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The Asymptotic Behavior of Singular Solutions
of Some Nonlinear Partial Differential

Equations in the Complex Domain

By

Sunao Ōuchi∗

Abstract

Let u(t, x) ((t, x) ∈ C×C
d) be a solution of a nonlinear partial differential equa-

tion in a neighborhood of the origin, which is not necessarily holomorphic on {t = 0}.
We study the asymptotic behavior of u(t, x) as t → 0 and give its asymptotic terms
with remainder estimate of Gevrey type.

§0. Introduction

Let L(u) = 0 be a nonlinear partial differential equation in a neighborhood
of the origin of Cd+1 and K be a complex hypersurface through the origin. We
choose a coordinate so that K = {t = 0}. Other coordinates are written by
x ∈ Cd, so (t, x) = (t, x1, x2, · · · , xd) ∈ Cd+1. Suppose that u(t, x) solves
L(u) = 0, which is not necessarily holomorphic on K. The aims of this paper
are to study the behavior of a singular solution u(t, x) near K and to obtain
asymptotic expansion of u(t, x) as t tends to 0 more concretely.

The behaviors of singular solutions of linear equations were studied in [5],
[6], [7] and [8]. We summarize some of results of these papers. Let L(t, x, ∂t, ∂x)
be a linear partial differential operator with holomorphic coefficients. Consider
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L(t, x, ∂t, ∂x)u = f(t, x), where we assume f(t, x) is holomorphic for simplicity.
An index γ > 0 is defined for L(t, x, ∂t, ∂x). Suppose that u(t, x) grows at most
infra exponential order γ, that is, for any ε > 0

(0.1) |u(t, x)| ≤ Cε exp(ε|t|−γ).

The main result in [5] is the following. If L(t, x, ∂t, ∂x) belongs to some class
of operators, then u(t, x) has an asymptotic expansion of power series with
remainder with Gevrey type estimate, that is,

(0.2)

∣∣∣∣∣u(t, x) −
N−1∑
n=0

un(x)tn
∣∣∣∣∣ ≤ ABNΓ

(
N

γ
+ 1

)
|t|N .

This result was generalized in [7]. The analysis of singular solutions of linear
equations belonging to a larger class than [5] and [7] was further studied in [6]
and [8]. It is shown in [6] for some class of eqations that if a solution u(t, x)
satisfies (0.1), then there exist constants C and c such that

(0.3) |u(t, x)| ≤ C|t|c

in a neighborhood of the origin, which means that the growth property of
singularities is improved, and its behavior near K was studied in [8].

This paper is a continuation of [8] and treats nonlinear equations and the
main aim is a generalization of the results in [8] to nonlinear case. The main
results were announced in [10] without proofs. In Section 1 notations, defi-
nitions and Mellin type integral are introduced. The conditions on nonlinear
partial differential equations to be studied are given and an index γ is defined,
which depends on solutions. The main results are Theorems 1.3 and 1.5. One
of them is the following.

Suppose that u(t, x) with singularities onK solves L(u) = 0 with |u(t, x)| ≤
C|t|ν0 for a constant ν0 > 0. Then we find asymptotic terms of u(t, x) as t tends
to 0,

(0.4)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

u(t, x) ∼
∞∑
n=0

un(t, x) t→ 0,

un(t, x) = O(|t|pn+ν0)

0 =p0 < p1 < · · · < pn <→ +∞,

where {un(t, x)}n∈N are functions represented by Mellin type integral

(0.5) un(t, x) =
1

2πi

∫
C
t−λ

ψn(λ, x)
ϕn(λ, x)

dλ.
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We also obtain an estimate of the remainder of Gevrey type,

(0.6)

∣∣∣∣∣u(t, x) −
N−1∑
n=0

un(t, x)

∣∣∣∣∣ ≤ ABNΓ
(
pN
γ

+ 1
)
|t|pN +ν0 .

In Section 2 we sum up majorant functions. Majorant functions are fully
used to obtain estimates of holomorphic functions. In particular we have to
estimate functions on a sectorial region. Many Propositions and Lemmas are
stated without proofs. In Section 3 we study the Mellin transform with respect
to t of a solution u(t, x), which is denoted by (Mu)(λ, x). The main purpose of
Section 3 is to show Theorem 1.3, that is, to show (Mu)(λ, x) is a meromorphic
function of λ in C. In Sections 4–6 we show Theorem 1.5, which is the other
main result. In Section 4 we modify the original equation L(u) = 0 for our
purpose. The coefficients of the obtained equation are not necessarily holomor-
phic on K. In Section 5 we find functions {un(t, x)}∞n=0 in (0.4) and in Section
6 we show an estimate of the remainder. In Section 7 we give the proofs of
propositions and lemmas in Section 2 concerning majorant functions.

§1. Notations, Definitions and Main Results

Let us introduce notations. N = {0, 1, 2, · · · } is the set of all nonnegative
integers. (t, x) = (t, x1, · · · , xd) ∈ C × Cd, |x| = max

1≤i≤d
|xi|, α = (α0, α

′) =

(α0, α1, · · · , αd) ∈ Nd+1 is a multi-index and |α| = α0 + |α′| =
∑d
i=0 αi. As

for differentiations ∂xi
=

∂

∂xi
, ϑ = t

∂

∂t
and ϑα0∂α

′
= (t∂t)α0∂α1

x1
· · · ∂αd

xd
for a

multi-index α ∈ Nd+1. In this paper we study solutions which are holomorphic
on a sectorial region. So let us introduce notations about sectorial regions.
U = U0 × U ′ is a polydisk with center (t, x) = (0, 0), where U0 is an open

disk in C and U ′ = {x; |x| < R′}. Let ˜U0 − {0} be the universal covering

space of U0 − {0}. U0(θ) = {t ∈ ˜U − {0}; | arg t| < θ} is a sector and set
U(θ) = U0(θ) × U ′, which is sectorial with respect to t.

For open sets V and W, V � W means V̄ is compact and V̄ ⊂W. However
for sectors S0 = {t; 0 < |t| < t0, | arg t| < θ0} and S1 = {t; 0 < |t| < t1, | arg t| <
θ1}, S0 � S1 means t0 < t1 and θ0 < θ1. O(W ) is the set of all holomorphic
functions on a region W and O(W )[λ] is the set of all polynomials in λ with
coefficients in O(W ). Solutions considered in this paper are in O(U(θ)) for a
polydisk U and a θ > 0.

As stated in introduction the aim of this paper is to study behaviors of
singular solutions of nonlinear partial differential equations. Let us introduce
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notations concering nonlinear equations, which are not necessarily usual. Let
Δ(m) = {α = (α0, α

′) ∈ N × Nd; |α| ≤ m} and M = #Δ(m).
Let A = (Aα)α∈Δ(m) ∈ NM . Then |A| =

∑
α∈Δ(m)Aα. For A = (Aα), B =

(Bα) ∈ NM A ≤ B means Aα ≤ Bα for all α ∈ Δ(m). For Z = (Zα)α∈Δ(m) ∈
CM we set ZA =

∏
α∈Δ(m)

ZAα
α and if |A| > 0, there exist {α(i) ∈ Δ(m); 1 ≤

i ≤ |A|} such that ZA =
∏|A|
i=1 Zα(i), which we’ll often use in the later. Set

NM∗ := NM − {0} = {A ∈ NM ; |A| > 0}, NM∗
lin = {A ∈ NM∗; |A| = 1} and

(1.1) NM∗
lin,0 = {A ∈ NM∗

lin ;Aα = 1 for some α = (α0, 0) ∈ N × Nd}.

For A = (Aα)α∈Δ(m) ∈ NM∗

(1.2) mA = max{|α|;Aα �= 0}.

Let U ′ (resp.U0) be a polydisk in Cd (resp.C) with center x = 0 (resp.
t = 0) and L(u) be a nonlinear partial differential operator with order m in the
form

(1.3) L(u) := L(t, x, ϑα0∂α
′
u; (α0, α

′) ∈ Δ(m)),

where L(t, x, Z) ∈ O(U0 × U ′ × Ω), Z = (Zα;α ∈ Δ(m)) and Ω being a
neighborhood of Z = 0 in CM . We can decompose L(u) as follows:

(1.4) L(u) = Pu+Q(u) + f(t, x),

where

(1.5)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Pu =
m∑
h=0

ch(t, x)ϑhu(t, x),

Q(u) =
∑

A∈NM∗−NM∗
lin,0

cA(t, x)
∏

α∈Δ(m)

(ϑα0∂α
′
u(t, x))Aα ,

f(t, x) = L(t, x, 0).

Here ch(t, x), cA(t, x) and f(t, x) are holomorphic in U0 ×U ′. We assume there
exists k ∈ {0, 1, · · · ,m} such that

(C0) ck(0, x) �= 0 for x ∈ U ′ and ch(0, x) = 0 for h > k

and

(C1) cA(0, x) = 0 for A ∈ NM∗
lin − NM∗

lin,0.
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Hence
∑k
h=0 ch(t, x)ϑ

h is a k-th order ordinary differential operator with reg-
ular singularity at t = 0. Conditions (C0) and (C1) restrict the linear part of
L(u). We rewrite L(u) in the slightly different form for the later calculations.
Denoting Q(u) +

∑m
h=0(ch(t, x) − ch(0, x))ϑhu again by Q(u) and ch(0, x) by

ch(x), we can represent L(u) in the form:

L(u) = P (u) +Q(u) + f(t, x),

(1.6)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Pu =
k∑
h=0

ch(x)ϑhu(t, x), Q(u) =
∑

A∈NM∗
qA(u),

qA(u) = cA(t, x)
∏

α∈Δ(m)

(ϑα0∂α
′
u(t, x))Aα ,

f(t, x) = L(t, x, 0),

where

(1.7) ck(x) �= 0 for x ∈ Ū ′ and cA(0, x) = 0 for A ∈ NM∗
lin .

Hereafter we assume L(u) is of the form (1.6) with (1.7).
Let S = U0(θ∗) be a sector in t-space and u(t, x) ∈ O(S×U ′) be a solution

of L(u) = 0 such that for a constant ν0 > 0

(1.8) sup
x∈U ′

|u(t, x)| ≤ C|t|ν0 .

Let us define an index γ. Let eA ∈ N such that cA(t, x) = teAbA(t, x) with
bA(0, x) �≡ 0 if cA(t, x) �≡ 0. An index γ is defined by

(1.9) γ =

⎧⎪⎨
⎪⎩

min
{
eA + ν0(|A| − 1)

mA − k
;A ∈ NM∗,mA > k

}
if k < m,

+ ∞, if k = m,

which depends on ν0. If ν0 is improved, then γ may be also improved. From
the definition

(1.10)
eA + ν0(|A| − 1)

γ
≥ mA − k.

Remark 1.1. (1) Under the condition (1.8) we have from Proposition 2.5

(1.11) f(t, x) =
∑
n≥ν0

fn(x)tn.
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(2) We give a remark concerning eA. We have eA ≥ 1 for A ∈ NM∗
lin . Once γ is

defined, we put eA = 0 for A with |A| ≥ 2 and ν0(|A|−1)/γ > m−k, which gives
no influence on the definition of γ. Hence we may assume {eA ∈ N;A ∈ NM∗}
is bounded and cA(t, x) = teAbA(t, x) with bA(t, x) ∈ O(U0 × U ′) such that
there is a constant B

(1.12) |bA(t, x)| ≤ B|A| for (t, x) ∈ U0 × U ′.

In order to analyze the singularities of a solution u(t, x) of L(u) = 0 with
(1.8) Mellin transform is available. Let g(t) be a continuous function on (0, a]
such that |g(t)| ≤ C|t|ν . Then (truncated) Mellin transform (Mg)(λ) of g(t)
denoted by ĝ(λ) is defined by

(1.13) ĝ(λ) := (Mg)(λ) =
∫ a

0

tλ−1g(t)dt.

The inverse Mellin transform is

(1.14) (M−1ĝ)(t) =
1

2πi

∫ c+i∞

c−i∞
t−λĝ(λ)dλ,

where c > −ν, and g(t) = (M−1ĝ)(t) holds for 0 < t < a. In this paper we
consider functions on sectorial region. Further let g(t) ∈ O(U0(θ)), U0 = {|t| <
R0}, with |g(t)| ≤ C|t|ν . Let 0 < a < R0 and |φ| < θ. Then (truncated) Mellin
transform (Mφg)(λ) of g(t) denoted by ĝφ(λ) is defined by

(1.15) ĝφ(λ) := (Mφg)(λ) =
∫ aeiφ

0

tλ−1g(t)dt.

Then

(1.16) ĝφ(λ) = eiλφ
∫ a

0

sλ−1g(seiφ)ds

and

(1.17) ĝφ,φ
′
(λ) := ĝφ(λ) − ĝφ

′
(λ) =

∫ aeiφ

aeiφ′
tλ−1g(t)dt.

ĝφ(λ) is holomorphic on {λ ∈ C; Reλ > −ν} and ĝφ,φ
′
(λ) is an entire function.

The inverse Mellin transform is

(1.18) ((Mφ)−1ĝφ)(t) =
1

2πi

∫ c+i∞

c−i∞
t−λĝφ(λ)dλ,

where c > −ν, and g(t) = ((Mφ)−1ĝφ)(t) holds for t = |t|eiφ, 0 < |t| < a. In
the following we mainly use M0 (φ = 0), so we denote it simply by M. We
give a lemma used in later



Asymptotic Behavior of Solutions 979

Lemma 1.2. Let f(t) be a continuous function on [0, a] (a > 0) such
that |f(t)| ≤ C|t|κ0 (κ0 > 0). Let

(1.19) ψ∗(t) =
1

2πi

∫ c+i∞

c−i∞
t−λ

(Mf)(λ)
(−λ)s

dλ (−κ0 < c < 0)

for s ∈ N. Then ψ∗(t) is a solution of ϑsψ∗(t) = f(t) such that |ψ∗(t)| ≤ C|t|κ0 .

The proof of Lemma 1.2 is given in Section 3. Let L(u) = 0 be an equation
satisfying (1.7) (equivalently (C0) and (C1)) and u(t, x) be a solution with (1.8).
Let us consider its Mellin transform (Mu)(λ, x). The first aims are to show that
(Mu)(λ, x) is extensible to the whole plane as a meromorphic function in λ and
to determine the location of poles. Set

(1.20) P (x, λ) =
k∑
h=0

ch(x)λh.

We assume for simplicity for x ∈ Ū ′

(C2) P (x, λ) �= 0 on Reλ = ν0.

Hereafter we treat L(·) of the form (1.6) satisfying (1.7) and (C2).
Let {λi(x)}ki=1 be the roots of P (x, λ) = 0 (x ∈ U ′) such that

(1.21) Reλi(x) > ν0 for 1 ≤ i ≤ k′, Reλi(x) < ν0 for i > k′.

Set λ0(x) = 1 and define a nonnegative lattice Λ(x) generated by {λi(x)}k′
i=0,

(1.22) Λ(x) :=

⎧⎨
⎩λ = −

k′∑
i=0

niλi(x); (n0, · · · , nk′) ∈ Nk
′+1

⎫⎬
⎭

and its subset Λ−ν0(x)

(1.23) Λ−ν0(x) = Λ(x) ∩ {Reλ ≤ −ν0}.

Let u(t, x) be a solution of L(u) = 0 with bound (1.8) and consider the Mellin
transform of u(t, x)

(1.24) (Mu)(λ, x) =
∫ a

0

tλ−1u(t, x)dt,

which is holomorphic {λ; Reλ > −ν0}. We give one of main results which is a
clue to study the singularities of u(t, x).
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Theorem 1.3. (Mu)(λ, x) is meromorphic in λ on the whole plane and
its poles are contained in Λ−ν0(x).

The same result as Theorem 1.3 holds for (Mφu)(λ, x) (|φ| < θ). By the
inverse Mellin transform

(1.25) u(t, x) =
1

2πi

∫ c+i∞

c−i∞
t−λ(Mu)(λ, x)dλ (−ν0 < c).

The singularities of (Mu)(λ, x) essentially contribute to the integral (1.25).
Theorem 1.3 gives us informations about them. So by calculating the integral
(1.25), we can obtain the asymptotic terms of a singular solution u(t, x) near
{t = 0}. In order to describe asymptotic behaviors of singular solutions in
details let us introduce a class Mϕ(U ′) of holomorphic functions. Mϕ(U ′) is

a subspace of O((C̃\{0}) × U ′) whose elements are the image of the inverse
Mellin transform of rational functions.

