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Jacquet Modules of Principal Series Generated
by the Trivial K-Type

By

Noriyuki ABE*

Abstract

We propose a new approach to the study of the Jacquet module of a Harish-
Chandra module of a real semisimple Lie group. Using this method, we investigate
the structure of the Jacquet module of a principal series representation generated by
the trivial K-type.

81. Introduction

Let G be a real semisimple Lie group. By Casselman’s subrepresentation
theorem, any irreducible admissible representation X is realized as a subrep-
resentation of a certain non-unitary principal series representation. Such an
embedding is a powerful tool to study an irreducible admissible representation
but the subrepresentation theorem dose not tell us how it can be realized.

Casselman [Cas80] introduced the Jacquet module J(X) of X. This impor-
tant object retains all information of embedding given by the subrepresentation
theorem. For example, Casselman’s subrepresentation theorem is equivalent to
J(X) # 0. However the structure of J(X) is very intricate and difficult to de-
termine. We remark that if G has real rank one, then Collingwood [Col85] has
computed the detailed structure of Jacquet modules.

In this paper we give generators of the Jacquet module of a principal
series representation generated by the trivial K-type. This representation is
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deeply related to the harmonic analysis on the Riemannian symmetric space
G/K [Hel62, KKM™78]. Let Z be the ring of integers, go the Lie algebra of G,
0 a Cartan involution of gg, go = g ® ap © ng the Iwasawa decomposition of
go, Mo the centralizer of ag in £y, W the little Weyl group for (go,a0), e € W
the unit element of W, ¥ the restricted root system for (go, ag), g0, the root
space for & € X, ¥T the positive system of ¥ such that ny = Docs+ 90,05
p= Toes: ([dimgoa/2)a, P = (Cocxs nac | 16 € 2}, PH = (T ens nact |
ng € Z, ng > 0}. For a Lie algebra b, let U(h) be the universal enveloping
algebra of b.

For a Harish-Chandra module X, the Jacquet module J(X) of X is defined
by

J(X) = {x € @X/ngx
k

dim U (ag)z < oo} .

In this paper we prove the following theorem.

Theorem 1.1 (Theorem 4.10, Proposition 5.1).  Let A € Homg(ag,C)
and I(\) be the unique principal series representation with an infinitesimal
character A generated by the trivial K-type. Assume that \ is regular. Set
Ww) ={w € W |w\ —w'\ € 2P} for w € W. Then there exist generators
{vw | w e W} of J(I(N)) such that

(H = (p+wA)(H))vw € 3 epw(w) U(8)vw for all H € ay,
Xvw € 3 ew(w) U(8)vw for all X € mo & 6(no).

Hence vy, is a lowest weight vector of J(I(A))/ 3 ey (w) U(8)vur-

Recall the definition of generalized Verma modules. For u € Homg(ag, C),
let C,, be the one-dimensional representation of my @ ag @ 6(ng) defined by
mo @ ag G O(ng) — ag — C, where the first map is the projection to the direct
summand and the second map is . Then the generalized Verma module M ()
is defined by M (1) = U(8) @ (mo@ao@0(no)) Cuto-

We enumerate W ={w, ws, ..., w,} in such a way that Rew; A>Rewy\>

- > Rew; A Set V; = > ., U(g)vw,. Then by Theorem 1.1 we have a
surjective map M (w;A) — V;/Viy1 where M (w;A) is the generalized Verma
module. This map is isomorphic. Namely we can prove the following theorem.

Theorem 1.2 (Theorem 5.5).  There exists a filtration J(I(\)) =V D
Vo Do D Vipr =0 of J(I(N) such that V;/Viy1 ~ M(w;\). Moreover if
wA — A g 2P forw e W\ {e} then J(I(N)) ~ D, cpy M(wA).

This theorem does not need the assumption that A is regular. If G is split
and I(A) is irreducible, Collingwood [Col91] proved Theorem 1.2.



JACQUET MODULES OF PRINCIPAL SERIES 1171

For example, we obtain the following for go = sl(2,R): Choose a basis
{H,E.,E_} of go such that RH = a9, RE, =ng, [H,E+] = +E+ and 0(E,) =
—E_. Then % = {a} where a(H) = 1. Let A = ra for r € C. We may assume
Rer > 0. By Theorems 1.1 and 1.2, we have an exact sequence

0 — M(—ra) — J(I(ra)) — M(ra) — 0.

Consider the case where A is integral, i.e., 2r € Z. If € 7Z then this sequence
splits by Theorem 1.2. On the other hand, if » € Z then by a direct calculation
using the method introduced in this paper we can show it does not split. Notice
that I(ra) is irreducible if and only if » € Z. Then we have the following; if A
is integral then J(I(X)) is isomorphic to the direct sum of generalized Verma
modules if and only if I()) is reducible.

We summarize the content of this paper. In Section 2, we prove our main
theorem for the case G = SL(2,R). We do not need this section later, but
it serves as a prototype for the arguments that follow. We begin to treat the
general case from Section 3 on. In Section 3 we show fundamental properties of
Jacquet modules and introduce a certain extension of the universal enveloping
algebra. We construct special elements in the Jacquet module in Section 4.
In Section 5 we prove our main theorem in the case of a regular infinitesimal
character using the result of Section 4. We complete the proof in Section 6
using the translation principle.

Notation

Throughout this paper we use the following notation. As usual we denote
the ring of integers, the set of non-negative integers, the set of positive integers,
the real number field and the complex number field by Z,Z>¢, Z~o,R and C
respectively. Let go be a real semisimple Lie algebra. Fix a Cartan involution
0 of go. Let go = € ® s9 be the decomposition of gy into the +1 and —1
eigenspaces for . Take a maximal abelian subspace ag of sy and let gg =
to ® ag @ ng be the corresponding Iwasawa decomposition of gg. Set my =
{X €t | [H,X]=0forall HE€ ap}. Then pg = my ® ag ® np is a minimal
parabolic subalgebra of go. Write g for the complexification of gy and U(g) for
the universal enveloping algebra of g. We use analogous notation for other Lie
algebras.

Set a* = Homc(a,C) and af = Homg(ag,R). Let £ C a* be the restricted
root system for (g,a) and g, the root space for o € X. Let X7 be the positive
root system determined by n, ie., n = @ 5+ §o. LT determines the set
of simple roots II = {a31,aa,...,00}. We define a total order on af by the
following; for ¢;, d; € R we define ), c;o; > >, d;a; if and only if there exists an
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integer k such that ¢ =dy,...,cx = di and cxy1 > diy1. Let {Hq, Ho, ..., H;}
be the dual basis of {a; }. Write W for the little Weyl group for (go, ag) and e for
the unit element of W. Set P = {3 cs na | na € Z}, PT = {3 cx+ Nat |
Ne € Zso} and PtT = P+ \ {0}. Let m be the dimension of n. Fix a
basis E1, Es, ..., E,, of n such that each FE; is a restricted root vector. Let
B; be a restricted root such that E; € gg,. For n = (n;) € ZZ; we denote
EMED ... ERm by B, -

For z = (z1,22,...,%,) € Z%,, we write || = z1 + 22 + -+ + =, and
al=zlagl L. B

For a C-algebra R, let M(r,7’, R) be the space of r X ' matrices with
entries in R and M(r,R) = M(r,r, R). Write 1, € M(r, R) for the identity
matrix.

§2. The Case SL(2,R)

Definition 2.1 (Jacquet module [Cas80]). Let X be a U(g)-module.

~

Define modules J(X) and J(X) by

J(X) = lim X/n*X,
k

~ ~

J(X) = J(X)g-finite = {7 € J(X) | dim U(a)x < oo}
We call J(X) the Jacquet module of X.

