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Discrete Tomography through
Distribution Theory

By

Fumio HAZAMA*

Abstract

Discrete tomography concerns with the problem of reconstruction of a function f
on Z" from various sums feiv = >, oo\, f(X), v € Z", where t is a fixed finite subset
of Z™. In this paper we focus on the structure of the set of functions satisfying fi4+v =
0 for any v. Through the theory of distributions we deduce a dimension formula for
the set of solutions. An intimate connection between the problem and certain types
of PDE is revealed too, and it enables one to obtain an efficient algorithm, which
constructs a solution from the corresponding PDE.

81. Introduction

Let A = (C)%" denote the set of C-valued functions on Z™. An element
of A is called an array. An array with finite support is called a window and let
W denote the set of windows. For any (a,t) € A x W, let d¢(a) = ) ;cpn tia.
Discrete tomography concerns with the problem of reconstruction of an array
a from the set of values d¢1p(a), p € Z™, for a fixed window t € W. Therefore
it is of fundamental importance to determine the structure of the set of a such
that d¢yp(a) = 0 for any p € Z™. Such an array a is said to be a zero-sum
array for t. In the previous papers [3, 4], we deal with bounded zero-sum arrays
and derive a dimension formula for the space of bounded zero-sum arrays from
the investigation of the annihilator of the Dirac delta function. The purpose of
the present paper is to extend the scope and to investigate zero-sum arrays of
polynomial growth. As in the previous papers, the theory of distributions plays
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an essential role for our investigation. For our purpose, however, we realize
that we need to investigate not only the annihilator of the Dirac delta function
but also that of its higher derivatives. Thus we are led naturally to the study
of our problem in the light of Weyl algebra and its representation. As a result
we find that we can associate a partial differential operator Dy with a window
t, and there is a natural one-to-one correspondence between the space of zero-
sum arrays for t and that of polynomial solutions for Di. Furthermore we
find an inductive procedure for construction of polynomial solutions for PDE
which arises in this way. Thus we obtain an efficient algorithm to determine
the structure of the space of zero-sum arrays.

The plan of the paper is as follows. In Section two we formulate the prob-
lem of our main concern. Recalling some results obtained in [3, 4], we see that
a crucial role is played by the annihilator of the Dirac delta function and its
higher derivatives. Section three deals with the structure of the annihilator,
and establishes a result (Theorem 3.2), which provides us with a natural one-
to-one correspondence between the space of zero-sum arrays for a window and
the space of polynomial solutions of the associated partial differential equation.
The next two sections are concerned with the structure of the space of poly-
nomial solutions of PDE arising in this way. Section four provides us with a
dimension formula (Theorem 4.3) for polynomial solutions. Through the one-
to-one correspondence, this in turn gives us a dimension formula for the space
of zero-sum arrays (Theorem 4.4). It follows from the formula that the gener-
ating function for the dimensions is always a rational function of quite a simple
form (Proposition 4.6). Section five establishes an inductive procedure (Propo-
sition 5.4) for construction of a solution from that for PDE in lesser number
of variables. In section six we examine the efficiency of our algorithm through
several examples of windows.

The author would like to thank the referee for his/her careful reading of
the manuscript and valuable suggestions.

§2. Problem Setting

In this section we fix some notation and describe the main problem of our
concern in this paper.

Let A = (C)Z" denote the set of C-valued functions on Z". We write its
element in the form a = (a;) where i = (i1, ,i,) € Z™ and a; € C. We call
an element of A an array. For any array a = (a;), let suppa = {i € Z";a; #
0} C Z™ and call it the support of a. An array with finite support is said to be a
window, and the set of windows is denoted by W. For any window t = (t;) and
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for any array a = (a;), let d¢(a) = > ;.4 tia;. For any p € Z", the translated
window t + p is defined by the rule (t + p); = ti_p, i € Z™. The object of our
main concern in this paper is the space

Ai={acA;diip(a)=0 forany peZ"},

which we call the space of zero-sum arrays for t. In the previous papers [3,
4], we investigate the subspace of Ay consisting of bounded zero-sum arrays.
In this paper, we are interested in the zero-sum arrays of polynomial growth.
More precisely, we introduce the set AN = {a € A;a = O(|k|™) as k| — oo},
and put AP = Un>o AN, What we want to understand in this paper is the
structure of ALY = A, NAPW as well as AN = A,NAN. As in [3], we will see

that a crucial role for our investigation is played by the characteristic polynomial

of t = (t;) € W, defined by my(z) = >z tiz' € C[zl,zl_l,--- s Zns 2n 1,
where z = (21, ,2,) and 28 = 2 ... zin . Let T = {2z € C;|z| = 1} and let
¢t : T™ — T™ denote the automorphism of the n-torus defined by (21, -, 2,) =
(7%, 27Y). We put mf = 1*(mg) so that mi(z) = m(s(z)). For any

subset X C T, we denote the zero locus {z € X;m(z) = 0} by Vx(my). In
[3], we find that the structure of A, the space of bounded zero-sum arrays,
is controlled by the zero locus Vi (my). Among other things we have proved
there that dimg AY = #(Vipn (my)). In the present paper, we will show that the
structure of AP°"Y(> A?) is controlled not only by Vipn (m}) but also a certain
partial differential equation, which is associated to m; in a simple way. As in
[3, 4], in order to investigate the problem we employ the theory of distributions
on the n-torus T™. We recall below some of our previous results and explain
what is needed to generalize the argument used there so that we may deal
with arbitrary distributions on T™. Let D denote the set of distributions on
T" (see [1], for example). A distribution S € D is said to be of order N
if there exists a positive constant ¢ such that for all v € C*°(T") one has
|S(u)] < ¢ supg<isj<n 10%ull,,, where s = (s1,---,s,) € Z% is a multi-index,
s| = > cicn 8ir and Pu = 9l*lu/9z3" - Oxsr. We denote by DV(N =
0,1,2,---) the set of distributions of order at most N. Note that we have
D = {JysoD¥. For any S € D, its Fourier coefficients are defined by S(k) =
S(e_x), k € Z™, where ey, € C®(T"), m € Z", is the function x — ™, It is
known that if § € DV, then its Fourier coefficient satisfies S(k) = O(|k|") as
|k| — oo. Therefore the Fourier transform defines a linear isomorphism from
D¥ onto AY. Thus the set A° (as well as its name) coincides with the set of
bounded arrays investigated in [3, 4], which is the set of Fourier transforms of

pseudomeasures. Furthermore note that the equality (e_xS)"(p) = S(p + k)
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holds for any p = (p1,- -+ ,pn) € Z". Therefore for any window t, we have

(2.1) mi9) () = ¥ td(p+k), pez”.
keZn

Let a = (a;) € AP and let A denote the Fourier transform of a. Then it
follows from (2.1) that

(m; A (P) = 3 ticdp i

kezn

which is equal to zero for any p € Z", since a = (a;) € Afozy. Hence, by
the injectivity of Fourier transform, we have miA = 0. Thus we obtain the
following:

Proposition 2.1.  Notation being as above, we have supp A C Vipn (my).

