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Classification of Deformation Quantization
Algebroids on Complex Symplectic Manifolds

By

Pietro POLESELLO™

Abstract

A (holomorphic) deformation quantization algebroid over a complex symplectic
manifold X is a stack locally equivalent to the ring of WKB operators, that is, mi-
crodifferential operators with an extra central parameter 7. In this paper, we will
show that the (holomorphic) deformation quantization algebroids endowed with an
anti-involution are classified by H?(X; k%), where k* is a subgroup of the group of
invertible series in C[7~']. In the formal case, the analogous classification is given by
H?(X;Cx)[h]°%, where one sets h =771

Introduction

Let M be a complex manifold, T*M its cotangent bundle endowed with
the canonical symplectic structure and Op«p; the sheaf of holomorphic func-
tions. Let Wy« s be the sheaf of algebras on T*M of WKB operators, that
is, microdifferential operators with an extra central parameter 7. Recall that
the order of the operators defines a filtration on W), such that its associated
graded algebra is isomorphic to Op«p[771,7]. The product is given by the
Liebniz rule not involving 7-derivatives and it is compatible with the filtration
and with the canonical Poisson structure on Op-j;. It follows that Wy« or,
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more generally, any Wh-algebra, i.e. a filtered sheaf of algebras which is lo-
cally isomorphic to Wy, and whose associated graded sheaf is Opspr[771, 7],
provides a (holomorphic) deformation quantization of T* M.

On a complex symplectic manifold X, the W-algebras exist on any sym-
plectic local chart f: X D U — T*M, but there may not exist a VW-algebra
globally defined on X. However, replacing sheaves of algebras by algebroid
stacks, one may show that the sheaves f~'W), glue together as an algebroid
stack Wx (see [16, 18, 26, 12]). Again, Wx is endowed with a filtration and
its associated graded stack is the trivial algebroid stack Ox[r~1,7]. Then we
may mimic the definition of a W-algebra, and define a W-algebroid on X as
a filtered algebroid stack which is locally equivalent to 20x and whose asso-
ciated graded algebroid stack is Ox[r~1,7]. These objects play the role of
(holomorphic) deformation quantizations of X.

The purpose of this paper (appeared as an e-print in [24]) is to show that
the Wh-algebroids on X which are endowed with an anti-involution are classi-
fied by H?(X;k%), where k* is a subgroup of the group of invertible series in
C[r~']. In the formal case, the classification is given by the familiar group
H?(X;Cx)[h]°4 of odd formal power series in A = 771 with coefficients in
H?(X;Cx). Note that this is compatible with the classification of the defor-
mation quantization algebroids (not assumed endowed with an anti-involution)
given in [8].

The classification of deformation quantization algebras on real symplectic
manifolds has been considered by many authors (see for example [10, 21, 2, 4]).
We refer to [22] (see also [8]) for the analogous classification in the complex
setting, where these algebras are constructed under suitable hypothesis.

The paper is organized as follows: in Section 1 we recall the definition
of WKB operator, that of W-algebra and their classification. In Section 2 we
give the main definitions and properties of filtered and graded stacks, focusing
on algebroid stacks. In Section 3 we define the W-algebroids on a complex
symplectic manifold X. In Section 4 we recall the cohomology theory with
values in a stack. In Section 5 we classify the W-algebroids (endowed with an
anti-involution) on X.

Notations and conventions. All the filtrations are over Z, increasing and
exhaustive. If A (resp. A) is a filtered algebra (resp. sheaf of filtered algebras),
we will denote by Gr(A) (resp. Gr(A)) its associated graded algebra (resp.
sheaf of graded algebras), and by Gro(A) (resp. Gro(A)) the algebra (resp.
sheaf of algebras) of homogeneous elements of degree 0. We will use similar
notations for morphisms.



DEFORMATION (QUANTIZATION ALGEBROIDS 727

We will use the upper index °P to denote opposite structure, when refer-
ring either to (sheaves of) algebras, to categories or to stacks. If F' is a functor
between categories, resp. stacks, F°P will denote the induced functor between
the corresponding opposite categories, resp. stacks. (Note that a natural trans-
formation of functors F' = G induces a natural transformation G°P = F°P.)

If A is a sheaf of algebras, we will denote by A* the sheaf of groups of its
invertible elements and, for each section a € A%, by ad(a): A — A the algebra
isomorphism b — aba~!.

81. W-Algebras

The relation between Sato’s microdifferential operators and WKB opera-
tors! is discussed in [23, 1, 26]. We follow here the presentation in [26], and we
refer to [27, 15, 17] for the theory of microdifferential operators.

Let M be an n-dimensional complex manifold, w: T*M — M its cotangent
bundle and p: J'M — T*M the natural projection from the 1-jets bundle. Let
(t,7) be the system of homogeneous symplectic coordinates on T*C, and recall
that J'M is identified with the open subset of the projective cotangent bundle
P*(M x C) defined by 7 # 0. Denote by Epxc (resp. Epxc(m), m € 7Z)
the sheaf of finite order (resp. of order < m) microdifferential operators on
P*(M x C) and consider the subring Earxc,o, of operators commuting with 0;.
The ring of finite order WKB operators is defined by

Wersnr = pe(Evixc,o,) 51 m),

and its subsheaf of operators of order < m by

Wrar(m) = p«(Enrxc,a, (m)]s1ar)-

In a local coordinate system (z) on M, with associated symplectic local
coordinates (z,u) on T*M, a WKB operator P of order < m defined on a open
subset U of T*M has a total symbol

m

oot (P) = Z pj(x,u)Tj,

j=—o0

where the p;’s are holomorphic functions on U subject to the estimates

for any compact subset K of U there exists a constant
(1.1) Ck > 0 such that for all j < 0,sup|p;| < C7 (—j)!.
K

IWKB stands for Wentzel-Kramer-Brillouin.
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The product structure on Wrx ), is given by the Leibniz formula not involving
7-derivatives: if @ is another WKB operator defined on U of total symbol
Utot(Q)7 then

T*‘Oél

Utot(PQ) = Z Taﬁamt(P)aﬁam(Q).

aeN"™

Note that Wy s contains 71Dy, as a sub-C-algebra, where D), denotes the
ring of differential operators on M. A WKB operator in 71D, has a total
symbol > " pj(x,u)7? with p;(z,u) a j-homogeneous polynomial in the fiber
variables.

