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Beurling’s Theorem and L? — LY Morgan’s
Theorem for Step Two Nilpotent Lie Groups

By

Sanjay PARUI* and Rudra P. SARKAR™*

Abstract

We prove Beurling’s theorem and L?P — L? Morgan’s theorem for step two nilpo-
tent Lie groups. These two theorems together imply a group of uncertainty theorems.

81. Introduction

Roughly speaking the Uncertainty Principle says that “A nonzero function
f and its Fourier transform f cannot be sharply localized simultaneously”.
There are several ways of measuring localization of a function and depending
on it one can formulate different versions of qualitative uncertainty principle
(QUP). The most remarkable result in this genre in recent times is due to
Hormander [13] where decay has been measured in terms of a single integral
estimate involving f and f

Theorem 1.1 (Hérmander 1991).  Let f € L%(R) be such that

[ [1r@ifwe e ay < .
RJR

Then f = 0 almost everywhere.
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Hormander attributes this theorem to A. Beurling. The above theorem of
Hormander was further generalized by Bonami et al [7] which also accommo-
dates the optimal point of this trade-off between the function and its Fourier
transform:

Theorem 1.2.  Let f € L?>(R™) be such that

||yl
[ [ e WF@le™ 0o
nJrn (L4 |2+ [y
for some N > 0. Then f = 0 almost everywhere whenever N < n. If N > n,

then f(z) = P(z)e=*l” where P is a polynomial with deg P < M and
a>0.

Following Hoérmander we will refer to the theorem above simply as
Beurling’s theorem.

This theorem is described as master theorem by some authors as theorems
of Hardy, Cowling-Price and some versions of Morgan’s as well as LP — L4
Morgan’s follow from it. (See Theorem 2.1 for precise statements of these
theorems.)

There is some misunderstanding regarding the implication of Beurling’s
theorem. However it was observed by Bonami et al. ([7]) that Beurling’s theo-
rem does not imply Morgan’s theorem in its sharpest form. Indeed Beurling’s
theorem (Theorem 1.2) together with LP — L? Morgan’s theorem (Theorem
2.1 (v)) can claim to be the master theorem. We can summarize the relations
between these theorems on R™ in the following diagram.

=  Hardy’s | Morgan’s <
Beurling’s T | T LP — LYMorgan’s
= Cowling-Price | Gelfand-Shilov <

The aim of this paper is to prove analogues of Beurling’s theorem and
LP — L7 Morgan’s theorem (Theorem 1.2, Theorem 2.1 (case v)) for the step
two nilpotent Lie groups. It is clear from the diagram that all other theorems
mentioned above follow from these two theorems. Note that the diagram above
remains unchanged when R" is substituted by the step two nilpotent Lie groups.

For the convenience of the presentation and easy readability we will first
deal with the special case of the Heisenberg groups and then extend the argu-
ment for general step two nilpotent Lie groups. The organization of the paper
is as follows. In Section 2 we prove modified versions of Theorem 1.2 and The-
orem 2.1 for R"™ which are important steps towards proving those theorems for
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the class of groups mentioned above. In section 3 we establish the preliminaries
of the Heisenberg group and prove the two theorems for this group. In section
4 we put the required preliminaries for general step two nilpotent Lie groups.
Finally in section 5 we prove the analogues of Beurling’s and LP — L9-Morgan’s
theorems for step two nilpotent groups. We indicate how the other theorems
of this genre follow from those two theorems. We also show the necessity and
sharpness of the estimates used in the two theorems.

Some of the other theorems, which follow from Beurling’s and LP — L9-
Morgan’s (Hardy’s and Cowling-Price to be more specific) were proved inde-
pendently on Heisenberg groups or nilpotent Lie groups in recent years by many
authors (see [1, 3, 4, 5, 14, 17] etc.). However we may note that these theo-
rems were proved under some restrictions. But as corollaries of the Beurling’s
and LP — L9-Morgan’s theorem we get exact analogues of these theorems. We
include a precise comparison with the earlier results in the last section. For a
general survey on uncertainty principles on different groups we refer to [11, 20].

§2. Euclidean Spaces
We can state a group of uncertainty principles in a compact form as follows:

Theorem 2.1.  Let f be a measurable function on R. Suppose for some
a,b>0,p,qg€[l,0], «>2and >0 with 1/a+1/8 =1, [ satisfies

7™ f € LP(R) and € F e LI(R).

If moreover

(2.1) (ac)Y (b)Y > (sm g(g - 1))l/ﬁ

then f =0 almost everywhere.
The case
(i) a =0 =2and p=q = oo is Hardy’s theorem.
(ii) a = =2 is Cowling-Price theorem.
(iii) a > 2, p =g = 0o is Morgan’s theorem.
(iv) a > 2 and p = ¢ = 1 is Gelfand-Shilov theorem.

(v) a>2, p,q€[l,o0]is L? — L2 Morgan’s theorem.



1030 SANJAY PARUI AND RUDRA P. SARKAR

This theorem has ready generalization for R” where by |z| we mean the Eu-
clidean norm of z.

It is clear that we have two separate sets of results in the theorem above
namely the cases (i) and (ii) where @ = 2 and cases (iii), (iv), (v) where
a > 2. Note that for the first set, condition (2.1) reduces to ab > 1/4. Back
in 1934 Morgan [15] observed that at the optimal point of (2.1) these two
sets behave differently. To emphasize this we consider cases (i) and (iii) of
Theorem 2.1 as representatives of the two sets of results. It is known that
when (aa)'/%(bB)'/? = (sin Z(3 — 1))'/7 then in case (i) above f is a constant
multiple of the Gaussian. In great contrast (see [15]) there are uncountably
many functions which satisfy the estimates in case (iii) when (aa)/*(b3)1/8 =

(sin 5(8 — 1)1/7.

§2.1. Modified version of the Beurling’s theorem

We will state and prove a modified version of Theorem 1.2. We need the
following preparations. Let S™~! denote the unit sphere in R™. For a suitable
function g on R, the Radon transform Rg is a function on S"~! x R, defined
by

(2:2) Rylw.r) = Ruglr) = [ gla)dov.

where do,, denotes the (n—1)-dimensional Lebesgue measure on the hyperplane
z-w = r and z-w is the canonical inner product of x and w, i.e., z.w = Z?:l T;Wj.
Note that when g € L*(R™), then for any fixed w € S~ !, Rg(w,r) exists for
almost every 7 € R and is an L!-function on R. It is also well known that (See
[10], p. 185.)

(2.3) Rug(\) = §0w).
Here E:g()\) = f]R ng(’l") —iA"dr and @ g )\w f]Rn —zz-)\wdx.

