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On the Profinite Regular Inverse
Galois Problem

By

Anna CADORET*

Abstract

Given a field k, a k-curve X and a k-rational divisor t C X, we analyze the
constraints imposed on X and t by the existence of abelian G-covers f : Y — X
defined over k and unramified outside t. We show that these constraints produce an
obstruction to the weak regular inverse Galois problem for a whole class of profinite
groups - we call p-obstructed - when k is a finitely generated field of characteristic

# p-

Introduction

Given a field k, we will always assume that a separable closure k/k is fixed
and denote by I'y the absolute Galois group of k. A k-curve means a smooth,
projective, geometrically connected k-scheme of dimension 1.

Given a field k and a k-curve X, recall that a k-G-extension of k(X) is a
Galois extension E/k(X) regular over k (i.e. such that & is algebraically closed
in F). Then, given a (pro)finite group G, the regular inverse Galois problem
for G over X can be stated as follows:

(RIGP/G/X) There exists a k-G-extension E/k(X) with group G.
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One can state weaker versions of the regular inverse Galois problem by allow-
ing, for instance, the k-curve X to vary.

(W-fod RIGP/G/k) There ezists a k-curve X¢a and a k-G-extension E/k(Xq)
with group G.

Or, even, by only requiring the G-extension to have field of moduli k.

(W-fom RIGP /G /k) There exists a k-curve Xg and a k-G-extension E/k(Xg)
with group G and field of moduli k.

(In our notation, the prefixes “W-fod” and “W-fom” stand for “weak version
for fields of definition” and “weak version for fields of moduli” respectively).

A standard descent argument based on Bertini-Noether theorem shows
that for a finite group G and a field k the (W-fod RIGP/G/k) can be deduced
from the (RIGP/G/IP’}C((T))) (which is proved in [13])}. In [7], partial results
are obtained for the (RIGP/G/P}C((T))) when G is profinite (not finite) but the
descent argument for profinite G no longer works. There are also very few profi-
nite groups G for which direct constructive proofs of the (W-fod RIGP/G/k)
have been given when k is “arithmetically interesting” (¢f. for instance [10]
for non trivial examples). In this note we show that, actually, such profinite

groups are rather exceptional.
More precisely, our main result (Theorem 3.5) is the following.

Theorem. Let p be a prime. Then the (W-fom RIGP/G/k) fails for
any finitely generated field k of characteristic # p and any profinite group G
containing an open subgroup U C G with U — Z,,.

In the sequel, we will refer to profinite groups G satisfying the hypotheses
of the theorem as being p-obstructed. Typical examples of p-obstructed profi-
nite groups are universal p-Frattini covers of finite groups of order divisible by
p or pronilpotent projective groups of order divisible by p.

In particular, as Z, is p-obstructed, one obtains the following statement

! Alternatively, this result can be deduced from the (RIGP /S, /P}), where S,, denotes the
symmetric group of order n! and the fact that any finite group G can be embedded into
Sy, for some n > 1.
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(which is, actually, equivalent to our main result).

Corollary. Let p be a prime and let k be a finitely generated field of
characteristic # p. Then, for any k-curve X, its function field k(X) over k has
no Zy-extension with field of moduli k.

The paper is organized as follows. In section 1, we recall a few basics about
G-curves and G-covers. In section 2, we analyze the constraints imposed by
the existence of an abelian G-cover f : Y — X defined over £ on X and the
ramification divisor t of f; these are what we refer to as the abelian constraints
for X \ t. These constraints are too rigid to allow the existence of projective
systems (f, : Y, = X)n>0 of degree p™ cyclic G-covers defined over k, n > 0,
which is enough to prove our statement for the (W-fod RIGP/G/k) (Corollary
2.7).

In section 3.2, we deduce the statement for the (W-fom RIGP/G/k) (The-
orem 3.5) from the statement for the (W-fod RIGP/G/k) using a profinite
generalization of the classical cohomological obstruction for a G-cover to be de-
fined over its field of moduli. We carry out the construction of this obstruction
in section 3.1.2. We conclude by giving a moduli formulation of our main result
(Corollary 3.6) using variants of the techniques of [3].

81. Basic Definitions and Notation
81.1. G-curves and G-covers

Let S be a connected scheme. An S-curve of genus g is a smooth, projec-
tive, geometrically connected S-scheme of dimension 1 whose geometric fibers
have genus g.

Given a finite group G of order prime to the characteristics of S, an S-
G-curve with group G is a pair (Y, «), where Y is an S-curve and o : G —
Autg(Y) is a group monomorphism. Two S-G-curves (Y, «;), i« = 1,2 with
the same group G are S-G-isomorphic if there exists an S-scheme isomorphism
u : Yy — Yo such that ua(g)u™t = as(g), g € G. An S-G-cover with group
Gisapair (f : Y — X,«a), where f : Y — X is a Galois cover of S-curves
and a : GSAutx(Y) is a group isomorphism. Two S-G-covers (Y; — X, a;),
1t = 1,2 of a given S-curve X with the same group G are S-G-isomorphic if there
1= as(y),
g € G. Two S-G-covers (Y; — X;, «;), i = 1,2 with the same group G are

exists an X-scheme isomorphism « : Y7 — Y5 such that uaq(g)u
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weakly S-G-isomorphic if there exists an S-scheme isomorphism v : X; — X5
such that the S-G-covers (vo fi : Y1 — Xo, 1) and (fs : Yo — X5, a0) are S-G-
isomorphic. The groupoid of S-G-curves with group G and S-G-isomorphisms
is then equivalent to the groupoid of S-G-covers with group G and weak S-G-
isomorphisms. In the following, we will drop the « in our notation though it
remains part of the data.

Assume now that S = spec(k) is the spectrum of a field and fix a geometric
generic point ¢ : spec(k(X)) — X. Then, for any k-rational divisor t C X one
has the fundamental short exact sequence from Galois theory:

(1) 1 ——=m(Xp\t,§) —=m (X \t,§) —= Ty —1L.

In our situation, writing My x +/k(X) for the maximal separable extension of
k(X) in k(X) unramified outside t, 711 (X; \ t,€) and 71 (X \ t,&) are simply the
Galois groups of My, x¢/k(X) and My, x +/k(X) respectively. In the following,
we will drop the ¢ in our notation.

The function field functor defines an equivalence between the groupoids:

- (C1) of G-covers of X — k defined over k with group G and unramified
outside t.

- (C2) of continuous group epimorphisms ® : m(X \ t) = G such that

O(m (X5 \ t)) = G; in the following, we will call such epimorphisms regular
epimorphisms.
In the category (C1) morphisms are k-G-isomorphisms and in the category
(C2) a morphism from ®; to @5 is an element g € G such that g®;(-)g~! = ®s.
Those two groupoids are also equivalent to the groupoid (C3) of k-G-extensions
E/E(X) with group G, unramified outside t together with isomorphisms of
k(X)-extensions. Depending on the context, we will adopt one point of view
or another.

8§1.2. Inertia canonical invariant

Fix a compatible system ((,)n>1 of primitive roots of unity in k (that is
e =Cm, n, m>1).

