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Discrete Tomography through
Distribution Theory

By

Fumio Hazama∗

Abstract

Discrete tomography concerns with the problem of reconstruction of a function f
on Zn from various sums ft+v =

P
x∈t+v f(x), v ∈ Zn, where t is a fixed finite subset

of Zn. In this paper we focus on the structure of the set of functions satisfying ft+v =
0 for any v. Through the theory of distributions we deduce a dimension formula for
the set of solutions. An intimate connection between the problem and certain types
of PDE is revealed too, and it enables one to obtain an efficient algorithm, which
constructs a solution from the corresponding PDE.

§1. Introduction

Let A = (C)Z
n

denote the set of C-valued functions on Zn. An element
of A is called an array. An array with finite support is called a window and let
W denote the set of windows. For any (a, t) ∈ A×W, let dt(a) =

∑
i∈Zn tiai.

Discrete tomography concerns with the problem of reconstruction of an array
a from the set of values dt+p(a), p ∈ Zn, for a fixed window t ∈ W. Therefore
it is of fundamental importance to determine the structure of the set of a such
that dt+p(a) = 0 for any p ∈ Zn. Such an array a is said to be a zero-sum
array for t. In the previous papers [3, 4], we deal with bounded zero-sum arrays
and derive a dimension formula for the space of bounded zero-sum arrays from
the investigation of the annihilator of the Dirac delta function. The purpose of
the present paper is to extend the scope and to investigate zero-sum arrays of
polynomial growth. As in the previous papers, the theory of distributions plays
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an essential role for our investigation. For our purpose, however, we realize
that we need to investigate not only the annihilator of the Dirac delta function
but also that of its higher derivatives. Thus we are led naturally to the study
of our problem in the light of Weyl algebra and its representation. As a result
we find that we can associate a partial differential operator Dt with a window
t, and there is a natural one-to-one correspondence between the space of zero-
sum arrays for t and that of polynomial solutions for Dt. Furthermore we
find an inductive procedure for construction of polynomial solutions for PDE
which arises in this way. Thus we obtain an efficient algorithm to determine
the structure of the space of zero-sum arrays.

The plan of the paper is as follows. In Section two we formulate the prob-
lem of our main concern. Recalling some results obtained in [3, 4], we see that
a crucial role is played by the annihilator of the Dirac delta function and its
higher derivatives. Section three deals with the structure of the annihilator,
and establishes a result (Theorem 3.2), which provides us with a natural one-
to-one correspondence between the space of zero-sum arrays for a window and
the space of polynomial solutions of the associated partial differential equation.
The next two sections are concerned with the structure of the space of poly-
nomial solutions of PDE arising in this way. Section four provides us with a
dimension formula (Theorem 4.3) for polynomial solutions. Through the one-
to-one correspondence, this in turn gives us a dimension formula for the space
of zero-sum arrays (Theorem 4.4). It follows from the formula that the gener-
ating function for the dimensions is always a rational function of quite a simple
form (Proposition 4.6). Section five establishes an inductive procedure (Propo-
sition 5.4) for construction of a solution from that for PDE in lesser number
of variables. In section six we examine the efficiency of our algorithm through
several examples of windows.

The author would like to thank the referee for his/her careful reading of
the manuscript and valuable suggestions.

§2. Problem Setting

In this section we fix some notation and describe the main problem of our
concern in this paper.

Let A = (C)Z
n

denote the set of C-valued functions on Zn. We write its
element in the form a = (ai) where i = (i1, · · · , in) ∈ Zn and ai ∈ C. We call
an element of A an array. For any array a = (ai), let supp a = {i ∈ Zn; ai �=
0} ⊂ Zn and call it the support of a. An array with finite support is said to be a
window, and the set of windows is denoted by W. For any window t = (ti) and
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for any array a = (ai), let dt(a) =
∑

i∈Zn tiai. For any p ∈ Zn, the translated
window t + p is defined by the rule (t + p)i = ti−p, i ∈ Zn. The object of our
main concern in this paper is the space

At = {a ∈ A; dt+p(a) = 0 for any p ∈ Zn},

which we call the space of zero-sum arrays for t. In the previous papers [3,
4], we investigate the subspace of At consisting of bounded zero-sum arrays.
In this paper, we are interested in the zero-sum arrays of polynomial growth.
More precisely, we introduce the set AN = {a ∈ A; ak = O(|k|N ) as |k| → ∞},
and put Apoly =

⋃
N≥0 AN . What we want to understand in this paper is the

structure of Apoly
t = At∩Apoly as well as AN

t = At∩AN . As in [3], we will see
that a crucial role for our investigation is played by the characteristic polynomial
of t = (ti) ∈ W, defined by mt(z) =

∑
i∈Zn tizi ∈ C[z1, z

−1
1 , · · · , zn, z−1

n ],
where z = (z1, · · · , zn) and zi = zi1

1 · · · zin
n . Let T = {z ∈ C; |z| = 1} and let

ι : Tn → Tn denote the automorphism of the n-torus defined by ι(z1, · · · , zn) =
(z−1

1 , · · · , z−1
n ). We put m∗

t = ι∗(mt) so that m∗
t(z) = mt(ι(z)). For any

subset X ⊂ Tn, we denote the zero locus {z ∈ X; mt(z) = 0} by VX(mt). In
[3], we find that the structure of A0

t , the space of bounded zero-sum arrays,
is controlled by the zero locus VTn(m∗

t). Among other things we have proved
there that dimC A0

t = #(VTn(m∗
t)). In the present paper, we will show that the

structure of Apoly
t (⊃ A0

t) is controlled not only by VTn(m∗
t) but also a certain

partial differential equation, which is associated to m∗
t in a simple way. As in

[3, 4], in order to investigate the problem we employ the theory of distributions
on the n-torus Tn. We recall below some of our previous results and explain
what is needed to generalize the argument used there so that we may deal
with arbitrary distributions on Tn. Let D denote the set of distributions on
Tn (see [1], for example). A distribution S ∈ D is said to be of order N
if there exists a positive constant c such that for all u ∈ C∞(Tn) one has
|S(u)| ≤ c sup0≤|s|≤N ‖∂su‖∞, where s = (s1, · · · , sn) ∈ Zn

≥0 is a multi-index,
|s| =

∑
1≤i≤n si, and ∂su = ∂|s|u/∂xs1

1 · · · ∂xsn
n . We denote by DN (N =

0, 1, 2, · · · ) the set of distributions of order at most N . Note that we have
D =

⋃
N≥0 DN . For any S ∈ D, its Fourier coefficients are defined by Ŝ(k) =

S(e−k),k ∈ Zn, where em ∈ C∞(Tn), m ∈ Zn, is the function x �→ eim·x. It is
known that if S ∈ DN , then its Fourier coefficient satisfies Ŝ(k) = O(|k|N ) as
|k| → ∞. Therefore the Fourier transform defines a linear isomorphism from
DN onto AN . Thus the set A0 (as well as its name) coincides with the set of
bounded arrays investigated in [3, 4], which is the set of Fourier transforms of
pseudomeasures. Furthermore note that the equality (e−kS)∧(p) = Ŝ(p + k)
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holds for any p = (p1, · · · , pn) ∈ Zn. Therefore for any window t, we have

(2.1) (m∗
tS)∧(p) =

∑
k∈Zn

tkŜ(p + k), p ∈ Zn.

Let a = (ai) ∈ Apoly
t and let A denote the Fourier transform of a. Then it

follows from (2.1) that

(m∗
tA)∧(p) =

∑
k∈Zn

tkap+k,

which is equal to zero for any p ∈ Zn, since a = (ai) ∈ Apoly
t . Hence, by

the injectivity of Fourier transform, we have m∗
tA = 0. Thus we obtain the

following:

Proposition 2.1. Notation being as above, we have supp A ⊂ VTn(m∗
t).