We also need the following lemma:

Lemma 2.2. Let fi(z) = Pi(z)e=**" and fy(z) = Py(x)e*2%" be two
functions on R where Py, Py are polynomials and oy, as are positive constants.
Suppose that for some § > 0

|fi(z |f2 )el=¥Q(y)|°
I‘// (Lt Ja £y F W<

and

L@ )= Q)
I‘// (o )y W<
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where N is a positive integer and Q) is a polynomial. Then a1 = as.

Proof. We note that fi(y) = Ql(y)e_ﬁy2 and fo(y) = Qg(y)e_ﬁy2
where Q7 and @2 are polynomials with deg @1 = deg P, and deg Q2 = deg P».
Then

- e—a1x2+\$y|—ﬁ 2|Q(y)|6‘P1(1')HQ2(y)|
11—// (1+ ||+ [y))N ol

// (el g 0?1 ;)‘“”yl\Q(y)|5|P1(x)||Q2(y)|da; dy.

(14 f2| +[y)Y

Similarly we get

Jalel— 2F|y‘)2 (1— f)\ml\yl‘Q(y)|5|p2(x)||Q1(y)|
e[ [ TR n

We fix an € > 0 and consider the set A, = {(z,y) € R? | \\/51|x|fﬁ|y|\ < e},
which is clearly of infinite Lebesgue measure.

Let 1 <y < --- < vyand ;1 < vy < --- < g be the set of positive
roots of the polynomials P;(z) and the polynomial Q(y)Q1(y) respectively.
Let M = max{7y,vs}. Then the set B, = {(z,y) € Ac | + > 2M,y > 2M} is
also evidently a set of infinite Lebesgue measure in the first quadrant i.e. in
R* x R*. On B, the integrand in I; does not vanish for any x,y.

_ o1
If we assume that ai; < as, then gl < 1. In this case on B, vzl
2

grows exponentially and ef(‘/a_ﬂxlfﬁly‘)rz > e~ °. Hence there exists an M; >
0 such that the integrand in I; is greater than M; outside a compact subset of
Bc. Therefore I; = oo. This contradicts the hypothesis that I; < co. Through
similar steps we can prove that when oy < a1, then Is = co. This completes
the proof. O

With this preparation we will now prove the following modified Beurling’s
theorem for R™.

Theorem 2.3.  Suppose f € L?>(R"). Let for some § > 0

DI F @)l 1Q(y)
24) // (tfa]+ gy <o

where Q is a polynomial of degree m. Then f(x) = P(a:)e_“‘””|2 for some a >0
and polynomial P with deg P < M
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Proof. Step 0: As fis not identically zero and as @) is a polynomial,
the product |f(y)||Q(y)|® is different from zero on a set of positive measure.
Therefore we can assume that for some yo € R™,

|f(x)|e\zllyol
— e _dr < .
/R (14 fa] + [y )Y

As f € L*([R"), it is a locally integrable function on R"™ and hence for any
0 <7 <|yol, [gn |f(z)|e"1*ldz < co. This shows in particular that f € L*(R™).
Indeed for the exponential weight el¥oll*] it is easy to see that f is holomorphic
in a tubular neighbourhood in C™ around R™.

In (2.4) we use polar coordinates for y, to see that there exists a subset S
of S"~1 with full surface measure such that for every wy € S,

£ (@) F (swa)|]s]" 1 Q(swn) |Pelels]
(2.5) /R/ Mt [ T sD¥ ds dz < co.

In view of (2.3) this is the same as for every wq € 5,

L @)]| R f (5)]5]"~ 1| Q(swa) [Pl 1]
(26) /Rn/ 1+ |2| + sV ds dx < oo.

Step 1: In this step we will show that for any w; € S"~! and wy € 9,

ds dr < oo.

w1|f‘ ‘szf( )||3|n_1|Q(Sw2)|6€|THS‘
=0 / / (L+ 7]+ [s)N

We will break the above integral into the following three parts and show
that each part is finite. That is we will show:

(i)

ds dr < oo

/ / R(If) (w1, 7) Ry f (5) eI 5]" 1 |Qsw2) |°
ls|>L (L +r[+[s)N

for L > 0 such that L + L? > N.
(ii)

ds dr < 0o

/ / R(f1) (i, )| Run F(5)]el#1 |51 | Q(sw2)|°
lr|>M J|s|<L (L+ ||+ s

for M =2(L+1) and L as in (i).
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(iii)

ds dr < oo

/ / R(f1) (w1, )| Runf(5) el |57~ |Q(sw2) |°
Y L+ + [s)V

for M, L used in (i) and (ii).

Proof of (i): It is given that L + L? > N. We will show that for any s
such that |s| > L,
Isl|| Isl[{z,w1)]
e e
2.8 >
2 T Rl + )Y = O [ o T D™
Let F(z) = m for « > 0 and o + a? > N. Then F'(z) > 0 for any

z > 0. Therefore, if z; > 25 > 0, then

az az
et eY*?

>
1+a+2)N = (1+a+z2)V

(2.9)

Note that |z| > |(z,w:)| for all x € R" and w; € S"~. Now take z; = |x| and
zo = [{x,w1)|. Then z; > 29 > 0. We take o = |s] > L to get (2.8).
From (2.6) we get:

|z||s|| o|n—1 )
oy [ [Ue IIRmf I Q)
B =r (1 |2 + |sDV

where doy denotes the Lebesgue measure on the hyper plane {z : z - w; = r}.
We use the inequality (2.8) to obtain:
(2.11)

{z,w1)]]s||o|n—1 )
[[ [ MM et gy
zwi=r J|s|>L ( +‘<$7w1>|+|5|)

Now we put (x,w;) = r in the above integral and use the definition of Radon
transform to obtain,

ds dr < oo.

R(f)(w1,7)| Ry (5)]el™15] 5|1 |Qsw2)|°
(2.12) / / ot L+ ]+ )™

This proves (i).
Proof of (ii):  Let

I = / / R(|f|)(wl’T)u?w;c(sﬂe‘r”sl|5|n71\Q(5w2)|5d5 dr.
[r|>M J]s|<L

(1 r| +[s)™
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It is clear that,

R(f)(wr. et
“c/w <1+|r|> ¢

C/ / Lm doy d
= o1 ar
|r|>M Ja-wi=r 1+‘ |

= ClIs, say.

