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The Asymptotic Behavior of Singular Solutions
of Some Nonlinear Partial Differential
Equations in the Complex Domain

By

Sunao OUCHI*

Abstract

Let u(t, z) ((t,x) € C x C%) be a solution of a nonlinear partial differential equa-
tion in a neighborhood of the origin, which is not necessarily holomorphic on {¢ = 0}.
We study the asymptotic behavior of u(t,z) as ¢ — 0 and give its asymptotic terms
with remainder estimate of Gevrey type.

§0. Introduction

Let L(u) = 0 be a nonlinear partial differential equation in a neighborhood
of the origin of C*** and K be a complex hypersurface through the origin. We
choose a coordinate so that K = {t = 0}. Other coordinates are written by
r € C% so (t,x) = (t,x1,22, -+ ,24) € C¥L. Suppose that u(t,z) solves
L(u) = 0, which is not necessarily holomorphic on K. The aims of this paper
are to study the behavior of a singular solution u(¢,z) near K and to obtain
asymptotic expansion of u(t,z) as ¢ tends to 0 more concretely.

The behaviors of singular solutions of linear equations were studied in [5],
[6], [7] and [8]. We summarize some of results of these papers. Let L(¢,z, 0, 0,)
be a linear partial differential operator with holomorphic coefficients. Consider
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L(t,x, 0 0 )u = f(t,x), where we assume f (¢, x) is holomorphic for simplicity.
An index v > 0 is defined for L(t, x, 9y, 0;). Suppose that u(t,z) grows at most
infra exponential order ~, that is, for any € > 0

(0.1) lu(t, z)| < Ccexp(elt| 7).

The main result in [5] is the following. If L(t, xz, d, 0,) belongs to some class
of operators, then u(t,z) has an asymptotic expansion of power series with
remainder with Gevrey type estimate, that is,

N-1

(0.2) u(t,z) — Z Up, ()"

n=0

N
< ABMT (7 + 1) GRS

This result was generalized in [7]. The analysis of singular solutions of linear
equations belonging to a larger class than [5] and [7] was further studied in [6]
and [8]. It is shown in [6] for some class of eqations that if a solution u(t,x)
satisfies (0.1), then there exist constants C' and ¢ such that

(0-3) lu(t, z)| < C[t|°

in a neighborhood of the origin, which means that the growth property of
singularities is improved, and its behavior near K was studied in [8].

This paper is a continuation of [8] and treats nonlinear equations and the
main aim is a generalization of the results in [8] to nonlinear case. The main
results were announced in [10] without proofs. In Section 1 notations, defi-
nitions and Mellin type integral are introduced. The conditions on nonlinear
partial differential equations to be studied are given and an index -y is defined,
which depends on solutions. The main results are Theorems 1.3 and 1.5. One
of them is the following.

Suppose that u(t, z) with singularities on K solves L(u) = 0 with |u(¢, )| <
C|t|*° for a constant vy > 0. Then we find asymptotic terms of u(¢, ) as ¢ tends
to 0,

u(t,x) ~ Zun(t,x) t— 0,
n=0

un(t,z) = O(|t[P~+)
0=pg<p1 <:- < pp<— 400,

(0.4)

where {u,(t,2)}nen are functions represented by Mellin type integral

n(A,
(0.5) un(t,7) = %/Ct‘*%d)\.
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We also obtain an estimate of the remainder of Gevrey type,

N-1
(0.6) u(t, ) — Z up(t,z)| < ABNT <pTN + 1) |t|P o,
n=0

In Section 2 we sum up majorant functions. Majorant functions are fully
used to obtain estimates of holomorphic functions. In particular we have to
estimate functions on a sectorial region. Many Propositions and Lemmas are
stated without proofs. In Section 3 we study the Mellin transform with respect
to t of a solution u(t, z), which is denoted by (Mu)(A, ). The main purpose of
Section 3 is to show Theorem 1.3, that is, to show (Mu)(A, x) is a meromorphic
function of A in C. In Sections 4-6 we show Theorem 1.5, which is the other
main result. In Section 4 we modify the original equation L(u) = 0 for our
purpose. The coefficients of the obtained equation are not necessarily holomor-
phic on K. In Section 5 we find functions {u, (¢, 2)}52 in (0.4) and in Section
6 we show an estimate of the remainder. In Section 7 we give the proofs of
propositions and lemmas in Section 2 concerning majorant functions.

81. Notations, Definitions and Main Results

Let us introduce notations. N = {0,1,2,---} is the set of all nonnegative

integers. (t,x) = (t,x1,---,24) € C x C%, |2| = 1IEa<Xd|xi|’ a = (ag,d) =
727
(ap,aq, -+ ,aq) € Nt is a multi-index and |a| = ag + /| = Z?:o a;. As
0

8 ’
for differentiations 9,, = , 0= ta and 900% = (t0;)*00gt - -- 034 for a

I
multi-index o € N¥*1. In this paper we study solutions which are holomorphic
on a sectorial region. So let us introduce notations about sectorial regions.
U = Uy x U’ is a polydisk with center (¢,2) = (0,0), where Uy is an open

—_~—

disk in C and U’ = {z;|z| < R'}. Let Uy — {0} be the universal covering
space of Uy — {0}. Up(0) = {t € U/:ﬁ)};\argﬂ < 6} is a sector and set
U(0) = Up(8) x U’, which is sectorial with respect to t.

For open sets V and W, V. € W means V is compact and V C W. However
for sectors Sy = {t; 0 < |t| < to,|argt| < Op} and S; = {£;0 < |t| < t1,|argt| <
01}, So € S1 means tg < t; and 0y < 0;. O(W) is the set of all holomorphic
functions on a region W and &(W)[A] is the set of all polynomials in A with
coefficients in &'(W). Solutions considered in this paper are in €(U(#)) for a
polydisk U and a 6 > 0.

As stated in introduction the aim of this paper is to study behaviors of
singular solutions of nonlinear partial differential equations. Let us introduce



976 SuNnao OucHI

notations concering nonlinear equations, which are not necessarily usual. Let
A(m) = {a = (ag, ') € Nx N |a] <m} and M = #A(m).

Let A = (An)aea(m) € NM. Then [A] = 2 aea(m) Aa- For A= (4Aq), B =
(Bo) € NM A < B means A, < B, for all @ € A(m). For Z = (Za)aea(m) €
CM we set Z4 = H ZAe and if |A| > 0, there exist {a(i) € A(m);1 <

acA(m)
i < |Al} such that Z4 = Hli‘l Za(i), which we'll often use in the later. Set
NM#* .= NM — [0} = {A € NM;|A| > 0}, NM* = [A € NM*;|A| = 1} and

lin

(1.1) NM* = {AeNM* A, =1 for some a = (a,0) € N x N},

lin,
For A = (AQ)QGA(m) € NM=
(1.2) ma = max{|a|; Ay # 0}.

Let U’ (resp.Uy) be a polydisk in C? (resp.C) with center x = 0 (resp.
t =0) and L(u) be a nonlinear partial differential operator with order m in the
form

(1.3) L(u) == L(t, 2,90 u; (ag, ') € A(m)),

where L(t,z,Z) € OUy x U x Q), Z = (Zo;a € A(m)) and Q being a
neighborhood of Z = 0 in CM. We can decompose L(u) as follows:

(1.4) L(u) = Pu+ Q(u) + f(t, z),

where

Pu= Z cn(t, z)0 u(t, x),
h=0

(1.5) Qu) = Z ca(t,z) H (9200~ u(t, z)) e,

AeNM*—N{ViIJO a€A(m)

f(t,x) = L(t, z,0).

Here cp(t, x), ca(t,z) and f(¢,z) are holomorphic in Uy x U’. We assume there
exists k € {0,1,--- ,m} such that

(Co) ck(0,2) #0 forz € U' and c¢p(0,2) =0 for h >k
and
(Cy) ca(0,2) =0 for AeNjF =N
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Hence 22:0 cn(t, z)O" is a k-th order ordinary differential operator with reg-
ular singularity at ¢ = 0. Conditions (Cy) and (Cy) restrict the linear part of
L(u). We rewrite L(u) in the slightly different form for the later calculations.
Denoting Q(u) + > jey(cn(t,z) — cp(0,2))9"u again by Q(u) and ¢;(0,z) by
cn(x), we can represent L(u) in the form:

L(u) = P(u) + Q(u) + f(t, z),

k
Pu :Zch(x)ﬂhu(t,x), Qu) = Z ga(u),
h=0

AeNM*
(1.6) ga(u) = caltz) ] @700 u(t,z))*,
aEA(m)

f(t,z) = L(t,z,0),

where

(1.7) cx(z) #0 for x € U' and ca(0,2) =0 for A € NM*

lin

Hereafter we assume L(u) is of the form (1.6) with (1.7).
Let S = Uy(0*) be a sector in t-space and u(t, x) € €(S xU’) be a solution
of L(u) = 0 such that for a constant vy > 0
(1.8) sup |u(t, z)| < C[t]*°.
zeU’

Let us define an index v. Let e4 € N such that ca(t,z) = t°4bu(t, z) with
ba(0,2) £0if ca(t,x) £ 0. An index v is defined by

Al—-1
min{M;AENM*,mA > k} if k< m,
(1.9) v = ma —k

+ oo, if k=m,

which depends on vy. If vy is improved, then v may be also improved. From
the definition

ea+vo(JA] —1)

(1.10) >

>my — k.

Remark 1.1. (1) Under the condition (1.8) we have from Proposition 2.5

(1.11) flta)y =" fala)t™

n>vo



978 SuNAO OUCHI

(2) We give a remark concerning e4. We have eq > 1 for A € N%l*. Once 7 is
defined, we put e4 = 0 for A with |A| > 2 and vo(|A|—1)/y > m—k, which gives
no influence on the definition of 7. Hence we may assume {e4 € N; 4 € NM*}
is bounded and ca(t,z) = t4ba(t,z) with ba(t,x) € O(Uy x U’) such that
there is a constant B

(1.12) lba(t,z)| < B for (t,z) € Uy x U'.

In order to analyze the singularities of a solution u(t, x) of L(u) = 0 with
(1.8) Mellin transform is available. Let g(t) be a continuous function on (0, a
such that |g(t)] < C|¢[¥. Then (truncated) Mellin transform (Mg)(X) of g(t)
denoted by g(A) is defined by

(1.13) 30 i= (Mo = [ P gttt
0
The inverse Mellin transform is
L 1 c+i00 N
(1.14) M0 =5 [ aan

where ¢ > —v, and g(t) = (M~1§)(t) holds for 0 < t < a. In this paper we
consider functions on sectorial region. Further let g(¢t) € 0(Uy(0)), Uy = {|t]| <
Ry}, with |g(t)] < C|¢]V. Let 0 < @ < Rp and |¢| < 6. Then (truncated) Mellin
transform (M®g)(\) of g(t) denoted by §®()) is defined by

(1.15) 30 = (M) = [ © @,
0
Then
b — o askfl se'?)ds
(1.16) ) / o(s69)d
and
(1.17) g () =" =" () = / g (t)dt.

§®(\) is holomorphic on {\ € C; ReA > —v} and §*%'()) is an entire function.
The inverse Mellin transform is
1 c+i00

(1.13) (M50 =5 [ 43P an

2mi c—100
where ¢ > —v, and g(t) = ((M?)715%)(t) holds for t = |t|e’?, 0 < |t| < a. In
the following we mainly use M° (¢ = 0), so we denote it simply by M. We
give a lemma used in later
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Lemma 1.2.  Let f(t) be a continuous function on [0,a] (a > 0) such
that | f(t)] < C|t|" (ko > 0). Let

L[ ano,,

(1.19) ™ (t) (—ko <c<0)

(=)

c—100

for s € N. Then ¢*(t) is a solution of 95¢*(t) = f(t) such that [¢*(t)| < Clt|"°.

The proof of Lemma 1.2 is given in Section 3. Let L(u) = 0 be an equation
satisfying (1.7) (equivalently (Co) and (C1)) and u(t, ) be a solution with (1.8).
Let us consider its Mellin transform (Mu)(A, z). The first aims are to show that
(Mu)(A, z) is extensible to the whole plane as a meromorphic function in A and
to determine the location of poles. Set

k
(1.20) Pz, ) =Y cn(z)A".
h=0

We assume for simplicity for z € U’
(Csq) P(z,\) 20 on ReX = 1.

Hereafter we treat L(-) of the form (1.6) satisfying (1.7) and (C,).
Let {\i(x)}*_, be the roots of P(x,\) =0 (x € U’) such that

(1.21) Reli(z) > vy for 1 <i <Kk, Rel(z)<wvy fori>Fk.

Set Ao(x) = 1 and define a nonnegative lattice A(z) generated by {\;(z)}¥,,
k/

(1.22) Alz) =< A =— an)\z(a}), (no,--- ,ng) € NFF1
=0

and its subset A_,, ()
(1.23) A (z) = Alz) N {ReX < —1p}.