The following proposition plays a crucial role for our investigation in this
paper.

Proposition 2.2 ([1,12.33]). Let S be a distribution whose support is
a finite subset of Tn, say {p1, · · · ,pk}. Then there exist finite subsets Ij ⊂
Zn

≥0 (j = 1, · · · , k) and a set of complex numbers cj,s(j = 1, · · · , k; s ∈ Ij} such
that

S =
∑

1≤j≤k

∑
s∈Ij

cj,s∂
sδpj

,

where δp is the Dirac delta function at the point p ∈ Tn.

Thus if we assume that #(VTn(m∗
t)) < ∞, then the Fourier transform A

of an array a ∈ Apoly
t is expressed as a finite sum

A =
∑

p∈VTn (m∗
t )

A(p) with A(p) =
∑

s∈IA(p)

cp,s∂
sδp,

where IA(p),p ∈ VTn(m∗
t), is a finite subset of Zn

≥0. Hence our task is to find
the condition for A of the above form such that m∗

tA = 0 holds. The following
proposition shows that this condition can be dealt with separately for each
p ∈ VTn(m∗

t).

Proposition 2.3. Notation being as above, suppose that #(VTn(m∗
t)) <

∞. Then the condition m∗
tA = 0 holds if and only if m∗

tA(p) = 0 holds for
every p ∈ VTn(m∗

t).
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Proof. Let N = max{|s| ; s ∈ IA(p),p ∈ VTn(m∗
t)}. For any p ∈ VTn(m∗

t),
let fp ∈ C∞(Tn) be a C∞ function such that

(∂sfp)(q) = 0 for any q ∈ VTn(m∗
t) and s with |s| ≤ N , except that fp(p) = 1.

(The existence of such a function is assured by the decomposition of unity.)
Then we see that

fp(∂sδq) =

{
0, if q ∈ VTn(m∗

t) − {p},
∂sδp, if q = p.

It follows that

fpA =
∑

q∈VTn (m∗
t )

fpA(q) =
∑

q∈VTn (m∗
t )

fp

∑
s∈IA(q)

cq,s∂
sδq

=
∑

s∈IA(p)

cp,sfp(∂sδp) =
∑

s∈IA(p)

cp,s∂
sδp = A(p).

Hence if m∗
tA = 0, then 0 = fpm∗

tA = m∗
tfpA = m∗

tA(p). Since the converse
is clear, this completes the proof.

This proposition reduces our task to the investigation of the space{∑
s∈I

cs∂
sδp; I is a finite subset of Zn

≥0, cs ∈ C, m∗
t

(∑
s∈I

cs∂
sδp

)
= 0

}

for each p ∈ VTn(m∗
t). Through the Fourier transform, this translates to the

space of zero-sum arrays as follows. Let p = (p1, · · · , pn) = (eia1 , · · · , eian) ∈
Tn, and we take wj = eixj − eiaj , 1 ≤ j ≤ n, as a set of local coordinates at p.
Since ∂wj

= (−i/zj)∂xj
, where zj = eixj (1 ≤ j ≤ n), we have

(∂wj
δp)̂(k) = ((−i/zj)∂xj

δp)(e−ik·x)

= (∂xj
δp)(−ie−ik·x/zj)

= (∂xj
δp)(−ie−ik·x−ixj )

= −(−i)(−ikj − i)δp(e−ik·x−ixj )

= (kj + 1)e−ik·a−iaj

= (kj + 1)p−(k+ej),

where ej(1 ≤ j ≤ n) denotes the j-th standard basis vector of Zn. In order
to generalize this formula to the one for higher derivatives, we introduce the
notation as̄ = (a + 1)(a + 2) · · · (a + s) for any integers a, s, and set as̄ =



1074 Fumio Hazama

∏
1≤j≤n a

s̄j

j . (The reader should be aware that this notation is different a little
bit from that used in [2, 2.6]). Then we have the following formula, which can
be proved easily by induction.

Proposition 2.4. Notation being as above, we have (∂s1
w1

· · · ∂sn
wn

δp)̂(k) =
ks̄p−(k+s).

As a consequence, we obtain the following.

Theorem 2.5. Notation being as above, the equality m∗
t(
∑

s∈I cs∂
sδp) =

0 holds if and only if
(∑

s∈I csks̄p−(k+s)
)
k∈Zn ∈ Apoly

t .

Furthermore we can get rid of dualizing operator “*” in this formulation by
the following simple trick. Given an array a = (ai)i∈Zn , we define a transposed
array a∗ by a∗ = (a−i)i∈Zn , so that the equality mt∗(z) = m∗

t(z) holds. Note
that for any window t, we have

(2.2) Apoly
t =

(
Apoly

t∗

)∗
,

namely a ∈ Apoly
t if and only if a∗ ∈ Apoly

t∗ , since dt∗−p(a∗) = dt+p(a) holds
for any p ∈ Zn. Therefore Theorem 2.5 is formulated solely in terms of the
original window and its characteristic polynomial:

Theorem 2.6. Notation being as above, the equality mt(
∑

s∈I cs∂
sδp) =

0 holds if and only if
(∑

s∈I cs(−k)s̄pk−s
)
k∈Zn ∈ Apoly

t .

Thus our task turns out to be related to the annihilator of the Dirac delta
function in the Weyl algebra. This is discussed in the next section.

§3. Annihilator of the Delta Function

As we have seen in the previous section, we can restrict our attention to
the annihilator of δp for each p ∈ VTn(mt). This section is devoted to the local
study of the annihilator and some related objects.

We take a system of local coordinates w = (w1, · · · , wn) at p, and let
δ denote the Dirac delta function centered at the origin of Cn. Let Wn =
C 〈w1, · · · , wn, ∂1, · · · , ∂n〉 denote the Weyl algebra in n variables, where ∂i =
∂/∂wi, 1 ≤ i ≤ n. We put Pn = C[w1, · · · , wn], Dn = C[∂1, · · · , ∂n], and
call an element of the latter ∂-polynomial in order to discriminate it from the
usual polynomial in the former. The Weyl algebra Wn acts on Pn through the
usual differentiation. We denote this action by F · g for F ∈ Wn, g ∈ Pn, in



Discrete Tomography 1075

order to distinguish it from the multiplication in the Weyl algebra, which is
expressed simply by juxtaposition. One knows that the annihilator of δ in the
Weyl algebra is equal to the left ideal In = Wnw1 + · · · + Wnwn. Therefore
when we investigate the kernel of the multiplication operator mg : Wnδ → Wnδ,
defined by F �→ gF for g ∈ Pn, it is natural to consider its action through the
quotient Wn/In. The following proposition and its corollary reveal an intimate
connection between the kernel and the space of polynomial solutions of a certain
PDE.

Proposition 3.1. Let F+, F− ∈ HomC-alg(Wn, Wn) denote the C-algebra
automorphisms of Wn defined by

F+(wi) = ∂i, F+(∂i) = wi,

F−(wi) = −∂i, F−(∂i) = wi,

for 1 ≤ i ≤ n. Then for any f ∈ C[w1, · · · , wn] and D ∈ C[∂1, · · · , ∂n], we
have

(3.1) fD ≡ F+(F−(f) · F−(D))(modIn).

Furthermore fD ∈ In holds if and only if F−(f) · F−(D) = 0.

