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In my earlier paper [H07] and in my talk at the workshop on “Arithmetic
Algebraic Geometry” at RIMS in September 2006, we made explicit a conjec-
tural formula of the L-invariant of symmetric powers of a Tate curve over a
totally real field (generalizing the conjecture of Mazur-Tate-Teitelbaum, which
is now a theorem of Greenberg-Stevens). In this paper, we prove the formula
for Greenberg’s L-invariant when the symmetric power is of adjoint type, as-
suming a standard conjecture (see Conjecture 0.1) on the ring structure of a
Galois deformation ring of the symmetric powers.

Let p be an odd prime and F be a totally real field of degree d < oo with
integer ring O. Order all the prime factors of p in O as pq, ..., p.. Throughout
this paper, we study an elliptic curve E,p over O with split multiplicative
reduction at p;|p for j = 1,2,...,b and ordinary good reduction at p;[p for
Jj > b. Write F; = F, for the p;-adic completion of F' and ¢; € FjX with
J < b for the Tate period of E/p,. Put Q; = Nij/Qp(qj). When b =0, as a
convention, we assume that F,r has good ordinary reduction at every p-adic
place of F'. We assume throughout the paper that E does not have complex
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multiplication, and for simplicity, we also assume that E is semi-stable over O.
Some cases of complex multiplication are treated in [HMI] Section 5.3.3. Take
an algebraic closure F' of F. Writing pg : Gal(F/F) — GL2(Q,) for the Galois
representation on T, E ®z, Q, for the Tate module T, E = llnn E[p™], at each

prime factor p|p, we have PE|Ga1(Fp /Py ™ (60" ;F ) for an unramified character

ap. Since 3, restricted to the inertia subgroup I, C Gal(F,/F,) is equal to
the p-adic cyclotomic character A/, we have aé #+ ﬂg for any pair of integers
(i,7) except for i = j = 0. Write p,, ¢ for the symmetric n-th tensor power of
pE, which is an (n 4 1)-dimensional Galois representation semi-stable over O.
More generally, we write pp , for ppo @ N=™ : Gal(F/F) — G,,(Q,), where
N is the p-adic cyclotomic character. By semi-stability, the sets of ramification
primes for pr and p, ., are equal.

Consider J; = (9 '). We then define J,, = Sym®"(J;). Since ‘aJia =
det(a)Jy for o € GL(2), we have p, o(0)Jnpno(c) = N™(o)J,. Define an
algebraic group G,, over Z, by

Gn(A) ={ae GLn+1(A)|tO¢Jna =v(a)J,}

with the similitude homomorphism v : G,, — G,,. Then G,, is a quasi-split
orthogonal or symplectic group according as n is even or odd. The repre-
sentation p, o of Gal(F/F) actually factors through G, (Q,) C GL,11(Qp).
Two representations p and p' : G — G,(A) for a group G are isomorphic if
p(g9) = zp'(g)x~! for x € G,,(A) independent of g € G. If p is isomorphic to
o', we write p = p'.

Let S be the set of prime ideals of O prime to p where F has bad reduction
(and by semi-stability, SU{p|p}LI{co} gives the set of ramified primes for py, o).
Let K/Q, be a finite extension with p-adic integer ring W. We may take K =
Qyp, but it is useful to formulate the result allowing other choices of K. Start
with p, o and consider the deformation ring (R,, p,,) which is universal among
the following deformations: Galois representations pa : Gal(F/F) — G, (A)
for Artinian local K-algebras A with residue field K = A/my4 such that

(K1) unramified outside S, oo and p;

o, A,p * *
0 Q1,A,p " *

(Kn2) pA|Ga1(fp/Fp) = . . : with o4, = ﬂgijaljﬁ- mod
0 0 anap

my with a; 4,07, (7 =0,1,...,n) factoring through Gal(F," [p1pe< ]/ F")

for the maximal unramified extension F,"/F, for all prime factors p

K

of p;
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(Kp3) vops=N" for the p-adic cyclotomic character N;
(Kn4) pa = pno mod my.

Since py, 0 is absolutely irreducible as long as £ does not have complex multipli-
cation (because Im(pg) is open in GLy(Z,) by a result of Serre) and all o, T
for i = 0,1,...,n are distinct, the deformation problem specified by (K,,1-4)
is representable by a universal couple (R, p,,) (see [Ti]). In other words, for
any pa as above, there exists a unique K-algebra homomorphism ¢ : R,, — A

such that pop, = pa.

Write now
do,p * *
0 dy,p -+ %
Pulcam,my = | 0
0 0 -~ &y
with d;, = gija{; mod m,, (for m,, = mpg, ).
Let T'y be the maximal torsion-free quotient of Gal(Fy" [pp]/Fy'"). Then

n—j

the character Sj,p = 0,5 (By oz,;)_l restricted to I, factors through I'y, giv-
ing rise to an algebra structure of R, over W{[I',]]. Take the product I' =
lep I‘QH of n + 1 copies of I'y over all prime factors p of p in F. We
write general elements of I' as « = (xj,);, with z;, in the j-th compo-
nent I'y in I' (j = 0,1,...,n). Consider the character 5:T — R given
by é(z) = | I, Sj’p (xjp). Choosing a generator v; = 7, (for p = p;) of
the topologically cyclic group I'y, we identify W{[I']] with a power series ring
WI[X;plljp by associating the generator -, of the j-th component: I'y of T
with 14+ X;,. The character s WI[T']] — R, extends uniquely to an algebra
homomorphism 8 : WI[X,plljp — Rn by the universality of the (continuous)
group ring W{[I']]. Thus R, is naturally an algebra over K[[Xj,]];p. This
algebra structure of R,, over the local Iwasawa algebra W/[[I']] is a standard
one which has been studied for long (about 20 years) in many places (for ex-
ample, [Ti] Chapter 8 and [MFG] 5.2.2). The (n + 1)e variables X, , may not
be independent in R,,, and we expect that only a half of them survives. More
precisely, we have the following conjectural statement:

Conjecture 0.1. Suppose that n is odd. Then R, is isomorphic to the
power series ring K [[X; p]lp|p.ji0dd of €L variables.