The center of W=, is the constant sheaf kr-jps with stalk the subfield
k =Wy, C C[r~1, 7] of WKB operators over a point, i.e. series >, a;77
which satisfy the estimates:

there exists a constant C' > 0 such that
for all j <0, |a;| < C7I(—j)

The algebra Wr- s is filtered by the C-modules Wr«pr(m), as well as the
field k by k(m) = Wyt (m). Note that k(0) is a commutative ring, Wy« (0) is
a k(0)-algebra, and there is an isomorphism of filtered k-algebras

WT*M ~ WT*M(O) ®k(0) kT*]\/P
We denote by
om () Wrepr(m) — O, P — pp(x,u)

the symbol map of order m, which does not depend on the local coordinate
system on T*M. If 0,,(P) is not identically zero, then one says that P has
order m and o,,(P) is called the principal symbol of P. In particular, an
element P in Wy is invertible if and only if its principal symbol is nowhere
vanishing. Note that Gr(k) ~ C[r~!,7] and that the principal symbol maps
induce an isomorphism of graded C[r~1, 7]-algebras

Gr(Wr=n) = Opey 771, 7).
Remark 1.1.

(i) The algebra Wy- s is a (holomorphic) deformation quantization of T*M in
the following sense. Denote by OF.. ,, the subsheaf of O« p[771, 7] of series

flzyu;m) = Z;.n:_oo fi(z,u)7? satisfying the estimates (1.1). This is a fil-
1

tered k-module whose associated graded C[r~!, 7]-module is O7« [, 7].
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The algebra Wr+ s has thus the same graded sheaf as O%.. 5, and it is locally
isomorphic to OF.,, as filtered k-modules (via the total symbol o), in
such a way that the Leibniz rule induces the Wick star-product on OF. ;.
Note that most of the authors use to set A = 7~! and consider the C[A]-
algebra W\T* M (0) of formal WKB operators of degree < 0, obtained by
dropping the estimates (1.1).

(ii) Note that the Borel transform defines an isomorphism of C-modules
B: OF. 3, (0) = Opepr{t},

where Or»p{t} denotes the sheaf of germs in ¢ = 0 of functions in O 1.
Recall that, if f(z,u;7) = E?:ﬂ)o fi(z,u)r?, then B(f)(x,u;t) is given
formally by 5 f”/ Sz, u; T)a%dT for «v a counter clockwise oriented circle
around 0 in C. In particular, k(0) ~ C{t} as C-modules.

In order to define the canonical anti-involution? of a WKB operator, which
is of use in microlocal analysis (see [27, 15, 17]), we need to consider a slight
modification of Wy ;.

Let Qs be the canonical line bundle on M, that is, the sheaf of differential
forms of top degree. Each locally defined volume form 6 € Q,; gives rise to
a local isomorphism *g: W% ,, = Wrsys, which sends a WKB operator P
to its formal adjoint P*¢ with respect to #. In a local coordinate system (x)
satisfying § = dx, with associated symplectic local coordinates (x,u), one has

_ -l
Orot(P*) = Z %0302‘&@(13),

aeNn
where *: OF.,; — OF.,, is defined by f(z,u;7) = f(z,u; —7).
Twisting Wy« by Qar, one then gets a globally defined anti-k-linear3
isomorphism of algebras

~ ®—-1 _
W, S 7 Qy @ Wrey @771, P—0@P* %",

which does not depend on the choice of the volume form. (Here the tensor
product is over 7710y, and 6! denotes the unique section of Q;\e;[_l, the dual
of Qy, satisfying 0° ' 00 = 1.) This leads to replace the algebra Wy« by
its twisted version by half-forms

> 4 ®1/2 i ®=1/2
WT[MZW 1QM RQWrspy @ 1QM

2An anti-involution is an isomorphism of rings ¢: A°P > A such that 2 = id.
3A map between k-modules is anti-k-linear if it is C-linear and sends 7 to —r.
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Recall that the sections of W%/EM are locally defined by 6% @ P2 0% "/? for
1/2
a volume form 6 and a WKB operator P, with the equivalence relation 9? / ®

Pt =0 o P06l it and only if Py = (61/65)/2 Py (6, /0)~ /2.

The sheaf W%/f u is a filtered k-algebra on T M locally isomorphic to
Wr«pr and satisfying the following properties:

(i) there is an isomorphism of graded C[r~!, 7]-algebras
o: QT(W%/EM) = Opepg[m71, 7]

preserving the Poisson structures (induced by the commutator on W%/f M
and by the Poisson bracket on T* M, respectively);

(#4) it is endowed with a filtered anti-k-linear anti-involution
w: (W)™ = Wiy,

such that Grg(x) is the identity (if P € )/V]‘ﬂ/EM(m)7 one has o, (P*) =
(=1)"om(P)).

It follows that W%/f A 18 again a deformation quantization of T M.

This suggests the following definition:

Definition 1.2. A W-algebra with anti-involution on T*M, a (W, %)-
algebra for short, is a sheaf of filtered k-algebras A together with

-1

(i) an isomorphism of graded C[r~!, r]-algebras v: Gr(A) — Opsp 771, 7];

(#t) an anti-involution ¢;

such that the triplet (A, v, ¢) is locally isomorphic to (W%/E 2 O %)
An isomorphism ¢: A; — Az of (W, x)-algebras is a filtered k-algebra
isomorphism commuting with the anti-involutions and such that veoGr(p) = v;.

