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Abstract

In this paper, we prove a prime-to-p version of Grothendieck’s anabelian con-
jecture for hyperbolic curves over finite fields of characteristic p > 0, whose original
(full profinite) version was proved by Tamagawa in the affine case and by Mochizuki
in the proper case.

§0. Introduction

Let k be a finite field of characteristic p > 0 and U a hyperbolic curve over
k. Namely, U = X \ S, where X is a proper, smooth, geometrically connected
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curve of genus g over k and S C X is a divisor which is finite étale of degree
r over k, such that 2 —2g —r < 0. We have the following exact sequence of
profinite groups:

1 — m(U xp k%) — 7 (U, %) — G — 1.

Here, k is an algebraic closure of k, G is the absolute Galois group Gal(k/k),
* means a suitable geometric point, and m; stands for the étale fundamen-
tal group. The following result is fundamental in the anabelian geometry of
hyperbolic curves over finite fields.

Theorem (Tamagawa, Mochizuki).  Let U, V be hyperbolic curves over
finite fields ky, kv, respectively. Let

a:m(U,*) = m(V, %)

be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram of schemes:

~
—

T —
< «— <k

_~
in which the horizontal arrows are isomorphisms, and the vertical arrows are the

profinite étale universal coverings determined by the profinite groups w1 (U, %),
m1(V, %), respectively.

This result was proved by Tamagawa (cf. [Tamagawal], Theorem (4.3))
in the affine case (together with a certain tame version), and more recently
by Mochizuki (cf. [Mochizuki2], Theorem 3.2) in the proper case. It implies,
in particular, that one can embed a suitable category of hyperbolic curves
over finite fields into the category of profinite groups. It is essential in the
anabelian philosophy of Grothendieck, as was formulated in [Grothendieck], to
be able to determine the image of this functor. Recall that the full structure
of the profinite group (U Xy k, *) is unknown (for any single example of U
which is hyperbolic). Hence, a fortiori, the structure of 71 (U, %) is unknown.
(Even if we replace the fundamental groups 7 (U X3, k, *), w1 (U, *) by the tame
fundamental groups 74 (U xy k,*), mt (U, *), respectively, the situation is just
the same.) Thus, the problem of determining the image of the above functor
seems to be quite difficult, at least for the moment. In this paper we investigate
the following question:
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Question 1. Is it possible to prove any result analogous to the above
Theorem where 71 (U, %) is replaced by some (continuous) quotient of 71 (U, %)
whose structure is better understood?

The first quotients that come into mind are the following. Let C (re-
spectively, C') be the class of finite groups of order prime to p (respectively,
finite l-groups, where [ # p is a fixed prime number). Let Ay be the max-
imal pro-prime-to-p (i.e., pro-C) quotient of (U xj k,*). For a profinite
group I, T stands for the maximal pro-l (i.e., pro-C!) quotient of I'. Thus,
in particular, A}, coincides with 71(U xj, k,*)!. Here, the structures of Ay
and Al are well understood — Ay (respectively, Al) is isomorphic to the
pro-prime-to-p (respectively, pro-I) completion of a certain well-known finitely

generated discrete group (i.e., either a free group or a surface group). Let Iy def

1 (U, %)/ Ker(my (U Xy y %) = Av), Ty % (U, )/ Ker(my (U gk, x) — Al
be the corresponding quotients of 71 (U x k,*), respectively. We shall re-
fer to Ily as the geometrically pro-Xy étale fundamental group of U, where

5y & Primes \ {char(k)}, and Primes stands for the set of all prime numbers.

Question 2. Is it possible to prove any result analogous to the above
Theorem where 71 (U, ) is replaced by Iy, Hg), respectively?

Our main result in this paper is the following (cf. Corollary 3.10):

Theorem 1 (A Prime-to-p Version of Grothendieck’s Anabelian Con-
jecture for Hyperbolic Curves over Finite Fields). Let U, V be hyperbolic
curves over finite fields ky, kv, respectively. Let Xy et Primes \ {char(ky)},
Sy def Primes \ {char(ky )}, and write Uy, Iy for the geometrically pro-Xy
étale fundamental group of U, and the geometrically pro-%y étale fundamental
group of V', respectively. Let

(63N HU :> HV
be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram of schemes:

U ——V

[ A v
in which the horizontal arrows are isomorphisms and the vertical arrows are
the profinite étale coverings corresponding to the groups Iy, 11y, respectively.
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As an important consequence of Theorem 1, we deduce in Corollary 3.11
the following prime-to-p version of Uchida’s Theorem on isomorphisms between
absolute Galois groups of function fields (cf. [Uchidal).

Theorem 2. Let X, Y be proper, smooth, geometrically connected
curves over finite fields kx, ky, respectively. Let Kx, Ky be the function
fields of X, Y, respectively. Let Gk, Gk, be the absolute Galois groups of
Kx, Ky, respectively, and let ', I'c, be their geometrically pro-prime-to-
characteristic quotients (cf. the discussion before Corollary 3.11). Let

oa: 'k, =Tk,

be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram of field extensions:

(Kx)~ —— (Ky)~

I I

~

KX —_— Ky

in which the horizontal arrows are isomorphisms and the vertical arrows are
the extensions corresponding to the Galois groups I'k ., I'i,. , respectively.

Our proof of Theorem 1 relies substantially on the methods of Tamagawa
and Mochizuki. We shall explain this briefly in the case where U is proper
(hence, U = X). (cf. Theorem 3.9. The general case can be reduced to
this special case.) Starting from ITy, Tamagawa’s method characterizes group-
theoretically the decomposition groups at points of X in IIx. The problem
of recovering the points of X from the corresponding decomposition groups is
related to the question of whether the natural map

XCI — Sub(Hx)Hx

from the set of closed points of X to the set of conjugacy classes of closed sub-
groups of IIx, which maps a point x to the conjugacy class of its decomposition
group D, is injective. This map is known to be injective in the full profinite
case, i.e., when one starts from 71 (X, *) instead of IIx. In our case we are only
able to prove that the above map is almost injective, i.e., injective outside a
finite set Ex C X°. Thus, we can only recover from IIx the set of points in a
nonempty open subset X \ Ex.

In [Mochizuki2], Mochizuki developed a theory of cuspidalizations of étale
fundamental groups of proper hyperbolic curves. One of the consequences of



GROTHENDIECK’S ANABELIAN CONJECTURE 139

the main results of this theory is that, starting from IIx, one can recover in a
functorial way the Kummer theory of open affine subsets Ug xS , where S
is a finite set of closed points contained in X \ Ex. Using Kummer theory, one
then recovers (up to Frobenius twist) the multiplicative group OEX of rational
functions on X whose divisor has support disjoint from FEx. Thus, starting
from an isomorphism

My 5 Iy

as in Theorem 1 we can recover, up to Frobenius twist, an injective embedding
between multiplicative groups

2 — O, -

The issue is then to show that this embedding arises from a uniquely determined
embedding of fields Kx <— Ky, between the corresponding function fields. This
kind of problem of recovering the additive structure of function fields has been
treated in [Uchida] and [Tamagawal], using certain auxiliary functions called
the minimal elements, i.e., functions with a minimal pole. The arguments of
loc. cit. work well in the case of a bijection between multiplicative groups,
but fail in our case where we only have an embedding (’)EX — OEY between
multiplicative groups. In our case, instead of using minimal elements, we can
recover the additivity by using functions whose divisor has a unique pole. Also,
the fact that we can only evaluate functions at all but finitely many points of X
(or, more precisely, all points of X \ Ex) presents an additional difficulty, which
we overcome, roughly speaking, by passing to an infinite algebraic extension of
the base field, and using “infinitely many” auxiliary functions.

In §1, we review some (mostly known but partly new) results which show
that various invariants of the curve X (among other things, the set of decom-
position groups at closed points of X) can be recovered group-theoretically,
starting from Ilx. We also prove the almost injectivity of the above map from
the set of closed points of X to the set of conjugacy classes of decomposition
groups. In §2, we review the main results of Mochizuki’s theory of cuspidal-
izations of étale fundamental groups of proper hyperbolic curves, which plays
an essential role in this paper. In §3, we prove our main results, assuming
the results of §4. Finally, In §4, we investigate the problem of recovering the
additive structure of functions mentioned above. Using the above “one pole
argument”, we prove Proposition 4.4, which is used in §3.
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81. Characterization of Decomposition Groups

Let X be a proper, smooth, geometrically connected curve over a finite
field k = kx of characteristic p = px > 0. Write K = K x for the function field
of X.

Let S be a (possibly empty) finite set of closed points of X, and set U =

Us 4f X S. We assume that U is hyperbolic.

Fix a separable closure K*P = KY® of K, and write & = kx for the

algebraic closure of k in K®P. Write

Gk Y Gal(K*P/K),

G, ' Gal(k/k)
for the absolute Galois groups of K and k, respectively.

The tame fundamental group 7} (U) with respect to the base point defined
by K®°P (where “tame” is with respect to the complement of U in X) can be
naturally identified with a quotient of Gx. Write Gal(K7},;/K) for this quotient.
(In case S = 0, we also write K}i¥ for K};.) It is easy to see that K, contains
Kk.

Let ¥ = X x be a set of prime numbers that contains at least one prime
number different from p. Write

TS {p)
Thus, 2 # 0 by our assumption. Denote by 7=" the maximal pro-Xf quotient
of Z. Set ¥/ = ¥ = Primes \ Lx. We say that X is cofinite if #(X') < oo.
Note that, if ¥ is cofinite, then ¥ is of (Dirichlet) density 1.
We define K7 to be the maximal pro-Y subextension of Kk in K. Now,
set
HU = Gal(f(U/K),

which is a quotient of 7} (U) = Gal(K},/K). This fits into the exact sequence
1—>AU—>HUIKJG;€—>1.

Here, Ay is the maximal pro-Y quotient of 7¢(U), where, for a k-scheme Z, we
+ def 7
set Z = Z Xy k.

Define Xy to be the integral closure of X in K. Define U to be the
integral closure of U in Ky, which can be naturally identified with the inverse
image (as an open subscheme) of U in Xy. Define Sy to be the inverse image
(as a set) of S in Xy .
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For a scheme Z, write Z¢ for the set of closed points of Z. Then we have

Xcl _ Ucl HS,

(%) = 0 T 8-

Moreover, ()~(U)Cl admits a natural action of Iy, and the corresponding quo-
tient can be naturally identified with X°.

For each z ¢ (XU)CI, we define the decomposition group Dz C Iy (re-
spectively, the inertia group Iz C Djz) to be the stabilizer at Z of the natural
action of Iy on (Xy7)¢ (respectively, the kernel of the natural action of Dz on
k(&) = k(z) = k). These groups fit into the following commutative diagram in
which both rows are exact:

N N N
1—>AU—>HU—> Gk —1

Moreover, Iz = {1} (respectively, Iz is (non-canonically) isomorphic to ZET),
if z € U (respectively, T € S'U) Since I; is normal in Dz, Dz acts on Iz by
conjugation. Since Iz is abelian, this action factors through Dz — Gy (,) and
induces a natural action of Gy(,) on Iz.

Lemma 1.1.  Assume & € Sy;. Then:
(i) The subgroup ng(”) of Iz that consists of elements fived by the Gy (,)-action
is trivial.
(ii) Assume moreover that X is of density 1. Then the map G,y — Aut([z)
18 1njective.