Definition 1.4. (1). Let ϕ(λ, x) ∈ O(U ′)[λ] with nonvanishing leading

term. Mϕ(U ′) is the set of all w(t, x) ∈ O((C̃\{0}) × U ′) represented in the
form

(1.26) w(t, x) =
1

2πi

∫
C
t−λ

ψ(λ, x)
ϕ(λ, x)

dλ,

where ψ(λ, x) ∈ O(U ′)[λ] with degψ < degϕ and C is a Jordan curve enclosing
all the zeros of ϕ(λ, x).

If all the zeros {aj(x)}sj=1 of ϕ(λ, x) are distinct, then there exist holomor-
phic functions {ωj(x)}sj=1 such that

w(t, x) =
s∑
j=1

t−aj(x)ωj(x).

Set Mrat(U ′) = ∪
ϕ
Mϕ(U ′). We show that the asymptotic terms of a singular

solution u(t, x) are given by functions in Mrat(U ′) and estimate the remainder.
The following is the other main result.

Theorem 1.5. Suppose that L(u) satisfies (C0), (C1), (C2). Let u(t, x) ∈
O(S×U ′) with bound (1.8) be a solution of L(u) = 0. Then there exist un(t, x) ∈
Mϕn

(W ′) (n ∈ N) in a neighborhood W ′ of x = 0 such that for any sector
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T � S

(1.27)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

|un(t, x)| ≤C0C
nΓ

(
pn
γ

+ 1
)
|t|pn+ν0 ,∣∣∣∣∣u(t, x) −

N−1∑
n=0

un(t, x)

∣∣∣∣∣ ≤ C0C
NΓ

(
pN
γ

+ 1
)
|t|pN+ν0

holds for (t, x) ∈ T ×W ′ and N ∈ N, where if γ < +∞, pn = γn
p for some

positive integer p and if γ = +∞, pn = cn for some c > 0. As for the zeros of
ϕn(λ, x) ∈ O(W ′)[λ] there exist a, b > 0 such that

{λ;ϕn(λ, x) = 0} ⊂ Λ−ν0(x) ∩ {Re;λ > −(an+ b)}.

Theorem 1.5 implies that u(t, x) has an asymptotic expansion with asymp-
totic terms {un(t, x)}n∈N ⊂ Mrat(W ),

(1.28) u(t, x) ∼
∞∑
n=0

un(t, x)

in the sense of (1.27). The remainder estimate in (1.27) is called Gevrey type.
We devote the rest of the paper to the proof of Theorems 1.3 and 1.5.

Remark 1.6. (1) The case m = k was studied in [1] and [11]. If m = k,
then γ = +∞ and {t = 0} is, so called, of regular singular type. Theorem
1.5 implies that u(t, x) =

∑+∞
n=0 un(t.x) converges, which was shown in the

above papers. If m > k, then γ is finite and Theorem 1.5 is a generalization to
equations with an irregular singular surface {t = 0}.
(2) Mellin type integral was available to analyze singularity of solutions when
the algebraic equation P (x, λ) = 0 with respect to λ (see (1.20)) has multiple
roots. It was used for linear equations in [3] and [8]. In [3] the case m = k, so
called Fuchsian equations, and in [8] more general case k ≤ m were studied and
the structure and asymptotic behaviors of singular solutions were obtained.

Let us give an example.

(1.29) tk∂kt u = A(t, x, (t∂t)α0∂α
′

x u; |α| ≤ m, α0 ≤ k − 1),

where A(t, x, Z), Z = (Zα; |α| ≤ m), is holomorphic in a neighborhood U0 ×
U ′ × Ω of (t, x, Z) = (0, 0, 0). Let

(1.30) Alin(t, x, Z) =
∑
α

∂A

∂Zα
(t, x, 0)Zα
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be the linearization of A(t, x, Z) at Z = 0. Assume

(1.31)
∂A

∂Zα
(0, x, 0) = 0 for α with α′ �= 0.

Then

(1.32) P (x, λ) = λ(λ− 1) · · · (λ− k + 1) −
k−1∑
α0=0

∂A

∂Z(α0,0)
(0, x, 0)λα0

and conditions (C0) and (C1) are satisfied, and we can apply Theorem 1.5 to
solutions of (1.29).

We give another example which is reduced to (1.29). Consider

(1.33) ∂kt u = A(t, x, ∂α0
t ∂α

′
x u; |α| ≤ m, α0 ≤ k − 1) (1 ≤ k ≤ m),

where A(t, x, ∂α0
t ∂α

′
x u) is a partial differential operator with order m and A(t, x,

p), p = (pα; |α| ≤ m), is holomorphic in a neighborhood U0 × U ′ × Π of
(t, x, p) = (0, 0, 0). Let u(t, x) be a solution of (1.33) in a sectorial region S×U ′

such that |u(t, x)| ≤ C|t|k−1+ε for some ε > 0. Let v(t, x) = t−k+1u(t, x). Then
v(t, x) satisfies |v(t, x)| ≤ C|t|ε,
(1.34) t∂kt (tk−1v) = tA(t, x, ∂α0

t ∂α
′

x t
k−1v),

(1.35) P (x, λ) = (λ+ k − 1)(λ+ k − 2) · · · (λ+ 1)λ

and conditions (C0), (C1) and (C2) hold.

§2. Majorant Functions 1

In this paper we estimate many functions. For this purpose, majorant
functions are indispensable. Let A(w) =

∑
αAαw

α and B(w) =
∑
αBαw

α

be formal power series of n variables w = (w1, . . . , wn). A(w)
B(w) means
|Aα| ≤ Bα for all α ∈ Nn and A(w) � 0 means Aα ≥ 0 for all α. Let w∗ =
(w∗

1 , . . . , w
∗
n) ∈ Cn. If we consider formal power series at w = w∗, we use the

notation A(w−w∗) 

w∗
B(w−w∗), which means |Aα| ≤ Bα for all α. The proofs

of Lemmas and Propositions in this section are given in Section 7.
Let m ∈ N and set

(2.1) θ(X) = c

+∞∑
n=0

Xn

(n+ 1)m+2
,

where c > 0 and it is fixed later. θ(X) or its modifications are used in
[2], [4], [9] and [12]. We have θ(s)(X) = c

∑+∞
n=0

(n+s)(n+s−1)···(n+1)
(n+s+1)m+2 Xn =

c
∑+∞
n=0

(n+s)!
(n+s+1)m+2n!X

n. The following properties are important.
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Lemma 2.1. (1) Let 0 < r′ < 1. Then there is a constant C = C(r′)
such that

(2.2) θ(X) 
 c

1 −X

 Cθ(X/r′).

(2)

(2.3) (p+ 1)θ(p)(X) 
 2m+2θ(p+1)(X).

(3) Let �1, �2 ∈ N such that 0 ≤ �1 ≤ �2 ≤ m. Then there is a constant c > 0
in (2.1) such that

(2.4) θ(
1)(X)θ(
2)(X) 
 θ(
2)(X).

In the following we fix c > 0 in (2.1) so that (2.4) holds.

Lemma 2.2. Let �i ∈ N (1 ≤ i ≤ r) with 0 ≤ �i ≤ m and pi ∈ N (1 ≤
i ≤ r). Set �′ = max1≤i≤r �i and p =

∑r
i=1 pi. Then

(2.5)
∑

{(q1,q2,··· ,qr)∈N
r

q1+q2+···+qr=q
}

r∏
i=1

θ(pi+qi+
i)(X)
qi!


 θ(p+q+
′)(X)
q!

.

Define for 0 < R < 1

(2.6) Θ(p)
−q(R;X) =

1
q!

dp

dXp
θ

(
X

R

)
=

1
Rpq!

θ(p)

(
X

R

)
.

From Lemmas 2.1 and 2.2 we have

Proposition 2.3. (1) Let 0 < r < R < 1. Then there exists a constant
C = C(r/R) such that

(2.7)

⎧⎪⎨
⎪⎩

Θ(p)
0 (R;X) 
 cp!

Rp(1 − X
R )p+1


 CΘ(p)
0 (r;X),

p!Θ0(R;X) 
CΘ(p)
0 (r;X).

(2) Let �1, �2 ∈ N with �1 ≤ �2 ≤ m. Then

(2.8) Θ(
1)
0 (R;X)Θ(
2)

0 (R;X) 
 R−
1Θ(
2)
0 (R;X).
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(3) There is a constant C > 0 such that

(2.9) (p+ 1)Θ(p)
−q(R;X) 
 CRΘ(p+1)

−q (R;X).

In particular, for 0 < c < 1 there is 0 < R < 1 such that

(2.10) (p+ 1)Θ(p)
−q(R;X) 
 cΘ(p+1)

−q (R;X).

(4) For 0 < R < R′

(2.11) Θ(p)
−q(R

′;X) 

(
R

R′

)p
Θ(p)

−q(R;X).

(5) If |X| ≤ R
2 , there is a constant C such that

(2.12) |Θ(p)
−q(R;X)| ≤ C2pp!

Rpq!
.

Proposition 2.4. (1) Let l be an integer with 0 ≤ l ≤ m. Then
(2.13) ∑
{(n1,n2··· ,nr)∈N

r

n1+n2+···+nr=n
}

Θ(n1+l)
0 (R;X)Θ(n2+l)

0 (R;X) · · ·Θ(nr+l)
0 (R;X)

n1!n2! · · ·nr! 
 Θ(n+l)
0 (R;X)
Rl(r−1)n!

.

(2) Let �i ∈ N with 0 ≤ �i ≤ m and pi ∈ N (1 ≤ i ≤ r). Set �′ = max1≤i≤r �i
and p =

∑r
i=1 pi. Then

(2.14)
∑

{
(q1,q2,··· ,qr)∈N

r

q1+q2,···+qr=q

}
r∏
i=1

Θ(pi+qi+
i)
−qi

(R;X) 
 1
R
′(r−1)

Θ(p+q+
′)
−q (R;X).

(3) Let k ∈ N, 0 ≤ � ≤ m and s ≥ 0. Further suppose that k ≥ 1 if s = 0, and
R > 0 is small. Then there is a constant C > 0 such that
(2.15) ∑

{
(n1,n2··· ,nr)∈N

r

n1+n2+···+nr=n

}
r∏
i=1

Θ([sni]+kni+
)
−[sni]−kni

(R;X) 
 C

R
(r−1)
Θ([sn]+kn+
)

−[sn]−kn (R;X),

∑
{

(n1,n2··· ,nr)∈N
r

n1+n2+···+nr=n

}
r∏
i=1

Θ([sni]+kni+
)
−kni

(R;X) 
 C

R
(r−1)
Θ([sn]+kn+
)

−kn (R;X).
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(4) Let 0 < r < R and 0 < δ < R − r. Then there is a constant C = C(δ, r)
such that

(2.16)
∞∑
i=s

δi−sΘ(i)
−i(R;X) 
 CΘ(s)

−s(r;X).

Next let us proceed to introduce another majorant method to estimate
functions on sectorial regions. Let S = {t ∈ C; 0 < |t| < T ∗, | arg t| < θ∗}. Let
0 < T0 < T1 < T ∗ and 0 < θ0 < θ1 < θ∗ with θ1 − θ0 < π/6. For 0 ≤ τ ≤ 1
define

Sτ = {t ∈ C; 0 < |t| < (1 − τ )T0 + τT1, | arg t| < (1 − τ )θ0 + τθ1}.
Then S0 ⊂ Sτ ⊂ S1 ⊂ S.

Proposition 2.5. Let f(t) ∈ O(S).
(1) Suppose that for any 0 < τ < 1

(2.17) |f(t)| ≤ M |t|s
(1 − τ )q

(q ≥ 0) for t ∈ Sτ .

Then there exist constants c and C which are independent of τ such that

(2.18) |ϑf(t)| ≤
C(q + 1) exp cs

q+1

(1 − τ )q+1
M |t|s for t ∈ Sτ .

(2) Let 0 < t0 < t1 < T0. Suppose that for any 0 < τ < 1

(2.19) |f(t)| ≤ M |t|s
(1 − τ )q

(q ≥ 0) for t ∈ Sτ ∩ {|t| ≤ t1}.

Then there exist constants c and C which are independent of t0, t1 and τ such
that

(2.20) |tnf (n)(t)| ≤ MCnn!e
cs

q+1 |t|s
(1 − τ )q

max
{(

q + 1
1 − τ

)n
,

(
t0

t1 − t0

)n}
for t ∈ Sτ ∩ {|t| ≤ t0}.

Corollary 2.6. Let f(t) ∈ O(S). Suppose that estimate (2.17) holds for
any 0 < τ < 1. Then there exist constants c and C which are independent of τ
such that

(2.21) |ϑnf(t)| ≤
Cn

∏n
i=1(q + i) exp cs

q+i

(1 − τ )q+n
M |t|s for t ∈ Sτ .
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By using the above majorant functions we have an estimate of products of
holomorphic functions on a sectorial region.

Proposition 2.7. Let x∗ = (x∗1, · · · , x∗d) ∈ U ′ and X−X∗ =
∑d
i=1(xi−

x∗i ). Suppose ui(t, x) ∈ O(S × U ′) (1 ≤ i ≤ �) with ui(t, x) 

x∗
C0|t|siΘ(r;X −

X∗) (si ≥ 0) and b(t, x) ∈ O(S × U ′) with b(t, x) 

x∗
BΘ(r′;X −X∗) (r′ ≥ r).

Let α(i) ∈ Δ(m) (1 ≤ i ≤ �). Then for any subsector T � S1 there exists a
constant C = C(T ) > 0 such that for t ∈ T

(2.22) b(t, x)

∏
i=1

ϑα0(i)∂α
′(i)ui(t, x) 


x∗
BC
+s|t|sΘ(m)(r;X −X∗),

where s =
∑

i=1 si.

§3. Mellin Transform of Singular Solutions

Let L(·) be an operator in the form (1.6) and satisfying (1.7) and (C2).
Consider a solution u(t, x) ∈ O(S ×U ′) with bound (1.8). The purpose of this
section is to show Theorem 1.3, that is, to prolong (Mu)(λ, x) as a meromorphic
function in λ to the whole plane.

First we give lemmas concerning Mϕ(U ′) for this purpose. Let ϕi(t, x) ∈
O(U ′)[λ] (i = 1, 2) whose leading term is ai(x) �= 0 in U ′. By factorizing,
ϕi(t, x) = ai(x)

∏pi

j=1(λ − aji (x)), where each of {aji (x)}pi

j=1 is not necessarily
holomorphic. Define

(3.1) (ϕ1#ϕ2)(λ, x) = a1(x)p2a2(x)p1
p1∏
j1=1

p2∏
j2=1

(λ− aj11 (x) − aj22 (x)).

Then (ϕ1#ϕ2) = a2(x)p1
p2∏
j=1

ϕ1(λ− aj2(x), x) = a1(x)p2
p1∏
j=1

ϕ2(λ− aj1(x), x).

Lemma 3.1. Let wi(t, x) ∈ Mϕi
(U ′) (i = 1, 2). Then w(t, x) = w1(t,

x)w2(t, x) ∈ Mϕ1#ϕ2(U).

Lemma 3.2. Let w(t, x) ∈ Mϕ(U ′) with w(t, x) = 1
2πi

∫
C t

−λ ψ(λ,x)
ϕ(λ,x)dλ.

Then

(Mw)(λ, x) =
ψ(λ, x)
ϕ(λ, x)

+ an entire function.
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The proofs of Lemmas 3.1 and 3.2 are given in the final part of this section.
Let us return to (1.6) and (1.7). Recall P (x, λ) =

∑
h ch(x)λ

h with the roots
{λi(x)}ki=1 such that

(3.2) Reλi(x) > ν0 for 1 ≤ i ≤ k′, Reλi(x) < ν0 for i > k′.

Set

(3.3) Φ(λ, x) =
k′∏
i=1

(λ+ λi(x)).

Then

(3.4) P (x,−λ) = (−1)kΦ(λ, x)
∏
i>k′

(λ+ λi(x)).

Set

(3.5) ν∗ = min
A

{eA + ν0(|A| − 1)}

and for n ∈ N

(3.6) ν̂n = ν0 + nν∗.

From (1.7) ν∗ ≥ min{1, ν0} > 0 holds. Λ(x) is a nonnegative lattice generated
by {λi(x)}k′

i=0, where λ0(x) = 1,

(3.7) Λ(x) =

⎧⎨
⎩λ = −

k′∑
i=0

niλi(x); (n0, · · · , nk′) ∈ Nk
′+1

⎫⎬
⎭

and Λ−ν0(x) = Λ(x) ∩ {Reλ ≤ −ν0} .