Let u(t, z) be a solution of L(u) = 0 with bound (1.8) and consider the Mellin
transform of u(t, z)

(1.24) Mu)(\, z) = /Oa A Lu(t, x)dt,

which is holomorphic {A; ReX > —vg}. We give one of main results which is a
clue to study the singularities of u(t, x).
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Theorem 1.3.  (Mu)(A, x) is meromorphic in X on the whole plane and
its poles are contained in A_,,(x).

The same result as Theorem 1.3 holds for (M®u)(X,x) (|¢| < ). By the
inverse Mellin transform

c+ic0
(1.25) u(t,z) = 2%”/ tAMu)N, z)dN (—vo < c).

The singularities of (Mu)(\, z) essentially contribute to the integral (1.25).
Theorem 1.3 gives us informations about them. So by calculating the integral
(1.25), we can obtain the asymptotic terms of a singular solution u(¢,x) near
{t = 0}. In order to describe asymptotic behaviors of singular solutions in
details let us introduce a class .#,(U’) of holomorphic functions. .Z,(U’) is
a subspace of & (((C/\\_/{O}) x U’) whose elements are the image of the inverse
Mellin transform of rational functions.

Definition 1.4. (1). Let ¢(\, z) € &(U’)[\] with nonvanishing leading
term. #,(U’) is the set of all w(t,z) € ﬁ((m) x U') represented in the

form

(1.26) w(t,z) = %/Ctkig’;’gd/\,

where (A, z) € O(U')[A] with degt < degp and C is a Jordan curve enclosing
all the zeros of p(\, x).

If all the zeros {a;(x)}3_; of p(), ) are distinct, then there exist holomor-
phic functions {w;(z)}3_; such that

w(t,x) = Z t= 1@ (2).
j=1

Set Myar(U') = UA,(U'). We show that the asymptotic terms of a singular
@

solution u(t, x) are given by functions in .#,..+(U’) and estimate the remainder.
The following is the other main result.

Theorem 1.5. Suppose that L(u) satisfies (Cy), (Cy), (Cs). Let u(t, x) €
O(SxU") with bound (1.8) be a solution of L(u) = 0. Then there exist u,(t,z) €
My, (W') (n € N) in a neighborhood W' of x = 0 such that for any sector
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TeS

ltn (, )| <CoC™T (% + 1) [t[Pr-tvo,
(1.27) N-1
u(t, ) — Z U (t, )
n=0

< CyCNT <p—N + 1) [Pt
2

holds for (t,z) € T x W' and N € N, where if v < 400, p, = % for some
positive integer p and if v = +00, p, = cn for some ¢ > 0. As for the zeros of
en(A,z) € O(W")[A] there exist a,b > 0 such that

{MNon(Ax) =0} CA_ (@) N{Re; A > —(an + D)}

Theorem 1.5 implies that u(¢, 2) has an asymptotic expansion with asymp-
totic terms {uy, (¢, ) }nen C Mrar(W),

(1.28) u(t, x) ~ Z U (t, x)
n=0

in the sense of (1.27). The remainder estimate in (1.27) is called Gevrey type.
We devote the rest of the paper to the proof of Theorems 1.3 and 1.5.

Remark 1.6. (1) The case m = k was studied in [1] and [11]. If m = k,

then v = 400 and {t = 0} is, so called, of regular singular type. Theorem
1.5 implies that u(t,z) = :i% un (t.z) converges, which was shown in the
above papers. If m > k, then + is finite and Theorem 1.5 is a generalization to
equations with an irregular singular surface {t = 0}.
(2) Mellin type integral was available to analyze singularity of solutions when
the algebraic equation P(z, A) = 0 with respect to A (see (1.20)) has multiple
roots. It was used for linear equations in [3] and [8]. In [3] the case m = k, so
called Fuchsian equations, and in [8] more general case k < m were studied and
the structure and asymptotic behaviors of singular solutions were obtained.

Let us give an example.
(1.29) ok = A(t, z, (t0,) 0% u; |a| <m, ag < k—1),

where A(t,x,Z), Z = (Za;|a] < m), is holomorphic in a neighborhood Uy x
U xQof (t,z,Z) =(0,0,0). Let
0A

(130) Alin(t7l',Z): 8 @(t,x,O)Za
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be the linearization of A(t,z, Z) at Z = 0. Assume

(1.31) %(0,:&0) =0 for a with o/ #0.
0Z,
Then
(1.32) P, A) = A—=1)---(A—k+1 Z a (0, z,0) A%
(a070)

OL()O

and conditions (Cp) and (C;) are satisfied, and we can apply Theorem 1.5 to
solutions of (1.29).
We give another example which is reduced to (1.29). Consider

(1.33) = At 2,070 u; |o| <m, ag <k—1) (1<k<m),

where A(t, z, 82°9% u) is a partial differential operator with order m and A(t, z,
p)y p = (Pa;la| < m), is holomorphic in a neighborhood Uy x U’ x II of
(t,z,p) = (0,0,0). Let u(t, ) be a solution of (1.33) in a sectorial region S x U’
such that |u(t,z)| < C|t|*~1*¢ for some ¢ > 0. Let v(¢,z) = ¢t *+1u(t, 2). Then
v(t, x) satisfies |v(t, z)| < C|t]°,

(1.34) tOF (1" 1w) = LA(t, , 0200 t* 1),

(1.35) Pz, )= A+Ek—1)A+k—=2)---(A+1)A
and conditions (Cp), (C1) and (Cz) hold.

82. Majorant Functions 1

In this paper we estimate many functions. For this purpose, majorant
functions are indispensable. Let A(w) = ) Aqw® and B(w) = > B,w®
be formal power series of n variables w = (w1, ..., w,). A(w)<B(w) means
|Aq| < B, for all @ € N™ and A(w) > 0 means A, > 0 for all a. Let w* =
(wy,...,w}) € C". If we consider formal power series at w = w*, we use the
notation A(w—w*) < B(w—w*), which means [A,| < B, for all a. The proofs
of Lemmas and Progositions in this section are given in Section 7.

Let m € N and set

+oo xn
(2.1) 0(X) = C;W,

where ¢ > 0 and it is fixed later. 6(X) or its modifications are used in

2], [4], [9) and [12]. We have 009)(X) = ¢ 302 (Entatnnl) yn
+o0 (n+s)!

0 mX ™. The following properties are important.

c
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Lemma 2.1. (1) Let 0 < v’ < 1. Then there is a constant C = C(r')
such that

(2.2) 0(X) < 1 _CX < COX/r).
(2)
(2.3) (p+1)0P(X) <« 2m+29P ) (X).

(3) Let 41,05 € N such that 0 < £ < ly < m. Then there is a constant ¢ > 0
n (2.1) such that

(2.4) 01 (X)0"2) (X)) < 01 (X).

In the following we fix ¢ > 0 in (2.1) so that (2.4) holds.

Lemma 2.2. Let¢; e N(1<i<r)with0</¢ <mandp; € N (1<
i <r). Set {' =maxi<i<, l; andp =" ._, p;. Then

g(pﬂrqﬁf ) X) 9(p+q+é’)(X)

(2.5) > H <

{(Q1,Q2 ,qr)EN" 3
q1+q2+-+qr=q

q!

Definefor 0 < R < 1

®poyy . LA XN 1y (X
(2.6) @_q(R,X)q!pr9<R = wa® (1)

From Lemmas 2.1 and 2.2 we have

Proposition 2.3. (1) Let 0 < r < R < 1. Then there exists a constant
C = C(r/R) such that

|
ol (R; X) < L < COW (r; X),

(27) RP(]_ — %)P+1
PlO6(R; X) <COY (r; X).
(2) Let t1,05 € N with {1 < ly < m. Then

(2.8) o\ (Rr; X)) (R; X) <« R-1 0 (R; X).



984 SuNnao OucHI

(3) There is a constant C > 0 such that

®(p. (r+1) (.
(2.9) (p+1)0¥)(R; X) < CRO*(R; X).
In particular, for 0 < c <1 there is 0 < R < 1 such that

(2.10) (p+1)07)(R; X) < ©% ™ (R; X).

(4) For0< R< R

() (. R
(2.11) ¥ (R X) < (—

P
() [ p.
R,> 0 (R: X).

(5) If |X| < &, there is a constant C such that

C2Pp!

(p)
(2.12) 0¥ (R X)| < Rrgl

Proposition 2.4. (1) Let I be an integer with 0 <1 < m. Then
(2.13)
o (r; x)0y* (R X) -0l T (R; X) _ o™ (R; X)
Z 110! | < l(r—1 ’
nilng! -+ n,! Ri(r=1)pn!

{(nl,ng ,n.)ENT )
ni+nz+-+n.=n

(2) Let ; e N with0 < {; <m andp; € N (1 <i <r). Set ¢ = maxi<;<,¥;
andp=>.._, pi. Then

(2.14) Z H ol P1+ql+€ ) (R; X) < Ré’(r 5 @(;D-HH-Z )(R X).

(91,92, ,qr)EN" } =
q1+q2,-+qr=q

(3) LetkeN,0<{¢<m and s > 0. Further suppose that k > 1 if s =0, and
R > 0 is small. Then there is a constant C > 0 such that

(2.15)
([sni] +kn7 +2) c ([sn]+kn+£)
Z HG [sni]— (R X) R[(r 1) @ [sn]—kn (R X)
(n1,m2-+ ,n,)EN"
nitns+---4n.=n
sn;|+kn;+£ C sn]+kn+2L
3 H@[ R X) € Gy OO (R X)),

(n1,m2- nr)eN”} =
nitns+---4n.=n
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(4) Let 0 < r < R and 0 < § < R —r. Then there is a constant C = C(d,r)
such that

(2.16) S 50" (R X) < 0¥ (r; X).

Next let us proceed to introduce another majorant method to estimate
functions on sectorial regions. Let S = {t € C;0 < [t| < T*,|argt| < 0*}. Let
0<To<Th <T*and 0 <8y <6 <6 with; —0y <7/6. For 0 <7 <1
define

ST={teCo<|t| <1 —-7)To+ 7T, |argt| < (1 —7)0p + 761}.
Then S° Cc 7 c S' C S.

Proposition 2.5.  Let f(t) € 0(S).
(1) Suppose that for any 0 < 7 <1
Mit)*

(217) 01 < 7o

(g>0) forteST.

Then there exist constants ¢ and C' which are independent of T such that

C(g+1)exp-=

(2.18) 19f(t)] < (1_T)q+1q+1M\t|S fort € S7.

(2) Let 0 < tg < t1 < To. Suppose that for any 0 < 7 < 1

Mt
(1—m7)a

(2.19) 1F(t)] < (g=0) forteSTN{|t| <t}

Then there exist constants ¢ and C which are independent of tg,t1 and T such
that

mno,| % s n n
(2.20) |tnf(")(t)|<mmax{<q+l> ’( to ) }

(I—T)q 1—17 t1 —to

forte STN{|t| <to}.

Corollary 2.6.  Let f(t) € O(S). Suppose that estimate (2.17) holds for
any 0 < 7 < 1. Then there exist constants ¢ and C which are independent of T
such that

CnH?:1(q+i)eXP%
1= TTUM|t® fort € ST.

(2.21) EAVIQIRS
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By using the above majorant functions we have an estimate of products of
holomorphic functions on a sectorial region.

Proposition 2.7.  Leta* = (27, - ,2}) € U and X - X* = Zle(:cif

z}). Suppose u;(t,x) € O(S x U') (1 <i <L) with u;(t,x) < Colt|* " O(r; X —
X*) (si > 0) and b(t,z) € O(S x U') with b(t,z) < B@(r’;an —X*) (1 >7).
Let a(i) € A(m) (1 < i < {). Then for any subsgfector T € S! there exists a
constant C = C(T) > 0 such that fort € T

4
(2.22) b(t, ) [T 90D Dui(t, 2) < BO**|t[*0™) (r; X — X*),

i=1

¢
where s =Y ,_1 ;.

83. Mellin Transform of Singular Solutions

Let L(-) be an operator in the form (1.6) and satisfying (1.7) and (C,).
Consider a solution u(t,z) € (S x U’) with bound (1.8). The purpose of this
section is to show Theorem 1.3, that is, to prolong (Mu)(\, z) as a meromorphic
function in A to the whole plane.

First we give lemmas concerning .#,(U’) for this purpose. Let ¢;(t,z) €
O[N] (i = 1,2) whose leading term is a;(z) # 0 in U’. By factorizing,
wi(t,x) = a;(x) ?;1()\ — al(z)), where each of {a! () %L is not necessarily
holomorphic. Define

p1 D2

(3.1) (p1#p2) (N, ) = a1z )P H 1T =af (@) = af* ().
Jji=1j2=1

Then (p1#¢2) = az(z)™ Hsol — ah(w),x) = a(x)"? H@z —af (@), ).