Proof. First we note that the relations

wi∂
s
i = ∂s

i wi − s∂s−1
i , s ≥ 1, i = 1, · · · , n,

hold in Wn. Therefore we have

wi∂
s
i ≡ −s∂s−1

i (modIn), s ≥ 1, i = 1, · · · , n.

Thus the multiplication operator mwi
acts, modulo In, on Dn just like the

negative of the “differentiation by ∂i.” The equality (3.1) is merely a translation
of this fact into more precise form. As for the last assertion, note that F−(f) ·
F−(D) ∈ C[w1, · · · , wn] and hence F+(F−(f) · F−(D)) ∈ C[∂1, · · · , ∂n]. Since
In ∩ C[∂1, · · · , ∂n] = {0} by the linear independence of the derivatives of the
Dirac delta function, it follows that if fD ∈ In, then F−(f) ·F−(D) = 0. Since
the converse is evident, this completes the proof.

This proposition has an important corollary. For any f ∈ Pn, D ∈ Dn, let

Diff (f) = {E ∈ Dn; fE · δ = 0},
Sol(D) = {g ∈ Pn; D · g = 0}.

Then we have the following.
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Corollary 3.1.1. For any f ∈ Pn, F− restricts to a linear isomorphism
from Diff (f) onto Sol(F−(f)).

Proof. Since the annihilator of δ is equal to In, the condition E ∈ Diff (f)
holds if and only if fE ∈ In, which is equivalent to F−(f) · F−(E) = 0 by
Proposition 3.1. This completes the proof.

Summarizing the results obtained in this and the previous sections, we
obtain the following structure theorem on the space of zero-sum arrays.
Let Gp : Dn → Apoly denote the linear map defined by Gp(

∑
s cs∂

s)
= (
∑

s cs(−k)s̄pk−s)k∈Zn (see Theorem 2.6). Furthermore for any D ∈ C[∂1,

· · · , ∂n], let Sol(D)≤N = {f ∈ Sol(D); deg f ≤ N}. Then we have the follow-
ing.

Theorem 3.2. Suppose that #(VTn(mt)) < ∞. Then for each p ∈
VTn(mt), the composite map Gp ◦ F−1

− defines an isomorphism from
Sol(F−(mp

t ))≤N onto its image in AN
t , where mp

t (w) = mt(w + p). Fur-
thermore we have

AN
t = ⊕

p∈VTn (mt)
Gp ◦ F−1

− (Sol(F−(mp
t )≤N )),

and hence
Apoly

t = ⊕
p∈VTn (mt)

Gp ◦ F−1
− (Sol(F−(mp

t ))).

For actual computation of the space of zero-sum arrays, as will be done in
the final section, it is convenient to reformulate the theorem in the form of an
algorithm as follows:

Algorithm 3.3. Given a window t, we can find every array in Apoly
t

through the following steps:
(A) Find VTn(mt).
(B) For p ∈ VTn(mt), let w = z − p and put mp

t (w) = mt(w + p).
(C) Put Dp = F−(mp

t ) and determine Sol(Dp).
(D) For any f ∈ Sol(Dp), let F−1

− (f) =
∑

cs∂
s.

(E) Then
∑

csks̄p−(k+s) ∈ Apoly
t∗ , and hence

∑
cs(−k)s̄pk−s ∈ Apoly

t .

Thus it remains to investigate the step (C), namely the problem of find-
ing polynomial solutions of linear partial differential equations with constant
coefficients. This will be discussed in the following two sections.
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§4. Dimension Formula

In this section we derive a dimension formula for the space of polynomial
solutions of linear partial differential equations with constant coefficients. As
an application we show that the generating functions of the dimensions are
always rational functions.

For any D =
∑

i∈Zn
≥0

ai∂
i ∈ C[∂1, · · · , ∂n], let Supp(D) = {i ∈ Zn

≥0; ai �=
0}, and put mdeg D = min{|i| ; i ∈ Supp(D)}. For any f =

∑
i∈Zn

≥0
biwi ∈

C[w1, · · · , wn], one can check that the constant term of D · f is equal to∑
i∈Supp(D) aibii!, where i! =

∏
1≤k≤n ik!. Similarly one sees that the coeffi-

cient of wp(p ∈ Zn
≥0) in D · f is equal to

∑
i∈Supp(D) aibi+p(i + p)!. There-

fore if f ∈ Sol(D), then all of these coefficients must vanish. Let Eq(p) de-
note the equation

∑
i∈Supp(D) (i + p)!aiXi+p = 0 arising in this way, and let

Suff (p) = Supp(D) + p, the set of suffices which appear in Eq(p). Let ≺lex

denote the lexicographic order on Zn
≥0, and let ≺ denote the total order on Zn

≥0

defined by
i ≺ j ⇔ |i| < |j| or (|i| = |j| and i ≺lex j).

Note that this order is compatible with the translation, namely, if i ≺ j and
k ∈ Zn

≥0, then i + k ≺ j + k. Let ind(p) ∈ Zn
≥0 denote the minimum of the set

Suff (p) with respect to the total order ≺. Then by the compatibility we have
ind(p) = min≺(Supp(D)) + p. Therefore the map ind : Zn

≥0 → Zn
≥0 is strictly

increasing with respect to ≺. In particular, the equations Eq(p), p ∈ Zn
≥0, are

linearly independent. When f =
∑

i∈Zn
≥0

bixi ∈ Sol(D)≤N , the set of nontrivial
equations for the coefficients is detected as follows. Let Δn

≤N = {i ∈ Zn
≥0; |i| ≤

N}. The number of its elements is given by #(Δn
≤N ) =

(
n+N

n

)
. On the other

hand, the equation Eq(p) =
∑

i∈Supp(D) (i + p)!aiXi+p = 0 for f to belong to
Sol(D)≤N is nontrivial if and only if (Supp(D) + p) ∩ Δn

≤N �= φ. The latter
condition holds precisely when p ∈ (Δn

≤N − Supp(D)) ∩ Zn
≥0. (Here we set

A−B = {i− j; (i, j) ∈ A×B} ⊂ Zn for any pair A, B of subsets of Zn
≥0.) Thus

we obtain the following.

Proposition 4.1. Notation being as above, we have

(4.1) dimSol(D)≤N = max
{(

n + N

n

)
− #((Δn

≤N − Supp(D)) ∩ Zn
≥0), 0

}
.

Actually we do not need the whole Supp(D) to compute the right hand
side, as is shown by the following.

Lemma 4.2. For any i ∈ Zn
≥0, we have (Δn

≤N − i) ∩ Zn
≥0 = Δn

≤N−|i|.
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Proof. This follows from the following computation:

(Δn
≤N − i) ∩ Zn

≥0 = {p ∈ Zn
≥0;p + i ∈ Δn

≤N}
= {p ∈ Zn

≥0; |p + i| ≤ N}

=

⎧⎨
⎩p ∈ Zn

≥0;
∑

k∈[1,n]

(pk + ik) ≤ N

⎫⎬
⎭

=

⎧⎨
⎩p ∈ Zn

≥0;
∑

k∈[1,n]

pk ≤ N −
∑

k∈[1,n]

ik

⎫⎬
⎭

= {p ∈ Zn
≥0; |p| ≤ N − |i|}

= Δn
≤N−|i|.

This lemma together with Proposition 4.1 implies the following formula.

Theorem 4.3. dimSol(D)≤N =
(
n+N

n

)− (n+N−mdeg D
n

)
.

Proof. Since Δn
≤M ⊂ Δn

≤N whenever M ≤ N , it follows from Lemma 4.2
that (Δn

≤N − Supp(D)) ∩ Zn
≥0 = Δn

≤N−mdeg D. Inserting this equality into the
right hand side of (4.1), we finish the proof.