We have observed in Step 0 that fis real analytic on R™ and hence f(y) #0
for almost every y € R™. Therefore, yo in Step 0 can be taken so that |yg| > 2L

2)[elellvo
// — _  ___ doy dr < oo.
T-wi=r 1+‘.’L‘|+|y0‘)

Since |yo| + |yo|?> > N by our choice of yo, we can apply the argument of case
(i) (2.9) with a = |yo|, 21 = |z| and 22 = |[(z,w)| for w € "~ and get from
above:

and we have

(a)[elrlIvol
/ / — s do; dr < oo.
|r|>M Jz-wi=r 1 + |7“‘ + ‘yOD

Again noting that M + M? > N and applying the argument of case (i) (2.9)
with a = |r| > M and z1 = |yo|, 22 = 2L we conclude:

2L\ \
doq dr < oo.
~/|7'|>M/ww1—r 1+ |T| + 2L)

From this it is easy to see that I3 < co. This completes the proof of (ii).
Proof of (iii):  As the domain [-M, M] x [-L, L] is compact and as

|Rey £(3)|el191 s Q(5002) |9
fEERE

is continuous in this domain, the integral is bounded by C f_IVIM R|f|(wy,7) dr.
Now recall that f € L'(R"). Therefore,

M
/ Rlfl(wr,r) dr < / RIfl(w1.r) dr
-M

// |d0’1d’l"

(2.13) _ /R ()] da < oc.
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Thus from (i), (ii) and (iii) we obtain (2.7). This completes Step 1.
Step 2: Using |R.,f(r)| < Ru|f|(r) we see from (2.7) that for almost every
we s,

—

)[R f(5)]]s]" 1 Q(sw)| el Il
(2.14) /R/Rwa( )R f()][s[" " |Q(sw)|

dr ds < oo.
(L + [+ )Y rars e

Now as for fixed w, |s|"|Q(sw)|® is a proper map in s and as R, f as well
as R, f are locally integrable functions we can apply the 1-dimensional case of
Theorem 1.2 to conclude that R, f(r) = Aw(r)e_‘s”"z7 for some polynomial A,

which depends on w with deg A, < and « is a positive constant. A

N-mé—n
priori, « also should depend on w. Butzwe will see below that « is actually
independent of w. It is clear that ]?w\f(s) = Pw(s)e_ﬁsz, where deg P, is
same as deg A,,. Consider wi,ws € S with w; # wy for which R,,,, R,,, satisfy
(2.7). From the argument above it follows that R, f(r) = Awl(r)e*‘l”2 and
R/w:f(s) =P, (s)e_ﬁs2 for some positive constants aj,as. Therefore by
Lemma 2.2, a1 = as = a, say and ﬁw\f(s) = Pw(s)e’ig.
Step 3: We will show that P, (s) = P(sw) is a polynomial in sw, that is P is a
polynomial in R™. We recall that Ew\f (s) = f(sw) is a holomorphic function in
a neighbourhood around 0 (see Step 0). We can write P, (s) = fA(qu)eﬁS2 =
f(suj)eﬁ‘s‘*’|2 = F(sw), say.

We write F(sw) = Z?:o aj(w)s’, where k = mox deg P, < N=mo=n,
Then for 7 =0,1,...,k

1 &

i @F(sw) =a;(w).

s=0
The left hand side is the restriction of a homogenous polynomial of degree j

to S"~1. Therefore F(sw) is a polynomial of degree < k in R™. Therefore
flz) = P(z)e~ 7" where deg P < Nomoon, O

8§2.2. Modified version of the LP — LY Morgan’s theorem

We will state and prove a modified version of LP — L? Morgan’s theorem
on R™.

Theorem 2.4.  Let f be a measurable function on R™. Suppose for some
a,b >0, p,qg € [l,0], « >2and § >0 with 1/a+ 1/8 =1, f satisfies the
following conditions:

(©) Jon e? V(@) dz < o0,
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(ii) fR" eqb‘mﬁ|f\(y)\q|Q(y)|‘S dy < 0o, where Q(y) is a polynomial iny of degree
k and 6 > 0.

If (ac)Y*(bB)YB > (sinZ(B — 1))/ then f = 0 almost everywhere. If
(ac)Y/*(bB)Y/8 = (sin Z(B — 1))1/# then there are infinitely many linearly in-
dependent functions which satisfy (i) and (ii).

Proof. First we will see that the theorem is true for n = 1. From the
hypothesis (i) it is clear that f € L'(R) and hence f is continuous. Also as
|Q(»)|° is a proper map, we immediately get

/R eI Fly)|7 dy < oo.

That is, f satisfies all the hypothesis of Theorem 2.1 case (v) and hence
the theorem for n = 1 follows.

Now we assume that n > 2. Let us consider the case p = ¢ = 1 for the

sake of simplicity. For each w € s"~!

(2.15) /Realr“‘mwf(m dr</ arl® R, | f|(r) dr

//ww ) z)| do dr
< / / )] dodr

:/ ealol* | £ ()] dz < oo,
]Rn

Here do denotes the measure on the hyperplane {x : x-w = r}. Using the polar
coordinates we get

| RO Q) do dr
/ / S| Flrw)| " QUrw)|? dw dr
—9 / ) F()1Q()° dy < oo.
]Rn

Hence almost every w € S"1
(2.16)

/ R ()| Qrw)| dr = / 7 Flrw)Ir"HQ(rw) ® drr < oo,
R R
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We can now apply the one-dimensional case of the theorem proved above to
the function R, f to conclude that for almost every w € S™1, ]i,\f (r) =
flrw) = 0 whenever (ac)/*(bB)'/# > (sin Z(B — 1))¥/8 and hence f = 0
almost everywhere.

Given a,b > 0 with (ac)¥/*(b3)Y/# > (sin Z(B8 — 1))*/# we can always choose
a’ < a, b <bsuch that (') /*(b'B)Y/5 > (sin Z(8 — 1))/7. If p,q > 1, using

Holder inequality together with the given hypothesis we get

/ 11" | f(2)| dz < 00 amd / 9 Fa) Q) dy < oo.
n Rn

Hence the first part of the theorem follows.
For the last part: Let us define the function f by

f(r) = —i/ e —eAzlal® g,
c

where ¢ = %5, A% = %((a —2)a)’,v = Zgz;rfg)o‘, m € R and C is a path

which lies in the half plane &z > 0, and goes to infinity, in the directions
0 = arg z = £60,, where $q < 0, < %77. Then Ayadi et al. [2] shows with the
help of Morgan’s [15] method that for every pair of real numbers (m, m’) which

are related by m’ = 27”(;27(722_)“) there exists a function f on R™ such that

(2.17) f=0(lz|™e= ") and F = O(Jy|™ eH"),

where a, 3, a,b are as in the hypothesis of the theorem. As 1/a+1/3 =1 the
2m’+n(2—0)

(28-2) -
We will apply this result to construct functions satisfying the equality cases

relation above can also be written as m =

of the hypothesis. Assume that the degree of the polynomial @ is k.