Lemma 3.1.  Let w;(t,x) € A, (U') (i = 1,2). Then w(t,xz) = w(t,
$)1U2(t,213) € ‘%801#@2([])'

- Lemma 3.2.  Let w(t,z) € M, (U') with w(t,z) = 5= [, t_’\zgi‘:gd)\.
en

(Muw)(\, z) = :ﬁg: i; + an entire function.
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The proofs of Lemmas 3.1 and 3.2 are given in the final part of this section.
Let us return to (1.6) and (1.7). Recall P(z,\) = >, cp(z)A" with the roots
{Xi(x)}E_; such that

(3.2) Reli(z) > vy for 1 <i <k, Re\(z)<wvy fori>FK.

Set
K
(3.3) B\ z) = H()\ + Xi(2)).
Then
(3.4) Pz, =) = (=DFe\2) [T+ Xi(2).
P>k
Set
(3.5) v, = mjn{eA +w(|Al = 1)}
and for n € N
(3.6) DUp = 1y + .

From (1.7) v, > min{1,v} > 0 holds. A(x) is a nonnegative lattice generated
by {\i(z)}E,, where \o(z) =1,

%

¥
(3.7 Alz) = {)\ = oni)\i(x); (ng, -+ ,np) € Nklﬂ}
i=0

and A_,,(z) = A(x) N {ReX < —1p}.

Lemma 3.3. Let g(t,z) € O(S x U') with |g(t,z)] < K]t|°. Then
(Mg)(A, ) is holomorphic in {\; ReX > —ko} and
(1)
(3.8) (MI"g)(\,2) = (=N)"(Mg)(\, 2) + a*Hi(A,2),
where Hy(\, x) is a polynomial in X\ with degree < h — 1.
(2) Further assume g(t,x) € My,(U'), where {\; oA\, z) = 0,2 € U'} C
A_ (). Let Q(-) be that in (1.6). Then (Mg)(A\,z) and (MQ(g))(A\, z) are

meromorphic on the whole plane and their poles are in A_,,(x).



988 SuNnao OucHI

Proof. (1) By integrations by parts

/ A9 g(t, x)d\ = a* (9" g)(a, x) — )\/ A 9ty (t, x)d A
0 0

h a
=a’ (Z(A)“(ﬁ”g)(a,x)> - (—A)h/ 1g(t, x)dA,

=1 0
hence we have (3.8).

(2). The assertion about (Mg)(A, z) follows from Lemma 3.2. By Lemma 3.1
P

, e e
[loen(m) (@00 g(t,x))% € My, (U’), where pa = ¢#---#p, p <
Yaeamm el + 1 Aq, and {pa(X,z) = 0} C A_(z). ca(t,z) is holomor-
phic at ¢ = 0, hence (Mca)(A, ) has at most single poles at A =0,—1,--- . So
the Mellin transform of ca(t,z) [Tneam) (9209 g(t, )~ is meromorphic on
the whole plane except on A_,,(z) and that of Q(g) is so. O

Now let u(t,z) € O(S x U’) solve L(u) = 0 with bound (1.8). Let us
extend (Mu)(\, z) to the left half plane {ReA < —ug}. For this purpose some
lemmas are given.

Lemma 3.4. (1) (Mf)(\ x) is meromorphic in A on the whole plane
and its poles are in {\ € —N;Re\ < —1p}.
(2) (MQ(u))(A, x) is holomorphic in {\ € C;ReX > —in} and

(MQ(u)(A,2)| < Cra”*/(Re + 1),

where Cy is locally uniform in x.

Proof. (1) The Mellin transforms of holomorphic functions at ¢ = 0 are

meromorphic in A on the whole plane and its poles are in {\ € —N}. By Remark
1.1-(1) (Mf)(\, z) is holomorphic {X\;ReX > —up}. Hence the assertion (1)
holds.
(2) Let z* = (x7,--- ,2z%) € U'. Then there exist C, r > 0 depending on z*
such that u(t,z) < Clt["°O(r; X — X*), X - X* = Z?Zl(xi —x¥). Tt follows
from (1.12) and P:Iiroposition 2.7 that for any T' € S there is a constant Cy such
that for t € T

te4b(t, ) H (ﬁ?oag/u(t,x))‘q“ < C(I)AlweAJruo\AI@(m)(T;X —X*).
acA(m)

From (3.5) there is a small ¢; > 0 such that if ¢t € T with [¢| < to,
ZC!)A\|t|eA+l/o|A| _ |t‘y0 ZC(I)A\|t|eA+1/O(|A|—1) < Cllt|,,*+1/0
A A
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and Q(u) < Cy|t]”" 0™ (r; X — X*). Therefore (MQ(u))(\, x) is holomor-
S
phic in A in {ReX > —in} (21 = vi + 1p) and the estimate holds. O

Lemma 3.5. (1) (Mu)(A, z) is meromorphic in {A € C;ReA > —in},
whose poles are contained in A_,,(x).
(2) Let v < 1 and L > 0 be a large constant such that {\; ReA > —0,|A| >
LYNA_,,(z) =0 for x € U'. Then there exists a constant C which is locally
uniform in x and depends on U such that for A € {\; ReA > —0, |A\| > L}

(3.9) |((Mu)(\, z)| < Ca®™*/Re.

Proof. From Lemma 3.3

0= (MPu)(\,z) + (MQ(w)) (A, x) + (M[)(A,x)
=P(z, -\ (Mu)(\, z) + a*H\, z) + (MQ(u)) (N, z) + (Mf)(\, z).

Hence

P H(, ) + (MQ) (A, 2) + (MF) (A, 2)

(3.10) (Mu)(\,z) = — Plz,—A) ;

whose numerator is meromorphic in {A € C;Re\ > —i1}, and its poles are
those of (Mf)(A, ) by Lemma 3.4. Therefore (Mu)(A,x) is meromorphic in
{ReX > —i1}. However it is holomorphic in {ReX > —1g}, so its poles in
{ReX > -1} are in ({X\; P(z,—A) = 0} U {-N}) N {ReX < —vp} C A_, (2).
We have (3.9) from (3.10) and Lemma 3.4. O

Let us show that (Mu)(A, x) is meromorphically extensible to {A € C;
ReX > —in}. Let 2* € U’ and v/ be arbitray with vy < v/ < 7. Then there
exist a neighborhood U’(z*) of z*, a v with v/ < v < 7 and a small € > 0
such that (Mu) (A, z) is holomorphic in (A, z) € {|A +v| < e} x U’'(x*). Set for
x e U (z%)

(3.11) o) = [ O+x@) [ G+

vo<Re\;(z)<v vo<n<v

It follows from (3.10) that ®1 (A, x)(Mu)(A, x) is holomorphic in {A € C;ReA >
—v — €}. Hence there exists Gi(\,z) € OU'(z*))[A] with degG1 (A, z) <
deg @1 (A, z) such that

Gl(/\, ]3)

(3.12) Vi(A x) :i= (Mu) (A z) — W)
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is holomorphic in {\;ReX > —v — e} x U'(z*). Let 0 <t < a < 1 and define

_ L[\ (Mu)(\ )
—v+ico
o (t,z) = QL/ t—Ll(;f)dA,
(3.13) ’1” —v— mG .
D(ta) = — [ A gy
Ditz) = o /C N2D (N, 2)"
1 Y Gl()\ l‘)
wit @) = 2mi /t <I>1()\,:v)d)\7

where —i1 < —v < —1y < ¢ < 0 and C is a Jordan curve in {ReA < 0}
enclosing all the zeros of ®1 (A, x) and A = 0 is outside of C. Then by estimating
u(t,x),v1(t,x) and w; (¢, x), Lemma 1.2 and

1 vt A G1(>\ 33)
- A TN g for 0<t<1
o7 22D, (N 7) or B es

we have
u(t,x) = v1(t,x) + w1 (t, x),
(3.14) P2t x) = u(t,x), 9*wi(t, ) = wi(t, ),
la(t, z)| < C|t|c [01(t, )] < CJE|”, |wi(t,z)] < CJE|™°.

Put vy (t, ) := 920, (t, 2) = V2a(t, z) — 9%, (t, ) = u(t,r) — wi (¢, z). Then

1(t, ) / dt1/ u(to, x wl(to,x))?.
0

Since u(t,z) € O(S x U') and wy(t,z) € Mo, (U'(x%)), 01(t,x),v1(¢,z) €
O(S x U'(x*)). By applying Mellin transform M? (|¢| < 0*) to u(t,z) =
v1(t, ) + w1 (t, ), we can obtain the similar resuls, in particular, (M®v;)(\, )
is holomorphic in {ReX > —v —¢€}. Hence for any T' € S there exists a constant
C such that |01(t,z)| < C|t|¥ for t € T and = € U(z*). Consequently there
exist r(z*) > 0 and a constant Cy = Co(z*,T) such that

vy (t, x) =920, (t, ) < Colt|"O(r : X — X*)

(3.15)
wi(t,z) KC1[t]"°O(r: X — X*) forteT,

where X — X* = Z?Zl(a:i —z¥). From u(t, z) = v1(¢t, z) + w1 (¢, z) we have
P(z, v (t,z) + Q1(v1) + fr(t,z) =0,

(3.16) Q1(v1) = Q(v1 +w1) — Qwr),
fi(t,z) = Pz, 9)wy(t,z) + Q(wy) + f(t, ).
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Lemma 3.6. (Mf1)(\,z) (z € U'(z*)) is meromorphic in A on the
whole plane C and its poles are in A_,,(z).

Proof. By Lemma 3.2 (Muw)(A, ) is meromorphic and its poles are in
{®1(\,z) = 0}. Hence (MP(z,?%)w1)(A, x) and by Lemma 3.3 (MQ(w1))(A, x)
are meromorphic on the whole plane with poles in A_, (x), hence (M f1)(A, x)
is so. a

Lemma 3.7. (MQ1(v1))(A\,z) (x € U'(z*)) is holomorphic in {\ €
C;Rel > —v — v} and |[(MQ1(v1)) (A, 7)| < Caf** /(ReA + v + v,) holds.

Proof. Let T be a sector such that 7" € S and ¢t € T. Then it follows from
(3.15) and Proposition 2.7 that there exists a constant C; such that

ga(vi +w1) — ga(wr)

A , :
=t4ba(t,z) Y (S) [0 1) (92002 wy ) A==

{(sa)ENM*
0<sa<Aq

<JtjeatrolAl=DrrolAlgim) (. x — x*)
o
:|t‘lj+l/*+(6A+V0(‘A|—1)—l/*)C:{A|6(m)(,',,;X _ X*)
If t € T with |t| < to for a small tg > 0, by ea + vo(|A| —1) — v, > 0 (see (3.5))
Q1(v1) =Y (qa(vr +w1) — ga(wr)) < Colt] 0 (r; X — X*).
A
Hence (MQ1(v1))(A, x) is holomorphic in {\ € C; ReXA > —v—w,}. This implies

the assertions. |

Lemma 3.8. (1) (Mu)(\, z) is meromorphic in A on {ReA > —in} and
its poles are contained in A_,,(x).
(2) Let v < 3 and L > 0 be a large constant such that {\; ReX > —0, |\ >
LYNA_,,(z) =0 for x € U'(z*). Then there exists a constant C' depending on
U such that for A € {\; ReA > —0,|A\| > L}

(3.17) [((Mu)(\, z)| < Ca™/Re.

Proof. 'We have from (3.16)

0= (MP(z,9)v1)(x, A) + (MQ1(v1))(z,A) + (M f1)(z, A)
= P(z, - \)(Muvy)(z,\) + a*Hy (2, \) + (MQ1(v1))(z, \) + (M f1)(z, ).
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Hence

a*H, (x, 1(v1))(x, 1)(x,
(3.18)  (Mur)(x, ) = — 20 A)+(MQP((x )_)(A) A+ (Mf)(,N)

and by Lemmas 3.6 and 3.7 (Mvy)(z,A) (z € U’(z*)) is meromorphic in
{ReX > —v—v,} and its poles are in A_,, (). By (Mu)(A, z) = (Muvy)(\, z) +
(Mwi)(\, z), (Mu)(A, x) is meromorphic in A in {Re\ > —v — v} and its
poles are in A_, () for x € U'(z*). Since v/ < v and z* € U’ is arbitrary, this
implies that (Mu)(\, z) (z € U’) is meromorphic in A on {ReA > —v/—v,} and
its poles are in A_,, (). Since v/ is an arbitrary constant with v/ < vy = g+,
(Mu) (A, z) is meromorphic in A in V/gy {ReX > —v' — v} = {ReX > —in}.
We have (3.17) from (3.18) and the estlimate of (MQ1(v1))(z,A) in Lemma
3.7. |

Thus (Mu)(A, z) can be meromorphically extensible to {ReA > —»} and
its poles are contained in A_,,(z). Assume that (Mu)(A, x) is meromorphic in
{ReA > —1,} and its poles are contained in A_,, (x). We repeat the same way
as above. Let z* € U’ and v/ be an arbitrary number with —v,, < -/ < —v,,_1.
Then there exist a neighborhood U’(z*) of z* and v with —v, < —v < =1/
such that (Mu)(A, z) is holomorphic in U’(z*) x {|ReA + v| < €} for a small
€ > 0. Hence there exist G, (A, z), @,(\, z) € O(U'(2*))[A] with deg G,,(\, z) <
deg ®,,(\, z) such that the zeros of ®, (A, z) are in {ReA > —v+ e} NA_,, ()
and

(3.19) V(A z) := (Mu)(\, z) — %

is holomorphic in {ReX > —v —€}. Let 0 <t < a < 1 and define

C+Z(X>
2% - AQ ) ax,
- mmt—AV” A7) i
(3.20) 271” AQ 7
Gno) )

EC )\2<I> )

1 G\ 1) ()\ x)

where -0, < —v < -V < —Dp_1 < —vg < ¢ < 0 and C is a Jordan curve in
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{ReX < 0} enclosing all the zeros of ®,, (A, z). Then

w(t,x) = vp(t, ) + Wy (t, x),
(3.21) 2t x) = u(t,z), 2, (t,z) = w,(t, ),
at, z)| < CIt° [on(t,2)] < CJH", |wn(t,2)] < CJ]™.