Lemma 3.3. Let g(t, x) ∈ O(S × U ′) with |g(t, x)| ≤ K|t|κ0 . Then
(Mg)(λ, x) is holomorphic in {λ; Reλ > −κ0} and
(1)

(3.8) (Mϑhg)(λ, x) = (−λ)h(Mg)(λ, x) + aλH1(λ, x),

where H1(λ, x) is a polynomial in λ with degree ≤ h− 1.
(2) Further assume g(t, x) ∈ Mϕ(U ′), where {λ; ϕ(λ, x) = 0, x ∈ U ′} ⊂
Λ−ν0(x). Let Q(·) be that in (1.6). Then (Mg)(λ, x) and (MQ(g))(λ, x) are
meromorphic on the whole plane and their poles are in Λ−ν0(x).
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Proof. (1) By integrations by parts∫ a

0

tλ−1ϑhg(t, x)dλ = aλ(ϑh−1g)(a, x) − λ

∫ a

0

tλ−1ϑh−1g(t, x)dλ

= aλ

(
h∑

=1

(−λ)
−1(ϑh−
g)(a, x)

)
+ (−λ)h

∫ a

0

tλ−1g(t, x)dλ,

hence we have (3.8).
(2). The assertion about (Mg)(λ, x) follows from Lemma 3.2. By Lemma 3.1

∏
α∈Δ(m)(ϑ

α0∂α
′
g(t, x))Aα ∈ MϕA

(U ′), where ϕA =

p︷ ︸︸ ︷
ϕ# · · ·#ϕ, p ≤∑

α∈Δ(m)(|α′| + 1)Aα, and {ϕA(λ, x) = 0} ⊂ Λ−ν0(x). cA(t, x) is holomor-
phic at t = 0, hence (McA)(λ, x) has at most single poles at λ = 0,−1, · · · . So
the Mellin transform of cA(t, x)

∏
α∈Δ(m)(ϑ

α0∂α
′
g(t, x))Aα is meromorphic on

the whole plane except on Λ−ν0(x) and that of Q(g) is so.

Now let u(t, x) ∈ O(S × U ′) solve L(u) = 0 with bound (1.8). Let us
extend (Mu)(λ, x) to the left half plane {Reλ ≤ −ν0}. For this purpose some
lemmas are given.

Lemma 3.4. (1) (Mf)(λ, x) is meromorphic in λ on the whole plane
and its poles are in {λ ∈ −N; Reλ ≤ −ν0}.
(2) (MQ(u))(λ, x) is holomorphic in {λ ∈ C; Reλ > −ν̂1} and

|(MQ(u))(λ, x)| ≤ C1a
Reλ/(Reλ+ ν̂1),

where C1 is locally uniform in x.

Proof. (1) The Mellin transforms of holomorphic functions at t = 0 are
meromorphic in λ on the whole plane and its poles are in {λ ∈ −N}. By Remark
1.1-(1) (Mf)(λ, x) is holomorphic {λ; Reλ > −ν0}. Hence the assertion (1)
holds.
(2) Let x∗ = (x∗1, · · · , x∗d) ∈ U ′. Then there exist C, r > 0 depending on x∗

such that u(t, x) 

x∗
C|t|ν0Θ(r;X −X∗), X −X∗ =

∑d
i=1(xi − x∗i ). It follows

from (1.12) and Proposition 2.7 that for any T � S there is a constant C0 such
that for t ∈ T

teAbA(t, x)
∏

α∈Δ(m)

(ϑα0
t ∂α

′
x u(t, x))

Aα 

x∗
C

|A|
0 |t|eA+ν0|A|Θ(m)(r;X −X∗).

From (3.5) there is a small t0 > 0 such that if t ∈ T with |t| < t0,∑
A

C
|A|
0 |t|eA+ν0|A| = |t|ν0

∑
A

C
|A|
0 |t|eA+ν0(|A|−1) ≤ C1|t|ν∗+ν0
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and Q(u) 

x∗
C1|t|ν∗+ν0Θ(m)(r;X −X∗). Therefore (MQ(u))(λ, x) is holomor-

phic in λ in {Reλ > −ν̂1} (ν̂1 = ν∗ + ν0) and the estimate holds.

Lemma 3.5. (1) (Mu)(λ, x) is meromorphic in {λ ∈ C; Reλ > −ν̂1},
whose poles are contained in Λ−ν0(x).
(2) Let ν̃ < ν̂1 and L > 0 be a large constant such that {λ;Reλ > −ν̃, |λ| ≥
L} ∩ Λ−ν0(x) = ∅ for x ∈ U ′. Then there exists a constant C which is locally
uniform in x and depends on ν̃ such that for λ ∈ {λ;Reλ > −ν̃, |λ| ≥ L}

(3.9) |(Mu)(λ, x)| ≤ CaReλ/Reλ.

Proof. From Lemma 3.3

0 = (MPu)(λ, x) + (MQ(u))(λ, x) + (Mf)(λ, x)

=P (x,−λ)(Mu)(λ, x) + aλH(λ, x) + (MQ(u))(λ, x) + (Mf)(λ, x).

Hence

(3.10) (Mu)(λ, x) = −a
λH(λ, x) + (MQ(u))(λ, x) + (Mf)(λ, x)

P (x,−λ)
,

whose numerator is meromorphic in {λ ∈ C; Reλ > −ν̂1}, and its poles are
those of (Mf)(λ, x) by Lemma 3.4. Therefore (Mu)(λ, x) is meromorphic in
{Reλ > −ν̂1}. However it is holomorphic in {Reλ > −ν0}, so its poles in
{Reλ > −ν̂1} are in

({λ;P (x,−λ) = 0} ∪ {−N}) ∩ {Reλ ≤ −ν0} ⊂ Λ−ν0(x).
We have (3.9) from (3.10) and Lemma 3.4.

Let us show that (Mu)(λ, x) is meromorphically extensible to {λ ∈ C;
Reλ > −ν̂2}. Let x∗ ∈ U ′ and ν′ be arbitray with ν0 < ν′ < ν̂1. Then there
exist a neighborhood U ′(x∗) of x∗, a ν with ν′ < ν < ν̂1 and a small ε > 0
such that (Mu)(λ, x) is holomorphic in (λ, x) ∈ {|λ+ ν| < ε} ×U ′(x∗). Set for
x ∈ U ′(x∗)

(3.11) Φ1(λ, x) =
∏

ν0<Reλi(x)<ν

(λ+ λi(x))
∏

ν0≤n<ν
(λ+ n).

It follows from (3.10) that Φ1(λ, x)(Mu)(λ, x) is holomorphic in {λ ∈ C; Reλ >
−ν − ε}. Hence there exists G1(λ, x) ∈ O(U ′(x∗))[λ] with degG1(λ, x) <

deg Φ1(λ, x) such that

(3.12) V1(λ, x) := (Mu)(λ, x) − G1(λ, x)
Φ1(λ, x)
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is holomorphic in {λ; Reλ > −ν − ε} × U ′(x∗). Let 0 < t < a ≤ 1 and define

(3.13)

ũ(t, x) =
1

2πi

∫ c+i∞

c−i∞
t−λ

(Mu)(λ, x)
λ2

dλ,

ṽ1(t, x) =
1

2πi

∫ −ν+i∞

−ν−i∞
t−λ

V1(λ, x)
λ2

dλ,

w̃1(t, x) =
1

2πi

∫
C
t−λ

G1(λ, x)
λ2Φ1(λ, x)

dλ,

w1(t, x) =
1

2πi

∫
C
t−λ

G1(λ, x)
Φ1(λ, x)

dλ,

where −ν̂1 < −ν < −ν0 < c < 0 and C is a Jordan curve in {Reλ < 0}
enclosing all the zeros of Φ1(λ, x) and λ = 0 is outside of C. Then by estimating
ũ(t, x), ṽ1(t, x) and w̃1(t, x), Lemma 1.2 and

1
2πi

∫ −ν+∞

−ν−i∞
t−λ

G1(λ, x)
λ2Φ1(λ, x)

dλ = 0 for 0 < t < 1,

we have

(3.14)

⎧⎪⎨
⎪⎩

ũ(t, x) = ṽ1(t, x) + w̃1(t, x),

ϑ2ũ(t, x) = u(t, x), ϑ2w̃1(t, x) = w1(t, x),

|ũ(t, x)| ≤ C|t|c, |ṽ1(t, x)| ≤ C|t|ν , |w̃1(t, x)| ≤ C|t|ν0 .
Put v1(t, x) := ϑ2ṽ1(t, x) = ϑ2ũ(t, x) − ϑ2w̃1(t, x) = u(t, x) − w1(t, x). Then

ṽ1(t, x) =
∫ t

0

dt1
t1

∫ t1

0

(u(t0, x) − w1(t0, x))
dt0
t0
.

Since u(t, x) ∈ O(S × U ′) and w1(t, x) ∈ MΦ1(U
′(x∗)), ṽ1(t, x), v1(t, x) ∈

O(S × U ′(x∗)). By applying Mellin transform Mφ (|φ| < θ∗) to u(t, x) =
v1(t, x)+w1(t, x), we can obtain the similar resuls, in particular, (Mφv1)(λ, x)
is holomorphic in {Reλ > −ν−ε}. Hence for any T � S there exists a constant
C such that |ṽ1(t, x)| ≤ C|t|ν for t ∈ T and x ∈ U(x∗). Consequently there
exist r(x∗) > 0 and a constant C0 = C0(x∗, T ) such that

(3.15)

⎧⎨
⎩

v1(t, x) =ϑ2ṽ1(t, x) 

x∗
C0|t|νΘ(r : X −X∗)

w1(t, x) 

x∗
C1|t|ν0Θ(r : X −X∗) for t ∈ T,

where X −X∗ =
∑d
i=1(xi − x∗i ). From u(t, x) = v1(t, x) + w1(t, x) we have

(3.16)

⎧⎪⎨
⎪⎩

P (x, ϑ)v1(t, x) +Q1(v1) + f1(t, x) = 0,

Q1(v1) = Q(v1 + w1) −Q(w1),

f1(t, x) = P (x, ϑ)w1(t, x) +Q(w1) + f(t, x).
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Lemma 3.6. (Mf1)(λ, x) (x ∈ U ′(x∗)) is meromorphic in λ on the
whole plane C and its poles are in Λ−ν0(x).

Proof. By Lemma 3.2 (Mw1)(λ, x) is meromorphic and its poles are in
{Φ1(λ, x) = 0}. Hence (MP (x, ϑ)w1)(λ, x) and by Lemma 3.3 (MQ(w1))(λ, x)
are meromorphic on the whole plane with poles in Λ−ν0(x), hence (Mf1)(λ, x)
is so.

Lemma 3.7. (MQ1(v1))(λ, x) (x ∈ U ′(x∗)) is holomorphic in {λ ∈
C; Reλ > −ν − ν∗} and |(MQ1(v1))(λ, x)| ≤ CaReλ/(Reλ+ ν + ν∗) holds.

Proof. Let T be a sector such that T � S and t ∈ T. Then it follows from
(3.15) and Proposition 2.7 that there exists a constant C1 such that

qA(v1 + w1) − qA(w1)

=teAbA(t, x)
∑

{
(sα)∈NM∗
0≤sα≤Aα

}
(
A

s

)∏
α

(ϑα0∂α
′

z v1)
sα(ϑα0∂α

′
z w1)Aα−sα



x∗
|t|eA+ν0(|A|−1)+νC

|A|
1 Θ(m)(r;X −X∗)

=|t|ν+ν∗+(eA+ν0(|A|−1)−ν∗)C
|A|
1 Θ(m)(r;X −X∗).

If t ∈ T with |t| < t0 for a small t0 > 0, by eA + ν0(|A| − 1)− ν∗ ≥ 0 (see (3.5))

Q1(v1) =
∑
A

(qA(v1 + w1) − qA(w1)) 
 C2|t|ν+ν∗Θ(m)(r;X −X∗).

Hence (MQ1(v1))(λ, x) is holomorphic in {λ ∈ C; Reλ > −ν−ν∗}. This implies
the assertions.

Lemma 3.8. (1) (Mu)(λ, x) is meromorphic in λ on {Reλ > −ν̂2} and
its poles are contained in Λ−ν0(x).
(2) Let ν̃ < ν̂2 and L > 0 be a large constant such that {λ;Reλ > −ν̃, |λ| ≥
L} ∩Λ−ν0(x) = ∅ for x ∈ U ′(x∗). Then there exists a constant C depending on
ν̃ such that for λ ∈ {λ;Reλ > −ν̃, |λ| ≥ L}
(3.17) |(Mu)(λ, x)| ≤ CaReλ/Reλ.

Proof. We have from (3.16)

0 = (MP (x, ϑ)v1)(x, λ) + (MQ1(v1))(x, λ) + (Mf1)(x, λ)

= P (x,−λ)(Mv1)(x, λ) + aλH1(x, λ) + (MQ1(v1))(x, λ) + (Mf1)(x, λ).
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Hence

(3.18) (Mv1)(x, λ) = −a
λH1(x, λ) + (MQ1(v1))(x, λ) + (Mf1)(x, λ)

P (x,−λ)

and by Lemmas 3.6 and 3.7 (Mv1)(x, λ) (x ∈ U ′(x∗)) is meromorphic in
{Reλ > −ν−ν∗} and its poles are in Λ−ν0(x). By (Mu)(λ, x) = (Mv1)(λ, x)+
(Mw1)(λ, x), (Mu)(λ, x) is meromorphic in λ in {Reλ > −ν − ν∗} and its
poles are in Λ−ν0(x) for x ∈ U ′(x∗). Since ν′ < ν and x∗ ∈ U ′ is arbitrary, this
implies that (Mu)(λ, x) (x ∈ U ′) is meromorphic in λ on {Reλ > −ν′−ν∗} and
its poles are in Λ−ν0(x). Since ν′ is an arbitrary constant with ν′ < ν1 = ν0+ν∗,
(Mu)(λ, x) is meromorphic in λ in ∪

ν′<ν1
{Reλ > −ν′ − ν∗} = {Reλ > −ν̂2}.

We have (3.17) from (3.18) and the estimate of (MQ1(v1))(x, λ) in Lemma
3.7.

Thus (Mu)(λ, x) can be meromorphically extensible to {Reλ > −ν̂2} and
its poles are contained in Λ−ν0(x). Assume that (Mu)(λ, x) is meromorphic in
{Reλ > −ν̂n} and its poles are contained in Λ−ν0(x). We repeat the same way
as above. Let x∗ ∈ U ′ and ν′ be an arbitrary number with −νn < −ν′ < −νn−1.

Then there exist a neighborhood U ′(x∗) of x∗ and ν with −νn < −ν < −ν′
such that (Mu)(λ, x) is holomorphic in U ′(x∗) × {|Reλ + ν| < ε} for a small
ε > 0. Hence there exist Gn(λ, x),Φn(λ, x) ∈ O(U ′(x∗))[λ] with degGn(λ, x) <
deg Φn(λ, x) such that the zeros of Φn(λ, x) are in {Reλ ≥ −ν + ε} ∩ Λ−ν0(x)
and

(3.19) Vn(λ, x) := (Mu)(λ, x) − Gn(λ, x)
Φn(λ, x)

is holomorphic in {Reλ > −ν − ε}. Let 0 < t < a ≤ 1 and define

(3.20)

ũ(t, x) =
1

2πi

∫ c+i∞

c−i∞
t−λ

(Mu)(λ, x)
λ2

dλ,

ṽn(t, x) =
1

2πi

∫ −ν+i∞

−ν−i∞
t−λ

Vn(λ, x)
λ2

dλ,

w̃n(t, x) =
1

2πi

∫
C
t−λ

Gn(λ, x)
λ2Φn(λ, x)

dλ,

wn(t, x) =
1

2πi

∫
C
t−λ

Gn(λ, x)
Φn(λ, x)

dλ,

where −ν̂n < −ν < −ν′ < −ν̂n−1 < −ν0 < c < 0 and C is a Jordan curve in
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{Reλ < 0} enclosing all the zeros of Φn(λ, x). Then

(3.21)

⎧⎪⎨
⎪⎩

ũ(t, x) = ṽn(t, x) + w̃n(t, x),

ϑ2ũ(t, x) = u(t, x), ϑ2w̃n(t, x) = wn(t, x),

|ũ(t, x)| ≤ C|t|c, |ṽn(t, x)| ≤ C|t|ν , |w̃n(t, x)| ≤ C|t|ν0 .