For p = 00, ¢ = 0o, we choose an m’ < min{—kd, —5(2 — )} and take the
gy <0
and m’ 4+ ké < 0. We construct a function f satisfying (2.17) for this pair
(m,m’). This f will satisfy both the hypothesis for p = ¢ = oo, i.e. |f(z)| <
Ce=21” and |f(y)||Q()|° < Ce®WI”  If p # 00,q = oo we take an m’
satisfying m’ < min{—kd, —2(8 — 1) — 5(2 — )} and take the corresponding

m. Then m = % < =% m/+ k6 < 0. The function in (2.17) for this

choice of m, m’ is the required function for this case. For p € [1,00] and ¢ # oo
we have to choose m’ < min{f%’f‘s, —2(B-1)-32-0)} O

corresponding m. By this choice (as 8 > 1 by hypothesis) m =
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83. Heisenberg Groups

Main results in this section are analogues of Theorem 1.2 and Theorem
2.1 (v) for the Heisenberg groups. Let us first recall some basic facts of the
Heisenberg groups. The n-dimensional Heisenberg group H" is C" xR equipped
with the following group law

(z,t)(w, s) = (z fwt+s+ %%@.m) :

where $(z) is the imaginary part of z € C. For each A € R\ {0} there exists
an irreducible unitary representation 7y realized on L?(R") given by

(2, 1) (€) = et M EERTTN (e 1),

for ¢ € L?(R") and 2z = x+iy. These are all the infinite dimensional irreducible
unitary representations of H™ up to unitary equivalence. For f € L'(H"), its

~

group Fourier transform f(\) is defined by

(3.1) Fo) = - F(z,t)ma(2,t) dz dt.

We define 7y (2) = m(2,0) so that my(z,t) = e*m1\(2,0). For f € L'(C"), we
define the bounded operator Wy (f) on L?(R") by

(3-2) W= | f(Z)ma(2)¢ dz.

C n

It is clear that ||Wx(f)|| < |/f|l1 and for f € L*(C™) N L?(C"), it can be shown
that W (f) is an Hilbert-Schmidt operator and we have the Plancherel theorem

(33 WA = @ [ 1 d-

Thus W), is an isometric isomorphism between L?(C") and S, the Hilbert
space of all Hilbert-Schmidt operators on L?(R™). This W (f) is known as the
Weyl transform of f. For f € L*(H"), let

f)‘(z) = /00 ei’\tf(z,t) dt

— 00
be the inverse Fourier transform of f in the t—variable. Then from the definition
of f(N), it follows that f(A) = Wx(f*). For A = 1 we define W(z) = Wy(z).
For z € R and k € N, the polynomial Hg(x) of degree k is defined by the
formula

2 k 2
(3.4) Hi(z) = (—1)*e” ddx—k(e_x ).
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We define the Hermite function hy(x) by

2

hi(z) = (28k!/7) "2 Hy (x)e™ = .

For pn = (p1,- -, tn) € N, the normalized Hermite function ®,(x) on R"™ is
defined by

(3.5) Py (@) = hyy (#1) - - hys,, ().

Hermite functions are eigenfunctions of the Hermite operator H = —A + |z|?

and they form an orthonormal basis for L?(R"). Here A is the Laplacian on
R™. For u,v € N", the special Hermite function ®,, is defined by

(3.6) D,,(2) = (271)"2 (W(2)2,,9,).
These functions form an orthonormal basis for L?(C™) and they are expressible
in terms of Laguerre functions. For a detailed account of Hermite and special
Hermite functions we refer to [19].
With this preparation we will now prove a version of Theorem 1.2 for H™.
Theorem 3.1.  Suppose f € L>(H™) and for some M, N > 0, it satis-

fies
£l
/ / ztlllf M lase < A" dX dz dt < oo
wJr (14 2™ (1 + [H 4+ A

Then f(z,t) = e~ (1 + |z[)M (i ¢j(z)tj>, where ; € L*(C™) N L*'(C")
=0

and m < Nﬁ"f/%l

Proof. As in the case of R", it can be verified that f is integrable in
t-variable for almost every z. For each pair (¢,v), where ¢,9 € L*(R") we
consider the function

Flou(t) = 2m) 7% [ fz,t)(1+]z)"M(W(2),¥) dz

C'n.
Then it follows that

67 FopMi=en | [ FE0+ 1MW) d:

o[ o))"

= CIN™ 2| F (=) ss-
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Therefore, from the hypothesis we have

dX

/ | Fo.0) [ Fpa) (A el I A/ it
(1+ [t + MDY

. RN
/ / (2, |||f (M]use A" dX\ dz dt < oco.
wJr (14 2D (14 [t + A

Now applying Theorem 2.3 to the function F4,) with 6 = n/2 we have
Flpup)(t) = P(d),w)(t)e*“(@l/’)tz, where P4 ) is a polynomial with deg <
anf/zq' Let us fix v € L*(R™). Then ¢ — F44)(t) is conjugate linear
for every t € R. This gives the following identity for all t € R:

—a / 2 —a 2 —a , 5
Plotor ) (t)e (&)t = Py (t)e (@)t + Py ) (t)e (@"9)t"

for all ¢,¢' € L?>(R™). Without loss of generality we assume that a(¢,) <
a(¢’,v). Let us first consider the case when a(¢, ) < a(¢’,v) < a(¢p + ¢, v).
From the identity above it follows that
’ —a 2 a ’ —a ’ 2

Plgrgr ) (t) = P(¢,w)(t)e(a(¢+¢ Wp)—ale))t” 4 P(dﬂ,w)(t)e( (o' ) —a(¢",¥))t"
Right hand side of the above identity is growing faster than that of left hand side
unless a(¢, ) = a(¢’, ) = a(¢p + ¢', ). Similarly we can deal with the other
cases, a(¢+¢', ) < a(¢,¥) < a(¢',9) and a(¢,v) < a(d+¢',¢) < a(¢, ) to
draw the same conclusion. Thus a(¢, ) is independent of ¢. Through similar
steps we can show that a(¢, 1) = a(t)) is also independent of ¢. Thus a(¢, ) =
a(y) = a, say. We recall that {®, s : o, € N"} forms an orthonormal basis
for L*(C"). Now we take ¢ = ®, and ¢ = ®3. Let Fo3 = Fig, 0, and
P.p = P, e, Since for almost every t € R, (1 + |- [)7™f(-,t) € L2(C™),
the sequence {P, 5(t)} € (? for all t. We write Py g(t) = Y aj(a, B)t/, m <

§=0

N*”f/%l. Choose t; € R such that ¢; # t;, for all 0 < 4,7 < m. We consider a
system of linear equations given by:

1t -t {ao(a, B)} {Pap(to)}
Loty -t {ai(a, )} _ {Pap(t)}
Ut 2 ) om0 ) \(Pastn))

Since t; # t; for all ¢ # j, the determinant of the (m + 1) x (m + 1) Vander-
monde matrix is nonzero. Therefore, {a;(a, 5)} will be a linear combination
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of members from {{P, 5(t;)} : 0 < j < m} and hence {a;(a, )} € [? for each
0 < j < m. With this observation we can write

L+ 1) ™Mf(zt) = [ Y Pap(t)ap(z) | e
B

=[S [ D aj(a,p) | @ap(z) | e

a,B \j=0

— [ S a0, B)@as(z) | 67 | e
o,

J

Y (z)tj e*“tz,

=0
=0

<

where 1;(-) = 3 aj(a, )®ap(-) € L?*(C"). It follows from the hypothesis
a,B

that > ;(2)t/ € L*(C™) for almost every t € R and hence ¢; € L*(C") for
7=0
j=0,---,m. 0

Conversely we suppose that f(z,t) = e~ (1 + |z[)M (Z ¢j(z)tj>, for
3=0

Y; € L*(C")NLY(C"),j =0,--- ,m. From (3.3) and the subsequent discussion
it follows that
n n -~ 1 2
@2m) ENZ(FN) [lus < Ce N |[PL(N)],

where P is a polynomial of degree m. A straightforward calculation now shows
that f satisfies the hypothesis.