Define v, (t, z) := 920, (t, ) = 9?u(t, ) — 9%, (t, v) = u(t, ) — wy(t,x). Then
wp(t,z) € Mo, (U'(x*)) and v, (t,z) € O(S x U'(z*)). We can show that for
any T € S there exists a constant C' such that |0, (¢, z)| < C|t|” for t € T and
x € U(z*). Consequently there exist r = r(z*) > 0 and Cy = Co(z*,v,T) such
that

O (t, ) =020, (t, ) < Colt]"O(r: X — X7)

(3.22)
wy(t,z) <Colt["°O(r: X — X*) forteT,

where X — X* = Z?Zl(xi —z¥). Set

fu(t,z) :=P(x, 9w, + Q(wy,) + f(t, ).
Then
(3.24) P(@,9)vn + Qu(vn) + fult,) = 0.

By repeating the preceding arguments in Lemmas 3.6 and 3.7, it follows from
(3.22) and (3.23) that

1. (Mfr)(A\ z) (z € U(x*)) is meromorphic in A on the whole plane C and
its poles are in A_,, ()

and

2. for any T € S there exists a constant C = C'(z*,v,T) such that
(3.25)  Qu(vp) < Clt"*0™) (r; X — X*) forx € U'(z*) and t € T,
o
hence (MQ,,(vy,)) (A, x) is holomorphic in {ReX > —v — v, }.

By applying Mellin transform to (3.24),

a’ x n\Un ) )\Z, n)(T,
(326)  (Mun)(, \) = — 2Tl v/\)+(MQP((x )_)/(\) A) + (M) (@, N)




994 SuNnao OucHI

where H,,(z, ) is a polynomial. It follows from (3.26) that (Mwv,)(z,\) (z €
U’(z*)) is meromorphically extensible to {Re\ > —v — v, } and its poles are
in A_,,(z), hence by (Mu)(A, z) = (Mov,)(A, z) + (Mwy,) (A, z), (Mu)(\, ) is
meromorphic in {ReA > —v — v, } and its poles are in A_,, () for z € U’ (z™).
Consequently (Mu)(A, z) is meromorphic in {ReXA > —v' — v, } and its poles
are in A_,, (z) for z € U’. We can take v/ < v, as close to &, as possible, hence
(Mu) (A, x) is meromorphic in {ReA > —v,,41}. Thus by induction we concude
that (Mu) (A, z) is meromorphic on the whole plane and its poles are contained
in A_,,(z) and have Theorem 1.3.

Lemmas 3.1, 3.2 and 1.2 remain unproven, so we prove them.

Proof of Lemma 3.1. Let

1 —)\wi()‘vx)
(t $) 271'1/ t md}\,

where p;(\, ) = a;(z) [[72, (A — al(z)) € O(U")[A (i = 1,2) and a;(z) # 0 in
U’. We may assume a4 (x ) = az(x) = 1. We have

wi(t st ) = 7 /(Zt_wl()"x)dk/ct—uwdu

(2m)2 p1(\, @) P2 (p, )

—(A+p) wl (A )2 (p, @)
Gri)? /c /c o1 pal ) P
=5 t P@(p,z)dp,

where

1 —

B(px) = Yilp — ), 2)
2mi Je, p1(p = p, 2)p2(p, )

and C is a Jordan curve such that the interior of C contains the disk {|p| < r}

for a large r. Put

¢(pvﬂam) = ﬁ (1 W) )

=1 p1(p — ay(z), )
1/)(p,u7x) =1- (b(va?x)

Then we have

B(p,x) = bilp = p @) o (p 2)$(ps p )

277@ 1(p — ps ) p2(p, )
L bilp = p @)pa(p )9 (p, s )
2mi Je, e1(p — 1, )p2(p, )
=01 (p,z) + P2(p, 2).
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It follows from qﬁ(p,u,m)‘ - =0forall < j < pg that oo, p1,7) is
p=aj(x) p2(p, )
holomorphic in p, so ®1(p,x) = 0. We have
(pr#02)(p, 2) (P, 1, @)
P2 ) P2 )
~TI o1l - ad@),2) - T] (100 ~ ah(@),2) = p2(p — )
j=1 j=1

and it is divisible by ¢1(p — u, z) and

V1(p — p, ) (e1#02) (p, )Y (p, p, )
o1(p — 1, )

is a polynomial in p with degree < p; — 1+ p1p2 — p1 = p1p2 — 1. Thus

Ua(p, ) : = (p1#p2)(p, 7)P2(p, 7)
_ L[ alp— ) (or#ea) (p, 2) P (p, 1y @) o (ps, )
2mi Jo, e1(p — 1, ) P21, )

dp

is a polynomial in p with deg ¥o(p,x) < p1p2 — 1 and we have

o) = 8alp) = BT

Proof of Lemma 3.2. Let

L ()
wib o) =5 /ct "oty

Then for A with large real part

w(u,w)d

a 1 a
Muw)(\, z :/ A lw(t, 2)dt = — t’\_ldt/t_“
( )( ) 0 (&) 2 0 c o(p, )

V(¥

[ a ()
2mi Je (A= p) o(p, )

Let Cy be a small circle with center A and C be a Jordan curve such that
{p; (@ —Ne(u,z) =0} is in its interior. Then

1 et ) 1 [ ar T Y(p,a)
(M) Ov) =5 | S e ) o)
Vo) L[ ) )
O 3 B e = S O

1
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where ¢(\, x) is an entire function in A. O
Proof of Lemma 1.2. Let 1(t) be a solution of ¥ (t) = f(t) such that
4h(t)| < C|t|", which is given by

/ dts_ 1/5 Ddtso /tQ dt, (" f to)dto
O

We have from lemma 3.3

(=2)*(MP)(A) = (MF)(A) +a*H(N),

where H()) is a polynomial with degree < s. By the inverse Mellin transform
forO0<t<a

c+iN
b(t) = lim i,/ AN MP) (NN (—ko < ¢ < 0)

N—oo 271 4N
(3.27) c4iN \
o L[ MO A
N—oo 271 _iN (—A)S '
Let us show
1 TN arH(N)
2 lim — = d\ = 0.
(3:28) dm g L TR

In order to do so we show limy_, o fCHN t A“A d\ =0 for £ > 1. We have
(3.29)

/c+iN t—xa,\d/\:i(g)c/ﬂv (a/t) iy g1t (g)c/"t‘N (a/t)t® .
cmin A t) Jon (c+ix)t t/ Jon (w—ie)t

Since ¢ < 0, by Cauchy’s integral theorem

+N ir iz
(3.30) [N ((a/it),dx+/c ((a/it?gdz:() (z =z +1y),

x —ic)t v (z—1c)

where Cy is a path defined by z = Ne? (0 < 6 < 7). From
1z zNe z
/ (a/t) /" g, N/ a/te a0
cn (2 —ic)t (Ne —ic)t

(a/t zz / a/t —Nsin6
<N
/CN (z —ic)t \Ne”’ —ic) |‘d9

If £>1and ¢ > 1, we have limy_.o ch (@/0' 7. — 0. It follows from (3.29)

Z ZC

and (3.30) that limy_ e ICHN "% g\ = 0. Hence we have (3.28) and

we have

(3.31) ¥(t) = lim i/CﬂNt AMPD) 4y (0<t<a).

N—oo 271 c—iN (_)\)
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Thus ¥(t) = ¥*(t) and 9°¢*(t) = f(¢t). O

84. Nonlinear Equations with Singular Coefficients

In order to show Theorem 1.5 we transform the original equation L(u) =0
to one with coefficients singular at ¢ = 0 and study it instead of the original
L(u) = 0. Let L(u) be a nonlinear partial differential operator with (1.6) that
satisfies (1.7) and u(t,x) € (S x U’) be a solution of L(u) = 0 with bound
(1.8). In the following a polydisk U’ = {z € C%; |z| < R’} is small, if necessary.
Let

(4.1) ' = 1rga<xk fél}} Re Ai(x).

Choose v > v such that v > max{A\*,1} and {ReA = —v} N A(z) = 0 for
xel.

First we decompose u(t, ). As in Section 3 we can find w(t, z) € A,(W'),
where W’ C U’ is a polydisk centered at = 0 and {X; (A, x) =0} C A, (z)N
{X;ReX > —v} for x € W, such that

t,a) < Ot 0(r; X), ’
(42) w(t, x) < Clt*O(r; Zw

v(t,z) = u(t,z) —w(t,z) K C’|t| O(r; X).

By substituting u(t,z) = v(t, z) + w(t, z) for L(u) = 0, we have a new equation
LY (v) := L(v 4 w) = 0 with unknown v. By setting

{ QY (v) = Qv+ w) — Q(w),
Yt x) = Plz,H)w(t,z) + Q(w) + f(t, ),

we have
(4.3) LY (v) = P(x,9:)v(t,z) + Q¥ (v) + f“(t,x) =0,
where

Q)= Y enlta)

BENAI*
><( S ()Hﬁaoaa sa (9209 ) B *)
{O<sfi\[g*} ¢
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We represent Q" (v) in another form

(4.4) Q¥ (v) = Z Aty x H (900 v(t, z)) A=,
AENM* A
where
B !’
(4.5) ci(t,x) = Z <A>03(t,x) H(ﬁaoaa w(t,x))Baan.
BeNM* a
B>A
Set
(4.6) = minfen+ (Bl - |4))

Then €% < e4 and we have

Lemma 4.1. (1) €% > min{1,vp} for A € NM* with |A| = 1.
(2) There exists a constant C' such that

d
(4.7) fUta) < Cte(r X), X => ;.
i=1

el + vo(|A] - 1)

(4.8) -

> (ma — k).

Proof. (1) Let |A] = 1. Then e!{ = mingg,g>ay{es+wo(|B|-1)}. If | B| =
1,eg > 1landif |[B| > 2, eg + vo(|B] — 1) > 1. So we have e > min{1,1p}.
(2) We have f*(t,x) = P(z,9)w(t,z) + Q(w) + f(t,x) = —P(z,9:)v(t,x) —
(Q(v+w)—Q(w)). It follows from (4.2) and Propositin 2.5 that P(z, d;)v(t, z),
Qv+ w) — Q(w) < C1]t]*O(r; X ), hence we have (4.7).

(3) There exists B € NM* with B > A such that €% = ep + vo(|B| — |A|), and
obviously mp > ma. Hence % +19(|JA| —1) = ep +1vo(|B| —1) > v(mp —k) >
~v(ma — k) by the definition of the index ~. O

Let us decompose coefficients ¢4 (t,z) of Q¥ (v) and f“(¢,x) to the
sum of functions in .#,.,;(U’). Before doing so, let us introduce a subspace

Mn_ @)y (U") Of Mrar(U').