When n = 1, we write 3; = 0o p,, & = 01,p, and T; = Xy p,. If n =1 and
F = Q, via the solution of the Shimura-Taniyama conjecture, this conjecture
follows from Kisin’s work (generalizing earlier works of Wiles, Taylor-Wiles
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and Skinner-Wiles). Assuming potential modularity of pg (see [Ta]) with ad-
ditional assumptions that Im(p) is nonsoluble and that the semi-simplification
of ﬁ|G’al(fF /Fy) is non-scalar for all prime p|p in F, we will prove this conjecture
for n = 1 in this paper (see Proposition 2.1). Assuming Hilbert modularity
over F' of ¥ and the following two conditions:

(ai) The F,-linear Galois representation p = (IT,E mod p) is absolutely irre-
ducible over Gal(F/F[u,)).

ds) p°° has a non-scalar value over Gal(F,/F,) for all prime factors p|p,
P p/Lp

the conjecture for n = 1 follows from a result of Fujiwara (see [F] and [F1]) and
Skinner-Wiles [SW1] as described in [HMI] Theorem 3.65 and Proposition 3.78.

In the special case of rational elliptic curve E,g with multiplicative re-
duction at p, the following conjecture (generalizing the one by Mazur-Tate-
Teitelbaum in [MTT]) was proven by R. Greenberg for his L-invariant of sym-
metric powers of E. His proof is described in his remark in page 170 of [Gr].
Although his proof might also be generalized to our setting, our point of view
is different from [Gr], relating the following conjecture to Conjecture 0.1, and
indeed, if one can generalize Greenberg’s proof to cover the following conjec-
ture, it might supply us with a proof of Conjecture 0.1 (we hope to discuss this
point in our future work).

Conjecture 0.2. Let the notation and the assumption be as in Theo-
rem 0.3. Suppose that the n-th symmetric power motive Sym®™(Hy(E))(—m)
with Tate twist by an integer m is critical at 1. Then if Ind%(Sym(@”(pE)(fm))
has an exceptional zero at s = 1, we have

L(Ind pp.m)
(T 25493 ) for a constant £0m) € Q; if 0 = 2m with odd m,
Hb 108, (Q:) if n # 2m.

=1 ordP(Qi)

We have L(m) = 1 if b = e, and the value £(1) when b < e is given by

95 ([p, FA)) ‘ log,, (7:)
0X; i>bj>b | X1=Xo==Xe=0 0 [Fy : Qpla([p, F3])

£(1) = det <

for the local Artin symbol [p,F;], where =, 1is the generator of
N(Gal(Fy[pp<]/Fy)) by which we identify the group algebra W[L'y]] with
W([Xp]]-
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The analytic L-invariant of p-adic analytic L-functions (when n = 1) is
studied by C.-P. Mok [M] following the method of [GS], and his result confirms
the conjecture in some special cases (see a remark in [H07] after Conjecture 1.3).

The motive Sym®"(H,(F))(—m) is critical at 1 if and only if the following
two conditions are satisfied:

e 0 <m<my
e cither n is odd or n = 2m with odd m.

We will specify £(m) in Definition 1.11 assuming Conjecture 0.1. There is a
wild guess that £(m) might be independent of m only depending on E. We
hope to discuss this matter in our future work.

We will prove in this paper (for Greenberg’s L-invariant of pay ) that
Conjecture 0.1 implies the above conjecture for ps,, .,,. Here are some additional
remarks about the conjecture:

(1) When n = 2m with even m, the motive associated to Sym®"(pg)(—m) is
not critical at s = 1; so, the situation is drastically different (and in such a
case, we do not make any conjecture; see [H00] Examples 2.7 and 2.8).

(2) The above conjecture applies to arithmetic and analytic p-adic L-functions.

We let o € Gal(F/F) act on the Lie algebra of G,,/x
sp(K) = {x € M, 1(K)|Tr(z) = 0 and ‘xJ, + J,x = 0}

by conjugation: x — oz = py0(0)xpno(o)~t. This representation Ad(py.0) is
isomorphic to ®O<j§n,j:odd p2j,; and is called the adjoint square representation
of p, 0. By using a canonical isomorphism between the tangent space of Spf(R,,)
and a certain Selmer group of Ad(p,.0), we get

Theorem 0.3.  Let m be an odd positive integer. Assume Conjecture
0.1 for all odd integers n with 0 < n < m. Then Conjecture 0.2 holds for
Greenberg’s L-invariant of pam, m.

All the assumptions in [Gr] (particularly, Selp(pam.m) = 0: Lemma 1.2)
made to define the invariant can be verified under Conjecture 0.1 for pay, . The
assumption in the theorem that E has split (multiplicative) reduction at p; with
J < b is inessential, because Ad(py0) = Ad(Sym®®*(pg ® x)) (for a K*-values
Galois character x) and we can bring any elliptic curve with multiplicative
reduction at p; to an elliptic curve with split multiplicative reduction at p; by
a quadratic twist. We will prove this theorem as Theorem 1.14 later.
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Conjecture 0.1 and Conjecture 0.2 are logically close. Since pam m is self
dual, the complex L-function L(s, p2m,m) has functional equation of the form
s «» 1—s, and the complex L-value L(1, p2, m) should not vanish at s = 1 (the
abscissa of convergence). Conjecturally, this should imply Selp(p2m,m) = 0,
since pam,m with odd m is critical at 1. This vanishing is essential for Green-
berg’s definition of his L-invariant to work (especially in his definition of the
subspace T C H(Gal(F/F), pam.m) (T is written later as Hp in this paper; see
[Gr] page 163-4). Conjecture 0.1 for an integer n > m implies Selp(p2m.m) =0
for odd m > 0 (see Lemma 1.2). Indeed, at least in appearance, a much weaker
infinitesimal version than Conjecture 0.1 asserting that R,, shares the tangent
space with K [[X; p]lpjp.0<j<n,jioda (that is, K[[X;,]]/(X;p)? = Ry /m3) is suffi-
cient for this vanishing Selg(p2m.m) = 0 and to prove Conjecture 0.2. However,
for example, if m = 1 and n = 1, any characteristic 0 p-adic (motivic) Galois
deformation p over Z, (not over Q, in Conjecture 0.1) of p := (prg mod p)
has its p-adic L-function L,(s, p2,1) with an exceptional zero at s = 1. Thus
the weaker infinitesimal statement at each p should actually imply the stronger
statement as in Conjecture 0.1 (if we admit the “R = T” theorem as in [MFG]
Theorem 5.29 for F = Q or [HMI] Theorem 3.50 for general F for nearly or-
dinary deformations). In this sense, the two conjectures are almost equivalent
if we include motivic deformations p of p in the scope of Conjecture 0.2 not
limiting ourselves to elliptic curves. This point will be discussed in more details
in our future work.