Isomorphisms of (W, x)-algebras translate to WKB operators the notion of
equivalence between star-products. Indeed, the isomorphism v in (i) preserves
the Poisson structures, so that any (W, x)-algebra provides a (holomorphic)
deformation quantization of T*M. Note also that the anti-involution ¢ in (i%)
is filtered anti-k-linear and Grq(¢) is the identity. We refer to [3, 4] for similar
definitions in the context of microdifferential and Toeplitz operators.
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Remark 1.3. One may show that any k-algebra automorphism ¢ of
Wy is filtered with Gr(yp) = id (see [27], or also [13], for the microdif-
ferential case). It follows that any sheaf of k-algebras A locally isomorphic
to Wr«as is filtered and endowed with an isomorphism of graded Cl[r—!,7]-
algebras Gr(A) ~ Op«p[r71, 7], so that property (i) in Definition 1.2 could
in fact be dropped. However, this is no more true when replacing sheaves of
algebras by algebroid stacks (see Remark 3.4), so we prefer to leave it in the
definition.

Example 1.4. Let f: T*"M — T*M be a symplectic transformation.
Then the sheaf-theoretical inverse image f*IW%/F au is a k-algebra on T*M
and inherits an anti-involution and a filtration from Wf Vo in such a way
that f induces a graded isomorphism o : gr(f_lV\/j@M) = Op-p[r7 4 7]
By [26], locally there exists a Quantized Symplectic Transformation over f,
that is, a filtered k-algebra isomorphism f _1)/\/%/*5 o W%/a A Dreserving the
anti-involutions and compatible with of. It follows that f _1W%/E W isa (W, %)-
algebra.

Denote by Aut(w,*)(W%/EM) the group of (W, x)-algebra automorphisms
of W%/E o and set

WYZ = {P e W2, (0); oo(P) =1 and PP* = 1},
E* = {s(r) € k(0); s(7) =1+ Zj<0 a;77 and s(7)s(—7) = 1}.

Note that W%/fj +7 is a subgroup of the group of invertible WKB operators of
order 0, and that k* = WY"".

Lemma 1.5 (cf. [26]).  There is an exact sequence of sheaves of groups
(1.2) 1= K ny = WEST 25 Aut V) — 1.

The set of isomorphism classes of (W, x)-algebras on 7™M is in bijection
with HY(T*M; Aut(w,*)(W%/fM)). Hence we get:

Corollary 1.6. The (W, x)-algebras on T*M are classified by the pointed
set Hl(T*M;W%/fj\;/k**M).
82. Filtered and Graded Stacks

In order to define the W-algebroids on a complex symplectic manifold,
we need to translate the notions of filtration and graduation from sheaves to
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stacks. In this section we define what a filtered category is and show how to
associate a graded category to a filtered one. Then we stackify these definitions.
Finally, we recall the notion of algebroid stack and give a cocycle description
for the graded stack associated to a filtered algebroid stack. We assume that
the reader is familiar with the basic notions of the theory of stacks, which are,
roughly speaking, sheaves of categories. (The classical reference is [14], and a
short presentation is given e.g. in [16, 11].)

Let R be a filtered commutative ring.

Definition 2.1. A filtered R-category is an R-category® C satisfying
the following properties:

e for any objects P,Q € C, the R-module Hom (P, Q) is a filtered R-module
(FpHom (P, Q) will denote its subgroup of morphisms of degree < n);

e for any P,Q,R € C and any morphisms f in F,,Hom(Q,R) and g in
F,Hom (P, Q), the composed morphism f o g is in F, y,Hom (P, R);

e for each P € C, the identity morphism idp is in FoHom (P, P).

An R-functor ®: C — C’ between filtered R-categories is filtered if the R-
module morphism Hom (P, Q) — Hom, (®(P), ®(Q)) is filtered for any ob-
jects P,Q € C.

A natural transformation o = (ap)pec: ® = @’ between filtered R-functors is
filtered of degree < n if ap is in F,,Hom ¢, (®(P), d'(P)) for each P € C.

In a similar way one defines the graded categories, the graded functors and
the graded natural transformations. (Note that a graded category amounts to
a DG-category with zero differential.) If Cis graded, we denote by G\, Hom (P,
Q) the subgroup of Hom (P, Q) of morphisms homogeneous of degree n.

If &,8: C — C are filtered R-functors, we define F,,Hom (®,®’) as the
set of those natural transformations of functors which are filtered of degree < n
and we denote by Fctpr(C,C’) the filtered R-category thereby obtained. Sim-
ilarly, one defines the graded category of graded functors between two graded
categories.

To any filtered R-category C there is an associated graded Gr(R)-category
Gr(C), whose objects are the same of those of C and for any objects P, @ the
set of morphisms is defined by Hom g, ) (P, Q) = Gr(Hom¢(P,Q)). Similarly,

4An R-category is a category whose sets of morphisms are endowed with an R-module
structure, so that the composition is bilinear. An R-functor is a functor between R-
categories which is linear at the level of morphisms.
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to any filtered functor ®, one associates a graded functor Gr(®). In this way,
we get a functor

Gr: {Filtered R-categories} — {Graded Gr(R)-categories}.

Note that, if ®, ®' are filtered functors, then for each n there is a natural
injective morphism

F,Hom (D, d')

Gry, (Hom (@, @) = F,,_1Hom (®, ®')

— GpHom (Gr(®), Gr(d')).

To any filtered natural transformation «: ® = @' we may thus associate a
graded natural transformation Gr(®) = Gr(®’), denoted by Gr(«). One checks
that Gr(-) defines a 2-functor from the 2-category of filtered R-categories, fil-
tered R-functors and filtered natural transformations to that of graded Gr(R)-
categories, graded Gr(R)-functors and graded natural transformations.

If C is a filtered R-category, Gro(C) will denote the sub-Grg(R)-category of
Gr(C) with the same objects but only those morphisms which are homogeneous
of degree 0, that is, HomGro(c)(P, Q) = Gro(Hom(P,Q)). As above, we get
a functor Gry(-) from filtered R-categories to Gro(R)-categories, which extends
to a 2-functor if we restrict to filtered natural transformations of degree < 0.