Definition 4.2.  .#;_, ()}(U’) is the totality of f(t,2) € #,(U’)
such that {\; (A, 2) =0} C {A_,, ()}
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By Taylor expansion of cg(t, x), we have

Atw)= Y <§> > epo(@)tt [ (900" w(t, x)) B4
BeNM* t=ep o
(4.9) B>A

oo
= Z c%,n(ta z),
n=0

Cinltio) = > ( >CB£ #H 9209 w(t, x))Bo—Ae

0eN,BENM*; t>ep B>A
[vo(IB|=|AD+Ee—eR]=n

which is in .#Z(a_, (2)}(U’). Next we decompose f*(t,z) = P(z,J)w(t,z) +
Q(w) + f(t,x). We have

Q)= Y calt,x) [0 w)*

AeNM* a
+o00
>y cA7g(x)tZH(19a°8?'w)A“
AENM* l=ex
:( Z CA g té H 19"‘08“ )
{eeN,AeNM*; ezeA} «
vo|A|l+HL—v<1

S e o Tos )

n=1 {eeN,AeNM*; ezeA}
[vo|Al+£—v]=n

and f(t,7) = 3 eniesy, fo(2)t". Define {£'(t,2)}nen € Ma_, ()} (U) by

f(tw) =( 3 car@)t’ TJwoo wyr)

{ZeI\LAeNM*; zzeA} @
vol|A|+H£—v<1

+P(z, dw(t,x) + > folx
(4.11) e<i4v

£t ) ;:( 3 ca(@)t! H(ﬁaoag’w)f‘a)

{ZeN AeNM* e>eA}
[vo|Al+L—v]

+ fﬂu ($),
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where n,, € N with n +v <n, <n+ 1+ v. Thus we have
(4.12) Ut ) = fr(t ).
n=0

Proposition 4.3. (1) Let rg,r’ > 0 be small constants and ' > 0. Then
there exist Cy and C1 such that

(4.13) sup [t ey (¢ )] < CtlopTes
|arg t|<0’,0<|t|<ro,|z|<r’

and

(4.14) sup [t ="V f(t, x)| < CoCT.

|argt|<6’,0<|t|<ro,|z|<r’

(2) The poles of (Mcj ) (A, x) are in {—Z(n+1+e€}) < Red < —n —
€4}t N Ay (x) and those of (MfY)(A,z) are in {—Z%(n+1+4v) < ReX <
—n—v}NA_,(z).

Proof. (1) It follows from |cp ¢(2)| < CLPICY and [T, [9900% w(t, )| Bo—Ae
< C’élB‘flAl)|t|”0(|B|‘|A‘) in a small neighborhood of z = 0 that there exists a
constnat Cy such that

[t n (8, 2)]

B w /
< > () em onme=== T 1o st =4

eN,BeENM* y>ep B> A
[vo(IB|=|AN+LE—e4]=n

—|A| B\ 21| i), (IB|—|A[)+£—eY
< 0
<C, ( E <A>C’ C1t]

LeN,BeENM*4>ep B> A
[vo(IB|—|A])+E—ef]=n

VAL e B o
<Cj ‘AlclA ( Z <A> Cng‘Cf A) It

LeN,BENM* t>ep, BzA}
[l/o(IB\ [A])+e—eX]

SC(;‘AlcfAC;L+‘A‘+1 |t|n

By choosing other Cy and Cf, (4.13) holds. We also have (4.14) by the similar
method.
(2) From the definition of w(t, x), the poles of (Mt [T, (9909 w)Ba—Ax)(\, x)
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are in {—¢—v(|B|—]A|) < ReA < —l—uvy(|B|—|A])}. Let n+ey < £+v(|B|—
|A]) < n+1+eY%. Then we have (|B| — |A]) < (n+ 1+ €%)/vp and

—0—v(|B| = |A]) > (1o — v)(IB| — |A]) — (n+ 1 +€%) > —Vio(m 1+eY).
Hence from the definition of ¢} , (¢, z) and (4.13) we have the location of poles
of (M) (A, ).

From the definition of f2(t, ), the poles of M(t’ ], (90 0% w)4~) (A, z)
are in {—¢ — v|A] < ReA < —¢ —1p|A|}. By n < £+ 1p9|A| —v < n+1 we have
C+vo|Al <n+1+vand [A] < (n+1+4v)/ve. Hence —0—v[A] > —Z(n+1+v)
and by (4.14) we have the location of poles of (M f¥)(A, x). O

Set L*(-) = P(x,9) + Q* () + f“(t,z). The coefficients of the opera-
tor L"(-) belong to ﬁ((UO/——\_{/O}) x U'), by replacing another small disk Uy
and another small polydisk U’. From now on we treat L (v) = 0 and study
the behavior of v(t,z) in detail instead of w(t,z)(= v(t,x) + w(t,x)) satis-
fying L(u) = 0. For the simplicity, by omitting w, we denote LY (-) (resp.
QV(),c%(t,x), fU(t, x) ete.) by L(-) (resp. Q(-),ca(t,x), f(t,z) etc.) The con-
stant v > 0 is that defined by (1.9) for the original equation.

Let us sum up the conditions of the equation L(v) = 0 studied in the
following sections:

L(v) =P(z,9)v(t,x) + Q(v) + f(t,z) =0
k
(415) P(l‘,’l?) = Zch(x)ﬂha
h=0
Q)= > calt,r) J[ @0 v(t,x))",
AeNM* a€A(m)
where
(4.16) en(w) € OU),  ealt.x), f(t,x) € O((Ug — (0}) x U")
with
cr(z) #0,

+o00

+oo
f(t,.’L‘) = Z fn(t’x)'
n=0
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{CA,j(t,l')}(A)j)eN]\/j* o« 1fn(t,2) Inen C M{Awo(x)}(U’) and for any 6’ > 0

sup |77 ea (8, 2)| < CYMCiter,
(418) |arg t|<6’,0<|t|<ro,|z|<r’
sup [t~ fult, 2)| < CoCT

|arg t|<0’,0<|t|<ro,|z|<T’

As for the distribution of poles of Mellin transform of ¢4, (¢, z) and f, (¢, )
we refer to Proposition 4.3-(2). We assume that v(t,x) € €(S x U’) solves
L(v) = 0 and has a bound

(4.19) sup  |u(t,x)| < CJ”
(t,x)eSxU’

with v > max{\*, 1}, where A* = max sup Re \;(z).
1<i<k zeU
Finally we give some remarks and inequalities for the later sections.

Remark 4.4. (1) From v > vy and (4.8)
(4.20) ea+v(Al —1)>~(ma —k).

We may assume that {e4; A € N¥*} is bounded (see also Remark 1.1-(2)).
(2) We note that e4 > min{1,19} > 0 for |[A] = 1 by Lemma 4.1-(1). Hence
from v > vy we have

ea+v(JAl —1) > min{l,v5} >0

for all A € NMx,
(3) Suppose v < +o00. Take p € N such that v/p < min{1, vy }. Define

ey =/p

(4.21) jtea+v(Al—-1)
Na, = - .
y

We have 0 < ¢y <1 and

jt+ea +CZ(|A| -1) >+ mlni’ly7 vo}

jteatv(Al-1
Cy

J+ea+v(4]-1) -

Cy

>J+1,

j+wT+1for|A|23.
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Thus we have
Npoa;i>j+1, Na,;, >j+plma—£k),
(4.22) A,j J A,j Jj+p(ma )

which will be often used.
Suppose v = 400, that is, k = m. Take ¢o, > 0 such that ¢ < min{1,vp}.
Then
(J+ea+v(Al—1)/coo = j+min{l,1p}/coo > 5+ 1.
Thus, by defining
jteatv(A[-1)

(423) NA,j = c )
we have
(4.24) Naj>j+1, Naj=>j+lA]/2

which is similar to (4.22).

85. Asymptotic Terms of Singular Solutions

In order to show Theorem 1.5 we have to construct asymptotic terms of
singular solutions. Let L(-) be the nonlinear operator (4.15) with (4.16), (4.17),
(4.18) and (4.20). Let
S={teC,0<|t| <T™, |argt| <0},

U ={zreC%|z|] <R} (0<R <1).
Let v(t,x) € O(S x U') be a solution of L(v) = 0 with (4.19). Now let us
try to find functions {v,(¢,2)},en describing the asymptotic behavior of a

(5.1)

singular solution v(t,z) near {¢ = 0}, that is, v(t,z) ~ > > v,(t,x) as t —
0. The meaning of this expansion is clarified later. Define {v,(t,z)}nen C
AMA_,, ()} (U") as follows:

P(z,0)vo(t,x)+ Y felt,x) =0,

0<l<cy
Pz duato)+ Y. flto)+ Y eajlta)
cyn<l<ey (ntl) {AeNM*,n’,jeN

n'+NA,]~:n
|A]

X ( Z Hﬁo“)(i)ﬁa/(i)vni (t,x)) =0

(n17n27'“7n\A\)€N‘A‘; i=1
|Al

!
i=1 ="

forn=1,2,...,
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where Ng ; = [(j+ea+v(|A]—1))/c,] (see Remark 4.4). In order to determine
{vn(t, 2) }nen we need the solvability of P(x,d). A\* is that defined by (4.1).

Proposition 5.1.  Let g(t,z) € O(SxU’) such that g(t,z) < G|t|'O(R
X) with I > X*, where X = Zle x;. Consider

(5.3) P(z,9)v(t,z) = g(t, ).

Then there exists a unique solution v(t,x) € O(S x U’) such that

(5.4) v(t,z) < CGItI'O(R; X) /(1 — \*)*.

Moreover if g(t,x) € #,(U') (@(A,x) € OU')[A]), then v(t,x) € M, (U').

Proof. We note that P(xz,9) is an ordinary differential operator with re-
spect to t and ¢ = 0 is regular singular. First we give a comment about the
uniqueness of a solution. Suppose that v(t,x) with |v(t,z)| < C|t|* solves
P(z,9)v(t,z) = 0. Since t = 0 is regular singular and [ > A\*, v(t,z) = 0.

Now set

1 (t/m) 1
G(t T, IE) 271_7// WdA

A -1
- / (t/7) dx,
7 Jey cx(w) [[=1 (A — Ai(2))
where Cy is a contour enclosing all the zeroes of P(z,A). Then P(z,9)G(¢,,
r) = 0, "G(t,7,2)|t=r = 0 for 0 < h < k — 2 and V" 1G(t,7,2)|1=r =
1/(cx(z)t). It also holds that for any & > 0 there are C'(¢) > 0 and ¢ such that
for 0 < |7] < |t

(5.5)

clargt/T| |t/7_|>\*+8| logt/T‘k_l
7] '

(5.6) |G(t,7,2)| < C(e)e

Set v(t, x) fo (t,7,2)g(7, x)dr. Then 9"v(t,z) = fot I"G(t,7,2)g(r, z)dr for
0<h<Ek-1 and

IFu(t, z) =t 1G(t,t,x)g(t, x) /ﬁGtmc)g( )dr.

/ﬁk (t,7,2)g(T)dr.

Hence P(z,%)v(t,z) = g( ) If 0 < |7] < |t|, we have from (5.6)
[t/7| )2 log t/7]F

]

G(t,7,x) < Coel 28t/7]

O(R; X)
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and
. i .
o(t, z) <C G| A/ ( / |7 (=2 V“(logt/vn“dho O(R; X)
0

1
=C,G|t|! (/ || (=221 logs|k_1ds) O(R; X)
0

CG|t|! _
<<m6(R,X).

Further suppose that g(¢,z) € #,(U’),
1 A
glts) = o [T
ami Jo' o(ha)

where (A, z) € O(U’)[A] such that {X; o(A,z) = 0} C {A\; Red < —A*},
YA\, z) € O(U")[A] and C is a contour enclosing all the zeroes of ¢(\,z). We
may assume that the points {\; P(z, —\) = 0} are outside of C. Then v(t, x) is

represented in another form

(A z)

v(t, ) = %/C RS we L

and there is a (A, z) € O(U’)[A] with deg

b\,
AP )
v(t,x) = 27”/ SO0 ) dA.

x) < deg (A, x) such that

We give how to construct 1;()\,95). We may assume deg p(\,2) = p and the

coefficient of A is 1. (X, z) = S0~ 0 by(z) AP~ is dertermined so that
mp /\ z) 1 [ 2P\ 2)
————————d\=— | ———=d\
2mi / P(x , ) 2t Jo (N )
for 0 < s < p—1. Since
1 [ A%\ 1 NP1t
LA LNy o / A
2mi Jo p(\ ) 2mi =~ c p(A\x)
s—1
1 )\p—l—é—&-s
— A + ba(2),
2mi 4= ( )/ oA, x) +bs()
(A, z) is determined. Hence v(t,z) € .4, (U"). O

Thus by Proposition 5.1 {v,(t, ) }nen C A (a_, (x)}(U’) are successively
determined. More precisely we have
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Lemma 5.2.  There exist positive constants a and b such that the poles
of (Muy)(A, x) are contained in {\; ReA > —an — b} N A_, ().

Proof. We give the proof by induction on n. For n = 0 the assertion
holds for a large b. v, is defined by (5.2). Assume the assertion holds for any
n' with n’ < n. Then it follows from Lemma 3.1 that the Mellin transform
of H‘li‘l 902"y, is meromorphic and its poles are contained in {\; ReA >
—an’ — b|A|} N A_,,(x), where n/ = Z‘i’ill n;. Hence, by Proposition 4.3 the
poles of the Mellin transform of ca ;(t, ) HLill 90D gy, are contained in
{A Red > —an’ —b|A| = £ (j+14+ea)}NA_, (2). Since Naj =n—n'>1and
v>1 wehave j+ea+|Al—1<n—n'+1 hence j+es+|A <n—-n'+2<
3(n —n’). Thus we have, by choosing b > v/ and a > 3b,

an’ +blA| + (v/vo)(j+1+ea) <an'+b(|A|+j+ea)+b
<an' +3b(n —n')+b < an+b.