Remark 2.2.  In some articles, e.g., Wallach [Wal88, 4.1.5], the definition
of the Jacquet module is different from what we give here. These Jacquet
modules are dual to each other (cf. Matumoto [Mat90, Corollary 4.7.4]).

In this section, let G = SL(2,R).

Take a basis H, E, E_ of s[(2,R) such that [H,Ey]| = +Fy, [F;,E_] =
H, a0 =RH,ng =RE, and §(F,) = —F_. Fix A € C\{0} such that Re A > 0.
Let I(A) be the unique principal series representation generated by the trivial
K-type with an infinitesimal character A. Then I(A) has a generator uy and
the following relations:

(H?> — H + 2B, E )uy = (\* — 1/4)u,,
(E+ - E_)’LLA =0.
The first relation says that I()\) has an infinitesimal character A ((H? — H +

2E,E_) is the Casimir element of s/(2,C)) and the second relation says that
u) belongs to its trivial K-type.
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By the relations, we have (H? — H 4+ 2E2 )uy = (A\* — 1/4)u,. Put uy =
ux+nl(A) € I(N)/nI(N\). Then we have (H—(A+1/2))(H—(—A+1/2))uy = 0.
Hence the dimension of I(\)/nI(A) is 2 and the eigenvalues of H are £+ 1/2.

Put uy = (H — (=X + 1/2))uy, uz = (H — (A + 1/2))ux, u = *(uy,us).
Then {u; +nl(A),uz +nl(N)} is a basis of I(A\)/nl()). We have

(ng—Q)u:l<_1 1>Eiu where Q:()\+1/2 0 >

AMl-1 1 0 “A+1/2
1(-1 1
RA(l 1)'

Then we have (Hly — Q — RE2)u = 0. Define a C-algebra €(n) by E(n) =
lim, U(n)/n*U(n). In this case, we have £(n) = C[[AEJF]] This is a complete
local ring with the maximal ideal E{C[[E;]] = n€(n). Notice that the C-
algebra £(n) acts on J(I(A)).

The crucial fact is the following lemma. The lemma says that the action

Put

of H can be expressed by an upper triangular matrix.

Lemma 2.3.  There exist L € 1o + M(2,nE(n)) and T € M(2,U(n))
which have the following properties.

(1) We have (Hl, — Q — RE?)L = L(H1, —Q —T).
(2) If \ & Z~q, then T = 0.

3) If A € Zwg, then T = ThE>* where
( ) >0, +
0 t
T\ =

Notice that L is invertible since det L € 1+ n€(n) is invertible. (Recall
that £(n) is a local ring with the maximal ideal n€(n).) Take L as in the
lemma and put v = (v, v2) = L™ u. Since (Hlo — Q — RE? )u = 0, we have
(Hly — Q —T)v = 0 by condition (1). The action of H on v is easier than that
on u (for example, vy is an H-eigenvector) since @ + T' is an upper triangular

for some t € C.

matrix.

Proof of Lemma 2.3. From condition (1), we have

(2.1) [Hls,L] — [Q,L] = REZL — LT.
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The calculation of the left hand side is not so difficult. In fact, the term [H15, L]
can be calculated using the H-weight decomposition, and [@, L] calculated

easily since @) is a diagonal matrix.
Thus, take Ly, Ty € M(2,C) such that L = Y, LyE?*, T = Y, T, E?.
Moreover, define ay, by, ¢, d, € C by

Then the left hand side of (2.1) is
i 2har  2(k = Nbr) pox
= \2(k+New  2kdy +
On the other hand, the right hand side of (2.1) is not so easy. We only

expand the right hand side of (2.1) into a power series. Namely, the right hand
side of (2.1) is

oo k

Z <RLk—1 — ZLlTk—l> E-2}-k7

k=0 1=0

where L_; = 0. By the conditions, we have Ty = 0 and Ly = 15. Hence the
right hand side of (2.1) is

[e%s) k—1
Z (RLkl — Z LT, — Tk> E?*,

k=0 =1

Therefore (H — Q — RE?)L = L(H — Q — T) is equivalent to

2kar 2k — \by =
(2.2) (M CMer  2kdy ) + Ty =RLj_, — ;LZT,H
for all k > 0. (The case of k = 0 is automatically satisfied.)

We take Lj and T} inductively. Assume that we have already chosen
Lo,...,Lx—1 and Ty, ..., Tk—1. Then the right hand side of (2.2) is determined.
If XA # k, then we can take ay, b, ¢k, dp such that T, = 0. If A = k, then we
can take ay, b, ci, di such that

0 ¢
T, =

for some t € C. (Recall that we assume Re A > 0 and A # 0.) Hence the lemma
is proved. O
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Take L as in the lemma and put v = {v1,v2) = L™ 'u. As already men-
tioned, (Hle — @ — T)v = 0. In particular, we have Hvy = (=X + 1/2)vs.
Moreover, since (H — (A+1/2))v; = tE? v, for some t € C, we have (H — (A +
1/2))%v1 = t(H — (A +1/2))E? vy = tE?*(H — (=X + 1/2))vo = 0. Namely, v;
has a generalized H-eigenvalue A + 1/2.

We prove that vy and vy generate J(I(A)) as an &(n)-module. By

~ ~

Nakayama’s lemma, it is sufficient to prove that vy +nJ(I(A\)) and va+nJ(I(N))

~ ~

generate J(I(A))/nJ(I(N\)). However, since L € 15 + M(2,n€(n)), we have

~

v; = u; (mod nJ(I(X))). Since the set of images of uy,us in I(A)/nI(A) is

a basis of T(\)/nI(A) = J(I(\))/nJ(I(N), v + nJ(I(N) and vy + J(I(N))

generate J(I(A))/nJ(I(X)).
Now we prove the following lemma.

Lemma 2.4.
(1) J(IN) = U(g)vr + U (g)vs.
(2) E,’Ug =0.
(3) E_vy € U(g)vs.

From Lemma 2.4, vs is a lowest weight vector in J(I(X)) and vy is a lowest
weight vector in J(I(X))/U(g)ve.

To prove these formulae, we use the projection to a generalized H-
eigenspace. The justification will be done in §3 (Corollary 3.9). Recall that the
generalized H-eigenvalue of vy (resp. vg) is A + 1/2 (resp. —A + 1/2).

Proof of Lemma 2.4. First we prove (1). Let v € J(I(\)) be a gener-
alized eigenvector of H with a generalized eigenvalue p. Since vy, vy gener-
ate J(I(\)) as an &(n)-module, there exist B = 3, B,gl)Ef_ € £(n) and
B® =y, B,(f)E_’fr € &(n) such that v = By, + B®@uy,. Applying the
projection to the generalized H-eigenspace with an eigenvalue p, we have
v=pBW  prA2, L B3 pETAY20 (Here EL = 0 if t & Zso)

= D120+ 1 uta—1/25+ vy (Here EY = 0if t ¢ Z>o).
This implies v € U(g)v1 + U(g)ve.

We will calculate F_v; and E_vs. Roughly speaking, these equations
are induced from (Ey — E_)uy = 0 and the projection to a generalized H-
eigenspace. Take AL A@) ¢ _S(n) such that uy = AWMy, + A@yy. Take
AS) € C such that A®) = ZAECZ)Ei. From (E_ — E;)uy = 0, we have
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0=AE v+ AVE_Efv, - AVEM Y
k=1 k=0

o [e.¢]
+ AP E vy + Y AP E_Efv, - Y AP EN .
k=1 k=0

Recall that vy (resp. v2) has a generalized H-eigenvalue A+1/2 (resp. —A+1/2).
Hence the generalized H-eigenvalue of each term is the following:

A+1/2—-1, A+1/2—1+k, X+1/2+(k+1),
“A+1/2-1,-A+1/2—1+k -2A+1/2+ (k+1).

