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Conformally Invariant Systems of Differential
Equations and Prehomogeneous Vector Spaces
of Heisenberg Parabolic Type

By

L. BARCHINI, Anthony C. KABLE and Roger ZIERAU*

Abstract

Several systems of partial differential operators are associated to each complex
simple Lie algebra of rank greater than one. Each system is conformally invariant
under the given algebra. The systems so constructed yield explicit reducibility results
for a family of scalar generalized Verma modules attached to the Heisenberg parabolic
subalgebra of the given Lie algebra. Points of reducibility for such families lie in the
union of several arithmetic progressions, possibly overlapping. For classical algebras,
enough systems are constructed to account for the first point of reducibility in each
progression. The relationship between these results and a conjecture of Akihiko Gyoja
is explored.

81. Introduction

To describe our results, it is first necessary to set the scene. In the body of
the paper we shall work most of the time in an exclusively algebraic framework,
but it will be useful here to take a more inclusive viewpoint, mixing the analytic
and the algebraic. We shall first attempt to explain the significance of our
results and place them in context. To some extent, these remarks may be
taken as an introduction to a broader investigation of which this work and [2]
are the first fruits. Then we shall draw a map to aid the reader in navigating
on the admittedly lengthy journey through the proofs.
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Let G be a split adjoint semisimple real Lie group whose complexified Lie
algebra g is simple and of rank greater than one. By a Heisenberg algebra
we mean a two-step nilpotent Lie algebra with one-dimensional center. It is
known that g contains a unique conjugacy class of parabolic subalgebras whose
nilradicals are Heisenberg algebras, and we call any such parabolic subalgebra
a Heisenberg parabolic. Let q be a Heisenberg parabolic in g with nilradical n,
Q@ be a connected parabolic subgroup of G whose complexified Lie algebra is q,
and @ be the parabolic subgroup opposite to Q. Let L be a Levi subgroup of Q.
Then n decomposes uniquely under the adjoint action of L as n=V* @ Z(n).
It is known that the triple (L, Ad, V1) is a prehomogeneous vector space. Any
prehomogeneous vector space constructed in this way will be said to be of
Heisenberg parabolic type.

At this point, we would like to draw the reader’s attention to Section
8 where we have summarized information about each of the simple complex
Lie algebras and their Heisenberg parabolics. In particular, we identify the
prehomogeneous vector space (L, Ad, V1) for each one. It is interesting to note
that the five exceptional algebras are the simplest and most uniform from our
current perspective. In contrast, each of the classical algebras displays some
peculiarity or other. The reader may find it useful to refer to the data in this
section as the discussion proceeds.

Having explained the meaning of the latter half of the title, we shall now
address the former. Along with the Heisenberg parabolic () comes a non-
trivial character x of L, and we may consider the representation of G smoothly

$ on the parabolic Q. Here s is a complex pa-

parabolically induced from x~
rameter. If we identify the space of the induced representation with a space
of smooth functions on n in the usual way then we obtain a family of repre-
sentations Il of g. For each Y € g, II4(Y) is the sum of a vector field and a
multiplication operator on n. It gives the infinitesimal action of ¥ on C'°(n)
via the induced representation associated to the parameter s. Suppose that
Dy,...,D, is a list of differential operators on n. We shall say that they con-
stitute a conformally invariant system if, for some choice of s, we have identities

of the form
(1.1) [I,(Y),D;] = ZC;C.DJ-
j=1

forall Y € g and 1 < i < n, where each c;/i is a smooth function on n. The
superscript indicates the possible dependence on Y. The particular value of s
appearing in these identities will be called a special s for the given system. It
is possible for a given system to have more than one special s.



CONFORMALLY INVARIANT SYSTEMS 751

Notice that if Dy, ..., D, is a conformally invariant system of differential
operators then the Lie algebra g acting via Il leaves the common solution
space of the system invariant. One might hope to obtain interesting represen-
tations of g or, more optimistically, of G on such spaces of functions. This hope
provides the initial representation-theoretic motivation for considering confor-
mally invariant systems in the context we have just described. The theory of
conformally invariant systems in this sort of context was begun by Kostant in
[16]. In that work, he considered the case where n = 1; that is, where there is
a single conformally invariant operator. His theory was generalized in a certain
direction by Huang [10], who abandoned the framework of conformal invari-
ance in favor of that of differential intertwining operators. We show elsewhere
[2] that Kostant’s original framework can also be generalized successfully. The
remarks we make here on conformally invariant systems will be justified there.
We note that a technical non-degeneracy assumption is a part of the definition
as given in [2]. This condition is automatically satisfied in our examples and is
ignored here for simplicity.

In [2], the authors relate the existence of conformally invariant systems to
the existence of homomorphisms between suitable generalized Verma modules.
On the other hand, the results of Collingwood and Shelton [6] relate the exis-
tence of homomorphisms between generalized Verma modules to the existence
of differential intertwining operators between the corresponding smooth degen-
erate principal series representations. Such differential intertwining operators
have been the object of intensive investigation, particularly in the case where G
is of Hermitian type. Jakobsen’s work [11] provides some classification results
for such operators. We also wish to mention that many particular examples
of conformally invariant systems have appeared in the literature, without their
necessarily being identified as such. One notable class of examples may be
found in the work of Davidson, Enright, and Stanke [7].

There is a close connection between the existence of a conformally invari-
ant system of differential operators with given special s and the reducibility
of the generalized Verma module M(—s) = U(g) @y (q) C—s. Here C, denotes
the one-dimensional g-module obtained by letting the nilradical of q act triv-
ially on C, and the Levi subalgebra [ act by s times the derived character of
the character xy of L. Indeed, with respect to a certain natural equivalence
relation, equivalence classes of suitable conformally invariant systems of differ-
ential operators with a given special s are in one-to-one correspondence with

n

the irreducible [-submodules of the space M(—s)"; we do not presently need

to make explicit the additional conditions subsumed in the word “suitable”.
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The identity operator (a differential operator of order zero) by itself forms a
conformally invariant system for which every s is special. The equivalence class
of this system corresponds to the [-submodule of M (—s)" spanned by the stan-
dard generator of M(—s). If, for a given s, there is a suitable conformally
invariant system not equivalent to the system given by the identity operator
then it follows that M (—s) is reducible.

We have now described the prehomogeneous vector spaces of Heisenberg
parabolic type and given the definition of a conformally invariant system of
differential operators that is relevant in the current context. How then are
these two objects to be connected? The connection is made via the classical
invariant theory of the spaces (L,Ad, V™), and we now explain this. By a
covariant of (L, Ad, V™) we mean a representation (L, p, W) of L on a finite-
dimensional complex vector space W, together with an L-equivariant polyno-
mial map F : VT — W. It is usual to speak of F' as being the covariant,
with the target representation implicit. Some goals of classical invariant theory
are to obtain a complete description of the covariants of a given space, to de-
termine which are fundamental (in some sense to be made precise in context)
and which derived, and to elucidate the algebraic and geometric meaning of
the fundamental covariants. The reader may find a useful discussion of the
invariant theory of the prehomogeneous vector spaces of Heisenberg parabolic
type in Section 5.5 of [9].

Observe that if F' is a covariant then the ideal (F') < C[Vt] generated
by the components of F' (with respect to any basis of W) is L-invariant. In
particular, the zero set Z(F) of this ideal is the union of the Zariski closures of
certain L-orbits in V*. In the current situation, if O is an L-orbit in VT then
its vanishing ideal I(0O) is a homogeneous ideal in C[V ], and its homogeneous
components are covariants of V. Note, however, that the ideal (F) will not
in general be radical, so that thinking in terms of covariants and L-invariant
homogeneous ideals gives a finer perspective than thinking in terms of L-orbit
closures in V'T.

We show that each of the spaces (L, Ad, V) has four natural covariants,
which we call 7q,...,74. The subscript indicates the degree of the polynomials
comprising the covariant. When g is a symplectic algebra, 75 and 74 are identi-
cally zero; with this exception, all the 7; are non-zero. Up to twists by powers
of x, which we shall presently ignore, 71 takes its values in the dual of V1, 7,
takes its values in the adjoint representation of L on [, 73 is a self-map of VT,
and 74 has one-dimensional image and is essentially a relative invariant of V1.
Thus the existence of 71, ..., 74 reflects the decomposition of g as an [-module.
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This list of covariants includes some much-studied examples. For instance, if
g has type Gy then VT is the space of binary cubic forms, 7, is the Hessian
covariant, and 73 is the so-called cubocubic covariant.

Naively stated, what we do is to associate to each covariant 7; a conformally
invariant system Q;(Y1),...,9Q,(Y,), where Y7,...,Y,, is an ordered basis for
the codomain of 7;. We generally refer to this conformally invariant system
simply as ;. In this way, for each simple complex Lie algebra g, except for
s[(2), we produce several systems of differential operators conformally invariant
under a suitable action of g. There are a two caveats to this naive formulation.
First, in some cases the covariant 7o is reducible and we actually attach a
system (25 to each of its irreducible components. Secondly, we only construct
Q3 when g is an exceptional algebra. In a sense that will be explained below,
we do not require 23 for the classical algebras, so this omission is not harmful.
Moreover, it is not currently clear that such a system exists for the classical
algebras. The systems and their special s values are summarized in Subsection
8.10.

We must, of course, explain what we mean by saying that the system 2;
is associated to the covariant 7;. Let D[n] be the Weyl algebra of n; that is,
the ring of polynomial-coefficient differential operators on n. We construct a
subring of D[n], which we shall here denote by C[V]. It arises from a right
action of N = exp(n) on functions on n, and is naturally isomorphic to U(n).
As we show in [2], every equivalence class of conformally invariant systems
of differential operators on n has a representative all of whose members lie
in the subring C[V]. (For the present purpose, it is enough to observe that
each of the differential operators ;(Y") lies in C[V]). Suppose then that we
have a conformally invariant system D = Dy,..., D, whose members lie in
C[V]. We may regard each D; as an element of U(n) and consider its image in
gr(U(n)) = S(n). There is a homomorphism S(n) — S(VT) that extends the
projection map n — V' and, after applying this homomorphism, we obtain a
list of elements of S(VT). There is an L-relatively invariant symplectic form
on V', unique up to proportionality, and we may use it to identify S(V*) with
S((V*T)*) = C[V*]. Under this identification, we obtain a list of elements of
C[VT]. Let us denote by J(D) the ideal in C[V*] generated by these elements.
When we say that §); is associated to 7;, the precise content of this statement
is that J(£;) = (7;). When 7 is reducible, the obvious refinement of this
statement holds for the systems and covariants associated to each irreducible
summand. The reader will see below that the construction of €2; is guided by
the requirement that J(€;) = (7;), which thus comes for free. The difficulty is
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in establishing the conformal invariance of the resulting system for some s.

Because of the connection between conformally invariant systems and re-
ducibility of generalized Verma modules, our results can be tested against
Jantzen’s results [12] and against the expectations arising from a conjecture
of Gyoja [8]. Recall that Jantzen [12] gave a necessary and sufficient condition
for reducibility of a generalized Verma module. This condition allows us to
test any particular M(s) for reducibility, but does not give an explicit proper
submodule when reducibility is indicated. Thus it allows us to decide that a
particular s is a special s for some conformally invariant system, without giving
a hint as to what the corresponding system might be.

We now describe a modification of Gyoja’s conjecture as it applies in our
setting. For Gyoja’s original formulation, the reader is encouraged to consult
[8]. For any parabolic subalgebra q = [ @ n we follow Gyoja in defining an
L-quasi-invariant polynomial P € C[n]. In our cases, we always have P =
y? — A, where y is a coordinate on the center of n and A € C[V 1] is a suitably
normalized relative invariant. Let bp(s) be the Bernstein-Sato polynomial of
this quasi-invariant. Gyoja’s conjecture suggests that M(s) is reducible if and
only if s = r + j, where bp(r) = 0 and 7 > 1 is a natural number. If s is
special for one of our conformally invariant systems then M (—s) is reducible
and so we expect that s = —r — j, where r is a root of bp(s) and j > 1. In
order to test this, one needs to know the Bernstein-Sato polynomial bp(s). The
determination of this polynomial is itself a non-trivial problem, which we do not
completely solve. What we do is to produce a quartic polynomial b(s) such that
bp(s)|b(s). We conjecture that bp(s) = b(s); this has been verified for low rank
cases and should not be out of reach in general. In hindsight, it emerges that the
special s for the conformally invariant systems we construct are precisely all the
numbers —r — 1, where r is a root of b(s). Thus our constructions make explicit
the first point of reducibility in each of the arithmetic progressions expected
from Gyoja’s conjecture and the conjecture that bp(s) = b(s). We have verified,
using Jantzen’s result, that this point is in fact the first reducibility point in
all cases. We do not include the verification in the current work, since it would
add substantially to its length; we shall return to the general question in the
future. The intimate relationship between the systems we construct and the
roots of bp(s) is one striking feature of our results.

After the present work was completed, we found the article [1] of Astashke-
vich and Brylinski. In this work, the authors construct a number of so-called
exotic differential operators on the ring of regular functions of the complex mini-
mal nilpotent orbit in the non-symplectic classical simple algebras. Among their
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operators may be found versions of the conformally invariant systems that we
shall later refer to as Q9(Zp), Q5™ and Q4 for these algebras. Astashkevich
and Brylinski were not seeking conformally invariant systems and did not con-
sider the conformality of the systems they constructed, yet they were led from
their own starting point to some of the systems that we construct herein. This
convergence may serve to support the claim that conformally invariant systems
of differential operators for the simple algebras are rather remarkable objects
and will tend to appear in contexts not obviously connected with conformality.

Now that we have described our results in general terms, and discussed
their relationship with other results and conjectures, it is time to describe the
organization of the current work. Section 2 is devoted to defining the covariants
Ti,...,Ts, establishing their general properties, and proving a number of other
algebraic facts that apply uniformly to all simple complex Lie algebras and their
Heisenberg subalgebras. Most of these results are routine, but we wish to draw
the reader’s attention to the four final propositions in this section, beginning
with Proposition 2.1. In this result, we define a constant ¢(g, C) associated to
the algebra g and a component € of the graph obtained by taking the Dynkin
diagram of g and deleting those nodes joined to the highest root in the extended
Dynkin diagram and the edges that touch them. This constant is defined as the
constant of proportionality between two expressions, the content of Proposition
2.1 being that they are indeed proportional. It emerges that all our special s
can be expressed in terms of the constants c(g,€) and dim(V*). Thus the
constants ¢(g, €) are critical for our work. The values of these constants for all
g and € are given in Section 8; the true significance of ¢(g, €) perhaps remains
to be uncovered. In Propositions 2.2, 2.3, and 2.4, further proportionalities are
established. The constants that appear in these proportionalities all turn out
to be expressible in terms of ¢(g, €) and dim(V ™). The notation introduced in
Section 2 is in force for the remainder of the paper.

In Section 3, we identify a simple condition on the root system of g and
study the further algebraic properties of those algebras that satisfy it. The
condition turns out to be equivalent to the non-vanishing of the covariants
73 and 74, and to be satisfied for all algebras except the symplectic algebras.
Among all prehomogeneous vector space of Heisenberg parabolic type, only
those associated to a symplectic algebra have no non-zero relative invariants,
and this is closely connected with their failure to satisfy our condition. The
notation introduced in this section remains in force subsequently; in particular,
the root § continues to play a significant role.

We describe the embedding of g into the Weyl algebra of n in Section 4. A
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general expression for the differential operator IT;(Y) associated to an element
Y of g is given in Proposition 4.1. It is particularly important to have a good
expression for the differential operator Dﬂ = II,(X_,) associated to the root
vector X_., where v is the highest root of g, and such an expression is given
in Proposition 4.2. Next we define the operators V., where « is a root in
n other than . Along with the partial derivative 0, in the direction of the
center of n, these operators generate a copy of U(n) inside the Weyl algebra,
this is what we denoted by C[V] above. The operators V,, are the fundamental
building blocks for our conformally invariant systems. We show in Proposition
4.3 that V,, commutes with II;(Y) for Y € n, and that the V, span a copy of
V+ under the action of I via II;. The crucial result in this section is Theorem
4.1, which gives an expression for the commutator [D(_S,)Y,Va]. Note that we
generally suppress the dependence on s in the notation; it is included here for
clarity.

Before describing the contents of Sections 5 and 6, we first explain our
general strategy for obtaining conformal invariance. As observed in Lemma
2.1, the subalgebras [ and n, and the root space g_. generate the algebra g.
Thus, in order to establish the relation (1.1) for all Y € g, it suffices to establish
it forY € n, for Y € [, and for Y = X_,. The elements in our conformally
invariant systems lie in C[V] and hence commute with II;(Y) for all Y € n.
Moreover, it will be clear from our construction of each system that (1.1) holds
for Y € [, with the coefficients c}; constant. This is simply another expression
of the L-equivariance that is built into everything we do. It therefore remains
to obtain a suitable formula for the commutator [D(_Sf;), Q(W;)], where Q(W;)
is a member of the system under consideration and sq is the special s for that
system. In fact, we do more than this. In each case, we obtain an identity of
the form

(1.2) (DY), (W) = chm(wj) + (5 — 50) Y

valid for all s, where each T; is itself a differential operator. This identity
simultaneously reveals the value of the special s and verifies the required con-
formality relation for the system Q(W7),...,Q(W,,) when s takes this special
value.

Section 5 is devoted to defining the systems (2; and 2 and obtaining
(1.2) for them. The main results are Theorems 5.1, 5.2, and 5.3. In Section
6, we continue by defining 3 (for the exceptional algebras) and Q4 (for all
algebras) and obtaining (1.2) for them. The main results are Theorems 6.1,
6.2, and 6.3. We have a couple of further remarks on these sections. First,
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the reader should note that the symbol X has a special meaning throughout
Sections 5 and 6. As explained in the introduction to Section 5, it denotes the
“generic element” of the vector space VT, and it is necessary to understand
this convention in order to interpret the statements of the above-cited theorems
correctly. Secondly, the computations leading up to the conformality of the
system (23 are disproportionately elaborate, but the theory of the €4 system
does not rely on the Q3 result and may be read independently.

The brief Section 7 describes the determination of the polynomial b(s)
that was mentioned above. It is largely self-contained and may be read imme-
diately after Section 2. Finally, Section 8 is a compendium of data concerning
the simple complex Lie algebras, their Heisenberg parabolic subalgebras, the
polynomials b(s), and the systems 1, ...,€y. By inspection of the data given
in this section, the reader may verify our assertion that the special s for the
systems we construct are precisely the numbers —r — 1, where r is any root of
the polynomial b(s).

§2. The Algebraic Setting

Let g be a finite-dimensional complex simple Lie algebra. Choose a Cartan
subalgebra b in g and let R be the set of roots of g with respect to . Fix
a positive system RT C R and let Ry C R™ be the corresponding set of
simple roots. Let By be a positive multiple of the Killing form of g and denote
by (-, -) the corresponding inner product induced on h*. We shall specify a
normalization of By below. For @ € R we denote by g, the root space of g
corresponding to «. If U is any ad(fh)-invariant subspace of g then we denote
by R(U) the subset of R consisting of those roots a such that g, C U.