Assume first that & is of characteristic 0. By Riemann’s existence theorem,
m1 (X3 \ t) is the profinite completion of the group defined by the generators
UL, eey Ug, ULy eoey Ugy Viy 5 - Y, With the single relation [uq, v1]- - -[ug, vg|ve, - - - Ve
= 1, where g is the genus of X and ty = {t1,...,t.}. For each t € tg, the
element ; is a distinguished generator of the inertia group I(£|t) at some place ¢
of My, x ¢ above t. Write M}, x ¢ as a countable union of finite Galois extensions
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My xt = U My, x t,n and let t,, denote the restriction of £ to My xtn, 1 >
n>0

0. Fix a compatible sytem (utn)n>0 of uniformizing parameters of the tn,

n > 0 (that is ute’th’ff/et‘" = Uy p, where e, denote the order of the inertia

group I(t,|t) of ¢, over t, n > 0). Then, by distinguished we mean that

7 is the preimage of ((,, )n>0 via the group isomorphism I(f|t)$lién Hey s

w —

(% modt,),>0. Let f : Y — X be a G-cover over k unramified
outside t inducing a continuous group epimorphism ® : m; (X3 \ t) - G then
the conjugacy class Cy of ®(v;) in G is called the inertia canonical class of f
at t € t and the r-tuple C = (C})¢et is called the inertia canonical invariant
of f.

If k is of characteristic [ > 0, write M}*¢¢ /k(X) for the maximal algebraic
subextension of My x¢/k(X) at most tamely ramified at t (and unramified
outside t) and 7{*"¢ (X3 \ t) for the corresponding tame quotient of 71 (X7 \ t).
Then there exists a discrete valuation ring R with residue field k and fraction
field K of characteristic 0 such that the k-curve X7 can be lifted to a R-curve
X and tz can be lifted to r K-rational distinct points t = {f1,...,t,} on X.
This yields a specialization epimorphism 7y (XF\E?) — miom¢( X3 \t) inducing
an isomorphism on the prime-to-l parts m; (X% \ Ef)(l/);nr{“me(XE \t)). In
particular, the inertia canonical invariant of a G-cover with group of prime-to-{
order is still well-defined.

81.3. Projective systems of G-covers

The considerations of paragraphs 1.1 and 1.2 extend naturally to the
profinite situation. More precisely, given a complete (that is, such that each
transition morphism is an epimorphism) projective system of finite groups
(Gnt1 = Gr)n>o, set G := %in G,. Then any k-G-extension E/k(X) can

be written as a union F = U E,/k(X), where E, denotes the subfield of F
n>0
fixed by the kernel of G — G,,, n > 0. This, in turn, corresponds to a projective

system E = (f, : ¥, — X)n>0 of G-covers defined over k with group G,, and
ramification divisor say t,, or, alternatively, to a projective system of regular
epimorphisms (®,, : m1(X \ t,) - G,)n>0. Here, projective means that one
gets commutative diagrams:

(X \ tyy1) i>>7T1(‘X\tn) )

Pt i i D,

Gyt ————>G,
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where e, : 71 (X \ t41) = 71 (X \ t,,) is the canonical restriction epimorphism

defined by the inclusions My xt, C My x¢ n > 0 (with the notation of

n417
paragraph 1.1).
Thus, introducing
M = UMk,X,tn
n>0
and

(X \ £)i=lim 1 (X \ ) = Gal(M[k(X)), w1 (X \ £):=lim (X \ )= Gal(M[R(X)),

projective systems of regular epimorphisms (®,, : (X \ t,) = Grn)n>0 cor-
respond to continuous group epimorphisms ® : 71(X \ t) - G such that
O(m1 (X5 \ t)) = G (which we still refer to as “regular epimorphisms”) etc..
In particular, note that we still have the short exact sequence from Galois
theory:

(2) 1 —m(Xp\t) —m(X\t) —=T) — 1.

§82. Abelian Constraints

From now on fix a field k, a finite abelian group M of order prime to
the characteristic of k, a k-curve X and a G-cover f : Y — X with group
M, ramification divisor t and inertia canonical invariant C = ({wi})iet. Let
MP° C M be the subgroup generated by the inertia groups I; =< w; >, t € t
and set My := M/M". Then f:Y — X factors uniquely through a ramified
G-cover f0:Y — X, with group M° and an etale G-cover fy : Xy — X with
group Mj.

MO ramified

/f_()\
Y

Xo
\\\—/ lf(> My etale
M X

We will say that f = (f°, fo) is the canonical decomposition of f and that f°
(resp. fo) is the ramified (resp. the etale) part of f.

The ramified part f° can, again, be decomposed as follows. For each prime
p| [M°| and t € t write |I;| = p™*®m,(t) with p | m,(t). Then the p-Sylow
M) of M" is the subgroup M) =< Iznp(t), t € t > and its exponent is p"r(to)
for some to € t. Write f : Xo,, — X for the quotient of f© modulo ®g., M.
Then fg : Xo,p — Xo is a G-cover with group Mg and a totally ramified place
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P,(to) € Xo of index p™e() In particular, if Q is the place lying above P,(to)
in fg : Xo,p — Xo, then the residue fields at P,(ty) and at @ are equal.

Given an abelian variety A over k, write A[x] for the set of all T' € A(k)
such that °T = x(0)T, 0 € T'y,, where x : Ty, — Z* is the cyclotomic character
of k. Then, on the one hand, the degree of fy is bounded by |Jx|x[x]|, where
J x| denotes the Jacobian variety of X over k (this is what we refer to as the
etale constraint for f - Lemma 2.4). So, when |[Jx[x]| is finite, the residue
fields of the places lying above those of t in fy : Xy — X are finite extensions of
k of degree bounded (in terms of the degree of t and the degree of fy). But, on
the other hand, for each prime p||M°|, the residue field at P,(ty) contains the
p"»(0)th roots of unity (this is what we refer to as the ramification constraint
for f - Lemma 2.1). This, in turn, under some arithmetic assumptions on k,
will impose that the degree of fg : Xo,p — Xo be bounded. When both the
etale and the ramification constraints occur, it appears that there is no G-cover
f Y — X defined over k with group Z/p" for n large enough. This is the
general philosophy of our proofs.

§2.1. Ramification constraint

Lemma 2.1. Let k be any field and let X be a k-curve. Consider a
G-cover f:Y — X defined over k and tamely ramified at a point P of X with
ramification index e. Let Q) be a point of Y lying above P. Then the residue
field at QQ contains the eth roots of unity.

Proof. Write Kx p (resp. Ky.q) for the quotient field of the completion
@XJD of the local ring Ox p of X at P (resp. the completion @YQ of the local
ring Oy of Y at Q). Then Ky o/Kx p is a Galois extension with group the
decomposition group at @ in f : Y — X. Denote by I the inertia group at @
in f:Y — X and by K%, the subfield of Ky.q fixed by I. Then Ky,q/K¥p
is totally ramified with group /. In particular, if ky,q (resp. K p) denotes the
residue field of @yQ (resp. O% ) then Ky,Q = KX p =: K.