We will conclude this section by proving the following analogue of LP — L9
Morgan’s theorem for H™.

Theorem 3.2.  Suppose a function f € L2(H™) satisfies
(i) an ePl @D | f (2, t)|P dz dt < oo and
(i) fo ™I FO A" dA < o

where p,q € [1,00], a,b >0, a >2, >0 andé—i—%:l.

If (ac)*(bB)*/8 > (sin 58— 1))Y8 then f =0 almost everywhere. But
if (aq)/*(bB)1/P = (sin Z(B — 1))}/# then there are infinitely many functions
on H™ satisfying (1) and (ii).
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Proof. First we note that f € L'(H™). We can choose a’ < a, ' < b such
that (a'a)t/*(¥'B)/% > (sin Z(B — 1))*/# and use Hélder’s inequality to show

1) [ign € 1D f(2,1)] dz dt < oo
(i) S PN FO) s A2 dA < 0.

For each (p,v) € N® x N, we define the auxiliary function

Funlt) = [ £ 008,0,3) =

Using (i)’ we have

/e“"t'QIFW(t)\ dt=// 11 £ (2, 1)]| @ (2)] dz
R R JCn
s// V1@ £z, 1)] dz dt
]R n
< 0.

On the other hand using (i)’ and the Plancherel formula for the Weyl transform

/ N | F (V)] dA = / NP
R R

<c [P ax
R

:/ eb/l)\‘ﬁuﬂ)‘)”Hsp“% d\ < 0.
R

we have

F22)®,.,(2) dz |dX
(Cn

Applying Theorem 2.1 (case (iv)) to the function F), , we conclude that F), , =0
for every (u,v) € N*xN". Since {®,, ,, : (1,v) € N* xN"} form an orthonormal
basis for L?(C") we conclude that f = 0 almost everywhere.

Now for the second part of the theorem (i.e. the equality case) we recall
that (see 2.17) there are enumerable examples of functions h on R such that

h=O([t["e=1") and h = O™ e ?A")

for the pair m,m’ € R related by m = %7_514)'2 Here a, b, o, 3 are as in the
hypothesis.

We shall use these functions to construct required functions on H™. For the
case p = q = 00, we choose m’ < min{—7, %} and take the corresponding m.

Using the function h as above for this choice of (m, m’) we define a function f
on H" as follows: f(z,t) = g(2)h(t), where g is a smooth function on C™ with
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compact support. From the Plancherel formula for the Weyl transform (see
(3.3) and the subsequent discussion) it follows that (27)~"/2|\|"/2||f(\)|lus =
llgll2|h(X\)|. Hence f satisfies

(i) f=O0(|(z, )01
(i) [A"[FN)las = O(A/2Hm e PN,

As both m and m' + § are negative by our choice, f will satisfy the purpose.
. -1, g=2
For the case p # 0o and ¢ = 0o, we choose m/ < min{—% — (2n+ 1)57 + BT}

This makes m < —@. Lastly if we choose m’ < min{— (";rl) + 5, —(2n+
1)% + %}, then m < —%. With this choice of m’ it is easy to see that
f satisfies the required estimates with ¢ # oo and p € [1, 00]. O

84. Step Two Nilpotent Lie Groups

Let G be a step two connected simply connected nilpotent Lie group.
Then its Lie algebra g has the decomposition g = v & 3, where 3 is the centre
of g and v is any subspace of g complementary to 3. We choose an inner
product on g such that v and 3 are orthogonal. We fix an orthonormal basis
B = {e1,ea-+- ,em,T1, -+, T} so that v = spang{ei,es- - ,en}t and 3 =
spang {71, -+ ,T;}. Since g is nilpotent the exponential map is an analytic
diffeomorphism. We can identify G with v @3 and write (X +T) for exp(X +T)
and denote it by (X, T) where X € v and T € 3. The product law on G is given
by the Baker-Campbell-Hausdorff formula:

1
(X, T)(X',T') = (X + XL T+ T+ 5[X, X’])
for all X, X' € v and T,T" € 3.

84.1. Representations of step two nilpotent Lie groups

A complete account of representation theory for general connected simply
connected nilpotent Lie groups can be found in [8]. Representations of step
two connected simply connected nilpotent groups the Plancherel theorem is
described in [17]. We briefly recall the basic facts to make this paper self
contained. Let g*, 3* be the real dual of g and 3 respectively. For each v € 3*
consider the bilinear form B, on v defined by

B,(X,Y) = v([X,Y]) for all X,Y € v.
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Let
v, ={Xeo:v([X,Y])=0forall Y € v}.

Let X; = ¢ for 1 <i<m and X,,; = T; for 1 < i < k. Then B =
{Xh oy Xy X1, - 7Xm+k}' Let B* = {va e ’X:m ;;Hrl’ e 7X:;’L+k}
be the dual basis of B. Let m, be the orthogonal complement of t, in b.
Then the set U = {v € 3* : dim (m,) is maximum} is a Zariski open subset
of 3*. Since B, is an alternating bilinear form, » € U has an even num-
ber of jump indices independent of v. The set of jump indices is denoted by
S ={j1,42 - ,jon} Let T ={ny,ng,- - ,n.,m+1,--- m+ k} be the com-
plement of S'in {1,2,--- ;m,m+1,--- ,m+ k}. Let

Vs = spanR{le, U 7Xj2'n.}7

Vr = spang{ Xm+1, -+, Xin+k, Xn,; : i € T} and Vi = spang{X,, :n; € T},
Vi = spang { X 1, s Xy X iy € T} and Vit = spang { X}, :n; € T}.

The irreducible unitary representations relevant to Plancherel measure are
parametrized by the set A = Vi x U.