Proof. By assumption, I; ~ Z%', and it is well-.known that the map
Gr() — Aut(lz) = (ZET)X coincides with the cyclotomic character and sends
the #(k(x))-th power Frobenius element oy, € Gjy(s), which is a (topological)
generator of Gy, to fi(k(x)) € (ZET)X. The assertion of (i) follows from this,
since #(k(x)) — 1 is not a zero divisor of the ring 7" The assertion of (ii) also
follows from this, together with a theorem of Chevalley ([Chevalley], Théoreme
1, see also [GS]). More precisely, by applying Chevalley’s theorem to the finitely
generated subgroup (#(k(z))) of Q%, we see that the map Z — (ZET)X, o —
#(k(z))® is injective, as desired. O
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Let G be a profinite group. Then, define Sub(G) (respectively, OSub(G))
to be the set of closed (respectively, open) subgroups of G.

By conjugation, G acts on Sub(G). More generally, let H and K be closed
subgroups of G such that K normalizes H. Then, by conjugation, K acts on
Sub(H). We denote by Sub(H)g the quotient Sub(H)/K by this action. In
particular, Sub(G)¢ is the set of conjugacy classes of closed subgroups of G.

For any closed subgroups H, K of G with K C H, we have a natural
inclusion Sub(K) C Sub(H), as well as a natural map Sub(H) — Sub(K),

J — JN K. By using this latter natural map, we define
Sub(G) € lim  Sub(H).
HeOSub(G)

Observe that Sub(G) can be identified with the set of commensurate classes of
closed subgroups of G. (Closed subgroups J; and Js of G are called commen-
surate (to each other), if J; N J; is open both in J; and in Js.)

With these notations, we obtain natural maps

D = D[U] : (Xy)® — Sub(Ily), & +— Dj,

I=1I[U]: (Xp)? — Sub(Ay) € Sub(Ily), Z — Iz,

which fit into the commutative diagram

(Xp) —L— Sub(Ay),

where the vertical arrow stands for the natural map Sub(Ily) — Sub(Ay),
J — JNAy. By composition with the natural map Sub(Ily) — Sub(Ily), D, I
yield

D =D[U] : (Xp)® — Sub(Ily),

T=T[U]: (Xp)" — Sub(Ay) C Sub(Ily).
Remark 1.2. Unlike the case of D, I, the maps D, I are essentially un-

changed if we replace U by any covering corresponding to an open subgroup of
Iy.

Since the maps D, I are Ily-equivariant, they induce natural maps

D, = D[U]n, : X — Sub(Ily)m,,
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I, = U, : X< — Sub(Ap)m, € Sub(Ily)m,,

U

respectively.

Definition 1.3. Let f: A — B be a map of sets.
(i) We define ps : B — Z U {oo} by pys(b) = #(f~1(b)). (Thus, f is injective
(respectively, surjective) if pr(b) < 1 (respectively, py(b) > 1) for any b € B.
We also have f(A) ={be B | us(b) > 1}.)
(ii) We say that f is quasi-finite, if p1(b) < oo for any b € B.
(iii) We say that an element a of A is an exceptional element of f (in A), if
wyr(f(a)) > 1. We refer to the set of exceptional elements as the exceptional
set.
(iv) We say that a pair (a1, az) of elements of A is an exceptional pair of f (in
A), if a1 # a2 and f(a1) = f(az2) hold.
(v) We say that f is almost injective (in the strong sense), if the exceptional
set of f is finite. (Observe that almost injectivity implies quasi-finiteness.)

Lemma 1.4. Let f: A— B and g: B — C be maps of sets. Then we

have:
Both f and g are quasi-finite (respectively, almost injective).
4
go f is quasi-finite (respectively, almost injective).
U
f is quasi-finite (respectively, almost injective).
Proof. Easy. |

Definition 1.5. Denote by Ep; the exceptional set of D in (X))

Definition 1.6. Let G be a profinite group and H a closed subgroup.
Then we denote by Zg(H), Ng(H) and Cq(H) the centralizer, the normalizer
and the commensurator, respectively, of H in G. Namely,

Zo(H)={g € G |ghg™' =h for any h € H},
N
Ng(H)={9€G|gHg ' =H} D H,
N
Co(H)={g € G|gHg ' and H are commensurate}.
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Lemma 1.7.  Let Z be a closed subgroup of Iy such that pry;(Z) is open
in Gy, and that pry |z is injective. Then pry induces an injection Cr, (Z) —
Gy, and we have Cr, (Z) = Nn,(Z) = Zn,(Z) D Z and (Cn, (Z) : Z) < oc.

Proof. Take any o € Cry,,(Z)NAy. Thus, Zp Y ZnoZo 1 is open both
L. We claim that o commutes with any element 7 of Zj.
1

in Z and in 0 Zo~

Indeed, first, observe that 7 € Zy C 0Zo~! and o70~
1

€ oZyo ' CoZo !

1

hold. Or, equivalently, c~'7o,7 € Z. Second, observe that pr;(c~'70) =

pry (7) holds, since pry (o) = 1. Now since pry |z is injective, the equality
pry (o~ tro) = pry(7) implies o~ *
Next, we prove ¢ = 1. To see this, suppose ¢ # 1 and take any sufficiently

small, open characteristic subgroup N of Ay such that ¢ ¢ N. Set H def

To = T, as desired.

(N,0) C Ay. Then the image of ¢ in H™ is nontrivial. (Indeed, the image of
o in H/N is nontrivial by definition. Since H /N is cyclic, the surjection H —
H/N factors through the surjection H — ﬁab.) Observe that Z, normalizes H,
since N is characteristic in Ay and o commutes with Zy. So, the open subgroup
H = def <H Zy) of Iy can be regarded as a semidirect-product extensmn of Z,
by H and satisfies H N Ay = H. Now, the image of ¢ in A is nontrivial
and fixed by the action of Zy. This is impossible, as can be easily seen by
observing the Frobenius weights in the action of Zy, or of pry;(Zy), which is an
open subgroup of Gj.

Thus, we have proved ¢ = 1, and the first assertion follows from this. In
particular, Cry,, (Z) (— Gy) is abelian, hence the second assertion follows. Fi-
nally, since pr;; induces an isomorphism Ciy,, (Z) = pry; (Crr, (2)) and pry (Z)
is open in (i, the third assertion holds. O

The first main result in this § is:

Proposition 1.8. (i) 7|§U : Sy — Sub(Iy) is injective.
(i) By is disjoint from Syr. (Or, equivalently, Eg C )
(i
Dl;-1(z) is injective.
(iv) Let p denote the natural morphism Xy — X. Then, for each © € X,
D|p_1(x is quasi-finite. If, moreover, k(x) = k holds (i.e., x is a k-rational

ii) Let p denote the natural morphism Xy — X. Then, for each T € X

point of X), then D|p (z) 18 injective.
(v) Eg is Iy-stable.
Assume, moreover, that X is cofinite. Then:
(vi) lee quotient EL/HU is finite.
(vii) D : (Xy)t — Sub(Ily) is quasi-finite.
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Proof. (i) Take any i,i’ € Sy, and assume & # #. Then there exists
an open subgroup Hj of IIy, such that the following holds: Let Uy denote the
covering of U corresponding to Hy C IIy and X the integral closure of X in Uy
(i.e., Xo is the smooth compactification of Up), then the images xg, z(, of Z, &’
in Xy are distinct from each other. Moreover, by replacing Hy by a smaller
open subgroup if necessary, we may assume that the cardinality of the point
set X~ Up is > 3 (see, e.g., [Tamagawal], Lemma (1.10)).

Now, to show the desired injectivity, it suffices to prove that Iz N Hy #
Iz N Hy holds for any open subgroup H; of Hy. Let U; denote the covering of
U corresponding to H; C Iy and X the integral closure of X in U;. Then, by
the choice of Hy, we see that the images of #, %’ in S, df ¥ T, are distinct
from each other and that the cardinality of S is > 3. Then it is easy to see
that the images of Iz N Hy, Iz N Hy in ﬁ?b are isomorphic to 7=" and that
the intersection of these images is {0}. (Observe (the pro-X' part of) exact
sequence (1-5) in [Tamagawal].) Thus, a fortiori, Iz N Hy # Iz N Hp holds, as
desired.

(ii) Take any & € Sy and @ € ()~(U)C17 such that & # &’ holds; then we
shall prove that the images of #,# by D are distinct from each other. To
see this, it suffices, by definition, to prove that, for any open subgroup H of
Iy, the images Dz N H,Dz N H of &,% in Sub(H) are distinct from each
other. Now, replacing U by the covering of U corresponding to H C Iy, it
suffices to prove that Dz, Dz are distinct from each other. Now, recall that
D;: N Ay = Iz, Dy N Ay = Iz. Thus, if ¥/ € S’U, the last assertion follows
from (i). On the other hand, if Z’ € U, the last assertion follows from the fact
I; ~ 7% I = {1}.

(iii) If 7 € § % X T, the assertion follows from (ii). So, we may and shall
assume T € U° . Take any #,#' € 5~ 1(Z). Then there exists o € Ay such that
7' = o holds. (Such ¢ is unique by the assumption T € UCI, though we do not
use this fact in the proof.) Now, suppose that the images of Z, ' by D coincide
with each other. Namely, D; and Dz = D,3 = 0Dzo~! are commensurate
to each other. Thus, o € Cry, (Dz) N Ay, and it follows from Lemma 1.7 that
o =1 holds, hence &’ = 0 = Z. Namely, 5|5_1(§) is injective, as desired.

(iv) Let  denote the natural morphism X — X, so that p = wop holds. Since
f(r~1(x)) = [k() : k] < oo, the assertions follow directly from (iii).

(v) This follows from the fact that D is II-equivariant.

(vi) To prove this (assuming that ¥ is cofinite), we may replace U by any
covering corresponding to an open subgroup of II;. Thus, we may assume that
the genus of X is > 1 and that X is non-hyperelliptic. (See, e.g., [Tamagawal],
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Lemma (1.10) for the former, and either [Tamagawa3], §2 or the proof (in
characteristic zero) of [Mochizukil], Lemma 10.4(4) for the latter.) We shall
prove that p(Eg), which can be identified with E; /Iy, is finite, or, more
strongly, that p(£7), which can be identified with E; /Ay, is finite.

Take any pair of elements Z, ' € U, and denote by Z, T the images of &, &’
in UCI, respectively. The images pry;(Dz) and pry;(Dz/) are open in Gy, hence
so is the intersection Gy % pry(Dz) Npry(Dss). Let s, 8" be the inverse maps
of the isomorphisms pry [p, : Dz — pry(Dz), pry|p,, @ Dz — pry(Da),
respectively. Then, it is well-known and easy to see that the map ¢ : Gy — Ay,
v+ s(y)s’(y) "1 is a continuous 1-cocycle (with respect to the left, conjugacy
action of Gy on Ay via the section s’). Thus, ¢ defines a cohomology class
in H'(Go, Ay). We denote by ¢3PX = ¢aP(%,7') the image of this class in
HY(Go, A%). (Note that the Gy-action on A“)‘P induced by that on Ay extends
to a canonical Gg-action, hence, in particular, is independent of the choice of
Z'.) Moreover, we set

def

Hx S lm  HY(G,AY)

GEeO0Sub(Gy)
(where the transition maps are the restriction maps) and denote by ¢3® =
ab(%,7') the image of qbgf)x in Hx.