Using the projection to the generalized H-eigenspace with an eigenvalue —\ +
1/2 — 1, we get A(()Q)E,vg = 0 since Re A > 0.

Next, we project both sides to the generalized H-eigenspace with an eigen-
value A+ 1/2 — 1. If A & Z/2, then ASVE_v; = 0. If A € Z/2, we get

0=AVE_ v + AN E_EP vy — AY) ,EP s,

Hence we have Aél)E_vl € U(g)vs.
We must prove that Aél), Aéz) # 0. Since uy = AMv; + A®y,, we have
uy = A(()l)vl + A(()2)v2 (mod nJ(I(\))). Moreover, since L € 1+ M(2,n€(n)),

o~

we have u; = v; (mod nJ(I()))). Hence we have uy = A(()l)ul + A(()z)ug

(mod nJ(I(X))). By the definition of uy,us, uy = (1/2A\)u; +(—1/2A)uy. Since

{ur +nI(A),uz +nl(N\)} is a basis of T(A)/nI(\) =~ J(I(N\))/nJ(I(X)), we have
Agl) =1/2)\ and A(()Z) = —1/2\. These are nonzero. O

Recall the definition of Verma module. For p € C, let C, be the 1-
dimensional representation of CH + CE_ such that Hv = pv and E_v = 0 for
veCy,. Put M(u) =U(g) @ucr+ce_) Cuyi1/2 and V = U(g)vs. Since vy is a
lowest weight vector of J(I(A)) and vy is a lowest weight vector of J(I(X))/V,
we have surjective maps M (—\) — V and M(\) — J(I(N))/V.

To prove that these maps are isomorphism, we use the Osborne conjecture,
which is now a theorem [HS83a]. Using the Osborne conjecture, we can calcu-
late the character of J(I())) from the character of I(\) (see Section 5). As a
consequence, we have O(J(I(X))) = ©(M (X)) + ©(M(—XA)) where © denotes
the character. Hence we have V ~ M(—=X\) and J(I(\))/V = M(X).

In the rest of this paper, we generalize these arguments to the general case.
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83. Jacquet Modules and Fundamental Properties

We now treat the general case. Set (n) = lim U(n)/n*U(n). For a
projective system { My, or: My — Mk—l}kEZzoa we construct the projective
limit as liink M, = {(mk)kezzo ‘ my € My, gok(mk) = mk_l}.

Proposition 3.1.
(1) The C-algebra E(n) is right and left Noetherian.
(2) The C-algebra E(n) is flat over U(n).
(3) If X is a finitely generated U(n)-module then lim, X/nFX = E(n) Qun) X.

(4) Let S = (Sk)rezs, be an element of M(r, nEA(n)) and (a,) € CZ20. Define
S 0 anS™ = (X anSP)k. Then 370 a,S™ € M(r,E(n)).

Proof. Since Stafford and Wallach [SW82, Theorem 2.1] show that nU(n)
C U(n) satisfies the Artin-Rees property, the usual argument of the proof for
commutative rings can be applied to prove (1), (2) and (3). (4) is obvious. [

Corollary 3.2.  Let S be an element of M(r, g(n)) such that S — 1, €
M(r,n€(n)). Then S is invertible.

Proof. Set T =1, — S. By Proposition 3.1, R =Y - ;T™ € M(r, E(n)).
Then SR = RS = 1,. 1

We can prove the following proposition using the methods of Goodman and
Wallach [GW80, Lemma 2.2]. For the sake of completeness we give a proof.

Proposition 3.3.  Let X be a U(a®n)-module which is finitely generated
as a U(n)-module. Assume that every element of X is a-finite. For u € a* set

X, ={z € X | For all H € a there exists a positive integer N such that
(H — u(H))Na = 0},

Then
J(X) ~ ] X,

pea*

Proof. Since the action of n increases an a-weight and X is a finitely
generated U(n)-module, there exists a positive integer k, for all y such that
XN X, =0. We fix such a k.
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For k € Zso put S = {p € a* | X, # 0, X, ¢ n*X}. Since X is
finitely generated, dim X/n*X < oo. Therefore S}, is a finite set. Define a map

o~

p: HuEa* XH - J(X) by

o((xp)peas) = Z z, (mod n*X)
HESk k

First we show that ¢ is injective. Assume ¢((z,)uca+) = 0. We have
Z;LGSk Ty € nFX for all k € Z~. Since n*X is a-stable and S, is a finite set,
T, € n*X for all u € a* and k € Z(. In particular, we have T, € X#ﬂnk“X = 0.

We have to show that ¢ is surjective. Let = (25 (mod n*X)); be an

~

element of J(X). Since every element of X is a-finite, we have X = P .- X,..
Let p,: X — X, be the projection. Notice that if 4,7 > k, then p,(z;)

pu(zir). Hence we have o((pu(2k,))ucax) = . O

We define an (a @ n)-representation structure of U(n) by (H + X)(u) =
Hu—uH 4+ Xu for H € a, X € n, u € U(n). Then U(n) is a U(a @ n)-module.
By Proposition 3.3, £(n) =[]
of Proposition 3.3.

pear U(n),. The following results are corollaries

Corollary 3.4.  The linear map

(CHXI,XQa"'vaH — E(n)
ZnGZ’Z”O anX®  — (Zm\gk anE™  (mod “kU(“))>k
is bijective, where X™ = X" X5 - X2m forn = (n1,ny,...,n,,) € Z7,,.

Proof. By the Poincaré-Birkhoff-Witt theorem, {E™ | >°. n;8; = u} is a
basis of U(n),. This implies the corollary since £(n) =[], co U0, O

We denote the image of ZHGZZL an X ™ under the map in Corollary 3.4 by
>0
Znelg‘o anEn-

Corollary 3.5. Let X be a U(g)-module which is finitely generated as
a U(n)-module. Assume that all elements are a-finite. Then J(X) = X.

Proof. This follows from the following equation.

J(X) = j(X)u—ﬁnite = < H Xg) = @ X, =X
a-finite

pea* pea*
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~ ~

_ Put E(g,n) = E(n) ®ym) U(g). We can define a C-algebra structure of
&£(g,n) by

(fo(1®u)=f®u,

(Ieu(leu)=1 (u),

(fol(fel)=(ff el

In]
GeX)(fol= Y ~2

n! OFn
nelgo

f® ((ad(E))")(X),

where u,u’ € U(g), X € g, f,f € Em), ((ad(E))*) = (—ad(E,,))™" - --
(—ad(Ey))™ and

ahﬂ m m! m-—n
JEn Z amE = Z ammE .

mezy, mezy,

It is not difficult to see that this definition is independent of a choice of a basis
{E;} and its order. However, we do not use it. So we omit the proof.

Notice that &(g,n) Ru(g) X =~ E(n) Q) X as an &(n)-module for a U(g)-
module X. By Proposition 3.1, EA(g,n) is flat over U(g). Notice that if b is a
subalgebra of g which contains n then &(n) ®un)U(b) is a subalgebra of E(g,n).
Put £(b,n) = E(n) @) U(b).

Let X be a U(a @ n)-module such that X = @ X, Set

pea*

there exists an element

V= {(xu)ue H X,

pea*

v € ag such that z, = 0 for Rep < u}.

Then we can define an a-module homomorphism

p: E(a@n,n) QU (apn) X = ( H U(n)ﬂ> ®u(n) @ Xp| -V
pea* p ea*

by o((fu)uear @ (@p)prea) = (3,14 r=x fuTu )rear . Notice that the composi-
tion of the maps X — éA'(a © N, 1) Ayaen) X — V is equal to the inclusion map
X—V.