If a, 8 € R then define

Pa,p =max{j € N| 8 — ja € R},
do,p =max{j € N |+ ja € R}.

For any «, 8 € R we have

2(av, )

(a, @)

= Pa,p ~ a6

By Lemma 4.1.1 of [5], if o, 8, + 8 € R then we have the relation

(a+B,a+8) pap+1
(67ﬁ) B do,B ’

It is known (see Chapter 4, Section 2 of [5] or Chapter 8, Section 4.4 of [4]) that
we may find a Chevalley system in g. That is, we may choose X, € g, and

(2.1)
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H, € b for each a € R in such a way that the following conditions hold. The
reader should note that we are following the normalizations of [5], although our
notation is closer to that used in [4].

(C1) Foreach « € R, X, Hy, X4 is an sl(2)-triple; in particular, [X,, X_,] =
H,.

(C2) For each o, 8 € R, [Hyo, Xp] = B(Ha)X5.

(C3) The inner product (-, -) is positive-definite on the real span of {H, | a €
R}.

(C4) For o € R we have By(Xq, X_o) =2/(a, ).
(C5) For o, B € R we have 8(H,) = 2(8,a)/(a, a).
(C6) If o, B, a+0 € R then there is a non-zero integer N, g such that [X,, Xg] =
NusXass.
(C7) If a, 8,0+ B € R then Ny gN_o,—3 = —(pa,s + 1)
(C8) If ag, 3,3 € R and o + a2 + a3 = 0 then
Novos _ Nagos _ Nage

(az,a3)  (ar,a1)  (@g,a9)

(C9) The linear map w : g — g that satisfies w(H) = —H for all H € h and
w(Xy) = —X_, for all @ € R is an automorphism of g.

It will be convenient to extend the notation by defining Ny g =0if o+ 3 ¢ R.
Note that (C9) implies that N_, _g = —N, g for all o, 3 € R.

We shall call w the Weyl automorphism of g; note that its square is the
identity. The only freedom that remains in the choice of the X, once all these
conditions are in place is that we may multiply both X, and X_, by —1 for
any o € RT. Later on, we shall exploit this freedom to normalize the structure
constants still further. Denote by « the highest root in R. We fix a choice of
By by requiring that B4(X,, X_,) = 1. By condition (C4), this is equivalent
to requiring that (v,v) = 2.

Assume now that the rank of g is greater than one. Let q C g be the
standard parabolic subalgebra corresponding to the subset {a € Ry | (o, y) =
0} of Ry. Denote by [ the standard Levi subalgebra of g and by n the radical of
g. Recall that n is a Heisenberg algebra; that is, a two-step nilpotent algebra
with one-dimensional center. In fact, 3(n) = g, and n has a unique ad([)-
invariant subspace VT such that n = V* & g,. Let G = Aut(g)° and L be the
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connected subgroup of G corresponding to the subalgebra [. The space V7T is
stable under the adjoint action of L and, by Vinberg’s Theorem (Theorem 10.19
of [15]), the triple (L,Ad, V™) is a prehomogeneous vector space. Since g, is
one-dimensional, there is a character x : L — C* such that Ad(1)Y = x(1)Y for
alll € L and Y € g,. Note that, because By provides a non-zero L-invariant
pairing between g, and g_,, Ad(l)Y = x(I)"'Y foralll € L and Y € g_,.

Lemma 2.1.  The algebra g is generated by [, n, and g_-.

Proof. Let t be the algebra generated by [, n, and g_-. Then v D q and
so t is itself a parabolic subalgebra of g. It is strictly larger than q because
g—~ ¢ q. If g is not of type A, then q is a maximal parabolic subalgebra, and it
follows that v = g. If g = sl(n) (n > 3) then one verifies directly that t =g. O

Let n be the radical of the parabolic opposite to q so that g = n®[®n. Then
nis also a Heisenberg algebra and we have a unique decompositionn = V'~ ®g_,
with V'~ an ad(l)-invariant subspace. It follows that

g=g,0V eleoVteg,

is the ad(H.,)-weight space decomposition of g, where the weights, read from
left to right, are —2, —1, 0, 1, and 2. Because we have normalized (-, ) so
that (vy,7) = 2, we have [H,, X,] = (a,7)X, for all @« € R. Thus (a,y) =1 for
all a € R(VT), (a,7) =0 for all a € R(I), and (a,y) = —1 for all « € R(V 7).
The non-degeneracy of the bracket on VT implies that R(V ) is stable under
the map a — o' = v — . This map is fixed-point-free because the root system
R is necessarily reduced. Note that (o/,a’) = (o, a) for all « € R(VT). Let us
write ||a]|? = (o, ) for any o € R. It is a consequence of (C8) and the fact
that @ + o + (=) = 0 that

No—y = —(1/2)]|a]|* Noar
for all « € R(VT).

Lemma 2.2.  For a € R(V*') we have N, o = £2/||c||?.

Proof. It follows from the properties of Chevalley bases that Ny o =
+(pa,o +1) (see [5], Section 4.2, for example). Now o'+« € Rand o +2a ¢ R
and so gu,or = 1. Therefore

2a,0’)  2—2||al?
Par — 1= (aaos) _ H;vll 7
[lee] [lev]
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which gives pa.o + 1 = 2/[a*. 0

We now construct the covariant maps of V* that will be at the heart of
our work. For 0 < k <4 and X € n, define 7,(X) € g by

m(X) = Lad(X)(X ).

We shall mostly consider 74,(X) when X € V5 if X satisfies this condition
then each application of ad(X) increases the H,-weight by 1 and so we obtain
maps

TVt =V,
T VT =1,
m3:VH VT,

T4:V+—>gw.

The constant map 7y is defined for convenience only. Note that for 1 < k < 4
we have

1
(X)) = %ad(X)(Tk_l(X)).
Lemma 2.3. Forle L, X e V™, and 0 <k <4, we have
T (Ad(D)X) = x(DAd(D) 7k (X).

Proof. For k = 0 the claim is that X_, = x(I)Ad(I)X_, and we noted
above that this is true. If 1 < k < 4 and the equation holds of 7,_; then

e (Ad(D)X) = %ad(Ad(l)X)(Tk—l(Ad(l)X ))
_ %ad(Ad(z) X) (x()Ad(1) 1 (X))
- %X(l)ad(Ad(l)X) (Ad()m-1(X))

_ %X(Z)Ad(l)ad(X)(Tk—l(X ))
= x(DAd(l)7(X).

O

Since g, is one-dimensional, there is a quartic polynomial A on V* such
that 74(X) = A(X)X,, for all X € V*. Lemma 2.3 implies that A(Ad(l)X) =
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x(1)?A(X). That is, if A is non-zero then it is a relatively invariant polynomial
on (L,Ad,V*) associated to the character y>.

It is immediate that [X,,7;(X)] = 0 for j = 3,4. The value of this
expression for j = 1,2 is given in the next result, along with another useful
commutator.

Lemma 2.4. For X € V*t we have

(X, (X)) = —X,

(X5, m2(X)] = [X_y, 2 (X)] = 0.
Proof. Note that

[X“HTl(X)] = [X“w (X, X*“/H
= [[X’Y7X]7X—’Y] + [X, [X'wX—'yH

= [X7 HN]
=-X
and
(X, 72(X)] = %[Xw (X, m1(X)]]
= X, X] n (X)) + 21X (X, 7 (X))
= X, X]
=0.

A very similar computation shows that
(X, 2(X)] = —=(1/2) [ (X), (X)),
which is also equal to 0. |

Lemma 2.5. For X ¢ V* and a scalar y, we have

(X +yX,) = 1(X) + yH,,

(X +yX,) = na(X) —yX —y* X,
73(X +yX,) = 13(X),

(X +yXy) = 1a(X)
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Proof. The first identity is immediate from the definition. From Lemma
2.4 and the first identity it follows that

1
(X +yX,) = i[X +yXy, 71(X) +yH,]
1 1
= 1(X) = 5uX + Syl (X)) - g,
=7(X) —yX — yQX’Y'
From Lemma 2.4 again,
1
T3(X +yX5) = S[X +yX5, (X)) —yX - y? X,
1
= 73(X) + 39Xy, 72 (X))
= T3(X).
The last equation is immediate from this. O

Lemma 2.5 may be given a more memorable form by using it to write an
expression for Ad(exp(X +yX,))(X_,) as a sum of terms, one in each weight
space for ad(H.,). The result is that, for X € V* and a scalar y,

Ad(exp(X +yX,))(X_,) =

B2 (X £ (X)) + (r3(X) — yX) + (ACX) — ) X,

Lemma 2.6. For all X € V1 we have
1
A(X) = —ZBg(Tl(X)vTS(X))

and

Proof. We have

A(X) = A(X)Bg(Xwav)
=By (X_,, (X))

_ iBg(X_W,ad(X)(TS(X )
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A similar computation, taking the first identity as its starting point, yields the
second identity. |

Let P(X + yX,) = y* — A(X). Inspired by Gyoja [8], we shall refer to
P € Cln] as the quasi-invariant of n. Note that P(Ad(1)Y) = x?(I)P(Y) for all
Y eénand!l € L, so that P is indeed a quasi-invariant. Also, from (2.2),

P(Y)=-By (Ad(eXP(Y»(va)aX*W)’

which serves to distinguish P in the two-dimensional space of polynomials on
n that share the same transformation law under L. We do not refer to P
as a relatively invariant polynomial, because we wish to reserve this term for
suitable polynomials on prehomogeneous vector spaces.

We now study the L action on VT in greater detail. In particular, we shall
obtain several identities that will be needed later, as well as introducing some
further notation. For Xi, X5 € n we define (X1, X5) by

(X1, Xo] = (X1, X9) X,

Note that (-, -) is a degenerate alternating form on n. Its kernel is g, and so
its restriction to V' is non-degenerate. We have

(Ad(D) X1, Ad(1) X2) = x(1) (X7, X2)

for all [ € L and X;,X2 € n. For « € R(VT), we define X} € V* by X} =
N;L,Xar. The characteristic property of these elements is that (XQ,X;) =
ka,p for all @, 3 € R(VT); here we are using ko 3 for the so-called Kronecker
delta. In addition, we let {{a}acr(v+) C (VT)* be the dual basis to the basis
{Xo}acrw+ CVT.

Define the functional A, : [ — C to be the derivative of x; that is,

M(2) = S _ox(exp(t2)).

By substituting | = exp(tZ) into the expression Ad(l)X, = x(1)X,, differenti-
ating, and setting ¢ = 0, we obtain [Z, X,| = A\ (Z)X,.
Forle L, Z € land a € R(V™), define scalars mq, (1) and M,,(Z) by

AdDXo = Y mauD)X,
HER(V*)

and

(Z,X,] = Z Mo, (Z2)X,.
PER(VH)
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Let m(l) = [mag(l)] and M(Z) = [M,3(Z)] be the matrices with these matrix
coefficients as entries. The numbers M,3(Z) may be expressed in terms of the
structure constants of g, but it will be convenient to have this general notation
available in addition. It is an immediate consequence of the definitions that

M(Ad()Z) = m(I7Y)YM(Z)m(1)
for all [ € L and Z € [. This in turn implies that
M([Z,W)) = M(W)M(Z) - M(Z)M(W)
for all Z, W € [; that is, M provides a representation of the algebra [°P.
Lemma 2.7. Leta,f€ R(VT),l €L and Z € 1. Then
X()Na,ormpar (171) = =Np grmap (1)

and
Na,a’MBo/(Z) — Nﬁﬁ/Maﬁ/(Z) = Haﬁ’Naﬁ/\x(Z)-

Proof. We have
X(D){Xa, Ad(I71) X) = (Ad(1) Xa, Xp)

and the first identity follows. The second is obtained by differentiating the
first. 1

Lemma 2.8. For all Z € [ we have

S Maa(2) = (1/2) dim(VH)A(2).

aER(V+)

Proof. Taking a = ' in Lemma 2.7 gives A\ (Z) = Moo(Z) + My o (2)
for all Z € [and @ € R(VT). By summing over o we obtain the stated
relation. 0

If W is a finite-dimensional vector space and F : VT — W is a map then
we define
(0 F)(X) = lim (F(X +tX,) — F(X))/t.

We shall sometimes write F,, for 0, F. For higher derivatives, we shall write
OapF or Fop for 0,(03F) and so on.
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Lemma 2.9. Leta,f€ R(V") andl € L. Then, for all X € VT,

Aa(AdD)X) =x(1)* > map(l™HALX)
RER(VT)

and

Aap(Ad(NX) =x(1)* D mau()mpe, (171 AL (X).

pwER(V)

Proof. The formulas follow on differentiating the identity A(Ad())X) =
x()2A(X). O

Forle L, Z € land a,u € R(V"), we define matrix coefficients m_, (1)
and Mz, (Z) by
AdDX o= > mg()X_,
HER(VT)
and
[Zv X—oz] = Z M(;,LL(Z)X—,U'
neR(VT)

Lemma 2.10. Forle L, Z el and a,3 € R(V') we have

mag(D) = (I1812/lal*)mpa (™)

and
M5(Z) = =(IBI*/lle*) Mpa (Z).
Proof. We take the Bg-inner product with Xz on both sides of the equa-
tion defining mg,(I) and use the Ad(l) invariance of Bg. The first equation
follows. The second is obtained by differentiating the first. |

Let D(g,h) be the Dynkin graph of g with respect to h and denote by
D, (g, b) the subgraph of D(g, h) obtained by deleting from D(g, h) those nodes
that are joined to —+v in the extended Dynkin diagram and the edges that
involve them. The graph D (g,b) is connected except when g is of type B, or
D,; in these cases, D (g, h) has two or three components, with three occurring
only for D4. Let € be a component of D (g, h) and let R(I, €) be the subset of
R(I) containing those roots that are linear combinations of simple roots whose
nodes lie in €. The sets R(I, C) form a partition of R(I).
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Proposition 2.1.  Let C be a component of D (g,h). Then there is a
constant ¢(g, C) such that

> (@.B)(B,N) = c(g,€)(a, )

BER(VT)

foralla € R(VT) and X € R(I,C).

Proof. 1In the real vector space h*(R), define

EZ{ Z agfB | ag € R, Z aﬁ=1}

BER(VH) BER(VT)

and )
= — E.
"= TR, 2, €
BER(VT)

By pairing 3 and ' in the sum defining vy, one sees that vy = (1/2)y. Thus
(vo,v) = 1/2 for all v € E and (vg, A) = 0 for all A € R([). Define operations
Hand Bby rdv=rv+ (1 —7)v and v1 Bvy = v1 + v2 — vy for r € R and
v,v1,v9 € E. With these operations, E is a real vector space with zero element
vg. Choose A € R(I) and define fi, fo : E — R by fi(v) = (v,A) and

)= > @B)BN).

BER(VT)

By making use of the equations (vg,A) = 0 and (vg,v) = 1/2 for all v € E,
it is easy to check that both f; and f are linear functionals. Moreover, f7 is
non-zero, for otherwise H) would centralize n. Suppose that v € ker(f;) and
let sy be the reflection corresponding to A in the Weyl group of R. Note that
sx(7) =7 and so sy leaves the set R(V ') stable. Since v € ker(/f1), sx(v) = v.
Thus

L) =Y @A)\

BER(VT)

= 3 5086

BER(VT)

= > (us(B)B,N)

BER(VT)

= > 8)(5.8),)

BER(VT)
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= ) (BB, sx(N)

BER(VT)

= Z (’U,ﬂ)(ﬂ,*)\)

BER(VT)
= —fg(’U),

and so fa(v) = 0. That is, ker(f;) C ker(f2), and it follows that there is a
constant ¢(\) such that fo = ¢(\) fi.

Now suppose that A\, Ay € R(I) are such that A\y + Ay € R(I). By using
the defining property of the constants ¢(\), one obtains the equation

(c(r +A2) = c(A) A1 = () — (A1 + A2) Ao

However, A\; and Ay are necessarily linearly independent and so we conclude
that ¢(A\1) = ¢(A2) = ¢(A1 + A2). A downward induction on the height of a root
in R(I, C) now suffices to show that the function A — ¢()) is constant on each
R(I,@). This is equivalent to our claim. O

If Cis a component of D,(g,h) then we let [(C) denote the ideal of [
generated by the set {X | A € R([,€)}. In every case, [(€) is a simple complex
Lie algebra. In particular, [(€) C ker(\,) for all €. The ideal [[,1] of [ is the
direct sum of the [(C) over all components. We let pro : [ — [(€) be the
projection map associated with this direct sum.

Lemma 2.11.  Suppose that g is not of type A,., and let lo = [I,1]. Then
the lo-module V¥ @ VT is multiplicity-free.

Proof. The proof is by case-by-case consideration. We number the fun-
damental weights for each simple summand of [y as in the tables in [3]. For
any lp-module W, we write w (W) for the list of highest weights that occur in
W. Let us first consider the exceptional algebras. The following table gives the
decomposition data in these cases.

g lo w(VT) w(VTeVT)
Eg As w3 0, w1 + ws, w2 + w4, 23
E, D¢ we 0, we, wy, 2ws
Es E~ wr 0, w1, ws, 207
Fy Cs w3 0, 2w, 2w, 203

GQ A1 3@1 O,2w1,4w1,6w1
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In each case, VT ® V7T is visibly multiplicity-free. To aid in obtaining these
facts, several observations are helpful. First, if V* has highest weight w then
200 must occur as a highest weight of VT ®@ VT. Secondly, the trivial represen-
tation necessarily occurs precisely once, because V* 2 (VT)* as an [p-module.
Thirdly, V- = V* as an [p-module, and the existence of the bracket map
[,-]: VT ® V™ — I forces the adjoint representation of [y to appear at least
once in VT @V ™. Finally, if o is a simple root such that (w, ) # 0 then 20—«
is a highest weight of V¥ ® VT. These observations and the Weyl dimension
formula are sufficient to complete the table.

The statement for the algebras of types B,, C,, and D, is substantially
simpler to obtain, since it requires nothing more than the decomposition of the
tensor square of the standard representation of a classical algebra. O

Proposition 2.2.  There is a constant p(g, C) associated to each com-
ponent C of D.(g,b) such that

Yo Pl X, [Xe. YI = D pla. C)pre([X, Y])
c

eeR(VT)

forall X eVt andY e V™.