On the other hand, it is well-known that A% is canonically isomorphic
as a Gj-module to the pro-X part T(J)* of the full Tate module T(J) of
the Jacobian variety J (tensored with k) of X. Thus, by Kummer theory
(for the abelian variety J), we obtain an injective map J(kg)/(J(kc){¥'}) —
HY(G,A%), where G is an open subgroup of Gy, k¢ is the finite extension
of k corresponding to G, and, for an abelian group M, M{X'} stands for the
subgroup of torsion elements a of M such that every prime divisor of the order
of a belongs to ¥’. (In fact, the above injective map is bijective by Lang’s
theorem, though we do not use this fact in the proof.) By taking the inductive
limit, we obtain an injective map J(k)/(J(k){¥'}) — Hx. Now, it is widely
known that the image in Hx of the class of T — ' in J = J(k) coincides
with ¢3°. For this, see [NT], Lemma (4.14). (See also [Nakamura2], 2.2 and
[Tamagawal]|, Lemma (2.6).)

Suppose moreover that (#,%’) is an exceptional pair of D. Then it follows
from the various definitions that ¢3 € Hx is trivial. Therefore the class of
z -7 in J(k)/(J(k){X'}) is trivial, or, equivalently, the class cl(Z — Z') in
J(k) lies in J(k){X'}. On the other hand, by (iii), it holds that T # Z’, or,
equivalently (by the assumption that the genus of X is > 1), cl(z —z') # 0.

Consider the morphism 6 : X x X — J, (P,Q) — cl(P — Q). We claim:
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Claim 1.9. (i) §|xxx—_,(x) is injective (on k-valued points), where ¢ :
X — X x X is the diagonal morphism.
(ii) The image W of § does not contain any translate of a positive-dimensional
abelian subvariety of J.

Indeed, for (i), suppose that (P,Q), (P, Q") € (X x X ~ «(X))(k) have
the same image under §. Namely, the divisors P — @Q and P’ — Q' are linearly
equivalent: P — Q ~ P' — @', or, equivalently, P + Q" ~ P’ + Q. Since we
have assumed that X is of genus > 1 and non-hyperelliptic, this implies that
P+ Q" and P’ + @ coincide with each other as divisors. This implies that
either P = P',Q = Q' or P = @Q,P’ = @' holds. The former implies that
(P,Q) = (P',Q"), as desired, and the latter implies that (P,Q),(P’,Q’) €
t(X), which contradicts the assumption. For (ii), suppose that W contains
a translate B’ of some positive-dimensional abelian subvariety B of J. As
dim(W) < dim(X x X) = 2, we have dim(B’) < 2, i.e., either dim(B’") = 2
or dim(B’) = 1. The former implies that B’ = W, since W is defined as the
image of X x X, hence irreducible of dimension < 2. Since 0 € W = B’, we
conclude W = B’ = B. Now, since J is generated by W, we must have J = B.
This implies that the genus of X (i.e., dim(J)) is 2, which implies that X is
hyperelliptic. This contradicts the assumption. So, suppose dim(B’) = 1. By
(i), we see that ¢ induces a bijective morphism X x X \¢(X) — W~ {0}. From
this, we deduce that there exists a finite radicial covering B” of B’ that admits
a non-constant morphism to X x X. In particular, considering a suitable one of
two projections, we see that B” admits a non-constant morphism to X. This
is absurd, since the genus of B (respectively, X) is 1 (respectively, > 1). This
completes the proof of Claim 1.9.

By Claim 1.9(ii) and [Boxall] (which is the most nontrivial ingredient of

the proof of Proposition 1.8), we see that W (k) N (J(k){X'}) is finite. Now,
by Claim 1.9(i), we conclude that there exists a finite subset S of (X x X)(k)
that contains any pair (Z,Z’) as above. This implies the desired assertion that
P(Eg) is a finite set.

(vii) Note that p(Ey) can be identified with Ey /Il by (v). Thus, the assertion

of (vii) directly follows from (vi) and the first part of (iv). O

Definition 1.10. We define Ey to be the image of Ef in X¢!. (This can
be identified with E; /II;;. Thus, if ¥ is cofinite, then it is finite by Proposition
1.8(vi).)

Corollary 1.11. (i) D, |xawp, : X\ Ey — Sub(Ily)n,, is injective.
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(ii) Ey is disjoint from S. (Or, equivalently, Eyy C U°.)
Assume, moreover, that ¥ is cofinite. Then:
(iii) D, : X' — Sub(Ily)m,, is almost injective.

Proof. (i) As D| g ya g, ° (Xp)® \ Bz — Sub(Ily) is injective by
definition and Il -equivariant, its quotient by Iy, which is naturally identified
with Dry, [xe gy, : X Ey — Sub(Ily)m,, is also injective. This completes
the proof.

(ii) This follows from Proposition 1.8(ii).
(iii) This follows from (i) and the fact that Ey is finite (Proposition 1.8(vi)). O

Corollary 1.12. (i) For each & € U, pry induces an injection
Cn, (Dz) = Gy,

and we have
Cny (Dz) = N, (Dz) = Zn, (Dz) O Dz

and
(CHU(D:E) : Dj) < 00.

If, moreover, T € U Ey, we have
Cny (Dz) = Nuy, (Dz) = Zn, (Dz) = Ds.
(ii) For each & € Sy, we have
Cn, (Dz) = Ny (Dz) = Dz, Zn, (Dz) = Zp; (D)

and
Cn, (Iz) = Nu, (Iz) = Dz, Zn, (Iz) = Zp, (1z).
If, moreover, 3 is of density 1, then Zp_(Dz) = {1} and Zp,(Iz) = I5.
(iii) Assume, moreover, that ¥ is cofinite. Then there exists an open subgroup

Gy of G, such that, for any open subgroup H of pral(GO) and any element T
of (Xp) = U] Sy, we have

C’H(DiﬂH) :NH(DQ"JQH) =D;NH,

D;NH, forze U,

Zu(Ds N H) = 8
u(Dz N H) {{1}, forz € Sy.
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In other words, if we replace U by a covering corresponding to such H, we have,
for any & € (Xy)%,
Cny (Dz) = Nuy, (Dz) = Dz,

Dz, forzce U,

Zny (Ds) = {{1}, for & € Sy.

Proof. First, since E|(XU)01\E0 - (X)) Es — Sub(Ily) is injective and
II;-equivariant, we see that Cry, (Dz) = Dz holds for any # € (Xy)® \ Ep.
(i) The first assertion follows from Lemma 1.7. The second assertion follows
from the first assertion and the fact shown at the beginning of the proof.

(ii) Let € Syy. Then & ¢ Eg by Proposition 1.8(ii). Thus, we have Cry,, (Dz) =
Nn, (Dz) = Dz. From this, we also have Z1,,(Dz) = Zp, (D3z).

Next, by Proposition 1.8(i), the map I|g, : Sy — Sub(Ily) is injec-
tive. Since this map is also IIy-equivariant, we see that Cr, (Iz) = Dz. As
Cn, (Iz) D Nn, (Iz) D Dz, we have Ny, (Iz) = Dz. From this, we also have
Zny, (Iz) = Zp, (Iz).

If 3 is of density 1, then this last group coincides with Iz by Lemma 1.1(ii).
In particular, Zp,(D;z) C Iz, which implies Zp_(Dz) = I; N Zp,(Dz) = {1}
by Lemma 1.1(i).

(iii) Define Gy to be the intersection (in Gy) of Gy, for x € Ey. Since Ey is
finite by Proposition 1.8(vi), Gy is an open subgroup of G. By (i) and (ii), it
is easy to see that this G| satisfies the desired properties. a

Next, we shall show that various invariants and structures of U can be re-
covered group-theoretically (or ¢-group-theoretically) from Iy, in the following
sense.

Definition 1.13. (i) We say that IT = (I, A, ¢r1) is a ¢-(profinite )group,

if IT is a profinite group, A is a closed normal subgroup of II and ¢ is an
element of II/A.
(ii) An isomorphism from a @-group II = (II, A, ¢r1) to another ¢-group II' =
(I, A’, /) is an isomorphism II = II' as profinite groups that induces an
isomorphism A = A’ hence also an isomorphism II/A = II'/A’, such that
the last isomorphism sends ¢ to ¢r/.

From now on, we regard Il as a p-group by Iy = (I, Ay, pr), where g
stands for the #(k)-th power Frobenius element in Gy = Iy /Ay. We shall say
that an isomorphism « : II;; = Il of profinite groups is Frobenius-preserving
if @ determines an isomorphism of p-groups.
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Definition 1.14. (i) Given an invariant F'(U) that depends on the iso-
morphism class (as a scheme) of a hyperbolic curve U over a finite field, we
say that F(U) can be recovered group-theoretically (respectively, @-group-
theoretically) from Iy, if any isomorphism (respectively, any Frobenius-
preserving isomorphism) Iy = Iy implies F(U)
UVv.

(ii) Given an additional structure F(U) (e.g., a family of subgroups, quotients,
elements, etc.) on the profinite group Iy that depends functorially on a hy-

F (V) for two such curves

perbolic curve U over a finite field (in the sense that, for any isomorphism
(as schemes) between two such curves U, V, any isomorphism Il — Iy in-
duced by this isomorphism U = V' (unique up to composition with inner au-
tomorphisms) preserves the structures F(U) and F(V)), we say that F(U)
can be recovered group-theoretically (respectively, ¢-group-theoretically) from
IIy, if any isomorphism (respectively, any Frobenius-preserving isomorphism)
Iy = Iy between two such curves U,V preserves the structures F(U) and
F(V).

Proposition 1.15. 1. The following invariants and structures can be
recovered group-theoretically from Ily:
(i) The subgroup Ay of Iy, hence the quotient Gy, = Iy /Ay.
(ii) The subsets ¥ and X of Primes.
II. The following invariants and structures can be recovered p-group-
theoretically from Il
(iii) The prime number p.
(iv) The cardinality #(k) (or, equivalently, the isomorphism class of the finite
field k).
(v) The genus g = gx of X and the cardinality r = ry def £(S), where S def
X\ U.
(vi) The kernel Iy of the natural surjection Iy — Il x (which coincides with the
kernel of the natural surjection Ay — Ax), hence the quotients x = Iy /Iy,
AX = AU/IU.
(vii) The cardinalities §(X (k)), 8(U(k)) and §(S(k)).
III. Assume, moreover, that ¥ is of density 1. Then the following structure
(hence also (iii)—(vii) above) can be recovered group-theoretically from Ily:
(viii) The #(k)-th power Frobenius element @i € Gy.

Proof. (i) Similar to [Tamagawal], Proposition (3.3)(ii). (See also
[Mochizuki2], Theorem 1.1(ii).)
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(ii) Note that A2 is isomorphic to (2" )20+r+b=1 Z;,, where b = by stands for
the second Betti number of U, i.e., b = 1 (respectively, 0) if » = 0 (respectively,
r > 0), and ¢ stands for the p-rank of the Jacobian variety of X (respectively, 0)
if p € 3 (respectively, p € ). (See, e.g., [Tamagawal], Corollary (1.2).) Here,
we always have 2g +r+b—1 > ¢ > 0. If, moreover, p € ¥ and if we replace
Iy by a suitable open subgroup, then we have ¢ > 0. (See, e.g., [Tamagawal],
Lemma (1.9). See also [Tamagawa2], Remark (3.11).) From these, it is easy
to see that ¥ and X can be recovered group-theoretically from II;;. (See also
[Mochizuki2], Theorem 1.1(i).)