Now, we claim that there exists y € KYQ such that y° € K}L{P and
[A(YQ K}{P( ). Indeed, fix uniformizing parameters b € OyQ and a € (9
Then b° = va for some v € (’)YQ But, as Ky, = K p, there exists u € (’)
which has the same image as v in k. So, up to replacmg v with v~ v and a
with ua, one can furthermore assume that v maps to 1 in k. Then, applying
Hensel’s lemma to X© — v produces an element vy € IA(;@Q such that v§ = v
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and y := v, 1p has the expected property.
As a result Ky g contains the eth roots of unity, hence so does ry,¢. U

Corollary 2.2.  Fix a prime p distinct from the characteristic of k. Let
X be a k-curve and let E/k(X) be an abelian extension regular over k with
group Zy. If any finite extension of k contains only finitely many p™th roots of
unity, n > 1 then E/k(X) is unramified.

Proof. 1If not, any inertia group I of E/k(X) being a non trivial closed
subgroup of Z,, is open. So, let I be an inertia group with [Z, : I] = p™ minimal
and let X be the normalization of X in E!/k(X). Then there is a place P € X
which ramifies totally in E/k(X) with group I ~ Z,. For each n > 1, write X,,
for the normalization of X in E®"D /k(X) and let P, be a point lying above
P in Xn — X. Then it follows from Lemma 2.1 that the residue field X..P,
of X,, at P, contains the p"th roots of unity. But as E®"D /k(X) is totally
ramified, K%, p, 1S also the residue field x ¢ p of X at P. So k% p contains the
p™th roots of unity for all n > 1, which contradicts our assumpfion onk. [

Remark 2.3.  Since we apply Lemma 2.1 to the residue field £ p of X
at P it is essential to assume that not only k& but also any finite extension of &
contains only finitely many roots of unity. Any finitely generated field satisfies
this hypothesis but there are also classical examples of fields containing no p"th
roots of unity with a finite extension containing all the p™th roots of unity (e.g.
R or the subfield of Q((pe) fixed by g1, where Z) >~ Z;, x j1,_1.)

§2.2. [Etale constraint

Given a scheme S, we will classically write G,, ¢ and u,, g for the group
schemes (etale sheaves) G,, (T — S) = HY(T,0%) and p, (T — S) =
H°(T, O})[n] respectively. Also, given a finite abelian group M, we will write
Mg for the corresponding constant group scheme over S and MY for its Cartier
dual over S (that is, if M = (Z/d1)s @ -+ & (Z/d,)s, di|---|d, then MY =
Hdy S D D ld, 5)-

Lemma 2.4. Let X be a k-curve. Then any abelian etale G-cover f :
Y — X defined over k with group M induces a group scheme monomorphism

Mv

spec(k) - JX/k :

Proof. This can be regarded as a consequence of Hochschild-Serre spectral
sequence [18, Chap. III, Th. 2.20] for the etale sheaf G,, and the G-cover
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f:Yy—-X.

Set S := Spec(k) (actually, the argument below works for any connected
scheme S). For any connected S-scheme S’ — S, we will use the notation in
the diagram below for the base change from S to S’:

fr

7

Y —X—>§

o]

Y/ ,BX’ > g -

fyr
Then one has a spectral sequence:
HY (M HE(Y', G yvr)) = HE (X', Gyn),
which yields in low degrees the exact sequence of cohomology groups:

(3) 0_>H1(M7Hgt(YI7GmY’)) _)Hit(XlﬂGmX/)
—H (M, BL(Y,Gpyr)) — ...

But from fy/,Oy: = Og/, one gets:

B, (Y, G ) =HO(Y!, 05) =HO(S', fy1, 05, ) =HY,(8', 0%) =H’,(8', G 51).

Similarly, H, (5", G,,, s/) = H, (X', G,, x+) so from [18, Chap. II, Prop. 1.4]
HY, (8", G s7) = HY (X', G x0) = HY (X, Gy x )M

is a trivial M-module and the left hand term of (3) is just:

H'(M,H%(Y',G,, y')) = Homz(M,H?,(S",G,, s'))
= Homgz (M, H"(S", 0%)))
= ©1<i<, HY (S, 0F)[di]
=HY, (8", MY,).

So (3) becomes:
(4) 0 — HY% (S, M¥,) — Pic(X') — Pic(Y").

Now, as taking the sheaf associated with a presheaf is an exact functor, one
obtains the sheafification of (3):

(5) 0— MY — Picx;s — Picyys-
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And from representability results for the Picard scheme of a curve [2, Th.
VIII.4.3 and Th. IX.3.1], (5) produces an exact sequence of S-group schemes:

(6) 0 — Mg — Picx/s — Picy/s.
But, as M is torsion, (6) factors through:
(7) 0— Mg — Jx/s = Jy/s.
]

Remark 2.5.  Under our assumption on the characteristic of k, the group
scheme monomorphism iy : MY k) Jx/i induces an isogeny ¢ : Jx,, — A

spec
with kernel isomorphic to Msvpcc(k) over k hence, by duality, an isogeny ¢V :

AV — J}/(/k with kernel isomorphic to Mpec(ky over k.

For any abelian variety A over k and any integer n > 1 prime to the
characteristic of k, consider the following condition:

(A,n)  There is no group scheme monomorphism ji, spec(k) — A.

It then follows from Lemma 2.4 that for any k-curve X such that (Jx/,p")
holds for some n > 0 any G-cover f : Y — X with group Z/p", N > n is
ramified and, a fortiori, any k-G-extension E/k(X) with group Z,, is ramified
as well.

Lemma 2.6 below gives sufficient conditions for (A, n) to hold for all n > n4
and prime to the characteristic of k, where n4 > 1 is an integer depending a
priori on A (and k).

Lemma 2.6. Let A be an abelian variety over k. Then there exists
an integer na > 1 such that (A,n) holds for all n > ny and prime to the
characteristic of k in the following two cases:

(1) k is a subfield of the cyclotomic closure® of a finitely generated field.

(2) k is an l-adic field and A has anisotropic reduction®. Furthermore, in that
case, the constant ny can be taken depending only on the dimension dim(A)

2Recall that, given a field k, the cyclotomic closure of k in k is the subextension of k
obtained from k by adjoining all the nth roots of unity in k; we will denote it by kY¢.
3Recall that the identity component of the special fiber 2 of the Neron model of A is an
extension (over the residue field K of k) 1 > T4 ®U4 — A — V4 — 1, where Ty, Uy and
V4 are respectively a torus, a commutative unipotent group and an abelian variety over k.
Following [6], we will say that A has anisotropic reduction if T4 contains no G, spec(x)>
that A has good reduction if 21 is an abelian variety and that A has potentially good
reduction if A X k' has good reduction over some finite extension k' of k. Note that if

A has potentially good reduction over k then it has anisotropic reduction over k.
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of A, 1, the ramification index e and the residual degree f of k; we will de-
note it by n(dim(A),l, e, f).