This implies that the poles of the Mellin transform of ¢4 ;(t, x)HLi‘lﬂO‘O(i)aa/vm
in (5.2) are contained in {A; ReA > —an — b} N A_,,(x). The same holds for
chékcw(nﬂ) fe(t,z) by Proposition 4.3-(2), hence the poles of Muv, (¢, x)
are in {\; ReA > —an — b} N A_,,(z) by Proposition 5.1. O

Let us return to (5.1). Let 0 < Top < Ty < T*, 0 < 6y < 01 < 0* with
61 — 6y < 7/6 and 0 < R < R’. R is small, if necessary. As defined in Section
2,set for 0 <7 <1

(5.7 ST={teCo<|t|]<Q—-7)To+7Th, |argt| < (1 —7)0 + 761}

Then S° € S7 C S' € S. We note ¢, = v/p for some positive integer p with
p > 7, if v < +00. Let us estimate {v, (¢, ) }nen.

Proposition 5.3.  Suppose v < co. Then there exist constants K and
L such that fort € ST (0 <7< 1)

KL% ((2]4nk)

(5.8) on(t ) € T e O

d
(R:X), X=) u,
i=1
forn=0,1,2,---
Proof. Let us show (5.8) by induction. It follows from |fe(t,z)| <

CoCY|t|+Y (see (4.18)) and Proposition 5.1 that vy (¢, z) < K|t|"O(R; X) holds
for some K. Let n > 1 and assume that (5.8) holds for n replaced by n’ with
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0 < n/ < n. Then it follows from Corollary 2.6 that there exist constants C’
and Cj such that for n; < n and |a| <m

KC'L™ (s + 1) O 5 (% 1 nakla’ ()

ao (i) go' (4) .
v 9 Un, (tax) < (1 _ T)anv—&-ozo(i) —n;k (R’ X)
KC L™t 7 (2] niktlaG)l)
(]_ _ )Zmn it+ao (i) S —n;k (R7X)a
hence
A Alpn (2 4vjal AL ‘
o) e (i (KC)MAIL™ |t (1% ) nik+la()
Hﬂ o )a ()vnl(t,x)<< (1 _ )2mn’+m|A| —:ik (R’X)’
i=1 T i=1
where n’ = Zl‘i‘l n; and |A| = Zﬁll |a(4)|. Thus we have
|A]|
cA,j(t,x)Hﬁo‘D Do Dy, L(t, o)
(5.9) i‘,; A
K|A\Ln C +J t +V\A\+6A+] nik-m
| | H@gn l]:r k+ A)(R’X)

— 2 '+m|A
(1 7-) mn’/+m|A| bl

for a constant Cs. It follows from n = n’ + Na; > n' + j + p(ma — k) and
Proposition 2.4-(3) that n'/p < n/p+k —m4 and

|A|

%]+n7k+mA) . C3 ([%]—i—n/k—i-m;,) )
( > | H@ B (B X)< oy © - e (R; X)
n1,M2, N A|
{n1+n2+~-+nm‘:n }
Cs (2] +(n—1)k+ma) . Cs ([Z]4nk)
< g1 O -1k (B X) < piar=n) O (s (B X).

By n/ + Na; = n and 2544 < j 4 e, 4 v(|A| — 1), we have [t| 7 porvlAleats <
|t| 7+ for |¢| < 1 and from Remark 4.4 we have 2mn’ +m|A| = 2m(n—Na ; +
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|A|/2) < 2mn. Thus

I, = E ca,;(t, )
{AeNM*JﬂJeN
n'+NA,j:n

|Al
X ( Z Hﬁag(i)ao‘/(i)vm(t,a}))
{(nl,’nz,“- ,n‘A‘)GN‘A‘;} i=1
Z‘Li‘l n;=n’
KL"'Cy (v KA1 oA
(1 _ T)2mn Rm(|A|=1)[,Na,;—1

AeNM* jeN
1<Na ;<n

an .y, ([B]+nk)
) e T (R X).
By choosing L so large, there is a constant Cy which is independent of n such
that

|A]—1 ] Al+i
S e <O
Rm(A[=1)[[Na,;—-1 = 7%
AeNM* jeN
1<Na4,j<n

hence

K0304L"—1|t\%+”®([%1+nk)

I € =7y Dk

(R; X).
By the estimate of fy(t,z) (see (4.18)), we have

Pz, 9a(t,z) == (In+ > felt,2))

cyn<t<cey(n+1)
KCsL" Mt 7 1 (2] 4nk)
< (1 _ T)Zmn @f(nfl)k (R’X)

and it follows from proposition 5.1 that (5.8) holds for v,(t,z) , by taking a
large L. ]

By the similar way we have

Proposition 5.4.  Suppose v = oo (k =m). Then there exist constants
K and L such that fort € ST (0 <7 < 1)

KL™t cn—+v i d
(5.10) vnlt, ) < LM gy (o xy, - x = 3z
i=1

(1 _ T)Zmn —nm

form=0,1,2,---, where c = ¢y is that defined in Remark 4.4.
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Set
(5.11) to(t, ) =v(t,z) — Zw(t, x).

Our main purpose is to show t,(t,z) — 0 as t — 0 with estimate, which
is done in the following sections. Consequently we’ll conclude that v(t,z) ~
> oo ve(t, ©) asymptotically as ¢ — 0, hence the asymptotic behavior of v(t, )
is characterized by {ve(t, z)}sen.

8§6. Remainder Estimate

In this section we estimate the remainder v, (t,z) := v(t, ) — > ,_, ve(t, )
and complete the proof of the main result (Theorem 1.5). Before estimating
v, (¢, x), we first note S = {t € C;0 < |t| < T*, |argt| < 6*} is a sector in
t-space and the sector S™ (0 < 7 < 1) is defined (see (5.7)) as in Section 5.
U' = {r € C%|z| < R'} is a polydisk in z-space and 0 < r < R < R’ < 1 and
they are small, if necessaery. From the assumption on v(¢, ) we may choose
sector S so that

(6.1) 900 v(t,2) < K[t|'O(R,X) forte S and |a| <m,

where X = Z?zl Z;.
In the following we assume 0 < v < +o00. If v = +o00, lim,—, 40 0, (t, ) =
;ZOS ve(t,x) converges and we can show that lim,_ ;. t,(t,2) = 0 by the

similar but less difficult way. It follows from Proposition 5.3 that for t € S™

KLl 5+ ([2]+nk+]al)

(62) v09* ’Un(t,.’L') < (1 _ T)2mn+|a| —nk (R7 X)
forn=20,1,2,--- . We set
(6.3) q4;(v) = caj(t, 2) [[ 0200 v) e,
A
N(n) ={(A,j) e N¥* x N; Na ; < n},
(6.4) j+ea+v(lA] -1
Naj— [p(J A g (4] ))] e =/p,
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where Ny ; > j+1and Na; > j+p(ma — k) (see Remark 4.4), and

Quv)= D qav),

(AJ)EN(n)
Q5(v) = Q(v) = Qn(v),
0, (t,x) = iw(t, x),
=0

tu(t, ) = v(t, z) — v, (t, ).

We have from (6.2) the following estimates of v, (¢, z) and t,(t, x).

Proposition 6.1. Let 0 < r < R and 0 < 7 < 1. Then there is a
o = 0o(7,7) > 0 such that for t € S™ with |t| < (67 /(n +1))Y/7 (0 < 6 < &)
KoLt
oLl
(1 —7)lel
hold for n =0,1,2,--- , where Ky depends on 9.

(6.6) 9209 0, (t, ), 900 vy (t,2) < el (r, X)

Proof. Suppose [t| < (67/(n + 1))Y/7 for a small § > 0. It follows from
(6.2) that there is a constant Cy such that

KLt SN LAYHYP (14 4+tk+al)

ﬂaoaa’nn(t,x) < " 5791k (R;X)
(1—m)lel = (1 —7)
KLl & L5 L4 tk) (41 thtla
< d 9] ([p} ) @([p[+ek+\ D(R;X)
(I—7)lel &= (1 —7)2ml(n+ 1)t/ (LK) 51tk
lal 4|y ™ AT ¢ o
KL Cilsl®  gUhetisia b vy

(1—7)lel yourd (1 —7)2mt ~—[3]-tk

By Proposition 2.4-(4) there is a pg = p(r) > 0 such that if 0 < p < po.
o[£l thtal) o
(6.7) preffﬁ%k (R; X) < K'0UD(r; X).
=0
Define 6y by po = %. Then (6.6) holds for v, (¢, ). We have the estimate
about t,(t,z) from (6.1) and v, (t,z) = v(t,z) — v,(¢, ), by taking another
L. O

Proposition 6.2. Let 0 < r < R and 0 < 7 < 1. Then there is a
61 = 61(7,7) > 0 such that for t € S™ with |t| > (67 /(n + 1))/ (0 < § < &y),
90 0, (t, ), 9°00% v, (¢, z)

(6.8) KoC2(n + 1)t D/plal|gy(nt)/pry

(o) (X
< (1 —7)lel O (r; X)
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hold for n =0,1,2,---, where Ky and Cy depend on 6.

Proof. Suppose [t| > (67/(n +1))Y/7. By (6.2)

99 v, (¢, x)

KL‘OC“H'Y(TH-I)/IH-V n Lt 6([§]+€k+|a|)(R.X)
(1 —7)lal yord (1 — 7)2me|t|r(nt1=0/p Lk ;
KL vty S L (n 4 1) F0/ (it ptital) o
(1 — 7')‘04| ‘ (1 _ 7—)2m€5n+1—€ —0k ( ) )
=0
KLlol(n 4 1)(nt0/p|gy(n+1)/ptv
(1- T)|045n+1
Ls|* ([£]+tk+|al)
X Z 2m€ n+ 1)2/;)@751@ (RvX)
KLl 1 (”+1)/p ty(n+1)/ptv Clls1¢ ¢ N
< (n+1) | \ 110] 6([p]+ek+\ D(R;X).

(1 — 7)lalgntt (1 —7)2mt " —[5]—tk

£=0

By (6.7) and the same way as the proof of Proposition 6.1, we have (6.8) about

o, (t,z). From (6.1), 1 < [¢[»(+/p DT o1y > (57 /(n + 1))1/7 and

to(t, ) = v(t, x) — v, (¢, ) we have the estimate about t, (¢, ). O

Now let us proceed to obtain another estimate of t,(¢,z). By relations
v(t,x) = v, (t, ) + ¢, (¢, x), we have

Qn(v) = Z 4, (On-N,4; + N, ;)

(AJ)EN(n)

and P(x,9)v(t,x) = P(x,9)(0,(t, ) + v, (¢, z)), hence

— P(z,9)(on(t, ) + ta(t, ) = Qn(v) + Q. (v) + f(t,2)

= > (qai0n-na, Ftana,) —qai(onn, )
(6.9) (A4)EN(n)

+ Z qa,j(0n-nN, ;) +Qn(v) + f(t, ).

(AJ)EN(n)
Set
Li= Y qaj(on-ns,)+ Pz, 0)o,(t,z) + f(t,2),
(6 10) (A,5)eN (n)
11, = Z (QA,j(Un—NA,j + tn—NA,j) - QA,j(Un—NA,j))~

(AJ)EN(n)
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Thus
(6.11) P(x,9)r,(t,x) + Q5 (v) + I, + I, =0,

which is an equation v, (¢, x) satisfies. We obtain an estimate of v, (¢, z) from
(6.11). For this purpose let us estimate Q¢ (v), I, and II,,.

Proposition 6.3.  There exists a tg > 0 such that fort € S with [t| < to

(6.12) Q2 (v) < KOt ™5+ O (R; X)

holds for some constants Ky and Cy.

Proof. Tt follows from (6.1) and (6.3) that there is a constant C; > 0 such
that _
qa,j(v) < O A gjeatitviAlg(R; X).
By Na; >n+1 for (A,j) & N(n), we have

Y(n+1)

Yo qa ) <CPTE T Y (Cu) AT UPO(R; X)
(A)EN () (A)EN (n)

and there exist constants C and ¢ such that >4 ;). v, =0l < Cy(1 + 0)°.
Hence there is a tg such that if |¢]| < ¢,

Z (C’1|t|)’Y(NA,j—n—1)/p§ Z ((Cﬂt\)wp)e—"—l Z 1

(A)EN(n) f=n+1 {(A,5);Na, =t}
<Gy Y (L+O((Cilto)/P) " < C5(1+n) .
l=n+1
Thus (6.12) holds for some Ky and Cp. O

Next let us estimate
(6.13) L= Y qaj(on-ns,)+ Pz, 0), + f(t, ).
(A,5)EN(n)
We have

|A| [n—Na;
qA7j(U7L—NA,j) =CAj (t7 1‘) H Z ﬁaO(Z)aa (Z)U’M (tv $)
=1 n,L-:O
|A] o
=ca,;(t,z)( Z H o@Dy, (¢, )

(n1,,na)ENIAL i=1
0<ny, - njaSn—Na,;
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and by the way to determine {v, (¢, z)}nen (see (5.2))

P(z,9) <Zw(t,x))+ S flta)
=0

0<t<cy(n+1)

n—Na ; |A|
_ Z ca(t,7) Z ( Z Hﬁao(i)aa/(i)vni (t,x)).
(A,G)EN (n) n'=0 \(ny,ng, na)ENIAl =1

’
nit+nzt,+nja=n

Thus we have

I, = Z QA,j(Un—NA,j) + (f(t,l’) - Z ff(ta :C))

(A,j)EN (n) 0<t<cy (n+1)

n—Na,; |A|
_ Z CA’j(t,{E)< Z ( Z H,lgao(i)aa/(i)/vni(t’x)>>.