(iii) By conjugation, Gy = IIy/Ay acts on (A2)® hence on the
rankzzf((A%,b)gT)—th exterior power /\rzn;?((A?Jb)ET. Thus, we obtain (purely
group-theoretically) the character

max
pdot G — Aut /\ (Aan)ET _ (ZET)X.

7=t
As in the proof of [Tamagawal], Proposition (3.4)(i), we have pd¢* = exgg"%*l,
where st is the pro-X cyclotomic character and e is a certain character
(depending on U) with values in {£1}. Now, p can be characterized by
pdet(pr) € £p? (C (sz)x). (See also [Mochizuki2], Remark 11.)
(iv) Similar to [Tamagawal], Proposition (3.4)(iii). (See also [Mochizuki2],
Remark 11.)
(v) Similar to [Tamagawal], Proposition (3.5). (See also [Mochizuki2], Theorem
1.1(1).)
(vi) Similar to [Tamagawal], Proposition (3.7).
(vii) Similar to [Tamagawal], Proposition (3.8). More precisely, by the Lef-
schetz trace formula, we have, for any prime [ € Xf,

B(X (k) = i(—l)itr(%l | Heo (X, Qi)
= 1_i b(k) —tr(pp ' | HY (Ax, Qi)).
Here, observe H,(X, Q) = Q;, H2(X,Q,) = Q(1), and
Hy (X, Qi) = H'(Ax, Qi)

We also have



152 MOHAMED SAIDI AND AKIO TAMAGAWA

M)

QU K) =Y (1) tr(o, " | H(U, Q)

s.
ol
=

(=)' tr(or | He (U, Qu(1)))

(=)

- 2
= (k) Y (1) tr(px | HL (U, Q)
1=0
= (k) Y (—1)" tr(px | H (Au, Q).
1=0

Here, for a profinite group I', we define
H(T, Q) = (lim H (T, Z/1"Z)) ©z, Qi

as usual. Thus, §(X(k)) and §(U(k)) can be recovered ¢-group-theoretically.
Finally, #(S(k)) can be recovered as §(X (k)) — #(U(k)).

(viii) First, in the notation of the proof of (iii) above, the image of (pd°t)? =
y2(g+n+b=1) ig an open subgroup of the subgroup (p) of (Z=')* (topologically)
generated by p. This characterizes group-theoretically the prime number p (in
(1) = ¥ U {p}), by a theorem of Chevalley ([Chevalley], Théoréme 1, see
also [GS]). More precisely, take any prime ¢ € (X1)" distinct from p. Then, by
applying Chevalley’s theorem to the finitely generated subgroup (p, ¢) of Q*, we
see that the map Z x Z — (ZET)X, (a, B) = pq” is injective, hence that there
does not exist a subgroup of (ZET)X that is open both in (p) and (g). Next,
define m to be the minimal positive integer with p™ € (p9*)2(G},) (C (ZET)>< ).
Then ¢ can be characterized by (p¢*)2(pr) = p™. (See also [Mochizuki2],
Remark 9.) O

Definition 1.16. (i) For each closed subgroup G of Gy, we denote by
k¢ the subextension of k in k corresponding to G. Observe that, if G is open,
then k¢ is a finite field.

(ii) For each closed subgroup H of Iy, we set Gy e pry(H) and kg e kG-
We denote by Uy the (pro-finite, pro-tame, geometrically pro-X) covering of U
corresponding to H. Observe that, if H is open, then Uy is a hyperbolic curve
over the finite field ky and H can be identified with Il .

(iii) Let H be a closed subgroup of II;y and G a closed subgroup of Gg. Then we
set Hg “yn prEI(G). Observe that Ug,, can be identified with Uy X, k.
(iv) For each open subgroup H of Iy, we set

vu(H) € 4(Un (k).
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Corollary 1.17. The map OSub(Ily) — Zso, H — vy(H) can be
recovered p-group-theoretically from Iy .

Proof. Since H = Ily,,, this is immediate from Proposition 1.15(vii). O

Finally, we shall prove that the set of decomposition groups in IIy; can be
recovered @-group-theoretically from Ily. First, we shall treat decomposition
groups at points of Sy .

Theorem 1.18. (i) The set of inertia groups at points of Sy (i.e., the
image of the injective map I|g, - Sy — Sub(Ay) € Sub(Ily)) can be recovered
p-group-theoretically from I .

(ii) The set of decomposition groups at points of Sy (i.e., the image of the
injective map D|g - Sy — Sub(Iy)) can be recovered p-group-theoretically
from .

Proof. (i) This is due to Nakamura. See [Nakamural], §3 and [Naka-
mura3], 2.1. (See also [Tamagawal], §7, C.) Strictly speaking, Nakamura only
treats the case over number fields, but his proof relies on Frobenius weights

and the same proof works over finite fields.
(ii) This follows from (i), together with Corollary 1.12(ii). O

Next, we shall treat decomposition groups at points of U<, This is done
along the lines of [Tamagawal], §2, but slightly more subtle than the case of
[Tamagawal], due to the existence of the exceptional set E.

Definition 1.19. (i) We denote by S(IIyy) (C Sub(Ily)) the set of closed
subgroups Z of IIyy such that Gz is open in Gy and that pry; |z : Z — Gz is
an isomorphism.

(ii) For each open subgroup G of Gy, we set

S(ly)e © {Z e S(ly) | G; = G}
Namely, S(Ilyy)¢ can be identified with the set of group-theoretic sections of
the surjection pry [, : (Hy)a — G.

Definition 1.20. Let Z be an element of S(Ily).
(i) We define U(Z) to be the set of open subgroups of (Ily/)g, that contain Z.
(ii) For each H € U(Z), we define m(H, Z) to be the number of elements s of
(a complete system of representatives of) (IIy)g,/H such that s™1Zs C H.
Note that this is a group-theoretic invariant.
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(iii) We denote by voo(Z) the cardinality of Uz(kz). (Note that Uz(kz) can
be identified with the project limit of {Un (kz)} meu(z)-)

(iv) We denote by Uz (kz)* the set of points x of Uz (kz) such that the residue
field of the image of x in U coincides with kz. (Observe that this residue field
is included in kz in general.) We denote by v’ (Z) the cardinality of Uz(kz)*.
(v) We define Uz (k)™ to be the union of Uz, (kg) = Uz(kg) for all open
subgroups G of Gz. (N.B. Since Uy is not of finite type over kz, we have
Uz(k)in C Uz(k).) We denote by Voo(Z) the cardinality (€ Zso U {oo}) of
Uz (k)fin. Moreover, we define (Uz)M" to be the image of Uz (k)™ in (Uz).

Proposition 1.21.  Let Z be an element of S(Ily).
(i) Let G be an open subgroup of Gz and x a point of Uz, (ka) C (Ugzy)<.
Then there exists a unique point T € U< above x. Moreover, Dy contains Z,
and, in particular, Dz is commensurate to Z.
(ii) Let & € U and = the image of & in (Uz)®. Then we have

x € Uz(k‘z) < Z C D;,

x € Uz(kz)* <— 7 = Dj;,

and
z € (Ug)M" «—= Z and Dz are commensurate.

(iil) We have Vi (Z) < Voo(Z) < Voo(Z) and voo(Z) < vy ((lly)a,) < 0.
(iv) Assume, moreover, that ¥ is cofinite. Then we have Uoo(Z) < 0.

Proof. (i) Take any point Z € U< above z. First note that D; N Zg is
the decomposition group at & in Zg. Thus, since x is kg-rational, the image
of Dz N Zg by pry; must coincide with G. Since pry induces an isomorphism
Za 5 G, this implies that Dz N Zg coincides with Zg. It follows from this
that Dz contains Zg and that there exists only one point (i.e., Z) of U above z.
Finally, since Z¢ is open both in Z and in Dz, D; is commensurate to Z. (For
the latter openness, observe that pr;; induces an isomorphism Dz — pry (D)
and that pry;(Zg) = G is open in pry;(Dz).)

(ii) First, suppose x € Uz(kz). Then, by (i), Z C Dz. Conversely, suppose
Z C Dz, Then the decomposition group Dz N Z at & in Z coincides with Z,
which implies © € Uz(kz).

Next, we define zy; to be the image of z in U, Suppose = € Uz(kz)*.
Then, by (i), Z C Dz. By the definition of Uz (kz)*, we must have k(xy) = kz,
or, equivalently, pry;(Dz) = pryy(Z). This implies Dz = Z. Conversely, suppose
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Z = Dj. Then pry;(D;z) = pry(Z), or, equivalently, k(xy) = kz. This implies
xe€Ugz(kz)*.

Finally, for each open subgroup G of Gz, denote by zg the image of Z in
(Uz,)®". Then

= (UZ)Cl,ﬁn
<= z¢ € Uz, (kz,) for some open subgroup G of Gz
<= Zg C Dj; for some open subgroup G of Gz

<= Z and Dj; are commensurate,

where the second equivalence follows from the first equivalence in the statement
of (ii).

(iii) The first two inequalities are clear. To see the third inequality, it suffices to
prove that the natural map Uz(kz) — Uy, (kz) is injective. For this, take
z,2" € Uz(kz) and suppose that the images of z,z" in U, (kz) coincide
with each other. Take the unique points #,#’ € U above z,2’, respectively.
Then, by (i), Dz and Dz are commensurate to each other. On the other hand,
since the images of Z,%’ in (U, GZ)"I coincide with each other and are kz-

rational, we see that their images in UCI must coincide with each other. It
follows from these observations and Proposition 1.8(iii) that Z = &', hence that
x = 2, as desired.

(iv) This follows from (ii) and Proposition 1.8(vii). (Observe that the natural
surjective map Uz (k)i — (Uz)Mn is quasi-finite.) O

Corollary 1.22. Let Z be an element of S(Ily). Then we have
(i) There exists an & € U such that Z = D; (respectively, Z C Dz, re-
spectively, Z is commensurate to Dz), if and only if vi (Z) > 0 (respectively,
Voo (Z) > 0, respectively, Uoo(Z) > 0).
(ii) There exist more than one & € U such that Z is commensurate to Dy, if
and only if Voo (Z) > 1.
(iii) There exists an & € U \ Ep (respectively, & € Eg) such that Z = Dz if
and only if Voo (Z) = V2 (Z) = 1 (respectively, vi (Z) > 0 and Vo (Z) > 1).

Proof. (i) This is immediate from Proposition 1.21(ii).
(ii) By definition, T (Z) > 1 if and only if voo(Zg) > 1 for some open subgroup
G of Gz. Thus, the assertion follows from (the first statement of) Proposition
1.21(ii) and (the uniqueness statement of) Proposition 1.21(3).
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(iii) It follows formally from (i) and (ii) that v* (Z) > 0 and To(Z) > 1
(respectively, < 1) if and only if Z = Dj; for some & € U and Z is com-
mensurate to D; for more than (respectively, at most) one Z € U<, This last
statement is equivalent to saying that Z = Dj for some Z € E; (respectively,
FeUY\ Ep). This, together with Proposition 1.21(iii) (or, more specifically,
the fact V% (Z) < U (Z)), completes the proof. O

Proposition 1.23.  Let Z be an element of S(Ily).
(i) We have (
vy H)
veolZ) = I H, Z)
H—Z
More precisely, there exists an Hy € U(Z) such that, for any H € U(Z) with
H C Hy, we have

vy (H)
Z)= ———-.
vee(2) = L H 7
In particular, veo(Z) is a p-group-theoretic invariant.