Recall that there is a fully faithful functor (-)* from filtered (resp. graded)
algebras to filtered (resp. graded) categories, which sends an algebra A to the
category AT with a single object  and End (e) = A as set of morphisms. If
fyg: A — B are filtered (resp. graded) algebra morphisms, then each filtered
(resp. graded) natural transformation of degree < n (resp. of degree n) f+ =
gT corresponds to an element b in F,, B (resp. in G, B) such that bf(a) = g(a)b
for any a € A. Clearly, for any filtered R-algebra A one has Gr(A1) = Gr(4)*.
Moreover, if f,g: A — B are filtered R-algebra morphisms and «a: f* = g*
a filtered natural transformation defined by b € F, B, then the graded natural
transformation Gr(a): Gr(f)* = Gr(g)™ is given by the symbol of b, that is,
the image of b via the natural map F,B — Gr,, B = F,B/F,,_1B.

Let A be a filtered R-algebra. For any filtered (left) A-modules M and
N, let F,,Hom,(M,N) be the set of those A-linear morphisms M — N
which send F,,M to F,,,N. We denote by Modg(A) the filtered R-category
thereby obtained. One easily checks that it is equivalent to the category
Fctrr(AT,Modr(R)), and that the Yoneda embedding

A* = Fetpp((AT)°P, Modp(R)) ~ Mod (A°P)

identifies AT with the full subcategory of filtered right A-modules which are
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isomorphic to A. Everything remains true replacing filtered algebras and cate-
gories by graded ones. Note that Gr(-) induces a faithful graded Gr(R)-functor

Gr: Gr(Modg(A)) — Modg(Gr(A)),

which sends a filtered A-module L to its associated graded module Gr(L).

Let X be a topological space. As for categories, there are natural notions of
filtered (resp. graded) stack, of filtered (resp. graded) functor between filtered
(resp. graded) stacks and of filtered (resp. graded) natural transformation
between filtered (resp. graded) functors.

As above, we denote by ()T the faithful and locally full functor from
sheaves of filtered (resp. graded) algebras to filtered (resp. graded) stacks,
which sends an algebra A to the stack A1 defined as follows: it is the stack
associated with the pre-stack X D> U — A(U)™. If f,g: A — B are filtered
(resp. graded) algebra morphisms, filtered (resp. graded) natural transforma-
tions f* = gT are locally described as above.

Let R be a sheaf of filtered commutative rings.

Given a filtered R-algebra A, the R-stack® Modp(A) of filtered (left) A-
modules is filtered and equivalent to the stack Fetpr (AT, Modp(R)) of filtered
R-functors. Moreover the Yoneda embedding gives a fully faithful functor

AT = Fetpr ((AT)P, Modp(R)) ~ Mod - (A°P)

into the stack of filtered right A-modules. This identifies AT with the full
substack of filtered right A-modules which are locally isomorphic to A. As
above, everything remains true replacing filtered algebras and stacks by graded
ones.

Let & be a filtered R-stack. We denote by &t(&) the graded Gr(R)-stack
associated to the pre-stack X D U — Gr(6(U)). As above, this defines a
functor (which is, in fact, a 2-functor)

&r: {Filtered R-stacks} — {Graded Gr(R)-stacks}.
As for categories, we will also make use of the 2-functor Gry(-).

Proposition 2.2.  Let A be a filtered R-algebra. Then there is an equiv-
alence of graded Gr(R)-stacks &r(AT) ~ Gr(A)™T.

5The R-stacks and R-functors are defined in a similar way as for categories. When R = Z,
they are usually called linear stacks.
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Proof. By the Yoneda embedding, the functor of Gr(R)-stacks
Gr: Br(Modp(A°P)) — Modg(Gr(A)°P)

restricts to a functor &r(A") — Gr(A)T. Since at each z € X this reduces
to the equality Gr(AS) = Gr(A,)T, it follows that this last functor is a local,
hence global, equivalence. O

We will use the notion of algebroid stack introduced by Kontsevich [18],
as developed in [12].

Definition 2.3.  An R-algebroid stack is an R-stack 21 which is locally
non-empty and locally connected by isomorphisms.

Equivalently, an R-algebroid stack is an R-stack such that there exist an
open covering X = J;c; Ui, Rly,-algebras A; on U; and R|y,-equivalences
2|y, =~ Af. Note that, an R-algebroid stack 2 has a global object if and only
if it is globally equivalent to A™ for an R-algebra A (if £ € 2(X) is a global
object, take A = Endy (L), the sheaf of endomorphisms of £).

Corollary 2.4.  Let A be a filtered R-stack. If A is an R-algebroid
stack, then its associated graded stack &v(2) is a Gr(R)-algebroid stack.

Proceeding as in [12], one gets that a filtered R-algebroid stack 2 on X is
given, up to equivalence, by the datum of

Ui A} A fig b {aije}),

where X = (J;c; Us is an open covering, A; = U,,cz FinAi are filtered R-

algebras on U, fij: Aj — A; are filtered R-algebra isomorphisms on U;; and
aiji € ankfliX (Uijx) are invertible sections such that

fij fie = ad(asjr) fir, as morphisms Ay — A; on Uy,
aijrtinl = fij(ajp)aij  in A (Uijk)-
(Here and in the sequel we set U;; = U; N U; and so on.)

Proposition 2.5.  Let 2 be as above. Then the associated graded Gr(R)-
algebroid stack &t(2U) is given, up to equivalence, by the datum of

(U} AGr(AN} AGr (i)} Aom,,. (aiin)}),

where ainijk denotes the symbol map Fy,, , Ai — Grom,, (Ai).



736 PIETRO POLESELLO

Recall that, given an R-algebroid stack 2, the stack of A-modules is by
definition the R-stack of R-functors Fetr (A, Mod(R)). It is an example of
stack of twisted sheaves (see for example [11]). Similarly, one defines the stack
of filtered (resp. graded) modules over a filtered (resp. graded) algebroid stack.

83. W-Algebroids

Let (X,w) be a complex symplectic manifold. Recall that a local model
for X is an open subset V of the cotangent bundle T* M of a complex manifold
M, equipped with the canonical symplectic form. Hence it is possible to define
the (W, x)-algebras on X in the same way as in Definition 1.2.