The following proposition plays a crucial role for our investigation in this
paper.

Proposition 2.2 ([1,12.33]).  Let S be a distribution whose support is
a finite subset of T", say {p1,--- ,Pr}. Then there exist finite subsets I; C

Z%, (j=1,---,k) and a set of complex numbers cjs(j =1, ,k;s € I;} such
that
S = Z Z cj75855pj,
1<j<k s€l;

where ép is the Dirac delta function at the point p € T™.

Thus if we assume that #(Vpa(mf)) < oo, then the Fourier transform A
of an array a € A" is expressed as a finite sum

A= > Alp)with A(p) = Y cpsd°0p,

pEVrn (mf) s€l,(p)

where I4p), p € Ve (mg), is a finite subset of ZZ,. Hence our task is to find
the condition for A of the above form such that m;A = 0 holds. The following
proposition shows that this condition can be dealt with separately for each
pE Vrn (mi:)

Proposition 2.3.  Notation being as above, suppose that #(Vipn (mg)) <
o0o. Then the condition miA = 0 holds if and only if m{A(p) = 0 holds for
every p € Vpa (my).
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Proof. Let N = max{|s|;s € I4p),p € Vrn(m{)}. Forany p € Vpn(mg),
let fp € C>(T™) be a C> function such that

(0°fp)(a) =0 for any q € Vipn (my) and s with |s| < N, except that fp(p) = 1.

(The existence of such a function is assured by the decomposition of unity.)
Then we see that

s 0, if q € Vpn (m§) — {p},
fp(°0) = Lo
0%0p, if q=p.

It follows that

fpA = Z fpAla) = Z fo Z Cq,s0°0q

q€VTn (mg) q€Vrn (my)  s€la(g)
= D oslp(@0)= D ¢ps0° = Ap).
s€la(p) s€LA(p)

Hence if m{A = 0, then 0 = fym{A = m{ fpbA = m{A(p). Since the converse
is clear, this completes the proof. O

This proposition reduces our task to the investigation of the space

{Z cs0%0p; I is a finite subset of 7Y, cs € C,my <Z 05855p> = 0}

sel sel

for each p € Vipn (mg). Through the Fourier transform, this translates to the
space of zero-sum arrays as follows. Let p = (p1, -+ ,pn) = (€%1,--- ,e'n) €
T", and we take w; = €% — ¢ 1 < j < n, as a set of local coordinates at p.
Since 8y, = (—i/2;)0,,, where z; = "% (1 < j < n), we have

(~i/2))Ds,3p) (=)

bp) (i *’kX/z)

bp) (—ie X )
R —z)é (eiex—in)
(K + 1)e oo

= (k; + 1)p~(k+es),

(D, 0p) (k) =

(
= (%
(0x

where e;(1 < j < n) denotes the j-th standard basis vector of Z". In order
to generalize this formula to the one for higher derivatives, we introduce the
notation a® = (a + 1)(a + 2)---(a + s) for any integers a, s, and set a° =
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IL <j<n a?j. (The reader should be aware that this notation is different a little
bit from that used in [2, 2.6]). Then we have the following formula, which can

be proved easily by induction.

Proposition 2.4.  Notation being as above, we have (05}, - -- 05" 5pj(k) =
k§p7(k+s).

As a consequence, we obtain the following.

Theorem 2.5.  Notation being as above, the equality m; (>
0 holds if and only if (3 e  csk®p~(KT9)) € APl

sel csésép) =

scl keZn

“*¥7 in this formulation by

Furthermore we can get rid of dualizing operator
the following simple trick. Given an array a = (a;)iczn, we define a transposed
array a* by a* = (a_j)iezn, so that the equality m¢-(z) = m{(z) holds. Note

that for any window t, we have
ol oly\ *
(2.2) AP = (AR

namely a € A" if and only if a* € AP, since dy+_p(a*) = diyp(a) holds
for any p € Z™. Therefore Theorem 2.5 is formulated solely in terms of the
original window and its characteristic polynomial:

Theorem 2.6.  Notation being as above, the equality my(>_
0 holds if and only if (Y sc; cs(—k)Sp*—* € AfOly.

cs0%0p) =

scl
)keZ"

Thus our task turns out to be related to the annihilator of the Dirac delta
function in the Weyl algebra. This is discussed in the next section.

83. Annihilator of the Delta Function

As we have seen in the previous section, we can restrict our attention to
the annihilator of p for each p € Vs (my). This section is devoted to the local
study of the annihilator and some related objects.

We take a system of local coordinates w = (w1, - ,wy,) at p, and let
0 denote the Dirac delta function centered at the origin of C™. Let W, =
C{wy, - ,wp, 01, - ,0,) denote the Weyl algebra in n variables, where 9; =
0/0w;,1 < i < n. We put B, = Clwy, - ,wy], D, = C[dy,-+,0,], and
call an element of the latter 9-polynomial in order to discriminate it from the
usual polynomial in the former. The Weyl algebra W,, acts on P, through the
usual differentiation. We denote this action by F' - g for FF € W,,,g € P,, in
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order to distinguish it from the multiplication in the Weyl algebra, which is
expressed simply by juxtaposition. One knows that the annihilator of 4 in the
Weyl algebra is equal to the left ideal I,, = Wywy + - -+ + Wyw,,. Therefore
when we investigate the kernel of the multiplication operator mg : W,,6 — W,,4,
defined by F' — gF for g € P,, it is natural to consider its action through the
quotient W, /I,,. The following proposition and its corollary reveal an intimate

connection between the kernel and the space of polynomial solutions of a certain
PDE.

Proposition 3.1.  Let F},F_ € Homg.aig(Wy, W,,) denote the C-algebra
automorphisms of W,, defined by

F+(wi) =0; F+(8z) = Wy,
F_(wl) = 7({91', F—(az) = Wy,

for1 < i <mn. Then for any f € Clwy, - ,wy] and D € C[dy,---,0,], we
have

(3.1) fD = F(F_(f)- F_(D))(mod,).

Furthermore fD € I, holds if and only if F_(f)- F_(D) = 0.