(i) Set C e Ch, (Z), which is isomorphic to Z. Then we have

Vio(2) = Y n(N/d)vee (C?),

d|N

where N & (C:2), 04 def {0 | o0 € C}, and p stands for Mébius’ function.
In particular, v2_(Z) is a p-group-theoretic invariant.
(iii) We have
Uool(Z) = Sup  Veo(Za).
GeO0Sub(Gz)

In particular, Voo (Z) is a p-group-theoretic invariant.

Proof. (i) We define Ugny)q, (kz)> to be the image of Uz(kz) in
Uty)e, (kz)(= U(kz)). On the one hand, the proof of (the third inequality of)
Proposition 1.21(iii) shows that the natural surjection Uz (kz) — Uy)g,, (kz)>
is a bijection. On the other hand, since Uz(kz) = liLnHeu(Z) Upn(kz) and
#(Un(kz)) < oo for each H € U(Z) (hence, in particular, §(U(kz)) < o0), we
see that there exists an Hy € U(Z) such that Uy, (k7)* coincides with the
image of UHO (kiz) in U(HU)GZ (kiz)

Take any H € U(Z) with H C Hy. Then each point of Uy (kyz) lies
above some point of Uy, (kz)>. For each point @ € Uz(kz), write & for

the unique point of U that lies above z. Then, by Proposition 1.21(i), the
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decomposition group at Z in (IIy)g, coincides with Z. From this, we see that
m(H,Z) is defined so as to coincide with the cardinality of the fiber of the
map Up(kz) — Umy)e, (kz) at za,),,, where z(,),, is the image of «
in Utniy)g, (kz). From these, we conclude that the quantity vy (H)/m(H, Z)
coincides with the cardinality §(Ur,)q, (k2z)>), as desired.

The last assertion follows from the first assertion and Corollary 1.17.

(ii) First, by Lemma 1.7, we see that C' € S(IIyy) and that C is isomorphic
to Z. Let @ be a point of Uz(kz). We claim that @ ¢ Uz (kz)* if and only
if there exists Z/ € S(Ilyy) with Z’ 2 Z, such that the image in (Uz/ ) of
x € Uy(kyz) C (Ug)® is kz -rational. Indeed, to see the ‘if’ part, observe that
the natural morphism Uz — U factors through Uz — Uy,. Thus, if the image
of z in (Uz ) is kz -rational, so is the image of x in U, hence z & Uz (kz)*.
Conversely, suppose x & Uz(kz)* and take the unique point & € U< above z.
As the residue field of the image of x in U is strictly smaller than &z, the image
of Dz in G must be strictly larger than Gz. Now, it is easy to see from this
that 7' % Dj; has the desired property.

Now, consider Z’ € S(Ilyy) with Z' D Z. Then we have Z C Z' C C, which
implies that Z’ = C¢ for some (unique) d dividing N. We see Uz = Uc X kz,
and, in particular, Uz = Uc X kz. Thus, the image of z in Uz is k-
rational if and only if x € Uz(kz) = Uc(kz) lies in Uz/ (kz) = Uc(kz).

These observations, together with the so-called inclusion-exclusion princi-
ple (see, e.g., [Hall], Chapter 2), imply the desired formula.

(iii) Immediate from the definitions. O

Theorem 1.24.  The set of decomposition groups at points of U (re-
spectively, U < Eg, respectively, Eg) (i.e., the image of the map D|ga :
U — Sub(Ily) (respectively, D‘UCI\EO : U\ Eg — Sub(Ily), respectively,
Dlg, : Eg — Sub(Ily))) can be recovered yp-group-theoretically from 1.

Proof. This follows formally from Corollary 1.22 and Proposition 1.23.
O

Corollary 1.25. The set of decomposition groups at points of (f(U)Cl
(i.e., the image of the map D : (Xy) — Sub(Ilyy)) can be recovered p-group-
theoretically from Il .

Proof. This is immediate from Theorem 1.18(ii) and Theorem 1.24. (See
also [Mochizuki2], Remark 10.) O
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82. Cuspidalizations of Proper Hyperbolic Curves

In this §, we review the main results of Mochizuki’s theory of cuspi-
dalizations of fundamental groups of proper hyperbolic curves, developed in
[Mochizuki2], which plays an important role in this paper. We maintain the
notations of §1 and further assume X = U. (Thus, the finite set S in §1 is
empty, and, in this §, we save the symbol S for another finite set of closed
points of X.) Accordingly, X is a proper hyperbolic curve over a finite field
k=kx.

Recall that A x stands for the maximal pro-Y quotient of 7 (X), that ITx
stands for 71 (X)/ Ker(m; (X) - Ax), and that they fit into the following exact
sequence:

1—>Ax—>HXp2>( Gk—>1

Similarly, if we write X x X def ¥ X X, then we obtain (by considering the

maximal pro-¥ quotient Axxx of (X x X)) an exact sequence:
1= Axxx = lxxx = G — 1,

where IIx x (respectively, Axxx) may be identified with ITx x ¢, ITx (respec-
tively, AX X Ax)

Definition 2.1 (cf. [Mochizuki2], Definition 1.1(i).). Let H be a profinite
group equipped with a homomorphism H — IIx. Then we shall refer to the
kernel Iy of H — Ilx as the cuspidal subgroup of H (relative to H — IIx). We
shall refer to an inner automorphism of H by an element of Iy as a cuspidally
inner automorphism. We shall say that H is cuspidally abelian (respectively,
cuspidally pro-X*, where ¥* is a set of prime numbers) (relative to H — Ilx) if
Iy is abelian (respectively, if Iy is a pro-X* group). If H is cuspidally abelian,
then observe that H/Iy acts naturally (by conjugation) on Iy. We shall say
that H is cuspidally central (relative to H — IIx) if this action of H/Iy on
Iy is trivial. Also, we shall use the same terminology for H — IIx when Ilx
is replaced by Ax, IIxxx, or Axxx.

For a finite subset S C X*°! write Ug f X OS. Let Ay, be the maximal
cuspidally (relative to the natural map to Ay) pro--t quotient of the maximal
pro-¥ quotient of the tame fundamental group of Us (where “tame” is with
respect to the complement of Ug in X), and let Iy, be the corresponding
quotient 71 (Ug)/Ker(m1(Us) — Ayg) of m1(Us). Thus, we have an exact
sequence:

1—>AUS —>HUS—>Gk—>1,
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which fits into the following commutative diagram:

1-Ay, -y, -G — 1

1—- Ax - IIx -G — 1.

Further, let ¢ : X — X x X be the diagonal morphism, and write

Uxxx X x X~ o(X).
We shall denote by Ay, the maximal cuspidally (relative to the natural map
to Axxx) pro-X quotient of the maximal pro-X quotient of the tame funda-
mental group of (Uxx x )z (where “tame” is with respect to the divisor ¢(X) C
X x X), and by Il . the corresponding quotient m; (Ux x x)/ Ker(m (Uxxx)
— Auy, x) of T (Uxxx). Thus, we have an exact sequence:

1— AUX><X - HUxxx — G — 1,
which fits into the following commutative diagram:

1 HAUXXX HHUXXX —Gr—1

1= Axyx — Uxxx =G — 1.

Finally, set
def

My % Hom, i (H2(Ax,271),27).

Thus, Mx is a free 7> “module of rank 1, and My is isomorphic to ZET(I)
as a Gp-module (where the “(1)” denotes a “Tate twist”, i.e., Gy acts on
Al (1) via the cyclotomic character) (cf. [Mochizuki2], the discussion following
Proposition 1.1).

For the rest of this §, let X, Y be proper hyperbolic curves over finite fields
kx, ky of characteristic px, py, respectively. Let ¥x (respectively, Xy) be a
set of prime numbers that contains at least one prime number different from
px (respectively, py). Write Ax (respectively, Ay ) for the maximal pro-Xx
quotient of 7m1(X) (respectively, the maximal pro-Yy quotient of 7 (Y)), and

ITx (respectively, IIy) for the quotient 71 (X)/Ker(m (X) — Ax) of m(X)

(respectively, the quotient 71 (Y)/ Ker(m (Y) — Ay) of m1(Y)).
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Let
(03 HX :> Hy

be an isomorphism of profinite groups.
The following is one of the main results of Mochizuki’s theory.

Theorem 2.2 (Reconstruction of Maximal Cuspidally Abelian Exten-
sions).  Let tx : X — X x X (respectively, 1y : Y — Y xY) be the diagonal

morphism, and write Uxy x ©f X x X~ (X)) (respectively, Uy xy ef v«
Y~ u(Y)). Denote by My, — NG Ty, — G20 the mazimal cusp-

idally (relative to the natural surjections Iy, — Uxxx, My, .y = Dyxy,
respectively) abelian quotients. Then there is a commutative diagram:

c-ab

c-ab @ c-ab
HUX x X HUY XY

l l

aXo
Myxx —— Ilyxy

where P

is an isomorphism which is well-defined up to cuspidally inner
automorphism (i.e., an inner automorphism of Hi}izy by an element of the

cuspidal subgroup Ker(H%}sz — Iy xy)). Moreover, the correspondence

o — ac—ab

is functorial (up to cuspidally inner automorphism) with respect to «.

Proof. See [Mochizuki2], Theorem 1.1(iii). O

Let # € X and z the image of # in X. In this and the next §§, we
sometimes refer to the decomposition group Dz as the decomposition group of
IIx at z, and denote it simply by D,. Thus, D, is well-defined only up to
conjugation by an element of ITx.

For the rest of this §, we shall assume that « is Frobenius-preserving (cf.
Definition 1.14). (Note that this assumption is automatically satisfied in the
case where X x and Xy are of density 1 by Proposition 1.15(viii).) Thus, by
Theorem 1.24, one deduces naturally from « a bijection

¢: X"NEx S Y9!\ Ey

such that
Oé(Dx) = D¢(x)
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holds (up to conjugation) for any 2 € X! \\ Ex. (Note that Ex (respectively,
Ey) is a finite set by Proposition 1.8(vi), if ¥ x (respectively, 3y) is cofinite.)
As an important consequence of Theorem 2.2, we deduce the following:

Corollary 2.3. With the above assumptions, let S C X'\ Ex, T C
Y\ Ey be finite subsets that correspond to each other via ¢. Then o, a?P
induce isomorphisms (well-defined up to cuspidally inner automorphisms, i.e.,
inner automorphisms by elements of Ker(II{;*> — Ily))

agP I S IIgR
lying over a;, where Ug def X\S, Vr def Y\T, and Iy, — Hi}?b, Iy, — H%}Tab,
are the mazimal cuspidally abelian quotients (relative to the maps My, — x,
Iy, — Iy, respectively). These isomorphisms are functorial with respect to
a, S, T, as well as with respect to passing to connected finite étale coverings
of X, Y, which arise from open subgroups of Il x, Ily, in the following sense:
Let £ : X' — X (respectively, n : Y/ — Y) be a finite étale covering which
arises from the open subgroup Ilx, C Ilx (respectively, 11y, C Ily), such that

a(Mly)) =My set UL, < X8, Vi, € y/'\1, 8 € e1(s), 7 < n=1(T):;

and denote by o' the isomorphism Il x, 5 My induced by a. Then we have the
following commutative diagram:

( /)c—ab

c-ab s’ c-ab
oy, 7
ac—ab
c-ab 5T c-ab
e —— 1,

where the vertical arrows are the natural maps.