We consider the case X = U(g). Define an (a @ n)-module structure of
U(g) by (H+ X)(u) =Hu—uH + Xufor He€ a, X €n, ue U(g). We have
a map
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p: Egm) —

{(PM)#@* € H U(g), | there exists an element
pea*

v € ag such that P, =0 for Rep < 1/}.

We write ¢(P) = (P"),,cq-. Put PU2) = D (H)=> PW for € Cand H € a
such that Rea(H) > 0 for all « € ¥T. By the condition on H, the right hand
side is a finite sum.

Proposition 3.6 and 3.7 follow at once from the definition.

Proposition 3.6.  Let X be a U(a®n)-module such that X is finitely gen-
erated as a U(n)-module and each element is a-finite. Let ¢: E(a®n, 1)y (agn)
X — Huea* X, be the a-module homomorphism defined as above. Then ¢ co-
incides with the map given in Proposition 3.3. In particular ¢ is isomorphic.

Proposition 3.7.

(1) We have (PQ)™ = Z”Jﬁ“/:)‘ PWQW) for P,Q € g(g,n) and \ € a*.
(Since P =0 (resp. Q™) = 0) if Re pu (resp. Re ') is sufficiently small,
the right hand side is a finite sum.)

(2) We have
)

SR I S
nezy, > miBi=A
for A € a*.

Proposition 3.8.  Let X be a U(g)-module which is finitely generated as
a U(n)-module. ~ We take generators vy, vs,...,vn of an &(g,n)-module
E(g,n) Rug) X and set V. =3, U(g)v; C E(g,n) Qu(g) X. Define a surjective
map g(g, n) Qug) V — g(g,n) Qu(g) X by Y(f ®v) = fv. Assume that there
exist weights \; € a* and a positive integer N such that (H — X\;(H))Nv; = 0
forall He aand1l <i<n. Let ¢: g(g,n) Qug) V = [lca
defined as above. Then there exists a unique map g(g,n) Qu(g) X — Huea* Vi
such that the diagram

V.. be the map

~

5(95 I‘l) ®U(g) 14 _90> HuEu* VH
T

_F

E(g,n) Bu(g) X
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15 commutative.

~

Proof. Set X = g(g,n) ®u(g) X and V= E(g,n) Queg) V. Take f@ e
E(g,n) and v € V such that (3, f¥ @ v) = 0. We have to show
o3 D @vW) = 0. Since V = E(n) ®y(n) V, we may assume f() € E(n).
We can write f() = (f# )ueca+ by the isomorphism En) ~ [1,co- Un),. Since
V =@, cq: Vi, we can write v = D ear v(z,), vfj,) € V. We have to
show >, > 1 r-x fH)A(Z, =0 for all A € a*. ASIHCGAX is a finitely generated
U(n)-module we have X = lim X/n*X = lim X/n*X. It is sufficient to prove
. ) N —k —k

Zi ZM+N/:)‘ f}(f)vf;/) S l‘lkX fOr all k S Z>O.

Fix A € a* and k € Z-o. We can choose an element v € af such that

Dre iz UM € 0*UM). Then 0 = (3, 1D @ 00) = 32, g, ey, £ 01
(mod n*X). Notice that the following two sets are finite.

{1 | Re(pt) < v and there exists an integer 4 such that f(i) # 0},

{y’ | there exists an integer i such that v 7é 0}.
This implies 37, > /—y ,(f) ) ¢ qkX. 0
The following result is a corollary of Proposition 3.8.

Corollary 3.9.  In the setting of Proposition 3.8, we have the following.
Let P; (1 < i < n) be elements of £(g,n) such that Y ., Pv; = 0. Then
> Pio‘f)"')vi =0 for all X € a*.

84. Construction of Special Elements

Let A be a subset of P. Put AT = ANPT and AT = ANPTF. We define
vector spaces U(g)a,U(n)a, E(n)x and E(g,n)a by

Ulg)a ={P e U(g) | P®W =0 for all u ¢ A},
Uy ={P e U(n)| P® =0 for all u & A},
Ema={Pe&Mm)| PW =0 forall u & A},
E(g,n)a = {P € &(g,n) | P =0 for all u & A}.
Put (nU(n))x = nU(n) NU(n)x and (n€(n))x = nE(n) N E(n)4.

We assume that A is a subgroup of a*. Then U(g)a,U(n)a,E(n)a and
E(g,n)a are C-algebras. Let X be a U(g)a-module which is finitely generated
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as a U(n)p-module. Let uy,us,...,uny be generators of X as a U(n)x-module.
Put u = (1, us, ..., un), X = X/(U ()X and 7 = u + (nU(n))aXN € X
The module X has an a-module structure induced from that of X. Since X is a
finitely generated U(n)j-module, we have dim X < co. Let Aj, Aa,..., A\, € a*
(ReA; > Re\y > --- > Re\,) be eigenvalues of a on X with multiplicities. We
can choose a basis 71,73, ..,7,; of X and a linear map Q: a — M (r,C) such
that

Hv = Q(H)v for all H € a,

Q(H)y; = N\i(H) for all H € a,

if i > j then Q(H);; =0 for all H € a,

if \i # \; then Q(H);; =0 for all H € a,
where v = (01,73, ...,0;). Take C € M(N,r,C) and D € M(r,N,C) such
that v = Du and u = C7.

Set X = g(g, ﬂ)A ®U(9)A X.

Theorem 4.1. We use the above notation. There exist matrices C €
M(N,r,E(m)a) and D € M(r,N,E(n)p) such that the following conditions hold:

e There exists a linear map Q: a — M (r,U(n)p) such that

Hv=Q(H)v for all H € a,

Q(H) — Q(H) € M(r,(nU(n)),) for all H € a,

if \i —\j € AT then Q(H);; =0 for all H € a,

if X=X\ €AY then [H', Q(H )ijl=(N\i—\;)(H)Q(H)i; for all H,H'€a,
if i > j then Q(H);; =0 for all H € a.

where v = Du.
o We have u = CDu.
o We have C —C € M(N,r,(n€(n))s) and D — D € M(r, N, (n€(n))a).

Remark 4.2.  Assume that Theorem 4.1 holds.

(1) Fix H € a. Then Q(H)iy; — Mi(H) = Q(H)iy; — Q(H)y; € (nU(n))a.
However we have [H', Q(H);; —\(H)] = [H',Q(H)u] = (N —Xi)(H)Q(H)y; =
0 for all H' € a. Hence we have Q(H);; = A\i(H).

(2) We can prove (H — \;(H))"~*"lv; = 0 for all H € a by backward
induction on ¢. If i = r, then the claim follows from Hv = Q(H)v and Q(H);; =
0 for ¢ > j. Assume i < r. Then from Hv = Q(H)v and (1), we have
(H = Xi(H))vi = 3 Q(H)ijv5. Since [H, Q(H )] = (A — X)) (H)Q(H )5, we
have (H — X ()™ = 3. QUH) 5 (H — Ay (H))"~u; = 0.
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For the proof we need some lemmas. Put w = Du € Xr.

Lemma 4.3.  For H € a there exists a matrizc R € M(r, (ng(n))A) such
that Hw = (Q(H) + R)w in X".

Proof. Since w (mod ((nU(n))aX)") = v, we have Hw — Q(H)w €
((nU(n))aX)". Hence there exists a matrix Ry € M (N, r, (nU(n)),) such that
Hw — Q(H)w = Ryu. Similarly we can choose a matrix S € M (N, (nU(n))4)
which satisfies u = Cw+Su. Put R = Ry (1-5)"'C. Then (H-Q(H)—R)w =
Riu— Ri(1—8)"'Cw = 0. ad

Lemma 4.4. Let A € C and Qo, Ry € M(r,C). Assume that Qo is an
upper triangular matriz. Then there exist matrices Lo, Ty € M (r,C) such that

{)\Lo — [Qo, Lo] = Ty + Ro,
if (Qo)ii — (Qo)jj # A then (1p)i; = 0.