Proof. When g has type A, the formula can be checked by direct compu-
tation, with the constant p(A,) = 2(r —1) for the single component of D, (g, ).
We now assume that g is not of type A,. Define f: V* ® V~ — [ by sending
the simple tensor X ® Y to the formula on the left-hand side of the proposed
identity. It is evident that the image of f lies in [[, [] and, since g does not have
type A, this is equal to > [(C). For i € L, X € V*, and Y € V™, we have

FAA()X © Ad(1)Y)
= llelP[[Ad(D)X, X_], [Xc, Ad())Y]]

= Ad(D) Y NelP[[X, Ad0™HX-], [Ad(I7) X, Y]]

= Ad() Y lellPPm, (7 me, (0 IX, X-u], X0, Y]]

€1,V

= Ad(1) Y [lulPmge(Ome, (X, X2, (X0, Y]]

€1,V

= Ad(D) Y NelPmpu ()X, X -], (X0, Y]]
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= Ad() > Il X ), (X, Y]
= Ad()f(X ®Y),

where we have used Lemma 2.10 from line four to line five. That is, f is
an L-homomorphism and, consequently, an [p-homomorphism. Since VT ®
V= =2 VT ® VT is multiplicity-free, any two homomorphisms from V+ @ V~
to [(€) are proportional. By applying this observation to the homomorphisms
preofand X®Y +— pre([X,Y]) for each component €, we obtain the required
statement. O

Proposition 2.3.  For Z € [y we have

> a2, Xa], X0l =2 (s, ©)pre(2).
¢

a€R(V)
Proof. We define a map f: [ — [ by

FWy= > lladPIW. Xal, X—a].

acR(VT)

One checks that f is an L-homomorphism and hence an [y-homomorphism.
Since [y does not contain the trivial representation of [y, it follows that f(lp) C
lp. The ideals [(€) are non-isomorphic irreducible [p-modules and it follows that
there are constants k(C) such that

£(2)=> k(€)pre(2)
(&

for all Z € ly. It remains to show that k(C) = 2¢(g,€). Let A € R(I,C) and
take Z = H,. After some simplification, we obtain

2
e Z lal*(A, @) Ho = k(C)H.

Let 3 € R(V™') and apply 3 to both sides of the previous equality. The result
is

2> (A a) (e, B) = k(€)(A, B).

By comparing this with the result of Proposition 2.1, we obtain 2¢(g, €)(\, 8) =
k(C)(\, B) for all A € R(I,€) and all 3 € R(V™). The fact that Hy does not
centralize n implies that we may find some 8 € R(V™) such that (), 3) # 0
and so k(C) = 2¢(g, C). O
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Proposition 2.4.  There is a constant q(g,C) associated to each com-
ponent C of D, (g,h) such that

o Pz X, X, X =) ale, ©)[pre(2), X]

e€ER(VT) ¢

forall X e VT and Z € 1.

Proof. The formula can be checked by direct computation when g is of
type A,.. In this case, the constant ¢(g, C) has the value 2(r — 1) for the unique
component C of D,(g,h). We now assume that g is not of this type. Define
f:I®VT — VT to be the linear map that sends the simple tensor Z® X to the
left-hand side of the proposed identity. By using Lemma 2.10, one checks that f
is an L-homomorphism and so an [p-homomorphism. Clearly f vanishes on the
center of . By restriction, one obtains an [p-homomorphism [(C) @ VT — V.
However,

Homy, (I(€) ® VT, V1) = Homy, (I(€),VT @ V) = C

by Lemma 2.11, and consequently this homomorphism is proportional to any
non-zero homomorphism [(€) ® VT — V. The linear map that satisfies Z ®
X — [Z,X] is such a homomorphism. The claim follows. O

In Section 3, we shall see that p(g, €) = ¢(g, ), and obtain a relationship
between this constant and ¢(g, ).

83. Further Algebraic Properties

In Section 2 we did not consider the question of whether the maps 71,...,74
are non-zero on V1, and nothing done there requires that they be so. It is easy
to see that 7 is always a linear isomorphism between V* and V~, and that
T cannot be identically zero. In contrast, 73 and 74 can be identically zero. In
fact, this occurs if and only if g is of type C, (including Co = By). That 73 and
74 are identically zero in this case may be verified directly. That they are not
in any other case will follow from the discussion below.

In this section, we place an additional condition on the algebra g. Namely,
we assume that there is a root 6 € R(V™) such that &/ — 6 = v — 20 ¢ R.
Reference to the data presented in Section 8 will show that this condition holds
for all g except for those of type C, with » > 2. In all cases, 6 may be chosen
to be a simple root in R(V™T) if desired. Our purpose in this section is to
investigate the consequences of the existence of §.
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The 0-string through ¢’ is ¢,y and so ps s = 0 and ¢5,5 = 1. From (2.1),
it follows that (d,d) = (v,7) = 2. We know that (v,6) =1 and so (4,d’) = —1.
Condition (C7) implies that Nss5N_5_s = —1 and, since Ns5 and N_s _g
are both integers, we conclude that Nss» = +1. Recall that we are free to
multiply both X, and X_, by —1 if we wish. Doing so while leaving all other
X, unchanged will result in replacing N5 s by —Njs . We may thus assume
that the Chevalley system has been normalized so that N5s = 1. Let m denote
the subalgebra of g generated by the set { X145, X4 }.

Lemma 3.1. We have

Nsg = N_sy=Ny,—y =1,
Ns —y = N,(;’,g/ = .7\7,5/,7 =—1.

The linear map m — sl(3) satisfying

Hs— Ey1 — Ey, Xs+— Eia, X_s+— Ea,
Hs v+ Eog — E33, Xs v+ Eaz, X_5 +— K3,
H,— E11 —FE33, X, B3, X_,+— E3

18 an isomorphism of Lie algebras.

Proof. Since § + ¢’ + (—v) = 0, condition (C8) implies that Nss, N5 _~,
and N_, s are all equal. The constant N; s has been normalized to be 1 and this
confirms three of the six required values. We have seen that N5 s N_5 _5 = —1
and so N_5_s = —1. But (=6) + (—=¢’) + v = 0 and hence, by (C8) again,
N_s5_s, N_s/ n, and N, _s are all equal. This confirms the other three values.

By hypothesis, 6 — ¢ =y —20 ¢ R and so [Xs5, X_5] =0 and [X_5, X5] =
0. Since é + ¢’ = 7 and all three roots have the same length, Hs + Hy = H,.
It follows that the set {X.is5, X4, X4, Hs, Hs'} is a basis for the algebra m.
We now have enough information to determine all the structure constants of
m with respect to this basis and they match those of sl(3) with respect to its
standard basis. The second claim follows. 1

Lemma 3.2. Let o« € R(V*') —{68,8'}. Then ezactly one of « — § and
a— 0" is a root, and o — 25 and o — 20" are not roots.

Proof.  First note that a+¢ and a+4’ are not roots and o ¢s.o = ¢s/.o = 0.
Thus

pro -t o = s+ T = (@0) (0, = (@) = 1
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from which it follows that {psw,ps'.o} = {0,1}. This is equivalent to the
required statements. 1

We define S(8) by S(0) = {a € R(VT) | « —d € R} and S(¢') similarly
with § replaced by ¢’. Equivalently, S(&) consists of those o € R(V™) such
that (a,d) = 1 and S(8’) consists of those such that (a,d) = 0. It follows
from Lemma 3.2 that R(V™) is the disjoint union of {d,6'}, S(4) and S(d").
Moreover, it is clear from the definition that S(d)" = S(¢’). For later use, we
note that if o, 8 € R(VT) and a + 3 = 2§ then o = 3 = §. This follows
on taking the inner product with 6 on both sides of the equation o + 3 = 2§
and using the above observations. A similar remark applies to the equation
a + 3 =24, which implies that o = 3 =¢'.

Lemma 3.3.  Let C be a component of D(g,bh) and X € R([,C). Then

(0(978)—3)(57)\)=< > ﬂ,A).

BES(S)

Proof. This follows immediately from Proposition 2.1 on taking o = ¢
and using the definition of the set S(9). O

Proposition 3.1.  Let C be a component of D(g,h). Then

c(g,€) + (1/2)p(g, €) = (1/2)(dim(V'F) + 4).

Proof. If g has type A, then the formula may be verified directly, since
in this case p(g,€) = 2(r — 1), ¢(g,C) = 2, and dim(V ') = 2(r — 1). We now
assume that g is not of type A,..

Take X = X5 and Y = X_; in Proposition 2.2. After a little simplification,
the left-hand side of the formula becomes

Z ||6||2N57—EN67—5H5—E
e€S(9)

= Z ||€||2(p6,76+1)2H676
e€S(9)

= 3 llelPHs,

c€5(5)

because ps,_. = 0. On the other hand, [Xs, X_s] = Hs and so

(3.1) > lelPHs—c = plg, € )pres (Hs),
T

e€S(9)
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where the sum is over all components of D.,(g, ). This formula is valid for any
choice of §. Let us assume now that § has been chosen to be a simple root, which
is always possible, and then choose a simple root A in the component € such
that (X, 0) # 0. We evaluate A on both sides of (3.1). Note that ss(e) = e —4¢
and so |le — d]] = |le||. Armed with this observation, the value of A on the
left-hand side of (3.1) simplifies to

2 ) (\d—e=2S0O)|(N\5) -2 > (\e)

e€S(9) e€S(9)
=2[S(6)[(A,0) — 2(c(g, €) = 3)(A, 9),

where the last equality follows from Lemma 3.3. Since g is not of type A,

> pre(Hs) = Hs — (1/2)H,.
=

The root A vanishes identically on [((€') N § with € # € and A(H,) = 0. Thus
Alpre(Hs)) = AM(Hs) = (A, 0).

By using this equation, the value of A on the right-hand side of (3.1) is found
to be p(g, €)(A, ). Since (A, ) # 0, we conclude that

Finally, |S(d)| = (1/2)(dim(V*) — 2) and the claim follows. 0

By using Lemma 3.3, it is easy to find ¢(g, €) in all cases but type C,, to
which the lemma does not apply. In the remaining case, c(g, €) may be found
directly. Once ¢(g, C) is known, the value of p(g, C) follows from Proposition
3.1, again excepting type C,.

Proposition 3.2.  Let C be a component of D(g,h). Then
c(g,©) + (1/2)q(g, €) = (1/2)(dim(V") + 4).

In particular, p(g,C) = q(g, C).

Proof. 1If g is of type A, then the formula follows from the fact that
q(g,C) = 2(r — 1) in this case. We now suppose that g is not of this type. Let
us choose § to be a simple root and A € R([,C) to be a simple root such that
(6,\) # 0. In Proposition 2.4 we take Z = H) and X = X to obtain

> llelP[Hn, (X5, X -], X] = q(g, €)[Hx, Xs).
c€R(V+)
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The right-hand side is equal to 2q(g, €)((),8)/|[A]|*)Xs. The left-hand side
evaluates to

2
|| ||2 Z H || N5—€N5 €€<)‘ 6_6)
e€S(9)

Now Ns_cc/|I0]> = Ns,—c/lell?, N§_. =1, and [|§||* = 2, and so the previous
expression is equal to
T 2 (b=

e€S(9)
By equating this to the evaluation of the right-hand side, we obtain
> (A —e) =(1/2)a(g, ) (A, 0).
e€S(9)

Lemma 3.3 gives the value of the sum on the left and we obtain

1S(8)] = ¢(g,€) + 3 = (1/2)q(g, €).

Since |S(0)] = (1/2)(dim(V+) — 2), this gives the required formula. The last
claim follows on comparing this formula with that given in Proposition 3.1. [

Lemma 3.4. Ifa € S(0) then

Ns', o Ns, o
P A S S 1/2 /.
S = —(1/2) N
Proof. The roots §’, —a’, §, and —« sum to zero and no two are opposite.

By part (iv) of Theorem 4.1.2 of [5], we have the relation

Nts’,—a’Né,—a N—a’,§N6’7—o¢ N6,6’N—o¢’,—a

=0.
llov = 8| [l — 8| ol

Since o — ¢’ is not a root, the middle term is zero. We have assumed that
Ns.s» = 1 and so we obtain

Ns'—ar N5,
- - > = = (1/2)N_., _ .
||Oé*($||2 (/) o, —o
By using the properties of a Chevalley basis, we have

Na7o¢’ = _N—a,—a’ = N—a’,—a

and the claim follows. O

Lemma 3.5.  For scalars x and y we have
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1) m(eXs +yXs) =yX 5 —xX 5,

(vy/2)(Hs — Hs:),

—(2%y/2) X5 + (vy?/2) X4,

3) m3(xXs + yXs

( )
(2) m2(xXs +yXer)
( )
( )

4) Ty(x X5+ yXs) = (%% /4)X,,.

Proof. 1In light of Lemma 3.1, it is sufficient to carry out the calculations
in 5((3). This is easily done. O

Continuing with the above notation, we define
Xo=V2(Xs5+ Xs) e V*.
This point has been chosen so that A(Xy) = 1.

Proposition 3.3.  The point Xy is a generic point of the prehomoge-
neous vector space (L,Ad, V).

Proof. This follows, by the easy direction in Rubenthaler’s Criterion [17,
18], from the observation that

(2H.,, V2(X5 + X5 ), V2(X_5 + X_51))

is an sl(2)-triple. We remark that this implication appears as Problem 7 in
Chapter X of [15], for which the proof of Theorem 10.10 in [15] may serve as a
hint. O

Lemma 3.6.  Fore,v € R(V') we have
Oca(X) = (1/2)(Xe, X)Hy + N [X, X o]

and
OevT2(X) = (1/2)kep Ney Hy + Ne [ Xy, X_or].

Proof. The definition of 75 implies that 0.m2(X) = (1/2)[X., 71 (X)] +
(1/2)[X, 71(X.)]. However,

(Xe, XY Hy = [X_y, (X, X)X
= [X [X, X]
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= [Xe;n(X)] = [X, 71(X)]

and so 0.m2(X) = (1/2)(Xc, X)H, + [X,71(X.)]. The first formula follows
on noting that 7(X.) = Nc_,X_o. The second formula is an immediate
consequence of the first. O

Lemma 3.7.  We have As(Xo) = As(Xo) = V2 and Ay (Xo) = 0 for
a€ R(V*t)—{0,0}.

Proof. The first two values follow directly from Lemma 3.5. From the
second formula of Lemma 2.6 we obtain

Aa(X) = (1/3)Bg((0a2)(X), 72(X)).

If a ¢ {6, 6’} then it follows from Lemma 3.6 that (9,72)(Xo) lies in either gs_q
or gs—o and is therefore orthogonal to 79(Xo) = Hs — Hs . This observation
gives the remaining values. a

The proof of the next result will follow a pattern that we shall use again
several times. Thus it may be worth mentioning the simple general principle
behind it. It is this: If (L, p, W) is a representation of L and F': VT — W is an
L-equivariant polynomial map such that F(Xy) = 0 then F vanishes identically.
The proof is immediate from the fact that (L, Ad, VT) is prehomogeneous and
X € VT is generic.

Proposition 3.4. For all X € VT we have

(X)) = D Nip(0aA)(X)Xo
a€R(VT)

Proof. Lemma 3.5 and Lemma 3.7 imply that the two sides of the pro-
posed identity agree at Xg. It therefore suffices to verify that they both trans-
form in the same way under L. Lemma 2.3 implies that the left-hand side
transforms by x(/)Ad(l) when X is replaced by Ad({)X. Lemmas 2.9 and 2.7
imply that the right-hand side transforms in the same way under this substi-
tution. O

Lemma 3.8. We have
A55(X0) = A(g/(;/ (Xo) = ].
A55/ (Xo) = A(;/&(Xo) = 2

If o € S(9) then Ayo (Xo) = Noo - If o € S(8') then Apa(Xo) = —Noor -
All other second derivatives of A vanish at Xg.
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Proof. The values of Ags(Xp),-..,Ass(Xo) follow from Lemma 3.5.
From the second formula of Lemma 2.6 we obtain
Aap(X) =
(1/3)Bg ((9am2)(X), (9572)(X)) + (1/3)Bg((Fapma)(X), 72(X)).

Let a, 8 € R(VT) —{6,8"}. We have 72(X) = Hs — Hs» and, by Lemma 3.6,

DaT2)(X0) = V2Nu o[ X5 + X1, X_ o],

972)(X0) = V2Ng _[Xs + X5, X_p/],
0apT2)(X0) = (1/2)ka,p' Na,gHy + Nao,—[Xg, X—ar].

—_— o~ —~ =

It is easy to see that if o # ' then (9,72)(Xo) and (9g72)(Xo) are orthogonal,
and (9ap72)(Xo) is orthogonal to 72(Xp). Thus Ayg(Xo) = 0 in this case. Now
assume that 8 = o/ and o € S(9). Then

(aaTQ)(XO) = ﬁNa,—wNé’,—a/Xoe—éa
(aa’TQ)(XO) = ﬂNa’,—vNé,—aXé—aa
(Oaar72)(Xo0) = (1/2)Na,ar Hy + Nay—y Har.

It follows that
Nsi o0 Ns o
lloc = 6]

= —2Na,—yNo Ny o
= (1/2)]|al|* N

BQ((aOéTQ)(XO)7 (a(x’TQ)(XO)) = 4N0¢,—7No/,—'y

’
,ah?

where we have used Lemma 3.4 to get from the first line to the second, and
N, —(1/2)||||?Ng,or and Nys —oy = (1/2)||||* Ng,or to get from the sec-

on(i lzne to the last. Now Bg(H,, (X)) = 0 and so
By ((0aar72)(X0), 72(X0)) = No,—yBg(Hor, Hs — Hy)
4(a’,0")
T el 612
= —(2/llol*) No,—
= Noo

Thus

AV, (XO) = (1/6) (2Na,a’ + Ha||4N2)a,)
= (1/6)Naar (2 + [l * N2 /).
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By Lemma 2.2, ||aH4N§)a, = 4, and it follows that Aya/ (Xo) = Ngo. This
completes the evaluation when o € S(§). Finally, if a € S(¢) then o’ € S(9)
and the required evaluation follows from the previous one and the equality of
mixed partials. 1

Proposition 3.5. For all X € VT, we have

Anp(X) = (1/2)(Xa, X) (X3, X) = Nj g Mg (12(X)).

Proof. The proof is in two steps. First, we verify that the two sides agree
at Xg. Secondly, we verify that they transform in the same way under L. By
Lemma 3.5, 72(X) = Hs — Hs/, and using this we obtain the expression

(Kas — Kaor ) (k85 — Kigs) — Na,gr (Kap (@, 6) — kg (a, )

for the value of the right-hand side at X. It is routine to check that this agrees
with the values of A,g(X() given in Lemma 3.8. This completes the first step.

The transformation law for A,z under the substitution X +— Ad())X
is given in Lemma 2.9, and it is easy to verify that the functions given by
X — (Xa, X)(X3, X) share the same transformation law. We finish the proof
by determining the transformation law for the second term on the right-hand
side, since this is more difficult. For X € V1 and | € L we have

Np, g Mog (m2(Ad(1) X))
= N5 Mag (x(Ad()72(X))
= X()Ngp [m(I™)M(m2(X))m(1)] 5
= x() Y M) My (12(X)) (N, grmspe (1))

782

Z)Q Z mo‘”(l_l)MMV'(TQ(X))NV’,Umﬁy(Z_l)
Z?TLOM mﬁy(l 1)(NI/71//MMI//(T2(X)))-

During this computation we have made use of the identity M(Ad(l)X) =
m(I7)M(X)m(l) to get from the second line to the third, and Lemma 2.7
to get from the fourth line to the fifth. This is precisely the same transforma-
tion law that is enjoyed by the other terms in the proposed identity, and so the
proof is complete. 1

For later use, we note that the formula given in Proposition 3.5 remains
true when g has type C,. In this case, A is identically zero and the formula is
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equivalent to
(Xo, X)(Xg, X) = 2Np 5 Mo (72(X))
for all X € V*. This may be verified by direct computation in this case.