8§1. Symmetric Tensor L-Invariant

We recall briefly an F-version (given in [HMI] Definition 3.85) of Green-
berg’s formula of the L—invariant for a general p-adic totally p-ordinary Galois
representation V' (of Gal(F/F)) with an exceptional zero. This definition is
equivalent to the one in [Gr] if we apply it to Ind% V as proved in [HMI] (in
Definition 3.85). When V = pay, . with odd m, the definition can be out-
lined as follows. Under some hypothesis, he found a unique subspace H C
HY(Q, Ind?;i P2m,m) of dimension e. By Shapiro’s lemma, HY(Q, Indg P2m,m) =
HY(F, pan.m), and one can give a definition of the image Hy of H in H*(F,
P2m,m) Without reference to the induction Ind% pP2m.m ([HMI] Definition 3.85)
as we recall the precise definition later (see Lemma 1.7). The space Hp is
represented by cocycles ¢ : Gal(F/F) — pay,.m such that

(1) ¢ is unramified outside p;

(2) crestricted to the decomposition subgroup Gal(F,/F,) = D, C Gal(F/F)
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at each p|p has values in Fo P2m,m and c|Dp modulo fjpgmm becomes
unramified over Fy[ppe] for all plp.

Here Fy pom,m = Fy P2m.m> Fof p2mm = Fo P2m,m> and F7 pap, o, is the decreas-
ing filtration on pay, m such that I, acts by N7 on fgme,m/fg+1p2m,m.

Let Q0 /Q be the cyclotomic Z,-extension, and put Fu,/F for the compos-
ite of F and Qo By the condition (2), (¢[p,, mod Ff pam m) with a prime p’[p
may be regarded as a homomorphism a : D,» — K because .7-';, Pam,m/ ]—";C P2m.m
is isomorphic to the trivial Dy-module K. Hence a becomes unramified every-
where over the cyclotomic Z,-extension Fi,/F. In other words, the cohomology
class [c] is in Selg_ (p2m,m) but not in Selp(p2m m). In other words, we have

Hp = Sel?*(pam.m) := Res ' (Selp_ (p2m.m))

for the restriction map Res : H'(F, pam.m) — H(Fao, p2m.m) (see the definition
of various Selmer groups given in the following section).

Take a basis {cp}p, of Hp over K. Write a, : Dy — K for ¢, mod
]—";C pomm regarded as a homomorphism (identifying Fp pom,m/Fy p2m.m
with K). We now have two e x e matrices with coefficients in K: A =
(ap([p, For])),y o1y and B=(log,, (v) " ap ([, Fp/]))w,'p. Under Conjecture 0.1
for pn o for all odd n < m, we can show that B is invertible. Then Greenberg’s
L-invariant is defined by

(1.1) L(Ind2 pom.m) = det(AB™Y).

The determinant det(AB~1!) is independent of the choice of the basis {cp}y.
Though L(s,Ind(IQ; p) = L(s,p) for a Galois representation p : Gal(Q/F) —
GL,(K) in a compatible system, the (nonvanishing) modification Euler p-
factors £t (p) and £ (Ind% p) (cf. [Gr] (6)) to define the corresponding p-adic
L-functions could be different (see [HO7] (1.1)). Thus the £(p) and ,C(Ind(?;i )
could be slightly different. As in [HO7] (1.1), we have the following relation

(1.2) ‘C(p2m,m) = pr ‘C(Ind% P2m,m)s
plp
where f, =[O/p : F,].

Choose a generator v of N(Gal(F./F)) C Z) for the p-adic cyclotomic
character A, and identify A = W{[Gal(Fw/F)]] with W[[T]] by v — 1+ T.
The Selmer group Selg_ (05, ) = Selg_ (Sym®*™(T,E)(—m)®(Q,/Zy)) has
its Pontryagin dual which is a A-module of finite type. Choose a characteristic
power series ®*""(T') € A of the Pontryagin dual. Put L& (s, pop ) =
Parith(41=s _ 1), We consider the following condition stronger than (ds):
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(dsm) Pso (for B0 = Sym®™(p)) is a direct sum of m+1 distinct characters
of D, for all prime factors p|p.

For the known cases of the following conjecture, see [Gr] Proposition 4 and
[HO7] Theorem 5.3.

Conjecture 1.1 (Greenberg).  Suppose (ds,,) and that p,,, is abso-
lutely irreducible. Then L& (s, pyy, ) has zero of order equal to e = |{p|p}|
and for the constant £(p2m,m) € K> given in (1.1) and (1.2), we have

Lgrith (8, p2m,m)

« —1/[K:Q,
l)d = E(p2m,m)||selF(p2m,m)H /! !

P

i
s S

up to units.

This conjecture has been proven by Greenberg (see [Gr] Proposition 4)
for more general ordinary Galois representation than pay, , under some (mild,
believable but possibly restrictive) assumptions. Especially the assumption (5)
in [Gr] proposition 4 is difficult to verify just by assuming (ds,,) and absolute
irreducibility of p,, o and could be far deeper (even for those of adjoint type like
P2am,m) than the modularity statement like Conjecture 0.1; so, unfortunately,
the above statement remains to be a conjecture.

In the above conjecture, the modifying Euler factor at the p-adic places p;
of good reduction (j > b):

4 (pamam) = ] (Hu — N (p) (1 - aﬂ‘N(pi)i))

§>b \i=1

does not appear, where a; = a;(F'roby;). However, if we replace Greenberg’s
Selmer group Selr(p3,, ,,) by the Bloch-Kato Selmer group Sr(p3,, ,,) over F
(crystalline at p; for j > b), we expect to have the relation

—1/[K:Qp]

—1/[K:Qp) _ (c:+(
B p

p p2m7m)“SF(p§m,m)H

|ISel (P3m,m)|

up to p-adic units (as described in [MFG] page 284 for p31). Thus if one uses
the formulation of Bloch-Kato, we should have the modifying Euler factor in
the formula, and the size of the Bloch-Kato Selmer group is expected to be
equal to the primitive archimedean L-values (divided by a suitable period; see
Greenberg’s Conjecture 0.1 in [HO6]).
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8§1.1. Selmer groups

First we recall Greenberg’s definition of Selmer groups. Write F(%)/F for
the maximal extension unramified outside S, p and co. Put & = Gal(F(5)/F)
and &y = Gal(F(S)/M). Let V' be a potentially ordinary representation of
® on a K-vector space V. Thus V has decreasing filtration f;V such that an
open subgroup of I, (for each prime factor p|p) acts on .7-"; v/ féHV by the i-th
power A% of the p-adic cyclotomic character /. We fix a W-lattice T in V
stable under &.

Put }"Q'V = ]-'pr and F, V = ng. Writing F37 = T N FV and
FoVIT = FyV/F3T, we have a 3-step filtration for A=V, T or V/T:

(ord) AD FyAD FFAS {0}

Its dual V*(1) = Homg (V, K) @ N again satisfies (ord).