(A)EN (n) n=0 N[ (ny o nya)ENAL =L
Z‘.A‘ n;=n'
i=1""7

Set
(6.14)

|A]
I(A,3,n) = ca(t, ) ( > [[oo®o~ @, (, x)) .
(n1, nyap)ENIAL; i=1
0<ny, - nja<n—Na;
il ni=n’
Then I,,(A,j,n") = 0 for n’ > |A|(n — N4 ;) and

In:(f(tﬂx)_ Z f@(t,l‘))‘f‘fg,

0<t<cy (n+1)

L= Y (Y L))

(AJ)EN(n) n'>n—Na;

(6.15)

Lemma 6.4. Lett€ S™ (0 <7 < 1) with [t| < (6?/(n — Naj; +1))1/7.
Then there are constants Cy and Lg such that

C\OAHJ'Lg’én’—n-i-NAJ—l |t‘ W+V

I (A, j,n') <

(6.16) (T =yl

% (n— Naj+ 1)nNag+n/ogUa I tnkima) g oy

—[2 -k



1014 Sunao OucHI

Proof.  From (6.2) there is a constant C; such that

|A]
H‘Zl’ oAl L CA,j (t, 11/') H ﬁao(i)aa/(i)vni (t’ :I,')
i=1

/ Al 2 jreatuldl AL
KA AL g 557 ot eatv Al f (i)
i=1

< (R; X),

(1 _ 7-)2mn’+m\A|

where n/ = Z‘li‘l n;. Let |t| < (07/(n — Na,; + 1))*/7. Then

V(N4 j+n' —n—1)
P

It| ™ 7+]+6A+V‘A‘ < |t W(";l)

+v % ‘t|
SM%Jﬂ/(Sn _n+NA’j_1(n o NA,j + 1)("—NA,j—n’+1)/p.

Hence we have

n'+m A n'—n _ 'y(ﬂ+1) v
FAl KAl '+ |A\C\ I+7 gn'—n+Na; Lg| +
Aj (1 _ T)an +m|A|
A ]+n k+ma)
X (n = Naj+ 1) NastD/PTT(n = Ngj +1)° ni/pg U Hrmktma) o xy.
i=1
Since n; <n — Ny j,
i ]+ k4
n; ma)
[[(n—Na;+1)™™ /P@ (R; X)
i=1
- ]+n k+ma) al ([Z)4nik+ma)
< [Jtni+1)-"/76'7 Yrx) < [[opreln L (R X).
i=1 i=1

Thus there exist constants C3 and Lq such that

N 2 : Ny, ,n) A
In(A7Jvn ) - HA
(n1,+,my4))ENIAL
0<ni,,nja<n—Na,;
Z‘.A‘ n;=n’

C|A|+]Ln 7 —n+Na,; 1|t|@+v

< (Tl _ NA,j + 1)(”*NA,J‘+1)/Z7

(1 _ T)Zmn +m|A|

L]4n,; k+mA)
><< > He i (B X))
(n1,,na)ENIAL =1
0<ni, - ,nja<n—Na ;
i ni=n’

and (6.16) follows from Proposition 2.4-(3). O
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Proposition 6.5. (1) Lett € S™ (0 < 7 < 1). Then there is a 63 =
So(T,7) > 0 such that if |t| < (67/(n + 1))"/7 with 0 < § < 5o,

y(n+1) n n
(6.17) 19 < Cocpit) 5 el /Mind (1 x)

holds for some constants Cy and C1 depending on 7 and 7.
(2) There are constants Cy and Cy such that for small t

(6.18) fly— S fulta) < Gl 5T Y O(R: X).
0<t<cy (nt1)

Proof. (1). Let 0 < r < R. We note [t| < (67/(n + 1))1/7 < (67/(n —
Na; +1))Y/7. We have from lemma 6.4, by setting Lo(7) = Lo/(1 — 7)™ and
CO(T) = Co/(]. — T)m,

n= 3> (X I4jn)
(A,/)EN(n) n'>n—Nyu ;
<<‘t|1(—";2+1).+1/ Z O(l)A|+j (T)(Tl _ NA,j + 1)(n7NA,j+1)/p
(AJ)EN(n)

x( 3 Lo(m)erTrNale

n'>n—Na ;

([%)+n k+ma)
—[%]-n'k

2

(R; X)).

It follows from Propsition 2.4 that for small § = §(7,7) > 0 there exists a
constant C; such that,

([2)4n'k+ma)

(>, Lo(m™o" e T (R X))
n'>n—Na j
n— e n' —n ; (%-{—n’k—i—m )
< Lo(r)™ M5 (YD (Lo(me)” e T (R )

n'>n—Na ;

n— . n—Na,; +(n—Na_j)k+m
< CiLo(r) Mol R 3 X).

Hence, by Proposition 2.3 and choosing Ly > Lo(7), we have

1) <Clle) ™5 30 O () Loy
(AJ)EN (n)

n—Na,; ([(n=Na,;)/pPl+(n=Naj)k+ma)
X (n—Naj+ 1>( NA‘J+1)/p@—[(n—1\?,4,j)7p]—(n—l\?A,j)k P X)

y(nt1) i _ . _ ] _ .
L S e 2 N (EP )
(AJ)EN (n)

y(n

) j — i n n
<Gl YD e L Ve PR ),
(A,5)EN (n)
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If Co/L} < 1/2, then by |A| +j < 2N, ; there exists a constant Cy which is
independent of n such that

> Ly Nl < Zn:cg%}—f > 1< Cy,

(A J)eEN(n) =1 {(A,5);Na,;=t}

hence (6.17) holds.
(2) As for f(t,z) — ZO§€<0~,(n+1) fe(t, z), we have from (4.18)

S Y Ao = Y Mo <Y Clferx)

€<cﬂ,(n+1) £>cy(n+1) £>cy(n+1)

T OO (R; X).

< C’0|t\

Since I, = I}) + (f(t,%) = Xo<see, (nr1y fe(ts ), we have

Corollary 6.6. Lett € S™ (0 <7 < 1). Then there is a d3 = d2(T,7) >
0 such that if [t| < (67 /(n 4 1)) with 0 < § < &,

’Y(+)

(6.19) L, < CoCp[t] ™5 Frel"/PHme (r; X)

holds.

Now let us proceed to give another estimate of ¢, (¢,z). Fix 7 = 79 (0 <
To < 1) and let 4, = min{do(r,70),d1(r, 70), d2(r, 70) }, where do(r,70),d1(r, T0)
and d2(r, 1) are those defined in Propostions 6.1 and 6.2 and Corollary 6.6
respectively. Let T = {t 0 < |t| <T, |argt\ < 9} be a sector such that
T e S™. Bytak1ng0<90<91 <6and 0 < Ty < Ty < T we can define T™
such as S7. We have

Proposition 6.7.  Lett € T (0 < 1 < 1). Then if [t| < (6?/(n+1))/7
with 0 < 6 < by,

’Y(+)

On+1|t|
(1—m7)mn
holds, where K, and C, depends on § and T.

+v nlin
o1

(6.20) ta(t, ) < (r; X)

Proposition 6.7 follows from Lemmas 6.8, 6.9 and 6.10 given in the follow-
ing, where induction on n is used. Before its proof we complete the proof of
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Theorem 1.5, by obtaining an estimate of ¢, (¢, ) of Gevrey type, which follows
from Propositions 6.2 and 6.7.

Proof of Theorem 1.5. Fix 0 with0 < § < d, and 7 =71 (0 <7 < 1). Let
t € T™. It follows from Propositions 6.2 and 6.7 that there are constants Ky
and Cy such that for t € T

y(n+1)
p

t,(t, ) KKoCg(n + 1)("+1)/”\t| O(r; X) for |t| > (07/(n + 1))/,

(r +1) ]Jrnk)

t,(t, x) <KKoCylt| +"® (r; X) for [t| < (67 /(n +1))Y/7.
Hence if Z?:l |z;| < r/2, by Propositon 2.3-(5) there are constants C; and C’

such that

y(n+1) 1
[en(t, 2)| < C'OPle *“F<% +1).

Recall u(t,z) = v(t,z) + w(t,z) and let uo(t,z) = vo(t,z) + w(t,z) and
Up(t, ) = v, (¢, x) for n > 1. Then

tI —’CN 1(t .Z‘)

HMZ

N-1
- Z un(t,x) = v(t, x)
n=0

and there are other constants Cy and C such that
Ny X4y N N |1|pN+V
[en—1(t, z)| < CoCV |t » TV | — < CoCH PN T o
P 0

where py = vN/p. The locations of poles of (Mu,,)(A, x) follows from Lemma
5.2. 1

We have estimates of @ and I,,. In odrer to show Proposition 6.7 we
estimate I, (see (6.11)) by induction on n. First let us consider g4, ;(v,—n, ;+
tn-Na,) = qA,; (00N, ;). We have

qAJ(U’ﬂ*NA,j + tn*NA,j) - qAJ(Un*NA,j)
A « a/ —S « Oé/ S
:CA’j(t’x) Z (8) H(ﬂ °0 nn_NA,j)Aa “ (900 tTL—NA,j) o
{s:(sa)ENM*} @
s<A

For s = (s4) € NM* there is an & = (&p, &’) € N?*! such that s4 > 1. Hence

QA,J'(Un*NA,j + tn*NA,j) - qA’j(Un*NA,j) = Z da,j (n; s),
{s:(sa)ENM*}

s<A
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where
N A ~ ~ !
da,;j(n;s) :qffw (n;8)0%°0% tp_N,4

A A ao 9a’ —s ao 9a’ s
q%)j(n; s) :cA,j(t,x)(S> ( H(ﬁ‘ 09 nn,NA,j)A"‘ (90 ty_nN, ;) "')

aF&
% (19154() 8dlnn_NA‘j)A@78@ (ﬁ@gad’tn_Nij)S&fl'

Lemma 6.8. Lett € S™ and 0 < § < 0,. Then there exist constants K
and C such that for t with [t| < (6?/(n + 1))1/’y

(6.21) % (nys) < KO'Alﬂ\t (r; X).
Proof.  From Proposition 6.1, for |a| < my
ap o’ ag no’ KOLmA|t‘V (ma) (.
JroH Un(t,.’L'), 90 tn(t,$) < W@ A (’I“,X).

Hence there exist constants C;, K and C such that

KoLt
(1 — T())mA

, , [A]-1
G ;(ns) < CYATI PO (R; X) ( g(mA)(r;X)>

<K 0ma)(r; X).

O

Lemma 6.9.  Suppose that (6.20) holds for n replaced by n—Na_ ;. Then
fort € T (0 <7 < 1) with |t| < (6?/(n+ 1))7 (0 < § < 6,) there exists a
constant Cy such that

> dasnie)

5= SQ)ENM*}

(6.22) ss4
: _ ) y(n+1)
K*OAA|+]CS+1 NA,J‘t| v ([n/ ]+nk)
< A=y Ok (r X).

Proof. Tt follows from the assumption (see (6.20)) that there is a constant
C4 such that

aaltn_NAj
n+1—N y(n+1— NAJ) v

K.CC, At |7+ @([(n Na;)/pl+(n— NAJ)k—Hoz\)(
(1_ )m(n Na,j) (n—Na,;)k

. X).
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Put tg = (67/(n +1))/7 and t; = (6?/(n — Na,; + 1))'/7 in Proposition 2.5.
Then it follows from

1 " —1
m < C max{x ,1} for x >0
that there exists a constant C’ such that
to 1 1
bty (GGl -1 (1+$§2+1)1m_1 !

Therefore, it follows from Proposition 2.5 that there are constants Cy and Cs
such that for t € T7 with [t| < (62/(n + 1))/

&0 o’
VAol tn—NA,j

Y(n+1-Ny ;)

K*CQCrJrliNA’”t‘ P +v
(1 _ T)m(n—NA,j)+|é¢o\

(n—Naj+1)%

x @UUlnNa ol Na R4 HED (1 )
—(n—Na ’
e C QUUn=Nay) /Bl (n=Najk+lal) . x
(1 — 7)m(n=Na)+la| —(n—Na,j)k (r; X).