84. The Fundamental Differential Operators

In this section we shall embed g into the algebra of differential operators
on n via the action derived from a suitable family of induced representations.
In addition, we shall construct other differential operators on n and study their
interaction with the image of g.

Let D[n] be the Weyl algebra of n; that is, the algebra of partial differential
operators on n with polynomial coefficients. This algebra may be regarded as
the quotient of the tensor algebra T°(n @ n*) by the ideal generated by the
expressions X7 ® Xo — Xo® X, for X1, Xo € n, A1 ® Ay —Aa® A1 for Ay, Ay € n*,
and X @ A —A® X — A(X)1 for X € n and A € n*. The class of X € n in D[n]
may be identified with the directional derivative x. As above, if « € R(V™T)
or ao = v then we use Jd, as an abbreviation of Jx,_, and let £, € n* be the
coordinate dual to X,. We have previously used y and 9, as synonyms for &,
and 0, respectively. If 6 : n — n is an invertible linear map then let 0:n* —n*
be the contragredient map; that is, the transpose of 1. It is easy to check
that any invertible linear map 6 : n — n induces an automorphism of D[n] that
agrees with 6 on n and with 6 on n*. In particular, we obtain an action of L
on D[n] induced by the adjoint action of L on n. If D € D[n] and ! € L then we
shall write [ - D for the result of applying [ to D.

We shall have to consider several D[n]-modules of functions on n, notably
C[n] and C*°(n). If f lies in such a module then we adopt the convention,
common in the algebraic literature, of writing Def for the result of acting on f
by D € D[n]. This allows us to preserve D f for the product of D and f in D[n]
in the case that f happens to be a polynomial on n. Any module of functions
on n has an action of L given by (I - f)(X) = f(Ad(I7*)X). This action is
compatible with the L action on D[n] in the sense that - (Def) = (I- D)e(l- f)
foralll € L and D € D[n]. The action of D[n] on C[n] and, a fortiori, on C*°(n)
is faithful. Thus we may regard D[n] as a subalgebra of the endomorphism
algebra of either of these modules. However, some care is required with the
natural L actions under this identification, since they do not agree. One would
normally define an L action on End(C*(n)) by (I« T)(f) = T(I~' - f) for
T € End(C?°(n)). This action does not leave the image of D[n] in End(C°(n))
stable. In fact, the two actions are related by

(= D)(N))(X) = ((I- D)o f)(Ad(1)X).
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Suppose that f € C*(n). Let N be the connected subgroup of G cor-
responding to n. Since exp : n — N is a diffeomorphism, there is a function
F € C*°(N) that satisfies f(X) = F(exp(X)) for all X € n. This allows us to
identify the spaces C*°(N) and C'*°(n). We shall repeatedly use the fact that
the group structure on N is determined by the identity

exp(Xl) exp(Xg) = exp(X1 + XQ + (1/2)[X1,X2])

The group N acts on itself on both the left and the right, and this gives rise
to two derived actions of n on C°°(N), and hence on C*(n). These are given,
respectively, by

(1) F) (2) = duco (Fexp(~17)a))
(r(Y)F) (z) = di=g (F(x exp(tY))),

where we use the symbol d;—( as a shorthand for the operation of differentiating
with respect to ¢ and then evaluating at ¢t = 0. The operators 1(Y) and r(Y)
lie in the image of D[n] in End(C>°(n)) and we shall regard them henceforth
as elements of D[n]. Similar remarks will apply to the other operators that we
construct below.

Lemma 4.1. ForY, Y1,Ys € nandl € L we have

1Y) = =0y — (1/2)(Y, -)0,,

(1)

(2)

3) (Y1), r(Y2)] =0,

(4) [1(11),1(Y2)] = 1([Y1, Y2]),
(5) [r(Y1),r(Y2)] = r([¥1,Y3]),
(6)
(7)

Proof. Parts (1), (2), (4) and (5) are routine computations, and part (3)
follows from the fact that the underlying geometric actions from which 1(Y;)
and r(Y3) derive themselves commute. For parts (6) and (7), note first that
by definition I - 0y = Oaqq)y and [ -0, = x(I)0,. If we define p € C[n] by
p(X) = (¥, X) then

(1 p)(X) = (Y, Ad(I7HX) = x(1) " (Ad())Y, X).
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These identities combine to give the last two parts. |

We emphasize again that the L action referred to in (6) and (7) of the
lemma is the L action on D[n], not the L action on End(C*(n)).

Next we wish to extend 1 to a family of homomorphisms from g into the
Lie algebra underlying D[n], parameterized by a complex number s. Let Q be
the parabolic subgroup of G associated to the parabolic subalgebra q = [ @& n
of g and N be the connected subgroup of G corresponding to the subalgebra
il of g. We have a Levi decomposition Q = LN and we may extend y to
be a character of Q by requiring that it be trivial on N. Naively, the fam-
ily of homomorphisms that we require is the one derived from the family of
(unnormalized) induced representations C*°-Ind(G,Q;x~*). This cannot be

$ of characters on

taken literally, as there is no way to define the family x~
the complex group Q. More precisely, we consider the real structure on g that
corresponds to our chosen Chevalley basis and call the set of real points gg.
This is a split real Lie algebra with the same Dynkin diagram as g, and all
our preceding algebraic constructions carry over without change to gg, yielding
objects defined over R in all cases. Let us use the subscript o to denote real
points in general. The character x is real-valued on Ly and we may consider
the family of homomorphisms from gg to D[ng] that derives from the family
of induced representations C°°-Ind(Go, Qo; |x|™*). Complexifying this family
leads to the family of homomorphisms from g to D[n] that we require.

Let s € C and F € C*°(Np). The Bruhat decomposition associated to the
parabolic subgroup Qo implies that NyQp is a dense open subset of Gy. Note
that this subset is stable under left multiplication by L. For each x € Ny
there is an open set U, C Gj containing Ly such that g € U, implies that
g 'z € NoQq. If g € U, then we may write

g~ e =v(g,2)q(g, )

with v(g,z) € Ny and G(g,7) € Qo. In terms of this decomposition we define

(7s(9)F)(2) = Ix(alg, )" F(v(g,)),

thereby obtaining the germ of a representation of Gy on C*°(Np). If we added
appropriate growth conditions then this would simply be the so-called non-
compact model of the smooth induced representation C*°-Ind(Gyg, Qo; |x|™*).
However, for our current purposes, the growth conditions are irrelevant. Let
IIs : go — End(C*°(Np)) be the derived representation of ms, which we may
also regard as mapping into End(C*(ng)). We shall see that the image of
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II; lies in D[ng]. Once we know this, we may complexify to obtain the map
Il : g — D[n] that is our current goal.

It follows directly from the definitions that II4(Y) = (V) for Y € ng,
and this identity extends to Y € n on complexification. Our next task is to
determine I1,(Z) for Z € L.

Lemma 4.2. IfZ €l then 11,(Z) = —0/z,.] — sA\((Z).

Proof. Ifl € Ly and z € Ng then |7tz = (17 xl)l=! and so v(l,z) =
[zl and ¢(l,x) = [7!. Thus for F € C*®(Ny) we have (m,(I)F)(x) =
Ix(D)|7*F(I7tzl). Let Z € Iy and X € ng and put [ = exp(tZ) and z = exp(X)
in the previous equation. If f € C*(ng) is the function corresponding to F'
then the result may be written as

(ms(exp(tZ))F) (exp(X)) = x(exp(tZ))~* f (Ad(exp(~tZ))(X)).
Differentiating this expression with respect to ¢ and setting ¢t = 0, we obtain
(ILs(Z2)of)(X) = =sM(2) f(X) = (92,x12f) (X)),

which is the required expression when Z € [y. The general identity follows at
once on complexification. O

In order to understand IT; we still require a tractable expression for II,(Y")
when Y € n. Actually, by Lemma 2.1, it suffices to have such an expression for
IT,(X_,). The next two results give these expressions. The first is a general, but
somewhat unwieldy, formula for II4(Y); the second is a much simpler formula
for IT,(X_.,). We have the direct decompositions

g=ndq=ndldn

and we let pr,, prz, and pr; be the projection operators onto the indicated
subalgebras. On occasion, we write eX in place of exp(X) to save space.

Proposition 4.1. LetY €g, X €n and f € C®(n). Then

(I(Y)ef) (X) =
= (r(pra(Ad(e™¥)(¥)))+f) (X) = sAy (pri(Ad(e™¥)(¥)) f(X).

Proof. As usual we first work in the real setting, observe that the resulting
operator II(Y) lies in D[ng] and is given by the correct expression, and finally
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obtain the expression in general on complexification. We have

exp(—tY) exp(X)

= exp(X) exp(—X) exp(—tY") exp(X)

— exp(X) exp(—tAd(eX)(V)

— exp(X) exp ( — tpry(Ad(e=)(Y)) — tpry (Ad(e =) (V).

It follows from the Bruhat decomposition that there is some € > 0 and a map
On : (—€,€) — Ny such that

v(exp(tY), exp(X)) = exp(X) exp ( — tpr,(Ad(e™™)(Y)))ba(t)

for all t € (—e, ). Comparing this expression and the previous one, we conclude
that 6,(0) = e and 6/,(0) = 0. Similarly, after possibly decreasing e, there is a
map 0z : (—€,€) — Qo such that

q(exp(tY), exp(X)) = exp ( — tprg(Ad(e™¥)(Y)))05(t)

for all t € (—¢,¢), and we have 05(0) = e and 6;(0) = 0.
Let F' € C*°(Ny) be the function that corresponds to f. Then

(s (exp(tY)) F) (exp(X)) =
X(@(exp(tY), exp(X))) " F (v(exp(tY), exp(X)))

and (HS(Y)-f) (X) is the result of applying d;—¢ to this. Since y has been
extended to be trivial on Ny,

di=ox (@(exp(tY), exp(X)))" = —sAy (pr(Ad(e”¥)(Y))).

The definition of r implies that

di—o F (v(exp(tY), exp(X))) = —(r(pr,(Ad(e™*)(Y)))of) (X).

Combining these two evaluations gives the required expression for real X and
Y. Notice that this expression implies that II4(Y") lies in D[ng], which is the
last ingredient required to complete the argument. |

If f1, fo € C°°(n) then we define

{fifoy = > Nt (Oaof1)(Oarsfo).

a€R(VF)
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This bilinear form is essentially the Poisson bracket associated to the degenerate
alternating form (-, -) on n. If f € C[n| then

{fid= 2 Now(Oasf)ou

a€R(VT)

is an element of D[n] having the property that {f, - }e¢p = {f, ¢} for all ¢ €
C*(n). Define E € D[n| by

E=250,+ > &ala

aER(VH)

This is the Euler operator associated to the grading of C[n] that assigns the H.-
eigenvalue as the weight. Explicitly, this weight function satisfies wt(&,) = 1
for « € R(VT) and wt(¢,) = 2. If f € C[n] is homogeneous with respect to
this weight function then [E, f] = Fef = wt(f)f. We may extend wt to C[n*|
by defining wt(d,) = —1 for &« € R(V") and wt(d,) = —2. If D € C[n*] is
homogeneous for wt then we have [E, D] = wt(D)D.

Proposition 4.2.  In D[n] we have
I (X_y) = —P0y + & E +{A, -} +2s&,,

where P =& — A,
Proof. Let X € V*. From (2.2) we have the identity

Ad(emXF8 XDy (X)) =
X_y—n(X) + (2(X) = & Hy) — (X +713(X)) + (AX) - €)X,

from which it follows that

pri(Ad(e”XFEXD)) (X)) = 7o(X) - & Hs,
pr, (Ad(e” XX (X)) = -6, X — m3(X) + (AX) - ) X,.

v

Now [H,X,| = 2X, and so A\ (H,) = 2. On the other hand, we have
[72(X),X,] = 0 by Lemma 2.4 and so A\ (72(X)) = 0. These evaluations
imply that

A (pri(Ad(e” XHEX)) (X)) = —2¢,,

which gives us the value of the second term in the expression from Proposition
4.1 withY = X_,. The first term in that expression is now revealed to be a sum
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of three terms, namely &,r(X), r(73(X)) and —(A(X) - &2)r(X,). To evaluate
these terms, we begin with the formula for r given in part (2) of Lemma 4.1.
From this formula we obtain r(X,) = 9, and, since (X, X) =0

)

r(X)=0x= Y &la=E-250,

a€R(VT)
Moreover, r(73(X)) = 0-,(x) — (1/2)(13(X), X)0,. By definition,
<T3(X)7X>X7 = [r3(X), X]

= —47’4(X)
= —AA(X)X

so that (73(X),X) = —4A(X). By using the expression for 73(X) given in
Proposition 3.4, we obtain

Oy = > Nyb(0asD)dor = {A, - }.

a€R(VT)

These evaluations combine to give r(73(X)) = {A, -} +2A0,. By adding all
these terms and simplifying we obtain the expression in the statement. O

For a € R(V™) define V,, € D[n] by
Va=1r(Xa) =04 — (1/2)Ngy,ar€ar 0y

For p € R define D,, = II,(X,). Although D, may depend on s, we suppress
this dependence in the notation. If f € C*(n) and o, € R(n) then let
fa = 0asf, fap = (0304)ef, and similarly for higher partial derivatives.

Proposition 4.3. Leta € R(V"), 3 € R(n), and Z € . Then we have
[Ds,Va] =0 and

M.(2), Vel = > Mau(Z

HER(VT)

Proof. The first claim follows at once from part (3) of Lemma 4.1. As an
element of D[n], we have

Oz, = M(2)&0,+ Y Mu(2)6,0,

wVER(VT)



786 L. BARCHINI, ANTHONY C. KABLE AND ROGER ZIERAU

and so
[HS(Z)ava]
= ~1012,.1,0a = (1/2)Na,a'€ar0s]
= Y Ma(2)d, — (1/2)Na.or Ay (Z)Ear 0y
VER(V)

+(1/2)Naw > Mua(2)€.0,

HER(VT)

by direct calculation. On the other hand,

D, Mau(Z

RER(VHT)

= Z Mau(Z)( — (1/2)N sy €0 )

HER(VT)

= D, Mu(Z

HER(VT)

- (1/2) Z ( - Noc,o/Mu’o/(Z)gu’ + /{oeuN(x,a//\X(Z)gu/)ay

HER(VT)

= Y Mau(2)0 — (1/2)Naa M 2)Ew s

HER(VT)

(1/2 a,a’ Z Mua flt v

HER(VT)

where we have used Lemma 2.7 to get from the second line to the third. This
establishes the second claim. a

Theorem 4.1.  For a,pu € R(V™) let
Aozu = _Kap,é'y + Mau(72)7
where Mo, (T2) denotes the polynomial X — Mq,,(72(X)). Then

[D—’yv v Z Aauv + SNa o go/
HER(VT)

Proof. Let
Aozu = _Kaug'y (1/2) a,a’ o €p+N;i/Aau’

We first establish the identity with A in place of A and then show that A = A.
Let us compute the left-hand side explicitly using the expression for D_, given
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in Proposition 4.2. Most of the computations involved in finding the individual
commutators are routine, and for these we merely give the result. We have
[P0y, 0a) = A40Oy, 4 E, o] = —£404, and

[{A7 '}76(1] = _{Aou }
1
= - ZNM,;A’AQM8M'

m

_ -1

- Z Nuyu’AO‘l‘/aﬂ’
“w

where the sums are over y € R(V') and we have replaced p by p/ and used
the skew-symmetry of N to obtain the last line. These evaluations combine to
give
[D_y.00] = 8,00 + > N, b Aayw8y — Aads.
o

Similarly, we have [P0, £q0y] = —280€40y, [E4E, E0Oy] = —Earé40y — Eu B,
[g'yvgo/a’y] = _go/) and [{Av '}750'6” = {Aaga/}a’}’ = N;L’Aaa’w These
evaluations yield

[D—'yv go/a'y] = §a’§'ya'y - E(x’E + N(;;/Aa({iy — 288y
and so

[D_, Vol = —&00 + (1/2)Nawr€ar D 6302+ > Ny L Aoy,
A Iz

_ (3/2)Aa&y + (I/Q)Noc,o/go/g'ya’y 4+ SNa,a’fa'-

Now ]\au is the coefficient of 9, on the right-hand side of this equation, and
the final term involving s is as stated. In order to verify the identity with A
in place of A, it remains to show that the coefficient of 0, is correct. This

amounts to the equation
1

1 ~ 3
-5 ZNM,M’AGMEH’ = _§Aa +3 o Earlsy.
o

The term in ]\au involving the Kronecker symbol gives the second term on the
right, and

Z Nu,u’ ((1/2)Na,a’fa’fu + N;;}L/Aau’)gu’
I

= (1/2)Na,a’€a’ Z Nu,u’gugu’ + Z Aau’fu’
w I

= 3Aa7
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since the first term on the second line is zero by the skew-symmetry of IV,
and the second term is 3A, by Euler’s identity. This completes the first step.
It remains to show that A = A. Well, by Proposition 3.5,

Aaﬂ' = (1/2)<XOM ! ><X/L/v > - Nu/,uMau(TZ)
= (1/2>Na>a’NM’,u€o¢’€u + N,u,,u’Mozy(7—2)a

and substituting this into the definition of ]\au gives what is required. O

85. Conformally Invariant Systems I
In this section, we shall construct maps

Ql : V+ — ]D)[ﬂ],
Qo : [ — Din],

corresponding to the covariants 71 and 79, respectively. Each of these maps
will give one or more conformally invariant systems of differential equations for
a specific value of the parameter s. Note that the domain of §); is the dual
space with respect to By of the codomain of 7;. By duality, each element of
the domain is thus made to correspond to a polynomial on V. We then define
2; by a symbolic substitution process, chosen to respect the L action. The
variables &, span a copy of (V)* in D[n|, whereas, by part (7) of Lemma 4.1,
the V, span a copy of V*. The isomorphism ¢ : V¥ — y® (V*)* that derives
from the existence of the bilinear form (-, -) satisfies p(X,) = Ny o€, and
so we replace o by —IN ;/VO/. We also symmetrize whenever more than one
Ve is involved in a single term, to account for the fact that the V, do not
commute amongst themselves.

We first establish two useful conventions and recall some facts. Once a
map §2; has been defined as above, we shall immediately extend it to be a left
C[n]-linear map from C[n] ® Dom({2;) to D[n]. Throughout this section, we
shall write X = 3> ¢ py+) & Xy € C[n] @ n for the generic element of VE.If
Z € [ satisfies A\, (Z) = 0 then Lemma 2.7 implies that

(5.1) Ny b Mgo(Z) =N, b Mars(Z)

for all o, 3 € R(V™). We shall make repeated use of this identity below. From
Lemma 2.4, [72(X),X,] = 0 and so A\ (m2(X)) = 0. Thus (5.1) applies in
particular to Z = 1o(X).

The map ; : VT — D[n] is to be modeled on the map

Y — (X — Bg(Tl(X),Y))
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by the procedure described above. Now Bg(71(X),Y) = —(X,Y) and this
leads us to define

MY)= Y NV, Xo)Va.
a€R(VT)

Note that Q4 (Xg) = Vg, so that Oy is simply the left C[n]-linear extension of
the map r : V' — D[n| defined in Section 4. The reason for introducing this
redundant notation is to emphasize the uniformity between the various €2;.