Proof. The proof of [Mochizuki2], Theorem 2.1(i) (where Ex = Ey =0
is assumed) works as it is. O

Next, let

1—>MX_’ID_>HX><X—>1

be a fundamental extension, i.e., an extension whose corresponding extension
class in H% (X x X, M) (via the natural identification H?(Ixxx, Myx) —
H2(X x X,Mx) (cf. [Mochizuki2], Proposition 1.1)) coincides with the first

(étale) Chern class of the diagonal ¢«(X) (cf. [Mochizuki2], Proposition 1.5). Let



162 MOHAMED SAIDI AND AKIO TAMAGAWA

z,y € X(k) and write D,, D, C IIx for the associated decomposition groups
(which are well-defined up to conjugation). Set

def def
D, = D|D, xg, lIx, Duy = D|D, xg, Dy.
Thus, D, (respectively, Dy ) is an extension of IIx (respectively, Gi) by Mx.
Similarly, if D = 37, m;.;, E = 37;n;.y; are divisors on X supported on
k-rational points, then set

def

def
DD = E m,Dw” DD,E = E mi.nj.Dwi)yj
i 1,7

where the sums are to be understood as sums of extensions of Il x, G, respec-
tively, by Mx, i.e., the sums are induced by the additive structure of Mx.
For a finite subset S C X (k), we shall write

lef
D {Tp,
zeS

where the product is to be understood as a fiber product over Ilx. Thus, Dg
is an extension of IIx by a product of copies of Mx indexed by the points
of S. We shall refer to Dg as the S-cuspidalization of IIx. Observe that if
S’ € X (k) is a finite subset containing S, then we obtain a natural projection
morphism Dg; — Dg. More generally, for a finite subset S C X which does
not necessarily consist of k-rational points, one can still construct the object
Ds by passing to a finite extension kg of k over which the points of S are
rational, performing the above construction over kg, and then descending to k.
(See [Mochizuki2], Remark 5 for more details.)

Proposition 2.4 (Maximal Geometrically Cuspidally Central Quotients).

(i) For S ¢ X a finite subset, the S-cuspidalization Ds of Ilx may be identified

with the quotient Ty, — TG ' Ty, / Ker(Apy — AG™) of My, where A

is the mazimal cuspidally central quotient of Ay, relative to the natural map

Ay, - Ax.
(ii) The fundamental extension D may be identified with the quotient I x x x —»
G € My o/ Ker(Auy, = AF ) of oy, ., where AGS s the

mazimal cuspidally central quotient of Ay, . relative to the natural map

Avyg x > Axxx.

Proof. See [Mochizuki2], Proposition 1.6(iii)(iv). (Precisely speaking,
Proposition 1.6(iii) loc. cit. only treats the special case where S C X (k)
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holds. However, the proof for the general case is easily reduced to this special
case by passing to a finite extension of k. cf. Remark 5 loc. cit.) U

Remark 2.5. Let D (respectively, £) be a fundamental extension of X
(respectively, Y). The isomorphism « : IIx — IIy induces an isomorphism:

D5E

up to cyclotomically inner automorphisms (i.e., inner automorphisms by ele-
ments of My, My ) and the actions of (k;()EE(’ (k;)zi’, where (k}x()z; (respec-
tively, (ké)z;) is the maximal Z;,— (respectively, E;—) quotient of k¥ (respec-
tively, ky) (cf. [Mochizuki2], Proposition 1.4(ii)). Moreover, let S C X'\ Ex
and T C Y \_ Ey be as in Corollary 2.3 and write Dg (respectively, Er) for
the S-cuspidalization of IIx (respectively, the T-cuspidalization of ITy). Then
the isomorphism D = £ induces an isomorphism

Ds = &Er

lying over a.
On the other hand, let Iy, — II7S" and Iy, — 7™ be the maximal

geometrically cuspidally central quotients (here, Ug LD SN , Vi ey T)

(cf. Proposition 2.4). Note that the isomorphism ag3P : 52> = IIG2P in
Corollary 2.3 naturally induces an isomorphism

c-cn ™ c-cn

Us Vi
lying over «, which is well-defined up to cuspidally inner automorphism. Now,
by Proposition 2.4(i), IS (respectively, II{;"") may be identified with Dg
(respectively, £r). Thus, we deduce another isomorphism

Ds = Er

lying over a.
Now, the above two isomorphisms between Dg and Er coincide with each

other up to cyclotomically inner automorphisms and the actions of (k;()zﬁ(’

(k).

Another main result of Mochizuki’s theory is the following, which allows
us to recover -group-theoretically the maximal cuspidally pro-l extension of
IIx, in the case where the set of cusps consists of a single rational point.
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Theorem 2.6 (Reconstruction of Maximal Cuspidally Pro-I Extensions).
Let z,, € X(kx), ys € Y(ky), and set S et {z.}, T et {y«}, Us ELD'EN S,
Vr ©fy (T. Assume that the Frobenius-preserving isomorphism « : IIx =
IIy maps the decomposition group of x. in Ilx (which is well-defined up to
conjugation) to the decomposition group of y. in Ily (which is well-defined up

def

to conjugation). Set ¥ = Xx =Xy and p def px = py. Then, for each prime

1 € X1 (thus, | # p), there exists a commutative diagram:

Ozc_l

c-l c-l
HUs — 1y,

l !

HxLHY

in which Iy, — H‘f]‘é, My, — H%,i are the maximal cuspidally pro-l quotients
(relative to the maps My, — Ilx, v, — Ily, respectively), the vertical arrows
are the natural surjections, and o' is an isomorphism well-defined up to com-
position with a cuspidally inner automorphism (i.e., an inner automorphism
by an element of Ker(Il§;! — Ily)), which is compatible relative to the natural
surjections

) )

M — g™, Ty —
where the subscript “c-ab,l” denotes the mazximal cuspidally pro-l abelian quo-
tient, with the isomorphism

c-ab .,

c-ab ™ c-ab
Oés7T . HUS — HVT

c-l

in Corollary 2.3. Moreover, a®" is compatible, up to cuspidally inner automor-

phisms, with the decomposition groups of T, Y. in H‘f}é, H%

Proof. See [Mochizuki2], Theorem 3.1. O

83. Kummer Theory and Anabelian Geometry

We maintain the notations of §2. If n is an integer all of whose prime
factors belong to X, then we have the Kummer exact sequence

1_>Mn_)Gm_>Gm_>17

where G,,, — G,, is the n-th power map. We shall identify p,, with Mx /nMx
according to the identification in [Mochizuki2], the discussion at the beginning
of §2.
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Consider a subset
Ec X<,

(We will set E = Ex eventually, but F is arbitrary for the present.) Let
S C X \_E be a finite set. If we consider the above Kummer exact sequence
on the étale site of Ug 4f ¥ S and pass to the inverse limit with respect to

n, then we obtain a natural homomorphism
I'(Us,0p,) — H'(Ilyy, Mx)

(cf. loc. cit.). (Note that here it suffices to consider the group cohomology of
Iy, (i.e., as opposed to the étale cohomology of Ug), since the extraction of
n-th roots of an element of I'(Us, Op;.) yields finite étale coverings of Us that
correspond to open subgroups of IIy,.) Observe that this homomorphism is
injective if X7 = Primes \ {p}, since the abelian group I'(Us, Op,) is finitely
generated and free of p-torsion, hence injects into its pro-prime-to-p completion.

In particular, by allowing S to vary among all finite subsets of X \ E,
we obtain a natural homomorphism

Og - h_H)l HI(HUsaMX)v
S

where
05 Y {f e KX | supp(div(f)) N E = 0}

is the multiplicative group of the units in the ring Og of functions on X which
are regular at all points of E. (Here, Kx denotes the function field of X.)
Observe that this homomorphism is injective if 3T = Primes . {p}.

Proposition 3.1 (Kummer Classes of Functions). Suppose that S C
X E is a finite subset. Write

Au, = AGE - Ager
for the mazimal cuspidally abelian and the mazimal cuspidally central quotients,

respectively, relative to the map Ay, - Ax, and

Cc-Ccn

c-ab
HUs—»HUs — Hug

for the corresponding quotients of Iy (i.e., H%}Sb Lf Iy, / Ker(Ay, — A‘f]‘:b),

I o My /Ker(Ayg — AG™)). If x € X, then we shall write

Dx [US] C HUS
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for the decomposition group at x in Iy, (which is well-defined up to conju-
gation), and I,[Us] o D.[Us] N Ay for the inertia subgroup of D.[Us].
Thus, when x € S we have a natural isomorphism of Mx with I,[Us] (cf.
[Mochizuki2], Proposition 1.5(ii)(iii)). Then:

(i) The natural surjections induce the following isomorphisms:
Hl( %;naMX) = Hl(H%J_:b7MX) = Hl(HU57MX)
In particular, we obtain the following natural homomorphisms:
I'(Us,0p,) — H' (TG, Mx) = H' (152", Mx) = H'(Ily,, Mx),

OE - hi>n HI(HE};nvMX) = h_r,n Hl(H%J_:b7MX) = hi>n HI(HUvaX)ﬂ
s s s
where S varies among all finite subsets of X \ E.
These natural homomorphisms are injective, if, moreover, 3T = Primes
{p}.
(i) Restricting cohomology classes of Iy to the various I, [Usg] for x € S yields
a natural exact sequence:
L= ()™ — H'(Tlys, Mx) = (& 2%)
seS
(where we identify Homyyt (I, [Us], Mx) with ZET). Moreover, the image (via
the natural homomorphism given in (i)) of T(Us,Of.) in H'(Ilyg, Mx) is
equal to the inverse image in H'(Ily,, Mx) of the submodule of
st
©Z)C(®Z*
(SGS ) (SGS )
determined by the principal divisors (with support in S). A similar statement
holds when Iy, is replaced by 115" or H‘{}gb.
(iii) If f € T(Us, Op,), write

kG e HY(IIGS, Mx), k$* € HY(IIG?, Mx), kg € H'(Ily,, Mx)
for the associated Kummer classes. If x € (X' \ E) .S, then D,[Us] maps,
via the natural surjection Ilyy — Gy, isomorphically onto the open subgroup

Gr() € G (where k(x) is the residue field of X at x). Moreover, the images
of the pulled back classes

K p,ws) = K5I p,vs) = Kflpaws) € H (Da2[Us], Mx) ~ H' (G, Mx)
~ (k(x)*)™'
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in (k(z))>" are equal to the image in (k:(x)X)E+ of the value f(x) € k(x)* of
f atx.

Proof.  See [Mochizuki2], Proposition 2.1. (Strictly speaking, Proposition
2.1(ii) loc. cit. only treats the case where S C X (k), but the same proof works
well for the general case.) |

Remark 3.2 (cf. [Mochizuki2], Remark 12). In the situation of Propo-
sition 3.1(iii), assume = € X (k) and S C X (k) for simplicity. If we think of
the extension IIf7" of Ilx as being given by the extension Dg, where D is a
fundamental extension of IIxy x (cf. Proposition 2.4(i)), then it follows that
the image of D,[Us] in II§;$" may be thought of as the image of D, [Us] in Ds.
This image of D,[Us] in Dg amounts to a section of Dg — IIx — G}, lying
over the section s, : G — IIx corresponding to the rational point  (which is
well-defined up to conjugation). Since Dg is defined as a certain fiber product,
this section is equivalent to a collection of sections (regarded as “cyclotomi-
cally outer homomorphisms”, i.e., well-defined up to composition with an inner
automorphism of D, , by an element of Ker(D, , — G))

Yy, Gy — Dy,xa

where y ranges over all points of S. Namely, from this point of view, Proposition
3.1(iii) may be regarded as saying that the image in (k(z)*)>" = (k*)>" of the
value f(x) of the function f € I'(Us, O ) at = € X (k) may be computed from
its Kummer class, as soon as one knows the sections vy, . : Gy — D, fory € S.
Observe that v, , depends only on z, ¥, and not on the choice of S.

