).

ot;
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Some ideas of the proof of this lemma was drawn from the work of
Schumacher in [13]. We briefly describe the proof here by using the compound
graft metric constructed by Wolpert in [20].

Let X be the total space and let 7 : X — M, be the projection. In [6],
we established the curvature formulae of the WP metric and the Ricci metric
by using the harmonic lift which directly gives the harmonic representatives
of the Kodaira-Spencer classes. In this case, we need to use a different lift.
For each i, let v; be the harmonic lift of % Let v; be a lift of Biti such that
Vi |n-1(0.)= % This can be done since we have a trivialization of 7=1(Q,)
by using the plumbing coordinates on the collars. v; can be obtained by gluing
fiberwisely an appropriately chosen lift of (% on X \ Q. and the vector field

% on ). using a graft function.

Now let A be the compound graft metric on X. A direct computation
shows that

Ly Ly
uA LAl
2222 - o)
and
Ly A
2 =0(A;
3 (Aq)
The above two formulae imply
Lz A
——1=0(/\;
2] =0y

which is the conclusion since v; | -1 )= %.
The estimates on ¢;, A and their derivatives give the estimates on the
derivatives of the dual metric of the WP metric:

Lemma 3.7.  Lett = (t1, -+ ,t,) be the local pinching coordinates with
t € A}. Assume 0 is small enough. If p > m, then

O(|t:l*u;®) i=j<m

(

) (
(3.16) ]@W::owm i<m<j

(

(

o)

It;]) j<m<i

o)

1) i,5 > m.
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If p<m and p # i, then

O([til*u; "Ap) i=j<m
O(ltitj|Ap) 4,5 <m, i
(3.17) ph | =< O([t:|A) i<m<j
O([t;|Ap) Jj<m<i
O(A,) i,j > m.
If p=1<m then
O(u;?) i=j<m

7]

1 -
&'(;h”)‘: ol : ul_z) ji<m, i#£j
O(|ti| " 'u;?) 4 >m.

(3.18)

We omit the proof of this lemma since it consists of very technique esti-
mates. Please see [8] for details. Now the first order estimate follows from the
above lemma, Theorem 2.3 and direct computations:

Lemma 3.8.  Let h* be the metric on E induced by the WP metric.
Then

>0, (h5) ()] = 0(a,)
J
for any i and k.

Remark 3.1.  Let I‘k be the Christoffell symbol of the WP metric under
the pinching coordinates. By (3.9) and (3.10), Lemma 3.8 is equivalent to

(1)

(2) |DbTY,

Ii+L=00)ifp=i=k<m

= O(A,) otherwise.

Finally we briefly discuss the second order estimate. We only give the
main steps and omit the details. On one hand, since we need to estimate the
curvature tensor of the Weil-Petersson metric, we can use the techniques in [6].
On the other hand, we need precise estimates which require us to repeat the
work in [6] in an optimal way.

First of all, by Theorem 2.3, formula (3.14) is equivalent to the following
two formulae:

(3.19)
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if £k > m and

o ApAq|tjtjk|> J<m
(3.20) IRyl = )

O ApAqm ] >m
itk <m.

To check these two formulae, we use the curvature formula of the Weil-
Petersson metric:

(321) kapa = — /X(ekjqu + ekquj) dv.

In this case, we will use rs-coordinates on the genuine collars. We let X = X;
and let QY be the i-th genuine collar in X of size ¢. Let z; be a rs-coordinate

27

2
on QY with r; = |2;| and let p; = e~ % . By [6] we know that
Q= {z|ctpi<ri < e}
We define the half collars
. 1
O ={z2i|p; <ri<c}

and .
O ={zlcpi<ri<pl}
For 0 < ¢; < ¢, we define 9 \ @/ =T} UT where
F{:{cl<rj§c}
and
Dy ={c'p; <1y <er'ps}

Let the functions €5 be defined as in [9]. The following technical lemma,
as an optimal version of the proof of Corollary 4.2 of [6], is one of the key
ingredient of the second order estimate.

Lemma 3.9.  Let j <m. Then [, €;7fim dv >0 and
1

4
3.22 E—fir dv= v uf :
(3:22) o, G =\ O(grEE) ksmk#]
cq us
O(W) k=m.

By using this lemma, we have the second order estimate:
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Lemma 3.10.  The formulae (3.19) and (3.20) hold.

The proof of this part follows from Lemma 3.9 and a detailed case by case
check. See [8]. Now we are ready to prove the main theorem 3.1.