Let M/F be a subfield of F®) and put &), = Gal(F®)/M). We write p
for a prime of M over p and q for general primes outside p of M. We write I,
and I, for the inertia subgroup in &y, at p and g, respectively. We put

Ly(A) = Ker (Res c HY (M, A) — H! (Ip, ﬁ)) ;

and
Ly(A) = Ker(Res : H' (Mg, A) — H'(I4, A)).

Then we define the Selmer submodule in H'(M, A) by

(1.3) SelM(A):Ker< (B, A —>H L H LMP, )

for A = V,V/T. The classical Selmer group of V is given by Sely(V/T),
equipped with discrete topology. We define the “minus”, the “locally cyclo-
tomic” and the “strict” Selmer groups Sely,(A), Sel§s°(A) and Sel3;(A), re-
spectively, replacing L,(A) by

L, (A) =Ker (Res : HY (M, V) — H* (Ip, V(

A))) > L)

LyV°(A) =Ker (Res : Ly (A) — H' (Ip o 7 XA ))
p

Ty

Ly'(A) =Ker <Res : Ly (A) — H' (M,,, p‘EA >> C Ly(A
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where I, o, is the inertia group of Gal(M,/M,[uy=]). Then we have
Sel?“(A) = Resg.  p(Selg,, (4)).
Lemma 1.2.  We have

Sel#*(Ad(pno)) = B SelF*(pamm) = Homg (m, /m?, K),

o<m<n,m:odd

where m,, is the maximal ideal of R,. If we suppose Conjecture 0.1 for odd
n > 0, we have Selp(pam,m) = 0 for all odd m with 0 < m < n.

Proof. Let V = Ad(pn,0). Then we have the filtration:
VDO F,VDoFV {0}

where taking a basis so that the semi-simplification of p, o[p, is diagonal with
diagonal character [y, ;L_lozp, ...,y in this order from top to bottom, F, V'
is made up of upper triangular matrices and .7-";' V' is made up of upper nilpotent
matrices, and on F, V/ f;‘ V, D, acts trivially (getting eigenvalue 1 for Froby).
We consider the space Derg (R, K) of continuous K-derivations of R,,. Let
Kle] = K[t]/(t?) for the dual number ¢ = (¢t mod t?). Then writing each
K-algebra homomorphism ¢ : R, — Kle] as ¢(r) = ¢o(r) + 0y(r)e and send-
ing ¢ to 0y € Derg(Ry, K), we have Homg a14(Ry,, K[¢]) = Derg (R, K) =
Homp (m,,/m2, K). By the universality of (R, p,,), we have

~ {p: Gal(F/F) — G,(K|e])|p satisfies (K, 1-4)}

o~

HomK—alg(Rna K[E])

by Hompg a1g(Rn, K[€]) 2 ¢ — py = o p, = pno + €0pp,. Pick p = py
as above. Write p(0) = po(o) + p1(o)e with pi(o) = % = 0pp,(0). Then
cp = (0ppy,) p;}) can be easily checked to be an inhomogeneous 1-cocycle having
values in M,,41(K) D V. Here 0 € Gal(F/F) acts on ©# € M,1(K) by
& poo(@)2pn0(0) .

Since vop =wvop, by (K,3), we have det(p) = det(pn,0), which implies
Tr(cy) = 05 so, ¢, has values in sl,11(K). For 0 € Derg(R,,K) and X €
GLyy1(R,) with ' X J, X = J,, writing X = (X mod m,) € GL,1(K)

0=9(X'X)=X '9X + (90X HX.

Since tp,, Jnp, = N"Jy = 'ppoJnpn,o, we have tp;})tannpnp;_t = J,. Let
X = p,p, b Differentiating the identity: ‘X.J,X = J, by 0, we have
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(t0XJ,)X + 'X(J,0X) = 0, which is equivalent to c,(c) € s,(K) = V. By

the reducibility condition (K,2), [c,] vanishes in 7}12(3\%/)\/ ). By the local cy-
p
clotomy condition in (K,2), [¢,] vanishes in %(”V‘)/) If E has multiplicative
P

reduction at q (so, q € §), the unramifiedness of ¢, follows from the following
lemma. Thus the cohomology class [c,] of ¢, is in Sel¥°(V'). We see easily that
p=p & [ep] = [cp].

We can reverse the above argument starting with a cocycle ¢ giving an
element of Sel¥“(V') to construct a deformation p, = pn0+&(cpn,0) with values
in G,,(K[e]). Thus we have

{p:Gal(F/F) — G,(K|e])|p satisfies the conditions (K, 1-4)}

~

=~ Sel¥(V).

Recall that the isomorphism Derg (R, K) = Sel¥“(V) is given by
Derg (R, K) 2 0+ [cg] € SelZ°(V)

for the cocycle cy = ¢, = (8pn)p;’}), where p = pp.0 + (9p,,)-
Suppose Conjecture 0.1. Since the algebra structure of R,, over W[[X; o]l
is given by 8;,(8y 7ad)~! and 8,8, = N, the K-derivation 9 = 9, :
R, — K corresponding to a Kle]-deformation p is a W[[X] ,]]-derivation
for odd j if and only if dp,|7, is upper nilpotent, which is equivalent to
[ca] € Selp(V'). Thus we have Selp(V) = Derwx,)(Rn, K) = 0. Since V
@O<m<n7m:0dd Pamm as global Galois modules, we have Selp(V)

@O<m§n7m:0dd Selp(p2m,m), and we conclude Selg(pam,m) = 0.

IR IR

Lemma 1.3. Let q be a prime outside p at which E has potentially
multiplicative reduction. Then for a deformation p of pno satisfying (K, 1-4),
the cocycle c, (defined in the above proof) is unramified at q.

Proof. Since Ad((pe @ M)no) = Ad(pno) twisting by a character 7, we
may assume that the restriction of pg to the inertia group I; has values in
the upper unipotent subgroup having the form ((1) gqg")) for 0 € I3 up to
conjugation. Thus we may assume

1ngg (3)&; &
0 1 (n=1)& - &1
pn70 Iq - . . . .
0 0o 1 &
0 0 o0 1

Since I 3 o — log(pn,(c)) is a homomorphism of I, into the Lie algebra
u,, of the unipotent radical of the Borel subgroup of GG,, containing the image
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of Iy, it factors through the tame inertia group = Z(‘Z)(l). By the theory
of Tate curves, p,o ramifies at q and hence ¢, is nontrivial. The p-factor
of Z(@ is of rank 1 isomorphic to Zp(1). Then p(I,) is cyclic, and therefore
dimg p(Iy) = 1 = dimg ppo(lq). Thus the deformation p is constant over the
inertia subgroup, and hence c, restricted to I is trivial. O

Corollary 1.4. Letn be an odd positive integer. Suppose Conjecture 0.1
for all odd integers m with 0 < m < n. Then we have dimg Sel¥“(pan.n) = €.