Although there may not exist a globally defined (W, x)-algebra on X,
Polesello-Schapira [26] defined a canonical stack 9od (W; X)) of WKB-modules
on X. Following [12], this result may be restated as:

Theorem 3.1 (cf. [26]).  On any complex symplectic manifold X there
exists a canonical k-stack Wx which is locally equivalent to (f_lVV%/PM)"' for
any symplectic local chart f: X DU — T*M.

Note that W x is a k-algebroid stack and the stack of 0 x-modules equiv-
alent to Mod(W; X). In particular, if X = T*M for a complex manifold M,
then 207+, is by definition equal to (Wq\ﬁ )T and it is canonically equivalent
to (f_ll/\/%/fM)“‘ for any symplectic transformation f: T*M — T*M.

The next proposition follows directly from the construction of Wy given
in [26] and by Proposition 2.5. It allows us to say that the algebroid stack 20 x
provides a (holomorphic) deformation quantization of X.

Proposition 3.2.  The k-algebroid stack W x is filtered and satisfies the
following properties:

(i)™ there is an equivalence of graded C[r=1,7]-stacks
o: 6r(Wx) = (Ox[r~ L 7))+
(ii)T it is endowed with a filtered anti-k-linear (strict) anti-involutionS
*: WP = Wy

such that o o Bty(x) = a°P, where we identify (O5F)°P with O5.

6 An anti-involution on a linear stack & is a linear equivalence t: G°P = & endowed with
an invertible transformation e: t? = idg such that the transformations € o id,: ¢3 = ¢
and id, oe: ¢t = ¢3 are inverse one to each other. It is strict if € = id.



DEFORMATION (QUANTIZATION ALGEBROIDS 737

We may thus mimic the definition of (W, x)-algebra and get:

Definition 3.3. A W-algebroid with an anti-involution on X, a (W, x)-
algebroid for short, is a filtered k-stack 24 endowed with

()" an equivalence of graded C[r—1, 7]-stacks v: &r(2A) = (Ox[r~1,7])*;
(i7)* a (strict) anti-involution ¢;

such that the triplet (2, »,¢) is locally equivalent to (Wx, o, ).

A (strict) equivalence of (W, x)-algebroids (21,v1,¢1) — (™Usz,va,t2) is a
filtered k-equivalence ®: 2; — 2o satisfying ¢o o PP = ® oe; and vy 0 Br(P) =
V.

An invertible transformation between equivalences of (W, x)-algebroids is
a filtered invertible transformation of functors a: ®; = &, satisfying id,,
o®tr(w) = id,, (as natural transformations v o &v(®1) = v1 = v;) and such
that the natural transformations aoid,,: ®; 047 = 120 <I>gp and id,, oa: tg 0
PP = @, 04y are inverse one to each other.

As the (W, x)-algebras give the (holomorphic) deformation quantizations
of T*M, we may say that the (W, x)-algebroids provide the (holomorphic)
deformation quantizations of X. We call 20y the canonical (W, x)-algebroid
on X.

Remark 3.4.

(i) In fact, it is possible to show that any k-stack 2 which is locally k-equivalent
to Wy is filtered. However, contrarily to the case of W-algebras (see
Remark 1.3), its associated graded stack &t(2) is in general not globally
equivalent to (Ox[r~!,7])*. These objects are (holomorphic) deformation
quantizations of gerbes in the sense of [8], and are studied in [13].

(ii) Note that any anti-involution of 20x is isomorphic to a strict one. Hence
it is not restrictive to suppose that the anti-involution ¢ in (4i)" is strict.
Similarly, it is not restrictive to take equalities instead of invertible natural
transformations in the definition of equivalence of (W, %)-algebroids (see
the proof of [25, Theorem 3.3] for the microdifferential case).

If Aisa (W, x)-algebra on X, then AT is a (W, *)-algebroid with a global
object. Conversely:
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Proposition 3.5.  Let (A,v,t) be a (W, %)-algebroid on X with a global
object. Then there exists a (W, )-algebra A on X and an equivalence of (W, *)-
algebroids AT ~ 2.

Note that, if such A exists, in general it is not unique. Moreover, any other
(W, x)-algebra on X is locally isomorphic to A.

Proof. Let L € A(X) be a global object and set B = Endy(L). Then
B is a W-algebra on X, that is, it is a filtered k-algebra locally isomorphic to
f ”W%/f  for any symplectic local chart f: X D U — T M, and whose graded

1 7]. Since there is a k-equivalence B ~ 2,

algebra is isomorphic to Ox |7~
it follows that ¢ defines an anti-involution on BT and, as the functor (-)* is
locally full (see Section 2), one may suppose that this is locally isomorphic to
v+, for a locally defined anti-involution ¢ on B. One thus gets an open covering
X = U, Ui, anti-involutions ¢; on B|y, and invertible operators P;; € B* (U;;)
satisfying ¢, = ad(Py;) o ¢j, ti(Pij) = P;j on U;; and P;;Pji, = P, on Ujy.
Moreover, since v o &rg(t) = v°P, the P;;’s must be of order 0 and principal
symbol 1. Choose Q;; € B*(U;;) of order 0 and principal symbol 1 such that
P = QF; and 1;(Qij) = Qi; (see [26, Lemma 5.3] for the construction of
such operators in the microdifferential case). One checks easily that the Q;;’s
satisfy ¢; 0 ad(Q;;) = ad(Qj) o ¢; on U;; and Q;;Q,x = Qix on Usji. It follows
that the W-algebra A defined by the 1-cocycle {ad(Q;;)} is endowed with an
anti-involution, i.e. it is an (W, *)-algebra, and that there is an equivalence of
(W, x)-algebroids AT ~ .

1

8§4. Cohomology with Values in a Stack

As for classifying W-algebras one uses cohomology with values in a sheaf of
groups, so to classify W-algebroids we need a cohomology theory with values in
a stack with group-like properties. In this section we briefly recall the definition
of cohomology with values in a stack and show how to describe it explicitly by
means of crossed modules. References are made to [6, 7]7. We assume that the
reader is familiar with the notions of monoidal category, monoidal functor and
monoidal transformation, and also with their stack counterpart. (The classical
reference is [20] and a more recent one is [19]. See for example [SGA4, exposé
XVIII] for the stack case.)