Proof. Since (Qo);; = 0 for i > j, we have

T

(ALo = [Qo, Lo])ij = A(Lo)i; — Z((QO)ik(LO)kj — (Lo)ik(Qo)ks)

k=1
= AMLo)ij — ;(Qo)m(Lo)kg‘ + ;(Lo)ik(QO)kj
= (A= ((Qo)ii = (Q0)j;)) (Lo)ij — kzr_;l(Qo)m(Lo)kj
+ jé@o)m(@o)kj-
Hence we can choose (Lo)ij_and (Tp),; inductively on (j — ). i

Lemma 4.5. Let H be an element of a such that «(H) > 0 for all
aeXt. Let Qo€ M(r,C), Re M(r,(nE(n))a). Assume (Qo)i; =0 fori > j.

Set LTt ={N(H) | A€ ATT}. Then there exist matrices L € M(r,E(n)x) and
T e M(r,(wU(n))a) such that

-~

Lel,+M(r,(nEm))a),

(Hl, = Qo —T)L = L(H1, — Qo — R),

if (Qo)ii — (Qo)jj & LT then Ti; =0,

if (Qo)ii — (Qo)jj € LT then [H, Tij] = ((Qo)ii — (Qo);;)Tij-
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Proof. Set L = {\H) | A € A} and LT = {\(H) | A € AT}. Put
f(n) =3, n;B3 for n = (n;) € Z™. Set A={ne 27, | f(n) € A}. We define
an order on A by n < n’ if and only if f(n) < f(n').

By Corollary 3.4, we can write R = _x RaE™ where R, € M(r,C).

We have Ry = 0 where 0 = (0,...,0) € A since R € M(r, (n€(n))s). We
have to show the existence of L and T. Write L = 1, + EnEK L,E™ and
T = Znef\ TwE™. By the conditions of L and T, we have Ty = Lo = 0. Then
(H1, —Qo—T)L = L(H1, — Qo — R) is equivalent to

f(n)(H)Ll’l - [Q07 Ln] =Tn+ Sn - an
where S, is defined by

> SuE*=T(L-1,)— (L-1,)R.
n€1~X

By Proposition 3.6, the above equation is equivalent to

> SaEt= > TNLLEE'- ) LyRE*E
fm)=p FE)+fM=p FIE)+fM=p
for all 4 € a*. S, can be defined from the data {Tx | k < n}, {Lx | k < n}
and {Rx | k < n}.
Now we prove the existence of L and T. We choose L, and T, which

satisfy

LO = 0; TO = 07

f(n)(H)Ll’l - [Q07 Ln] =Th+ Sn - an

if (Qo)is — (Qo)j; # f(n)(H) then (Th);; = 0.
By Lemma 4.4, we can choose such L, and T} inductively. Put L = 1, +

Yonei nE* and T' = 3 3 TuE™. Since f(n)(H) # (Qo)ii — (Qo);; implies
(Tw)ij = 0, we have

[H,Ti;] = > (f(n)(H))(Ta)i B

nel

= Z (f(n)(H))(Tn)i E* = ((Qo)ii — (Qo0)j;)Tij,
neA, f(n)(H)=(Qo)ii—(Qo);;

Hence L and T satisfy the conditions of the lemma. O

Proof of Theorem 4.1. We can choose positive integers ¢ = (¢;) € Z%,,
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such that

{a e AT [a(3, GHs) = (M = X)) (32, G Hs)}

=N w2 e AT,
e (\i— A; & ATH).

The existence of such ¢ is shown by Oshima [Osh84, Lemma 2.3]. Set X =
Yo CsHs. Notice that (A, —A;)(X) € {u(X) | p € ATT}if and only if \; — ), €
AT+, By Lemma 4.5, there exist T € M(r,(nU(n))a) and L € M(r,E(n)y)
such that

L1, +M(r,(nE(n))a),

(X1, —Q(X) =T)L = L(X1, - Q(X) — R),
if )\z — )‘j g A++ then ﬂj = O,
if \; — )\j € At then [X, Tz_]] = (/\Z — )\])(X)Tz]

Let S € M(N,(nU(n))) such that u = Cw + Su. Put C = (1 —
S)~'CL=', D = LD and v = (v1,vs,...,v,) = Du= Lw. Then CDu = (1 —
S)~'CL='LDu = (1-5)~'Cw = u. Moreover, we have (X1,—Q(X)—T)v = 0.

Assume ¢ < j. Then Re); — Re); < 0. Hence \; — \; € ATT. So
we have T;; = 0. From this fact and (X1, — Q(X) — T)v = 0, we have
(X — N(X)) ~"1y; = 0 (see Remark 4.2 (2)).

We construct the map Q). Fix a positive integer k such that 1 < k <1[. We
can choose a matrix Ry € M(r, (ng(n))A) such that Hyw = (Q(Hy) + Ri)w by
Lemma 4.3. Set Ty = Hy1, — Q(Hy) — L(Hy1l, — Q(Hy) — Ri)L™!. Then we

have (Hxl, — Q(Hy) —Tx)v =0, ie.,

Hyvy =Y Q(Hy)ijv; — Y (Ti)ijv; = 0
j=1

j=1

for each ¢ = 1,2,...,r. By Corollary 3.9, we have

(4.1) Hyvi = > Q(Hi)ijvy — Y (T) Ny, =,
j=1 j=1

(X,(Ai=45)

j

Define T}, € M(r,(wU(n))a) by (T3)i; = (Tk)
for p ¢ AT, we have

“Since (1) = 0
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X, (X=X (X
(@) M = > (@)
peEATT, p(X)=(Ai—=A;)(X)

@GN (= A e AT,
0 ()\i — )\j o4 A**)

by the condition on ¢. In particular [H, (T}):;] = (A — Xj)(H)(T})i; for all
Heca.

Put QX xsH,) = QX xsHs) + Y. 21! for (x1,22,...,7;) € C. Then
we have (H — Q(H))v = 0 by (4.1). Recall that we have T;; = 0 for ¢ < j.
Hence we have (T});; = 0 for @ < j. Moreover, by the condition on Q, we have
Q(H);j =0 for i < j and H € a. Hence we have Q(H);; = 0 for i < j and
H € a. Therefore @ satisfies the conditions of the theorem. O

We apply Theorem 4.1 to a principal series representation. First we define
the principal series representation which we will study.

Set p = ex+ (dimga/2)a. From the Iwasawa decomposition g = ¢Gadn
we have the decomposition into the direct sum

U(g)=nU(adn)@dU(a) @ U(g)t.

Let x1 be the projection of U(g) to U(a) with respect to this decomposition
and x2 an algebra automorphism of U(a) defined by x2(H) = H — p(H) for
H € a. We define x: U(g)t — U(a) by x = x2 0 x1 where U(g)t = {u € U(g) |
Xu =uX for all X € €}. Let U(a)" be a subalgebra of U(a) consisting of W-
invariant elements. It is known that the image of U(g)® under x is contained in
U(a)" and induces an isomorphism of algebra U(g)®/(U(g)*NU(g)t) — U(a)".
For details, see Helgason [Hel62, Chapter X, §6.3].

Fix A € a*. We can define an algebra homomorphism U(a) — C by
H — \(H) for H € a. We denote this map by the same letter A\. Put x, = Aoy.
Define the U(g)-module I(\) by

I(A) = U(g)/(U(g) Ker xx + U(g)t).