Proof. 1In case (1), this results from the following generalization of [21].
For any abelian variety A — k over a field k of characteristic [ > 0, one has
Alx] € A(k®¢)4,, and the prime-to-I part A[x](") of A[y] is finite. Indeed, any
field k finitely generated over its prime field @) is a function field with constant
field ko := Q N k. So, let AFlFo be the k/ko-trace of A. As kg is algebraically
closed in k, the extension k/ko and kg’“/kq are linearly disjoint over ko hence,
the k¢ /ESY ~trace of A xj, k¢ is just AF““Ike"" = Aklko 5¢; "kCY°; in particular
ARk (690 = AKlko (E6Y¢). From the short exact sequence of Z-modules
(the injectivity on the left is Chow’s theorem [15, Th. 3.3.3]):

0 — Ak|ko (k(c)yc) N A(k_cyc) N A(k:CyC)/Aklko (kgyC) N 07
one deduces the exact sequence of torsion submodules:
8) 0 — AMRO(REI) 0 — ARV 10 — (A(KYS)JAMFO (KG) ) .

From Lang-Neron’s theorem [15, Th. 6.2], the Z-module A(k¥¢)/A*ko(k5¥)
is of finite type so the right-hand term of (8) is finite. If [ = 0 then kg is a
number field and from [21] the left-hand term of (8) is finite as well. If [ > 0
then ky is finite and (8) induces by restriction a monomorphism A*l*o [x](l/) —
A[X]®) such that A[y]®) JAMF [\ ]E) s (A(kve)JAFFO (KEY))yors. SO it is
enough to prove that A% [x]@) is finite. But, if y,, spec(ko) < AFlko is a group
scheme monomorphism with n prime to [ then, by duality, this induces an
isogeny (Ao /p, )V — (AFIk0)Y with kernel isomorphic to (Z/n)spec(ro) OVer
ko. In particular n < LW (|ko|, dim(A)), where LW (q, g) denotes the Lang-Weil
estimate for the number of rational points on a g-dimensional abelian variety
defined over a finite field of order ¢ [19, Th. 19.1].

In case (2), the statement follows from [6, Main Th.], which states that if
k is an [-adic field and A is an abelian variety with anisotropic reduction over k
then there exist a constant n4 := n(dim(A),l, e, f) such that |A(k)iors| < na.
So, once again assume that i, spec(x) < A, which, by duality, corresponds to an
isogeny o’ : B := (A/p,)Y — AY with kernel isomorphic to (Z/n)spec(r) over
k. We claim that B has anisotropic reduction if and only if A has and, hence,
if A has anisotropic reduction then n < n4. Compose o with any polarization
A:AY — AVY = A to get an isogeny a : B — A of degree ny := ndeg()). If ny,
is prime to [, then the isogeny a : B — A reduces to an isogeny 8 — 2 between
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the identity components of the special fibers of the Neron model of B and A [2,
prop. VIL.6.6]. More generally, the reduction of « : B — A induces isogenies
Tp — T4 and Vg — V4 between the toric and abelian parts of the identity
components of the special fibers of the Neron model of B and A respectively?.
Whence the annouced result. O

§2.3. Counter-examples to the profinite (W-fod RIGP /k)

Corollary 2.7.  Assume that k is a finitely generated field of charac-
teristic # p. Then the (W-fod RIGP/G/k) fails for any p-obstructed profinite
group G.

Proof.  Assume first that G = Z, and that the (W-fod RIGP/Z,,/k) holds.
Then there exists a k-curve X and a k-G-extension E/k(X) with group Z,.
From Corollary 2.2, E/k(X) is unramified, which contradicts Lemma 2.4 and
Lemma 2.6.

Now, assume that G is any p-obstructed profinite group. Let U C G be an
open subgroup such that U — Z, and denote by N the kernel of U — Z,,. If the
(W-fod RIGP/G/k) holds then there exists a k-curve X and a k-G-extension
E/k(X) with group G. Let X denote the normalization of X in EV /k(X) then
E/k(X) is a k-G-extension with group U. But, then, taking the subextension
EN fixed by N, one gets a k-G-extension EV /k(X) with group Z,, which
contradicts the above. O

§2.4. Remarks

In this last paragraph, we give counter-examples to Corollary 2.7 when one
of the hypotheses on k fails. For instance, rigidity straightforwardly implies that
the (RIGP/Z, /I%a,,) holds. In that case, the ramification constraint vanishes.
We consider below the case of finite fields of characteristic p > 0 and of [-adic

fields (I # p), for which it is the etale constrainst that may vanish.

2.4.1. Fields of characteristic p > 0

Proposition 2.8.  Consider a finite group G of order divisible by p and
write G — Gq for its universal p-Frattini cover. Let k be a field of character-
istic p and let X be a k-curve such that the (RIGP/Go/X) holds. Then the
(RIGP/G/X) holds as well and, in particular, the (W-fod RIGP/G/F,) holds.

4Just observe that if 3: A — B is the isogeny such that 8 o « is multiplication by ny on
A then 24 — B — 2l is again multiplication by n) on 2; in particular, it is an isogeny on
the abelian and the toric parts (the kernel of multiplication by n is finite).
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Proof. One can write G as a projective limit G = lgn G, where, for each
n > 0 the group epimorphism G, 41 — G, is Frattini with kernel an elementary
p-abelian group K,, ~ (Z/p)™ .5

From the (RIGP/G(/X), there exists a G-cover fy : Yo — X defined
over k with group Gg; this will allow us to construct inductively a projective
system E = (f, : Y, — X)p>0 of G-covers defined over k with group G,.
Indeed, assume that f, : Y,, — X exists, corresponding to a group epimorphism
®,, : I'y(x) = G, then the corresponding embedding problem

Tixy

i%

1 Kn Gn+1 Gn 1

is a geometric Frattini embedding problem with p-group kernel. Consequently,
by [17, Th. IV.8.3], it has a solution ®,,41 : I'y(x) = Gny1. And by [17, Prop.
IV.5.1], any solution is a geometric proper solution. So take for f,11 : Y41 —
X the G-cover corresponding to ®,41 : ['yx) = Gny1. The last assertion
results from the fact the (W-fod RIGP/G¢/F,) holds. O

Remark 2.9.  As F, is ampleS, the (RIGP/GO/IP’% ) holds hence so does

the (RIGP/GO/IP’]%‘DT) for some integer r > 1 and, by Proposition 2.8, the
(RIGP/G/]P’}FPT).

Example 2.10. Let G be a finite group of order divisible by p and let
G — Gy denote its universal p-Frattini cover. Then, by the universal property
of G — Gy, any Frattini cover G — G with kernel a pro-p group is a quotient
of G. So, applying this to SLy(Z,) —» PSLs(F,) one obtains that the (W-fod
RIGP/SLy(Z,)/F,) and the (RIGP/SLQ(ZP)/P%‘pr) holds (for some integer

rp > 1 such that the (RIGP/PSLQ(]FP)/]P’}FW) holds).

2.4.2. l-adic fields (I # p)

Let [ be a prime # 2, p and let k be an [-adic field. It follows from
paragraphs 2.1 and 2.2 that if, for a k-curve X there exists a k-G-extension
E/k(X) with group a p-obstructed profinite group G then Jx|; has isotropic

5To see this, just use that the kernel P of G — Gy is a free pro-p group of finite positive
rank p > 1 and apply the construction of the end of paragraph 3.3.