Corollary 4.3.1. If D ∈ Dn contains a nonzero constant term, then
Sol(D)≤N = {0}.

Theorem 4.3 gives through Theorem 3.2 a dimension formula for the space
of zero-sum arrays. Let VTn(mt) = {p1, · · · ,p�}, and let w = z−pk, 1 ≤ k ≤
�, the local coordinate at pk. Let mpk ∈ C[w1, · · · , wn] denote the translated
characteristic polynomial defined by mpk

t (w) = mt(w + pk). We define m-
degree mdeg f of a polynomial f =

∑
i∈Zn

≥0
aiwi ∈ C[w1, · · · , wn] to be equal

to min{|i| ; ai �= 0}, so that the equality mdeg f = mdeg F−(f) holds. Then by
Theorem 3.2 and Theorem 4.3, we have the following dimension formula.

Theorem 4.4. Notation being as above, we have

dimC AN
t =

∑
1≤k≤�

((
n + N

n

)
−
(

n + N − mdeg mpk

t

n

))
.

Next we focus on the set of solutions in homogeneous polynomials. Let
HSol(D)N = {f ∈ Sol(D); f is homogeneous with deg f = N}. First we
consider the case when D is homogeneous as ∂-polynomial.
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Theorem 4.5. Let D be a homogeneous ∂-polynomial of degree d.
Then we have

dim HSol(D)N =
(

n − 1 + N

n − 1

)
−
(

n − 1 + N − d

n − 1

)
.

Proof. We use this time Δn
=N = {i ∈ Zn

≥0; |i| = N} instead of Δn
≤N . The

number of its elements is equal to #(Δn
=N ) = #(Δn−1

≤N ) =
(
n−1+N

n−1

)
. Further-

more we see that the equation Eq(p) =
∑

i∈Supp(D) (i + p)!aiXi+p = 0 for f

to belong to HSol(D)N is nontrivial if and only if p ∈ Δn
=N−d. Therefore we

have

dim HSol(D)N =
(

n − 1 + N

n − 1

)
−
(

n − 1 + N − d

n − 1

)
.

(Note that
(
n−1+N−d

n−1

)
is defined to be zero when N < d.) This completes the

proof.

Let us introduce the generating functions for the dimensions of polynomial
(resp. homogeneous polynomial) solutions by

SD(t) =
∑
N≥0

(dim Sol(D)≤N )tN ,

HSD(t) =
∑
N≥0

(dim HSol(D)N )tN .

Then the above results show that they have impressive forms:

Proposition 4.6. Notation being as above, we have

(4.2) SD(t) =
1 − tmdeg D

(1 − t)n+1
.

When D is homogeneous as a ∂-polynomial, then we have

(4.3) HSD(t) =
1 − tdeg D

(1 − t)n
.

Proof. By the (generalized) binomial expansion, we have
∑

N≥0

(
n+N

n

)
tN =

1
(1−t)n+1 . It follows that

∑
N≥0

(
n + N − mdeg D

n

)
tN =

∑
N≥mdeg D

(
n + N − mdeg D

n

)
tN

= tmdeg D
∑

N≥mdeg D

(
n + N − mdeg D

n

)
tN−mdeg D

=
tmdeg D

(1 − t)n+1
.
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Hence Theorem 4.3 implies the formula (4.2). Similarly Theorem 4.5 shows the
validity of (4.3). This completes the proof.

We examine our results through several examples.

Example 4.7.1. Let Dharmonic = ∇2
2 = ∂2

1 + ∂2
2 . It is homogeneous

with mdeg Dharmonic = 2. Therefore Theorems 4.3 and 4.5 imply that

dimSol(Dharmonic)≤N =
(

2 + N

2

)
−
(

2 + N − 2
2

)

=
(

N + 2
2

)
−
(

N

2

)
= 2N + 1,

dimHSol(Dharmonic)N =
(

1 + N

1

)
−
(

1 + N − 2
1

)

=
(

N + 1
1

)
−
(

N − 1
1

)
=

{
2, if N ≥ 1,

1, if N = 0.

(Recall the convention that
(
n
k

)
= 0 when k /∈ [0, n].) Furthermore by Proposi-

tion 4.6, the generating functions are found to be

SDharmonic
(t) =

1 − t2

(1 − t)3
=

1 + t

(1 − t)2
,

HSDharmonic
(t) =

1 − t2

(1 − t)2
=

1 + t

1 − t
.

Example 4.7.2. Let Dbiharmonic = (∇2
2)2 = ∂4

1 + 2∂2
1∂2

2 + ∂4
2 . Since

Dbiharmonic is homogeneous and mdeg Dbiharmonic = 4, it follows Theorems 4.3
and 4.5 that

dim Sol(Dbiharmonic)≤N =
(

2 + N

2

)
−
(

2 + N − 4
2

)
=
(

N + 2
2

)
−
(

N − 2
2

)

=

⎧⎪⎪⎨
⎪⎪⎩

4N − 2, if N ≥ 2,

3, if N = 1,

1, if N = 0.

dim HSol(Dbiharmonic)N =
(

1 + N

1

)
−
(

1 + N − 4
1

)
=
(

N + 1
1

)
−
(

N − 3
1

)

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4 if N ≥ 3,

3, if N = 2,

2, if N = 1,

1, if N = 0.
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Furthermore the formulas (4.2) and (4.3) become

SDbiharmonic
(t) =

1 − t4

(1 − t)3
=

1 + t + t2 + t3

(1 − t)2
,

HSDbiharmonic
(t) =

1 − t4

(1 − t)2
=

1 + t + t2 + t3

1 − t
.

Example 4.7.3. Let Dcorner = ∂1 + · · · + ∂n. (The name comes from
the shape of the corresponding window. See Subsection 6.1.) Since Dcorner is
homogeneous with mdeg Dcorner = 1, Theorem 4.5 and Proposition 4.6 imply
that

dimHSol(Dcorner)N = max
{(

n − 1 + N

n − 1

)
−
(

n − 1 + N − 1
n − 1

)
, 0
}

=

⎧⎪⎪⎨
⎪⎪⎩
(
n−2+N

n−2

)
, n ≥ 2,

1, n = 1, N = 0,

0, n = 1, N ≥ 1.

HSD(t) =
1

(1 − t)n−1
.

Next we investigate the set of homogeneous solutions of non-homogeneous
PDE’s.

Theorem 4.8. Let D be a non-homogeneous ∂-polynomial and let D =∑
i∈[1,k] Ddi

be its decomposition into homogeneous parts with deg Ddi
= di, i ∈

[1, k]. Then HSol(D)N = {0} for sufficiently large N if and only if V (F+(Dd1),
· · · , F+(Ddk

)) = {0} ∈ An, where V (F+(Dd1), · · · , F+(Ddk
)) denotes the zero

locus of the polynomials F+(Dd1), · · · , F+(Ddk
) ∈ k[w1, · · · , wn] (see Proposi-

tion 3.1 for the definition of F+).