By a result of Kostant [Kos75, Theorem 2.10.3], I () is isomorphic to the prin-
cipal series representation generated by the trivial K-type with an infinitesimal
character A (see p. 1194). Set uy =1 mod (U(g) Ker x» + U(g)t) € I(\) and
I(M\)g = U(g)apun. Before applying Theorem 4.1 to I(\)g, we give some lem-
mas.

Lemma 4.6. Letu € U(g), where i € a*. Then there exists an element
x € U(g)t such that u+x € U(a @ n),42p.
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Proof. In general, for a Lie algebra ¢, let {U,(¢)}nez., be the standard
filtration of U(c). Let n be the smallest integer such that u € U, (g). We will
prove the existence of x by induction on n.

If n = 0 then the lemma is obvious. Assume n > 0. Set n = 6(n). First
assume that u € U,(n),. We may assume that there exist a restricted root
a € ¥F, an element ug € U,—1(0) 4o and a vector E_, € g_, such that
u=ugFE_. Set B, = 0(F_,), u1 = ugEq, ug = Equg and uz = u; —us. Then
u+uz+uz =u+u € U(g)E, ui,u2 € U(g)yt20 and ug € Uy —1(g) ut24. Using
the induction hypothesis we can choose an element us € U(a®n),+2p such that
us — us € U(g)t. Again by the induction hypothesis we can choose an element
us € U(a®n)yqa+2p such that ug —us € U(g)€. Then u+us + Equg € U(g)t,
us € U(a®n),qop and Equg € U(a® n)uq2a42p-

Now assume that u € U,(g),. Since U,(g), = EZ 0D, Un-r(a®ne
m) -, QUi (W), , we may assume that v = v'u” Where v € Up—i(adndm),_,,
and u” € U(n),,. Take z € U(g)t such that z +u” € U(a @ n),, +2p and put
' =u'x € U(g)t. Then we have u+2’' € U(a®ndm),q0p =U(a®n),40p ®
U(a®n),ropm. Take 2” € U(a®n),ropm such that u+2'—2"” € U(a®n),4op.
Since m C ¢, 2’ — 2" € U(g)t+ U(a @ n),40pm = U(g)t. Hence we have the
lemma. |

Lemma 4.7.  The following formulae hold.

(1) U(g)t C U(g)ap. In particular, we have Ker yx C U(g)a2p.
(2) Uladn)n (Kerxx+U(g)t) CU(ad®n)ap N (Kerx+ U(g)t).

(3) U(aen)N(U(adn)Ker xr+U(g)t) C U(asn)(U(adn)N(Ker ya+U(g)t)).
(4) U(adn)N(U(g) Kerxa+U(g)t) = U(a®n)((U(g) Kerxa+U(g)t) NU(a&

n)ap).

Proof. (1) Take a connected Lie group G such that Lie algebra of G is
go and G has a complexification. Let K be its maximal compact subgroup
such that Lie(K) = €. Since K is connected, U(g)t = U(g)X = {u € U(g) |
Ad(k)u = u for all k € K}. Fix a maximal abelian subspace ¢y of my. Let Kgpit
and Agpiit be the analytic subgroups with Lie algebras given as the intersections
of & and ag with [Zy,(t), Zg, (to)] where Zg, (to) is the centralizer of ty in go.
Let F be the centralizer of Agpys in Kspiit. Since F C K, we have U(g)X
U(g)¥. On the other hand, we have U(g)f C U(g)ap (See Knapp [Kna02,
Theorem 7.55] and Lepowsky [Lep75, Proposition 6.1, Proposition 6.4]). Hence
(1) follows.
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(2) Let u € Kerxy and = € U(g)t such that u+z € U(a & n). We can
write u = >° u, where u, € U(g),. By (1), we have u, = 0 for p ¢ 2P.
Let p € 2P. By Lemma 4.6, there exists an element y, € U(g)t such that
uy+y, € U(adn)upop = U(a®n)op. Puty =3 y,. Thenu+ty € U(a®n)zp.
Since u+y € U(a®n) and z,y € U(g)t we have y = x by the Poincaré-Birkhoff-
Witt theorem. Hence we have u +z =u+y € U(a @ n)zp.

(3) Let ), xzuz e U( n) Ker x\ where z; € U( ®n) and u; € Ker x,.
We write u; = ;2 ) where z(l) € U(a®n) and v ) e U(¥). Let y € U(g)t
and assume ), xzuz + y ceU(ad® n) By the Pomcare Birkhoff-Witt theorem,

(i)

doiwiug +y = Z” xzz(l)vj(()) where v(g is the constant term of v; Since

j
up + 35 zj(-z)( J(Z()) - v ) PP Z)’u(lo € U(a @ n), we have Zixluz +y =
S+ 35, 5700 1) € Ui(a © w)(Ula 0 0) 0 (Kerxa + Ulo)t).

(4) Since Ker y C U(g)t, we have
U(g) Ker xa+U(g)t = U(adn)(Ker xa)U(t)+U(g)t = U(adn) Ker xa+U(g)t.

By (2) and (3), we have

U(a@n) N (U(g) Kerxx + U(g)t)
=U(a®n)N(U(a®n)Kerxy+ U(g)t)
CU(a®n)(U(a@n)ap N (Kerxa + U(g)t))
CU(a@n)((U(g) Kerxa + U(g)t) NU(a & n)2p).
This implies (4). O

Lemma 4.8.

(1) We have I(MN)g = U(a® n)apuy.

(2) The map p ® u — pu induces an isomorphism U(n) @um),, I(A)o = I(N).
Proof. (1) Since tuy = 0, this is obvious from Lemma 4.6.

(2) Let I = U(a®n)N(U(g) Ker xn +U(g)t). We have U(a®n) Qu(agn)op X =

U(n) ®u(n),p X for any U(a®n)op-module X since U(adn)op = U(a)@U (n)2p
By (1), we have I(X)g =U(a®n)ep/(I NU(a @ n)2p). Hence

Un) @u(m)opr (Ao =Ul(a®n) @u(aan).r 1(No
=U(a®n) ®u(aan)r (Ula@®n)op/(INU(adn)2p))
=U(a®n)/(U@dn)(INU(adn)ap))
=U(a®n)/I
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by Lemma 4.7 (4). O

Lemma 4.9.  Let {U,(n)}nez., be the standard filtration of U(n) and
Un(n)g'p = Un(ﬂ) n U(ﬂ)gp. Set U_1(Tl) = U_1(n)27> = 0, R = Gr U(n)g'p =
D, Un(n)op/Up_i(n)2p and R' = GrU(n) = @,, Up(n)/Up—1(n).

(1) R’ is a finitely generated R-module.
(2) U(n) is a finitely generated U(n)op-module.
(3) U(n)ap is right and left Noetherian.

(4) I(N)o is a finitely generated U(n)op-module.

Proof. (1) Let I' = {E* | € € {0,1}™}. We denote the principal symbol
of u € U(n) by o(u) € R'. Notice that if u € U(n)2p then o(u) is the principal
symbol of u as an element of U(n)ap.

We will prove that {c(E) | E € T'} generates R’ as an R-module. Let
x € R'. We may assume that x is homogeneous, so there exists an element
uw € U(n) such that © = o(u). Moreover we may assume that there exist non-
negative integers p = (p1,p2,.-.,Pm) such that u = EP. Choose ¢; € {0,1}
such that ¢; = p; (mod 2). Set ¢; = (pi —€:)/2 € Z>0, € = (€1,€2,---,Em)
and q = (¢1,92,---,qm). Then we have r = o(EP) = o(E?%)o(E®). Since
o(E?9) € R, this implies that {o(F) | E € T'} generates R’ as an R-module.

(2) This is a direct consequence of (1).

(3) By the Poincaré-Birkhoff-Witt theorem, R’ is isomorphic to a polyno-
mial ring. In particular R’ is Noetherian. By the theorem of Eakin-Nagata and
(1), we have R is Noetherian. This implies (3).