Proof. First we note that the relations
w; 0] = 0jw; —s@f’l, s>1,i=1,---,n,
hold in W,,. Therefore we have
w;0; = —Saffl(modfn), s>1,i=1,---,n.

Thus the multiplication operator m,,, acts, modulo I, on D, just like the
negative of the “differentiation by 9;.” The equality (3.1) is merely a translation
of this fact into more precise form. As for the last assertion, note that F_(f) -
F_(D) € Clwy, -+ ,wy,] and hence Fy (F_(f)- F_(D)) € C[01, - ,0,]. Since
I, N C[0y,- -+ ,0,] = {0} by the linear independence of the derivatives of the
Dirac delta function, it follows that if fD € I,,, then F_(f)- F_(D) = 0. Since
the converse is evident, this completes the proof. O

This proposition has an important corollary. For any f € P,, D € D,, let

Diff (f) ={F € D,; fE - § = 0},
Sol(D) ={g € P,;D-g =0}

Then we have the following.
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Corollary 3.1.1.  For any f € P,, F_ restricts to a linear isomorphism

from Diff (f) onto Sol(F_(f)).

Proof. Since the annihilator of § is equal to I,,, the condition E € Diff (f)
holds if and only if fE € I,, which is equivalent to F_(f) - F_(E) = 0 by
Proposition 3.1. This completes the proof. O

Summarizing the results obtained in this and the previous sections, we
obtain the following structure theorem on the space of zero-sum arrays.
Let Gp : D, — AP denote the linear map defined by Gp(>_, cs0%)
= (3, ¢s(—k)®p*~%)kezn (see Theorem 2.6). Furthermore for any D € C[0,
o+, 0p), let Sol(D)<ny = {f € Sol(D);deg f < N}. Then we have the follow-
ing.

Theorem 3.2.  Suppose that #(Vrn(my)) < co. Then for each p €
Vipn(my), the composite map Gp © F~1' defines an isomorphism from
Sol(F_(m}))<n onto its image in AL, where mP(w) = my(w + p). Fur-

thermore we have

Aév = &) GPOF__l(SOl(F_(mE)<N))7
pEVrn (my) -
and hence
AP — ©  Gpo F'(Sol(F_(mP))).
pPEVrn (my)

For actual computation of the space of zero-sum arrays, as will be done in
the final section, it is convenient to reformulate the theorem in the form of an
algorithm as follows:

Algorithm 3.3.  Given a window t, we can find every array in AP°Y
through the following steps:
(A) Find Vpn (my).
B) For p € Vpn(my), let w =z — p and put m} (w) = m¢(w + p).
C) Put Dy = F_(mY) and determine Sol(Dy).
D) For any f € Sol(Dp), let F=*(f) = 3" ¢s0°.
E) Then Y. cskSp~ &%) € AP and hence S cs(—k)Sp*—s € AP,

Thus it remains to investigate the step (C), namely the problem of find-
ing polynomial solutions of linear partial differential equations with constant
coefficients. This will be discussed in the following two sections.
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84. Dimension Formula

In this section we derive a dimension formula for the space of polynomial
solutions of linear partial differential equations with constant coefficients. As
an application we show that the generating functions of the dimensions are
always rational functions.

For any D = ZieZgo a;0' € C[dy, -+ ,0,], let Supp(D) = {i € Z%50; #
0}, and put mdeg D = min{Ji|;i € Supp(D)}. For any f = ZieZgo bhw! €
Clwy, -+ ,wy], one can check that the constant term of D - f is equal to
Ziesum,(D) aibsi!, where i! = ngkgn ig!. Similarly one sees that the coeffi-
cient of wP(p € Z%,) in D - f is equal t0 3 ;cg,,p(p) Gibitp(i+ P)!. There-
fore if f € Sol(D), then all of these coefficients must vanish. Let Eq(p) de-
note the equation ZieSupp(D) (i+ p)laiXitp = 0 arising in this way, and let
Suff (p) = Supp(D) + p, the set of suffices which appear in Eq(p). Let <jex
denote the lexicographic order on Z%, and let < denote the total order on Z%
defined by - -

i<je il <lj| or (Ji| = |j| and i <jes j)-

Note that this order is compatible with the translation, namely, if i < j and
k € Z2, then i+ k < j+ k. Let ind(p) € ZZ, denote the minimum of the set
Suff (p) with respect to the total order <. Then by the compatibility we have
ind(p) = min_ (Supp(D)) + p. Therefore the map ind : Z%, — Z%, is strictly
increasing with respect to <. In particular, the equations Eq(p)7 pe 7z, are
linearly independent. When f = Ziezgo bixt e Sol(D)<n, the set of nontrivial
equations for the coefficients is detected as follows. Let AL = {i € ZZ;]i| <
N}. The number of its elements is given by #(A%y) = (%ZN). On the other
hand, the equation Eq(p) = > icgupp(p) (i + p)la; X p = 0 for f to belong to
Sol(D)<y is nontrivial if and only if (Supp(D) + p) N AZy # ¢. The latter
condition holds precisely when p € (A%, — Supp(D)) er’;O. (Here we set
A—B={i—j;(i,j) € Ax B} C Z" for any pair A, B of subsets of Z2.) Thus
we obtain the following. -

Proposition 4.1.  Notation being as above, we have
: n+N n n
(4.1) dim Sol(D)<y = max . — #((AZ N — Supp(D)) NZ%,),0 5.

Actually we do not need the whole Supp(D) to compute the right hand
side, as is shown by the following.

Lemma 4.2.  For any i € Z%, we have (AL —1)NZY, = ATy -
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Proof. This follows from the following computation:

Aty —1)NZly={peZlpp+icAly}
={pecZiylp+il <N}

PEZL > (p+in) <N

kel,n]
=P EZl; Z pe <N — Z ik
ke(1,n] ke[l,n]
={p € Z%p;lpl <N —li[}
= ANy
This lemma together with Proposition 4.1 implies the following formula. o

Theorem 4.3. dim Sol(D)<ny = ("ZN) - ("+N_;Ildeg D).

Proof.  Since A%, C A%y whenever M < N, it follows from Lemma 4.2
that (AZy — Supp(D)) NZY, = ALy 4eq p- Inserting this equality into the
right hand side of (4.1), we finish the proof. O

Corollary 4.3.1. If D € D, contains a nonzero constant term, then
SOl(D)SN = {O}

Theorem 4.3 gives through Theorem 3.2 a dimension formula for the space
of zero-sum arrays. Let Vipn(my) = {p1,-+- ,pe}, and let w =z —pg, 1 <k <
¢, the local coordinate at py. Let mP* € Clwy,- -+ ,w,] denote the translated
characteristic polynomial defined by mP*(w) = my(w + pr). We define m-
degree mdeg f of a polynomial f = Ziezgo a;w' € Clwy, - -+ ,w,] to be equal
to min{|i| ; a; # 0}, so that the equality mdeg f = mdeg F__(f) holds. Then by
Theorem 3.2 and Theorem 4.3, we have the following dimension formula.