Proof. First we note that h ∈ HSol(D)N if and only if Ddi
· h = 0 for

any i ∈ [1, k]. We begin with the proof of the if-part of the theorem.
If-part: Let fi = F+(Ddi

), i ∈ [1, k]. Then we have V (f1, · · · , fk) =
{0}, and hence I(V (f1, · · · , fk)) = I({0}) = (w1, · · · , wn). It follows from
Hilbert’s Nullstellensatz that

√
(f1, · · · , fk) = (w1, · · · , wn). Therefore there

exists an integer M such that wM
j ∈ (f1, · · · , fk) for any j ∈ [1, n]. It follows

that when N > k(M − 1), every monomial wi of degree N belongs to the
ideal (f1, · · · , fk) by pigeonhole principle. Therefore for any i ∈ Δn

≥N = {i ∈
Zn

≥0; |i| ≥ N} with N > k(M − 1), there exists a set of polynomial gi, i ∈
[1, k] such that ∂i = F+(wi) is expressed as ∂i =

∑
i∈[1,k] F+(gi)F+(fi) =
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∑
i∈[1,k] F+(gi)F+(F+Ddi

) =
∑

i∈[1,k] F+(gi)Ddi
. Hence we see that if h ∈

HSol(D)N with N > k(M − 1), then ∂i ·h =
∑

i∈[1,k] F+(gi)Ddi
· h = 0, which

implies that h = 0. Thus we finish the proof of the if-part.
Only-if-part: Suppose that V = V (F+(Dd1), · · · , F+(Ddk

)) ⊃
	=

{0} and let

0 �= (a1, · · · , an) ∈ V . Since all of F+(Ddi
), i ∈ [1, k], are homogeneous,

it follows that the zero locus V contains the line � = {(ta1, · · · , tan); t ∈ C}.
Therefore we have I(V ) ⊂ I(�) = (a2w1−a1w2, a3w1−a1w3, · · · , anw1−a1wn).
Since fi ∈

√
(f1, · · · , fk) = I(V ), it follows that for any i ∈ [1, k], there exists

a set of polynomials sj , j ∈ [1, n], such that fi =
∑

j∈[1,n] sj(ajw1 − a1wj). On
the other hand, if we put h =

∑
j∈[1,n] ajwj , then for any positive integer p, we

have (aj∂1 − a1∂j) · hp = php−1((aj∂1 − a1∂j) · h) = php−1(aja1 − a1aj) = 0.
Therefore we see that

Ddi
· hp = F+(fi) · h =

⎛
⎝ ∑

j∈[1,n]

F+(sj)F+(ajw1 − a1wj)

⎞
⎠ · h

=
∑

j∈[1,n]

F+(sj)(aj∂1 − a1∂j) · h = 0

holds for any positive integer p. It follows that hp ∈ HSol(D)p, p ≥ 1. This
completes the proof of the only-if-part, and at the same time that of Theorem
4.8.

The next example deals with a non-homogeneous ∂-polynomial.

Example 4.8.1. Let Dharmonic = ∂2
1 + ∂2

2 − ∂2
1∂2 − ∂1∂

2
2 . As we will

see later in Subsection 6.3, this corresponds to a window related to a class
of discrete harmonic functions. Since mdeg Dharmonic = 2, the generating
function SDharmonic

(t) is the same as in Example 4.7.1. In order to investigate
homogeneous solutions, we employ the notation in the proof of Theorem 4.8.
Let D = Dharmonic = D2 + D3, where

D2 = ∂2
1 + ∂2

2 , D3 = −∂2
1∂2 − ∂1∂

2
2 ,

and let

f1 = F+(D2) = w2
1 + w2

2, f2 = F+(D3) = −w2
1w2 − w1w

2
2.

Since one can check that V (f1, f2) = {0}, it follows from Theorem 4.8 that
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HSol(D)N = {0} for sufficiently large N . Actually we see that

w4
1 = ((2w2

1 + w1w2)f1 + (w1 + w2)f2)/2,

w3
1w2 = (w1w2f1 + (−w1 + w2)f2)/2,

w2
1w

2
2 = (−w1w2f1 + (−w1 − w2)f2)/2,

w1w
3
2 = (w1w2f1 + (w1 − w2)f2)/2,

w4
2 = ((w1w2 + 2w2

2)f1 + (w1 + w2)f2)/2.

It follows that we have an inclusion of ideals (w1, w2)4 ⊂ (f1, f2), hence by the
argument used in the proof of Theorem 4.8, we see that HSol(D)N = {0} for
N ≥ 4. Since one can check easily that dimHSol(D)0 = 1, dimHSol(D)1 =
2, dim HSol(D)2 = 2, dimHSol(D)3 = 1 (see Example 5.5.3), we see that the
generating function HSDharmonic

(t) = 1 + 2t + 2t2 + t3, a polynomial of degree
three.

Remark 4.8.2. When D = ∂1∂2 +∂2, we see that the corresponding zero
locus is V (F+(D2), F+(D1)) = V (w1w2, w2) = V (w2) �= {0}. Hence it follows
from Theorem 4.8 that there are infinitely many independent homogeneous so-
lutions. Actually one can show that HSol(D)N =

〈
wN

1

〉
C

for any N . Indeed,
this phenomenon is also related to the fact that D is factored as D = (∂1 +1)∂2

and Sol(∂2) = C[w1]. We must, however, be careful not to conclude that
the reducibility always implies the infiniteness of homogeneous solutions. In
fact, for D = (∂1∂2 + ∂1 + ∂2)2, we have V (F+(D4), F+(D3), F+(D2)) =
V (w2

1w
2
2, 2w1w2(w1 + w2), (w1 + w2)2) = {0}, and hence Theorem 4.8 im-

plies that HSol(D)N = {0} for sufficiently large N . On the other hand,
for D = ∂1∂

2
2 + ∂1∂3 + ∂3, which is easily seen to be irreducible, we see

that V (F+(D3), F+(D2), F+(D1)) = V (w1w
2
2, w1w3, w3) contains a point

(1, 0, 0) ∈ A3, and hence Theorem 4.8 implies that there are infinitely many
independent homogeneous solutions for D.

§5. Polynomial Solutions of PDE

In this section we establish a method which derives a polynomial solution
of a PDE from that of a certain PDE of lesser variables.

One of standard methods for finding polynomial solutions of PDE is to
translate the problem into solving a system of linear difference equations on the
unknown coefficients of the solutions. Here we propose an inductive procedure,
which enables one to find polynomial solutions of PDE from those for lesser
variables. Observe that for any D ∈ C[∂1, · · · , ∂n], we have ∂i(Sol(D)) ⊂
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Sol(D)(1 ≤ i ≤ n). Therefore it is natural to consider what occurs if we
integrate an arbitrary solution. Let Sk ∈ EndC(Pn)(1 ≤ k ≤ n) denote the
linear map defined by

Sk

⎛
⎝ ∑

i∈Zn
≥0

aiwi

⎞
⎠ =

∑
i∈Zn

≥0

1
ik + 1

aiwi+ek ,

where ek(1 ≤ k ≤ n) denotes the k-th standard basis of Zn.

Proposition 5.1. The following commutator relations hold in
EndC(Pn):

∂kS� − S�∂k = 0, if k and � are distinct,(5.1)

∂kSk − Sk∂k = pk̂, 1 ≤ k ≤ n,(5.2)

where pk̂ is defined by (pk̂f)(w1, · · · , wn) = f(w1, · · · , wk−1, 0, wk+1, · · · , wn).

Proof. The first equality can be checked easily. As for the second one, let
f =
∑

i∈Zn
≥0

aiwi. Then we have

Sk∂k(f) = Sk

⎛
⎝ ∑

i∈Zn
≥0+ek

ikaiwi−ek

⎞
⎠ =

∑
i∈Zn

≥0+ek

aiwi

=
∑

i∈Zn
≥0

aiwi −
∑

i∈Zn
≥0

ik=0

aiwi = f − pk̂(f).

Since ∂kSk = id, this implies (5.2). This completes the proof.

Corollary 5.1.1. Let m be an arbitrary nonnegative integer. Then for
any pair of distinct integers k, � ∈ [1, n], we have

(5.3) ∂m
k S� = S�∂

m
k .