(4) Since I()) is a finite-length (g, K)-module, I(\) is a finitely generated
U (n)-module by a theorem of Casselman-Osborne [CO78, 2.3 Theorem]. Since
U(n) is a finitely generated U(n)ap-module, I(A) is a finitely generated U (n)ap-

module. Hence I(\)g is a finitely generated U(n)ap-module by (3). O
We enumerate W = {wy, ws,...,w,} such that Rew; A > RewsA > -+ >
Rew,\.

Theorem 4.10.  There exist matrices A € M(1,7,E(n)2p) and B €

-~ ~

M(r,1,E(a @ n,n)2p) such that vy = Buy € (E(g,n) Qu(q) I(N))" satisfies the
following conditions:
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o There exists a linear map Q: a — M(r,U(n)ap) such that

Hvy = Q(H)vy for all H € a,
Q(H)yi = (p+w;A)(H) for all H € a,
if wiA —w;\ & 2P T then Q(H);; =0 for all H € a,
if wiA —w;\ € 2P then [H',Q(H)j]
= (WA —w;\)(H")Q(H);j for all H H' € a,
if i > j then Q(H);; =0 for all H € a.

e We have uy = Avy.
o Let (v1,va,...,0.) =vx. Then {v; (mod nI(A))} is a basis of I(N\)/nI()\).

Proof. Let uq,us,...,uny be generators of I(\)g as a U(n)gep-module.
These are also generators of I(\) as a U(n)-module by Lemma 4.8. We choose
matrices E = Y(E1, Fa,...,Enx) € M(N,1,U(a®n)ap) and F = (Fy, Fy, ...,
Fy) € M(1, N,U(n)ap) such that *(u1,us, ..., un) = Euy and uy = F *(uq,us,

.7’U,N).

Notice that U(n)ep +nU(n) = U(n). By Lemma 4.8,
IA)/nI(A) = (U(n)/nU(n)) @um) I(A)
= (U(n)/nU(n)) @u(m) UM) ®un),r 1(Ao
(U(n)/nU(n)) ®U(ﬂ)279 ()‘)0

= ((Um)2p +nU(n))/nU () @ (), L(A)o
n)ap /(MU (n) NU(N)2p)) @v(n)sp L(A)o
n)ap /(MU ())2p) @ (n)op L(Ao
=1(N)o/(nU(n))2pI(A)o.

On the other hand,

I(A)/nI(X) = U(g)/(nU(g) + U(g) Kerxx + U(g)¥)
= (nU(g) +U(a) + U(g)t)/(nU(g) + U(g) Ker xx + U(g)¥)
= U(a)/((nU(g) + U(g) Kerxx + U(g)t) N U(a)).
Since y induces an algebra isomorphism U(g)®/(U(g)*NU(g)€) — U(a)V,

X1 also induces an isomorphism Ker x /(Ker xANU (9)€) — - cpr(ayw (x5 *(p)—
A(p)). Hence by the definition of x1, we have

(nU(g) + Ker xx + U(g)t) = nU(g) + ( > ') - A(10))) + U(g)t.

peU(a)W
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By the Poincaré-Birkhoff-Witt theorem, we have

(nU(g) + Kerxa + U(@8) NU@) = > (x3'(p) = A(D))-
peU(a)W

Since Ker xy» C U(g)t and a normalizes n, we have U(g) Ker xy = (nU(g) +
U(a)+U(g)e) Kerxx CnU(g) +U(a)Ker xx+U(g)t = U(a)(nU(g) + Kerx +
U(g)t). Hence we have

(nU(g) + U(g) Kerxa + U(g)¥) = > Ul (p) — Alp))

peU(a)W

The set of eigenvalues of H € a on U(a)/(X,cp(qyw Ula)(xs*(p) — Mp))) is
{(p+wA)(H) | w e W} with multiplicities [Osh88, Proposition 2.8].

Put X = I(\)o, A = 2P and apply Theorem 4.1. We take matrices
C € M(N,r, g(ﬂ)gp) and D € M(r,N, g(ﬂ)gp) such that the conditions of
Theorem 4.1 hold. Put A = FFC, B = CE. Then A and B satisfy the condi-
tions of the theorem (for the second condition on @, see Remark 4.2 (1)). O

Remark 4.11.  For all H € a we have (H — (w;\ + p)(H)) " lv; = 0.
See Remark 4.2 (2).

§5. Structure of Jacquet Modules (Regular Case)

In this section we assume that A is regular, i.e., wA # X for all w €
W\ {e}. Let r = #W and vy = (v1,v2,...,v,) € (E(g, 1) u(g) I(N))" as in
Theorem 4.10. Set W(i) = {j | wiA — w;\ € 2P*} for each i = 1,2,...,7.

Proposition 5.1.  The vector v; is a lowest weight vector of J(I(\))/
2 jew U@y, de., we have Xv; € 30\ Ulg)v; for all X € 6(n) & m.

Let A="(AM, A® . AM)be as in Theorem 4.10 and A = *(A(M), A
..., A(M) an element of M(r,1,C) such that A®) — A® € n&(n).

Lemma 5.2. We have A® #0 for eachi =1,2,...,r.

Proof. Put I()\) = ( )/nI( ) ~ J(I(A))/nJ(I(N)). Since uy generates
I()), there exists B = (BM,B@) ... B(") € U(g)" such that v; — BDuy €
nJ(I(\). From tuy = 0 and the Iwasawa decomposition, we may assume

@) € U(a).

Put wy = uy (mod nJ(I(\))) and v; = v; (mod nI()\)). Then we have

v =Y ; AW BO)y;.
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We can choose H € a such that (p + w;\)(H) # (p + w;\)(H) for all
i # j since X is regular. Then we have (H — (p + w;\)(H)) =1y, = 0 (Re-

mark 4.11). Since 7; is a basis of I(\), we have (H — (p + w;\)(H))v; = 0.
Hence for all ¢ = 1,...,r there exists a polynomial f; such that f;(H) is a

projection I(A) = @, Cv; — Cu;. Since a is abelian, we have v; = f;(H)v; =
>, AU BO) f;(H)v; = AD B0)y;. This implies A® # 0. 0
Proof of Proposition 5.1. Put f(n) = >, n;8; for n = (n;) € Z™. Set
A={neZ% | f(n) € 2P}. We write AD) =3+ AJE™ where AY €
M(r,1,C). Let « € ¥t and E, € o Since buy = 0, we have (0(Fa)+Ea)uy =
0. Hence (0(Eq) + Eo) Y; 3p AV Ev; = 0.
By applying Corollary 3.9 we have

T

S AP (OB + Ea)E 0y =0

J=1 \neA
for i =1,2,...,7. On one hand, if w;A — w;A € 2P, then
(wiA—wjA—c)
> AD(0(E,) + Eq)E® =0.
neA
On the other hand,
(—a)

S AD(B(Es) + Eo)E® = AY(E,).
nEX

Hence we have

AYO(Evie > Ulg)w,.
JEW(3)

Since A(()i) = AG) # 0, we have
0(Ea)vi€ Y Ulg)v;.
JEW()
Next let X be an element of m. By Corollary 3.9, we have

(wi)\fwj )\)
r

S AV xE" v; = 0.

J=1 \neA

We can prove Xv; € 3 c\y;) U(g)v; by the same argument. O
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Corollary 5.3. Put V(\) =), U(g)v; C E(g,n) ®u(g) 1(A). Then we
have V(X) = J(I(X)).

Proof. By Theorem 4.1, we have uy = Avy. Since I()) is generated by uy,
the module éA’(g7 n) ®u(g) 1(A) is generated by vy, ..., v, as an g(g, n)-module.