Theorem 4.4.  Notation being as above, we have
dimg A — Z (<n+N> B <n+deegmf">) .
n n
1<k<t

Next we focus on the set of solutions in homogeneous polynomials. Let
HSol(D)y = {f € Sol(D); fis homogeneous with degf = N}. First we
consider the case when D is homogeneous as d-polynomial.
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Theorem 4.5.  Let D be a homogeneous 0-polynomial of degree d.
Then we have
-1+ N —14+N-—-d
dimHSol(D)y = ("~ TN (" .
n—1 n—1
Proof. We use this time AZ y = {i € Z%;[i| = N} instead of AZy. The
number of its elements is equal to #(A” 5) = #(A’;jvl) = (";iN) Further-
more we see that the equation Eq(p) = ZiGSupp(D) (i+ p)laiXjip = 0 for f
to belong to HSol(D)y is nontrivial if and only if p € A™ ;. Therefore we

dim HSol(D)y = (” ;1_4; N> - <” - 2*_117 - d).

have

(Note that (”_1:11[_d) is defined to be zero when N < d.) This completes the

proof. a

Let us introduce the generating functions for the dimensions of polynomial
(resp. homogeneous polynomial) solutions by

Sp(t) =Y (dim Sol(D)<n)t",
N>0

HSp(t) =Y (dim HSol(D)n)t".
N>0

Then the above results show that they have impressive forms:

Proposition 4.6.  Notation being as above, we have
1— tmdeg D
4.2 Sp(t) = ——.
(42) blt) = gy
When D is homogeneous as a 0-polynomial, then we have
1— tdegD
4.3 HSp(t) = ————.

n+N)tN —

Proof. By the (generalized) binomial expansion, we have )y~ ( .

W. It follows that

Z <n+N—mdegD>tN: Z (n—l—N—mdegD)tN
n n

N2>0 N>mdeg D

_ tmdegD Z (n +N — deg D) thmdegD

n
N2>mdeg D

tmdch
(1 _ t)n+1 !
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Hence Theorem 4.3 implies the formula (4.2). Similarly Theorem 4.5 shows the
validity of (4.3). This completes the proof. |

We examine our results through several examples.

Example 4.7.1. Let Dpormonic = V% = 3% + 5%. It is homogeneous
with mdeg Dparmonic = 2. Therefore Theorems 4.3 and 4.5 imply that

dim SOZ(Dharmonic)<N (2 + N> (2 + N= 2)

N+2
( N > ( ) —aN 1,
. 1+N 1+N -2
dim HSOZ(Dharmonic)N = < > < >
<N+1> <N > 2, if N>1,
1, if N=0.

(Recall the convention that () = 0 when k ¢ [0,n].) Furthermore by Proposi-
tion 4.6, the generating functions are found to be

1—¢2 1+t
SD}La'r"monic (t) = (1 — t)3 = (1 _ t)2’
1—t* 1+t

HSDy 0 monic () = -0 1-¢

Example 4.7.2.  Let Dyinarmonic = (V3)? = 0f + 20?03 + 05. Since
Dyinarmonic is homogeneous and mdeg Dy;inarmonic = 4, it follows Theorems 4.3
and 4.5 that

2+N’ 2+N 4 _(N+2) _ (N-2
dim SOl(Dbzharmon’LC 2 ) o ( 2 > B < 2 )
AN —2, it N > 2
it N =1,
it N =0.
1+N’ 1+N—4 N+1 N -3
dim H Sol(Dyiharmonic)N = < 1 > - < 1 > a < 1 >

4 if N >3,
3, if N=2,
2, if N=1,
1, if N=0.
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Furthermore the formulas (4.2) and (4.3) become

1—tt  1+t+2+8
S . - (t) = = 9
Dbmarmnmc( ) (1 — t)3 (1 _ t)2

11—t 14+t+2+483
HSDyinarmonic () = (1—1)2 = 1_¢ :

Example 4.7.3.  Let Deorner = 01 + -+ + 05 (The name comes from
the shape of the corresponding window. See Subsection 6.1.) Since Diorper 18
homogeneous with mdeg D.yppner = 1, Theorem 4.5 and Proposition 4.6 imply
that

dlmHSOl(Dco'rneT')N :Inax{<n1+N) _ <n1+N 1),0}

n—1 n—1
n—2+N
( n—2 )’ 2’
={1, —1, N =0,
0, n=1 N>1
1
HSD(t) = (1 — t)nfl

Next we investigate the set of homogeneous solutions of non-homogeneous
PDE’s.

Theorem 4.8.  Let D be a non-homogeneous 0-polynomial and let D =
Zie[l,k] Dy, be its decomposition into homogeneous parts with deg Dy, = d;, @ €
[1,k]. Then HSol(D)n = {0} for sufficiently large N if and only if V(F4(Da,),
-, Fi(Dg,)) = {0} € A, where V(Fy(Dg,),- - ,F+(Da,)) denotes the zero
locus of the polynomials F'y(Dgy,), -, F1(Dg,) € klw1,--- ,wy] (see Proposi-
tion 3.1 for the definition of Fy).

Proof. First we note that h € HSol(D)y if and only if Dy, - h = 0 for
any ¢ € [1,k]. We begin with the proof of the if-part of the theorem.

If-part: Let f; = Fy(Dg,), ¢ € [1,k]. Then we have V(f1,---, fx) =
{0}, and hence I(V(f1, -, fr)) = I({0}) = (w1, - ,wy). It follows from
Hilbert’s Nullstellensatz that /(f1, -, fx) = (w1, -+ ,wy). Therefore there
exists an integer M such that wé—w € (f1, -, fr) for any j € [1,n]. It follows
that when N > k(M — 1), every monomial w' of degree N belongs to the
ideal (f1,---, fx) by pigeonhole principle. Therefore for any i € A%, = {i €
72, )i > N} with N > k(M — 1), there exists a set of polynomial g;, i €
[1,k] such that &' = F,(w') is expressed as &' = Yiepn Frlg)Fr(fi) =
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i Fr (@) Fr(FyDa,) = 3 ;e p F4(9i)Da,. Hence we see that if h €
HSol(D)y with N > k(M —1), then 8" - h = >iep k) F+(9i)Da, - h =0, which
implies that A = 0. Thus we finish the proof of the if-part.