On the other hand, for any k ∈ [1, n], we have

(5.4) ∂m
k Sk =

{
Sk∂m

k + pk̂∂m−1
k , if m ≥ 1,

Sk∂m
k , if m = 0.

Proof. The first assertion is clear. As for the second assertion, when
m = 2, noting that ∂kpk̂ = 0, we see from (5.2) that

∂2
kSk = ∂k(Sk∂k + pk̂) = ∂kSk∂k = (Sk∂k + pk̂)∂k = Sk∂2

k + pk̂∂k,
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For general m, one can prove (5.4) by induction. This finishes the proof.

From this corollary, we obtain the following.

Proposition 5.2. For any D =
∑

i∈Zn
≥0

bi∂
i ∈ C[∂1, · · · , ∂n] and for

any integer k with 1 ≤ k ≤ n, let D−
k =
∑

i∈Zn
≥0+ek

bi∂
i−ek . Then we have

DSk = SkD + pk̂D−
k .

Proof. It follows from Corollary 5.1.1 that

DSk =
∑

i∈Zn
≥0

bi∂
iSk

=
∑

i∈Zn
≥0

bi∂
ik

k Sk∂i−ikek

=
∑

i∈Zn
≥0

ik≥1

bi∂
ik

k Sk∂i−ikek +
∑

i∈Zn
≥0

ik=0

bi∂
ik

k Sk∂i−ikek

=
∑

i∈Zn
≥0

ik≥1

bi(Sk∂ik

k + pk̂∂ik−1
k )∂i−ikek +

∑
i∈Zn

≥0
ik=0

biSk∂i

=
∑

i∈Zn
≥0

ik≥1

bi(Sk∂i + pk̂∂i−ek) +
∑

i∈Zn
≥0

ik=0

biSk∂i

= SkD + pk̂D−
k .

This completes the proof.

By using this proposition, we can reduce a PDE for n variables to a certain
PDE for n−1 variables. For any D =

∑
i∈Zn

≥0
bi∂

i ∈ C[∂1, · · · , ∂n] and for any
k ∈ [1, n], we define Dk̂ ∈ C[∂1, · · · , ∂k−1, ∂k+1, · · · , ∂n] by the formula

Dk̂ =
∑

i∈Zn
≥0

ik=0

bi∂
i ∈ C[∂1, · · · , ∂k−1, ∂k+1, · · · , ∂n].

Proposition 5.3. Let D ∈ C[∂1, · · · , ∂n]. Suppose that f ∈ C[w1, · · · ,

wn] satisfies D · f = 0. Then a polynomial g ∈ C[w1, · · · , wk−1, wk+1, · · · , wn]
satisfies D · (Skf + g) = 0 if and only if Dk̂ · g = −pk̂D−

k · f.
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Proof. By using Proposition 5.2, we can compute as follows.

D · (Skf + g) = DSk · f + Dk̂ · g
= (SkD + pk̂D−

k ) · f + Dk̂ · g
= pk̂D−

k · f + Dk̂ · g.

This completes the proof.

For the two variables case, this proposition enables us to obtain a simple
procedure which generates a complete system of solutions.

Proposition 5.4. Let D ∈ C[∂1, ∂2]. Suppose that Dk̂ is a monomial
for k = 1 or 2, say Dk̂ = a∂m

3−k, and let Opk = Sk − (1/a)Sm
3−kpk̂D−

k . Then
Opk(Sol(D)N) ⊂ Sol(D)N+1 and Opk(HSol(D)N ) ⊂ HSol(D)N+1 for any
N ≥ 0.

Proof. Since

Dk̂(−(1/a)Sm
3−kpk̂D−

k ) = a∂m
3−k(−(1/a)Sm

3−kpk̂D−
k )

= −(∂m
3−kSm

3−k)pk̂D−
k = −pk̂D−

k ,

it follows from Proposition 5.3 that Opk maps a solution to another solution.
The assertions for degree are clear from the definition. This completes the
proof.

We illustrate how this proposition works by the examples of PDE’s treated
in the previous section.

Example 5.5.1. Let Dharmonic = ∂2
1 + ∂2

2 (see Example 4.7.1). The
polynomial solutions of the Laplace equation are, of course, well known. Our
aim here, however, is to verify the validity of our results through the known
solutions. The polynomial f = w1 is trivially a solution, so that we take this
f as in Proposition 5.3. Moreover since D1̂ = ∂2

2 and D2̂ = ∂2
1 , we can employ

Proposition 5.4 for k = 1, 2 with a = 1, m = 2. Since D−
1 = ∂1, D−

2 = ∂2, we
have

Op1 · f = (S1 − S2
2p1̂∂1) · w1 = S1 · w1 − S2

2 · 1 = w2
1/2 − w2

2/2,

and
Op2 · f = (S2 − S2

1p2̂∂2) · w1 = S2 · w1 = w1w2.

These two solutions constitute a basis of the space HSol(Dharmonic)2. Gener-
ally we can show that (Op1)N ·1 and (Op1)N−1Op2 ·1 provide us with a basis of
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HSol(Dharmonic)N . For notational simplicity, we let the word (ε1ε2 · · · εN ) de-
note the composite Opε1Opε2 · · ·OpεN

∈ EndC(P2) for any (ε1, ε2, · · · , εN ) ∈
{1, 2}N . Then one can show by induction that

(1N ) · 1 = (const)
∑
k∈Z

(−1)k

(
N

2k

)
wN−2k

1 w2k
2 ,

(1N−12) · 1 = (const)
∑
k∈Z

(−1)k

(
N

2k + 1

)
wN−2k−1

1 w2k+1
2 .

These are apparently linearly independent. Since we have already seen in
Example 4.7.1 that dim HSol(Dharmonic)N = 2 for any N ≥ 1, we have
HSol(Dharmonic)N =

〈
(1N ) · 1, (1N−12) · 1〉

C
for any N ≥ 1.

Example 5.5.2. Dbiharmonic = ∂4
1 + 2∂2

1∂2
2 + ∂4

2 (see Example 4.7.2).
Since D1̂ = ∂4

2 , D2̂ = ∂4
1 , we can employ Proposition 5.4 for both k = 1, 2 with

a = 1, m = 4. By definition, we have D−
1 = ∂3

1 + 2∂1∂
2
2 , D−

2 = ∂3
2 + 2∂2

1∂2.
Taking f = w3

1 as a starting solution, for example, we have

Op1 · f = (S1 − S4
2p1̂D

−
1 ) · w3

1 = S1 · w3
1 − S4

2 · 6 = w4
1/4 − w4

2/4,

Op2 · f = (S2 − S4
1p2̂D

−
2 ) · w3

1 = S2 · w3
1 = w3

1w2.

In general, one can check by induction that

(1N ) · 1 = (const)
∑
k∈Z

(−1)kk

(
N

2k + 2

)
w

N−(2k+2)
1 w2k+2

2 ,

(1N−12) · 1 = (const)
∑
k∈Z

(−1)kk

(
N

2k + 3

)
w

N−(2k+3)
1 w2k+3

2 ,

(1N−222) · 1 = (const)
∑
k∈Z

(−1)kk

(
N

2k

)
wN−2k

1 w2k
2 ,

(1N−323) · 1 = (const)
∑
k∈Z

(−1)kk

(
N

2k + 1

)
w

N−(2k+1)
1 w2k+1

2 .

Since these are evidently linearly independent and dim HSol(Dbiharmonic)N =
4 for N ≥ 3, as is seen in Example 4.7.2, we see that

HSol(D)N =
〈
(1N ) · 1, (1N−12) · 1, (1N−222) · 1, (1N−323) · 1〉

C
, for N ≥ 3.