Define vn(t, x) := ϑ2ṽn(t, x) = ϑ2ũ(t, x)−ϑ2w̃n(t, x) = u(t, x)−wn(t, x). Then
wn(t, x) ∈ MΦn

(U ′(x∗)) and vn(t, x) ∈ O(S × U ′(x∗)). We can show that for
any T � S there exists a constant C such that |ṽn(t, x)| ≤ C|t|ν for t ∈ T and
x ∈ U(x∗). Consequently there exist r = r(x∗) > 0 and C0 = C0(x∗, ν, T ) such
that

(3.22)

⎧⎨
⎩

vn(t, x) =ϑ2ṽn(t, x) 

x∗
C0|t|νΘ(r : X −X∗)

wn(t, x) 

x∗
C0|t|ν0Θ(r : X −X∗) for t ∈ T,

where X −X∗ =
∑d

i=1(xi − x∗i ). Set

(3.23)

{
Qn(vn) :=Q(vn + wn) −Q(wn),

fn(t, x) :=P (x, ϑ)wn +Q(wn) + f(t, x).

Then

(3.24) P (x, ϑ)vn +Qn(vn) + fn(t, x) = 0.

By repeating the preceding arguments in Lemmas 3.6 and 3.7, it follows from
(3.22) and (3.23) that

1. (Mfn)(λ, x) (x ∈ U(x∗)) is meromorphic in λ on the whole plane C and
its poles are in Λ−ν0(x)

and

2. for any T � S there exists a constant C = C(x∗, ν, T ) such that

(3.25) Qn(vn) 

x∗
C|t|ν+ν∗Θ(m)(r;X −X∗) for x ∈ U ′(x∗) and t ∈ T,

hence (MQn(vn)) (λ, x) is holomorphic in {Reλ > −ν − ν∗}.

By applying Mellin transform to (3.24),

(3.26) (Mvn)(x, λ) = −a
λHn(x, λ) + (MQn(vn))(x, λ) + (Mfn)(x, λ)

P (x,−λ)
,
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where Hn(x, λ) is a polynomial. It follows from (3.26) that (Mvn)(x, λ) (x ∈
U ′(x∗)) is meromorphically extensible to {Reλ > −ν − ν∗} and its poles are
in Λ−ν0(x), hence by (Mu)(λ, x) = (Mvn)(λ, x)+ (Mwn)(λ, x), (Mu)(λ, x) is
meromorphic in {Reλ > −ν − ν∗} and its poles are in Λ−ν0(x) for x ∈ U ′(x∗).
Consequently (Mu)(λ, x) is meromorphic in {Reλ > −ν′ − ν∗} and its poles
are in Λ−ν0(x) for x ∈ U ′. We can take ν′ < ν̂n as close to ν̂n as possible, hence
(Mu)(λ, x) is meromorphic in {Reλ > −νn+1}. Thus by induction we concude
that (Mu)(λ, x) is meromorphic on the whole plane and its poles are contained
in Λ−ν0(x) and have Theorem 1.3.

Lemmas 3.1, 3.2 and 1.2 remain unproven, so we prove them.
Proof of Lemma 3.1. Let

wi(t, x) =
1

2πi

∫
Ci

t−λ
ψi(λ, x)
ϕi(λ, x)

dλ,

where ϕi(λ, x) = ai(x)
∏pi

j=1(λ− aji (x)) ∈ O(U ′)[λ] (i = 1, 2) and ai(x) �= 0 in
U ′. We may assume a1(x) = a2(x) = 1. We have

w1(t, x)w2(t, x) =
1

(2πi)2

∫
C1

t−λ
ψ1(λ, x)
ϕ1(λ, x)

dλ

∫
C2

t−μ
ψ2(μ, x)
ϕ2(μ, x)

dμ

=
1

(2πi)2

∫
C1

∫
C2

t−(λ+μ)ψ1(λ, x)ψ2(μ, x)
ϕ1(λ, x)ϕ2(μ, x)

dλdμ

=
1

2πi

∫
C
t−ρΦ(ρ, x)dρ,

where

Φ(ρ, x) =
1

2πi

∫
C2

ψ1(ρ− μ, x)ψ2(μ, x)
ϕ1(ρ− μ, x)ϕ2(μ, x)

dμ

and C is a Jordan curve such that the interior of C contains the disk {|ρ| ≤ r}
for a large r. Put⎧⎪⎪⎨

⎪⎪⎩
φ(ρ, μ, x) =

p2∏
j=1

(
1 − ϕ1(ρ− μ, x)

ϕ1(ρ− aj2(x), x)

)
,

ψ(ρ, μ, x) = 1 − φ(ρ, μ, x).

Then we have

Φ(ρ, x) =
1

2πi

∫
C2

ψ1(ρ− μ, x)ψ2(μ, x)φ(ρ, μ, x)
ϕ1(ρ− μ, x)ϕ2(μ, x)

dμ

+
1

2πi

∫
C2

ψ1(ρ− μ, x)ψ2(μ, x)ψ(ρ, μ, x)
ϕ1(ρ− μ, x)ϕ2(μ, x)

dμ

=Φ1(ρ, x) + Φ2(ρ, x).
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It follows from φ(ρ, μ, x)
∣∣∣
μ=aj

2(x)
= 0 for all 1 ≤ j ≤ p2 that

φ(ρ, μ, x)
ϕ2(μ, x)

is

holomorphic in μ, so Φ1(ρ, x) = 0. We have

(ϕ1#ϕ2)(ρ, x)ψ(ρ, μ, x)

=
p2∏
j=1

ϕ1(ρ− aj2(x), x) −
p2∏
j=1

(
ϕ1(ρ− aj2(x), x) − ϕ1(ρ− μ, x)

)

and it is divisible by ϕ1(ρ− μ, x) and

ψ1(ρ− μ, x)(ϕ1#ϕ2)(ρ, x)ψ(ρ, μ, x)
ϕ1(ρ− μ, x)

is a polynomial in ρ with degree ≤ p1 − 1 + p1p2 − p1 = p1p2 − 1. Thus

Ψ2(ρ, x) : = (ϕ1#ϕ2)(ρ, x)Φ2(ρ, x)

=
1

2πi

∫
C2

ψ1(ρ− μ, x)(ϕ1#ϕ2)(ρ, x)ψ(ρ, μ, x)
ϕ1(ρ− μ, x)

ψ2(μ, x)
ϕ2(μ, x)

dμ

is a polynomial in ρ with deg Ψ2(ρ, x) ≤ p1p2 − 1 and we have

Φ(ρ, x) = Φ2(ρ, x) =
Ψ2(ρ, x)

(ϕ1#ϕ2)(ρ, x)
.

Proof of Lemma 3.2. Let

w(t, x) =
1

2πi

∫
C
t−μ

ψ(μ, x)
ϕ(μ, x)

dμ.

Then for λ with large real part

(Mw)(λ, x) =
∫ a

0

tλ−1w(t, x)dt =
1

2πi

∫ a

0

tλ−1dt

∫
C
t−μ

ψ(μ, x)
ϕ(μ, x)

dμ

=
1

2πi

∫
C

aλ−μ

(λ− μ)
ψ(μ, x)
ϕ(μ, x)

dμ.

Let Cλ be a small circle with center λ and Ĉ be a Jordan curve such that
{μ; (μ− λ)ϕ(μ, x) = 0} is in its interior. Then

(Mw)(λ, x) =
1

2πi

∫
Ĉ

aλ−μ

(λ− μ)
ψ(μ, x)
ϕ(μ, x)

dμ− 1
2πi

∫
Cλ

aλ−μ

(λ− μ)
ψ(μ, x)
ϕ(μ, x)

dμ

=
ψ(λ, x)
ϕ(λ, x)

+
1

2πi

∫
Ĉ

aλ−μ

(λ− μ)
ψ(μ, x)
ϕ(μ, x)

dμ =
ψ(λ, x)
ϕ(λ, x)

+ φ(λ, x),
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where φ(λ, x) is an entire function in λ.
Proof of Lemma 1.2. Let ψ(t) be a solution of ϑsψ(t) = f(t) such that

|ψ(t)| ≤ C|t|κ0 , which is given by

ψ(t) =
∫ t

0

dts−1

ts−1

∫ ts−1

0

dts−2

ts−2
· · ·

∫ t2

0

dt1
t1

∫ t1

0

f(t0)dt0
t0

.

We have from lemma 3.3

(−λ)s(Mψ)(λ) = (Mf)(λ) + aλH(λ),

where H(λ) is a polynomial with degree < s. By the inverse Mellin transform
for 0 < t < a

(3.27)
ψ(t) = lim

N→∞
1

2πi

∫ c+iN

c−iN
t−λ(Mψ)(λ)dλ (−κ0 < c < 0)

= lim
N→∞

1
2πi

∫ c+iN

c−iN
t−λ

(Mf)(λ) + aλH(λ)
(−λ)s

dλ.

Let us show

(3.28) lim
N→∞

1
2πi

∫ c+iN

c−iN
t−λ

aλH(λ)
(−λ)s

dλ = 0.

In order to do so we show limN→∞
∫ c+iN
c−iN

t−λaλ

λ� dλ = 0 for � ≥ 1. We have
(3.29)∫ c+iN

c−iN

t−λaλ

λ

dλ = i

(a
t

)c ∫ +N

−N

(a/t)ix

(c+ ix)

dx = i1−


(a
t

)c ∫ +N

−N

(a/t)ix

(x− ic)

dx.

Since c < 0, by Cauchy’s integral theorem

(3.30)
∫ +N

−N

(a/t)ix

(x− ic)

dx+

∫
CN

(a/t)iz

(z − ic)

dz = 0 (z = x+ iy),

where CN is a path defined by z = Neiθ (0 ≤ θ ≤ π). From∫
CN

(a/t)iz

(z − ic)

dz = iN

∫ π

0

(a/t)iNe
iθ

eiθ

(Neiθ − ic)

dθ

we have ∣∣∣∣
∫
CN

(a/t)iz

(z − ic)

dz

∣∣∣∣ ≤ N

∫ π

0

(a/t)−N sin θ

|Neiθ − ic)|
 dθ.

If a
t > 1 and � ≥ 1, we have limN→∞

∫
CN

(a/t)iz

(z−ic)� dz = 0. It follows from (3.29)

and (3.30) that limN→∞
∫ c+iN
c−iN

t−λaλ

λ� dλ = 0. Hence we have (3.28) and

(3.31) ψ(t) = lim
N→∞

1
2πi

∫ c+iN

c−iN
t−λ

(Mf)(λ)
(−λ)s

dλ (0 < t < a).
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Thus ψ(t) = ψ∗(t) and ϑsψ∗(t) = f(t).

§4. Nonlinear Equations with Singular Coefficients

In order to show Theorem 1.5 we transform the original equation L(u) = 0
to one with coefficients singular at t = 0 and study it instead of the original
L(u) = 0. Let L(u) be a nonlinear partial differential operator with (1.6) that
satisfies (1.7) and u(t, x) ∈ O(S × U ′) be a solution of L(u) = 0 with bound
(1.8). In the following a polydisk U ′ = {x ∈ Cd; |x| < R′} is small, if necessary.
Let

(4.1) λ∗ = max
1≤i≤k

sup
x∈U ′

Re λi(x).

Choose ν ≥ ν0 such that ν > max{λ∗, 1} and {Reλ = −ν} ∩ Λ(x) = ∅ for
x ∈ U ′.

First we decompose u(t, x). As in Section 3 we can find w(t, x) ∈ Mφ(W ′),
whereW ′ ⊂ U ′ is a polydisk centered at x = 0 and {λ;φ(λ, x) = 0} ⊂ Λ−ν0(x)∩
{λ; Reλ > −ν} for x ∈W ′, such that

(4.2)

⎧⎪⎪⎨
⎪⎪⎩

w(t, x) 
 C|t|ν0Θ(r;X), X =
d∑
i=1

xi,

v(t, x) := u(t, x) − w(t, x) 
 C|t|νΘ(r;X).

By substituting u(t, x) = v(t, x)+w(t, x) for L(u) = 0, we have a new equation
Lw(v) := L(v + w) = 0 with unknown v. By setting{

Qw(v) := Q(v + w) −Q(w),

fw(t, x) := P (x, ϑ)w(t, x) +Q(w) + f(t, x),

we have

(4.3) Lw(v) = P (x, ϑt)v(t, x) +Qw(v) + fw(t, x) = 0,

where

Qw(v) =
∑

B∈NM∗
cB(t, x)

×
( ∑
{

(sα)∈NM∗
0≤sα≤Bα

}
(
B

s

)∏
α

(ϑα0∂α
′

z v)
sα(ϑα0∂α

′
z w)Bα−sα

)
.
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We represent Qw(v) in another form

(4.4) Qw(v) =
∑

A∈NM∗
cwA(t, x)

∏
A

(ϑα0∂α
′
v(t, x))Aα ,

where

(4.5) cwA(t, x) =
∑

B∈N
M∗

B≥A

(
B

A

)
cB(t, x)

∏
α

(ϑα0∂α
′
w(t, x))Bα−Aα .

Set

(4.6) ewA = min
{B;B≥A}

{eB + ν0(|B| − |A|)}.

Then ewA ≤ eA and we have

Lemma 4.1. (1) ewA ≥ min{1, ν0} for A ∈ NM∗ with |A| = 1.
(2) There exists a constant C such that

(4.7) fw(t, x) 
 C|t|νΘ(r;X), X =
d∑
i=1

xi.

(3)

(4.8)
ewA + ν0(|A| − 1)

γ
≥ (mA − k).

Proof. (1) Let |A| = 1. Then ewA = min{B;B≥A}{eB+ν0(|B|−1)}. If |B| =
1, eB ≥ 1 and if |B| ≥ 2, eB + ν0(|B| − 1) ≥ ν0. So we have ewA ≥ min{1, ν0}.
(2) We have fw(t, x) = P (x, ϑt)w(t, x) + Q(w) + f(t, x) = −P (x, ϑt)v(t, x) −
(Q(v+w)−Q(w)). It follows from (4.2) and Propositin 2.5 that P (x, ϑt)v(t, x),
Q(v + w) −Q(w) 
 C1|t|νΘ(r;X), hence we have (4.7).
(3) There exists B ∈ NM∗ with B ≥ A such that ewA = eB + ν0(|B| − |A|), and
obviously mB ≥ mA. Hence ewA+ν0(|A|−1) = eB +ν0(|B|−1) ≥ γ(mB−k) ≥
γ(mA − k) by the definition of the index γ.

Let us decompose coefficients cwA(t, x) of Qw(v) and fw(t, x) to the
sum of functions in Mrat(U ′). Before doing so, let us introduce a subspace
M{Λ−ν0 (x)}(U ′) of Mrat(U ′).

Definition 4.2. M{Λ−ν0 (x)}(U ′) is the totality of f(t, x) ∈ Mϕ(U ′)
such that {λ;ϕ(λ, x) = 0} ⊂ {Λ−ν0(x)}.
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By Taylor expansion of cB(t, x), we have

(4.9)

cwA(t, x) =
∑

B∈N
M∗

B≥A

(
B

A

) ∞∑

=eB

cB,
(x)t

∏
α

(ϑα0∂α
′
w(t, x))Bα−Aα

=
∞∑
n=0

cwA,n(t, x),

where
(4.10)

cwA,n(t, x) =
∑

{

∈N,B∈N

M∗; 
≥eB,B≥A
[ν0(|B|−|A|)+
−ew

A]=n

}
(
B

A

)
cB,
(x)t


∏
α

(ϑα0∂α
′
w(t, x))Bα−Aα ,

which is in M{Λ−ν0 (x)}(U ′). Next we decompose fw(t, x) = P (x, ϑ)w(t, x) +
Q(w) + f(t, x). We have

Q(w) =
∑

A∈NM∗
cA(t, x)

∏
α

(ϑα0∂α
′

z w)Aα

=
∑

A∈NM∗

+∞∑

=eA

cA,
(x)t

∏
α

(ϑα0∂α
′

z w)Aα

=
( ∑
{

∈N,A∈N

M∗; 
≥eA

ν0|A|+
−ν<1

} cA,
(x)t

∏
α

(ϑα0∂α
′

z w)Aα

)

+
∞∑
n=1

( ∑
{

∈N,A∈N

M∗; 
≥eA

[ν0|A|+
−ν]=n
} cA,
(x)t


∏
α

(ϑα0∂α
′

z w)Aα

)

and f(t, x) =
∑

∈N;
≥ν0 f
(x)t


. Define {fwn (t, x)}n∈N ⊂ M{Λ−ν0 (x)}(U) by

(4.11)

fw0 (t, x) :=
( ∑
{

∈N,A∈N

M∗; 
≥eA

ν0|A|+
−ν<1

} cA,
(x)t

∏
α

(ϑα0∂α
′

z w)Aα

)

+P (x, ϑt)w(t, x) +
∑

<1+ν

f
(x),

fwn (t, x) :=
( ∑
{

∈N,A∈N

M∗; 
≥eA

[ν0|A|+
−ν]=n
} cA,
(x)t


∏
α

(ϑα0∂α
′

z w)Aα

)

+ fnν
(x),
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where nν ∈ N with n+ ν ≤ nν < n+ 1 + ν. Thus we have

(4.12) fw(t, x) =
∞∑
n=0

fwn (t, x).