Proof. By Lemmas 3.2, 3.8 and 3.10 we already checked the goodness
condition of the metric h* by using the frame (3.1). If we choose another local
holomorphic frame of F, it is clear that the change matrix is holomorphic and
its determinant is non-zero and bounded. Thus the zero order, first order and
second order estimates of using the new frame differ from the estimates of using
the frame (3.1) by bounded terms. We finish the proof.

|

84. Dual Nakano Negativity of the Weil-Petersson Metric

The Weil-Petersson metric has many negative curvature properties.
Ahlfors showed that its Riemannian sectional curvature is negative. Later,
Schumacher showed in [13] that the curvature of the WP metric is strongly
negative in the sense of Siu. In this section, we prove that WP metric is dual
Nakano negative from which we will derive Nakano-type vanishing theorems in
next section.

We first recall the concept of dual Nakano negativity. Let (E™,h) be a
holomorphic vector bundle with a Hermitian metric over a complex manifold
M™. The curvature of F is given by

Pz.5 = —0a0zh;5 + hP10.higOzh 5.
(E, h) is Nakano semi-positive if the curvature P defines a semi-positive form

on the bundle ' ® Tj;. Namely,
(4.1) Ppz,5C"CI7 > 0

for all m x n complex matrix C. The metric h is Nakano positive if (4.1) is a
strict inequality whenever C # 0. F is dual Nakano (semi) negative if the dual
bundle with the induced metric (E*, h*) is Nakano (semi) positive.

Our main result in this section is

Theorem 4.1.  Let M, be the moduli space of Riemann surfaces of
genus g > 2. Then (Tm,,wy, ) is dual Nakano negative.

To prove that the WP metric h on the tangent bundle of M, is Nakano
negative, we only need to show that (7M., h*) is Nakano positive. Let Rim
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be the curvature of Mg and P77 be the curvature of the cotangent bundle.
We first have ~
P —hTHMIR

makl Gkl

Thus if we let ag; = >, A"/ C™* we have

_(mkoml — _ - AT — _ - AT — (AT
P mgCmr et = E : RijklakJall = § , Rkjizakaalz = E Rijkzazyallc-
,5,k,1 1,5,k,l 1,5kl

Recall that at X € M, we have

Ry = — /X (eijfki + eﬂfkj) dv.

By combining the above two formulae, to prove that the WP metric is Nakano
negative is equivalent to show that

4.2 / e[+ eifi7) aija dv >0
(42) | (eata+eafiz) a

and the left hand side of the above formula is strictly positive if A = [a;;] # 0.
We now describe the proof with the assumption that the matrix [a;;] is
invertible. The general case can be found in [8] which follows from the same
idea.
Recall that if we let 0 = —A\710,05 be the Laplace operator with respect
to the KE metric A on X and let T = (0+1)"", then e =T (fg) where

fﬁ = A;A; and A; is the harmonic representative of the Kodaira-Spencer
class of % where (t1,--- ,t,) are local coordinates on M, and z is the local
coordinate on X;.

Let B; =Y., a;;A;. Then the inequality (4.2) is equivalent to

(4.3) ~> " R(B;, By, A, A))
7,k
= Z/ (T (BjA;) AxBi + T (B;By) AxA;) dv > 0.
gk X

Since {Ay} is a basis of the space H*!(X,Tx) and the matrix {a;;} is an
arbitrary invertible matrix, we need to show that the inequality (4.3) holds for
any two bases {4;} and {B;}. Of course we can choose one basis, say {A;},
and let the other basis vary freely.

Now we prove the inequality (4.3). Let p =3, BjA;. Then the first term
in (4.3) is

Z/ T(BjIj)Akadv:/T(u)ﬁdeO.
X X
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To check the second term, we let G(z,w) be the Green’s function of
the operator T. Namely, for any function f € C*(X), we have T(f) =
Jx G(z,w) f(w)dv(w). Now we let

H(z,w) = Z/T](Z)Bj(w)
We know the second term of (4.3) is
;/}(T(BjBk)AkAj dv:jzk/)</)<G(Z7w>Bj(w)Bk(w)Ak(Z>Aj(Z) dv(w)dv(z)

:/ / G(z,w)H (z,w)H(z,w)dv(w)dv(z) >0
xJx

where the last inequality follows from the fact that the Green’s function G is
non-negative which is proved by Wolpert in [18, page 136].

Here we note that H(z,w) is not a global function. However, we can
overcome this by using a simple partition of unity argument. See [8] for details.

Remark 4.1. It is possible to show that the singular metric on
Tz, (—log D) induced by the Weil-Petersson metric is also dual Nakano neg-
ative. This follows from the dual Nakano negativity of the WP metric and
simple linear algebra.

§5. L?-Cohomology and Rigidity

The dual Nakano negativity of a Hermitian metric on a bundle over a
compact manifold gives strong vanishing theorems by using Bochner techniques.
However, in our case the base variety M, is only quasi-projective. Thus we
can only describe vanishing theorems of the L? cohomology.