Proof. Let V = pay . By Lemma 1.2, we have dimg Seli¥“(Ad(pm,0)) =
e- mT'H Since

Sel¥“(Ad(pn,0)) = Sel¥(Ad(pn—2,0)) ® SelF(V),
we find that dimg Sel¥“(V) =e. O

Let ppm = Sym®"(pg)(—m), and write V for either the representation
space of p,, m, or that of Ad(p,,0). For each prime q € SU {p|p}, we put
(1.4)
_ Ker(H' (Fj, V) — H'(Fj, 77757)) € Ly, (V) if g =p; with j <D,
Lq(V) = i
Ly(V) otherwise

Once Ly(V) is defined, we define Ly (V*(1)) = Ly(V)* under the local Tate du-
ality between H'(F,,V) and H'(F,,V*(1)), where V*(1) = Homg (V, Q,(1))
as Galois modules. Then we define the balanced Selmer group Selp (V') (resp.
Selr(V*(1))) by the same formula as in (1.3) replacing L, (V) (resp. L, (V*(1)))
by Ly (V) (resp. Lp(V*(1))). By definition, Selr(V) C Selx(V). We will show
in Lemma 1.6, L, (V) = Ly (V) for V. = Ad(py0) and pay , for odd n, and we
actually have Selp(V) = Selp(V).

Lemma 1.5. Let V be Ad(pn,0) oF pnm- If V is critical at s =1,

B V) | T H B V)

(V) Selp(V)=0=H'&,V)=]] HL( 5 o
p

qes g plp

Proof. Since Selp(V) C Selp(V), the assumption implies Selz(V) = 0.
Then the Poitou-Tate exact sequence tells us the exactness of the following
sequence:

- ) HYE,V)  —
Selp(V) - H (6,V) — ———— — Selp(V*(1))".
IESE{IPP} L)
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It is an old theorem of Greenberg (which assumes criticality at s = 1) that
dim Sel (V) = dim Selp(V*(1))*

(see [Gr] Proposition 2 or [HMI] Proposition 3.82); so, we have the assertion
(V). In [HMI], Proposition 3.82 is formulated in terms of Selg(Ind% V) and
Selg(Ind % V*(1)) defined in [HMI] (3.4.11), but this does not matter because we
can easily verify @Q(Indg?) = Selx(?) (similarly to [HMI] Corollary 3.81). [

81.2. Greenberg’s L-invariant

In this subsection, we let V' = pa, ,, or Ad(p,0) for odd n (so, V is critical
at s = 1). Write ¢(p) for dimF, V/F;V (thus, t(p) = 1 or 241 according
as V = papn or Ad(pn,0)). We recall a little more detail of the F-version of
Greenberg’s definition of E(Ind% V') (which is equivalent to the one given in [Gr]
if we apply Greenberg’s definition to Ind% V as explained in [HMI] 3.4.4 without
assuming the simplifying condition). Let Fpgal be the Galois closure of F},/Q,
in Q,. Write D), = Gal(Q,/Q,), Dy = Gal(Q,/F;) and D{* = Gal(Q,/FJ™).
Write Dy, = Gal(Q,/L) for an intermediate field L of F'/Q,. For a Dp-
module M (which is a K-vector space), the group Dy, acts on H® (Fﬁqal,M)
naturally through the finite quotient Gal(Fgal/L). Since, for g > 0,

HY(Gal(Fg™ /L), H(DJ™, M)) = 0,

by the inflation-restriction sequence, taking L = Q, and L = F}, we verify that
Hl(Fé’al7 M))P# is canonically isomorphic to a subspace of H'(F,, M) even if
F,/Q, is not a normal extension. We regard Hl(Fpgal, M)Pr as a subspace of
H(F,, M).

The long exact sequence associated to the short one F, V/F, V= V/F SV
— V/F, V gives a homomorphism

D D
— P 7V P L =2
H' (Fg‘“ F V) = Hom ((Dg“l)ab F ) 5 HY(FJ V) /L, (V),

N TRV
where D, acts on 1 (Fpgal7 ;‘;“ﬁ) regarding ';_E;X as the trivial D,-module; so,
its action on ¢ € Hom((DJ")e, i}g) is given by ¢ — 7 ¢(0) = ¢(roTL).

Note that canonically

D
FoVNTT . FyV
o (Fg“l, L > <~ Hom (Dg”, L )
FV FV

FoV

~ Hom ( QF, 22—
< PRV

> ~ (F, V/FFV)? = K20
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by ¢ > (SLefel) 2lr.Fp)) &([p, Fp])). Here, as before, [z, Fy] is the local Artin sym-

log,(v) ?
,§+V)DP with Hom(D2® % V) a homomorphism

bol. Identifying Hl(Fgal b )

¢ : Db — }_15 in Ker(sp) is unramified if p = p; with ¢ > b; so, the im-
age of ¢p is one-dimensional (those ramified classes modulo unramified ones).
In other words, the image of ¢, is isomorphic to F, V/FFV = K*®). Even if
p=p; with j <b,if L,,(V) = Ly,(V), by the same argument, the image of ¢,
is isomorphic to F, V/FFV = K'®). The fact Ly, (V) = Ly, (V) follows from

the following F-version of the argument in [Gr] page 160:

Lemma 1.6. Let V = pappn or Ad(pno) for odd n. Then we have
Ly(V) =Ly (V).

Thus for K-vector space V with Galois action, we have Selr (V) = Selr (V).

Proof. Since we have L, (V) = L,(V) by definition if p = p; with j > b;
so, we may assume that j < b. Write H*(M) for H®*(F,, M) for Gal(Fy/F,)-
modules M. We need to show the image L,(V) of H (7 V) in H*(V) is equal
to Ly (V) := Ker(r : HY(V) — H*(I,,V)) for V.= V/F+tV. We can factor the
map 7 as r = Reso~ for v : H'(V) — H*(V) and Res : H*(V) — H'(I,,V).
Since Ker(y) = Ly (V), we need to show that Im(v) N Ker(Res) =

Writing Y = F;V/ng and Y = f,;V/}';rV, we have exact sequences
of Dy-modules: Y — V/FV — V/F;V and Y — V — V/F7V. Since
H°(V/F, V) = 0, by the long exact sequences of the above two short exact
sequences, we find that the natural maps H*(Y) — H'(V/F2V) and H'(Y) —
HY(V) are injective. Identify H!(Y) with its image in H'(V'). We have

Im(y) = Im(3: H'(Y) — H'(Y)) € H'(V).
By the inflation-restriction sequence,
Ker(Res) = H (D, /I, V") = V'"* J(Frob, — )V = F, V/F, V.
Similarly
Ker(Resy : HY(Y) — H(I,,Y)) = 1(Dp /Jp,YIP
=Y ”/(Frobp — 1) =F, Y/]—"*Y Fo V/]:+V

Thus inside H*(V'), Ker(Res) = Ker(Resy ), and we may replace V by Y in our
argument. We therefore need to show that

Im(y: H'(Y) — HY(Y)) N Ker(Res : H'(Y) — H'(I,,Y)) = 0.
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We have the long exact sequence attached to the short one f:‘ Y—>Y —»

Y:
0—Y=HY) - H'(FY) - H'(Y) L H\Y) - HXF}Y) - H}Y)=0.