Example 5.5.3. Dharmonic = ∂2
1+∂2

2−∂2
1∂2−∂1∂

2
2 (see Example 4.7.4).

Let D = Dharmonic. Since D1̂ = ∂2
2 , D2̂ = ∂2

1 , we can employ Proposition
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5.4 for both k with a = 1, m = 2. By definition, we have D−
1 = ∂1 − ∂1∂2 −

∂2
2 , D−

2 = ∂2−∂2
1 −∂1∂2. Therefore we have the following list (up to constant):

(1) · 1 = w1, (2) · 1 = w2

(12) · 1 = w2
1 − w2

2, (12) · 1 = w1w2,

(13) · 1 = w3
1 − 3w1w

2
2 − 3w2

2, (122) · 1 = 3w2
1w2 − w3

2 + 3w2
2,

and so on. If we denote the degree-N -part of a polynomial f by (f)N , then one
can show by induction that

(
(1N ) · 1)

N
= (const)

∑
0≤k≤N/2

(−1)k

(
N

2k

)
wN−2k

1 w2k
2 ,

(
(1N−12) · 1)

N
= (const)

∑
0≤k≤(N−1)/2

(−1)k

(
N

2k + 1

)
w

N−(2k+1)
1 w2k+1

2 .

Since these are linearly independent, we see that

Sol(Dharmonic)≤N = C · 1⊕ 〈(1k) · 1, (1k−12) · 1; 1 ≤ k ≤ N
〉
C

for any N ≥ 1.

Furthermore we see that (13) · 1 + (122) · 1 = w3
1 + 3w2

1w2 − 3w1w
2
2 − w3

2 is
homogeneous of degree three, and one can show that

HSol(D)0 = 〈1〉C , HSol(D)1 = 〈(1) · 1, (2) · 1〉C ,

HSol(D)2 =
〈
(12) · 1, (12) · 1〉

C
, HSol(D)3 =

〈
(13) · 1 + (122) · 1〉

C
.

There are no homogeneous solutions of degree N for N ≥ 4, as is shown in
Example 4.8.1.

§6. Discrete Tomography

In this section we translate the results on the space of polynomial solutions
of PDE obtained in the previous sections into those on discrete tomography and
examine our results by several examples of windows.

Now that we have solved the problem in the step (C) of Algorithm 3.3, we
can apply the whole machinery in the paper to find zero-sum arrays of polyno-
mial growth for any windows. We illustrate the process by several examples of
windows related to the PDE’s treated in the previous sections.
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§6.1. Window tncorner

The window tn
corner is defined by

(tn
corner)i =

⎧⎪⎪⎨
⎪⎪⎩

1, if i = ek for some k,

−n, if i = 0,

0, otherwise.

The characteristic polynomial mtn
corner

is given by mtn
corner

(z) =
∑

1≤k≤n zk −
n, and its zero locus on Tn is VTn(mtn

corner
) = {(1, 1, · · · , 1)}, since |zk| =

1, 1 ≤ k ≤ n. As a local coordinate at 1 = (1, 1, · · · , 1) ∈ Tn, we take
wk = zk − 1, 1 ≤ k ≤ n. Then the translated characteristic polynomial
m1

tn
corner

is expressed as m1
tn

corner
(w) =

∑
1≤k≤n wk. Since F−(

∑
1≤k≤n wk) =

−∑1≤k≤n ∂k by the definition, we are led to deal with Sol(−∑1≤k≤n ∂k)≤N =
Sol(
∑

1≤k≤n ∂k)≤N . The dimension formula of the space of the polynomial
solutions is deduced already in Example 4.7.3. Therefore we are to find actual
solutions. Let D = Dcorner. Let μn denote the set of n-th roots of unity, and
for any ζ ∈ μn − {1}, let wζ =

∑
1≤k≤n ζk−1wk. Then we see that Dwζ =∑

1≤k≤n ζk−1(∂1 + · · · + ∂n)wk =
∑

1≤k≤n ζk−1 = 0. Therefore any products
of wζ , ζ ∈ μn − {1}, belong to Sol(D). Furthermore if we put w(i) = wζi

n
, 1 ≤

i ≤ n − 1, with a fixed primitive n-th root of unity ζn, then they are linearly
independent, and hence the products w(i1)w(i2) · · · w(iN ), 1 ≤ i1 ≤ i2 ≤
· · · ≤ iN ≤ n − 1, for fixed N are linearly independent too. Note that the
number of them is equal to

(
n−2+N

n−2

)
, which coincides with the dimension of

HSol(D)N , as is seen in Example 4.7.3. Therefore

(6.1) HSol(D)N = 〈w(i1)w(i2) · · · w(iN ); 1 ≤ i1 ≤ i2 ≤ · · · ≤ iN ≤ n − 1〉C .

In order to go to Step (D) in Algorithm 3.3, we put ∂(i) =
∑

1≤k≤n ζ
i(k−1)
n ∂k

so that F−(∂(i)) = w(i). Then Corollary 3.1.1 together with (6.1) implies the
following.

Proposition 6.1.1. Notation being as above, we have

Diff (mtn
corner

)

= C · 1 ⊕ ⊕
N≥1

〈∂(i1)∂(i2) · · · ∂(iN ); 1 ≤ i1 ≤ i2 ≤ · · · ≤ iN ≤ n − 1〉C .

Translating this result by the algorithm, we can determine completely
the space of zero-sum arrays for the window tn

corner. We illustrate the
process of translation through the two-dimensional case. In this case
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Proposition 6.1.1 says that the degree N part of Diff (mtn
corner

) is a one-
dimensional vector space generated by ∂(1)N = (∂w1 + ζ2∂w2)

N =
(∂w1 − ∂w2)

N =
∑

0≤j≤N

(
N
j

)
(−1)j∂N−j

w1
∂j

w2
. Accordingly let fN (x, y) =∑

0≤j≤N

(
N
j

)
(−1)jxN−jyj and let gN (x, y) = (−1)NfN (−x,−y). (The

coefficient (−1)N is inessential and attached in order to make the coefficient of
xN positive.) Then it follows from Theorem 3.2 that we have

AN
tn

corner
= C · 1 ⊕ ⊕

N≥1

〈
(gN (k1, k2))(k1,k2)∈Z2

〉
C

.

For example, when N = 1, 2, 3, we have

g1(x, y) = (x − 1) − (y − 1) = x − y,

g2(x, y) = (x − 1)(x − 2) − 2(x − 1)(y − 1) + (y − 1)(y − 2)

= (x − y)2 − (x + y) + 2,

g3(x, y) = (x − y)3 − 3(x2 − y2) + 8(x − y).

The corresponding arrays are depicted as follows:

g1 : g2 :

g3 :

One can check by inspection that these are actually zero-sum arrays for tn
corner.

§6.2. Window tleg

This is a two-dimensional window defined by

(tleg)i =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, if i = 2ek for k = 1 or 2,

−2, if i = ek for k = 1 or 2,

2, if i = 0,

0, otherwise.
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Its characteristic polynomial and the zero locus are given by

mtleg
(z) = (z1 − 1)2 + (z2 − 1)2.

VT2(mtleg
) = {(1, 1), (i,−i), (−i, i)}.