6Recall that a field k is said to be ample (or large) if for each smooth geometrically
irreducible k-variety V' — k, V (k) is infinite provided it is non-empty. It was proved in
the nineties that for any ample field k£ and finite group G the (RIGP/G/P}) holds.
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reduction. However, one can wonder whether k-G-extensions E/k(X) with
group a p-obstructed profinite group G do exist at all even if Jx|;, has isotropic
reduction.

The simplest examples of such G-extensions can be constructed using Tate
elliptic curves £ — k, whose field of functions always admit k-G-extensions
with group Z,. Using Pop’s half Riemann existence theorem [20, Main Th.],
more general examples can be constructed. Consider for instance the case of
hyperelliptic curves.

Recall first the statement of [20, Main Th.].

By chosing a function 7' € k(P}) such that k(P}) = k(T), we identify
P1 (k) with kUooc. In the following, |-| stands for the normalized absolute value
induced by the l-adic valuation of k on k. A k-rational divisor t C P} such that
tz C k is said to be pairwise adjusted if t; can be written as a disjoint union
tr =ty Uty with t; = {ti1,.. ., tis}, i = 1,2 and (i) |t1.m —tom| < [t1.m —t1nl,
1<n#m<sand (ii) 7t; = t;, 0 € . It follows from the defining condition
that o(t1,,,) = t1,0(m) if and only if o (t21n) = to,o(m), m =1,...,5, 0 € T'. Say
that t is A-pairwise adjusted if, furthermore, t; (hence t2) has A orbits under
Ty

Let IT denote the free product < 74, , > *---x < v, > of s copies of
Z/Zl ~< Yy, >, m=1,...,s in the category of profinite groups and let I'y
act on I via o -y, ,, = véfj(:yj)), m=1,...,s (where, as usual, y : Ty — Z* is
the cyclotomic character of k). Then [20, Main Th.] states that if X = P} and
t is A-pairwise adjusted then (1) has quotient:

(9) 1= —IxTy—Tp— 1.

Using this result, it is easy to construct k-G-extensions of the field of
functions of certain hyperelliptic curves with group Z,. For this, observe
that the prodihedral group Doy = Zj, x Z/2 is a quotient of II x I'y. As-
sume that A > 2. Write Oq,...,0, for the orbits of t; under I'y and let
¢ : II = Dopee sending y; to an order two element v in Dapee, t € O1 and
to another order two element v’ in Djpe such that v and v’ generate Dapeo
(for instance, take v/ = wv, where v is a generator of the unique p-Sylow of
Dopes), t € Og,...,05. Then, by construction, ¢ : II — Dajpe extends to
px1:IxT, — Dopes. (Indeed, observe that for any 1 < m < s and
o € Tj, one has (0 - Y, ,.) = ¢V )X ) = (1, )X ) = $(7,,.),
where the second equality follows from the fact that ¢1,,, 1 5(n) lie in the
same orbit under I'y and the third one follows from the fact that ¢(vy, )
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has order 2). Composing ¢ x 1 :OxTy — Dopee with the epimorphism
w1 (X \t) - II x T’y yields an epimorphism @ : m1(X \ t) - Dape such that
O(m1 (X5 \ t)) = ¢(II) = Dype that is a regular epimorphism. In other words,
one has constructed a k-G-extension E/k(P}L) unramified outside t and with
group Dgye-. By construction E/ E%r is etale (this also follows from Corollary
2.2).

This observation gives a suffficient condition for a hyperelliptic jacobian
to have isotropic reduction.

Corollary 2.11.  Let X be a hyperelliptic curve. If its Weierstrass di-
visor wy C Pi is A-pairwise adjusted with X\ > 2 then Jx|k has isotropic
reduction.

Whether the condition of Corollary 2.11 is necessary is unclear to us. At
least, using the above result and coarse moduli schemes for G-covers of the
projective line, one can show the following.

Corollary 2.12.  The set Iso4(k) of k-rational points on the coarse
moduli scheme Hyp, Xk of genus g hyperelliptic curves corresponding to curves
with jacobian having isotropic reduction is Zariski-dense in Hyp, Xq k.

Proof. Assume that p # 2. Let H, — Z[%ﬁ] denote the coarse moduli
scheme for G-covers of the projective line with group the order 2p™ dihedral
group Ds,» and inertia canonical invariant 2¢g 4+ 2 copies of the conjugacy class
of non-trivial involutions; it is an integral scheme, smooth over Z[Q#] [23].

(1) From the above discussion H,, (k) # 0, hence H,, (k) is Zariski dense in
H, xg k, n > 1 (by the l-adic implicit function theorem, k is ample).

(2) The stack morphism sending a G-cover X — P! with group Dapn
and inertia canonical invariant 2g + 2 copies of the conjugacy class of non-
trivial involutions to the isomorphism class of X modded by the unique p-
Sylow Z/p™ C Dgpn induces at the level of coarse moduli schemes a morphism
¢ : Hy, — Hyp,, which is dominant.

Indeed, let X be an hyperelliptic curve over any algebraically closed field
Q. Write ¢ : X — P, for the canonical associated degree 2 cover and i : X=X
for the hyperelliptic involution. Choose a Weierstrass point w € X () and
write j, : X — Jx|q for the induced closed immersion of X into its jacobian.
Then [~1] 0 ju = ju 0. Now, take any torsion point T € Jxo(f2) of order
exactly p" and consider the isogeny dual of Jx|o — (Jx)o/ < T >) followed
by the composition with the canonical polarization JX(‘Q%J xjo- This yields
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an isogeny o : A — Jx|o with kernel isomorphic to the constant group scheme
(Z/p")spec(a)- Let f:Y — X denote the pull back of a via j,. Asi(w) = w,
one has the commutative diagram:

c jw

Py X Jxjo<—A4
\l l{l} L[l]
X —2 Ixjo <—— A.

Now, compose f : Y — X with ¢ : X — IP’}€ to obtain a degree 2p™ cover
f 1Y — P§,. Let t : Y5Y be the automorphism obtained by pulling back
the translation tg by a generator © of the kernel of a via j,,. As i(w) = w,
the pull-back of [~1] : A=A wia j, yields an involution 7 : Y=Y lifting the
hyperellitic involution i. Finally, from [~1]ote = tg'o[—1] we get iot =t 'oi
that is the automorphism group of f contains < t > Xi =~ Dy, But as f has
degree 2p”, f is a Galois cover with group Dgp» and inertia canonical invariant
a 2g + 2-tuple of conjugacy classes of involutions.

(3) From Lemma 2.6 (2), for p™ > n(g,l,e, f), ¢(H,(k)) C Iso4(k). O

83. Profinite Descent
83.1. Field of moduli and fields of definition

This section is devoted to the definition and construction of the cohomolog-
ical tools which are required to extend the statement of Corollary 2.7 to fields
of moduli. This theory is classical for G-covers [8]; we extend it to projective
systems of G-covers.