Only-if-part: Suppose that V =V (F(Dy,), -, F+(Da,)) ;) {0} and let

0 # (a1, -+ ,a,) € V. Since all of Fy(Dy,), i € [1,k], are homogeneous,
it follows that the zero locus V' contains the line £ = {(tay,--- ,ta,);t € C}.
Therefore we have I(V) C I(¢) = (aswi —a1wa, azwi;—aqws, - , AW —a1Wy,).
Since f; € \/(f1, -+, fr) = I(V), it follows that for any ¢ € [1, k], there exists
a set of polynomials s;, j € [1,n], such that f; = Zje[l,n]
the other hand, if we put h = Zje[l,n] ajw;, then for any positive integer p, we
have (a;01 — a19;) - h? = ph?~'((a;01 — a19;) - h) = ph*~!(a;a1 — aja;) = 0.
Therefore we see that

sj(ajwi —ajw;). On

Dy, - WP =Fy(fi)-h=| > Fi(s;)Fy(ajwy —aywy) | -k

JE[n]
= Z F+(S]‘)(aj(91 — alﬁj) -h=0

J€E[1,n]

holds for any positive integer p. It follows that h? € HSol(D),,p > 1. This
completes the proof of the only-if-part, and at the same time that of Theorem
4.8. L

The next example deals with a non-homogeneous 0-polynomial.

Example 4.8.1.  Let Dyarmonic = 07 + 03 — 0305 — 0105, As we will
see later in Subsection 6.3, this corresponds to a window related to a class
of discrete harmonic functions. Since mdeg Djgrmonic = 2, the generating
function Sp,,,......(t) is the same as in Example 4.7.1. In order to investigate
homogeneous solutions, we employ the notation in the proof of Theorem 4.8.
Let D = Dyormonic = Do + D3, where

Dy = 8f +8§, D3 = —8%82 — (918%,

and let

fi = Fy (D) = wi + w3, fo=F(D3)=—wiws — wyws.

Since one can check that V(fi, fo) = {0}, it follows from Theorem 4.8 that
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HSol(D)n = {0} for sufficiently large N. Actually we see that

It follows that we have an inclusion of ideals (w1, w2)* C (f1, f2), hence by the
argument used in the proof of Theorem 4.8, we see that HSol(D)y = {0} for
N > 4. Since one can check easily that dim HSol(D)g = 1, dim HSol(D); =
2,dim HSol(D)s = 2,dim HSol(D)3 = 1 (see Example 5.5.3), we see that the
generating function HSp,, . . (t) =1+ 2t+ 2t*> +t3, a polynomial of degree
three.

Remark 4.8.2.  When D = 0105 + 0o, we see that the corresponding zero
locus is V(F1(D3), Fy(D1)) = V(wiws, we) = V(ws) # {0}. Hence it follows
from Theorem 4.8 that there are infinitely many independent homogeneous so-
lutions. Actually one can show that HSol(D)y = <w{v>c for any N. Indeed,
this phenomenon is also related to the fact that D is factored as D = (0 +1)02
and Sol(92) = Clwy]. We must, however, be careful not to conclude that
the reducibility always implies the infiniteness of homogeneous solutions. In
fact, for D = (0102 + 01 + 02)2, we have V(F(Dy), F.(D3), F.(Ds)) =
V(wiw3, 2wiws(wi + wsa), (w1 + wz)?) = {0}, and hence Theorem 4.8 im-
plies that HSol(D)y = {0} for sufficiently large N. On the other hand,
for D = 0,02 + 0,03 + 03, which is easily seen to be irreducible, we see
that V(F(D3), Fi(D3), Fi(D1)) = V(wjw?, wiws, w3) contains a point
(1,0,0) € A3, and hence Theorem 4.8 implies that there are infinitely many
independent homogeneous solutions for D.

85. Polynomial Solutions of PDE

In this section we establish a method which derives a polynomial solution
of a PDE from that of a certain PDE of lesser variables.

One of standard methods for finding polynomial solutions of PDE is to
translate the problem into solving a system of linear difference equations on the
unknown coefficients of the solutions. Here we propose an inductive procedure,
which enables one to find polynomial solutions of PDE from those for lesser
variables. Observe that for any D € C[0y,---,0,], we have 9;(Sol(D)) C
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Sol(D)(1 < i < n). Therefore it is natural to consider what occurs if we
integrate an arbitrary solution. Let Sy € Endc(P,)(1 < k < n) denote the
linear map defined by

: 1 .
S 3 ] = 3 e,

i€z, i€zz,,

where e (1 < k < n) denotes the k-th standard basis of Z™.

Proposition 5.1. The following commutator relations hold in
Endc(Pp):

(5.1) OxSe — S¢0r =0, if k and { are distinct,
(52) akSk - Skak :pfw 1 S k S n,

where p;, is defined by (p; f)(wy, -+ ,wy) = f(wy, - ,wr—1,0,Wep1,- -+ ,Wy).
Proof. The first equality can be checked easily. As for the second one, let

— wi
f= ZieZgD a;w'. Then we have

SkOk(f) = Sk Z ira;wi®F | = Z a;w!

iezgo+ek ieZTZLOJrek
= Z aw! — Z a;w! = f—=p;(f).
ez, iez?,
N ik:b
Since 0k Sk = id, this implies (5.2). This completes the proof. |
Corollary 5.1.1.  Let m be an arbitrary nonnegative integer. Then for

any pair of distinct integers k, £ € [1,n], we have
(5.3) 'S = Se0.

On the other hand, for any k € [1,n], we have

(5.4) s, = {Sk@kﬂ +p 0T ifm>1,

Ska]:;n7 mezo

Proof. The first assertion is clear. As for the second assertion, when
m = 2, noting that dxp; = 0, we see from (5.2) that

OpSk = Ok (SkOk + pg) = OkSkOk = (SkOk + py) O = SkOp + Ok,
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For general m, one can prove (5.4) by induction. This finishes the proof. O
From this corollary, we obtain the following.

Proposition 5.2.  For any D = Ziez; b0t € C[oh,--+,0,] and for
>0
any integer k with 1 <k <n, let D = Ziezg b;0' "¢+, Then we have

otex

DSy, = 5.D er]ch];.