If there exist v € 3* such that B, is nondegenerate then we call the group,
a step two nilpotent group with MW- condition or step two MW group. In
this case T = {m+1,--- ,m+k} and U = {v € 3* : B, is nondegeneate}.
The irreducible unitary representations relevant to Plancherel measure will be
parametrized by A = {v € 3* : B, is nondegenerate}.

For

m k
(X, T)=exp | > a;X;+ Y t;Xjm |, wj,t; €R,
j=1 j=1
we define its norm by

(X, T)| = (a3 + - + a2 + 8]+ + 1)/

The map

m k
(w1, Tyt t) — ijXj + thXj+m
j=1 j=1

m k
— eXp ijXj+thXj+m
j=1 j=1
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takes Lebesgue measure dxq - - - dx,,dty - - - dty, of R™** to Haar measure on G.
Any measurable function f on G will be identified with a function on R™**, We
identify g* with R™** with respect to the basis B* and introduce the Euclidean
norm relative to this basis.

4.1.1. Step two groups without MW-condition. In this case t, # {0}
for each v € Y. Then B, |n, is nondegenerate and hence dimm,, is 2n. From
the properties of an alternating bilinear form there exists an orthonormal basis

{Xl(’/)’yl(y)a T ,Xn(l/),Yn(l/), Zl(”)a e ’ZT’(V)}

of v and positive numbers d;(v) > 0 such that
(i) v, =spang {Z1(v), -+, Z.(v)},

(i) v([Xi(v),Y;(V)]) = 6i3d;(v), 1 < i, < n.
We call the basis
{XI(V)7 e ’Xn(y)ayl(y)v T a}/’n(l/)’ Zl(l/)’ T aZT"(V)aTla U ’Tk}

almost symplectic basis. Let &, = spang{X;(v) -+, X,(v)} and 1, = spanyg
{Yi(v),---, Y, (v)}. Then we have the decomposition g =§, ®n, &t, ® 3. We
denote the element exp(X +Y +Z+T) of G by (X,Y,Z,T) for X €¢,,Y €
Ny, Z € ty,,T € 3. Further we can write

r

n n k
(X,Y,2,T) = ij(V)Xj(V) + Z yi W)Y 0) + ) 2)Zi(v) + Z tiT;

Jj=1

and denote it by (z,y,z,t) suppressing the dependence of v which will be

understood from the context. If we take A € A then it can be written as

A = (p,v), where p € Vi = spang {X; :1 <4 <r}and v € U. Therefore,
T m

A= () = Y wX,y + > vTF. Let N € g* such that M (X;,) = 0 for
i=1 i=

i=1
1 < i < 2n and the restriction of X to V5 is A = (u,v). Let fi; = XN (Z;(v)) and

consider the map
(4.1) A, : Vit —spang {Z1(v)", -, Z(v)*}

given by A, (u1,--- ,pr) = (f1,--- ,ftr). Then it has been shown in [17] that
|detJa, | = #%, where Jy, is the Jacobian matrix of A, and Pf(v) is

the Pfaffian of v. Consider the map

(42) D, : {le"“ 7Xj2n} - {Xl(V)a"' 7Xn(1/)7}/1(y),-~~ 7Yn(’/)}
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then it has been shown |det(Jp,)| = |det(Ja,)|~! in [17].

We take A = (u,v) € A. Using the almost symplectic basis we describe an
irreducible unitary representation 7, , of G realized on L?(n,) by the following
action:

(ﬂy,u(xvyazat)¢) (5)
k r n
= exp izyjtj +i Zﬁjzj —l—izdj(y) (ijj + %%‘%‘) o€ +y)
j=1 Jj=1 Jj=1

for all ¢ € L%(n,).
We define the Fourier transform of f € L1(G) by

/// fxy,zt)m“,(x Y, z,t) dx dy dz dt

for A = (u,v) € A. For 1 € ¢}, v € 3* we let

fy(xaya /eXp ZVJ 1’ y,z,t) dt and

k T
R (z,y) :/ /exp iZVjtj +iZﬁjzj f(z,y,2,t) dt dz.
T /3 j=1 j=1

If f € L' N L2(G) then f(u,v) is an Hilbert-Schmidt operator and we have
(see [17])

n

(4.3) H I F (s )2, = / (17 e ay
Mo v

Now integrating both sides on ‘771‘ with respect to the usual Lebesgue measure
on it and applying the transformation given by the function A4, in (4.1) we get

e ) [ = Cm) 7 [ ) ey
T g I JE

:///If”(ﬂc,y,Z)l2 dx dy dz
v, Jn, JEu

:/|f"<x,y,z>|2 dz dy d.
v
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The Plancherel formula takes the following form:

@) [ F) e PR0) diedv = [ Gz do dy dz de
which holds for all L2-functions by density argument.
4.1.2. Step two MW groups. In this case the representations are
parametrized by the Zariski open set A = {v € 3* : B, is nondegenerate}

and is given by:

(70 (2, y,t)9)(§) = exp @Z vit; +iz d;(v) (xjfj + %%‘%‘) (€ +y)

for all ¢ € L*(n,). In this case Pf(r) = [[j_, d;(v). We define the Fourier
transform of f € L'(G) by

Fw) = / / [ ) oy

for all v € A. We also define
k
f(x,y) = /exp iZVjtj flx,y,t) de dy dt
3 j=1

for all v € A. If f € L' N L?(G) then fA(z/) is an Hilbert-Schmidt operator and
PIONFOIE = [ [ 1 de dy = o [ 177G do iy

The Plancherel formula takes the following form:

@d) n o [IFE ) do= [ 17t do dy e

which holds for all L2-functions by density argument.

85. Beurling’s and L? — L7-Morgan’s Theorem for Step Two
Nilpotent Lie Groups

In what follows we will use the coordinates given by the following basis of

{Xju"' 7Xjn7Xj Xj2n’

Xn17' o aXnT7Xm+1a e 7Xm+k}'

n+1’.“7



1048 SANJAY PARUI AND RUDRA P. SARKAR

Precisely

(z,9y,2,t) = ZxZle—l—ZyZ ]n+l+Zlenl+ZtXmﬂ

We shall first take up the following analogue of Beurling’s theorem for step
two nilpotent groups.

Theorem 5.1.  Suppose f € L*(G) and for some M, N > 0, it satisfies

[zl ]+t v
// (9, 2, OLF (1, ) e ~|Pf(W)| dv dy dz dt du dv < oo.
(T4 [, ) DM (1 + [z )] + (1, )])

Then

2 2
Fayz ) =0+ @)™ | D Uyslay)et? | el
Iv[+16]<

where U, 5 € L?(Vs) N L1(Vs) and [ is an nonnegative integer.