By Proposition 5.1, V() is finitely generated as a U(n)-module. By apply-
ing Proposition 3.3, we see that the map £(g, n) ®u(g) VA = [car VN is
bijective. Hence (g, n) Qu(g) V(A) — E(g,n) ®u(qg) 1(N) is injective by Propo-
sition 3.8. This map is also surjective since v1,vs,...,v, are generators of

E(g,m) @) I(N). R
We have £(g,n) ®u(g) V(A) = E(g,n) @u(qg) 1(N). Since I()\) and V(A) are
finitely generated as U(n)-modules, we have

~

E(gm) @u(e) I(N) = J(I(V),
E(g:m) Qu(g) V(A = J(V(N),
by Proposition 3.1. Hence we have J(I(A)) = J(V(A)) = V(A) by Corollary 3.5.

O

Recall the definition of generalized Verma modules. Set p = 0(p) and

Definition 5.4 (Generalized Verma module). Let p € a*. Define the
one-dimensional representation C,1,, of p by (X +Y + Z)v = (p+ p)(Y)v for
XemYea Zen veCyypy We define a U(g)-module M () by

M(p) =Ul(g) ®u ) Cotu-
This is called the generalized Verma module.

Set V; = iji U(g)vj. By the universality of tensor products, any U(p)-
module homomorphism C,;, — V can be uniquely extended to the U(g)-
module homomorphism M(p) — V for a U(g)-module V. In particular, we
have a surjective U(g)-module homomorphism M (w;\) — V;/Viy1. We shall
show that V;/V;41 is isomorphic to the generalized Verma module using the
theory of characters.

Let G be a connected Lie group such that Lie(G) = go, K its maximal
compact subgroup with its Lie algebra £, P the parabolic subgroup whose Lie
algebra is pg and P = M AN the Langlands decomposition of P where Lie
algebra of M (resp. A, N) is mg (resp. ag, Ng).
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Since I(wA) = I(A\) for w € W, we may assume that Re A is dominant,
ie., ReA(H;) > 0 for each ¢ = 1,2,...,l. By a result of Kostant [Kos75,
Theorem 2.10.3] , I(\) is isomorphic to the space of K-finite vectors of the
non-unitary principal series representation Indg(l ® A). The character of this
representation is calculated by Harish-Chandra (See Knapp [KnaOl, Propo-
sition 10.18]). Before we state it, we fix some notation. Let H = TA be
a maximally split Cartan subgroup, hg its Lie algebra, T = H N M, A the
root system of H, A" the positive system compatible with ¥, A; the set of
imaginary roots, AT = At N A; and &, the one-dimensional representation
of H whose derivation is « for a € h*. Under these notation, the distribution
character ©¢(I(\)) of I(\) is as follows;

2 wew Sprwr(a)
[oear\ar |l = Ea(ta)|

Oc(I(N))(ta) = (teT, acA).

We will use the Osborne conjecture, which was proved by Hecht and
Schmid [HS83a, Theorem 3.6]. To state it, we must define the character of
J(X) for a Harish-Chandra module X. Recall that J(X) is an object of the
category Op, i.e.,

(1) the actions of M N K and g are compatible,

(2) J(X) splits under a into the direct sum of generalized weight spaces, each
of them being a Harish-Chandra module for M A,

(3) J(X) is U(n)- and Z(g)-finite

(See Hecht and Schmid [HS83b, (34)Lemma]). For an object V of Op, we
define the character ©p(V) of V' by

Op(V)= Y Oma(Vy),

pea*

where V, is the generalized p-weight space of V. Let G’ be the set of regular
elements of G. Set

A~ ={a€ Ala(loga) <0 for all « € X7},
(MA)” =

interior of g € M A H (1 —-¢&4(ga)) >0forallae A™ » in MA.
aeAT\AT



JACQUET MODULES OF PRINCIPAL SERIES 1195

Then the Osborn conjecture says that O¢(X) and ©p(J(X)) coincide on
(MA)~ NG (See Hecht and Schmid [HS83b, (42)Lemma]). It is easy to calcu-
late the character of a generalized Verma module. We have

Or(M(w)(te) = 1 M\é“:?éa_) Gy (tET 0.

Consequently we have
Op(J(I(N) = Y Op(M(w\)).
weW
This implies the following theorem when A is regular.

Theorem 5.5. There exists a filtration 0 = V.4 C V, C --- C Vj =
J(I(N) of J(I(X)) such that V;/Viy1 is isomorphic to M (w;\) for an arbitrary
A € a*. Moreover if whx — X & 2P for all w € W\ {e} then J(I(N\)) =~
Docw M(wA).

Proof. The first part of the theorem has already been proved. For the
second part, consider the exact sequence

0 — Vig1 — Vi — M(w;A) — 0.

If wh — X\ & 2P for all w € W\ {e}, then v; € V; is a lowest weight vector from
Proposition 5.1. Hence we have a map M (w;A\) — V;, which gives a splitting
of the above exact sequence. 1

§6. Structure of Jacquet Modules (Singular Case)

In this section, we shall prove Theorem 5.5 in the singular case using the
translation principle. We keep the notation of Section 5. Let A’ be an element
of a* such that the following conditions hold:

e The weight X\ is regular.
e The weight (A — X')/2 is integral.

e The real part of A’ belongs to the same Weyl chamber that the real part
of A\ belongs to.

First we define the translation functor T3,. Let X be a U(g)-module which
has an infinitesimal character \'. (We regard a* C h*.) We define 7% (X) by
Ti‘/ (X) = P)\(X ® E)\_)\/) where:
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e F_, is the finite-dimensional irreducible representation of g with an ex-
treme weight A — \'.

e P\(V) = {v € V| for some n >0 and all z € Z(g), (z — A(X(2)))"v =0}
where Z(g) is the center of U(g) and X: Z(g) — U(h) is the Harish-Chandra
homomorphism.

Notice that Py and Ti‘, are exact functors. Since the functors J and Ti‘,
commute [Mat90, Proposition 3.2.1], Theorem 5.5 in the singular case follows
from the following two identities.

(1) THIN)) = I(N).
(2) T (M (wX')) = M(w).
The following lemma is important to prove these identities.

Lemma 6.1.  Let v be a weight of Ex_x and w € W. Assume v =
wA—N. Thenv=X—\.

Proof. See Vogan [Vog81, Lemma 7.2.18]. |

Proof of T3 (I(N')) = I()\). We may assume that A’ is dominant. Notice
that we have T'(\') ~ Indg(l @N)kg. Let0=FEyCEy CEy;C---CE, =
E\_» be a P-stable filtration with the trivial induced action of N on E;/E;_1.
We may assume that E;/E; 1 is irreducible. Let v; be the highest weight of
E;/E;_y. Notice that Ind%(1 ® V) ® Ex_x = Ind%((1 ® \') ® Ex_x). Then
d$(19X)® Ex_x has a filtration {M;} such that M;/M;_; ~ IndG(10N)®
(E;/E;_1)). Since Ind%((1 ® X) ® (F;/E;_1)) has an infinitesimal character
A+ v, Px(M;/M;—1) = 0if v; # wA — X for all w € W. By Lemma 6.1 we
have T3, (Ind%(1® X)) = mdS((1®N) ® (E;/E;_1)) where v; = A— X' By the
conditions of )\, the action of M on the (A—\')-weight space of Fy_ s is trivial.
Consequently T3 (Ind% (1@ ) = ndS((1@XN)®@ (A= N)) =mdg(1o)). O

Proof of T3, (M(wX')) = M(w)). We may assume w = e € W. Since
M) ® Ex_x = U(g) ® (Cyx ® Ex_y), the equation follows by the same
argument of the proof of T3 (I(\)) = I()). O
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