3.1.1. Definitions

Let X be a k-curve and let E = (f,, : Y, — X3,)n>0 be a projective system
of G-covers defined over k with group G, and ramification divisor t, C X
assumed to be k-rational. Writing as usual G := {in G, E corresponds to a
continuous group epimorphism ® : m (X3 \t) - G.

Given an algebraic extension kg/k, one says that:

- (fod) ko is a field of definition of E if there exists a projective system of
G-covers Ex, = (fuko : Ynko — Xko)n>o defined over ko such that f,, and
(fn.ko)7 are k-G-isomorphic, n > 0.
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Since the set of k-isomorphisms of G-covers f, ~ ( fr,ko) 18 both non-
empty (by assumption) and finite, the condition f, and (fnk,); are k-G-
isomorphic, n > 0 in (fod) is equivalent to the existence of a projective
system (Xn : fn = (fako)z)n>0 of k-G-isomorphisms. Thus, in terms of
O m (X \t) > G, ko is a field of definition of F if and only if & : 71 (X \t) - G
extends to a continuous group epimorphism @, : m (X, \ t) - G.

- (fom) kg is the field of moduli of E (relatively to the extension k/k) if it

is the subfield of k fixed by the closed subgroup Mg = ﬂ Mg, C I'y, where
n>0

M, denotes the closed subgroup (of finite index) of all o € T, fixing the k-G-

isomorphism class of f,, n > 0.

Again, since the set of k-G-isomorphism f,, ~ ¢ f, is both non-empty (by
assumption) and finite, for any o € I'y, 0 € Mg if and only if there exists a
projective system (Xn,o @ fn = 7 fn)n>0 of k-G-isomorphisms. Thus, in terms
of & : m (X \t) - G, if ko is the field of moduli of F and if s : Ty, —
m1 (X, \ £) is a continuous (set-theoretic) section of (2) then there exists a
continuous map h : I'y, — G such that ®(s(c)ys(o)™t) = h(o)®(y)h(o) ™!, for
all v € m (X3 \t), 0 € T'k,. (Observe that the map h depends on the section s
but the notion of field of moduli does not).

Note also that it follows from the definition that the field of moduli of F is
the compositum (actually the union) of the fields of moduli of the f,, : Y,, — Xz,
n > 0.

3.1.2. Cohomological obstruction

We retain the notation of section 3.1. Clearly, (fod) implies (fom) but
the converse is false in general. Assume that (2) admits a group-theoretic con-
tinuous section s : T'y, — 71 (Xk, \ t) (¢f. paragraph 3.1.3). Then, using s and
h, one can construct a cohomological obstruction [w] € H?(ko, Z(G)) for f to
be defined over ko (where H?(ko, Z(G)) denotes the second cohomology group
of Ty, with values in the center Z(G) of G regarded as a trivial I'y,-module)
as follows.

The map
h: T — G/Z(G)
o —  h(o) [mod Z(@)]

is a well-defined group morphism, which only depends on s and not on the
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particular representative h. Considering Z(G) as a trivial I'y,-module, the
continuous cochain

w: Fko X Fko — Z(G)
(o,7) —  h(or)"th(o)h(T)

defines a class [w] which does not depend on s. Classically, [w] is trivial in
H?(ko, Z(E)) if and only if h : Ty, — G/Z(G) can be lifted to a continuous
group morphism hy, : I'y, — G which, in turn, is equivalent to the existence of
a continuous group epimorphism @y, : 71 (X, \ t) - G extending ® : m; (X3 \
t) - G (for the if condition take hy, := ®j, o s and for the only if condition
take @y, = ®(-) x4 hp,(1)). So we call [w] € H?(ko, Z(G)) the cohomological
obstruction for the projective system of G-covers E = (fy : Y, — Xg)n>0 to be
defined over ky. In particular, one has:

Proposition 3.1.  Let X be a k-curve and let E/k(X) be a k-G-
extension with group G and field of moduli k. Assume that (2) admits a con-
tinuous group-theoretic section.

(i) If k has p-cohomological dimension < 1 for all primes p dividing |Z(G)|
then E/k(X) is defined over k.

(ii) If Z(Q) is a direct summand of G then E/k(X) is defined over k.

(iii) If there exists a closed normal subgroup N < G such that NN Z(G) is
trivial and [G : NZ(Q)] is finite then E/k(X) is defined over a finite extension
ko/k with [ko : k] < [G : NZ(Q)].

(iv) The subextension of E fixed by Z(G) is defined over k.

Proof. The assumption that (2) admits a continuous group-theoretic sec-
tion allows us to use the profinite cohomological obstruction constructed above.
Regard the G-extension F/k(X) with field of moduli k¥ and group G as a con-
tinuous group epimorphism @ : 7 (X; \t) - G. We re-use the notation
h:Ty — G/Z(G) and [w] € H*(k, Z(G)) from the above.

(i) is straightforward.

(ii) If Z(QG) is a direct summand of G then G — G/Z(G) admits a contin-
uous section s : G/Z(G) — G which, composed with h yields a lift s o h of h
to G.

(iii) Denote by ¢ : G — G/N the natural quotient map and consider the
commutative diagram
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1 —¢(Z(G)) G/N (G/N)/(Z(G)) —=1
Ylz(a) wT wT

1 Z2(G) G G/Z(G) 1.
|
'y

As N N Z(G) is trivial, the restriction ¥z : Z(G) — ¥(Z(G)) is an isomor-
phism, so 1 : H*(k, Z(G)) — H%(k,v(Z(@))) is an isomorphism too and, con-
sequently, it is enough to prove that ([w]) becomes trivial in H?(k, ¥(Z(Q))).
But v([w]) is the cohomological obstruction for lifting ¢ o h : Ty, — (G/N)/
¥(Z(Q)) to a morphism I'y — G/N, hence [w] becomes trivial over the fixed
field kg of ker(¢) o h) in k and [ko : k] < [G/N : Z(G)N/N]| =[G : NZ(G)].
(iv) More generally, if [w] € H?*(k, Z(G)) is the cohomological obstruc-
tion for E/k(X) to be defined over k then for any closed normal subgroup
N < G one has the canonical induced morphisms in cohomology H?(k, Z(G)) 25
H2(k, Z(G)/N) X H2(k, Z(G/N)) and iy opy([w]) € H2(k, Z(G/N)) is the co-
homological obstruction for EYV /k(X) to be defined over k. In particular, with
N = Z(G) the class py([w]) is trivial so EZ(%) /k(X) is defined over k. ad

Remark 3.2.  Write hy, : T — Gn/Z(Gn), wn : T x Tx — Z(G,)
and [w,] € H?(k, Z(G,)), n > 0 for the continuous group morphism, cochain
and cohomological class associated with h,, : [y LN Gn, n > 0. One
can wonder how the “global” cohomological obstruction [w] € H?(k, Z(@G)) for
E = (fn : Yo — Xg)n>0 to be defined over kg and the projective system of
“local” cohomological obstructions ([wy])n>0 € lﬂl H?(k, Z(G,,)) are related.
Clearly, i o h = lim hn, where i : G/Z(G) — lim G./Z(G,) is the canonical
monomorphism (note that %in Z(G,) = Z(G)). Likewise, w = %gn wy, and
§([w]) = ([wn])n>0 where j : H*(k, Z(G)) — lim H?(k, Z(G,,)) is the canonical
morphism. In general j is not injective andTmn trivial global cohomological
obstructions [w] lying in the kernel of j correspond to projective systems of
G-covers (f,, : Yy, — X)n>0 defined over k such that the set Gy, (k) of all the
k-models of f, is not empty, n > 0 but the projective limit {in Gy, (k) is.