Proof. As in the case of R™ we can verify that f is integrable in (z,t)
for almost every z,y. For each Schwartz function ® on Vg let us consider the
function Fg defined by

Fgp(z,t) = y f@y, 2,01+ |(z,y)) Me(2,y) do dy.
S
It follows that
Fu(z0 € [ |f@,2.0)] do dy,
Vs

For all (u,,v) € Vi xU
Fa(u,v) = /V P () (14 ()M B(a,g) dr dy
S

where
(e, y) = /~ ei“(z)Jri”(t)f(x,y,z,t) dz dt.
Vr

Using Cauchy-Schwarz inequality, we get

- 1/2
Falu )| <C ( [ 1P ao dy)
S

4

/ G ¥ (2., 2) d
Vr

9 1/2
dx dy) .
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Writing down the above integral with respect to almost symplectic basis we

have
. - 1/2
Fa(u, ) < ( [ 1))l ) dy<u>>
[
. 1/2
—@n 2 [ T[d) | 17 o) lhe
j=1
Therefore,
[l 2]+ t] v
// (P ()| P (1, ) 1=t o e i
VT@Z

1+ ]z t)] + (o)) (1 + -l;lldj(y»
(2, 2, O (1, 1) sl 1111 N )
//Vs@VTeaa (L4 |(z, ) DM (1 + |(=z, )| + | (1, u)|)N‘Pf( )ldz dy dz dt dp d

|f x w t) |||f(u, Y| gel =l el
dz dy dz dt du dv

Since U is a set of full measure on 3*, and P f(v), H d;(v) are polynomial in v

using Theorem 2.3 we have for each Schwartz functlon )
Fg(z,t) = p(j[)(z,lg)efa(@)l(z,t)l2
where a(®) > 0 and
Po(z,t) = D a(y,5(2)2t°

[v[+15]<!

and [ is independent of ®. It is easy to see that a(®) = a is independent of
®. Finally choosing ®, from the orthonormal basis {®,(x,y) : a € N?"} for
L?(Vs) we can show as in the proof of Theorem 3.1 that

2
fayzt) =0+ l@y)™ [ D] Uysley)t | e,
[v[+]6]1<i

where 0., 5 € L?(Vs). As in the case of Heisenberg group it can be verified that
\I/%,; eL! (Vs) O

From the fact that P f(v) and II}_;d;(v) both are homogenous polynomial
in v of degree n one can verify as in the case of Heisenberg group that the
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resulting function of the theorem satisfies the hypothesis with the restriction
Il <1/2(N —n/2— (r+k)). Note that for H", r =0 and k = 1.

Sharpness of the estimate in Beurling’s theorem

We will show that the condition used in Beurling’s theorem is optimal. For the
sake of simplicity we consider the Heisenberg group H™. We suppose a function
f € LY L*(H™) satisfies

" cltlIA|
(5.1) / / hiG ”'f W luse — A" d\ dz dt < 00
wJr (L4 2D (14 |t + )

for some ¢ > 0.

(i) If ¢ > 1, then f satisfies the hypothesis of Theorem 3.1 and hence f(z,t) =
g(z)e" for some g € L'V L2(C") and a > 0. Since by the Plancherel
theorem (3.3) ||]?()\)||HS = (2m)"/2|A|7"/2||g||ze~7a>" | it is easy to see that
f cannot satisfy (5.1) unless f = 0 almost everywhere.

(ii) Now we suppose ¢ < 1. We choose a,b > 0 such that ab = ¢? and we
construct the function f(z,t) = g(z)P(t)e*“ﬁ, where g € L' (N L?(C") and
P is a polynomial of any degree. Then f will satisfy (5.1). Clearly for fixed
z € C" these functions are linearly independent in the variable .

Consequences of Beurling’s theorem
Let us note the following consequences of Beurling’s theorem.

Theorem 5.2 (Morgan’s theorem, weak version).  Let f be a measur-
able function G. suppose for some a,b >0, a>2, 3>0

() |f(z,y, 2,t)| < Ce—al@w 2t

(@) [PL)Y2F (i 0) s < Cemtll”

where 1/a+1/8 =1 and (aa)"/*(bB)*/? > 1. Then f =0 almost everywhere
unless « = 8 = 2 and ab = 1/4 in which case f(x,y,z,t) = lﬁ(x’y)e_a‘(z’t)‘z
for some ¢ € L*(Vs) and [i)(x,y)| < Ce el

Proof. Tt is clear from the hypothesis that f € L?(G). Since a > 2 we
have |(z,y, z,)|* > [(z,y)|* + |(2,t)|*. Therefore from hypothesis (i) we get
|f(z,y, z,t)] < Ce=al@nI"e=alzI" Now the theorem can be obtained from
Theorem 5.1 by applying the inequality [£|*/a + [n|?/3 > |¢n| and using the
fact e=l@I" € L1(Vy). O
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In the proof above we have used the fact that o > 2 to split the function
e~ ol@y.2 01" a5 a product of a function in L'(Vs) and e~@(=91” | This motivates
us to formulate the following version of Morgan’s theorem.

Theorem 5.3.  Let f € L*(G). Suppose for some a,b >0, a, 3 >0
(i) |f(z,y,2,0)] < g(z,y)e I, g € L'(Vs)
(i) [P0 F () s < Cet0)”

where 1/a+1/8 =1 and (aa)'/*(bB)/? > 1. Then f =0 almost everywhere
unless « = 8 = 2 and ab = 1/4 in which case f(x,y,z,t) = ¢(m,y)efa‘(z’t)‘2
for some ) € L*(Vs) and |y (z,y)| < g(z,y).

We omit the proof as it is evident from the proof of Theorem 5.2 and the
comment after that.

Theorem 5.4 (Cowling-Price).  Suppose f € L*NL?(G) and it satisfies
the following conditions.

(i) [eral@vz0l|f(z,y, 2, t)[P do dy dz dt < oo and
G

(i) [y 10 | Flp, ) [46]P £ ()] dpe o < oc.

Then for ab > 1/4 and min{p, q} < oo, f =0 almost everywhere.

Proof. Using Hoélder’s inequality we can find M, N > 0 such that

‘ GO gy, 2,0)]
O Jvsovras Grimmnaizopy @ dy dz dt < oo and

. P2 Fpw
(@) [y Wmﬂu)\ du dv < oo.

Therefore using Theorem 5.1 we can conclude that f = 0 almost everywhere
when ab > 1/4 and min{p, ¢} < cc. O

Theorem 5.5 (Hardy’s theorem).  Suppose f is a measurable function
on G which satisfies the following conditions:

(i) |f(@,y.2.8)] < g(z,9) 1+ |(2,t)) el EOF where g € L' 0 L*(Vs) and

(if) [PFO2)F (1,0 s < (14 () ) me b0l
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Then f =0 almost everywhere if ab > 1/4 and if ab = 1/4 then f(z,y,z,t) =

P, y, 2,8 ICOF where P(e,y,2,t) = [ 5 wa,5<x,y)25t“) and o
o] +[0] <m

€ L*(Vs)

We omit the proof which is a straight forward application of the theorem
above.