Proposition 4.3. (1) Let r0, r′ > 0 be small constants and θ′ > 0. Then
there exist C0 and C1 such that

(4.13) sup
| arg t|<θ′,0<|t|<r0,|x|<r′

|t|−n−ew
A |cwA,n(t, x)| ≤ C

|A|
0 C

n+ew
A

1

and

(4.14) sup
| arg t|<θ′,0<|t|<r0,|x|<r′

|t|−n−ν |fwn (t, x)| ≤ C0C
n
1 .

(2) The poles of (McwA,n)(λ, x) are in {− ν
ν0

(n + 1 + ewA) < Reλ ≤ −n −
ewA} ∩ Λ−ν0(x) and those of (Mfwn )(λ, x) are in {− ν

ν0
(n + 1 + ν) < Reλ ≤

−n− ν} ∩ Λ−ν0(x).

Proof. (1) It follows from |cB,
(x)|≤C |B|
0 C
1 and

∏
α|ϑα0∂α

′
w(t, x)|Bα−Aα

≤ C
(|B|−|A|)
0 |t|ν0(|B|−|A|) in a small neighborhood of x = 0 that there exists a

constnat C2 such that

|t|−ew
A |cwA,n(t, x)|

≤
∑

{

∈N,B∈N

M∗;
≥eB,B≥A
[ν0(|B|−|A|)+
−ew

A]=n

}
(
B

A

)
|cB,
(x)||t|
−ew

A

∏
α

|ϑα0∂α
′
w(t, x)|Bα−Aα

≤C−|A|
0

( ∑
{

∈N,B∈N

M∗;
≥eB,B≥A
[ν0(|B|−|A|)+
−ew

A]=n

}
(
B

A

)
C

2|B|
0 C
1|t|ν0(|B|−|A|)+
−ew

A

)

≤C−|A|
0 C

ew
A

1

( ∑
{

∈N,B∈N

M∗;
≥eB ,B≥A
[ν0(|B|−|A|)+
−ew

A]=n

}
(
B

A

)
C

2|B|
0 C


−ew
A

1

)
|t|n

≤C−|A|
0 C

ew
A

1 C
n+|A|+1
2 |t|n.

By choosing other C0 and C1, (4.13) holds. We also have (4.14) by the similar
method.
(2) From the definition of w(t, x), the poles of (Mt


∏
α(ϑα0∂α

′
w)Bα−Aα)(λ, x)
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are in {−�−ν(|B|−|A|) < Reλ ≤ −�−ν0(|B|−|A|)}. Let n+ewA ≤ �+ν0(|B|−
|A|) < n+ 1 + ewA. Then we have (|B| − |A|) < (n+ 1 + ewA)/ν0 and

−�− ν(|B| − |A|) > (ν0 − ν)(|B| − |A|) − (n+ 1 + ewA) > − ν

ν0
(n+ 1 + ewA).

Hence from the definition of cwA,n(t, x) and (4.13) we have the location of poles
of (McwA,n)(λ, x).

From the definition of fwn (t, x), the poles of M(t

∏
α(ϑα0∂α

′
w)Aα)(λ, x)

are in {−�− ν|A| < Reλ ≤ −�− ν0|A|}. By n ≤ �+ ν0|A| − ν < n+ 1 we have
�+ν0|A| < n+1+ν and |A| < (n+1+ν)/ν0. Hence −�−ν|A| > − ν

ν0
(n+1+ν)

and by (4.14) we have the location of poles of (Mfwn )(λ, x).

Set Lw(·) = P (x, ϑ) + Qw(·) + fw(t, x). The coefficients of the opera-

tor Lw(·) belong to O( ˜(U0 − {0}) × U ′), by replacing another small disk U0

and another small polydisk U ′. From now on we treat Lw(v) = 0 and study
the behavior of v(t, x) in detail instead of u(t, x)(= v(t, x) + w(t, x)) satis-
fying L(u) = 0. For the simplicity, by omitting w, we denote Lw(·) (resp.
Qw(·), cwA(t, x), fw(t, x) etc.) by L(·) (resp. Q(·), cA(t, x), f(t, x) etc.) The con-
stant γ > 0 is that defined by (1.9) for the original equation.

Let us sum up the conditions of the equation L(v) = 0 studied in the
following sections:

(4.15)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L(v) =P (x, ϑ)v(t, x) +Q(v) + f(t, x) = 0

P (x, ϑ) =
k∑
h=0

ch(x)ϑh,

Q(v) =
∑

A∈NM∗
cA(t, x)

∏
α∈Δ(m)

(ϑα0∂α
′
v(t, x))Aα ,

where

(4.16) ch(x) ∈ O(U ′), cA(t, x), f(t, x) ∈ O( ˜(U0 − {0}) × U ′)

with

(4.17)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ck(x) �=0,

cA(t, x) =
+∞∑
j=0

cA,j(t, x),

f(t, x) =
+∞∑
n=0

fn(t, x).
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{cA,j(t, x)}(A,j)∈NM∗×N, {fn(t, x)}n∈N ⊂ M{Λ−ν0 (x)}(U ′) and for any θ′ > 0

(4.18)

⎧⎪⎪⎨
⎪⎪⎩

sup
| arg t|<θ′,0<|t|<r0,|x|<r′

|t|−j−eA |cA,j(t, x)| ≤ C
|A|
0 Cj+eA

1 ,

sup
| arg t|<θ′,0<|t|<r0,|x|<r′

|t|−n−ν |fn(t, x)| ≤ C0C
n
1 .

As for the distribution of poles of Mellin transform of cA,n(t, x) and fn(t, x)
we refer to Proposition 4.3-(2). We assume that v(t, x) ∈ O(S × U ′) solves
L(v) = 0 and has a bound

(4.19) sup
(t,x)∈S×U ′

|v(t, x)| ≤ C|t|ν

with ν > max{λ∗, 1}, where λ∗ = max
1≤i≤k

sup
x∈U ′

Re λi(x).

Finally we give some remarks and inequalities for the later sections.

Remark 4.4. (1) From ν ≥ ν0 and (4.8)

(4.20) eA + ν(|A| − 1) ≥ γ(mA − k).

We may assume that {eA;A ∈ NM∗} is bounded (see also Remark 1.1-(2)).
(2) We note that eA ≥ min{1, ν0} > 0 for |A| = 1 by Lemma 4.1-(1). Hence
from ν ≥ ν0 we have

eA + ν(|A| − 1) ≥ min{1, ν0} > 0

for all A ∈ NM∗.
(3) Suppose γ < +∞. Take p ∈ N such that γ/p ≤ min{1, ν0}. Define

(4.21)

⎧⎪⎨
⎪⎩

cγ = γ/p

NA,j =
[
j + eA + ν(|A| − 1)

cγ

]
.

We have 0 < cγ ≤ 1 and⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

j + eA + ν(|A| − 1)
cγ

≥ j +
min{1, ν0}

cγ
≥ j + 1,

j + eA + ν(|A| − 1)
cγ

≥ j + p(mA − k),

j + eA + ν(|A| − 1)
cγ

≥ j +
|A| + 1

2
for |A| ≥ 3.
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Thus we have

(4.22)
NA,j ≥ j + 1, NA,j ≥ j + p(mA − k),

NA,j ≥ j + |A|/2,
which will be often used.

Suppose γ = +∞, that is, k = m. Take c∞ > 0 such that c∞ ≤ min{1, ν0}.
Then

(j + eA + ν(|A| − 1)/c∞ ≥ j + min{1, ν0}/c∞ ≥ j + 1.

Thus, by defining

(4.23) NA,j =
[
j + eA + ν(|A| − 1)

c∞

]
,

we have

(4.24) NA,j ≥ j + 1, NA,j ≥ j + |A|/2,
which is similar to (4.22).

§5. Asymptotic Terms of Singular Solutions

In order to show Theorem 1.5 we have to construct asymptotic terms of
singular solutions. Let L(·) be the nonlinear operator (4.15) with (4.16), (4.17),
(4.18) and (4.20). Let

(5.1)
S ={t ∈ C; 0 < |t| < T ∗, | arg t| < θ∗},
U ′ ={x ∈ Cd; |x| < R′} (0 < R′ ≤ 1).

Let v(t, x) ∈ O(S × U ′) be a solution of L(v) = 0 with (4.19). Now let us
try to find functions {vn(t, x)}n∈N describing the asymptotic behavior of a
singular solution v(t, x) near {t = 0}, that is, v(t, x) ∼ ∑∞

n=0 vn(t, x) as t →
0. The meaning of this expansion is clarified later. Define {vn(t, x)}n∈N ⊂
M{Λ−ν0 (x)}(U ′) as follows:

(5.2)

P (x, ϑ)v0(t, x) +
∑

0≤
<cγ

f
(t, x) = 0,

P (x, ϑ)vn(t, x) +
∑

cγn≤
<cγ(n+1)

f
(t, x) +
∑

{
A∈N

M∗,n′,j∈N

n′+NA,j=n

} cA,j(t, x)

×
( ∑

(
(n1,n2,··· ,n|A|)∈N

|A|;P|A|
i=1 ni=n

′

)
|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)
)

= 0

for n = 1, 2, . . . ,
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where NA,j = [(j+eA+ν(|A|−1))/cγ] (see Remark 4.4). In order to determine
{vn(t, x)}n∈N we need the solvability of P (x, ϑ). λ∗ is that defined by (4.1).

Proposition 5.1. Let g(t, x) ∈ O(S×U ′) such that g(t, x) 
 G|t|lΘ(R;
X) with l > λ∗, where X =

∑d
i=1 xi. Consider

(5.3) P (x, ϑ)v(t, x) = g(t, x).

Then there exists a unique solution v(t, x) ∈ O(S × U ′) such that

(5.4) v(t, x) 
 CG|t|lΘ(R;X)/(l − λ∗)k.

Moreover if g(t, x) ∈ Mϕ(U ′) (ϕ(λ, x) ∈ O(U ′)[λ]), then v(t, x) ∈ Mϕ(U ′).

Proof. We note that P (x, ϑ) is an ordinary differential operator with re-
spect to t and t = 0 is regular singular. First we give a comment about the
uniqueness of a solution. Suppose that v(t, x) with |v(t, x)| ≤ C|t|l solves
P (x, ϑ)v(t, x) = 0. Since t = 0 is regular singular and l > λ∗, v(t, x) ≡ 0.

Now set

(5.5)

G(t, τ, x) =
1

2πi

∫
C0

(t/τ )λτ−1

P (x, λ)
dλ

=
1

2πi

∫
C0

(t/τ )λτ−1

ck(x)
∏k
i=1(λ− λi(x))

dλ,

where C0 is a contour enclosing all the zeroes of P (x, λ). Then P (x, ϑ)G(t, τ,
x) = 0, ϑhG(t, τ, x)|t=τ = 0 for 0 ≤ h ≤ k − 2 and ϑk−1G(t, τ, x)|t=τ =
1/(ck(x)t). It also holds that for any ε > 0 there are C(ε) > 0 and c such that
for 0 < |τ | ≤ |t|

(5.6) |G(t, τ, x)| ≤ C(ε)ec| arg t/τ |
|t/τ |λ∗+ε| log t/τ |k−1

|τ | .

Set v(t, x) =
∫ t
0
G(t, τ, x)g(τ, x)dτ.Then ϑhv(t, x) =

∫ t
0
ϑhG(t, τ, x)g(τ, x)dτ for

0 ≤ h ≤ k − 1 and

ϑkv(t, x) =tϑk−1G(t, t, x)g(t, x) +
∫ t

0

ϑkG(t, τ, x)g(τ )dτ.

=
g(t, x)
ck(x)

+
∫ t

0

ϑkG(t, τ, x)g(τ )dτ.

Hence P (x, ϑ)v(t, x) = g(t, x). If 0 < |τ | ≤ |t|, we have from (5.6)

G(t, τ, x) 
 C0e
c| arg t/τ | |t/τ |(l+λ

∗)/2| log t/τ |k−1

|τ | Θ(R;X)
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and

v(t, x) 
C1G|t|(l+λ∗)/2

(∫ |t|

0

|τ |(l−λ∗)/2−1(log |t/τ |)k−1d|τ |
)

Θ(R;X)

=C1G|t|l
(∫ 1

0

|s|(l−λ∗)/2−1| log s|k−1ds

)
Θ(R;X)


 CG|t|l
(l − λ∗)k

Θ(R;X).

Further suppose that g(t, x) ∈ Mϕ(U ′),

g(t, x) =
1

2πi

∫
C
t−λ

ψ(λ, x)
ϕ(λ, x)

dλ,

where ϕ(λ, x) ∈ O(U ′)[λ] such that {λ; ϕ(λ, x) = 0} ⊂ {λ; Reλ < −λ∗},
ψ(λ, x) ∈ O(U ′)[λ] and C is a contour enclosing all the zeroes of ϕ(λ, x). We
may assume that the points {λ;P (x,−λ) = 0} are outside of C. Then v(t, x) is
represented in another form

v(t, x) =
1

2πi

∫
C
t−λ

ψ(λ, x)
P (x,−λ)ϕ(λ, x)

dλ

and there is a ψ̃(λ, x) ∈ O(U ′)[λ] with deg ψ̃(λ, x) < degϕ(λ, x) such that

v(t, x) =
1

2πi

∫
C
t−λ

ψ̃(λ, x)
ϕ(λ, x)

dλ.

We give how to construct ψ̃(λ, x). We may assume degϕ(λ, x) = p and the
coefficient of λp is 1. ψ̃(λ, x) =

∑p−1

=0 b
(x)λ

p−1−
 is dertermined so that

1
2πi

∫
C

λsψ(λ, x)
P (x,−λ)ϕ(λ, x)

dλ =
1

2πi

∫
C

λsψ̃(λ, x)
ϕ(λ, x)

dλ

for 0 ≤ s ≤ p− 1. Since

1
2πi

∫
C

λsψ̃(λ, x)
ϕ(λ, x)

dλ =
1

2πi

p−1∑

=0

b
(x)
∫
C

λp−1−
+s

ϕ(λ, x)
dλ

=
1

2πi

s−1∑

=0

b
(x)
∫
C

λp−1−
+s

ϕ(λ, x)
dλ+ bs(x),

ψ̃(λ, x) is determined. Hence v(t, x) ∈ Mϕ(U ′).

Thus by Proposition 5.1 {vn(t, x)}n∈N ⊂ M{Λ−ν0 (x)}(U ′) are successively
determined. More precisely we have
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Lemma 5.2. There exist positive constants a and b such that the poles
of (Mvn)(λ, x) are contained in {λ;Reλ ≥ −an− b} ∩ Λ−ν0(x).

Proof. We give the proof by induction on n. For n = 0 the assertion
holds for a large b. vn is defined by (5.2). Assume the assertion holds for any
n′ with n′ < n. Then it follows from Lemma 3.1 that the Mellin transform
of
∏|A|
i=1 ϑ

α0(i)∂α
′
vni

is meromorphic and its poles are contained in {λ;Reλ >
−an′ − b|A|} ∩ Λ−ν0(x), where n′ =

∑|A|
i=1 ni. Hence, by Proposition 4.3 the

poles of the Mellin transform of cA,j(t, x)
∏|A|
i=1 ϑ

α0(i)∂α
′
vni

are contained in
{λ;Reλ > −an′−b|A|− ν

ν0
(j+1+eA)}∩Λ−ν0(x). Since NA,j = n−n′ ≥ 1 and

ν > 1, we have j + eA + |A| − 1 ≤ n−n′ + 1, hence j+ eA + |A| ≤ n−n′ + 2 ≤
3(n− n′). Thus we have, by choosing b ≥ ν/ν0 and a ≥ 3b,

an′ + b|A| + (ν/ν0)(j + 1 + eA) ≤ an′ + b(|A| + j + eA) + b

≤an′ + 3b(n− n′) + b ≤ an+ b.

This implies that the poles of the Mellin transform of cA,j(t, x)
∏|A|
i=1ϑ

α0(i)∂α
′
vni

in (5.2) are contained in {λ;Reλ > −an − b} ∩ Λ−ν0(x). The same holds for∑
cγn≤
<cγ(n+1) f
(t, x) by Proposition 4.3-(2), hence the poles of Mvn(t, x)

are in {λ;Reλ > −an− b} ∩ Λ−ν0(x) by Proposition 5.1.