Theorem 5.1. For allY € VT we have

[D_y, 21 (Y)] = =&, 0(Y) + Q1 ([2(X),Y]) + s(Y, X).

Proof. For Y = X,, the proposed identity follows from Theorem 4.1.
Since both sides are linear in Y, this is sufficient. O

Next we define a map Qs : [ — D[n] modeled on the map [ — C[n] given
by
Z — (X — Bg(TQ(X),Z)).

A computation reveals that
1
By((X).2)= =5 2, NowMow(Z)6ats:
a,BER(VH)

and this leads us to define

1 _
2(2) = 5 > Ny Mya(Z)VaVsT,
a,BER(VT)

where "V, Vg7 = (1/2)(VaVg + VsV,). By using the transformation law for
7o and the invariance of By, one verifies that

By (12(X),Ad(1)Z) = x(1)Bg(m2(Ad(I7")X), Z).

It follows from this, on taking account of the dualization in passing from the
original map to Qg, that Q2(Ad(1)Z) = x(1)71 - Q(Z) for all Z € [and [ € L.

Observe that Q9(H,) = 0. For this reason, we focus our attention on
those Z that lie in the kernel of A,. For such Z, it a consequence of (5.1)
that the symmetrization in the definition of Q5(Z) is unnecessary. Thus, for
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Z € ker()\y),
1
W(Z)=5 > NijpMga(Z)VsVa

a,BER(VT)

1
a,BER(VT)

1

=3 > Ny EU(Xs) (2, Xp]).

BER(VT)

For later use, we note the alternate expression
Qo (2) = —= Z N ([Z, Xa])u (Xar),
aeR(w)
which may be similarly obtained.

Theorem 5.2.  Let C be a component of D(g,h). For all Z € 1(C) we
have

[D—r, Q2(Z)] = =28,Q2(Z) + Qa([12(X), Z]) + (s — s2)([Z, X]),

with s2 = (1/2)c(g, C) — 1.

Proof. Note that [(C) is contained in the kernel of X,. The proposed
identity is linear in Z and one may verify, using the transformation laws that
have been given for the various objects involved, that

(D, Q2(Ad() 2)] =1 - [D—y, Qa2(2)];

and that the right-hand side enjoys the same transformation law under L. The
set Ad(L)(h N 1(€)) is dense in [(C) and it follows that it suffices to establish
the identity for Z € hNI(C). Since this set is spanned by {H) | A € R([,C)}, it
in fact suffices to establish the identity with Z = H,. Under this assumption
we have

Z 55/ Ql(XB)Ql(XB')

where the sum is understood to run over R(V™). We shall use Z and H)
interchangeably below, since the precise identity of Z is often irrelevant. It
follows that

(5.2) [D_,, Qa(Z Z 558 (Z)[D_y, 1 (Xp) 0 (Xg))]
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and, by Theorem 5.1,

[D—y, (X )2 (Xg)]

= [D_y, 21 (Xp) | (Xp) + Q1 (Xp)[D—ry, (X))

= (= &M (Xp) + Q([r2(X), Xp]) + (X5, X)) (Xp)
+ 2 (Xp) (= &0 (Xp) + U ([m(X), Xp]) + 5(Xp, X)).

Our task now is to determine the contribution made when each term in this
expression is substituted back into (5.2).
First,

Q(Xp)& 0 (Xp) = Q1 (Xp) 0 (Xp) + (0 (Xp)eEy) Q2 (Xp)
=& (Xp) U (Xp) — (1/2)Ng € (Xp)

and so the contribution from this term and —&, 1 (Xg)Q1 (Xg) is
Z 5B — 26,2 (Xp) 0 (Xpr) + (1/2)Np 3 €p 1 (X))

= —25792 Zﬂ gﬁ’Ql Xﬁ')
_ 2,0(2) + (VO (Z XD,

Secondly, we consider the contribution from the terms containing s. It is

Z 558/ (Z2) (Np,pr &0 (Xpr) + Q(Xp) N 5€5)
— 782/6 55191 Xg ) Ql(Xﬁ)gﬁ)

=—82ﬁ )€pr 0 (X g) —SZﬁ )€1 (X 3) ——SZﬁ
:«991([2,){]),

where we have used the facts that 3(Z) = —0'(Z) and } ;5 8'(Z) = 0, both of
which are true because v(Z) = 0.

Before determining the contribution from the remaining terms, we de-
rive an alternate expression for Qs([m2, Z]). It is easy to verify that we have
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Mos([12(X), Z]) = (a(Z) — B(Z))Mup(12(X)) for all a,3 € R(VT) and this
identity will be used in the derivation. Equation (5.1) will also be required,

and we choose to include
in this case. We have

Q2([r2(X), Z]) =

v

v
1
2

+ - ZN_ ,V

Z

We are now
which is

Z 558
- Z 5,08
) Z Nz
Z/} 5,0
) Z 5,8
Z 5,8
) Z 5,8
Z 5,8

+Zw'

) (u

1 _
52
SN Lz

Z) M (12(X))21(X,

Z) M (12( X)) (X

Z) M, (m2(X))" 0 (

Z) Mg, (T

the (optional) symmetrization in the definition of {2y

[72(X), Z])" 1 (X)) (X))

= V(Z)) My (72( X)) (X)) 21 (X))

N;;,u’(Z)Mu/y<r2<X)>fﬂl(Xuml<Xy>ﬂ

My (12(X))" Q1 (X)) (X))

M, (T2 (X ))I—QI(XM)Ql(XV)—I-

mu

ready to tackle the contribution from the remaining terms,

([r2(X), X)) (X5) + 2 (Xp)Q ([r2(X), Xg]))
) (Xp)

Z) 0 (Xg) My (2( X)) 1 (X,)
w0 (Xp)

Ql(Xﬁ’)Mﬁu(T2( ))Ql(XH)

X)) (Xg)"
QI(X,H’) MBM(T2(X)>)QI(XM)
)21 (Xp)"

2 (X)) (X,

Z) (Qu(Xp)eMpru(2(X))) 0 (X,)
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= Qy([ra( Z 53 (Z) Mg, (9pe7a(X))21(X,)

= Qa([ma( Z 53 (2)0 ([0e72(X), X))

For brevity, let us refer to the second term above as T. Lemma 3.6 and the
Jacobi identity give

[Ope72(X), Xp|

= (1/2)(Xp, X)[Hy, Xp'] + N, [[X, X_5/]
= (1/2)(X, X)X + N [[X, X_p], X/

= (1/2)Ng,p & X + Np,—[[X, X_p/], X/]

= (1/2)Np g€ Xp + Ng, [ X, [X_p, Xg]] = Ng—[X_pg, [X, Xp]]

= (1/2)Np,p & Xp + Ng—[Hp, X] - N@—vNﬂ,ﬂfﬁ[X—ﬁuXv]

= (1/2)Np 3§ X + Np,—y[Hp, X] — Ng,—yNg g N_p £ X3

= (1/2)Np,p & Xp + Ny —[Hg, X] + Ng 3 Ny, Np, 1§ X5
(1/2) [ ] -
(1/2) 5[ ] -

, Xp]

= (1/2)Ng pép Xp + N, _y[Hp, X] = (1/DIBI* N3 5 €5 X
= 1/2 Nﬂﬂ gﬂ’Xﬂ/‘i‘Nﬁ, Nﬁﬁ/fﬁXﬁ.

By substituting this into the above expression for T" we obtain

Hy, X

= (3/4)2 (17, X)) Z 5,58 (Z)Ns, O ([Hp, X])
= (/912 X)) — 1 S I81P8 (2)0 (Hy, X))
B

In order to complete the proof, it remains to show that the second summand in
this expression is equal to —(1/2)c(g, €)Q1([Z, X]). Recall that Z = Hy with
A € R(,€C). We have

S8 (H) ([, X))
B
=~ I8 (& ([Hyr, X))
B,v
- ‘i > NIBI8 (HA v (Hy )60 (X,)
B,v

1
=~ (v, 88, 2) &80 (X,)
2 (3 )
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- _cl(lg:ug) 2 NEM(X,)

14

_ —%c(g, €) S v(HN & (X,)

v

= —(1/2)c(g, ©)Q ([H, X]).

The critical step, from line four to line five, was made with the aid of Proposition
2.1. This completes the proof. O

Theorem 5.2 does not exhaust the conformally invariant systems that can
be derived from 5. When g is of type A,, there is an additional conformally
invariant differential operator on n associated with 5. It appears because,
in this case, the span of H, does not exhaust the center of [. We shall now
complete our discussion of 25 by describing this operator.

For the remainder of this section, we shall assume that g = sl(r 4+ 1) and
use the standard matrices I;; to describe elements of this algebra. We shall
take g to be the standard block-upper-triangular parabolic subalgebra of g
corresponding to the partition (1,7 — 1,1) of » + 1. The root system will be
described using the standard picture inside R™*! in which RT = {e; —e; | 1 <
i <j<r+1} Then vy =e; —eqq and R(VT) = {8;,0; [ 1 <j < (r—1)}
with 8; = e; — e;j4+1. For brevity, we write X; for Xg, = F1j11 and X]’~ for
Xﬁj/_ = Fjt1,+1. We take X, = Fy 1 so that Nﬁjﬁ; =1 for all 5. Let

2 r—1
Zy = p—— (Ezz + o+ B — T(Ell + Er+1,r+1)) €g
This element lies in the center of [ and A, (Zy) = 0. The normalization has
been chosen so that [Zy, X;] = —X; and [Zp, X}] = X} forall 1 <j < (r —1).
It follows that

Q2(Zo) = z_: "0 (X)) (X)),

j=1

which may also be expressed as

r—1
-1
D(Zo) = > (X)) (X)) ~ TTaW.
j=1
Theorem 5.3. We have
-1
(D 0 (Z0)] = —26,9(Z0) + ( T )quzo,X]).
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Proof. The majority of the computations made in the proof of Theorem
5.2 remain valid here, and it is routine to modify the others to complete the
proof. However, it is perhaps easier to compute the commutator from scratch
using the special features of the current situation. If we let {; and 55- be the
coordinates dual to X; and X ]’», respectively, and define

r—1
1
Ag = 3 jz_;gjf;

then )
T2(X) = Ao(X) (B + Erg1041) — Z E&iEiv1,j+1-
ij=1
This gives
r—1
[m2(X), X;] = Do(X)X; + & Y &X,,
i=1

r—1
[T2(X), Xj] = —=Ao(X) X} — & Zfz{X{a
i=1

and makes it easy to obtain explicit expressions for both [D_.,Q;(X;)] and
[D—, 21 (X})] from Theorem 5.1. The computation is easily completed from
this point. [l

86. Conformally Invariant Systems II

In this section, we assume that the algebra g is not of type C,, so that
the covariants 73 and 74 are not identically zero. Simply put, our aim is to
construct maps

Qg VT = ]D)[n],
Q4 : g—y — D[n],

corresponding to these covariants. However, two complications will arise, one
related to the fact that D, (g, ) may fail to be connected, and the other to the
need for “correction terms” to secure conformal invariance. Because of the first
complication, we shall only construct {23 when g is an exceptional algebra. In
the exceptional cases, (23 is essential to reach our overall goal, whereas in the
classical cases it is not. To specify {14 it suffices to give the element Q4(X_,)
and this is what we shall do.
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Let us first establish some further notation. We extend the symmetrization
operator used above by setting

Tabe™ = (1/6)(abe + acb + bac + bea + cab + cba)

and similarly for more than three factors. To determine which symmetrization
operator is meant, one looks at the number of factors at the topmost level:
thus, for example, "(ab)c? = (1/2)(abc + cab), since the expression (ab)c has
two factors at the topmost level.

The algebra [ decomposes as [ = CH, & ker(\,) and we write pr, : [ —
ker(A,) for the projection onto the second summand. Explicitly, we have

pro(2) =27 — (1/2>>‘X(Z)H7'

Because Q(H,) = 0, we have Q3(Z) = Qa(pry(Z2)) for all Z € . If g is
not of type A, then ker(\,) is the direct sum of [(€C) over all components
C of D4(g,h). If g is of type A, then D,(g,h) has a single component and
ker(Ay) = CZy & [(C), where Z; is the element introduced at the end of Section
5. For these reasons, Theorems 5.2 and 5.3 between them serve to determine
all possible commutators [D_., Q(Z)] for Z € L.

For Y € V~ we have

1
BQ(T3(X)aY) =z Z Nwa’Mﬁa/([XEvY])fagﬁge
a,B,e€R(VT)

and the yoga explained earlier leads us to define

1 _ _
Qé(Y) - 6 Z Nﬁ,é’N@el’Mﬁ'a([XE” Y])rvavﬁve—l-
a,B,eeR(VT)

As with Qa, one verifies that Q5(Ad(1)Y) = x(1)721 - Q4(Y) for all [ € L and
Y € V. Our first task will be to obtain a more tractable expression for
O5(Y). We remark that the nature of the correction term mentioned above
will be revealed as a byproduct of doing this.

Lemma 6.1. For a,3,e € R(V™) we have

"VaVaV T="T(Vo V)V — (1/2)kap Nayar VeOy.
B B B ) v

Proof. For notational compactness, let us write Vo3, for V,V3V.. Note
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that [V, V,] = Kk Ny, 04 and that 0, commutes with all V. Thus

"VaVsVe?
= (1/6)(Vage + Vaes + Vae + Vgea + Veas + Vesa)
= (1/6)(Vage + Vage + ValVe, Vgl + Viae
4+ Vesa + [V, VelVa + Veas + Vega)
(1/6) (2VO¢ﬁe + Vaae + Veas + 2V5ﬁa)
= (1/6)(3Vage + V5, ValVe + 3Veas + 2V [Vj, Vo)
"(VaVp)Ve = (1/2)[Va, Vg Ve
VaVe)Vel = (1/2)kap Naar VeOsy.

Lemma 6.2.  We have 3_,c gy N o VaVa = (1/2)dim(V1)d,.
Proof. Let the indicated sum be S. Then
S=-Y N VaVa
«
==Y Nyt(VaVar +[Var, Va)
«
=-S+> 0,
= —S +dim(V1)o,
and the evaluation follows.

Lemma 6.3. Fore € R(V') and Y € V= we have A\, ([X.,Y])
(Xe, [Y, X5 ]).

Proof. Since [X¢, X,] =0,

M(Xe YNXG = [[Xe, Y], X = [Xe, [V X0 ] = (X [V X)) X

Proposition 6.1.  For all Y € V~ we have

1
YUY)=-= > Nyh N Mpga(pro[Xe,Y]) VaVaVe .
a,B,eeR(V)

797
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Proof. Tt suffices to show that

S= Z NB BIN 1)\ [Xe’7Y])MB’a(H7)rvava6_‘
a,B,e

is zero. Now M (H.,) is the identity matrix and so

S =— ZN NAN(Xe, Y VoV VT

a,a’

Lemma 6.1 gives "V, Vo V' ="(VoVy )V —(1/2) Ny o V0., and it follows
that

a,a’

1 -
S=- ZN N, 1)‘ [XS/,Y])'—(VQVO/)VG—‘—F§ZN€761,/\X([X€/,Y])V€37

e

+
_ dim( V ZN I\ ([Xe, Y])0, V. "'+ZN I\ ([Xe, Y]V,

€€’ €€’

by Lemma 6.2. O

Proposition 6.2. For allY € V™~ we have

Z N 0([Xe, YO (Xe)™.
eeR(v+)

Proof. Throughout the proof, we write Z. = [X,Y]. By Proposition 6.1
and Lemma 6.1, we have

Z 55' Mﬁ’ (pro(Zer)) VaVpVe!

aﬁe
= -z Z 55/ Mﬁ’ (pro(Ze))" (VaVp) Ve
aﬁe
1
-5 NlMaa(pro(Zer))VE&,.

By Lemma 2.8, the sum over « in the second term is given by the expression
(1/2) dim(V ), (prO(Zef)) =0 and so

Z b N Mo (pro(Ze) (Vo V)V
a,f,e

We observed in Section 5 that

Z Nj Mg a(Z)VaVs
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provided that A, (Z) = 0, and it follows that
= **Z AT (pro(Ze)) Ve

— ZN 1T Q9 (Z) Q1 (X o).

O
Lemma 6.4. If Z € ker(\,) and W € V% then [Q2(2Z), 0 (W)] =
0 ([Z,W])0,.
Proof. Tt suffices to assume that W = X, for some € € R(VT). Then
[€22(2), 2 (X)] = Z N 5 Mpa(Z)[VaV5, V]
Z N 5 Mya(Z)(ValVa, Ve + [Va, V] Vi)
- Z B, ﬁ’Mﬁ/ Kﬁ5/N57g/va87
= ZMea 1 (x)a'y
=M ([Z, X))o,
|

Lemma 6.5. For allY € V~ we have
Z olXe Y], Xo] = —(1/2) dim(V)[Y, X, ).

Proof. Denote the sum on the left-hand side of the proposed identity by
S. Then

= Z X [Y. X Z Y, [Xe, Xer]
- Z (X, [Y. X)) - Y[V, X,

- Z X, Y], X] — dim(V )Y, X,

=-S5 —dim(VH[Y, X, ],

and the evaluation follows. O
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Lemma 6.6. For all Z € | we have

Z X, [Xe, Z)] = (1/2) dim(VHA(Z2) X,

Proof. Denote the sum on the left-hand side of the proposed identity by
S. Then

S = Z ee’ Xﬁ/ X Z ee’ E’ X€ ?Z]]
:Z[Z>X Z ee’ 5 ’ Xﬁ’Z]]

= dim(V*))\X(Z)XA, - S,
and the evaluation follows. O

Lemma 6.7. For all W € V't we have

W= Y NIWX)X

eeR(VH)
Proof. This follows at once from the non-degeneracy of (-, -). O
Proposition 6.3. For allY € V~ we have
% (v) =

)
%Z (X (Xe, Y]) - (1/12) (dm(VE) + 1) (Y. X)),
ER(V

Proof. Let Z. = [X,.,Y]. With this notation, Proposition 6.2 may be
rewritten as

Z 65/ Z €, 1( )}

All that remains is to evaluate the second term. By Lemma 6.4,
[22(Zc), n (Xe)] = [Q2(Ze — (1/2)A(Ze) Hy), 2 (Xe)]

[Ze = (1/2)M(Ze) Hy, Xer]) Dy

[Ze, Xer])0y — (1/2)A((Ze)21 (X )0,

Lemma 6.5 gives

D N2 X0y = ~(1/2 V)0 (Y, X0,

€,€’
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and, by Lemma 6.3,

ZN I\ (Z0)0 (X)), _91<Z X, Y, X, )Xo )a7
=0 (Z N, X5, X€/>X6> 9,

=M ([, X’y])a%
where we have used Lemma 6.7 at the last step. O

For Y € V—, let us define

= > NI(Xe)(X,Y])

eER(VT)

and
C3(Y) = 4 ([Y, X,])0,

so that the result of Proposition 6.3 may be written as
Q(Y) = (1/3)2(Y) — (1/12)(dim(V*) + 1)Ca(Y).