Proof. Tt follows from Corollary 5.1.1 that

DSy = Z bi(’?iSk

iEZgO

Z bialikskaifikek

iezz,

> s s Y s

i€zl iezz,
ip>1 i, =0

D7 bi(Sid +pp0p T + > biS,ot

i€z, iez%,
ip>1 i =0

Z bi(SkE)‘i +pf€8iiek’) + Z biSkai
iez?, iczz,
w1 =0

= SpD + v Dy, -
This completes the proof. 1

By using this proposition, we can reduce a PDE for n variables to a certain
PDE for n — 1 variables. For any D = Ziezgo b;0' € C[0y, - ,0,) and for any
k € [1,n], we define D; € C[0y, - ,Ok_1,0k41, -+ ,0n] by the formula

ch = Z bié‘i S C[é)l, oo ,8k_1,8k+1, oo ,8n]
i€Zy,
ix=0
Proposition 5.3.  Let D € C[0y,---,0,]. Suppose that f € Clwy,-- -,
wy] satisfies D - f = 0. Then a polynomial g € Clwy, -+ , Wg—1, Wkt1,° " , Wy
satisfies D - (Sp.f 4+ g) = 0 if and only if D}, - g = —p;. D, - f.
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Proof. By using Proposition 5.2, we can compute as follows.

D (Sxf+g9)=DSx - f+Dj-g
=(SkD+piDy)-f+Dj g
=ppDy - f+ Dy g

This completes the proof. O

For the two variables case, this proposition enables us to obtain a simple
procedure which generates a complete system of solutions.

Proposition 5.4.  Let D € C[0y,0]. Suppose that D; is a monomial
for k=1 or 2, say D; = ady",, and let Opy, = Sy, — (1/a)Sy" . p;. D, . Then
Opi(Sol(D)n) C Sol(D)n+1 and Opip(HSol(D)y) C HSol(D)nyy1 for any
N >0.

Proof. Since

Dy (—(1/a)S5" p; Dy, ) = ads™ . (—(1/a)S5™ ypp Dy)
= — (032, S5 )P Dy = —pip Dy

it follows from Proposition 5.3 that Opr maps a solution to another solution.
The assertions for degree are clear from the definition. This completes the
proof. O

We illustrate how this proposition works by the examples of PDE’s treated
in the previous section.

Example 5.5.1.  Let Dparmonic = 07 + 02 (see Example 4.7.1). The
polynomial solutions of the Laplace equation are, of course, well known. Our
aim here, however, is to verify the validity of our results through the known
solutions. The polynomial f = w; is trivially a solution, so that we take this
/ as in Proposition 5.3. Moreover since D; = 3 and D5 = 07, we can employ
Proposition 5.4 for k = 1,2 with a = 1, m = 2. Since D] = 01, Dy = 02, we
have

Op;y - f = (S1 — Sapioh) w1 = Sy -wy — S5 -1 =wi/2 — w3 /2,
and
Opz . f = (SQ — S%pﬁag) W1 = SQ W1 = WiwWa.

These two solutions constitute a basis of the space HSol(Dparmonic)2- Gener-
ally we can show that (Op;1)™V -1 and (Op1)V~1Ops -1 provide us with a basis of
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H Sol(Dparmonic) N For notational simplicity, we let the word (g169 - - en) de-
note the composite Ope,Ope, -+ - Opc, € Endc(Ps) for any (1,2, -+ ,en) €
{1,2}". Then one can show by induction that

(1V) -1 = (const) > (1) (é\]i) wy ~Fws”,

kEZ

_ ( N Y
(1N=12) . 1 = (const) Z (—=1)* <2k N 1) W T2R g2kl
keZ

These are apparently linearly independent. Since we have already seen in
Example 4.7.1 that dim HSol(Dharmonic)y = 2 for any N > 1, we have
HSol(Dharmonic)n = (1Y) - 1,(A1N712) - 1), for any N > 1.

Example 5.5.2.  Dyinarmonic = 0f + 20705 + 05 (see Example 4.7.2).
Since D; = 03, Ds = 0t, we can employ Proposition 5.4 for both k = 1,2 with
a =1, m = 4. By definition, we have Dy = 87 + 20,03, Dy = 03 + 2070s.
Taking f = w? as a starting solution, for example, we have

Op:-f=(S —S;Lpin)-wf =5 -w?—Sé-sz‘f/él—w%M,
Ops - f = (Sy — SipsDy ) - wi = Sy - w} = wiw,.

In general, one can check by induction that

N (2%
N _ k N—(2k+2)  2k+2
(17) - 1 = (const) ,;ez (-1) k<2k L 2>w1 wy T,

- N N—(2k+3
(AN=12) .1 = (const) ]%:Z(l)kk<2k . 3>w1 (2k+ )wg’““’,

(1NV=22%) .1 = (const) Z (—1)’%(9;) wl "2k

keZ

—39¢ N N—(2k+1 .
(lN 323) -1 = (const) %(_Ukk(m{ N 1> w! (2k+ )wgk“'

Since these are evidently linearly independent and dim H.Sol(Dyiharmonic) N =
4 for N > 3, as is seen in Example 4.7.2, we see that

HSol(D)y = ((1V)-1,(1N"2) - 1,(1N22%) . 1,1V %2%) . 1), for N > 3.

Example 5.5.3.  Dparmonic = 03+032—020,—0,07 (see Example 4.7.4).
Let D = Dparmonic- Since D; = 93, Dy = 0%, we can employ Proposition
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5.4 for both k with a = 1, m = 2. By definition, we have D] = 01 — 0102 —
02, Dy = 0y — 0% —010,. Therefore we have the following list (up to constant):

(1)-1211)]_7 (2)1:’[,02
(1%) -1 = w? — w3, (12) - 1 = wywo,
(1*) -1 = w} — 3wws — 3w3, (1?2) - 1 = 3wiwy — w3 + 3w3,

and so on. If we denote the degree-N-part of a polynomial f by (f)x, then one
can show by induction that

() 1) = (oonst) 30 (-1 Jud i,

0<k<N/2

N -

N-1 k N—(2k+1)  2k+1

(1¥12)- 1)N = (const) E (-1) <2k 1) w) wy
0<k<(N—1)/2

Since these are linearly independent, we see that
Sol(Dparmonic)<n = C-1® ((1%) - 1,(1*7'2) - 1;1 < k < N), for any N > 1.

Furthermore we see that (13) - 1+ (122) - 1 = w} + 3w?ws — 3wyw? — w3 is
homogeneous of degree three, and one can show that

HSol(D)y = (1)g, HSol(D); = {((1)-1, (2) 1),
HSol(D)y = ((1?) -1, (12)- 1), HSol(D)s = ((1°) - 1+ (1°2) - 1),

There are no homogeneous solutions of degree N for N > 4, as is shown in
Example 4.8.1.