Since Na; > j+ p(ma — k) and |&| < ma, we have [(n — Na;)/p] < [(n —
7)/p] +k—ma and

[(n = Na;)/pl+ (n— Naj)k + |4
<[(n—37)/p)+k—ma+ (n—Naj)k+|d

<[(n—j)/pl+ (n— Naj + 1)k,
hence ([(n=Nay)/pl+(n—Na ;)k+]6]
O o Na )k BT X)

n n—Na ;j+1)k n nk
< @A Fa I (i x) < O P (1 ).

It follows from Lemma 6.8 and m(n—Ng4 j)+ma < mn that there is a constant
Cy such that

S qais) = Y S ,8)0%00% ey,

=(5a M = =(5a M *
{sS_S(AL)eN } {ssg(A )EN }
K C‘A‘+jcn+l_NA’j|t‘w<np+l> v (n/pl4mk)
«*Lg * n/pl+n .
< T OUn/PHnb) (1 ),
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Lemma 6.10.  Suppose that (6.20) holds for n replaced by n' with 0 <
n' < n—1. If the constant Cy in (6.20) is large, then there exists a constant C'
such that fort € TT (0 <1 < 1) with |t| < (67 /(n +1)Y/7 (0 < § < 6,)
K*CIC:} ‘t| ‘r(np+1) +v 6([%]+nk)

(1 _ T)mn —(n—1)k

(6.23) 11, < (r; X).

Proof. From Lemma 6.9 there exists a constant C7 such that

11, = Z (qa(0n—na, +tn-na,) — 44 (0n-N4,))
(A,5)EN(n)

= > Yoo daglms)

(AJ)EN (n) {S:<(IS4(,( yENM = )

y(n+1)
Kt |45 ~nt1-Na; | o((2]+nk)
< |2 GO e T X)
(AJ)EN(n)
(n+1)
K.Crlt) st Al A1-Na, | o ([2]+nk)
g | 2 G e ol T X)),

(AJ)EN (n)

By taking C, so large, there exists a constant C’ such that

n

> oot <y egtelt Y 10
(A,)eN(n) =1 {(A,j)iNa,;=€}

from which (6.23) follows. O

Proof of Proposition 6.7. Let 0 < § < d,. Then it follows from Proposition
6.3, Corollary 6.6 and Lemma 6.10 that there are constants K, C, and C’ such
that it)
K.C'CmMt| 7t (=
COMIT " 3100,
(1 _ T)mn (n—1)k

QC(v) + I, + IT, <

for t € T7 with |t| < (67/(n+1))'/7, hence it follows from Proposition 5.1 that

y(n+1)
K.C'Crt|» Y (12]4nk)
ST e’ (r; X).

t(t,z) <

We take C* with C* > C” and have (6.20). O
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87. Majorant Functions 2

In this section we give the proofs of Lemmas and Propositions in Section
2 concering majorant functions.
Proof of Lemma 2.1. (1) Let 0 < v/ < 1 and C(r') = sup (1 + n)™ %",
n>0
Then (1+n)"™ 2 <1< CH')(1+n)"™2'"" from which (2.2) follows.

m—+3
(2) By 6PtD(X) = e, (n+pt1142;($5§3z+§n+l)Xn nd % > (p+

1)(ZE2ELym+2 > PEL we have (p+1)07)(X) < 274207+ (X),

(3) Let 0 < ¢y < {3 <m. Then

[ (X)g(éz) (X)
+o00 +o0
XM X"z
2
< (Z e (S wravie)

400 xn
2
< T;)( 2 T TR R T 1)mfz+2> '

nit+ne=n

The inequality

1
( Z (n1+ 0 + 1)m=4a+2(ny 4 £y + 1)’”[2*2)

ni1+nz=n
< c’ < (n—|—€2)(n—|—€2—1)(n+1)
T (n+ly+1)mtet2 (n 4Ly +1)m+2

means that 6(“)(X)0(2)(X) < ¢CH*)(X). Hence choose ¢ > 0 such that
cC <1. O
In the following we fix ¢ > 0 in 6(X) so that §¢) (X)) (X) « §(=)(X)
holds for 0 < ¢; < fs < m (see (2.4)).
Proof of Lemma 2.2. By (2.4) []/_, 0“)(X) < 8¢)(X) holds. Differeti-
ating it p-times, we have [[_, 8®+6)(X) < §®+)(X). By differentiating it
again g-times

Y e <o),
1-42-

{(‘h#]zy'“ ,qr)GNT}
q1t+q2+-+qr=q

which implies (2.5). O
We have defined for 0 < R < 1 (see (2.6))

1(d\, (X 1 X
o= (ax) ¢ (&) - ma” (%)
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Proof of Proposition. 2.3 (1) Let 0 < r < R and take v’ = r/R. Then by
Lemma 2.1-(1)

(») cp! ) (») E
6 (X)<<(1_X)erl <=5 6 )

1 X 1 cp! C(r) X C(r) X
= o) [ 22 il P (2 ) = OO0 il
b <R> T (1—Z)ptt < (T’R)P0 Ry TP b T

and the first inequality in (2.7) holds. It also holds that

cp! cp! C(r') X
plo(X) < X < = x)pit <—F P) =

Hence

]Zi)’_i’e <%> < (S/(g))p@(p)(X/Rr’) = %9(”)()(/7“)

and we have the second inequality.
(2) It follows from (2.4)

0 (R X)0U2 (R; X) = -+t gen (X)) gtea) (X
R R
~(ht)gea) (X —tot)( .
<R T ) SRR X).

(3) Tt follows from Lemma 2.1 that (p+1)0%")(X/R)/RP < CROPTV(X/R)/
RPFL which implies (p + 1)@(()”)(1%; X) < C’R@épﬂ)(R; X) and (2.9) follows.
(4) Let 0 < R < R'. Then OP(R'; X) = R"P0®) (X/R') < R'"""0)(X/R) <
(R/R)PR~70P) (X/R) = (R/R" POV (R; X).

(5) Estimate O (X/R) < ¢(1—%)~! holds. Differentiating it p-times, we have

oW (X/R) < e SE = 0 (X/R)| < C2Pp!/RP and (2.12), if |X| <
R/2. O

T

Proof of Proposition 2.4. (1) From (2.8) we have @(()l)(R; X)--- @él)(R; X)
< @(()l)(R; X)/R=D! and differentiate n-times, we have (2.13).
(2) By Lemma 2.2

Z Lottt (X /Ry gletatt) (X /R)

(q1,q2,+ ,qr)ENT | i=1 Rpitaithig;l Rpratiizi big)
{ q1+qé+~'~-+qT=q}
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Hence

Z H C"‘) pz+qz+‘€ ) R X) 1 @(P‘FQ‘FZ/)(R.X)

RXio =t 74 T
{(EI1,¢12 ,qr)ENT }
q1+q2+-+qr=q

By R™(Zi=1 =) < R=U'0=1) for 0 < R < 1 we have (2.14).

(3) By Proposition 2.3-(3) we choose R > 0 so small that @éerl)(R;X) <

O™ ™ (R; X)/2(p+ 1). Since s > 0 or k > 1, {n E Nip = [sn] + kn} C

(& <n< p+k} hence #{n € N| p = [sn] + kn} < - k + 1, which is used in

the following. We have

Z @(()[snl]—i-knl—i-é) (R, X) . @(()[snr]-i-km-i-é) (R, X)
([sn1] + kni)!- - ([sny] + kn,)!

ny,ng--- ,TL,,.EN }
ni+nz+--Fnr=n

5 o (R’ X)o (R X) - 0 (R; X)
pilpa! - - py!

< '

p1,p2- ,prEN }
p14+p2+-+pr<[sn]+kn

o [sn]+kn @(()p+z) (R,X)

< RE(r—1) e !
. c [sn]+kn 1 [sn]+kn—p @é[sn]+kn+f)(R;X)
RHr=1) o 2 ([sn] + kn)!
20" eé[sn]-i-kn-i-é)(R.X)
< RO ([sn] + kn)!
hence
T o (snal-+hni+o) O (snl+kn+o)
snil+kn;+ sn]+kn+
Z H@—[en] kn; (B X) < Re(rq)@ [sn]—kn (R; X).
il
We also have
sn kni+£€ sny|+kn.+£
([sn] + kn)! 3 QllmItkmtt) p. ) @lsmelthnetd) (k. xy

o o+ ) (o [ o )
ni ’Jrn2+’~--+nr:n

2 sn|+kn+£
€ o O (B X).

(kn)! < ([sn] + kn)!
(kny)!- - (kny)! = ([sn1] + kny)!- - ([sng] + kn,)!
inequality in (2.15).

we have the second

Since
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(4) It follows from (2.7) that there is a constant C' = C(r/(R — §)) such that

“+oo ) @) 00 51‘75 1
e 1 *2’0_% 1 e 1 1
RE(Q- gyt S R(1-3) R1- ) (R-0)(1 - 555)
¢ (s)
< : < %) (r; X).
=3y - e < O

Next let us give the proof of Propositions 2.5 and 2.7 and Corollary 2.6
concering estimates of functions on sectorial regions. Let us remember nota-
tions. Let S = {t € C;0 < |t| < T*, |argt| < 6*}, 0 < Top < T} < T* and
0<6y<6 <0 withd; —60y <m/6. For 0 <7 <1

ST={teCo<|t|<(1—71)To+ 7Ty, |argt| < (1 —7)6y + 76 }.

Proof of Proposition 2.5. (1) Let 7/ =7+ (1 —7)/(¢+ 1), g = min{#; —
6o, Tllz‘TO} and £ = (7' — 7)ep. Suppose t € S™ and | — ¢| < (sine)|¢|. Then we
have |arg( —argt| < e < (01 —6)(7'—7) and | —¢| < |tle < (Th — To) (7" — 7).
Hence |arg (| < |argt| + |arg( —argt| < (L —7)0g+ 701 + (61 — Op) (7' — 7) =
(1—=7"0p+ 701 and [C| < [t|+|C—t| <L —7T)To+ 711+ (T1 —To) (7' — 1) =
(1 — 7Ty + 7'T1. Thus {¢ € C;|¢ —t| < (sine)|t|} € 87 for t € S7. Suppose
g > 0. Then 7 < 7/ < 1 and we have

1 tf(Q)] CiM((1+¢)[t])®
tf'(t)] < —/ ¢l <
RAOL 27 Jic—t|=(sin o) ¢| \C—t|2| | (1—7")2e
_ ClMeesMs B ClMeC(T/—T)S
(1—7"Y%  (1—71)9(1" —T)eg

t]°

Since

eI (g e/t (N (g e/t
(=7 —7) = (1—7)et! T (et

we have (2.18). Suppose ¢ = 0. Then 7/ = 1 and |f(t)| < M|t|® for t € S and

we have ) (O
t
2_ 112 |dC‘
T Jic—tj=(sin o)t 1€ — 1
1 S ES
A oo <~ comyef.
€ (1-7)

tf' (1)

IN

IN
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(2) Let 7" = 7+(1-7)/(g+1),e = (7'—7)(61—0) and p = min{(sine)|t|, t1—to }.
Let t € ST with [t| < tg and | —t| < p. Then we have |arg (| < (1—7")00+ 761
and |¢] < [t|+|¢—t] <to+p <ti. Thus {¢ € C;[C—t| < p} € 8™ N{[¢| < t1}.
Suppose ¢ > 0. Then 7 < 7/ < 1 and we have by p < (sin¢)|t| < ¢[t| and the
assumption on f(t),

! t" Mnl|t]™((1 t)?
< HQL g < M+ )
21 Jic—t)=p 1€ = 2]" (L—7")apn
Mnpleat|t]stn
= -
If p = (sine)|t|, then
B O (g )l
e e T e L (o T
If p= t1 — to, then for |t| < to
2+ et elt]® to \"
< < ,
(l—Tl)qpni (1—T)q(t1—t0)"7 (1_7-)(1 t1 — 1o

and we have the estimate. Suppose ¢ = 0. Then 7/ =1 and |f(t)| < M]|¢|® for
t € S! and we have

n! t" () Munl|t]"
e f™ ()] < o= ld¢| < (L +2)lt])®
27 Jic—t=p 1€ —t["F! "
Mnlecs|t]sTm
< - v
pn
and the estimate (2.20) by the same way as ¢ > 0. O

Corollary 2.6 easily follows from Proposition 2.5.
Proof of Proposition 2.7. Take 0 < 19 < 1 such that T' € S. Then it
follows from Corollary 2.6 that there is a constant C; such that

Y o (i CoCyitt
ag (i) a’(2),, . 0“1
UL S T Py

Since |a(i)| < m, there is a constant C5 such that

It Si@(la'(i)\)(r; X —X*).

4+

7(1 _27_0)m€ \t|s@(m) (r; X — X™).

‘
[To@ o Ou(t, 2) <
i=1 ’

Hence from the assumption on b(¢, x)

4

l+s
b(t, x) [ 900> Dui(t,z) < BCsCy

(m)(,.. *
2 e (1 X — X
=1 T (1 7'0)

and we have (2.22) for some constant C' depending on 7.
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