Let X be a topological space.

"We prefer to follow here the terminology of Baez-Lauda [Higher-dimensional algebra. V.
2-groups, Theory Appl. Categ. 12 (2004), 423-491], which seems to us more friendly
than the classical one of gr-category as in loc.cit.



DEFORMATION (QUANTIZATION ALGEBROIDS 739

Definition 4.1.

(i) A 2-group is a monoidal category (G, ®, I) whose morphisms are all invert-
ible and such that for each object P € G there exist an object Q € G and
a morphism P ® Q ~ I (and hence a morphism Q ® P ~ I). A functor
(resp. a natural transformation of functors) of 2-groups is a monoidal func-
tor (resp. a monoidal transformation of functors) between the underlying
monoidal categories.

(ii) A pre-stack (resp. stack) of 2-groups on X is a monoidal pre-stack (resp.
stack) (&, ®, I) such that for each open subset U C X, the monoidal cat-
egory (6(U),®,I) is a 2-group. Functors (resp. natural transformations
of functors) of stacks of 2-groups are monoidal functors (resp. monoidal
natural transformations).

In the sequel, if there is no risk of confusion, a stack of 2-groups (&,®,I)
on X will be called a 2-group on X and denoted by &.

Let G be a (pre-)sheaf of groups on X. We denote by G[0] the discrete
(pre-)stack defined by trivially enriching G with identity arrows, and by G[1]
the stack associated to the pre-stack whose category on an open subset U C X
has a single object e and End (e) = G(U) as set of morphisms. Note that the
Yoneda embedding identifies G[1] with the stack of right G-torsors. Clearly G[0]
is a (pre-)stack of 2-groups, while G[1] defines a stack of 2-groups if and only if
G is commutatives.

Let & be a pre-stack of 2-groups on X. We define the 0-th cohomology
group of X with values in & by

HY(X;8) = lim H(U; ),
u

where U ranges over open coverings of X. For an open covering U = {U; }ier,
the elements of H°(U; ®) are represented by pairs ({P;}, {c;;}) (the O-cocycles),
where P; is an object in &(U;) and ay;: P; = P; is an isomorphism on double
intersection U;j, such that a;; o o = oy on triple intersection U, j, with the
relation ({P;},{ai;}) is equivalent to ({P/},{af;}) if and only if there exists
an isomorphism §;: P/ = P; compatible with oy and a;j on Uy;.

Note that, if & is a stack, then H°(X;®) is isomorphic to the group of
isomorphism classes of objects in &(X). If G is a (pre-)sheaf of groups on X,
then H°(X;G[0]) is nothing but the usual Cech cohomology group H°(X;G).

8Recall that for any (pre-)stack of 2-groups ®, the (pre-)sheaf of groups Aut g (I) is
commutative.
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Similarly, the 1-st cohomology (pointed) set of X with values in & is defined

by
HY(X;®) =lim H (U; &),
u

where U ranges over open coverings of X. For an open covering U = {U, };¢1,
the elements of H'(U;®) are given by pairs ({P;;},{i;r}) (the l-cocycles),
where P;; is an object in &(U;;) and ;i : Pij @ Pjk = P;i, is an isomorphism
on Uy, such that the diagram on quadruple intersection U

;e ®idpy,

Pij @ Pjr @ Prg ————— Pir @ Pry

lidpij Rtk laikl

Qg

Pi; @ Pji P

commutes. The 1-cocylees ({Ps;}, {vijr}) and ({P};}, {ef;;}) are equivalent if
and only if there exists a pair ({Q;}, {di;}), with Q; an object of &(U;) and
dij: 791-’]- ®9; =9 ®P;; an isomorphism on U;; such that the diagram on U,

, , id?;j ®jk , 5ij®id7’jk
P ® Pl ® Qi Pi; ® Qj ®Pijk Qi @Pij @ Py

O‘;jk®iko idg, ®aijk

Pl © Ok Q; ® P,

commutes.

Note that, if & is a stack, then H'(X;®) classifies the right ®-torsors on
X (see for example [6]). As before, if G is a (pre-)sheaf of groups on X, then
H'(X;G[0]) gives the usual Cech cohomology H'(X;G).

Definition 4.2. A crossed module on X is a complex® of sheaves of
groups G~ ! 4, G° endowed with a left action of G° on G~' such that, for any
local sections g € G° and h,h’ € G~!, one has

d(“h) = ad(g)(d(h)) and ) =ad(h)(h).

A morphism of crossed modules is a morphism of complexes compatible with
the actions in the natural way.

To each crossed module G—* 4, GO there is an associated 2-group on X,
which we denote by [G~* 4, GY], defined as follows: it is the stack associated

9Here we use the convention as in [7, SGA4, exposé XVIII] for which G* is in i-th degree.
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to the pre-stack whose objects on an open subset U C X are the sections
g € G°(U) and whose morphisms g — ¢’ are given by sections h € G=(U)
satisfying ¢’ = d(h)g. The 2-group structure for objects is ¢ ® ¢’ = g¢’ and for
morphisms is given by the rule

h h hi91h
(91 == 91) ® (92 = g5) = 9192 —— 41 95-
In a similar way, a morphism of crossed modules induces a functor of the
corresponding 2-groups.

Remark 4.3.  In fact, it is true that any 2-group on X comes from a
crossed module. However, this result is not of practical use. We refer to [SGA4,
exposé XVIII] for the proof of this fact in the commutative case and to [9] for
the non commutative case on X = pt.

By definition, an object P of [G~* 4, G° on an open subset U C X
is described by an open covering U = |J,c; Ui, sections {g;} € G°(U;) and
sections {h;;} € G71(U;;), subject to the relations g; = d(h;j)g; on U;; and
hijhji = hi on Uji. In particular, if G is a sheaf of groups, then [1 — ]
is naturally identified with G[0]. If moreover G is commutative, the complex
G — lisacrossed module and the associated 2-group is identified with G[1]. We
denote by 1 the trivial 2-group 1[0] = 1[1] with (one object and) one morphism.