Let us return to (5.1). Let 0 < T0 < T1 < T ∗, 0 < θ0 < θ1 < θ∗ with
θ1 − θ0 < π/6 and 0 < R < R′. R is small, if necessary. As defined in Section
2, set for 0 ≤ τ ≤ 1

(5.7) Sτ = {t ∈ C; 0 < |t| < (1 − τ )T0 + τT1, | arg t| < (1 − τ )θ0 + τθ1}.

Then S0 ⊂ Sτ ⊂ S1 ⊂ S. We note cγ = γ/p for some positive integer p with
p ≥ γ, if γ < +∞. Let us estimate {vn(t, x)}n∈N.

Proposition 5.3. Suppose γ < ∞. Then there exist constants K and
L such that for t ∈ Sτ (0 < τ < 1)

(5.8) vn(t, x) 
 KLn|t| γn
p +ν

(1 − τ )2mn
Θ

([ n
p ]+nk)

−nk (R;X), X =
d∑
i=1

xi,

for n = 0, 1, 2, · · · .

Proof. Let us show (5.8) by induction. It follows from |f
(t, x)| ≤
C0C



1|t|
+ν (see (4.18)) and Proposition 5.1 that v0(t, x) 
 K|t|νΘ(R;X) holds

for some K. Let n ≥ 1 and assume that (5.8) holds for n replaced by n′ with
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0 ≤ n′ < n. Then it follows from Corollary 2.6 that there exist constants C ′

and C1 such that for ni < n and |α| ≤ m

ϑα0(i)∂α
′(i)vni

(t, x) 
 KC ′Lni(ni + 1)α0(i)|t| γni
p +ν

(1 − τ )2mni+α0(i)
Θ

([
ni
p ]+nik+|α′(i)|)

−nik
(R;X)


 KC1L
ni |t| γni

p +ν

(1 − τ )2mni+α0(i)
Θ

([
ni
p ]+nik+|α(i)|)

−nik
(R;X),

hence

|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)
 (KC1)|A|Ln
′ |t| γn′

p +ν|A|

(1 − τ )2mn′+m|A|

|A|∏
i=1

Θ
([

ni
p ]+nik+|α(i)|)

−nik
(R;X),

where n′ =
∑|A|
i=1 ni and |A| =

∑|A|
i=1 |α(i)|. Thus we have

(5.9)

cA,j(t, x)
|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)


K |A|Ln
′
C

|A|+j
2 |t| γn′

p +ν|A|+eA+j

(1 − τ )2mn′+m|A|

|A|∏
i=1

Θ
([

ni
p ]+nik+mA)

−nik
(R;X)

for a constant C2. It follows from n = n′ + NA,j ≥ n′ + j + p(mA − k) and
Proposition 2.4-(3) that n′/p ≤ n/p+ k −mA and

∑
{(n1,n2,··· ,n|A|)
n1+n2+···+n|A|=n′

}
|A|∏
i=1

Θ
([

ni
p ]+nik+mA)

−nik
(R;X)
 C3

Rm(|A|−1)
Θ

([ n′
p ]+n′k+mA)

−n′k (R;X)


 C3

Rm(|A|−1)
Θ

([ n′
p ]+(n−1)k+mA)

−(n−1)k (R;X) 
 C3

Rm(|A|−1)
Θ

([ n
p ]+nk)

−(n−1)k (R;X).

By n′ +NA,j = n and γNA,j

p ≤ j + eA + ν(|A| − 1), we have |t| γn′
p +ν|A|+eA+j ≤

|t| γn
p +ν for |t| ≤ 1 and from Remark 4.4 we have 2mn′+m|A| = 2m(n−NA,j+
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|A|/2) ≤ 2mn. Thus

In :=
∑

{
A∈N

M∗,n′,j∈N

n′+NA,j=n

} cA,j(t, x)

×
( ∑

(
(n1,n2,··· ,n|A|)∈N

|A|;P|A|
i=1 ni=n

′

)
|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)
)


 KLn−1C3

(1 − τ )2mn
( ∑
{
A∈N

M∗,j∈N

1≤NA,j≤n
} K |A|−1C

|A|+j
2

Rm(|A|−1)LNA,j−1

)

× |t| γn
p +νΘ

([ n
p ]+nk)

−(n−1)k (R;X).

By choosing L so large, there is a constant C4 which is independent of n such
that ∑

{
A∈N

M∗,j∈N

1≤NA,j≤n
} K |A|−1C

|A|+j
2

Rm(|A|−1)LNA,j−1
≤ C4,

hence

In 
 KC3C4L
n−1|t| γn

p +ν

(1 − τ )2mn
Θ

([ n
p ]+nk)

−(n−1)k (R;X).

By the estimate of f
(t, x) (see (4.18)), we have

P (x, ϑ)vn(t, x) = − (
In +

∑
cγn≤
<cγ(n+1)

f
(t, x)
)


KC5L
n−1|t| γn

p +ν

(1 − τ )2mn
Θ

([ n
p ]+nk)

−(n−1)k (R;X)

and it follows from proposition 5.1 that (5.8) holds for vn(t, x) , by taking a
large L.

By the similar way we have

Proposition 5.4. Suppose γ = ∞ (k = m). Then there exist constants
K and L such that for t ∈ Sτ (0 < τ < 1)

(5.10) vn(t, x) 
 KLn|t|cn+ν

(1 − τ )2mn
Θ(nm)

−nm(R;X), X =
d∑
i=1

xi

for n = 0, 1, 2, · · · , where c = c∞ is that defined in Remark 4.4.
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Set

(5.11) rn(t, x) = v(t, x) −
n∑

=0

v
(t, x).

Our main purpose is to show rn(t, x) → 0 as t → 0 with estimate, which
is done in the following sections. Consequently we’ll conclude that v(t, x) ∼∑∞


=0 v
(t, x) asymptotically as t→ 0, hence the asymptotic behavior of v(t, x)
is characterized by {v
(t, x)}
∈N.

§6. Remainder Estimate

In this section we estimate the remainder rn(t, x) := v(t, x)−∑n

=0 v
(t, x)

and complete the proof of the main result (Theorem 1.5). Before estimating
rn(t, x), we first note S = {t ∈ C; 0 < |t| < T ∗, | arg t| < θ∗} is a sector in
t-space and the sector Sτ (0 ≤ τ ≤ 1) is defined (see (5.7)) as in Section 5.
U ′ = {x ∈ Cd; |x| < R′} is a polydisk in x-space and 0 < r < R < R′ < 1 and
they are small, if necessaery. From the assumption on v(t, x) we may choose
sector S so that

(6.1) ϑα0∂α
′
v(t, x) 
 K|t|νΘ(R,X) for t ∈ S and |α| ≤ m,

where X =
∑d
i=1 xi.

In the following we assume 0 < γ < +∞. If γ = +∞, limn→+∞ vn(t, x) =∑+∞

=0 v
(t, x) converges and we can show that limn→+∞ rn(t, x) = 0 by the

similar but less difficult way. It follows from Proposition 5.3 that for t ∈ Sτ

(6.2) ϑα0∂α
′
vn(t, x) 
 KLn+|α||t| γn

p +ν

(1 − τ )2mn+|α| Θ
([ n

p ]+nk+|α|)
−nk (R;X)

for n = 0, 1, 2, · · · . We set

(6.3) qA,j(v) = cA,j(t, x)
∏
A

(ϑα0∂α
′
v)Aα ,

(6.4)

⎧⎪⎨
⎪⎩

N (n) ={(A, j) ∈ NM∗ × N;NA,j ≤ n},

NA,j =
[
p(j + eA + ν(|A| − 1))

γ

]
, cγ = γ/p,
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where NA,j ≥ j + 1 and NA,j ≥ j + p(mA − k) (see Remark 4.4), and

(6.5)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Qn(v) =
∑

(A,j)∈N (n)

qA,j(v),

Qcn(v) = Q(v) −Qn(v),

vn(t, x) =
n∑

=0

v
(t, x),

rn(t, x) = v(t, x) − vn(t, x).

We have from (6.2) the following estimates of vn(t, x) and rn(t, x).

Proposition 6.1. Let 0 < r < R and 0 < τ < 1. Then there is a
δ0 = δ0(τ, r) > 0 such that for t ∈ Sτ with |t| ≤ (δp/(n+ 1))1/γ (0 < δ ≤ δ0)

(6.6) ϑα0∂α
′
vn(t, x), ϑα0∂α

′
rn(t, x) 
 K0L

|α||t|ν
(1 − τ )|α|

Θ(|α|)(r,X)

hold for n = 0, 1, 2, · · · , where K0 depends on δ.

Proof. Suppose |t| ≤ (δp/(n + 1))1/γ for a small δ > 0. It follows from
(6.2) that there is a constant C1 such that

ϑα0∂α
′
vn(t, x) 
 KL|α||t|ν

(1 − τ )|α|

n∑

=0

L
|t|γ
/p
(1 − τ )2m


Θ
([ �

p ]+
k+|α|)
−
k (R;X)


 KL|α||t|ν
(1 − τ )|α|

n∑

=0

L
|δ|

(1 − τ )2m
(n+ 1)
/p

([ 
p ] + �k)!

(�k)!
Θ

([ �
p ]+
k+|α|)

−[ �
p ]−
k (R;X)


 KL|α||t|ν
(1 − τ )|α|

n∑

=0

C
1|δ|

(1 − τ )2m


Θ
([ �

p ]+
k+|α|)
−[ �

p ]−
k (R;X).

By Proposition 2.4-(4) there is a ρ0 = ρ(r) > 0 such that if 0 < ρ ≤ ρ0.

(6.7)
n∑

=0

ρ
Θ
([ �

p ]+
k+|α|)
−[ �

p ]−
k (R;X) 
 K ′Θ(|α|)(r;X).

Define δ0 by ρ0 = C1δ0
(1−τ)2m . Then (6.6) holds for vn(t, x). We have the estimate

about rn(t, x) from (6.1) and rn(t, x) = v(t, x) − vn(t, x), by taking another
L.

Proposition 6.2. Let 0 < r < R and 0 < τ < 1. Then there is a
δ1 = δ1(τ, r) > 0 such that for t ∈ Sτ with |t| ≥ (δp/(n+ 1))1/γ (0 < δ ≤ δ1),

(6.8)
ϑα0∂α

′
vn(t, x), ϑα0∂α

′
rn(t, x)


 K0C
n
0 (n+ 1)(n+1)/pL|α||t|γ(n+1)/p+ν

(1 − τ )|α|
Θ(|α|)(r;X)
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hold for n = 0, 1, 2, · · · , where K0 and C0 depend on δ.

Proof. Suppose |t| ≥ (δp/(n+ 1))1/γ . By (6.2)

ϑα0∂α
′
vn(t, x)


 KL|α||t|γ(n+1)/p+ν

(1 − τ )|α|

n∑

=0

L


(1 − τ )2m
|t|γ(n+1−
)/pΘ
([ �

p ]+
k+|α|)
−
k (R;X)


 KL|α||t|γ(n+1)/p+ν

(1 − τ )|α|

n∑

=0

L
(n+ 1)(n+1−
)/p

(1 − τ )2m
δn+1−
 Θ
([ �

p ]+
k+|α|)
−
k (R;X)


 KL|α|(n+ 1)(n+1)/p|t|γ(n+1)/p+ν

(1 − τ )|α|δn+1

×
n∑

=0

L
|δ|

(1 − τ )2m
(n+ 1)
/p

Θ
([ �

p ]+
k+|α|)
−
k (R;X)


 KL|α|(n+ 1)(n+1)/p|t|γ(n+1)/p+ν

(1 − τ )|α|δn+1

n∑

=0

C
1|δ|

(1 − τ )2m


Θ
([ �

p ]+
k+|α|)
−[ �

p ]−
k (R;X).

By (6.7) and the same way as the proof of Proposition 6.1, we have (6.8) about
vn(t, x). From (6.1), 1 ≤ |t|γ(n+1)/p (n+1)(n+1)/p

δn+1 for |t| ≥ (δp/(n + 1))1/γ and
rn(t, x) = v(t, x) − vn(t, x) we have the estimate about rn(t, x).

Now let us proceed to obtain another estimate of rn(t, x). By relations
v(t, x) = vn(t, x) + rn(t, x), we have

Qn(v) =
∑

(A,j)∈N (n)

qA,j(vn−NA,j
+ rn−NA,j

)

and P (x, ϑ)v(t, x) = P (x, ϑ)(vn(t, x) + rn(t, x)), hence

(6.9)

− P (x, ϑ)(vn(t, x) + rn(t, x)) = Qn(v) +Qcn(v) + f(t, x)

=
∑

(A,j)∈N (n)

(
qA,j(vn−NA,j

+ rn−NA,j
) − qA,j(vn−NA,j

)
)

+
∑

(A,j)∈N (n)

qA,j(vn−NA,j
) +Qcn(v) + f(t, x).

Set

(6.10)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

In =
∑

(A,j)∈N (n)

qA,j(vn−NA,j
) + P (x, ϑ)vn(t, x) + f(t, x),

IIn =
∑

(A,j)∈N (n)

(
qA,j(vn−NA,j

+ rn−NA,j
) − qA,j(vn−NA,j

)
)
.
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Thus

(6.11) P (x, ϑ)rn(t, x) +Qcn(v) + In + IIn = 0,

which is an equation rn(t, x) satisfies. We obtain an estimate of rn(t, x) from
(6.11). For this purpose let us estimate Qcn(v), In and IIn.

Proposition 6.3. There exists a t0 > 0 such that for t ∈ S with |t| ≤ t0

(6.12) Qcn(v) 
 K0C
n
0 |t|

γ(n+1)
p +νΘ(R;X)

holds for some constants K0 and C0.

Proof. It follows from (6.1) and (6.3) that there is a constant C1 > 0 such
that

qA,j(v) 
 C
ν|A|+j
1 |t|eA+j+ν|A|Θ(R;X).

By NA,j ≥ n+ 1 for (A, j) �∈ N (n), we have∑
(A,j) 	∈N (n)

qA,j(v) 
 Cn+1+ν
1 |t| γ(n+1)

p +ν(
∑

(A,j) 	∈N (n)

(C1t)γ(NA,j−n−1)/p)Θ(R;X)

and there exist constants C2 and c such that
∑

{(A,j);NA,j=
} 1 ≤ C2(1 + �)c.
Hence there is a t0 such that if |t| ≤ t0,

∑
(A,j) 	∈N (n)

(C1|t|)γ(NA,j−n−1)/p ≤
∞∑


=n+1

((C1|t|)γ/p)
−n−1
∑

{(A,j);NA,j=
}
1

≤ C2

∞∑

=n+1

(1 + �)c((C1|t0|)γ/p)
−n−1 ≤ C3(1 + n)c.

Thus (6.12) holds for some K0 and C0.

Next let us estimate

(6.13) In :=
∑

(A,j)∈N (n)

qA,j(vn−NA,j
) + P (x, ϑ)vn + f(t, x).

We have

qA,j(vn−NA,j
) = cA,j(t, x)

|A|∏
i=1

⎛
⎝n−NA,j∑

ni=0

ϑα0(i)∂α
′(i)vni

(t, x)

⎞
⎠

= cA,j(t, x)
( ∑

(n1,··· ,n|A|)∈N
|A|,

0≤n1,··· ,n|A|≤n−NA,j

|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)
)
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and by the way to determine {vn(t, x)}n∈N (see (5.2))

P (x, ϑ)

(
n∑

=0

v
(t, x)

)
+

∑
0≤
<cγ(n+1)

f
(t, x)

= −
∑

(A,j)∈N (n)

cA,j(t, x)
n−NA,j∑
n′=0

( ∑
(n1,n2,··· ,n|A|)∈N

|A|

n1+n2+,···+n|A|=n′

|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)

)
.

Thus we have

In =
∑

(A,j)∈N (n)

qA,j(vn−NA,j
) +

(
f(t, x) −

∑
0≤
<cγ(n+1)

f
(t, x)
)

−
∑

(A,j)∈N (n)

cA,j(t, x)

(
n−NA,j∑
n′=0

( ∑
(

(n1,··· ,n|A|)∈N
|A|,P|A|

i=1 ni=n
′

)
|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)

))
.

Set
(6.14)

In(A, j, n′) = cA,j(t, x)

( ∑
8><
>:

(n1,··· ,n|A|)∈N
|A|;

0≤n1,··· ,n|A|≤n−NA,jP|A|
i=1 ni=n

′

9>=
>;

|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)

)
.

Then In(A, j, n′) = 0 for n′ > |A|(n−NA,j) and

(6.15)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
In =

(
f(t, x) −

∑
0≤
<cγ(n+1)

f
(t, x)
)

+ I0
n,

I0
n =

∑
(A,j)∈N (n)

(
∑

n′>n−NA,j

In(A, j, n′)).