In [12], Saper showed that the L? cohomology of the moduli space equipped
with the Weil-Petersson metric can be identified with the ordinary cohomology
of the DM moduli space. Our situation is more subtle since the natural object to
be considered in our case is the tangent bundle valued L? cohomology. Parallel
to Saper’s work, we proved in [§]

Theorem 5.1. We have the following natural isomorphism:
(5:1)  Higy(Mgswor), (Taa, @) = H* (Mg, Tig (~log D))

where w; is the Ricci metric on M.
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We first explain this theorem. To define the L? cohomology of a vector
bundle over a manifold, we need metrics on both the bundle and the manifold.
Here we view T, purely as a bundle over the moduli space M,. We use
the WP metric as the bundle metric and we put the Ricci metric on the base
variety M,. We do this because of the technique difficulty that the WP metric
is incomplete and thus there is trouble in defining the adjoint operator 9.
After setting up the section spaces appropriately, the proof of this theorem is
a direct application of the goodness of these metrics and can be found in [8].

Now we combine the above result with the dual Nakano negativity of the
Weil-Petersson metric. In [8] we proved the following Nakano-type vanishing
theorem

Theorem 5.2.  The L? cohomology group vanish:
(52) H((Jé?((MngT)v(TMg’wwp)) =0
unless ¢ = 3g — 3.

The proof is similar to proof of Nakano vanishing theorem in the case when
the base manifold is closed. It depends on the Kodaira-Nakano identity

Oy =0y +V-1[V%A].

We then apply the dual Nakano negativity of the WP metric to get the vanishing

theorem by using the goodness to deal with integration by part to show that

there is no boundary term. We note here that, in the proof of Nakano vanishing

theorem, we only need the negativity of the curvature of the bundle metric.
The above two theorems imply a result of Hacking [4]

Corollary 5.1.  The pair (M, D) is infinitesimally rigid.

86. Goodness of the Ricci and Perturbed Ricci Metrics

In this last section we discuss the goodness of the metrics on T*mg (log D)
induced by the Ricci and perturbed Ricci metrics. These results here are more
difficult than that in Section 3, the goodness of the Weil-Petersson metric. Our
main theorem is

Theorem 6.1.  The metrics 7* and 7* on T5; (log D) induced by the
Ricci and perturbed Ricci metrics are good in the sense of Mumford.
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By Lemma 3.1, we need to show the estimates (3.9), (3.10), (3.12) and
(3.14) hold when the metric ¢ is the Ricci metric 7 or the perturbed Ricci
metric 7.

Here we only describe the proof of the estimates of the goodness of the
Ricci metric 7. Please see [8] for the perturbed Ricci metric.

In this case, the zero-th order estimate follows from Theorem 2.3 directly.

Now we consider the first order estimate. We let ffj be the Christoffell
symbol of the Ricci metric under the pinching coordinates. To show the first
order estimate, we need to check that ffj satisfy the inequalities (3.9) and
(3.10). By Theorem 3.2 of [6] we have

(6.1) ~§'€p = i poP <01 /X Ep(exzlens dv) + T,

where T}, is the Christoffell symbol of the WP metric. In order to prove the
first order estimate for the Ricci metric, by Remark 3.1 and Lemma 3.8, we only
need to estimate the tensor part. Thus the first order estimate is equivalent to

Lemma 6.1.  For any ¢, k and p, we have

TIpeP (Ul /X &(erz)eqs d“) ‘ = 0(4y).

The central part of the proof of this lemma is following estimates which is

the optimal version of the results in [6]:

Lemma 6.2.

3
() i=i<m
i .
O |t:~,t;\> 2,0 S m, 1 7éj
~ 3 . .
‘P(eﬁ)le 0] 1;1) i<m<j
3
O(l“j—ﬂ) j<m<i
o(1) i,j > m.

Similarly, the second order estimate follows from sharpening the estimates
in [6]. Please see [8] for details.

It is well known that the line bundle K+; + [D], which is the determinant
bundle of T*ﬂg (log D), is positive. In [7] we p;oved

Theorem 6.2.  The logarithmic cotangent bundle E = T*ﬂ (log D) is
stable with respect to its first Chern class. ’
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Since E is stable, by the works of Donaldson-Uhlenbeck-Yau [3], [17] there
is a Hermitian-Einstein metric on E with respect to any metric in the class

¢1(F) which gives an orbifold Chern number inequality. However, the metric
induced by the Kéhler-Einstein metric, if it is good, will give a stronger Chern
number inequality. Thus a more interesting question is whether the metric on
T (log D) induced by the Kéhler-Einstein metric on M, is good or not. The
difficulty rises from that it is very hard to control the off-diagonal terms in
the local expression of the Kéhler-Einstein metric with respect to the pinching
coordinates. We believe that this difficulty can be solved by studying the
Kahler-Ricci flow on M, with the Ricci metric as the initial metric and showing
that the goodness is preserved under the flow.
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