86. Discrete Tomography

In this section we translate the results on the space of polynomial solutions
of PDE obtained in the previous sections into those on discrete tomography and
examine our results by several examples of windows.

Now that we have solved the problem in the step (C) of Algorithm 3.3, we
can apply the whole machinery in the paper to find zero-sum arrays of polyno-
mial growth for any windows. We illustrate the process by several examples of
windows related to the PDE’s treated in the previous sections.
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86.1. Window t7

corner

3 n
The window t7 ...

is defined by

1, if i = ey, for some k,
(t?orner)i = —-n, ifi= 0,
0, otherwise.

The characteristic polynomial mgn  is given by men  (2) = > 1 cpecp 21 —
n, and its zero locus on T™ is Vpn(men ) = {(1,1,---, 1)}, since |z;| =
1, 1 < k < n. As a local coordinate at 1 = (1,1,---,1) € T", we take
wg = 2 — 1, 1 < k < n. Then the translated characteristic polynomial
m%&m”is expressed as m%&mw(w) =D ichen Wk Since F_ (3 pe, Wk) =
— > <hen, Ok by the definition, we are led to deal with Sol(— >, <, <, Ok)<n =
SOZ(Z_1<_k<n dk)<n. The dimension formula of the space of the polynomial
solutions is deduced already in Example 4.7.3. Therefore we are to find actual
solutions. Let D = D ypper. Let p, denote the set of n-th roots of unity, and
for any ¢ € p, — {1}, let we = >, 1, (¥ 1wy Then we see that Dw; =
S cpen CFTHOL 4 -+ O wr = Y cpey, ¥ = 0. Therefore any products
of 1174,_( € pun — {1}, belong to Sol(D). Furthermore if we put w(i) = wei, 1<
i < n — 1, with a fixed primitive n-th root of unity (,, then they are linearly
independent, and hence the products w(ii)w(iz) - - - w(in), 1 < i3 < ip <

- < iy <n—1, for fixed N are linearly independent too. Note that the
number of them is equal to (”;EgN ), which coincides with the dimension of
HSol(D)y, as is seen in Example 4.7.3. Therefore

(6.1) HSol(D)n = (w(ip)w(iz) - - w(in);1 <ip <ig < - <iy <n—1).

In order to go to Step (D) in Algorithm 3.3, we put 9(i) = >_, ;. <, =D,
so that F_(9(:)) = w(i). Then Corollary 3.1.1 together with (6.1) implies the
following.

Proposition 6.1.1.  Notation being as above, we have
Diff (myy,,.,...)
=C:-19 @ <8(21)8(22)8(2N),1 <11 <9 <---<in S’I’L—l)c.
N>1

Translating this result by the algorithm, we can determine completely
the space of zero-sum arrays for the window t?,.,... We illustrate the

process of translation through the two-dimensional case. In this case
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Proposition 6.1.1 says that the degree N part of Diff (m¢n ) is a one-

dimensional vector space generated by O(1)N = (O, + (20u,)Y =
(O, — Ow,)N = ZogjgN (]j\-r)(*l)jagfja&f Accordingly let fy(z,y) =
ZogjgN (];‘[)(_1)j1’N_jy; and let gy(z,y) = (_1)NfN(_9Ca —y). (The

coefficient (—1)¥ is inessential and attached in order to make the coefficient of
2 positive.) Then it follows from Theorem 3.2 that we have

AL =C-1® @ ((gn(k1,k2) (ke k2)ez2) s -

corner N>1

For example, when N = 1,2, 3, we have

g(zy)=@-1)-(y-1)=z-y,

g(z,y)=(-1@-2)-2@-LF -1+ -1F—-2)
=(x-y)’—(r+y) +2

g3(z,y) = (z —y)® = 3(2% — y*) + 8(z — y)

The corresponding arrays are depicted as follows:

g1 gz :

-3 -2 -1 0 1 8 2 -2 -4 —4

-2 -1 0 1 2 40 -2 -2 0

+1 0 1 2 3 20 0 2 6

L S S 22 4 8 14
gs:

-24 0 6 0 —12

-2 0 0 -6 -12

-6 0 0 0 6

n

One can check by inspection that these are actually zero-sum arrays for t7, ., ...

§6.2. Window %,
This is a two-dimensional window defined by

1, if i=2e, fork=1 or 2

-2, if i=e; fork=1 or 2
(tleg)i = . .

2, if i=0,

0, otherwise.
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Its characteristic polynomial and the zero locus are given by

m,,,(z) = (21 — 1)° + (22 — 1)%.
V2 (my,,.,) = {(1,1), (4, =), (—4,9) }.

First we deal with the space Dzﬁ”(mt1 1)) As a local coordinate at (1,1), w
take wp = zr — 1, k = 1,2. Then the translated characteristic polynormal
. )(wl,wg) = w} + w3. Since F_(w} + wj) = 02, + 02

is expressed as my, o

we are to determme Sol (92, .+ 02 ,). This, however, is already conmdered in
Example 5.5.1, and we know that the degree-N part of szf(mﬁl1 1)) for N >1

is a two-dimensional vector space generated by », 5 (—1)* ( )aN 2’“82’“ nd
Spez (—1)F (2k+1)8N 2k=192k+1 - Accordingly we let

pxea) = 3 (05 )

0<k<N/2

an(y) = Y (1)’“< N >SEN2’“y2’““,

0<k<N/2 2k +1
and put py(z,y) = pn(—2,—Y), ¢y (2,y) = gn(—2, —y). Then we have

Aé\lfeg =C-1e NG>91 {(pn (K1, k2)) (k1 kayez2s (ay (1, kQ))(kl,k2)€Z2>C .

For small values of NV, these basis are illustrated below:

N py(z,y) (2, y)
1 z-1 y—1
2 22—y =3z —v) 20y — 2(x +y) + 2

3 23 —3xy?—6224+92y+3y> +5x—9y  3x?y—y3 —322—9xy+6y%+92—5y

The arrays corresponding to these are depicted as follows:

2 q

101 2 3 2 2 2 2 2
-1 01 2 3 1 1 1 1 1
-1 01 2 3 O 0 0 0 0
B o (e S R B B C B
Py  :

0 -2 —2 0 4 <4 0 4 8 12
2.0 0 2 6 2.0 2 4 6

2 0 2 6 6 0 0 0 0

0 =2"=2"0"4 20_2 )
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Next we deal with the space Dzﬁ(m&;z)) As a local coordinate at (i, —i), we
take w1 = 21 — 4, wy = 23 + 4. Then the translated characteristic polynomial
is expressed as

mer Y (w,wz) = (wy+i—1)2+(wa—i—1)? = wf +w3 +2(i—1)w; —2(i+1)ws.