Lemma 6.4. Let t ∈ Sτ (0 < τ < 1) with |t| ≤ (δp/(n−NA,j + 1))1/γ .
Then there are constants C0 and L0 such that

(6.16)
In(A, j, n′) 
C

|A|+j
0 Ln

′
0 δ

n′−n+NA,j−1|t| γ(n+1)
p +ν

(1 − τ )2mn′+m|A|

× (n−NA,j + 1)(n−NA,j+1)/pΘ
([ n′

p ]+n′k+mA)

−[ n′
p ]−n′k

(R;X).
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Proof. From (6.2) there is a constant C1 such that

H
n1,··· ,n|A|
A,j := cA,j(t, x)

|A|∏
i=1

ϑα0(i)∂α
′(i)vni

(t, x)


K |A|Ln
′+m|A|C |A|+j

1 |t| γn′
p +j+eA+ν|A|

(1 − τ )2mn′+m|A|

|A|∏
i=1

Θ
([

ni
p ]+nik+mA)

−nik
(R;X),

where n′ =
∑|A|
i=1 ni. Let |t| ≤ (δp/(n−NA,j + 1))1/γ . Then

|t| γn′
p +j+eA+ν|A| ≤ |t| γ(n+1)

p +ν × |t|
γ(NA,j+n′−n−1)

p

≤|t| γ(n+1)
p +νδn

′−n+NA,j−1(n−NA,j + 1)(n−NA,j−n′+1)/p.

Hence we have

H
n1,··· ,n|A|
A,j 
 K |A|Ln

′+m|A|C |A|+j
1 δn

′−n+NA,j−1|t| γ(n+1)
p +ν

(1 − τ )2mn′+m|A|

× (n−NA,j + 1)(n−NA,j+1)/p

|A|∏
i=1

(n−NA,j + 1)−ni/pΘ
([

ni
p ]+nik+mA)

−nik
(R;X).

Since ni ≤ n−NA,j ,

|A|∏
i=1

(n−NA,j + 1)−ni/pΘ
([

ni
p ]+nik+mA)

−nik
(R;X)



|A|∏
i=1

(ni + 1)−ni/pΘ
([

ni
p ]+nik+mA)

−nik
(R;X) 


|A|∏
i=1

Cni
2 Θ

([
ni
p ]+nik+mA)

−[
ni
p ]−nik

(R;X).

Thus there exist constants C3 and L1 such that

In(A, j, n′) =
∑

8><
>:

(n1,··· ,n|A|)∈N
|A|;

0≤n1,··· ,n|A|≤n−NA,jP|A|
i=1 ni=n

′

9>=
>;

H
n1,··· ,n|A|
A,j


C
|A|+j
3 Ln

′
1 δ

n′−n+NA,j−1|t| γ(n+1)
p +ν

(1 − τ )2mn′+m|A| (n−NA,j + 1)(n−NA,j+1)/p

×
( ∑

8><
>:

(n1,··· ,n|A|)∈N
|A|;

0≤n1,··· ,n|A|≤n−NA,jP|A|
i=1 ni=n

′

9>=
>;

|A|∏
i=1

Θ
([

ni
p ]+nik+mA)

−[
ni
p ]−nik

(R;X)

)

and (6.16) follows from Proposition 2.4-(3).
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Proposition 6.5. (1) Let t ∈ Sτ (0 < τ < 1). Then there is a δ2 =
δ2(τ, r) > 0 such that if |t| ≤ (δp/(n+ 1))1/γ with 0 < δ ≤ δ2,

(6.17) I0
n 
 C0C

n
1 |t|

γ(n+1)
p +νΘ([n/p]+nk)

−(n−1)k (r;X)

holds for some constants C0 and C1 depending on τ and r.
(2) There are constants C0 and C1 such that for small t

(6.18) f(t, x) −
∑

0≤
<cγ(n+1)

f
(t, x) 
 C0C
n
1 |t|

γ(n+1)
p +νΘ(R;X).

Proof. (1). Let 0 < r < R. We note |t| ≤ (δp/(n + 1))1/γ ≤ (δp/(n −
NA,j + 1))1/γ . We have from lemma 6.4, by setting L0(τ ) = L0/(1 − τ )2m and
C0(τ ) = C0/(1 − τ )m,

I0
n =

∑
(A,j)∈N (n)

(
∑

n′>n−NA,j

In(A, j, n′))


|t| γ(n+1)
p +ν

∑
(A,j)∈N (n)

C
|A|+j
0 (τ )(n−NA,j + 1)(n−NA,j+1)/p

× (
∑

n′>n−NA,j

L0(τ )
n′
δn

′−n+NA,j−1Θ
([ n′

p ]+n′k+mA)

−[ n′
p ]−n′k

(R;X)).

It follows from Propsition 2.4 that for small δ = δ(τ, r) > 0 there exists a
constant C1 such that,

(
∑

n′>n−NA,j

L0(τ )n
′
δn

′−n+NA,j−1Θ
([ n′

p ]+n′k+mA)

−[ n′
p ]−n′k

(R;X))


 L0(τ )n−NA,jδ−1(
∑

n′≥n−NA,j

(L0(τ )δ)
n′−n+NA,j Θ

([ n′
p ]+n′k+mA)

−[ n′
p ]−n′k

(R;X))


 C1L0(τ )n−NA,jΘ([(n−NA,j)/p]+(n−NA,j)k+mA)

−[(n−NA,j)/p]−(n−NA,j)k
(r;X).

Hence, by Proposition 2.3 and choosing L1 > L0(τ ), we have

I0
n 
C1|t|

γ(n+1)
p +ν

∑
(A,j)∈N (n)

C
|A|+j
0 (τ )L0(τ )n−NA,j

× (n−NA,j + 1)(n−NA,j+1)/pΘ([(n−NA,j)/p]+(n−NA,j)k+mA)

−[(n−NA,j)/p]−(n−NA,j)k
(r;X)


C1|t|
γ(n+1)

p +ν
∑

(A,j)∈N (n)

C
|A|+j
0 (τ )Ln−NA,j

1 Θ([(n−NA,j)/p]+(n−NA,j)k+mA)

−(n−NA,j)k
(r;X)


C1|t|
γ(n+1)

p +νLn−1
1 (

∑
(A,j)∈N (n)

C
|A|+j
0 (τ )L1−NA,j

1 )Θ([n/p]+nk)
−(n−1)k (r;X).
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If C0/L
2
1 < 1/2, then by |A| + j ≤ 2NA,j there exists a constant C2 which is

independent of n such that

∑
(A,j)∈N (n)

L
1−NA,j

1 C
|A|+j
0 ≤

n∑

=1

C2

0 L

1−

1

∑
{(A,j);NA,j=
}

1 ≤ C2,

hence (6.17) holds.
(2) As for f(t, x) −∑

0≤
<cγ(n+1) f
(t, x), we have from (4.18)

f(t, x) −
∑


<cγ(n+1)

f
(t, x) =
∑


≥cγ(n+1)

f
(t, x) 
 C ′|t|ν
∞∑


≥cγ(n+1)

C
|t|
Θ(R;X)


 C0|t|
γ(n+1)

p +νCn1 Θ(R;X).

Since In = I0
n + (f(t, x) −∑

0≤
<cγ(n+1) f
(t, x)), we have

Corollary 6.6. Let t ∈ Sτ (0 < τ < 1). Then there is a δ2 = δ2(τ, r) >
0 such that if |t| ≤ (δp/(n+ 1))1/γ with 0 < δ ≤ δ2,

(6.19) In 
 C0C
n
1 |t|

γ(n+1)
p +νΘ[n/p]+nk

−(n−1)k (r;X)

holds.

Now let us proceed to give another estimate of rn(t, x). Fix τ = τ0 (0 <
τ0 < 1) and let δ∗ = min{δ0(r, τ0), δ1(r, τ0), δ2(r, τ0)}, where δ0(r, τ0), δ1(r, τ0)
and δ2(r, τ0) are those defined in Propostions 6.1 and 6.2 and Corollary 6.6
respectively. Let T = {t; 0 < |t| < T̃ , | arg t| < θ̃} be a sector such that
T � Sτ0 . By taking 0 < θ̃0 < θ̃1 < θ̃ and 0 < T̃0 < T̃1 < T̃ we can define T τ

such as Sτ . We have

Proposition 6.7. Let t ∈ T τ (0 < τ < 1). Then if |t| ≤ (δp/(n+1))1/γ

with 0 < δ ≤ δ∗,

(6.20) rn(t, x) 
 K∗Cn+1
∗ |t| γ(n+1)

p +ν

(1 − τ )mn
Θ

([ n
p ]+nk)

−nk (r;X)

holds, where K∗ and C∗ depends on δ and τ.

Proposition 6.7 follows from Lemmas 6.8, 6.9 and 6.10 given in the follow-
ing, where induction on n is used. Before its proof we complete the proof of
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Theorem 1.5, by obtaining an estimate of rn(t, x) of Gevrey type, which follows
from Propositions 6.2 and 6.7.

Proof of Theorem 1.5. Fix δ with 0 < δ ≤ δ∗ and τ = τ1 (0 < τ1 < 1). Let
t ∈ T τ1 . It follows from Propositions 6.2 and 6.7 that there are constants K0

and C0 such that for t ∈ T τ1⎧⎨
⎩ rn(t, x) 
K0C

n
0 (n+ 1)(n+1)/p|t| γ(n+1)

p +νΘ(r;X) for |t| ≥ (δp/(n+ 1))1/γ ,

rn(t, x) 
K0C
n
0 |t|

γ(n+1)
p +νΘ

([ n
p ]+nk)

−nk (r;X) for |t| ≤ (δp/(n+ 1))1/γ .

Hence if
∑d
i=1 |xi| < r/2, by Propositon 2.3-(5) there are constants C1 and C ′

such that

|rn(t, x)| ≤ C ′Cn1 |t|
γ(n+1)

p +νΓ(
n+ 1
p

+ 1).

Recall u(t, x) = v(t, x) + w(t, x) and let u0(t, x) = v0(t, x) + w(t, x) and
un(t, x) = vn(t, x) for n ≥ 1. Then

u(t, x) −
N−1∑
n=0

un(t, x) = v(t, x) −
N−1∑
n=0

vn(t, x) = rN−1(t, x)

and there are other constants C0 and C such that

|rN−1(t, x)| ≤ C0C
N |t| γN

p +νΓ
(
N

p
+ 1

)
≤ C0C

N |t|pN+ν0Γ
(
pN
γ

+ 1
)
,

where pN = γN/p. The locations of poles of (Mun)(λ, x) follows from Lemma
5.2.

We have estimates of Qcn and In. In odrer to show Proposition 6.7 we
estimate IIn (see (6.11)) by induction on n. First let us consider qA,j(vn−NA,j

+
rn−NA,j

) − qA,j(vn−NA,j
). We have

qA,j(vn−NA,j
+ rn−NA,j

) − qA,j(vn−NA,j
)

=cA,j(t, x)
∑

{
s=(sα)∈N

M∗
s≤A

}
(
A

s

)∏
α

(ϑα0∂α
′
vn−NA,j

)Aα−sα(ϑα0∂α
′
rn−NA,j

)sα .

For s = (sα) ∈ NM∗, there is an α̂ = (α̂0, α̂
′) ∈ Nd+1 such that sα̂ ≥ 1. Hence

qA,j(vn−NA,j
+ rn−NA,j

) − qA,j(vn−NA,j
) =

∑
{
s=(sα)∈N

M∗
s≤A

} q̂A,j(n; s),
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where⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

q̂A,j(n; s) =q̂0A,j(n; s)ϑα̂0∂α̂
′
rn−NA,j

,

q̂0A,j(n; s) =cA,j(t, x)
(
A

s

)( ∏
α	=α̂

(ϑα0∂α
′
vn−NA,j

)Aα−sα(ϑα0∂α
′
rn−NA,j

)sα

)

× (ϑα̂0∂α̂
′
vn−NA,j

)Aα̂−sα̂(ϑα̂0∂α̂
′
rn−NA,j

)sα̂−1.

Lemma 6.8. Let t ∈ Sτ0 and 0 < δ ≤ δ∗. Then there exist constants K
and C such that for t with |t| ≤ (δp/(n+ 1))1/γ

(6.21) q̂0A,j(n; s) 
 KC |A|+j |t|
γNA,j

p Θ(mA)(r;X).

Proof. From Proposition 6.1, for |α| ≤ mA

ϑα0∂α
′
vn(t, x), ϑα0∂α

′
rn(t, x) 
 K0L

mA |t|ν
(1 − τ0)mA

Θ(mA)(r;X).

Hence there exist constants C1, K and C such that

q̂0A,j(n; s) 
 C1
|A|+j |t|eA+jΘ(R;X)

(
K0L

mA |t|ν
(1 − τ0)mA

Θ(mA)(r;X)
)|A|−1


 KC |A|+j |t|
γNA,j

p Θ(mA)(r;X).

Lemma 6.9. Suppose that (6.20) holds for n replaced by n−NA,j . Then
for t ∈ T τ (0 < τ < 1) with |t| ≤ (δp/(n + 1))1/γ (0 < δ ≤ δ∗) there exists a
constant C0 such that

(6.22)

∑
{s=(sα)∈N

M∗
s≤A }

q̂A,j(n; s)


K∗C
|A|+j
0 C

n+1−NA,j∗ |t| γ(n+1)
p +ν

(1 − τ )mn
Θ([n/p]+nk)

−(n−1)k (r;X).

Proof. It follows from the assumption (see (6.20)) that there is a constant
C1 such that

∂α̂
′
rn−NA,j


K∗C1C
n+1−NA,j∗ |t|

γ(n+1−NA,j)
p +ν

(1 − τ )m(n−NA,j)
Θ([(n−NA,j)/p]+(n−NA,j)k+|α̂′|)

−(n−NA,j)k
(r;X).
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Put t0 = (δp/(n + 1))1/γ and t1 = (δp/(n − NA,j + 1))1/γ in Proposition 2.5.
Then it follows from

1
(1 + x)1/γ − 1

≤ C ′′ max{x−1, 1} for x > 0

that there exists a constant C ′ such that

t0
t1 − t0

=
1

( n+1
n−NA,j+1 )1/γ − 1

=
1

(1 + NA,j

n−NA,j+1 )1/γ − 1
≤ C ′(n−NA,j + 1).

Therefore, it follows from Proposition 2.5 that there are constants C2 and C3

such that for t ∈ T τ with |t| ≤ (δp/(n+ 1))1/γ

ϑα̂0∂α̂
′
rn−NA,j


K∗C2C
n+1−NA,j∗ |t|

γ(n+1−NA,j )
p +ν

(1 − τ )m(n−NA,j)+|α̂0| (n−NA,j + 1)α̂0

× Θ([(n−NA,j)/p]+(n−NA,j)k+|+|α̂′|)
−(n−NA,j)k

(r;X)


K∗C3C
n+1−NA,j∗ |t|

γ(n+1−NA,j )
p +ν

(1 − τ )m(n−NA,j)+|α̂| Θ([(n−NA,j)/p]+(n−NA,j)k+|α̂|)
−(n−NA,j)k

(r;X).

Since NA,j ≥ j + p(mA − k) and |α̂| ≤ mA, we have [(n − NA,j)/p] ≤ [(n −
j)/p] + k −mA and

[(n−NA,j)/p] + (n−NA,j)k + |α̂|
≤[(n− j)/p] + k −mA + (n−NA,j)k + |α̂|
≤[(n− j)/p] + (n−NA,j + 1)k,

hence
Θ([(n−NA,j)/p]+(n−NA,j)k+|α̂|

−(n−NA,j)k
(r;X)


 Θ([n/p]+(n−NA,j+1)k)

−(n−NA,j)k
(r;X) 
 Θ([n/p]+nk)

−(n−1)k (r;X).

It follows from Lemma 6.8 and m(n−NA,j)+mA ≤ mn that there is a constant
C0 such that ∑

{
s=(sα)∈N

M∗
s≤A

} q̂A,j(n, s) =
∑

{
s=(sα)∈N

M∗
s≤A

} q̂0A,j(n, s)ϑα̂0∂α̂
′
rn−NA,j


 K∗C
|A|+j
0 C

n+1−NA,j∗ |t| γ(n+1)
p +ν

(1 − τ )mn
Θ([n/p]+nk)

−(n−1)k (r;X).
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Lemma 6.10. Suppose that (6.20) holds for n replaced by n′ with 0 ≤
n′ ≤ n−1. If the constant C∗ in (6.20) is large, then there exists a constant C ′

such that for t ∈ T τ (0 < τ < 1) with |t| ≤ (δp/(n+ 1))1/γ (0 < δ ≤ δ∗)

(6.23) IIn 
 K∗C ′Cn∗ |t|
γ(n+1)

p +ν

(1 − τ )mn
Θ

([ n
p ]+nk)

−(n−1)k (r;X).