Definition 3.3 (cf. [Mochizuki2], Definition 2.1). For z,y € X (k) with
x # y, we shall refer to the above section (regarded as a cyclotomically outer
homomorphism)
Yy,z P Gk — Dy

as the Green’s trivialization of D at (y,z). If D is a divisor on X supported on
k-rational points # z, then multiplication of the various Green’s trivializations
for the points in the support of D yields a section (regarded as a cyclotomically
outer homomorphism)

YD,z : Gk = Dpa

which we shall refer to as the Green’s trivialization of D at (D, x).
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Definition 3.4 (cf. [Mochizuki2], Definition 2.2). Let the notations and
the assumptions as in Corollary 2.3.
(i) Write D (respectively, £) for the fundamental extension of ITx x (respec-
tively, Iy xy) that arises as the quotient of H%}f{‘ix (respectively, H%}fj‘iy) by
the kernel of the maximal cuspidally central quotient A‘{jsz - AF™  (re-

X Uxxx

spectively, AG2P  — A%en ) (cf. Proposition 2.4(ii)). The isomorphism a

Uy xy Uy xy
induces naturally an isomorphism:

c-ab

atr . DI E

We shall say that « is (S, T')-locally Green-compatible outside exceptional sets
if, for every pair of points (z1,22) € X(kx) x X(kx) corresponding via ¢ to
a pair of points (y1,y2) € Y (ky) x Y(ky), such that z; € (X \ Ex) ~\ S,
y1 € (YUNEy)NT, 29 €8, yp €T, the isomorphism

DI1 T2 T gy1 sY2

(obtained by restricting a“® to the various decomposition groups) is com-
patible with the Green’s trivializations. We shall say that « is (.S, T")-locally
principally Green-compatible outside exceptional sets if, for every point = €
X (kx) NS and every principal divisor D supported on kx-rational points # x
contained in X'\ Ex, corresponding via ¢ to a pair (y, E) (soy € Y (ky)NT),
the isomorphism

Dpx — Epy

obtained from o¢°®

is compatible with the Green’s trivializations.

(ii) We shall say that « is totally globally Green-compatible (respectively, to-
tally globally principally Green-compatible) outside exceptional sets if, for all
pair of connected finite étale coverings £ : X' — X, n : Y’ — Y that arise
from open subgroups Iy C IIx, IIy: C IIy, corresponding to each other via
a, then for any subset S C X' \ Ex that corresponds, via ¢, to T C Y ~ Ey
the isomorphism

HX/ :> HYI

induced by « is (S’,T")-locally Green-compatible (respectively, (S, T')-locally
principally Green-compatible) outside exceptional sets, where S’ def HS8) c

X' &f n~YT) C Y'< are the inverse images of S, T', respectively.

Remark/Definition 3.5. Let J = Jx be the Jacobian variety of X.
Let Div gy be the group of degree zero divisors on X which are supported
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on points in X \ Ex. Write Dx. g, for the kernel of the natural homomor-
phism Divg(\EX — J(k)*. Here, J(k)* stands for the maximal ¥-quotient
J(k)/(J(E){2'}) of J(k), where, for an abelian group M, M{3'} stands for
the subgroup of torsion elements a of M such that every prime divisor of the
order of a belongs to ¥'. Then Dx. g, sits naturally in the following exact
sequence:

0 — Prix< gy — Dxpy — J(K){Z'} — 0,

. def
where Prix g, =

inX\Ex.

OEX /k* stands for the group of principal divisors supported

Theorem 3.6 (Reconstruction of Functions).  In the situation of The-
orem 2.2, assume that o is Frobenius-preserving. Write def Yx = Xy and
p def px = py (c¢f. Proposition 1.15(ii)(iii)). Then:

(i) The bijection ¢ : X'\ Ex = Y'\ Ey induced by o (where Ex and Ey are
the exceptional sets) induces a natural bijection between the groups Dx gy ,
Dy gy -

(ii) Assume, moreover, X1 = Primes \ {p}. Then the bijection in (i), to-
gether with the isomorphisms in Corollary 2.3, induces naturally an injective
homomorphism

O, — (05,7

where p" is the exponent of the p-primary finite abelian group Jy (ky){X'}.
The image Im(OF ) of OF in (Of P " is “commensurate” to O, i.e., the
intersection Im(O ) N Op,_ has finite indices both in Im(Of ) and in OF .

Moreover, this injective homomorphism O < (OF P~ " is functorial in
X, Y, in the following sense: if £ : X' — X is a finite étale covering, arising
from an open subgroup Il x, C Il x, which corresponds to a finite étale covering
n:Y' =Y via « (thus, Iy, = a(Ilx/)), then we have a commutative diagram:

—77//

| I

Opy — (0L, )

—n

where Ex def ¢ Y Ex), By def n 1 (EBy), p" > p" is the exponent of the
p-primary finite abelian group Jy:(ky/ ){X'}, and the vertical arrows are the

natural embeddings.

Proof. (cf. [Mochizuki2], Theorem 2.1(ii).)
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(i) First, ¢ induces naturally a bijection Divg(\EX = Divg,\Ey. Second,
the natural homomorphism Divg(\ By — J (kx)* can be recovered @-group-
theoretically from ITx. (Observe the pro-% version of [Mochizuki2], Proposi-
tion 2.2(i). See also the discussion before Proposition 2.2 loc. cit.) Thus, «
induces naturally a commutative diagram:

Dng(\EX — Jx(kix)z

| |
Divg,\EY — Jy(ky)*

where the vertical arrows are the isomorphisms induced by a. From this di-
agram we deduce naturally an isomorphism Dx. g, — Dy g, between the
kernels of the horizontal arrows.

(ii) From the isomorphism Dx. g, — Dy g, , we deduce naturally an embed-
ding (Prix gy )P (C Ker(Prix gy, — Jy(ky){¥'})) < Priyg,, from which
we deduce an embedding (Of P e (Og, ), or, equivalently, an embedding
O, — (O, )P~", by Corollary 2.3 and Proposition 3.1(i)(ii). The desired
commensurabilty follows from the fact that both Jx (kx){X'} and Jy (ky ){¥'}
are finite. Finally, the desired commutativity of diagram follows easily from
the functoriality of Kummer theory. O

Theorem 3.7 (Totally Globally Principally Green-Compatible Isomor-
phisms Outside Exceptional Sets).  In the situation of Theorem 3.6, assume
further that X1 = Primes ~ {p}, and that « is totally globally principally Green-
compatible outside exceptional sets. Then « arises from a uniquely determined
commutative diagram of schemes:

X —=—Y
Lo
X ——>Y

in which the horizontal arrows are isomorphisms and the vertical arrows are
the profinite étale coverings determined by the groups llx, Iy .

Proof. (cf. [Mochizuki2], Corollary 2.1, Remark 22.) Let [ # p be a prime
number and let k%, k. be the (unique) Z;-extensions of kx, ky, respectively.
Let X', Y! be the normalizations of X, Y in Kx le, Ky kg/, respectively. Then
the p-primary abelian subgroups Jx (k5 ){%'}, Jy (kL) {3/} of Jx (KY), Jy (K.),
respectively, are finite. (See, e.g., [Rosen|, Theorem 11.6. Alternatively, this
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finiteness, say, for X follows from the fact that the profinite group GLn(Z,) is
almost pro-p, i.e., admits a pro-p open subgroup. Indeed, the action of G, on
Jx (kx){¥'} factors through the image p(Gy, ) of the natural Galois represen-
tation p : G, — Aut(T,(Jx)) =~ GLn(Zy), where T,(Jx) is the p-adic Tate
module of Jx and N is the Zp-rank of T},(Jx). Now, since Gy /Gy~ Z; and
I # p, the image p(Gy: ) is open in p(G ). Write Ky for the finite extension
of kx corresponding to the finite quotient Giy — p(Giy)/p(Gy ). Then, it is
easy to see that Jx (k% ){¥'} coincides with Jx (k5 ){%'} (C Jx(kY)), which
is clearly finite.) So, write p"° for the exponent of Jy (k! ){%’}. By passing to
the limit over the finite extensions of kx, ky contained in k%, k!, respectively,

—ng

we obtain a natural embedding Oy < (Op_ )P, where Of_, Of  are

1
the multiplicative groups of functions on X', Y, whose divisor has suppo?t dis-
joint from Ex: def Ex Xpy kY, By def By Xp, k., respectively (cf. Theorem
3.6(ii)). (Recall that Ex C X, Ey C Y are finite by Proposition 1.8(vi).)
Now, we shall apply a result of §4. (Observe that there are no vicious
circles since the discussion of §4 does not depend on the contents of earlier

§8.) More specifically, by Proposition 4.4, the above embedding (’)Exl —

n

(Ogyl)p_no arises from a uniquely determined embedding Ky: — K{; ’ of
function fields, where K yi, Ky: are the function fields of X!, Y, respectively.
(Observe that the value-preserving assumption in Proposition 4.4 is equiva-
lent to the Green-compatibility assumption. See Remark 3.2. Observe also
that X!(k%) is an infinite set by the Weil estimate on numbers of rational
points of curves over finite fields.) This embedding of fields restricts to the

—ng

original embedding of multiplicative groups OEX — (OEY )P (i.e., the re-

striction of ngl — (Ogyl )P7"%). Tt also restricts to an embedding of fields

Kx — K{}ino. Indeed, the embedding Ky: — K{;no is Galois-equivariant
with respect to the given isomorphism « : Ilx 5 IIy, hence one obtains
an embedding Kx — K{;"O by taking Galois invariants. Now, by applying
these arguments to a~! : Iy 5 IIx, we see that the image of the embed-
ding Kx — K. " contains K", where p™® is the exponent of Jx (ki ){'}.
From this, we deduce that the embedding Kx — K{;no is radicial and maps
Kx isomorphically onto K{}S for some integer —ng < s < mg. Thus, in par-
ticular, the original embedding Op — (Ogy)p‘”’° induces an isomorphism
Op. = (05, ). Now, by Theorem 3.6, the image Im(O} ) of OF in
(05, )P " (ie., (O, )F") is commensurate to O . This implies s = 0. That
is to say, the embedding Kx — K{’/_"O maps Kx isomorphically onto Ky .