Let G~ 1 4, G be a crossed module on X and consider the exact sequence

of groups
(4.1) 1—kerd— G % G% — cokerd — 1.

Proposition 4.4.  The sequence (4.1) induces an extension of 2-groups
on X

1—kerd[l] &[G % 6% 5 cokerd[0] — 1,

that is, ™ is surjective on objects and i factors through an equivalence with the
kernel of 7 (the full sub-2-group of [G~1 4, G°] whose objects satisfy m(P) =
1 € cokerd).

In particular, if d is surjective (resp. injective), then there is a 2-group
equivalence ker d[1] ~ [G~1 4, G (resp. [G~1 4, G =~ coker d[0]).

Proof. Since kerd is commutative, the sequence (4.1) induces a (non-
exact) sequence of crossed modules and one then takes the associated sequence
of 2-groups

[kerd — 1] 5 G! 4, G 5 [1 — cokerd].
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In particular, the functor 7 sends the object e of ker d[1] to the unit object 1 €
GO. Tt is fully faithful and its essential image is identified with the sub-2-group
of [G7! 4 GY] of objects locally isomorphic to 1. Note that coker d is identified
with the sheaf associated to the pre-sheaf whose sections on an open subset
U C X are isomorphism classes of objects in the 2-group [G~! 4, G°|(U), and
7w with the functor which sends an object P € [Qil LN gO] to its isomorphism
class. Hence 7 is surjective on objects and 7(P) = 1 € cokerd if and only if P
is locally isomorphic to 1 € GY.

O

Let G—! <, G° be a crossed module on X. Then the cohomology of X with
values in the 2-group [G~! 4, GY] admits a very explicit description, which we
recall below. This is usually referred as the (hyper-)cohomology of X with
values in G—! 4, GY and it will be denoted by H*(X;G™! 4, G%),i=0,1.

Up to a refinement of the open covering U = {U, };c; of X, the 0-cocycles
on U with values in [G* 4, GY] may be described by pairs ({g;}, {hi;}), where
gi € G°(U;) and h;j € G71(U;;) are sections satisfying the relations

gi = d(hij)g; in G°(Uij)
hijhir = hix — in G~ Y (Uijr),

and ({g:}, {hi;}) is equivalent to ({g;}, {hi;}) if and only if there exist sections
{k;} € G=1(U;) such that the following relations hold

o= dk)g, i QU
h;jkj = k’ihij in g_l(Uij)'

The same description for 1-cocycles needs some care, since one has to
consider open coverings for any double intersection U;;. In other words, one has
to replace coverings by hyper-coverings. Indices become thus very cumbersome,
and we will not write them explicitly'®. Hence the 1-cocycles on U with values
in [G-! % G° may be described by pairs ({g;;}, {hijx}), where g;; € G°(Us;)
and hyjp € Q_I(Uijk) are sections satisfying the relations

{gijgjk =d(hiji)gi  n G°(Usjk)
hijkhie = 95 hjgahig in G (Uij)-

10Recall that, for a paracompact space, usual coverings are cofinal among hyper-coverings.
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Moreover, ({gi;},{hijr}) is equivalent to ({g;;},{hi;;}) if and only if there
exists a pair ({I;}, {ki;}), with k;; € G71(U;;) and I; € G°(U;) such that

{géjlj =d(kij)ligi; in G°(Uyj)
Rk = 99 knk b hige in G7N(Usje).

Note that, if G~* 4, GY is a complex of sheaves of commutative groups
(with trivial action) then H?(X;G~ 1% G) is the usual Cech hyper-cohomology
of X with values in G~! 4, GO. In particular, if G is a sheaf of commutative
groups, then there is an isomorphism

(4.2) HY(X;G[1]) ~ HT(X;G), i=0,1.

§5. Classification of W-Algebroids

Let X be a complex symplectic manifold and 20x the canonical (W, *)-
algebroid on X. We denote by 2Autqy .)(Wx) the stack of 2-groups of auto-
equivalences of Wx as (W, *)-algebroid. Its objects are filtered k-equivalences
O: Wy — Wy satisfying 6 o &r(P) = o and %0 PP = P ox, and its morphisms
are the filtered invertible transformations a: ®; = @9 satisfying idy o®&r(a) =
idy and such that the natural transformations o oidy: &1 0% = * o CIDSP and
ids ocv: % oP3” = P o x are inverse one to each other.

Let A be a (W, x)-algebroid. By definition, there exists an open covering
X = U, Ui such that A u;, as (W, x)-algebroids. Let
D, : Ay, —» Wx|y, and ¥,;: Wx |y, — A|y, be quasi-inverse to each other. On

U, is equivalent to Wx

Ui; there are (W, x)-algebroid equivalences ®;; = ®;, o ¥;: Wx

v, — Wxlu,;s
and on Ujji there are invertible transformations of (W, x)-algebroid equiva-
lences i ®i5 0 Pjr = Pip. On Uyjp the following diagram commutes

aijkoid¢kl

(5.1) Dij o Pjp 0 Ppy =————=> Oy, 0 Py,
\H/idq)jj okl ﬂaikl
(bij e} (I)jl 2ot (I)il-

It follows that the (W, x)-algebroids are described by 1-cocycles (@5, a;ik)
with values in Auty ,)(Wx ). In a similar way one describes the equivalences
between (W, x)-algebroids. Hence we have:

Proposition 5.1.  The set of the equivalence classes of (W, x)-algebroids
on X, pointed by the class of Wy, is isomorphic to H* (X5 R™uty 4 (Wx)).
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Let us briefly recall how to describe more explicitly the 1-cocycle (®;;, ovijk)
attached to a (W, x)-algebroid 2. We follow here [26, 12]. By definition, 20 x
is locally equivalent to (f _IW:,‘«/E )T for any symplectic local chart f: X O