A routine computation gives C3(Ad(1)Y) = x(1)721 - C5(Y) for all [ € L and
Y € V7 that is, Cs enjoys the same transformation law as Q3. It follows that
Q5 also has the same transformation law. As usual, we extend Q3 and C5 to
be left C[n]-linear.

We shall evaluate the commutators of Q3(Y) and C3(Y) with D_., sep-
arately. It will emerge that it is not % itself, but rather a different linear
combination of Q3 and Cj, that will yield a conformally invariant system for
a suitable value of s. Because {3 is substantially more complicated than Ci,
we regard the multiple of C5 that must be added to 25 to obtain conformal
invariance as a “correction term”; whence the notation chosen for it. It will
emerge that there is a unique line in the plane spanned by Q3 and C3 on which
conformal invariance holds (for a suitable value of s). In this sense at least, the
construction is canonical.

In what follows, the notational conventions are those already employed in
Section 5. In particular, we shall write X = ZaeR(V+) £, X, for the generic
element of V.

Lemma 6.8.  For all W € V't we have [Q1(W),&,] = —(1/2)(W, X).

Proof. 1t suffices to verify this for W = X,,. In this case, (W) =V,
and the claim follows directly from the definition of V,,. |
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Lemma 6.9. For allY € V~ we have
[([Y, X50), 2 (X)] = A (Y, XT)Dy + Qu([Y, X, ]).
Proof. Well,
[ ([Y, X)), 0 (X)]
= 3 [0(¥, X)), 6.0 (X))
u

= D (Y, X)), (X)) + DI ([Y. X)), £ (X,)

m

= > &Y. X5), X)) + D &Y, X)) (X,)

=0 ([[v; X,], X]) + (Y, X))
=0 ([[Y, X1, X,]) + Qu([Y, X,])
=\ ([, X)), + 4 ([Y; X))

In the fourth line, £,([Y, X,]) represents evaluation of the functional £, on

the vector [Y, X,]; we mention this because the notation has not previously
occurred. g

Proposition 6.4. For allY € V~ we have

[D—y, C3(Y)] = =36, C5(Y) + Ca([m2(X), Y]) + sA([Y, X])0,
= (2s + D ([Y, X5]) = L (X)) ([Y, X5)).

Proof. Recall from Proposition 4.2 that
D_,=—-Po,+&E+{A, -} +2s¢,,

where E = 26,0y + > &a0a. A computation using this formula gives that
[D_,0,] = —(E + 2s). By substituting the identity

On = Ql(Xa) + (1/2)Na,a/§a/8,y
into the definition of E and simplifying, we obtain E = Q;(X) + 2£,0.,. Now

[D—y, C3(Y)] = [D—y, u([Y, X5 )]0y + (Y, X5 ) [D—y, 5]
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and, using the above observations and Lemmas 6.8 and 6.9,

(Y. X, ])[D—5, 0] = = ([Y, X, ]) (2650 + 2 (X) + 25)
= —25791([}/7 X’y])a'y - 2[91([)/’ X’y])ag'v}a'v
=28 ([Y, X5]) — ([, X, ) (X)
= —26,C3(Y) + ([Y, X5, X) 0y — 25 ([Y, X, ])
= N (X)N (Y, Xy ]) = A (Y, X])9, — (Y, X))
= —26,C3(Y) + A ([Y, X]) 0y — 25 ([Y, X4 ])
= QX)) (Y, Xy ]) = A (Y, X])9, — (Y, X, ])
= —26,C3(Y) — (2s + DY, X5]) — Qu(X)Qu ([Y, X,)).

By Theorem 5.1,

[D—, 0 ([Y, X, ])] = =&, ([Y, X5)) + Qu ([r2(X), [Y, X5 ]]) + s([Y, X, ], X)
= =&Y X)) + Qi ([[2(X), Y], X,]) + Ay ([Y, X)),

because [12(X), X,] = 0. Thus
[D—y, 0 ([Y, X510y = =6, Cs(Y) + C([m2(X), Y]) 4+ sA\([Y; X]) 9y
Adding these evaluations completes the proof. O
Lemma 6.10. IfZ €l and A\(Z) =0 then
[€2(2),&] = —(1/2)([Z, X])

and

[QQ(Z)’&JJ = N(;,;/Ql([z7 Xa'])'

Proof. We have

1 _
[22(2),6,] = 5 D NG [0 (Xe) (2, X)), &)
B
and [Q1(X4),&] = —(1/2)Na,or €. From this point, a routine computation
completes the proof. The second identity is similar. 1

Lemma 6.11. For all Z € [ we have

ZN YO ([Z, X)) (X)) = —2Q(Z) + (1/4)\(Z) dim(V 1),
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Proof. Since Z = pry(Z) + (1/2))\X(Z)Hﬂy7 the left-hand side is
ZN 2 ([pro(2), X))Q1 (X, ZN 20 (X0 (X)),

We observed in Section 5 that the first term is equal to —2Qa(pry(Z)) =
—2Q5(Z). By Lemma 6.2, the second term is (1/2)A,(Z)-(1/2) dim(V*)9,. O

Recall the constants ¢(g, C) and p(g, C) that were introduced in Section
2 for each algebra g and each component € of D.(g,h). When D,(g,h) has
a single component, we abbreviate the names of these constants to ¢(g) and
p(g). Note that, amongst the algebras considered in this section, D (g, ) has
a single component for the exceptional algebras and for the algebras of type
A,

Theorem 6.1.  Suppose that g is an exceptional algebra and define

Q3(Y) = (1/3)Qs(Y) + (1/12)(c(g) — p(8))Cs(Y).
For allY € V™ we have

[D—y, Q3(Y)] = =386, Q3(Y) + Q3([72(X), Y])
+ (5 = 53) (Y, X]) + (1/4)(c(g) = 2)M ([, X))y
— (1/2)(c(g) — D (Y, X,]) — (1/2)0 (X)) (Y, X)),

where s3 = (dim(V+) — 2)/6.

Proof. We begin by computing the commutator of Q3(Y") and D_,. As
usual, we shall express this commutator as the sum of a number of terms,
and evaluate each separately. Only some of these evaluations will require the
assumption that g is an exceptional algebra, and we shall point out this depen-
dence as we go. We shall obtain the identity

(D, Q3(Y)] = =36,Q3(Y) + Qa([r2(X), Y]) + 3(s — 53)Q([Y, X])
(s — 5) (L/A)(d = 22 (¥, X0, — (1/2)(d+ D ([¥, X))
— (3/2) (X)) (Y, X,])),
where d = dim(V1), s3 is as in the statement, and s; = (1/2)c(g) — 1, as in

Theorem 5.2.
For all [ € L we have

[D_, Q5(AdY)] = X(1) 1+ D, (V)]
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and the right-hand side of the proposed identity satisfies the same transforma-
tion law under L. Now the prehomogeneous vector space (L, Ad, V™) is equiv-
alent to (L, Ad, V1) via the map 7, '. By Proposition 3.3, Xo = v2(X5 4+ Xs')
is a generic point of (L, Ad, VT), and it follows that 7, (Xg) = vV2(X_s — X _5)
is a generic point of (L,Ad, V~). Thus it suffices to establish the identity for
Y = 71(Xo). But the identity is linear in Y, and so it suffices to prove it for
Y = X_sand Y = X_g separately. We could, to begin with, have chosen 4§’ to
play the role of §, and so the identity for Y = X_4 follows from the identity
for Y = X_;s. Thus we are reduced to proving the identity for Y = X_5. We
shall assume this equality henceforth, and use Y and X _; interchangeably. As
in the proof of Theorem 5.2, the majority of the calculations are valid for any
Y, and it would be distracting to replace Y by X _s in these.
For e € R(VT), we write Z, = [X,,Y]. From the definition, we have

(6'1) [D—’Yv Z —W ( ’)]92(Z6)
ZN 1 (Xe) Dy, 2(Ze)].

Both [D_,,
terms. We consider the contribution to (6.1) from these terms in turn. The

01 (Xe)] and [D_,,Q2(Zc)] may be expressed as a sum of three
contribution from the first terms is
_ Z N7H(= &0 (X, ZN o (Xe) (- 26,92:(20))
:_3§’YZN o (X —QZ ), 61Q2(Zc)
= =36, M(Y Z o (Xer, X)Q2(Z)
= =36, Qs(Y ZN;;Negefng([Xe,Y})

= —36,Q03(Y) — Q([X,Y])
= —3¢,03(Y) + Qo([Y, X]).

Note that this evaluation is independent of any assumption on the type of g.
We now consider the contribution from the second terms. It is

=Y N ([r(X), X. ZN L0, (X)) ([r2(X), Z.).

Note that we do not have to concern ourselves with the difference between Z.
and pry(Z.) here, because Z, — pry(Z.) lies in the center of [ and, in particular,
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commutes with 75(X). Throughout the proof, we shall use a hierarchical num-
bering scheme for terms. For example, the first term in the previous identity
will be called T5; and the second term T5,. With this notation,

T5o —ZNE 00 (X)) ([r2(X), [Xe, YT))

ZN o0 (Xe) (Q([[r2(X), X], Y1) + Qa2([Xe, [r2(X), YT]))
ZN S (X ) (Mo (72 (X)) Qa([ X, Y1) + My, (72(X)Qa([Xe, X))
Z X)) (Xer) Qs (X, Y])

Z : )y Mo (72(X))] Q2 ([X,0, Y1)

Z “,M(;,L 72(X) 0 (Xe) Qe ([Xe, X))
+Z N[0 (Xer), My, (72(X))] 21X, X))

= Z Moy (m2(X)) Q1 (X) Qo (X, Y))

+ Z N My (002 (X)) 0 ([X,, YT) + Y My, (12(X)Q3(X )
Z o M, (0ero7a(X))Q2([Xe, X—u])

= Z X)) (Xe)Q2([X,, Y])

Z o Q([[8eom2(X), X, Y]) + Qa([r2(X), Y1)
ZN S ([Xe, [Deo2(X), Y]))

= ZN e ([12(X), X)) Q2 (X, V) + Qa([r2(X), Y])

Z 65/ e"TQ(X)a[Xan]])'

Note that the first term here is the negative of T51, and so we arrive at

= Qy(fra(X ZN S (0072 (X), [Xe, Y]]

By Lemma 3.6, Jcemo(X) = (1/2)(Xe, X)H, + No_[X,X_]. Note that
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[X,Y] € land so [H, [X,,Y]] = 0. From these observations, we obtain

Q3(7-2 ZN lNe’ ,— ([[XvX—e]v[Xan]])'

We have seen that N, = —(1/2)l€[|?Nesc and so N, N, = (1/2)]|/?.

€,€’

Therefore

Ty = 0a([72(X). Y] + 5 ( F 161X XL (X YD )
= 03((m2(X), V)~ 5 3 08 €)% (pre([Y: X))
c

by Proposition 2.2. Recall that the sum on the right-hand side is over all
components C of D,(g,h). Expressed in this form, the evaluation does not
depend on any assumption about the type of g. When g is exceptional, it may
be simplified to

Ty = Qs([r2(X), Y]) — (1/2)p(8)Q([Y, X)).

It remains to consider the contribution to (6.1) made by the third terms
in the formulas for [D_,, (X )] and [D_,, Q2(Zc)]. We shall evaluate these
separately. For the former, we obtain

T3—SZ XeaX QQ([XG’Y])

= _SZSEQQ XE7Y])
= s ([Y, X]).

Again, this evaluation is independent of the type of g.

The remainder of the evaluation does rely on the assumption that g is
exceptional, which implies that D.(g,h) has a single component, €, and that
pro(Ze) € (€). The contribution to (6.1) from the remaining term is thus
(s — s2) times

Ty = ZN o1 (X ) ([pro(Ze), X])
ZN 1(21 ([pro(Ze), X +Z ), Q1 ([pro(Ze), X})]

Now

Ty = ZNﬁaﬂl pro(Ze), X)) (Xer)
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ZN 10, (2., X)) (X, ——ZN A X)h (Xe)
ZN 204X ZN 204([Y; [Xe, X])Qu (X )
- 3 SNV X (O (Xe)
= 20([Y, X]) — (1/4)dA([Y. X])0; — Y o ([Y, X, ) (Xe)

— (1/2)2: (X)) ([Y; X))
= 205([Y, X]) = (1/4)dA([Y; X]) 0y — D (X)) ([Y, X5))
(Il

—Zfe O ([[Y; X5, Xe]) = (1/2)2(X) (Y, X,])

= mzqy, X]) = (1/4)dr([Y, X3, — (3/2)2(X)([Y. X,])
+ L ([Xy, [Y, Xe )

= 20a([Y; X]) — (1/4)dA ([Y; X])0y = (3/2)n (X)) ([Y, X))
- ([[Y, X], X5 ])
= 20s([Y; X]) — (1/4)dA ([Y; X])8y = (3/2) (X)) ([Y; X))
— (Y, X))o,
= 205([Y, X]) = (1/4)(d + HA([Y, X])9, = (3/2) (X) ™ ([Y; X, ]),

where we used Lemma 6.11 from the third line to the fourth. Also,

Ty = Z ). ([pro(Ze), X])]
Z 5 ), 0 ([pro(Ze), X,))]
= ZN“ &[0 (X, 2 ([pro(Ze), X))
+Z ), €l ([pro(Ze), X,u])
:ZNe’E,qul o, [pro(Z. ZN o ([pro(Ze), X))

ZN Y ([Xer, [pro(Z ZN o ([pro(Ze), Xo)).-
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We shall consider these terms separately. The first is

T421—ZN o ([Xe, [Ze, X]] ——ZN A (Z) ([ Xer, X))
ZN YO ([Xer, [Xe, [V, X]] ZN L4 ([Xe, [V [Xe, X))
,,Z Xe, [V, X5 ) ([Xe, X1)

= (1/2)dA([Y, X])0y — Zé‘e/fh([Xeu Y, X510

1 )
= (1/2)d\([Y, X])0y — u ([X, [V, X,]]) — (1/2)2 ([[Y, X,], X])
= (1/2)dA ([Y, X])0y — (1/2)u ([X, [Y, X,]])
= (1/2)d\([Y, X])0y — (1/2) ([[X, Y], X,])
= (1/2)dA ([Y, X])0y + (1/2)A([Y, X]) 0,
= (1/2)(d + DA ([Y, X])0

where we have used Lemma 6.6 from the second line to the third. This com-
pletes the evaluation of the first term in Ty5. The second term is

Tyoo = Z N 0 ([pro(Ze), Xe])
ZN“%Q (X, Y], X ffZN“l,A Q1(X)

—(1/2)d4 (Y, X, Z X, [V, X)) (Xer)

= —(1/2)d([Y, X,]) — (1/2)([Y, X,])

= —(1/2)(d + D ([Y, X4]),
where we used Lemma 6.5 from the second line to the third. We conclude that

Tuz = (1/2)(d+ 1) (A ([Y, X])0, — u([Y; X,))).
By adding the evaluations of Ty; and Ty we obtain
=20 ([Y, X]) + (1/4)(d = 2)A([Y, X0y — (1/2)(d + 1) ([Y, X,])
= (3/2)(X)n(Y, X5)).

All that remains to obtain the proposed formula for [D_.,, Q3(Y)] is to add T1,
T, T3, and s — so times Ty, and to simplify the coefficient of Qo ([Y, X]) that
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results. This coefficient is

1—(1/2)P(9)+5+2(8—82)
=3s— (1/2)p(g) — c(g) +
=3s—(1/2)(d+4)+3
=3s—(1/2)(d - 2)

= 3(s — s3).

In this computation, we used the fact that, by Proposition 3.1, ¢(g)+(1/2)p(g) =
(1/2)(d + 4), as well as the definition so = (1/2)c(g) — 1. This completes the
proof of the formula for [D_., Q3(Y)].

The last step in the proof is to use the result of Proposition 6.4 and the
above evaluation to determine [D_.,Q3(Y’)]. Recall that

[D—y, C3(Y)] = =38, C3(Y) + C3([m2(X), Y]) + sA([Y; X])0,
= (2s + (Y, X5]) = (X)) ([Y; X))
so that only the coefficients of A, ([Y, X])05, Q1 ([Y, X,]), and Q1 (X)Q([Y, X))

in [D_-, Q3(Y")] require further attention. We first note that 2¢(g)+p(g) = d+4,
so that ¢(g) — p(g) = 3¢(g) — d — 4. Thus we may write

(V) = (1/3)2(Y) + (1/12)(3¢(g) — d — 4)C3(Y).

The coefficient of A\, ([Y, X])0, in [D_,,Q3(Y)] is therefore

(1/12)(s — s2)(d — 2) + (1/12)(3c(g) — d — 4)s

= (1/12)((3¢(g) — 6)s — s2(d - 2)

= (1/12)(3(c(g) — 2)s — (1/2)(c(g

= (1/12)(c(g) —2)(3s — (1/2)(d - 2))
(1/4)( 2)

= (1/4)(c(g) = 2)(s — s3).
X5

The coefficient of ;([Y, X,]) in the same commutator is

g
)
) —2)(d-2))

—(1/6)(s — s2)(d+1) — (1/12)(3c(g) — d — 4)(2s + 1)
—(1/12)(2(d+ 1)(s — s2) + (3e(g) —d — 4)(2s + 1))
(

= —(1/12)((6c(g) — 6)s — (d + 1)(c(g) — 2) + 3c(g) —d — 4)
= —(1/12)(6(c(g) — 1)s — c(g)d + 2¢(g) + d — 2)
= —(1/12)(6(c(g) — 1)s — (c(g) — 1)(d - 2))

—(1/2)(c(g) — 1)(s — s3).
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Finally, the coefficient of (X ) ([Y, X,]) in the commutator is

— (1/2)(s = s2) = (1/12)(3c(g) — d — 4)
= —(1/12)(6s — 652 + 3c(g) —d — 4)
—(1/12)(6s — 3c(g) + 6 + 3c(g) —d — 4)
—(1/12)(6s — (d — 2))
—(1/2)(s — s3).
This completes the proof. 1

We now begin the construction of Q4. Let [y = [[, [] and recall that there is
a decomposition [y = @¢el(€), where the sum is over the components of D, (g, b).
Each [(€) is a simple Lie algebra and also an ideal of [. Moreover, the restriction
of By to [y is non-degenerate and the various [(C) are orthogonal to one another
with respect to this form. We choose ordered bases of each [(€) and concatenate
them to obtain an ordered basis Z1,...,Z4 of ly. Let I(C) = {i | Z; € ()} for
each €. Define b;; = B4(Z;, Z;). The matrix [b;;] is non-singular and block-
diagonal with blocks indexed by the C. We let its inverse be [b¥/] and define
A ijl b Z;, so that Z1,..., Z% is dual to Z, ..., Zgq with respect to By.
Note that if 4 € I(C) then Z* € [(C).

Suppose that F( -, ) is a bilinear function on [y with values in any C-vector
space. Then we may consider the sum

> F(Z,7Y).
i€I(€)

If we replace Z;, i € I(Q), by a different ordered basis of [(€) then there is a
compensating change in the dual basis which leaves the sum unchanged. In
particular, since duality between bases is a symmetric relation, we have

. F(Z,Z)= ) F(Z' Z).
i€I(@) i€I(C)

We shall have recourse to this observation on several occasions below.
For Z € [ we introduce structure constants ¢} (Z) by requiring that

2,2 = _c(2)Z;.