By the non-splitting of the short sequence, H°(Y') injects into H'(F,Y). By
the local Tate duality,

dimg H*(Y) = dimg H°(Homg (Y, K(1))) =0 and dimgx H*(F;Y) = t(p).

This shows that dimx H*(Y) = 2t(p)d and dimg Im(¥) = t(p)d, because by
Kummer’s theory

HY(K(1)) = K ®z, im F)* /(Fy)P" = K™
n

and H'(K) = Hom((F,)*,K) & K%' for d = [F,,Q,). By the inflation-
restriction sequence, we have

Ly(Y) = Ker(H'(Y) — HY(I,,Y)) = H'(D,/I,.Y"") =Y.

Thus dim Ly (Y) + dim Im(¥) = dim H'(I,,,Y). Thus we need to show Ly (Y) +
Im(y) = H'(I,,Y). By the local Tate duality, noting Y*(1) & Y, this state-
ment is equivalent to

Ker(6: H'(F}Y) — H (V)N Ly(Y)*" =0.

Here Ly(Y)" = Hj(FY) =Y @z, lim 05 /(O5)"" < H'(Y (1)), because
Y'(1) = Y(1) = K(1)!®). Since Ker(§) gives rise to the subspace spanned
by extension class of K(1)!®) = FfY — YV - YV = K'®)_ it is given by the
cocycles in {; ® Y for the Tate period ¢ of E at p = p; (where &, is as in the
proof of Lemma 1.3). Defining &, : Dy — ppn by &,(0) = (¢/7")° 71, the map
§ = lim &, having values in Z,(1) C K(1) is an explicit form of the cocycle

&, (see [HO7] Section 4). In particular, (Y ® &,) N H}l(}'jY) is given by

(@2 Y)N (Y @z, lm O /(O)"")

inside Y ®z, lim EJJ(F)P", which is trivial (because ¢ is a nonunit). 0

Suppose R, = K[[X,]]p,- Then by (V) in Lemma 1.5 (and Lemma 1.2),
we have a unique subspace Hr of H'(®,V) projecting down onto

iy T H L)
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Then by the restriction, Hp gives rise to a subspace L = Ly of

[ Hom((Dg*)*, 7y v/ FF V)P
p

> [[Hom(Dg, 7, V/FFV) = [[(F, VIFTV)?
p p

isomorphic to Hp (Fp V/.?—';r V). If a cocycle ¢ representing an element in Hp is
unramified, it gives rise to an element in Selp (V). By the vanishing of Selx (V)

(Lemma 1.2), this implies ¢ = 0; so, the projection of L to the first factor
I1, ;’;V (via ¢ — (&([, Fgal])/logp(’y))p) is surjective. Thus this subspace L
is a g;aph of a K-linear map

(1.5) c 7 vimv =17/ V/FV
p p

We then define £(Ind% V) = det(£) € K. This is a description of the direct
construction of Hp. In the following lemma, we verify the equivalence between
the earlier definition and this direct one:

Lemma 1.7.  LetV = Ad(pn,0) 07 pam.m for an oddm > 0, and assume
that Selp (V) = 0. The space Hp defined above consists of cohomology classes
of 1-cocycles ¢ : Gal(F/F) — V such that

(1) ¢ is unramified outside p;

(2) c restricted to the decomposition subgroup Gal(Fy/F,) = D, C Gal(F/F)
at each plp has values in F, 'V and c|p, modulo f;V becomes unramified
over Fy[ppe] for all p|p.

We here give a sketch of the proof, assuming F, = F,;qal (leaving the general
case to the attentive reader).

Proof. Since Ad(pn,0) = Do j<n.j.oda P2j,j; We may assume that V' =
Ad(pn,). Recall the decomposition groups D, D D, in Gal(F'/Q) at p, and
write I, D I, for the corresponding intertia groups. Let H. C H (Gal(F/F), V)
be the subspace spanned by the cohomology classes satisfying (1) and (2). Take
a cocycle ¢ satisfying (1) and (2). Note that for any o € D, o(F,) = F, by
our simplifying assumption. Since Qp[up=]/Q, is abelian, we have oyo =1 =~
for any v € Gal(Fp|up~]/Fp). Since (c|;, mod FfV) : I, — F, V/FSV
factors through Gal(Fy[up=<]/Fy,), for any o € D,, c(oyo™!) = ¢(v) for any
v € I,. Since D, = ¢* x I, for a Frobenius element ¢ = Frob,, the co-
cycle (c|p, mod F, V) is actually Dp-invariant. Thus ¢[p, mod F/V is in
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HY(F,, FfV/F, V)P». For q € S, ¢|p, is unramified and vanishes on Ig; so,
the restriction map in Lemma 1.5

Fq,V HHl(Fp,V)

€S 1 a.
Res : H(Gal(F/F),V H )

qeS rlp

brings ¢ into [],, Im(¢p). Note here Ly(V) = L, (V) by the above lemma,
and hence the above map Res is the map in Lemma 1.5. Thus we conclude
H C Res_l(Hp‘p Im(zp)).