A sufficient condition for j to be injective is classically given by the Mittag-

Leffler property [16, ITL.10] for the projective system of 1-cocycles (C*(k,
Z(Gpy1)) — CHk,Z(Gp)))n>o- It holds, for instance, when one of the fol-
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lowing two conditions is fulfilled.
- The center Z(G) of G is trivial.
- The morphism Z(G,+1) — Z(G,,) is an epimorphim and any morphism
I'y — Z(G,,) can be lifted to a morphism I'y, — Z(Gp41) (for instance if k
is of p-cohomological dimension < 1 for all prime p| |Z(G)|), n > 0.

3.1.3. Splitting of (2)
The following proposition gives criteria for the splitting of (2).

Proposition 3.3.  Assume that either X (k) # () or that Ty, is projective.
Then (2) admits a group-theoretic continuous section.

Proof. We retain the notation of paragraph 1.3.
- If k has characteristic 0 then choose a uniformizing parameter 7 for P € X (k).
The Galois extension M /k(X) can be embedded into the field of Puiseux series
k{{7}}, on which I'y acts naturally. This defines a splitting morphism s : T'}, <
Gal(M k(X)) = m (X \ t). If X(k)\ Ut” # () (which, for instance, always
n>0
occurs if X = P} and k is uncountable), one can choose P € X (k) \ Ut”’
n>0

embedding then M /k(X) into the field of Laurent series k((7)) as usual.

- More generally, write k(X) for the completion of k(X) at P. One gets the
following commutative diagram of short exact sequences

o

1 RX) I'i® Iy 1

| |

1—>7T1(XE\£)—>771(X\§)—>F1€—>1

and the conclusion follows from the fact that the upper short exact sequence
always splits [22, Lemma 2.9].

- If Ty, is projective (e.g. k is a finite field) then by definition the natural
epimorphism 71(X \ t) — [y always admits a section s : T’y — 71(X \ t))
without any assumption on X (k). O
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§3.2. Counter-examples to the (W-fom RIGP/G/k)

Lemma 3.4. If G is a p-obstructed profinite group then the quotient
G/Z(Q) is either p-obstructed or finite.

Proof. As G is p-obstructed, there exists an open subgroup U C G such

that U — Z,. Set Ny := ﬂ gUg™!. Then Ny is a closed normal subgroup
geG
of G of finite index [G : Ny| < [G : U]! (use the exactness of 1 — Ny — G —

Aut(G/U)) hence it is also open in G. Furthermore, let N denote the kernel
of any epimorphism U — Z,. Then Ny /(N N Ny) is a closed subgroup of
U/N =~ Z,, that is either Ny /(N N Ny ) is trivial (but, then, Ny C N, which
contradicts the finiteness of [G : Ny]) or Ny /(N N Ny) = p"Z, ~ Z,. So,
one can assume that U is normal in G. But U N Z(G) is then a closed normal
subgroup of U and U/(U N Z(G)) — G/Z(G). As the image Zy of U N Z(G)
via U — Z,, is a closed subgroup of Z,, there are two cases to consider:

- Zy is trivial and, hence, U — Z, factors through U/(U N Z(G)) — Z,
and G/Z(G) is again p-obstructed.

- Zy =p"Zy, CZy, hence [U: Zy|=p* and [G: Z(G)] < [G: Zy] =[G :
Ulp™ is finite. O

Lemma 3.4 together with Proposition 3.1 and Corollary 2.7 now imply:

Theorem 3.5. Let k be either a finitely generated field of character-
istic 0 or a finite field of characteristic distinct from p. Then the (W-fom
RIGP/G/k) fails for any p-obstructed profinite group G.

Proof. 1If not, there would exist a p-obstructed profinite group G, a k-
curve X and a k-G-extension F/k(X) with group G and field of moduli k.
First, fix a finite extension kx/k such that X (kx) # 0. By Lemma 3.4, the
quotient G/Z(G) is either p-obstructed or finite. If G/Z(G) is p-obstructed,
consider the k-G-subextension E4(%) /k(X) fixed by Z(G). Then EZ(%) /k(X)
has group G/Z(G) and, by Proposition 3.1 (iv), is defined over kx, which
contradicts Corollary 2.7. If G/Z(G) is finite then, by Proposition 3.1 (iii),
there exists a finite extension ko/kx (with [ko : kx] < [G : Z(G)]) such that
E/k(X) is defined over kg, which, again, contradicts Corollary 2.7. O

The main reason to focus on the field of moduli formulation of the weak
(RIGP/G/kE) is that it can be translated in terms of projective systems of
rational points on projective systems of coarse moduli schemes for G-curves.
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83.3. Projective systems of rational points on projective systems
of coarse moduli schemes for G-curves

Given any integer ¢ > 0 and r-tuple C = (Cq,...,C}) of non trivial
conjugacy classes in G such that 2 —2g —r < 0, one can consider the category
fibered in groupoids Hg c.c — Z[ﬁ] of G-curves Y with group G such that
the resulting G-cover Y — Y/G has inertia canonical invariant C and base
curve Y/G of genus g. Equivalently, Hyc.c — Z[ﬁ] is the category fibered
in groupoids of G-covers of genus g curves with group G and inertia canonical
invariant C (with weak G-isomorphism). (More precisely, the genus g curve
is assumed to be equipped with an etale divisor of degree r and the inertia
canonical invariant C is assumed to be one for the points on this etale divisor.)
Then Hyc.c — Z[‘—Cl”]et is a Deligne-Mumford stack (with finite diagonal),
smooth and of finite type over Z[‘%l]et. Its coarse moduli space Hy g c is a
scheme of finite type over Z[ﬁ], normal and of dimension 3¢+ r — 3. We refer
to [1, §1-6] for further details on these stacks.

For any complete projective system ((Gn+t1,Cnt1) = (Gn,Cy))n>o of
finite groups G, and r,-tuples C,, of conjugacy classes in G,,, write G :=
1<iin G, C:= %in C,,. Functoriality yields a projective system of coarse moduli
schemes

(H91Gn+17cn+l - Hvan 7Cn)n20

And Theorem 3.5 yields the following result on projective systems of rational
points on the above tower.

Corollary 3.6.  Assume that G is p-obstructed and that k is a finitely
generated field of characteristic prime-to-|G|. Then lim Hy ¢, ¢, (k) = 0.