Observe that if i € I(€) then ¢/(Z) = 0 unless j € I(€) also; this is another
expression of the fact that [(€) is an ideal of [. Thus the definition may also be
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written as

zz)= Y @)z,

JEI(C;)

where C; denotes the component such that Z; € [(€;). The invariance of By
implies the relation

2,2=- > &(2)7

JEI(C;)

for all Z € 1.

Lemma 6.12.  If C is a component of D,(g,h) then

> 1z, z' =0.

i€1(€)

Proof. It follows from the discussion of bilinear sums that

Z [Zi7Zi] = Z [Zi7Zi} = — Z [Zi7Zi].

i€I(€) i€I(€) i€I(€)

This implies the claim. O

Proposition 6.5.  Let C be a component of D(g,h). Then there is a
constant A(C) such that

> 12,12, Y] =AY
i€1(€)

forallY e V7.

Proof. Suppose first that g is not of type A,.. Then VT is an irreducible
representation of [ and hence of [p. From the decomposition [y = @el(C) of
lp into ideals, we conclude that the restriction of V' to [(€) is isotypic. The
constant A(C) is simply the value of the infinitesimal character of this type on
the Casimir element >, ey Z:Z" € U(I(C)).

Now suppose that g is of type A,. The representation V' is the direct
sum of an irreducible representation of [y and the dual of that representation.
By repeating the argument of the previous paragraph we conclude that the
restriction of V* to [(€) is the sum of two isotypic representations, with dual
types. Since the Casimir element in question is of even degree, the infinitesimal
characters of an irreducible representation and of its dual take the same value
on this element. That common value is A(€) in this case. O
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Corollary 6.1.  Let C be a component of D~(g,h). Then for all e, 7 €
R(VT) we have

Z Z MEM(Zi)MuT(Zi) - A(G)KGT.

1€I(C) peR(VT)

Proof. This follows immediately by taking Y = X, in Proposition 6.5,
expanding the resulting brackets using the matrix coefficients M, and then
comparing the members of the resulting identity. [l

For the next result, recall that we are assuming that g is not of type C,.,
so that a simple root § € R(V™) having the property described in Section 3
exists. We use the notation from that section in the proof.

Proposition 6.6.  Let C be a component of D(g,h) and (€) C h*(R)
denote the R-span of the simple roots whose nodes in the Dynkin diagram lie
in C. Then

A(€) = [Ipr ey (8) 7 + (1/2)(dim(VF) — 2),
where pr ey denotes the orthogonal projection onto the subspace (©).
Proof. 1t will be convenient to think of € as being a set of simple roots,
by identifying simple roots with their nodes in the Dynkin diagram. Recall

that R([,C) denotes the set of roots in R([) that are combinations of simple
roots in €. Let RT(I,C) = R* N R(I,€). The set

{Ho|a €@ U{Xa, X_o|aeRH0)}

is a Chevalley basis for the algebra [(€). The form By is normalized in such a
way that Bg(Xa, X_o) = 2/||a* and

4o, B
JapB = BB(HO"HB) - m

for a, 8 € €. Let [g*?] be the inverse of [gas]. The element dual to H,, is then

HY — ZQO‘BHﬁ,
pee

the element dual to X, is X = (||a||?/2)X_,, and the element dual to X_,,
is X~ = (|la]2/2) X,
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In order to evaluate A(C), we take Y = X; in Proposition 6.5 and consider
the contribution to the sum from the three parts of the basis separately. From
{H,}, we obtain

> [Hoo[H*, X5l = > ¢*P[Ha [Hg, X5]
ael a,BeC

> g*P6(Ha)d(Hp) X5
«a,B€C

g e l@0)60)
IOR A NRTE

5.
o,BeC
Let us write & = 2a/||a||>. Then g.s = (&, 3) and the coefficient of X; in the
above is
Y 9@, 6)(, ),
a,Be€
which is precisely ||pr<e>(5)||2.

Now let @ € R*(I,€) and suppose that 7 = § + « is a root. We have
(v,7) = (v,0) = 1 and so 7 € R(V™). In particular, T is a positive root. Since
T—0 = xais aroot, 7 € S(0) and so (7,) = 1. It follows from this that
s5(1) =7—38 = . Now 7 # § and § is a simple root. Thus s5(7) is a positive
root. It follows from this discussion that § — v is never a root and 7 = J + « is
a root precisely when 7 € S(d), in which case « = 7 — . Thus

Y XXXl =0

a€RT(1,€)
and
Y Ko X X]l= Y (lel?/2)[X - [Xa, X5]
a€R*(1,€) a€R+(1,0)
= > (I = 6801?/2)[Xs-r, [Xr—s, X5]]
TES(S)
= Z (IT11?/2) Ny~ 5,5 No— 7. X5.
TES(S)

Now (6 —7) + 7+ (—d) = 0 and applying (C8) and (C9) to this gives
Ns_vr N_ss-+ Nr_ss

2 71E e
It follows that the coefficient of X5 above is

Z N2 5= Z (pr—ss+1)°

TES(S) TES()
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o1
TES(S)
= [S(9)I.
We have |S(d)| = (1/2)(dim(VT) — 2), and this completes the evaluation of
A(C). O

Lemma 6.13.  Let C be a component of D (g,h). Then we have

Z Z NG L ([Zi X)) (128, Xa)) = (1/2) dim(VT)A(€)d,.
i€I(C) aeR(V)

Proof. Let S denote the left-hand side of the proposed identity. This
expression depends linearly on the Z; and the Z* and consequently

S= > > N2 Xo)([Zi, Xal).
i€I(€) aER(VH)

For compactness, we suppress the domains of summation from now on. By
expanding the brackets in the previous expression for S we obtain

S = Z oo Mo e(Z) Mor (Z:)01 (Xe) 2 (X7)
S Z LMo ZYMorr (Z)V Y,
- iT N7 L Moy (Z) Mo (Z:) V-V,
= — Z w Mar(ZYMore(Z;)V V-
- Z o Mar(ZY Mo c(Z:)[V -, V]

= Z Ny o ([Zi, X ) (77, Xa))

o Z oeo/ )M (Zi)NT,T/K’TSIa'y
- Z N Neo Moy (Z)Mear o (Z:)0,.

In this computation, we replaced « by o', and then interchanged € and 7. The
rest of the computation should be self-explanatory. Thus

S=-z Z aa’ T’MaT(Zi)MO/T'(Zi)a’Y
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1 _ i
= —5 Z NT/}TNT,T/MO”'(Z )MT(X(Zi)aV

1,00, T

1 i
5 > Mor(Z')Mro(Z:)0,

= % > Kaal (@)D,
= (1/2) dim(VT)A(C)d,.

In this computation, we used the symmetry N My (Z;) = NT_,}TMW(Zi)

a,af

and then appealed to Corollary 6.1. O

Let € be a component of D, (g, h). The polynomial
Yo ) By(ra(Y), Z)By(na(Y), Z')
iel(©)

on V1 is a relative invariant associated to the character x? and is hence pro-
portional to A. Recall that the operator Q5(Z) is modeled on the polynomial
Y — By(m2(Y), Z). This suggests that we define Q) (C) € D[n] by

(6.2) Q€)= > T0(Z)2(Z).
i€I(C)
By the discussion of bilinear sums, we have
> W(Z)0(Z) = Y 0(ZY)0(Z).
i€I(@) i€I(@)

It follows that the symmetrization in (6.2) is unnecessary.
Recall that I - Q5(Z) = x(1)Q2(Ad(1)Z) for I € L and Z € [. Therefore, for
le L,

@) = > (1-9(2:))(1- (ZY)

i€I(€)

=x()* D (Ad(1)Z:)Q(Ad(1) Z°)
i€l (C)

= x(D*Q4(©),
since the ordered bases Ad(l)Z; and Ad(I)Z*, i € I(C), are dual to one another.

Lemma 6.14. We have

[D_,,02] = 4,02 — 201(X)0y — (45 + 2)0,.
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Proof. We have
[D—y,0y] = =[s(X ), TLs(X5)] = I (H,).

From Lemma 4.2, II,(H,) = =0, .] — 25. Since H, acts as 1 on V* and as
2 on g, this gives

[D_,,0,] = —28,0, — 0 (X) — 2s.
The stated value of [D_.,, 2] follows easily from this. O

—v, Oy

We define

(6.3) 2u(€) = Q4(€) + (1/2)(s — 52(€))A(€) 3,
where s2(€) = (1/2)c(g, €) — 1. Note that [ - 92 = x(1)?02 for all | € L, and so
Q4(€) enjoys the same transformation law under L that Q(C) does.

Theorem 6.2.  Let C be a component of D(g,4). Then we have

(D, u(C)] = =46, 02u(C) +2(s — s2) Y N ([Zi, X])20(Z?)
ie1(e)

—2A(C)(s — 52(C)) (s — 54) 0y,
where s2(€C) = (1/2)c(g,€C) — 1 and sy = (dim(V') — 2)/4.

Proof. We begin by considering the commutator of D_, and ©/(€). This
commutator is given by

(64) [D_rs (€)= 3 (Do, (Z)20u(Z) + 3. Q(Z)ID—,, Qa(27)).
€I(@) i€I(C)

By Theorem 5.2,
(D, 22(2)] = =26,2(Z) + Qa([r2(X), Z]) + (s — 52(€)) 0 ([Z, X])

for all Z € 1(€). We shall consider in turn the contributions of each of the three
terms in this formula to (6.4).

The contribution to (6.4) of the first terms in the commutator formulas
for Q9 is

Tr=-2604(C) =2 > D(Z:)&0(Z°)
i€I(@)
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—46,2(€) =2 Y [Q2(Z:),6]102(27)

1€I(C)
—46,2©@) + Y 0 ([Zi, X)Q(ZY),
1€I(C)

by Lemma 6.10.
The contribution from the second terms in the commutator formulas for
QQ is

Ty= > Q(r(X),Z)%(Z)+ Y 0(Z)%(r(X),27)

iel(e) i€I(C)
= Y dmRX)0(Z)0Z) - Y %Wz X))Qa(27)
i5€1(C) i,j€1(C)
= Z C;(TQ(X))QQ( )Qs( ZJ Z D (Z ))QZ(Z])
i5€1(C) i €1(C)
=— Z [Q2(Z;), ¢ (12(X))]Q2a(2Z7).
i,j€I(C)

In order to simplify this, we consider the coefficient of 5(Z7) separately. By
using the expression

1
QQ(Z,L') = 5 Z Nﬁ ﬁ/Mﬁ/ ( i)Ql(Xﬁ)Ql(XOé)
a,BeER(VT)

we get

[22(20), &(ra (X)) = 3 Z N b Mo (Z3) [0 (Xp) Q2 (Xa), ¢ (r2(X))]
ZNM,MBI Z;)(X5)¢; (Davma(X))
t3 Z Nj 5 Mpra(Zi)c5(9p0m2(X)) 1 (Xa)
= Z (Z:)€} (aom2(X)) 2 (Xp)
T3 Z Nj 5 Mpra(Zi)¢5(9pom2(X)) 1 (Xa)
+5 Z et Mo 8(Z:) € (agora(X)
Z et Mo 3(Zi) € (o7 (X)) (X 5)
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+ Z (xo/ ) ;(801[3.7—2()())7

where we have used the symmetry Nﬁ 3 Mpa(Zi) = N o Marg(Z;) from the

a, a’
second equality to the third, and then interchanged « and 3 in one term from

the third to the fourth. By Lemma 3.6 we have
Oaom2(X) = (1/2)(Xa, X)Hy 4+ No,—[X, X o]

and
Dagora(X) = (1/2)(Xo Xg) Hy + No o[ X5, X o]

Since ¢; vanishes on the center of [, this gives

9220 6 (r2(X))] = 3 Nosao Mot (Z2)65 (No o, X D0 (X5)

b5 ST N Mg (2065 (N, X5, X o)

_ _% > e Mo (Z:)e ([X, X o)) Q1 (X5)
-3 Do Mo (265 (15, X

_ _% za: o€ (1X, X)) ([Z1, X))
- 32 o2 ([(Z:, Xar), X o)

- _% 20; lal2e (X, X o)) (12, Xa))
_ iza: lol2¢i ([1Z:, Xal, X—a)),

where we have used the identity No, N ., = —(1/2)]|a]|? from the first equal-
ity to the second.
These equalities imply that T = T, + Tso with

Z > llale (X, X o)) ([Zi, Xa])22(Z7)
,JEI(G a

and

ng— > Znau“ [1Zi, Xa], X—a)) 2 (27).

1]61 e}
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By employing Proposition 2.3, we get

T = (1/2)c(g,C) > ch(Z:)Q0(Z7)

i,j€I(C)
—(1/2)e(g,€) Y 0((2:, 2'))
i€I(C)
:0’

from Lemma 6.12. Now observe that

Z Cé’([X7 X*Oé])Zi = [[X7 X*OLLZj]

icl(e)
and so
Ty =T

:% >3 el (X, X o], Z;]), Xa))Q0(27)
je[(@) a

=3 LS S P (17, X, X ), Xal) ()
jEI(G @
—(1/2)p(8,€) Y (25, X)) (2),

JEI(C)

where the last equality follows from Proposition 2.4.
We now consider the contribution of the third terms in the commutator
formula for Q9. This contribution is s — s2(€) multiplied by

Z Q1 ([Zi, X])Qa(ZY) Z Q2 (Z)0 (128, X]).
i€I(C) iel(€)

The first term, 731, is already in a suitable form, and so we consider the second
term, T3s. It is

Tsp = Y Q(Z)([Z', X))
1€I(C)

= > W(Z)N((Z, X))
i€I(C)

= Y (Z, XD0(Z) + Y (9227, (12, X))].

i€I(C) i€I(@)
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In this expression, the first term, 7301, is in a suitable form, and so we consider
the second term, T395. It is

T30 = Z Z [(Z7), & ([Zi, Xa))]

1€I(C) aeR(VT)

=Y > [(2Y), &2 X))

1€I(C) aeR(VT)

+ 3 YT &l(Z2Y), 2 ([Zi, Xa)))

i€I(C) a€R(VH)

=Y > NIL(Z Xa D (12, Xa))

1€I(C) aeR(VT)

+ Z Z gaQI Z“X ]])8

1€I(C) aeR(VT)

= > Y NIL(Z, Xe ) (12, X))

i€I(@) acR(VH)

+ Z Z gaQI za Z X ]])8

1€I(C) aeR(VT)

= (1/2)dim(VA(€)D, + A@) Y &0

aER v+)

= (1/2) dim(VH)A(©)2, + A(©)21 (X)d,.

In this computation, we have used Lemma 6.10 to evaluate [Q22(Z?), £,], Lemma
6.4 to evaluate [Q2(Z2%), Q1 ([Z;, X4])], the principle about expressions depend-
ing linearly on Z; and Z%, Lemma 6.13 to evaluate the first sum in the third-last
equality, and Proposition 6.5 to evaluate part of the second sum. From these
computations, we obtain the evaluation

Ts=2 Y O([Z;, X))Q(Z°) + (1/2) dim(VF)A(€)d, + A(€)21(X)0,.
i€I(@)

By adding T4, T3, and s — s2(C) times T3, we obtain the evaluation
[D—, (C)] =

—46,04(C) + (25 + 1 — (1/2)p(g, €) — 252(€)) Z Q1 ([Zi, X])Qa(Z)
i€I(C)

+(1/2)(s — s2(@)) dim(VJ“)A(C?)aV + (s — s2(C))A(C) (X)0,.
Now

1—(1/2)p(g, €) — 255(C) = 1 = (1/2)p(g, €) — (g, €) + 2
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=3—((1/2)p(g. €) + (g, €))
=3—(1/2)(dim(VT) +4)
= —(1/2)(dim(V*) — 2)

by Proposition 3.1 and so

(D, (C)] = —4&,Q(C) +2(s — 1) Y ([Zi, X])Q(Z7)
i€1(€)

+(1/2) (s — 52(€)) dim(VF)A(C)D, + (s — s2(€))A (€)1 (X),.

By combining this evaluation with (6.3) and Lemma 6.14, and simplifying the
result, we finally obtain the formula in the statement. We remark that the
coefficient, of 92 in the definition of €4(€) is fixed by the requirement that
the Q1(X)0, term in the above formula for [D_,, }(C)] be canceled by the

corresponding term in [D_.,d2]. O

The construction of €4 that has just been given yields zero for the algebra
of type Ay, since in this case the diagram D, (g, h) is empty. For the algebra of
type A, there is an alternate construction of €24 that makes use of the additional
central element Zy that was defined at the end of Section 5. As well as defining
a non-zero operator €4 for the algebra As, it gives a simpler expression than
the uniform construction. We finish this section by describing the alternate
construction.

Theorem 6.3.  Let g be the algebra of type A, and define
QY = Qs(Zp)? + (1/2)(s — 32)83,
where so = (r —1)/2. Then
[D_., Q9] = —4&,93 + 2(s — s4) ([Zo, X])Q0(Zo) — 2(s — s4) (s — 52)0s,

where s4 = (r —2)/2.

Proof. We begin by considering [D_.,Q2(Z)?]. From Theorem 5.3 we

—
have

[D—,Q2(Z0)] = —26,022(Zo) + (s — 52)S0([Zo, X]).

By using this, we obtain

[D_y,Q2(Z0)%] = —4&,922(Z0)* + (s — 52)Q1([Z0, X])2(Zo)
+ (8 = 82)Q2(20)Q1([Z0, X]) — 2[Q2(Z0), &]Q202(Z0).
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Now
0(Z20)([Zo, X ZQQ Z0)&a01([Z0, Xa))
= Zsaﬂz Z0)0([Zo, Xal) + D _[Q2(Z0): €al1(1Z0, Xa])
= 01 ([Zo, X])Q(Zo) +Z£a [QZ(Zo),Ql([Zo,Xa])]
ZN;;/Ql [Zo, X)) ([Z0, Xa])
= 0 ([Z0, X)02(Z0) + > &a([Z0, [Z0, X0y + S
= 0 ([Zo, X])Qa(Z0) + Qal(X)a7 + 5,
where

§ = 30Nk (o X0 Xol)

In this computation, we have used Lemma 6.10 from the second line to the third,
Lemma 6.4 from the third line to the fourth, and the identity [Zo, [Zo, Y]] =Y
for all Y € VT from the fourth line to the fifth. The next task is to evaluate
S, which we do indirectly as follows:

Z 1([Z0, Xa])1([Z0, Xo])
_ 5 Z L [0 ([Z0, X)), 1 (10, X))
=-S5 — Z a, Z07 ]7 [ZOaXa’DaV

7,S+Z o (Xas (20, [Zo, Xo]]) Oy
f—SJrZ e (Xa, Xar)0sy
:—SJrz:aW

— 5+ d(ilm(V*)av.