Conversely, we suppose that the class [(c|p, mod F, V)] falls in Im(qy).
Thus the homomorphism (c|p, mod 7S V) : D, — F, V/F,V is D,-invariant.
Then it extends to a homomorphism ¢, : D, — F, V/ ]—';r V. Indeed, for any two
groups G>H with finite index and a torsion-free divisible abelian group X, every
G-invariant homomorphism ¢ : H — X extends to a homomorphism (;NS G — X
by Schur’s theory of multipliers (e.g. [MFG] 4.3.5), because the obstruction
lies in H?(G/H,X) which vanishes by the finiteness of G/H and divisibility
of X. Then ¢, has to factor through Gal(ng/Qp) for the maximal abelian
extension ng/Qp, which is equal to Qp"[up=] for the maximal unramified
extension Q,"/Q, (by local class field theory); so, (c|;, mod FSV) factors
through Gal(Fy[ppe]/F,) and c satisfies (2). The condition (1) for ¢|p, (q1p)

1
is equivalent to the vanishing of i4(c|p,) in % Then we get the reverse
inclusion. Since Res is an isomorphism if Selp(V) = 0 by Lemma 1.5, H Res,
[1,), Im(¢p) is a surjective isomorphism, and hence Hp = H. O

If one restricts ¢ € Hp to &, = Gal(F)/F,,), its ramification is ex-
hausted by I' = Gal(F/F) (because of the definition of Sel¥“(p2,.,) and
Hp) giving rise to a class [c] € Selp_(V). The kernel of the restriction
map: HY(®,V) — HY(®,,V) is given by HY(T, H*(6,V)) = 0 because
H°(&..,V) = 0. Thus the image of Hr in Selx_(V/T) gives rise to the order
e exceptional zero of LY (s, py, ) at s = 1. We have reproved the first half
of the following result in [Gr] Proposition 1.

Proposition 1.8.  Let n be an odd positive integer. Suppose Conjecture
0.1 for all odd m < n. Then for the number e of prime factors of p in F, we
have
ordg—1 L;mh(s, P2n.n) > €.

Further we have L(pann) =0 <= ords=1 Lg”th(s,pgn,n) > e.

The last assertion follows from [Gr] Proposition 3. In [Gr] Proposition 3,
Conjecture 0.1 is not assumed. However, in the very definition of Greenberg’s £-
invariant, the condition (V) in Lemma 1.5 is necessary as explicitly pointed out
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in pages 163—4 of [Gr]. As is clear from Lemma 1.2, Conjecture 0.1 supplies us
the vanishing Selp(V') = 0 (which is equivalent to the finiteness of Greenberg’s

Selmer group S4(Q) in [Gr]).

81.3. Factorization of L-invariants

In this section, we factorize ,C(Ind?;i P2n.n) and L(Indg Ad(pn,0)) for odd
n into the product over multiplicative places and the contribution of the good
reduction part. This good reduction part gives £(n) for ,C(Ind?;i P2n.n) in Con-
jecture 0.2. We keep notation introduced in the previous section; so, V' is either
P2n,n O Ad(pn.0)-

Proposition 1.9.  Let V be either pa, ., or Ad(pno). Suppose b > 0,
and fiz an index k with 1 <k <b. Leta € [[;_, Hom(Dgfl,.ﬂ: V/]-"+V) > be

induced by ¢ € Hp such that ¢ € Hp restricts down trivially to i (I?"/‘)/ for

all i # k. Then we have a([y;, F;]) = 0 for all i # k and a([p, Fy/]) = 0 for all
k' # k with k' < b.

Proof. For the index k < b, L,(V) is exactly }";;Hl(Fk,V). Take a

cocycle ¢ € Hp restricting down to HLL(‘)) trivially to w(‘)/) for all ¢ # k.
P pi

Since Hp = []7_, Im(¢p,) by the restriction map (Lemmas 1.2 and 1.5), such
cocycles ¢ form a direct summand of Hp isomorphic to Im(ep, ).
If i > b, Ly, (V) is made of classes of cocycles becoming unramified modulo
H(F,,V :
ﬁ (that is, ¢[p, €
Ly, (V)), we cannot pull out much 1nf0rmat10n on the value a([p, F;]) because of

those with values in F, +V so, even if ¢| Dy, vanishes in

the ambiguity modulo unramified cocycles with values in F,, V/ .7:in. Anyway,
a([vi, F;]) = 0 because [v;, F;] € I, .

For i < bwithi # k, Ly, (V) is made of cocycles of Dy, with values in 7"V,
and the condition that c|p, € Ly, (V) implies the vanishing of a(c) = ¢(o)
mod F,V for all o € Dy,. This shows the last assertion: a([p, Fir]) =0. O

By the above lemma, we get immediately the following fact.

Corollary 1.10.  Let the notation be as in Proposition 1.9. Then the
linear operator L acting on Hp f;V/.’F;V preserves the following exract se-
quence:

0—[]7, V/f*V—>Hf VIFV = [[ 7 VIFYV — o0,
i>b k<b
and L acting on the quotient [, o, For  VIFSLV sends Fp V/FV into itself
for each k <'b.
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Definition 1.11.  Define £(n) (resp. Lx(V)) by

det (£|Hi>bf@v/fﬁi-") €Q

for V.= pann (vesp. the determinant of the linear operator induced by £ on
1, 7o V/IFSV) T Fo. VI FSEV for V= pop  and V = Ad(pn 0))-

Corollary 1.12.  Let the notation be as above. Then we have

b
L(Ind% an,n) = E(Tl) H Ly, (pZn,n)
k=1

for oddn > 1.

Proposition 1.13.  Supposen = 1. Then fork <b, we have Ly(p21) =
log, (Q .
Oiip((Q:)), where Qx = N, g, (qx) for the Tate period gy of E/p, .

This follows from [HO7] Theorem 5.3. In [HO07], the above corollary is
proved by automorphic means in Section 3 of [H07], but replacing the result of
[HO7] Section 3 by the above factorization result, the same argument proving
Theorem 5.3 there proves the above proposition.

We now generalize Proposition 1.13 to arbitrary odd n > 1.

Theorem 1.14.  Let n be an odd positive integer, and assume V =
P2nn- Suppose Congecture 0.1 for all odd positive m < n. Then Ly(V) =
cl:;i‘;((g;)) for k < b, where Q. = Np, jq,(qx) for the Tate period gy of E.

Proof. Fix k < b, and write p = pg. Write X; = X, . if 7 is odd. Define
9, be the ideal generated by X; for odd i # ¢ and X7. We fix an odd ¢ with
0 < ¢ < n, and write 9 for M, and K = R,, /M = K[e] with 2 = 0 by X, e.
Let p = (p,, mod M), and write §; for §;, mod M. We consider the exact
sequence of K[Dy]-modules:

Al Kp AP
J:‘;JrQﬁ f;+2ﬁ f;Jrlﬁ

0— 0.

Writing K (v) for the rank one free K-module on which D, acts by a character

¥ Dy — K>, this exact sequence gives the following exact sequence
Fip
fl§+2ﬁ

0—>I~((3i+1)—> —>I?(32)—>0
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Twisting by 6, _:1./\/' , we get another exact sequence of K [Dp]-modules:
0— KWN) = M — K(8;6,,N) — 0.
By [HO7] Lemma 5.1, this sequence gives the top row of the following commu-

tative diagram of Dyp-modules with exact rows:

—

EWN) ——=— M  —= K(@:3,\N)
mod X[l mod le l mod X,

K(N) —)TpE®ZPK—> K.