Therefore we have F_ (mgej)) =03 +05—2(i—1)91 +2(i+1)02. Let D denote
this 0-polynomial. One notices that neither Dj nor Ds is a monomial, and
hence Proposition 5.4 is not of use as it is. But by an appropriate coordinate
transformation, we can change D into a form for which the proposition is
applicable as follows. Let v1 = wy + tws, vy = wy — tws. Then we have

01 = Oy = Oy, + Dy, Do = Oy = 10y, — 0y,

Therefore in the coordinate system (v1,vs), our differential operator D is ex-
pressed as

D = 40y, 8, + (1 — 1)Dy,).

Since mdeg D = 1, it follows from Theorem 4.3 that

dimSOl(D)SN = <2+N> — (1+N

=N+1
2 2) +

Furthermore, since D; = 4(1 — ¢)0,, is a monomial, we can apply Proposition
5.4 with k =1, a = 4(1 — i), and m = 1. Noticing that D] = 40,,,, we obtain
that (1™) - 1 = (const.)v], and hence we have

Sol(D)<y =((1") - 1;n € [0, N]) -
In particular, we see that HSol(D)y = <U{V>C = <(w1 + iwg)N>C.

Remark 6.2.1.  This gives us an example of J-polynomial D such that
HSol(D)n # {0} for any N. Indeed we have Dy = 40,,0,,, D1 = 4(1 —
)0y, in the notation of Theorem 4.8, and we see that V(F(Ds3), F.(D1)) =
V (4v1v9, 4(1 —4)vy) = V(v2) is a line in A%, Hence Theorem 4.8 too implies
that HSol(D)y # {0} for any N.

Next we will find the zero-sum arrays corresponding to the solutions of
low degree given above. Note that (—k)Spk—s = i¥1(—i)k2 = (—1)k2ik1+k2 for
k = (k1,k2), s = (0,0), p = (¢, —4). Therefore it follows from Theorem 2.6 that
((=1)F2d*1%%2) ) kyyeze € AL, . We call this array ag. This array is depicted
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as

and one can check directly that this is a zero-sum array for t;.,. Furthermore
we see that (—k)Sp*—= = (—ky +1)i*1~1(—i)*2 for k = (ky, k), s = (1,0), p =
(i, —i), and (—k)Spk~3 = (—ko+1)ik1(—i)*2~! for k = (k1,k2), s = (0,1), p=
(i, —1). Hence we see that

Gi—iy (FZ (w1 + iws)) = Gi —y(01 +i02)
= (—ky + )" (=)™ +i(—ky 4+ 1)iF (i)
= R (= D)R T (ke — 1) — (ke — 1))

Subtracting an appropriate constant multiple of the basis element
((—1)F=ik1¥k2) g yeze of A(t)ch obtained above, we see that (i¥1+%2(—1)k2(k; —

ik2)) (k1 ,ka)ez? € A%lcg. We call this array a;. It is depicted as

aj :

B —1+3 —3-2 3-3i 3+4i
2% —2-4 2-2 2430 —4+2
<1 1—i 142 —3+4i —1-—4i

It remains to deal with the space Diﬁ(mﬁ_i’i)). This is, however, reduced to the

leg

previous case, since it is isomorphic to Diff (mgzl)) via complex conjugation.
Hence we see that ag = ((—1)*2(—i)*+*2) . )cz2 gives rise to a basis element
of Agl€g7 and @, = ((_i)k1+k2(_1)k2(k1 + ikQ))(kl,kz)eZ2 of A%zeg‘ They are
illustrated as follows:

ao aj .
- -1 i 1 i B —1-3i —3+2 3+3 3—4i
-1 i 1 - -1 20 240 242 2-3i —4-2
i1 - =1 “1 144 1-2 -3-i —1+4i
------- A T e S e e L S

Furthermore, by adding and subtracting the pairs of the conjugate arrays, we
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obtain Z-valued arrays as follows:

(ao +9)/2: (ap — @) /(20) :

0 -1 0 1 0 10 -1 0 1
10 1 0 -1 0 -1 0 1 0
0 1 0 -1 -1 0 1 0 -1
SO IO o OSSR RSN s WO e 0 --------- =10
(a; +a;)/2 (a1 —ap)/(2i)

3 -1 -3 3 3 0 3 -2 -3 4
0 -2 2 2 —4 2 -1 -2 3 2
-1 1 1 -3 -1 0 -1 2 1 —4
e e L

86.3. Window fpurmonic

The space AS,LWW”,C is investigated already in our previous paper [3, 4].

Our results in the present paper, however, enable us to determine the structure
of the space AN for any N. Recall that the window is defined by

tharmonic

L, if i=(1,0), (0,1), (2,1), (1,2),
(tha'r'momlc)i =4 —4, if i= (1, 1),

0, otherwise.

This window coincides with the one in [3] up to translation. This causes no
harm, since the space of zero-sum arrays does not change under translation of
the window. Its characteristic polynomial is given by

Me,,..  (2) =21+ 2+ 202+ 2125 — 42120 = 2120(21 + 1/ 21 + 20+ 1/ 20 — 4),

and hence Vpz(my,,,.. .. ) ={(1,1)}. If we put wy =z, — 1, 1 <k < 2, then

S A 1,1
the translated characteristic polynomial is expressed as mi ) (wr,we) =
harmonic

w?(wy + 1) + (wy + 1)w2, and hence F_( (L1) ) =02 + 02, — 02 Ou, —

My armonic
O, 0%, Therefore we are to determine Sol(92, + 92, — 02 0w, — 0w, 03,).

This, however, is already considered in Example 5.5.3. Furthermore, since the
N

tharmonic

Aé\i . Hence the solutions give us directly the zero-sum arrays for ty,qrmonic-

harmonic

For N =1, 2,3, the zero-sum arrays corresponding to these are depicted as fol-

window tharmonic 18 symmetric with respect to its center, we have A
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1095

S S TSN S A
(12)

-2 0 2 4 6

10 1 2 3

0 0 0 0 0

S N N S —
(122)

—36 12 84 480 300
~6 30 84 156 246
6 30 66 114 174
18366090

R. L. Graham, D. E. Knuth and O. Patashnik, Concrete mathematics, Second edition,

lows:
(1)
“10 1 2 3
<10 1 2 3
4101 2 3
10123
(1%)
0 -2 -2 0 4
2 0 0 2 6
2 0 0 2 6
A § S
(1%)
114 —156 —180 —180 —150
—66 -84 -84 —60 —6
—30 =30 —12 30 102
I 6o 36 90 174
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