First we deal with the space Diff (m(1,1)
tleg

). As a local coordinate at (1, 1), we
take wk = zk − 1, k = 1, 2. Then the translated characteristic polynomial
is expressed as m

(1,1)
tleg

(w1, w2) = w2
1 + w2

2. Since F−(w2
1 + w2

2) = ∂2
w1

+ ∂2
w2

,
we are to determine Sol(∂2

w1
+ ∂2

w2
). This, however, is already considered in

Example 5.5.1, and we know that the degree-N part of Diff (m(1,1)
tleg

) for N ≥ 1
is a two-dimensional vector space generated by

∑
k∈Z (−1)k

(
N
2k

)
∂N−2k

w1
∂2k

w2
and∑

k∈Z (−1)k
(

N
2k+1

)
∂N−2k−1

w1
∂2k+1

w2
. Accordingly we let

pN (x, y) =
∑

0≤k≤N/2

(−1)k

(
N

2k

)
xN−2ky2k,

qN (x, y) =
∑

0≤k<N/2

(−1)k

(
N

2k + 1

)
xN−2k−1y2k+1,

and put p−N (x, y) = pN (−x,−y), q−N (x, y) = qN (−x,−y). Then we have

AN
tleg

= C · 1⊕ ⊕
N≥1

〈
(p−N (k1, k2))(k1,k2)∈Z2 , (q−N (k1, k2))(k1,k2)∈Z2

〉
C

.

For small values of N , these basis are illustrated below:

N p−N (x, y) q−N (x, y)
1 x − 1 y − 1
2 x2 − y2 − 3(x − y) 2xy − 2(x + y) + 2
3 x3−3xy2−6x2+9xy+3y2+5x−9y 3x2y−y3−3x2−9xy+6y2+9x−5y

The arrays corresponding to these are depicted as follows:

p−1 : q−1 :

p−2 : q−2 :
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Next we deal with the space Diff (m(i,−i)
tleg

). As a local coordinate at (i,−i), we
take w1 = z1 − i, w2 = z2 + i. Then the translated characteristic polynomial
is expressed as

m
(i,−i)
tleg

(w1, w2) = (w1+i−1)2+(w2−i−1)2 = w2
1+w2

2+2(i−1)w1−2(i+1)w2.

Therefore we have F−(m(i,−i)
tleg

) = ∂2
1 +∂2

2 −2(i−1)∂1 +2(i+1)∂2. Let D denote
this ∂-polynomial. One notices that neither D1̂ nor D2̂ is a monomial, and
hence Proposition 5.4 is not of use as it is. But by an appropriate coordinate
transformation, we can change D into a form for which the proposition is
applicable as follows. Let v1 = w1 + iw2, v2 = w1 − iw2. Then we have

∂1 = ∂w1 = ∂v1 + ∂v2 , ∂2 = ∂w2 = i∂v1 − i∂v2 .

Therefore in the coordinate system (v1, v2), our differential operator D is ex-
pressed as

D = 4(∂v1∂v2 + (1 − i)∂v2).

Since mdeg D = 1, it follows from Theorem 4.3 that

dimSol(D)≤N =
(

2 + N

2

)
−
(

1 + N

2

)
= N + 1.

Furthermore, since D1̂ = 4(1 − i)∂v2 is a monomial, we can apply Proposition
5.4 with k = 1, a = 4(1 − i), and m = 1. Noticing that D−

1 = 4∂v2 , we obtain
that (1n) · 1 = (const.)vn

1 , and hence we have

Sol(D)≤N = 〈(1n) · 1; n ∈ [0, N ]〉C .

In particular, we see that HSol(D)N =
〈
vN
1

〉
C

=
〈
(w1 + iw2)N

〉
C

.

Remark 6.2.1. This gives us an example of ∂-polynomial D such that
HSol(D)N �= {0} for any N . Indeed we have D2 = 4∂v1∂v2 , D1 = 4(1 −
i)∂v2 in the notation of Theorem 4.8, and we see that V (F+(D2), F+(D1)) =
V (4v1v2, 4(1 − i)v2) = V (v2) is a line in A2. Hence Theorem 4.8 too implies
that HSol(D)N �= {0} for any N .

Next we will find the zero-sum arrays corresponding to the solutions of
low degree given above. Note that (−k)s̄pk−s = ik1(−i)k2 = (−1)k2ik1+k2 for
k = (k1, k2), s = (0, 0), p = (i,−i). Therefore it follows from Theorem 2.6 that
((−1)k2ik1+k2)(k1,k2)∈Z2 ∈ A0

tleg
. We call this array a0. This array is depicted
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as
a0;

and one can check directly that this is a zero-sum array for tleg. Furthermore
we see that (−k)s̄pk−s = (−k1 +1)ik1−1(−i)k2 for k = (k1, k2), s = (1, 0), p =
(i,−i), and (−k)s̄pk−s = (−k2 +1)ik1(−i)k2−1 for k = (k1, k2), s = (0, 1), p =
(i,−i). Hence we see that

G(i,−i)(F−1
− (w1 + iw2)) = G(i,−i)(∂1 + i∂2)

= (−k1 + 1)ik1−1(−i)k2 + i(−k2 + 1)ik1(−i)k2−1

= ik1+k2−1(−1)k2−1((k1 − 1) − i(k2 − 1))

Subtracting an appropriate constant multiple of the basis element
((−1)k2ik1+k2)(k1,k2)∈Z2 of A0

tleg
obtained above, we see that (ik1+k2(−1)k2(k1−

ik2))(k1,k2)∈Z2 ∈ A1
tleg

. We call this array a1. It is depicted as

a1 :

It remains to deal with the space Diff (m(−i,i)
tleg

). This is, however, reduced to the

previous case, since it is isomorphic to Diff (m(i,−i)
tleg

) via complex conjugation.
Hence we see that a0 = ((−1)k2(−i)k1+k2)(k1,k2)∈Z2 gives rise to a basis element
of A0

tleg
, and a1 = ((−i)k1+k2(−1)k2(k1 + ik2))(k1,k2)∈Z2 of A1

tleg
. They are

illustrated as follows:

a0 : a1 :

Furthermore, by adding and subtracting the pairs of the conjugate arrays, we
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obtain Z-valued arrays as follows:

(a0 + ā0)/2 : (a0 − ā0)/(2i) :

(a1 + ā1)/2 : (a1 − ā1)/(2i) :

§6.3. Window tharmonic

The space A0
tharmonic

is investigated already in our previous paper [3, 4].
Our results in the present paper, however, enable us to determine the structure
of the space AN

tharmonic
for any N . Recall that the window is defined by

(tharmonic)i =

⎧⎪⎪⎨
⎪⎪⎩

1, if i = (1, 0), (0, 1), (2, 1), (1, 2),

−4, if i = (1, 1),

0, otherwise.

This window coincides with the one in [3] up to translation. This causes no
harm, since the space of zero-sum arrays does not change under translation of
the window. Its characteristic polynomial is given by

mtharmonic
(z) = z1 + z2 + z2

1z2 + z1z
2
2 − 4z1z2 = z1z2(z1 +1/z1 + z2 +1/z2 − 4),

and hence VT2(mtharmonic
) = {(1, 1)}. If we put wk = zk − 1, 1 ≤ k ≤ 2, then

the translated characteristic polynomial is expressed as m
(1,1)
tharmonic

(w1, w2) =
w2

1(w2 + 1) + (w1 + 1)w2
2, and hence F−(m(1,1)

tharmonic
) = ∂2

w1
+ ∂2

w2
− ∂2

w1
∂w2 −

∂w1∂
2
w2

. Therefore we are to determine Sol(∂2
w1

+ ∂2
w2

− ∂2
w1

∂w2 − ∂w1∂
2
w2

).
This, however, is already considered in Example 5.5.3. Furthermore, since the
window tharmonic is symmetric with respect to its center, we have AN

tharmonic
=

AN
t∗harmonic

. Hence the solutions give us directly the zero-sum arrays for tharmonic.
For N = 1, 2, 3, the zero-sum arrays corresponding to these are depicted as fol-
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lows:

(1) (2)

(12) (12)

(13) (122)
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