Proof. From Theorem 3.5, it is enough to show that a projective system
of k-rational points

P = (Pn)n>o0 € lim Hy q, c, (k)
induces a projective system of G-covers
E = (fn : X, — Xo, ap Gn;’AUtXO (Xn))nZO

defined over k with field of moduli a finite extension kq/k. The key point is that
given such a projective system E = (f,, : X, — X¢)n>0, the field of moduli of
FE with respect to G-isomorphisms is a finite extension of the field of moduli of
FE with respect to weak G-isomorphisms.
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To prove this, one can adapt the techniques of [3] as follows. By hypothesis,
for each o € I'y there exists a weak E—G—isomorphism from f, : X,, — Xg to
“fn °X, — X, that is a pair (un,e, Vn,0), Where v, , : Xo — 7Xp is a
E—isomorphism and up , is a E—G—isomorphism from vy, 5 0 fr, to 7 f.

From the assumption 2 — 2g — 2r; < 07 one gets that only one of the
following three possibilities occurs:

i 922
(i) g=1landr >1;
(iii) ¢g=0andr >3.

Write t; C X for the ramification divisor of fi : X7 — Xy. Then the sta-
bilizer Sg, of t; in Auty(Xo) is always finite (more precisely, |St, | < [Autg(Xo)|
in case (i), |S¢,| < 12 in case (ii) [14, Cor IV.4.7] and |Sy,| < (Tl’"—i'g), in case
(iii)). So, up to replacing k by a finite extension kq/k, one can assume that
Xo, t1 and all the elements in S¢, are defined over k.

For each n > 1, write H, , for the set of all weak k-G-isomorphisms
(UnosVn,e) from fr, + X;, — Xo to 7f, = °X,, — Xo. This defines a pro-
jective system of non-empty finite sets (Hp+1,0 — Hno)n>1- Indeed, for
n > 1 let Gp41,, be the automorphism group of X1 — X,. Fix 0 € I’y
and (Un+1,05Vn+1,0) € Hnt1,0. By definition of a G-cover, for all g € G4
one has Uoznﬂ(unﬂ’ggu;}rl’g) = apt1(9) and “ay41(79) = ant1(g) hence
un+17agu;}r1’0 = %g. In particular Un+1,aGn+1,nur:}r1,a = Gpyin. SO
(Un+1,01VUnt1,0) € Hnt1,0 factors through (@pn41,0,Unt1,0) € Hn,o, whence the
projectivity (note in particular that v, , € Sg,, n > 0). The finiteness of the
Hnp,o is straightforward and the fact they are non-empty results from the as-
sumption that the p, are k-rational points, n > 0.

Now, choose (U, o, Vo )n>1 € @ Hy,o. This defines the profinite commu-

tative diagram below.

(10) Xn+1 —>Xn. ............ Xl —>XOE
\Lun,+1,a lun,o lulﬁ lva
a n+1 —>an .........t'f)(1 —>XOE'

For each n > 1, let E,, denote the stabilizer of the G-isomorphism class of
frn under the action of St, by left translation and let NN,, denotes the normalizer
of E,, in S, ; note that E,,, N,, and Q,, :== N,,/E,, come equipped with a natural

"Here, 71 denotes the length of Cy; observe that 71 < rn, n > 0.
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structure of trivial I',-module. One has the decreasing sequence of finite groups
- CEpy1 CE,C---CE; CSy,

which is stationary for n > ng. Without loss of generality, one can assume
that ng = 1. The map ¢ : I'y — @1 sending ¢ to v, mod E; is a well-defined
group morphism. So ¢ becomes trivial when restricted to the finite extension
ko := Ekor(c)/k. For each n > 1, denote by W, , the set of all k-G-isomorphisms
Wy,» from v, ' o f, to 7 f,. This, once again, yields a projective system of non-
empty (because E,, = Eq and v, € E1) finite sets Wy41,6 — Wha,o)n>1. Then
any (Wn,e)n>1 € 1(31 Wh,o yields a profinite commutative diagram.

Xpy1—> X, X, — X3
lwvwrl,o lwn,a leg l’ugl

Xpp1 —Xp e X1—>X0E
lun+1 o lun,a lul o l'ug

T Xpy1 —= Xy X —=Xo%

showing that (f, : X, — Xo)n>0 is a projective system of G-covers with field
of moduli kg. O

Corollary 3.6 implies that for n > 0 either Hy ¢, ¢, (k) =0 or Hy ¢, c, (k)
is infinite. In particular, if (Cp41 — Cy)n>1 is any projective system of k-curves
on (Hgg,,:.cosr — Hga,,c,)n>0 and if g, denotes the genus of Cp,, n > 0
then it follows from [9] (Faltings’ proof of Mordell conjecture) that only one of
the following three situations occurs:

(i) gn=0,n2>1;
(ii)  gn =1 with C,(k) =0 or C,,(k) # 0 and C, (k) has rank > 1, n > 1;
(iii)  gn > 2 (with Cp(k) = 0), n > 1.

These considerations are the starting point to tackle conjectures “a la Fried”
[11], which deal with special cases of the situation considered in Corollary 3.6.

A synthetic formulation of these conjectures is the following. Assume that
G contains a normal open subgroup P C G which is a free pro-p group of fi-
nite positive rank p > 1 and let C = (C4,...,C}) be an r-tuple of conjugacy
classes of finite order elements in G. Introduce the Frattini series of P defined
inductively by Py = P and P,y = P?[P,,P,]. Then the P,, n > 0 are a



ON THE PROFINITE REGULAR INV. GALOIS PB. 1167

fundamental system of characteristic neighborhoods of 1 in P hence a funda-
mental system of normal neighborhoods of 1 in G. As a result one can recover
G as the projective limit G = h;n G, where G,, := G/P,, n > 0. Eventually,
write C,, = (Cy1,...,Cy ) for the image of C in G,,, n > 0. Then, for any
g > 0 such that 2 —2g — r < 0, the projective system of coarse moduli schemes
(Hy,Gpir,Crin — Hg,a,,c, )n>o0 is called the modular tower associated with g,
G, P and C. For g = 0, G the prodihedral group Doy = Z,, X Z/2, P = Z,
the unique p-Sylow of G and C four copies of the conjugacy class of non-trivial
involutions in G, one gets Hy ¢, .c, ~ Y1(p™), n > 0. This is the underlying
motivation for stating:

Conjecture 3.7. For any finitely generated field k of characteristic 0
one has Hy ¢, ¢, (k) =0, n > 0.

Conjecture 3.7 was recently proved in the 1-dimensional case (that is,
(g,7) = (0,4) or (1,1)) in [5] using Lemma 2.4 and Corollary 3.6 as key in-
gredients. Note, however, that the result of [5] does not exclude the possibility
that for all n > 0 some of the connected components of Hy ¢, c, have genus
0 or 1; proving that only case (iii) above can occur for general modular towers
(as it does for the tower of modular curves (Y1 (p"*') — Y1(p™))n>0) remains
an open problem.

Let us also mention that Lemma 2.4 was used in [4] to prove, for instance,
that Conjecture 3.7 would follow from the strong torsion conjecture for abelian
varieties. In [5] it is sketched by different techniques that Conjecture 3.7 would
even follow from the weaker torsion conjecture for abelian varieties.
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