Proof. From Lemma 6.9 there exists a constant C1 such that

IIn =
∑

(A,j)∈N (n)

(
qA,j(vn−NA,j

+ rn−NA,j
) − qA,j(vn−NA,j

)
)

=
∑

(A,j)∈N (n)

∑
{s=(sα)∈N

M∗
s≤A }

q̂A,j(n; s)


 K∗|t|
γ(n+1)

p +ν

(1 − τ )mn

⎛
⎝ ∑

(A,j)∈N (n)

C
|A|+j
0 C

n+1−NA,j∗

⎞
⎠Θ

([ n
p ]+nk)

−(n−1)k (r;X)


 K∗Cn∗ |t|
γ(n+1)

p +ν

(1 − τ )mn

⎛
⎝ ∑

(A,j)∈N (n)

C
j+|A|
0 C

1−NA,j∗

⎞
⎠Θ

([ n
p ]+nk)

−(n−1)k (r;X).

By taking C∗ so large, there exists a constant C ′ such that

∑
(A,j)∈N (n)

C
|A|+j
0 C

1−NA,j∗ ≤
n∑

=1

C2

0 C

1−

∗

∑
{(A,j);NA,j=
}

1 ≤ C ′,

from which (6.23) follows.

Proof of Proposition 6.7. Let 0 < δ ≤ δ∗. Then it follows from Proposition
6.3, Corollary 6.6 and Lemma 6.10 that there are constants K∗, C∗ and C ′ such
that

Qcn(v) + In + IIn 
 K∗C ′Cn∗ |t|
γ(n+1)

p +ν

(1 − τ )mn
Θ

([ n
p ]+nk)

(n−1)k (r;X)

for t ∈ T τ with |t| ≤ (δp/(n+1))1/γ , hence it follows from Proposition 5.1 that

rn(t, x) 
 K∗C ′′Cn∗ |t|
γ(n+1)

p +ν

(1 − τ )mn
Θ

([ n
p ]+nk)

−nk (r;X).

We take C∗ with C∗ ≥ C ′′ and have (6.20).
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§7. Majorant Functions 2

In this section we give the proofs of Lemmas and Propositions in Section
2 concering majorant functions.

Proof of Lemma 2.1. (1) Let 0 < r′ < 1 and C(r′) = sup
n≥0

(1 + n)m+2r′n.

Then (1 + n)−m−2 ≤ 1 ≤ C(r′)(1 + n)−m−2r′−n, from which (2.2) follows.
(2) By θ(p+1)(X) = c

∑∞
n=0

(n+p+1)(n+p)···(n+1)
(n+p+2)m+2 Xn and (n+p+1)m+3

(n+p+2)m+2 ≥ (p +
1)(n+p+1

n+p+2 )m+2 ≥ p+1
2m+2 , we have (p+ 1)θ(p)(X) 
 2m+2θ(p+1)(X).

(3) Let 0 ≤ �1 ≤ �2 ≤ m. Then

θ(
1)(X)θ(
2)(X)


c2

(
+∞∑
n1=0

Xn1

(n1 + �1 + 1)m−
1+2

)(
+∞∑
n2=0

Xn2

(n2 + �2 + 1)m−
2+2

)


c2
+∞∑
n=0

( ∑
n1+n2=n

Xn

(n1 + �1 + 1)m−
1+2(n2 + �2 + 1)m−
2+2

)
.

The inequality( ∑
n1+n2=n

1
(n1 + �1 + 1)m−
1+2(n2 + �2 + 1)m−
2+2

)

≤ C ′

(n+ �2 + 1)m−
2+2
≤ C

(n+ �2)(n+ �2 − 1) · · · (n+ 1)
(n+ �2 + 1)m+2

means that θ(
1)(X)θ(
2)(X) 
 cCθ(
2)(X). Hence choose c > 0 such that
cC ≤ 1.

In the following we fix c > 0 in θ(X) so that θ(
1)(X)θ(
2)(X) 
 θ(
2)(X)
holds for 0 ≤ �1 ≤ �2 ≤ m (see (2.4)).

Proof of Lemma 2.2. By (2.4)
∏r
i=1 θ

(
i)(X) 
 θ(
′)(X) holds. Differeti-
ating it p-times, we have

∏r
i=1 θ

(pi+
i)(X) 
 θ(p+
′)(X). By differentiating it
again q-times

∑
{

(q1,q2,··· ,qr)∈N
r

q1+q2+···+qr=q

} q!
q1!q2! · · · qr!

r∏
i=1

θ(pi+qi+
i)(X) 
 θ(p+q+
′)(X),

which implies (2.5).
We have defined for 0 < R < 1 (see (2.6))

Θ(p)
−q(R;X) =

1
q!

(
d

dX

)p
θ

(
X

R

)
=

1
Rpq!

θ(p)

(
X

R

)
.
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Proof of Proposition. 2.3 (1) Let 0 < r < R and take r′ = r/R. Then by
Lemma 2.1-(1)

θ(p)(X) 
 cp!
(1 −X)p+1


 C(r′)
r′p

θ(p)

(
X

r′

)
,

hence

1
Rp

θ(p)

(
X

R

)

 1

Rp
cp!

(1 − X
R )p+1


 C(r′)
(r′R)p

θ(p)

(
X

Rr′

)
=
C(r′)
rp

θ(p)

(
X

r

)

and the first inequality in (2.7) holds. It also holds that

p!θ(X) 
 cp!
(1 −X)


 cp!
(1 −X)p+1


 C(r′)
r′p

θ(p)

(
X

r′

)
.

Hence
p!
Rp

θ

(
X

R

)

 C(r′)

(r′R)p
θ(p)(X/Rr′) =

C(r′)
rp

θ(p)(X/r)

and we have the second inequality.
(2) It follows from (2.4)

Θ(
1)
0 (R;X)Θ(
2)

0 (R;X) = R−(
1+
2)θ(
1)

(
X

R

)
θ(
2)

(
X

R

)


 R−(
1+
2)θ(
2)

(
X

R

)

 R−
1Θ(
2)

0 (R;X).

(3) It follows from Lemma 2.1 that (p+1)θ(p)(X/R)/Rp 
 CRθ(p+1)(X/R)/
Rp+1, which implies (p+ 1)Θ(p)

0 (R;X) 
 CRΘ(p+1)
0 (R;X) and (2.9) follows.

(4) Let 0 < R < R′. Then Θ(p)
0 (R′;X) = R′−pθ(p)(X/R′) 
 R′−pθ(s)(X/R) 


(R/R′)pR−pθ(p)(X/R) = (R/R′)pΘ(p)
0 (R;X).

(5) Estimate Θ0(X/R) 
 c(1− X
R )−1 holds. Differentiating it p-times, we have

Θ(p)
0 (X/R) 
 cp!

Rp(1−X
R )−p−1 , |Θ(p)

0 (X/R)| ≤ C2pp!/Rp and (2.12), if |X| ≤
R/2.

Proof of Proposition 2.4. (1) From (2.8) we have

r︷ ︸︸ ︷
Θ(l)

0 (R;X) · · ·Θ(l)
0 (R;X)


 Θ(l)
0 (R;X)/R(r−1)l and differentiate n-times, we have (2.13).

(2) By Lemma 2.2

∑
{

(q1,q2,··· ,qr)∈N
r

q1+q2+···+qr=q

}
r∏
i=1

θ(pi+qi+
i)(X/R)
Rpi+qi+
iqi!


 θ(p+q+
′)(X/R)
Rp+q+

Pr
i=1 
iq!

.
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Hence ∑
{

(q1,q2,··· ,qr)∈N
r

q1+q2+···+qr=q

}
r∏
i=1

Θ(pi+qi+
i)
−qi

(R;X) 
 1
R

Pr
i=1 
i−
′

Θ(p+q+
′)
−q (R;X).

By R−(
Pr

i=1 
i−
′) ≤ R−
′(r−1) for 0 < R < 1 we have (2.14).
(3) By Proposition 2.3-(3) we choose R > 0 so small that Θ(p+l)

0 (R;X) 

Θ(p+l+1)

0 (R;X)/2(p+ 1). Since s > 0 or k ≥ 1, {n ∈ N; p = [sn] + kn} ⊂
{ p
s+k ≤ n < p+1

s+k}, hence #{n ∈ N| p = [sn] + kn} ≤ 1
s+k + 1, which is used in

the following. We have

∑
{
n1,n2··· ,nr∈N

n1+n2+···+nr=n

} Θ([sn1]+kn1+
)
0 (R;X) · · ·Θ([snr ]+knr+
)

0 (R;X)
([sn1] + kn1)! · · · ([snr] + knr)!


 C ′ ∑
{
p1,p2··· ,pr∈N

p1+p2+···+pr≤[sn]+kn

} Θ(p1+
)
0 (R;X)Θ(p2+
)

0 (R;X) · · ·Θ(pr+
)
0 (R;X)

p1!p2! · · · pr!


 C ′

R
(r−1)

[sn]+kn∑
p=0

Θ(p+
)
0 (R;X)

p!


 C ′

R
(r−1)

⎛
⎝[sn]+kn∑

p=0

(
1
2

)[sn]+kn−p
⎞
⎠ Θ([sn]+kn+
)

0 (R;X)
([sn] + kn)!


 2C ′

R
(r−1)

Θ([sn]+kn+
)
0 (R;X)

([sn] + kn)!
,

hence ∑
{

(n1,n2··· ,nr)∈N
r

n1+n2+···+nr=n

}
r∏
i=1

Θ([sni]+kni+
)
−[sni]−kni

(R;X) 
 C

R
(r−1)
Θ([sn]+kn+
)

−[sn]−kn (R;X).

We also have

([sn] + kn)!
∑

{
n1,n2··· ,nr∈N

n1+n2+···+nr=n

} Θ([sn1]+kn1+
)
0 (R;X) · · ·Θ([snr]+knr+
)

0 (R;X)
([sn1] + kn1)! · · · ([snr] + knr)!


 2
R
(r−1)

Θ([sn]+kn+
)
0 (R;X).

Since
(kn)!

(kn1)! · · · (knr)! ≤ ([sn] + kn)!
([sn1] + kn1)! · · · ([snr] + knr)!

, we have the second

inequality in (2.15).
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(4) It follows from (2.7) that there is a constant C = C(r/(R− δ)) such that

+∞∑
i=s

δi−sΘ(i)
−i(R;X) 
 c

+∞∑
i=s

δi−s

Ri
1

(1 − X
R )i+1

=
c

Rs
1

(1 − X
R )s+1

+∞∑
i=0

δi

Ri
1

(1 − X
R )i

=
c

Rs−1

1
(1 − X

R )s
1

(R− δ)(1 − X
R−δ )


 c

(R− δ)s
1

(1 − X
R−δ )

s+1

 CΘ(s)

−s(r;X).

Next let us give the proof of Propositions 2.5 and 2.7 and Corollary 2.6
concering estimates of functions on sectorial regions. Let us remember nota-
tions. Let S = {t ∈ C; 0 < |t| < T ∗, | arg t| < θ∗}, 0 < T0 < T1 < T ∗ and
0 < θ0 < θ1 < θ∗ with θ1 − θ0 < π/6. For 0 ≤ τ ≤ 1

Sτ = {t ∈ C; 0 < |t| < (1 − τ )T0 + τT1, | arg t| < (1 − τ )θ0 + τθ1}.

Proof of Proposition 2.5. (1) Let τ ′ = τ + (1 − τ )/(q + 1), ε0 = min{θ1 −
θ0,

T1−T0
|t| } and ε = (τ ′ − τ )ε0. Suppose t ∈ Sτ and |ζ − t| ≤ (sin ε)|t|. Then we

have | arg ζ−arg t| ≤ ε ≤ (θ1−θ0)(τ ′−τ ) and |ζ−t| ≤ |t|ε ≤ (T1 − T0)(τ ′ − τ ).
Hence | arg ζ| ≤ | arg t| + | arg ζ − arg t| < (1− τ )θ0 + τθ1 + (θ1 − θ0)(τ ′ − τ ) =
(1− τ ′)θ0 + τ ′θ1 and |ζ| ≤ |t|+ |ζ − t| < (1− τ )T0 + τT1 + (T1 − T0)(τ ′ − τ ) =
(1 − τ ′)T0 + τ ′T1. Thus {ζ ∈ C; |ζ − t| ≤ (sin ε)|t|} ⊂ Sτ

′
for t ∈ Sτ . Suppose

q > 0. Then τ < τ ′ < 1 and we have

|tf ′(t)| ≤ 1
2π

∫
|ζ−t|=(sin ε)|t|

|tf(ζ)|
|ζ − t|2 |dζ| ≤

C1M((1 + ε)|t|)s
(1 − τ ′)qε

≤ C1Meεs|t|s
(1 − τ ′)qε

=
C1Mec(τ

′−τ)s

(1 − τ ′)q(τ ′ − τ )ε0
|t|s.

Since

ec(τ
′−τ)s

(1 − τ ′)q(τ ′ − τ )
≤ (q + 1)ecs/(q+1)

(1 − τ )q+1

(
1 +

1
q

)q
≤ (q + 1)ecs/(q+1)

(1 − τ )q+1
e,

we have (2.18). Suppose q = 0. Then τ ′ = 1 and |f(t)| ≤ M |t|s for t ∈ S1 and
we have

|tf ′(t)| ≤ 1
2π

∫
|ζ−t|=(sin ε)|t|

|tf(ζ)|
|ζ − t|2 |dζ|

≤ (1 + ε)s

ε
C1M |t|s ≤ eεs

(1 − τ )
C2M |t|s.
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(2) Let τ ′ = τ+(1−τ )/(q+1), ε = (τ ′−τ )(θ1−θ0) and ρ = min{(sin ε)|t|, t1−t0}.
Let t ∈ Sτ with |t| ≤ t0 and |ζ− t| ≤ ρ. Then we have | arg ζ| ≤ (1−τ ′)θ0 +τ ′θ1
and |ζ| ≤ |t|+ |ζ− t| ≤ t0 +ρ ≤ t1. Thus {ζ ∈ C; |ζ− t| ≤ ρ} ⊂ Sτ

′ ∩{|ζ| ≤ t1}.
Suppose q > 0. Then τ < τ ′ < 1 and we have by ρ ≤ (sin ε)|t| ≤ ε|t| and the
assumption on f(t),

|tnf (n)(t)| ≤ n!
2π

∫
|ζ−t|=ρ

|tnf(ζ)|
|ζ − t|n+1

|dζ| ≤ Mn!|t|n((1 + ε)|t|)s
(1 − τ ′)qρn

≤ Mn!e
cs

q+1 |t|s+n
(1 − τ ′)qρn

.

If ρ = (sin ε)|t|, then

|t|s+n
(1 − τ ′)qρn

≤ Cn1 |t|s
(1 − τ ′)q(τ ′ − τ )n

≤ (C1(q + 1))ne|t|s
(1 − τ )q+n

.

If ρ = t1 − t0, then for |t| ≤ t0

|t|s+n
(1 − τ ′)qρn

≤ e|t|s+n
(1 − τ )q(t1 − t0)n

≤ e|t|s
(1 − τ )q

(
t0

t1 − t0

)n
,

and we have the estimate. Suppose q = 0. Then τ ′ = 1 and |f(t)| ≤ M |t|s for
t ∈ S1 and we have

|tnf (n)(t)| ≤ n!
2π

∫
|ζ−t|=ρ

|tnf(ζ)|
|ζ − t|n+1

|dζ| ≤ Mn!|t|n
ρn

((1 + ε)|t|)s

≤ Mn!ecs|t|s+n
ρn

and the estimate (2.20) by the same way as q > 0.
Corollary 2.6 easily follows from Proposition 2.5.
Proof of Proposition 2.7. Take 0 < τ0 < 1 such that T � Sτ0 . Then it

follows from Corollary 2.6 that there is a constant C1 such that

ϑα0(i)∂α
′(i)ui(t, x) 


x∗

C0C
si+1
1

(1 − τ0)α0(i)
|t|siΘ(|α′(i)|)(r;X −X∗).

Since |α(i)| ≤ m, there is a constant C2 such that

∏
i=1

ϑα0(i)∂α
′(i)ui(t, x) 


x∗

C
+s2

(1 − τ0)m

|t|sΘ(m)(r;X −X∗).

Hence from the assumption on b(t, x)

b(t, x)

∏
i=1

ϑα0(i)∂α
′(i)ui(t, x) 


x∗

BC3C

+s
2

(1 − τ0)m

|t|sΘ(m)(r;X −X∗)

and we have (2.22) for some constant C depending on τ0.
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