U — T*M. Hence, up to a refinement of the open covering X = J,_; U;, one

iel
may suppose that there exists a symplectic embedding f;: U; — T*M such
that Wx |y, is equivalent to (VV(}/E)'|r = (f-_lV\/ﬂM)‘*‘. Since the functor (-)*

1
is locally full (see Section 2), up to shrinking again the open covering, one

may suppose that ®;; is isomorphic to 90;;-7 for a filtered k-algebra isomorphism
i W(‘J/E — W(‘J/E on Uj;. From 6 0®t(®;;) = o and *0¢>%P = ®;; ox it follows
that ¢;; is a (W, x)-algebra isomorphism. On Ujji, the invertible transformation
Qij ‘ij o onk = ;. is (locally) given by an invertible operator Pij), € Wl}/fk
satisfying

@ij © i = ad(Pijk) © Pik-
Since (idy oa;ji) 0 (avijk 0idy) = id and idy o®t(a;j1) = ids, it follows that Py

must satisfies P}, Pijr = 1 (hence it is of order 0) and oo(P;;,) = 1, so that it

ijk
is a section of Wl‘]/f* Finally, on Ujjx; the diagram (5.1) corresponds to the
equality

P;jxPirt = 0ij(Pjr1) Piji-
The datum of

({fit: {eis b AP })

as above is enough to reconstruct the (W, x)-algebroid 2 (up to equivalence).
In the particular case of X = T*M, one has f; = id. We thus proved:

Lemma 5.2.  The assignment ¢ — o+ defines an equivalence of 2-
groups on T* M

v, ad v ~ v
WS 2 Aut iy W) S Raitow (W))

We are now ready to prove our main result.

Theorem 5.3.  The set of the equivalence classes of (W, x)-algebroids
on X is isomorphic to H*(X;k%).

Note that H?(X; k%) has a group structure, contrarily to the set of equiv-
alence classes of (W, x)-algebroids. One may thus state the Theorem 5.3 by
saying that there is a free and transitive action of H?(X;k%).



DEFORMATION (QUANTIZATION ALGEBROIDS 745

Proof. Consider the natural functor of 2-groups
i: k’}[l] — Qlut(w,*)(ﬂﬁx)

induced by the functor of pre-stacks which sends the unique object e to the
identity functor idgy,. At any point p € X, we may find a symplectic local
chart f: X D U — T*M around p, such that 2 x|y is equivalent to (l/\/,}/a)+ =
( fflVVr}/E )T as (W, x)-algebroids. We thus have a chain of equivalences of 2-
groups

Autip 0 (Wx )| = Auty .0 (Wx|v)
~ Rty (W)
v, ad v
~ [WUf L Aut (WY )} ,

(the last one follows from Lemma 5.2) and hence the functor ¢ restricts on U
to

ilos k(1] — W™ 2 Aut gy, W)
By Lemma 1.5 and Proposition 4.4, this is an equivalence of 2-groups. It follows
that the functor ¢ is locally, and hence globally, an equivalence. We thus get a
chain of isomorphisms of pointed sets

H' (X3 Mutoy ) (W) = B (X5 Ky [1]) = H(X: k),

where the latter follows by (4.2). O

Consider the exponential sequence!!

0—7Z— k(0) — k(0)* — 1.

It induces an isomorphism of groups k(0)°4¢ ~ k* where k(0)°4 = {s(7) €
k(0); s(1) + s(—7) = 0}. In the formal case, i.e. dropping the estimates (1.1),
this is nothing but the group C[h]° of odd formal power series in h =
77!, Since Theorems 3.1 and 5.3 are still valid in the formal case, it follows
that the formal (W), *)-algebroids on X are classified by H?(X;C[h]3d9) ~
H?(X;Cx)[n]°%.

Note that the inclusion k(0)°%4 < C[A]°49 defines a split exact sequence of
C-modules. Therefore H?(X;k(0)58) is a direct summand of H?(X;Cx)[h]°%,
and it vanishes whenever H?(X;Cx) = 0. Since H?(X; k%) ~ H?(X;k(0)589),

we have:

1 For any WKB operator P of order < 0, the operator exp P is well defined, since it satisfies
the estimates (1.1). This follows, for example, by using the quasi-norm introduced by
Boutet de Monvel-Krée in [5].



746

PIETRO POLESELLO

Corollary 5.4.  Suppose that H*(X;Cx) = 0. Then Wx is the unique

(up to equivalence) (W, *)-algebroid on X .

(i)

(i)

(iii)

Remark 5.5.

By taking H° instead of H' in the proof of Theorem 5.3, we get an iso-
morphism between H'(X;k%) and the group of isomorphism classes of
(W, x)-algebroid autoequivalences of W x.

If X =T*M for a complex manifold M, the coboundary map
§: HY(T* My WY K ny) — HA(T*M; K pp)

associated to the exact sequence (1.2), may be interpreted as the map which
sends the class [A] of a (W, )-algebra to the class [AT] of the corresponding
(W, x)-algebroid. Note that the (W, *)-algebras as in Example 1.4 are sent
by § to the unit element.

One may show that Theorem 5.3 holds in the framework of real symplectic
manifolds, replacing (W, *)-algebras with (sheaves of) deformation quanti-
zation algebras endowed with an anti-involution, and k by C[h]. This fol-
lows from three well-known facts (see for example [10, 4]): the existence of
a deformation quantization algebra endowed with an anti-involution (and,
a fortiori, of a deformation quantization algebroid endowed with an anti-
involution); that any two such algebras are locally isomorphic; the existence
of an exact sequence similar to (1.2). However, in that case, any deforma-
tion quantization algebroid has always a global object and all global objects
give rise to isomorphic deformation quantization algebras (see [10]). It fol-
lows that in the real case there are no distinctions between the deformation
quantizations given by sheaves of algebras and those provided by algebroid
stacks. In particular, one recovers that the deformation quantization alge-
bras with an anti-involution on a real symplectic manifold X are classified
by H2(X; Cx) [,

Using the same techniques, in [25] it is shown that on a complex contact
manifold the stack defined by Kashiwara in [16] is the unique (up to equiv-
alence) quantization endowed with an anti-involution.
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