We shall now prove an exact analogue of LP — L9-Morgan’s theorem for
step two nilpotent Lie groups.

Theorem 5.6.  Let f € L?(G). Suppose for some a,b >0, a > 2,3 >0
(i) Jgerelew=D f(z,y, 2, )P dv dt < oo and

(i) [y e @I, v) [P F(v)] dp dv < oo,

where 1/a+1/8 =1 and p,q € [1,00]. Then f =0 almost everywhere whenever
(aa)!/*(03)"/% > (sin 5 (8 —1))"/7.

Proof. As in the case of R™ we see that f € L*(G). We note that it is suf-
ficient to consider the case p = ¢ = 1 as in the case of Heisenberg groups. Since

IT d;(v), Pf(v) are polynomials in v, for any & < b, applying Minkowski’s
j=1

integral inequality with respect to the measures dx dy and du et Ivl” |[Pf(v)|dv

9 1/2
(/ (/ P ()l dp IPf(V)IdV) dxdy>
Vs A

. 1/2
< [ ( / ) e dy) dp [P F()\do

we get

1/2
< [ ([ dedr) - do sl
S

1/2

’ 3 ~ n
e /A ) B )s | [[ds0) | o [PFO) o
j=1

< /A 0 | iy, ) s P () dpt

< 00.
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This implies that for almost every (z,y) € Vg
(52 | ) P di v < .
Since A =U x ‘7{; it follows that
(53) [ e v < o

for almost every (z,y) € Vs and u € ‘~/T* From the hypothesis (i) with p = 1,
it is easy to see that for almost every (z,y) € Vg

//~ e f(,y, 2,t)| dz dt < co.
3/ Vr

Therefore for almost every (z,y) € Vg
/ea‘t‘a|f”(x,y,t)| dt < //~ eEO f(x gy 2 t) dz dt < oo
3 3/ Vr

where fH(x,y,t) = v et f(x,y, 2,t) dz.

As U is a set of full measure, we can now apply Theorem 2.4 to the func-
tion f*(z,y,t) to conclude that for almost every (z,y) € Vg, f(z,y,2,t) =0
whenever (aa)/*(¥B)Y/# > (sin Z(8 — 1))'/#. Since given a,b > 0 with
(ac)Y*(bB)Y/P > (sin Z(B — 1))1/#, it is always possible to choose b’ < b satis-
fying (ac)'/*(b'8)Y/# > (sin Z(B — 1))1/7, the theorem follows. O

Remark 5.7.

1. The Gelfand-Shilov theorem and the Morgan’s theorem (in their sharpest
forms) are particular cases of Theorem 5.6 (p = ¢ =1 and p = ¢ = ©
respectively) and thus are accommodated in that theorem.

2. In Theorem 3.2 we have seen example of functions which satisfy the hy-
pothesis with (aa)t/*(b8)Y/# = (sin Z(8—1))*/# in the case of H". Similar
construction can be carried out in this case also.

3. All the theorems proved above for step two groups without MW condition
can be formulated and proved for step two MW groups with obvious and
routine modifications.
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86. Concluding Remarks

For general nilpotent Lie groups, there are a few attempts (see [14, 4, 5]) in
recent times to prove theorems of this genre. The basic step in these works is to
build a new function on the central variable which satisfies the hypothesis. But
in the process the sharpness of the result is lost and hence it is not possible to
get the case of optimality. The explicit formula for || f(A)||us which is crucial in
the proof of Beurling’s theorem, is also unavailable in this generality. Therefore
it is unlikely that the method pursued in those papers will generalize to the
case of all nilpotent Lie groups. We refer to the remark in [14, p. 493] in this
context.

Our aim in this paper is to obtain the most natural analogue of Beurling’s
and LP — L9 Morgan’s theorem which can accommodate the case of optimality
and from which we get back the strongest version of the other theorems in this
genre as consequences. This is the reason we restrict ourselves to the step two
nilpotent Lie groups.

We conclude the paper with a brief discussion on comparison of the results
obtained in this paper with the existing theorems of this genre. Beurling’s
theorem, i.e. analogues of Theorem 1.2 is not considered so far for any nilpotent
Lie groups. However, for some restricted class of nilpotent Lie groups there
are some analogues of Theorem 1.1. In [5] an analogue of Theorem 1.1 is
proved for the nilpotent Lie groups of the form R™ x R. In [16] a version of
Theorem 1.1 is formulated for stratified step two nilpotent Lie groups where
the estimate involves the matrix coefficients of the Fourier transform, instead of
the operator valued Fourier transform, which seems to be more restrictive. In
one hand these theorems does not accommodate (being analogue of Theorem
1.1) the characterization of the optimal case and in the other, one cannot get
back other QUP-results in full generality from these theorems. A version of the
LP — L7 Morgan’s theorem is proved in [6] only for Heisenberg groups.

Other theorems of this genre which follow from either Beurling’s or L — L9-
Morgan’s theorem were proved independently by many authors in nilpotent Lie
groups. Nevertheless none of these works dealt with the characterization of the
optimal case. There are also some unnatural restrictions on the hypothesis
(e.g. on the parameters p,q and «, ). In [17] Ray proved the Cowling—Price
theorem for step two nilpotent Lie groups without MW-conditions with the
assumption 1 < p < 00,¢ > 2 and ab > 1/4. This was generalized in [4] for any
nilpotent Lie group with the restriction 2 < p, ¢ < oo and ab > 1/4. In contrast
we have in this paper the Cowling-Price theorem with the original condition
1 <p,g<ooand ab>1/4 as a consequence of Beurling’s theorem.
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In [17] Ray also proved a version of Morgan’s theorem which is similar
but slightly weaker than Theorem 5.3. Again this can be obtained as a conse-
quence of our Beurling’s theorem. We may emphasize here that only a weak
version of Morgan’s theorem follows from Beurling’s theorem, while the actual
Morgan’s theorem follows from LP — L?-Morgan’s theorem (see Remark 5.7).
In [1] Astengo et al. proved a version of Hardy’s theorem where they put
condition on the operator norm of the Fourier transform, instead of the usual
pointwise estimate. We note that only by a slight modification of our proof, a
Beurling’s theorem can be obtained where Hilbert-Schmidt norm of the Fourier
transform is replaced by its operator norm. (We formulated the theorem using
Hilbert-Schmidt because it appears to be more natural.) As a consequence we
can get the theorem in [1].

Recently an analogue of Beurling’s theorem is proved for Riemannian sym-
metric spaces in [18]. Due to the structural difference, the statement as well
as the method of proving the theorem is different and it involves decomposing
the hypothesis in K-types and treating each component separately.
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