Thus S= (1/2) dim(V*)d,. By Lemma 6.10, [Q2(Zy), &, ] = —(1/2)Q:1([Zo, X]).
These evaluations combine to give

[D—y,92(20)*] = —4€,92(Z0)? + 2(s — 54)([Z0, X])Q2(Z0)



824 L. BARCHINI, ANTHONY C. KABLE AND ROGER ZIERAU

+ (s — $2)21(X)0y + (1/2)(s — s2) dim(V )0,
According to Lemma 6.14, we have

[D_,,02] = —4£,02 — 201 (X)0y — (4s + 2),.

—v5 Oy

These two expressions combine to give the required evaluation of [D_.,Q9]. To
check this, it is useful to recall that dim(V ™) = 2(r — 1). O

It appears that we have obtained several operators 24(€) in the cases where
D, (g, h) is not connected, and also when g is of type A, with r > 3. In fact,
the apparently different operators are proportional and so we have obtained
essentially only one operator in each case, although we do not prove this here.
The proportionality is most easily obtained in the context of the theory of
generalized Verma modules and will be considered elsewhere.

87. The b-Function of the Quasi-Invariant

In this section we assume that the algebra g is not of type C,., so that the
relative invariant A on V' does not vanish identically. We wish to determine
the b-function of the quasi-invariant P € C[n]. A first step is to find a poly-
nomial b(s) € C[s] such that there is an identity of the form DPst1 = b(s)P*
for some differential operator D on n whose coefficients are in C[s] ®c C[n]. An
identity of this form implies that the b-function of P divides b(s). The complete
determination of the b-function requires additional arguments.

In [8], Gyoja explains how to find a polynomial b(s) having the required
property by using a sophisticated algorithm, and carries out the necessary cal-
culations in some cases. We shall instead use a completely elementary approach
that expresses a suitable polynomial b(s) directly in terms of the b-function of
the relative invariant. Since the latter has been computed in all our cases, this
will also solve the problem. As well as being elementary, our approach has two
advantages. First, it reveals that there is a simple relationship between the
roots of the b-functions of the relative invariant and the quasi-invariant. Sec-
ondly, it yields an explicit differential operator D to accompany the polynomial
b(s).

It may happen that there is a relative invariant Ay € C[V ] associated to
the character x. If so, and Ay is normalized so that Ag(Xo) = 1, then A = AZ.
By inspection of the list of possible prehomogeneous vector spaces (L, Ad, V1),
one finds that this happens if and only if the algebra g is of type A,. For all
other types that we are considering, A is irreducible. Our discussion will apply
just as well to either case.
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Let A* be the constant coefficient differential operator on V+ correspond-
ing in the usual way to a relatively invariant polynomial on the dual space of
(L, Ad, V) associated to the character x =2 (see, for example, Proposition 2.22
of [14] and the discussion preceding it). Then there is a quartic polynomial
a(s) € C[s] such that

A*ASTE = q(s)A®.

As with all similar equations, this equation may be understood to hold on the
universal cover of the complement of the singular set in V1 with s a complex
number, in a suitable D-module with s a formal parameter, or on VT with
s an integer. Note that we do not require the polynomial a(s) to be monic,
although this could be arranged by a suitable normalization of A* if desired.
The defining equation makes it clear that a(—1) = 0 and so we may write

a(s) = (a3s® + ags® + ars +ap)(s + 1).
Lemma 7.1.  For all s € Z we have

AT~ AX))H =
(Aofs)A%(X) + Ar(s)A2(X)g? + Ax(s)AX)y" + As()3°) (7 — AKX,

where
Ao(s) = (a3s® + ags® + ays +ag)(s + 1),
Ai(s) = —((az + 3a3)s® + (2a1 + a2 — az)s + 3ag) (s + 1),
As(s) = ((a1 + az + ag)s + 3ag) (s + 1),
As(s) = —ap(s+1).

Proof. We begin by introducing a new variable z, which will eventually
be identified with y2, and letting L act by automorphisms on C|[z] in such a
way that [- 2z = x(I)?2z. Now A* is a constant coefficient differential operator of
order four such that A*z = 0. From this and the product rule it follows that
there are polynomials Fy, ..., F5 € C[V*] and Ay, ..., A3 € C[s] such that

A*(z = A = F(s, X, 2)(2 — A(X))*
with
F(s,X,2) = (Ao(s)Fo(X) + A1(s)Fy(X)z + Ag(s) Fo(X)2? + Az(s)F3(X)z%).
The transformation laws of A* and (z — A(X)) under L imply that

F(s,Ad()X,1-z) = x(1)°F(s, X, 2).
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By setting z = 0 in this equation, we conclude that Fj is a relatively invariant
polynomial on V1 associated to the character x® and so Fy is proportional to
A3. We may assume that Fy = A3 by absorbing the constant of proportionality
into Ag. By considering (F — AgFy)/z, we similarly conclude that Fj is propor-
tional to A2, and we may assume them equal after changing A; if necessary.
Similarly, we may assume that F5, = A and F3 = 1. This gives us an identity
of the form

A*(z = A(X))*H =
(A0(5)A%(X) + A1()A%(X)z + Az(s)A(X)2% + As(8)2%) (= — A(X))* .

It remains to identify the polynomials Ay, ..., As.
By setting z = 0 on both sides we obtain

(—1)S+1A*AS+1 _ (71)5—3A0(8)As

and, since s + 1 and s — 3 are of the same parity, it follows that Ag(s) = a(s).
Let 0, denote the partial derivative with respect to z and write P = z — A(X).
Then

8 Ps+1 (S + )Ps

and the operator 9, commutes with A*. We have
0, A* Pt = A9, Pt
=(s+1)A*P?®
= (s+1)(Ag(s — DA*(X) + -+ A3(s — 1)2°) P>~
On the other hand,
0, A*pstl
0 ((Ao(5) A% (X) + -+ + A3(5)2°) P*~°)
= ( 1(8)A%(X) + 245(s) A(X)z + 343(s)2*) P*°
+ (Ao (8)A%(X) + -+ + A(s)2%) (s — 3) P~
= ((s —3)Ao(s) — (8))A3( )+ (s = 2)A1(s) — 24s(s)) A*(X) 2
+ (s — 1)Aa(s) — 343(5))A(X)2? + sAs(s) %) P4,

By comparing coefficients in these two expressions, we obtain the recurrence
relations

Ai(s) = (s —3)Ap(s) — (s +1)Ag(s — 1),

245(s) = (s —2)A1(s) — (s + 1) A1(s — 1),
3As(s) = (s —1)Az2(s) — (s + 1)A2(s — 1).
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A direct calculation using the known value of Ag(s) now yields A1(s), Aa(s),
and Az(s) as in the statement. The proof is completed by replacing z by y%. [

We are now ready to describe the polynomial b(s). We may factor a(s) as
a(s) = az(s +1)(s — p1)(s — p2)(s — p3),
and we define b(s) € C[s] by
b(s) = az(s + 1) (s = (p1 — 1/2)) (s — (p2 = 1/2)) (s — (p3 — 1/2)).

A calculation using Newton’s identities shows that b(s) may also be expressed
in terms of the coefficients ag, ..., a3 as

b(s) =
(s+1)(ass® + (a2 +3a3/2)s® + (a1 +az +3a3/4)s+ (ag + a1 /2+az/4+a3/R)).

In the following, we let 0, denote the partial derivative with respect to y.

Theorem 7.1.  With notation as above, define a differential operator
onn by
D = A* —¢(5)0; + r(s)ydy — ((13/16)A(X)8;l
with
r(s) = (as/4)s + (a2/8 + az/4)
and

c(s) = (3az/4)s*> + (3az/4 + az/2)s + (a1/4 + az/8 + a3 /16).
Then we have
D(y* = A(X))™ = =b(s)(y* — AX))".
Proof. For notational compactness, let us write A for A(X) and P for
y? — A(X) throughout the proof. By Lemma 7.1, we have
AP = (Ag(s)A% + Ay (s)A%y? + As(s)Ay* + As(s)yS) P*3

with explicit polynomials Ag(s),..., A3(s) as given in the lemma. By direct
calculation, we also have the identities

82Ps+1

)

= —2(s+1)(A% — (25 + 3)A%y* + (4s + 3)Ay* — (2s + 1)y°) P*~3,
3 ps+1

o5 Pt

=4s(s+1)(3A% — 2(s + 2)Ay® + (25 + 1)y°) P*72,

84PS+1

)

=4s(s+1)(3A% — 6(2s — 1)Ay® + (4s° — 1)y*) P*~>.
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Since
_(yQ _ A)S‘ — AB _ 3A2y2 +3Ay4 _ yG7

the identity DP*T! = —b(s)P® amounts to the four polynomial identities

b(s) = Ao(s) +2(s + 1)c(s) — (3as/4)s(s + 1),
—3b(s) = A1(s) —2(s+1)(2s + 3)c(s) + 12s(s + 1)r(s)
+ (3as/2)s(s+1)(2s — 1),
3b(s) = As(s) +2(s+1)(4s + 3) (s) —8s(s+1)(s +2)r(s)
~ (as/A)s(s + 1)(45> — 1)
—b(s) = As(s) —2(s +1)(2s + 1)c(s) +4s(s +1)(2s + 1)r(s).

7

Every quantity appearing in these proposed identities is known explicitly in
terms of ag,...,a3 and one now verifies by substitution that they do indeed
hold. Thus DPst1 = —b(s)P*. O

Let Dg be the differential operator on n defined by
Dy = 6535 +2(s — 2)y8§’ —(y? — A(X))@;L.

One verifies by direct computation that Dg(y? — A(X))**! = 0 for all s € Z.
Thus, for any constant A € C, the differential operator D + ADg also satisfies
(D + ADo)P**t! = —b(s)P*. A particularly convenient choice is A = a3/16,
for then the operator D + ADy is the sum of A* and an operator of the form
p1(5)02 + p2(s)yd3 — Ay for certain polynomials p; (s) and pa(s).

As was explained in the introduction to this section, Theorem 7.1 implies
that the Bernstein-Sato polynomial bp(s) of the quasi-invariant P divides the
polynomial b(s). In fact, it appears to be the case that bp(s) is a constant
multiple of b(s) for all the algebras under consideration, but we shall not prove
this here. The polynomial b(s) will be referred to as the conjectured Bernstein-
Sato polynomial below.

8§8. A Compendium of Cases

In this section we present a case-by-case summary of data concerning the
Heisenberg parabolic in each of the simple Lie algebras. When applicable, we
give the extended Dynkin diagram; the highest root -; half the sum of the roots
in n, which we denote by p(n); a choice of § € R(V*); the constants c(g, C)
and p(g, C) that were defined in Section 2; the constant A(C) that was defined
in Section 6; a prehomogeneous vector space equivalent to (L, Ad,V*); the
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Bernstein-Sato polynomial ba(s) of its relative invariant; and the conjectured
Bernstein-Sato polynomial b(s) of the associated quasi-invariant.

Some remarks on notation and sources might be in order. We follow the
conventions of [3] for numbering the simple roots. We write ¢(A.,.), ¢(C,), and so
on for the constants c(g, €) in the case where the graph D, (g, ) is connected.
In the cases where it is not, we let C; be the component containing «; and
Gy be the component containing ... For Dy, there is a third component Cs
consisting of a3 alone. Except for types A,, B and C,., the prehomogeneous
vector space (L,Ad, V™) is irreducible, reduced and regular, and so the b-
function can be found in the invaluable reference [13]. The remaining data
is easily verified. We say that prehomogeneous vector spaces (L1, 1, V1) and
(Lg, 2, Vo) are equivalent if there is a linear isomorphism 6 : V; — V5 such
that mo(Ly) = @ om(Ly) o6~ ', Equivalent prehomogeneous vector spaces have
the same b-function.

§8.1. A,,r>2

a1 Qo Qr—1 O

-

The highest root is v = a1 + -+ + oy, p(n) = (r/2)y and we may take
0 = a;. We have ¢(A,) = 2 and p(A,) = 2(r — 1) provided that r > 3; if
r = 2 then D,(g,h) is empty and so ¢(Az) and p(Az) are undefined. A space
equivalent to (L, Ad, V1) is given by GL(1) x GL(r — 1) acting on C"~* @ C"~!
via

(A 9)(v1,v9) = (Adet(g)gur, Ng~ v2).

The relative invariant Ag(vy, v2) = f1vs is associated to the character xo (X, g) =
A2 det(g). Its b-function is ag(s) = (s+1)(s+(r—1)). The b-function of A = A2
is

ba(s) = (s+1)(s+1/2)(s+ (r —1)/2)(s +1/2)

and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s) = (s + 1) (s +7/2)(s+ (r+1)/2).
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§8.2. B,,r>3

a Q2 Qr—1 Qp
1 “ee O——=0
-

The highest root is v = a1 4+ 2a3 + - - - + 2a,, p(n) = (r — 1)y and we may
take & = ay. We have ¢(B,,C1) = 2r — 3, p(B,,C1) = 4, A(Cy) = 2r — 7/2,
¢(By, Ca) =4, p(B,,Ca) = 2(2r — 5), and A(C2) = 2r — 3. A space equivalent
to (L,Ad, V1) is given by GL(2) x SO(2r — 3) acting naturally on the tensor
product C? ® C?"~3, which we may identify with the space of ordered pairs of
vectors in C™ with m = 2r — 3. The b-function of A is

ba(s) = (s+ 1)(s+3/2)(s+ (r—2))(s+ (r — 3/2))
and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s)=(s+1)(s+2)(s+ (r—3/2))(s+ (r—1)).
§8.3. C,,r>?2

(o1 e %) Apr—2 Qr_1 Qp

-

The highest root is v = 2a1 + -+ + 2a,—1 + o, p(n) = (r/2)y and no
choice of § is possible. We have ¢(C,.) = 1. A space equivalent to (L, Ad, V™)
is given by GL(1) x Sp(2r — 2) acting naturally on C2"~2. There is no relative
invariant. The Bernstein-Sato polynomial of the quasi-invariant is

bp(s) = (s+1)(s+1/2).

88.4. D,,r>4

=2 0——O
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The highest root is v = a1 + 2a2 + -+ + 20,2 + @1 + @, p(n) =
(r — 3/2)v and we may take 6 = ap. When r > 5, we have ¢(D,,Cy) = 2r — 4,
p(Dy, C1) =4, A(C) = 2r — 9/2, ¢(D,,C2) = 4, p(D,,C2) = 4(r — 3), and
A(C2) = 2r—4. When r = 4, we have ¢(Dy, C;) = p(Dy, €;) = 4 and A(C;) = 7/2
for 1 <4 < 3. A space equivalent to (L, Ad, V1) is given by GL(2) x SO(2r —4)
acting naturally on the tensor product C? ® C?"~*, which we may identify with
the space of ordered pairs of vectors in C™ with m = 2r — 4. The b-function of
A s

ba(s) = (s + 1)(s +3/2)(s + (r — 5/2)) (s + (r — 2))

and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s)=(s+1)(s+2)(s+ (r—2))(s+ (r—3/2)).

§8.5. Eg

(o7t a3 oy (0% 675

O O) 0O O) o
_zy a2

The highest root is v = a1 + 2as + 2a3 + 3ay + 2a5 + ag, p(n) = (11/2)y
and we may take § = as. We have ¢(Eg) = 6, p(Eg) = 12, and A(Eg) = 21/2.
A space equivalent to (L, Ad, V1) is given by GL(6) acting naturally on A3C®.
The b-function of A is

ba(s) = (s+1)(s+5/2)(s+7/2)(s+5)
and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s)=(s+1)(s+3)(s+4)(s+11/2).

§8.6. B,
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The highest root is v = 2aq + 29 + 3az + 4oy + 3as + 206 + ar, p(n) =
(17/2)y and we may take § = ay. We have ¢(E7) = 8, p(E7) = 20, and
A(E7) = 33/2. A space equivalent to (L, Ad, V1) is obtained by taking GL(1) x
Spin(12) acting on either of its half-spin representations (which are equivalent
as prehomogeneous vector spaces, although not, of course, as representations).
The b-function of A is

ba(s) = (s+ 1)(s+7/2)(s+11/2)(s + 8)
and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s)=(s+1)(s+4)(s+6)(s+17/2).

§8.7. Exg
aq ag Q4 Qs Qg ar ag
O i) 1 O i)
(6%) -y

The highest root is v = 2a1 + 3as + 4as + 6y + Sas + dag + 3ar + 2as,
p(n) = (29/2)y and we may take § = ag. We have c¢(Eg) = 12, p(Es) = 36,
and A(Eg) = 57/2. A space equivalent to (L, Ad, V™) is obtained by taking
GL(1) x E7 acting on its 56-dimensional irreducible representation. The b-
function of A is

ba(s) = (s+1)(s+11/2)(s+19/2)(s + 14)
and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s) = (s+1)(s+6)(s+ 10)(s +29/2).

§8.8. F,
(5] [6%) Qa3 (67}
O—=0 ')

-
The highest root is v = 2a1 + 3 +4as + 2a4, p(n) = 4y and we may take
d = ay. We have ¢(Fy) =5, p(F4) = 8, and A(F4) = 15/2. A space equivalent



CONFORMALLY INVARIANT SYSTEMS 833

to (L, Ad, V1) is given by GL(1) x Sp(6) acting naturally on the 14-dimensional
subspace of A3CS consisting of primitive forms. The b-function of A is

ba(s) = (s+1)(s+2)(s+5/2)(s+7/2)
and the conjectured Bernstein-Sato polynomial of the quasi-invariant is

b(s)=(s+1)(s+5/2)(s+3)(s +4).

§8.9. Go
(65} (%)
-

The highest root is v = 3y +2az, p(n) = (3/2)v and we may take 6 = aq.
We have ¢(Gz) = 10/3, p(Ga) = 4/3, and A(G2) = 5/2. A space equivalent to
(L,Ad, V1) is given by GL(2) acting naturally on V3C2. The b-function of A

1S

ba(s) = (s+1)%(s +5/6)(s +7/6)

and the Bernstein-Sato polynomial of the quasi-invariant is

bp(s)=(s+1)(s+3/2)(s+4/3)(s +5/3).

88.10. The Special Values of s

In the following table, we display the special values of the parameter s for
each of the conformally invariant systems that we have constructed. For types
other than A,., we use Qgig to stand for the Q5 system associated to the larger
component of D, (g, h), and Q5™ to stand for that associated to the singleton
component. For type A,., we use Qgig to stand for the 5 system constructed
by the normal means, and Q57! to stand for 5(Zy). A dash indicates that no
such system exists in that type. A question mark indicates that the existence
is presently unknown; the authors hope to resolve this uncertainty in future
work.
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Type o Qbls Qgmall 03 Q4
A, (r>2) 0 0 r ? L2
B, (r>3) 0 r—2 1 ? r—2
C, (r>2) 0 —3 - — —~
D, (r >5) 0 r—3 1 ? r—3

Eg 0 2 - 3 g
E; 0 3 - 5 L
Eg 0 5 - 9 x
F4 0 3 - 2 3
G o 2 -y

In type Ay, the system Qgig is zero. Type Dy is excluded from the above

table, since in this case D, (g, h) has three singleton components, each with an

associated €25 system. The special s values for D4 are as follows.

(1]

2]
(3]
(4]
(5]
[6]
[7]

(8]

Type 0 Qa1 Qa(2) Qa(3) Q3 Qy

D, 0 1 1 1 ?

[SJ[9)
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