Then by taking the induction from Gal(F,/F,) to Gal(F,/Q,), we get the
following new commutative diagram with exact rows:

—

dy KW) ———  Id¥yM  —— Ind} K@,3,.,N)
mod XZJ, mod Xel l mod X,

Ind? K(N) —— Indy T,E @5, K —— Ind}? K.

By [HO7] Lemma 4.8, we have a unique extension gj of &; to Gal(F,/Q,)
with Ej = N""J mod m,. We write this extension as Sj. For any potentially
ordinary Gal(F,/Q,)-module X, write the maximal quotient of X on which
Gal(Fy/Q,) acts by N as F+ X /F1 X. Similarly, we define F* X C FOOX C X
by FOX/F*X = H°(Gal(F,/Qp), X/F*X). Then the above commutative
diagram yields another commutative diagram with exact rows:

EW) —— FOIndg M/F Indfr M —— K (3:8.N)

mod Xgl mod Xgl l mod Xy
00 Qp
KW) —— Ll K.
< Fl1 IndFi Ty E®z, K —»

By Theorem 4.7 of [HO07], this implies

~ 1
86i6i+1j\/’ _
W([Qk,@p]) =0.
Since N ([Qr, Qp]) is constant in Q,°, we get

06:8,,1

e (@e0) =0



L-INVARIANT OF SYMMETRIC POWERS 21

which yields by the Leibnitz formula

.98, 99,
<52 lan - 5i+11 8);_[1> ([Qk,QP]) = O’

where §; = (51 mod m,,) = N™~%. Since this holds for i =0,1,...,n, we get

-1 930 1 96, B
(50 0X, o 5” 8Xz) ([Qk;@p]) =0.

Since 608, = N which is the unique extension of 806, = N to Gal(F,/Q,)
congruent to N modulo m,, (see Lemma 4.8 of [HO07]), we have

By,

% ox, = T ox,
and hence _
06
-1Y0n _
6n 8X£([Qka@p]) 0.
This in turn yields B
094,
1 i _
57 (10, Q,)) = 0

foralli=0,1,...,n.

Write Q. = p®u for a = ord,(Qx) and u € Z,;. Then log,(u) = log,(Qk)-
Write di, = [Fy : Q] and Ny, = N, /g, : F — Q, for the norm map. Since
[P, Q% = [Ne(p), Q) = p, Fillgge and [u, @] = [Ne(w), Q] = [, Fillgg,
for odd 7, we have

8i([N(aw), Qu)™) = 8i([p, Fi])*d:([u, Fi])
= 8,([p, Fi])*(1 + X;) "% losp (/18 (0) mod 9

(because N ([u, Fp]) = u=% for d, = [F, : Qp]). Differentiating this identity
with respect to Xy, we get from d;([p, Fy]) = N"([p, Fx]) = 1

98, dy log, (u)
aa—)ﬁz}Xzo([p’Fk])_ log,(yk)
and
99 ([p, F]) = 0 if odd i # ¢
(1an X=0 Py Skl = ! '
Since a # 0, we have
09;

(P B =0 if odd i £,

0Xy
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and
e e
Since gg(“l X:Op;lo for odd ¢ with 0 < £ < n gives a basis of the p-part of Hp
isomorphic to Im(t,), we find that Li(Ad(pno)) = (;iiz((g';)))(nﬂ)/g Since
SelZ(Ad(pn,0)) = EBO<m§n, meodd S€1Z(p2m,m), we find
(n+1)/2
cadpna) =TI Erlpann) = (E22D) T

0<m<n, m:odd

By induction on m starting with the case m = 1 treated in Proposition 1.13,

we find Ly (p2nn) = iii’;((g;)) as desired. O

82. Proof of Conjecture 0.1 under Potential Modularity
When n=1

We suppose that
(NS) p = EJp| has non-soluble image in GLy(F,);
(DS) the semi-simplification of 5 restricted to D, is non-scalar.

We now give a sketch of a proof of Conjecture 0.1 under these two conditions:

Proposition 2.1.  Suppose (NS) and (DS). If there exists a totally real
Galois extension L/F totally split at p such that p; = ﬁ|Ga1(7/L) is associated
to a Hilbert modular form, then we have Ry = K[[X1 p]]p|p-

By the result of [Ta] and [Tal], the Galois representation p is potentially
modular in the sense that there exists a totally real Galois extension L/F in
which p totally split and p; is associated to a Hilbert cusp form of weight 2.
Actually, in the above paper of Taylor, details of the proof is given for F' = Q,
but we should be able to adjust his argument to prove the result for general F’
(see [V] Theorem 1.1).

Proof. To indicate the dependence of R,, on the base-field L, we write
(Ru/r, Pnyr) if we consider the universal couple of pp|q, iz, p) (under (K,1-
4)). By the potential modularity assumption, p; is modular. By further making
a soluble base-change, by the potential level-lowering done by [SW], we may
assume that p; is associated to a Hilbert modular cusp form of weight 2 of level



L-INVARIANT OF SYMMETRIC POWERS 23

Lo (Np) satisfying the conditions (h1-4) of [HMI] page 185 for the prime-to-p
Artin conductor 9 of p;. Then by [HMI] Corollary 3.77 and Proposition 3.78,
we have Ry, = K[[Xi gp]lpp, where P runs over all prime factors of p in
L. For o € Gal(L/F), we take a lift ¢ € Gal(F'/L) inducing ¢ on L, for any
deformation p of pg over L, we can define p°(g) = p(6go—'). The isomorphism
class of p? is determined independently of the choice of the lift ¢ and depends
only on o. Since E is defined over I, p% = pg, p;, /L is another deformation of
pE over L satisfying (K, 1-4). Thus we have a unique ring automorphism [o] €
Aut(R,/1) such that p} ;= [o]o p,, . In this way, A := Gal(L/F) acts on
Ry)r. Since 87 53(g) = 01,3(5go ") coincides with &1 g, we have [0](X ) =
X1,p-. By the K-deformation version of Theorem 5.42 in [MFG], we have

Rl/F = Rl/L/ZUGA R]_/L([O'] — I)Rl/La where ZO’EA R]_/L([CT} — 1)R1/L is the
ideal of Ry, generated by [o](r) —r for all r € Ry,. Then it is clear that
Riyp = K[[X1p]]ppp- B

Remark 2.1.  Since the potential modularity for p, o is proven in [Ta2]
under mild assumptions, we expect that the above argument (or a modified
version) would prove Conjecture 0.1 for general n in near future.
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