If £: X' — X is a finite étale covering, arising from an open subgroup
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Il C Iy, which corresponds to a finite étale covering n: Y/ — Y via « (thus,
IIy: = a(Ilx)), then the commutative diagram in Theorem 3.6(ii), together
with the above argument, induces a commutative diagram of embeddings of
fields:

where the vertical arrows are the natural embeddings, p™’, p™o stand for the
exponents of the p-primary abelian groups Jy (k4 ){%'}, Jy (k% ){%'}, respec-
tively (note that m{ > mg), and the horizontal arrows are the embeddings
obtained above. Applying the above arguments to IIx — IIy and IIx/ = Iy,
we obtain 7(Kx) = Ky, 7/(Kx/) = Ky. Thus, this diagram induces naturally
a commutative diagram:

le % KYI

I I

KX%KY

where the vertical arrows are the natural embeddings and the horizontal arrows
are isomorphisms of fields. By passing to the limit over all open subgroups of
IIx we obtain a natural commutative diagram:

K¢y —— Ky

I I

KX%KY

where K ¢, Ky stand for the function fields of X.,Y, respectively, the vertical
arrows are the natural embeddings, and the horizontal arrows are isomorphisms
of fields. This commutative diagram yields a commutative diagram of schemes
as in the statement of Theorem 3.7 with the desired properties. (cf. the proof
of [Tamagawal], Theorem (6.3).) O

Proposition 3.8 (Total Global Green-Compatibility Outside Exceptional
Sets).  In the situation of Theorem 2.2, assume further that « is Frobenius-
preserving. Then the isomorphism « is totally globally Green-compatible outside
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exceptional sets. In particular, if ¥ is of density 1, then « is totally globally
Green-compatible outside exceptional sets.

Proof. For the first assertion, the proof of [Mochizuki2], Corollary 3.1
(where ©f = Primes’ and Ex = Fy = () are assumed) also works well in this
case. (Thus, the main ingredient of the proof is Theorem 2.6.) The second
assertion follows from the first, together with Proposition 1.15(viii). a

Theorem 3.9 (A Prime-to-p Version of Grothendieck’s Anabelian Con-
jecture for Proper Hyperbolic Curves over Finite Fields). Let X and Y be
proper hyperbolic curves over finite fields kx, ky, respectively. Let ¥ x, Xy be
subsets of Primes, and assume ZE( e Yx~{char(kx)} = Primes~{char(kx)},
E{/ LS SN {char(ky)} = Primes \ {char(ky)}. Write llx, Iy for the ge-
ometrically pro-Xx é€tale fundamental group of X, the geometrically pro-Xy
étale fundamental group of Y, respectively. Let

OZZHXLHY

be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram of schemes:

X "~y

X Y
in which the horizontal arrows are isomorphisms and the vertical arrows are
the profinite étale coverings corresponding to the groups Ilx, Ily .

Proof. Follows formally from Theorem 3.7 and Proposition 3.8. a
As a consequence of Theorem 3.9, we deduce the following;:

Corollary 3.10 (A Prime-to-p Version of Grothendieck’s Anabelian Con-
jecture for (Not Necessarily Proper) Hyperbolic Curves over Finite Fields).
Let U, V be (not necessarily proper) hyperbolic curves over finite fields ky,
kv, respectively. Let Xy, Yy be subsets of Primes, and assume E{] def Yu N
{char(ky)} = Primes ~ {char(ky)}, I, € Sy < {char(ky)} = Primes «
{char(ky)}. Write Iy, Iy for the geometrically pro-Yy tame fundamental
group of U, the geometrically pro-%y tame fundamental group of V', respec-
tively. Let

~

a Iy — Iy
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be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram of schemes:

U —" .,V

Lo

U —"—= .V
in which the horizontal arrows are isomorphisms and the vertical arrows are
the profinite étale coverings corresponding to the groups Iy, Iy .

Proof. Let U' — U, V! — V be any finite étale Galois coverings arising
from the open normal subgroups Il;;» C Iy, Iy, C IIy, which correspond to
each other via «, such that the smooth compactifications X', Y’ of U’, V',
respectively, are hyperbolic, and that the coverings £ : X/ — X, n:Y' — Y,
where X, Y are the smooth compactifications of U, V', respectively, are ramified
above all the points of S ©f x U , T ey V, respectively. (Observe that
such U' — U, V' — V are cofinal in the finite étale coverings arising from open
subgroups of Iy, Iy, respectively.) Thus, the isomorphism o« : Iy = Iy
restricts to an isomorphism o : IIy» = IIy~. By Proposition 1.15(vi)(viii), o
induces naturally an isomorphism &' : IIx, = Iy, which fits into the following
commutative diagram:

’
HU’ a—) HV/

l l

~1
HX/ L} HY/

in which the vertical maps are the natural surjections.
By Theorem 3.9, the isomorphism &’ arises from a uniquely determined
commutative diagram of schemes:

X~y

L

X = v

in which the horizontal arrows are isomorphisms and the vertical arrows are
the profinite étale coverings corresponding to the groups Ilx/, IIy+. Since &' :
Iy = Iy is equivariant with respect to o : Iy = IIy,, this last diagram
is also equivariant with respect to o : II;y = IIy. Thus, by dividing by the
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actions of Iy, Ily, we see that it induces naturally a commutative diagram of
schemes:

X = v

e b

X =25 Y

The commutativity of this diagram forces the isomorphisms X’ = Y” and
X 5 Y to preserve the sets of ramified points of ¢, . Thus, by the choice of
&, m, this diagram induces a commutative diagram of schemes:

U/ ~ V/

e b

U ——V

Finally, by considering this last commutative diagram for any coverings
U — U, V! — V as above, we obtain a commutative diagram of schemes
in the assertion of Corollary 3.10, with desired properties. (cf. the proof of
[Tamagawal], Theorem (6.3).) O

Finally, we deduce from our main result a prime-to-p birational version of
Grothendieck’s anabelian conjecture for (function fields of) curves over finite
fields (see Corollary 3.11 below).

Let X be a proper, smooth, geometrically connected curve over a finite
field k = kx of characteristic p = px > 0. Let Kx be the function field of
X. Let Gk, o Gal(K¥"/Kx) be the absolute Galois group of Kx (where
K" is a separable closure of Kx ), which sits naturally in the following exact

sequence:
1 - G, — Gy — G < Gal(k/k) — 1,
where G def Gal(KX"/K=) is the absolute Galois group of the function
def

field K of X = X xy k, and Gy, e Gal(k/k) is the absolute Galois group

of k (here, k is the algebraic closure of k in KP). Let T K+ be the maximal

prime-to-p quotient of Gx_, and let T'x e Gry/Ker(Gg — T'k) be the

corresponding quotient of Gk, . We shall refer to 'k, as the geometrically
pro-prime-to-characteristic quotient of Gi,. As an important consequence
of Corollary 3.10, we deduce the following prime-to-p version of Uchida’s
Theorem on isomorphisms between absolute Galois groups of function fields
(cf. [Uchidal).
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Corollary 3.11 (A Prime-to-p Version of Uchida’s Theorem).  Let X,
Y be proper, smooth, geometrically connected curves over finite fields kx, ky,
respectively. Let Kx, Ky be the function fields of X, Y, respectively. Let Gk, ,
Gk, be the absolute Galois groups of Kx, Ky, respectively, and let 'k, T'i,
be their geometrically prime-to-characteristic quotients, respectively. Let

a:FKX :>].—‘KY

be an isomorphism of profinite groups. Then « arises from a uniquely deter-
mined commutative diagram:

(Kx)~ —— (Ky)~

I I

KX % Ky

in which the horizontal arrows are isomorphisms and the vertical arrows are
the extensions corresponding to the groups I'k ., Ik, , respectively.

Proof.  Following the arguments of [Uchida], Lemma 3 (involving Brauer
groups), one can establish a bijection ¢ : X! = Y such that a(D,) = D y(a)
holds for each x € X!, where D, stands for the decomposition group of I'g, at
x (which is well-defined up to conjugation). Further, a(l;) = I4(,) also holds
for each z € X°!, where I, stands for the inertia subgroup of D, by the same
argument (involving local class field theory) as in the proof of Lemma 4 loc. cit.
Let S C X be a finite subset such that U % X < S is hyperbolic. Let T’ et
@(S) and V 4y \T. Then a induces naturally an isomorphism Iy = Iy
between the geometrically prime-to-characteristic quotients of 71(U), w1 (V),
respectively. The latter arises, by Corollary 3.10, from a uniquely determined
commutative diagram of schemes:

N 4
U —"—V
By considering this commutative diagram for all finite subsets S ¢ X°, T c Y

as above, we obtain a commutative diagram of field extensions in the assertion
of Corollary 3.11 with desired properties. O

Remark 3.12. As was communicated to the authors by the referee, in the
above proof of Corollary 3.11, one may also recover the decomposition groups
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of points, say, for X, as follows: First, one recovers the quotient Gy, of ', by
abelianizing and dividing by the closure of torsion. In particular, one recovers
the characteristic p = px of kx as the unique prime number [ such that the
maximal pro-l quotient I‘lKY of the geometric part I'g e Ker(Tk, — Gry)
is topologically finitely generated. Next, for any prime number [ # p, one
recovers the pro-l cyclotomic character up to multiplication by a character of
finite order as a character y such that the action of Gy, on the abelianization
Fi’(;b of FlKY has the property that the closure of the union of the y-eigenspaces
for open subgroups of Gy, is not topologically finitely generated. Then one
recovers the genus of X as the Z;-rank of the quotient of Fi}‘?
Once one has the genus, the rest of the reconstruction of the decomposition

by this closure.
groups of points is “standard” (cf. Proposition 1.15 and Theorem 1.18).

Remark 3.13. In [Stix1], [Stix 2], Stix proved a certain relative version of
Grothendieck’s anabelian conjecture for hyperbolic curves over finitely gener-
ated fields in positive characteristics. His proof relies on (the absolute version
of) Grothendieck’s anabelian conjecture for affine hyperbolic curves over the
prime field, proved by Tamagawa in [Tamagawal]. Using the same arguments as
in [Stix1], one should be able to prove a “prime-to-characteristic” relative ver-
sion of Grothendieck’s anabelian conjecture for hyperbolic curves over finitely
generated fields in positive characteristics, by reducing it to our main results
in Theorem 3.9 and Corollary 3.10.

Remark 3.14. Even after Theorem 3.9 and Corollary 3.10 are established,
it is still unclear to the authors, at the time of writing, whether or not Ex = ()
for ¥x = Primes \ {char(k)}.

Indeed, following a standard way in anabelian geometry of approaching this
kind of problem, let us consider the following tautological family of hyperbolic
curves of type (gx,1):

FilUsxx @ X x X < u(X) > X,
Then f induces a right exact sequence:

AF _>AUX><X —>AX —>17

where F is a geometric fiber of f (which is a hyperbolic curve of type (gx,1)),
and A stands for the maximal pro-Xx quotient of the geometric fundamental
group. Suppose that this right exact sequence is also left exact:

1—-Ap - Ay, = Ax — L
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Then the sequence
1—-Ap -1y, —IIx —1

is also exact, where II stands for the maximal geometrically pro-Xx quotient
of the arithmetic fundamental group. Now, take z,2’ € X (k) and suppose
that D,, D, C IIx coincide with each other (up to conjugation). Then, by
pulling back the last exact sequence by D,, D, C Ilx, we can easily obtain
the following commutative diagram:

My o3 — x (o

| l

HX fr—— HX

Then, by Theorem 3.9 and Corollary 3.10, we obtain the following commutative
diagram:
X~ A{r} —— X~ {2}

! !

X _— X.

(Observe that the commutativity follows from the uniqueness assertion in The-
orem 3.9.) This implies = ', as desired.

However, it is unclear to the authors, at the time of writing, whether or not
the above left exactness (i.e., the injectivity of Ap — Ay, ) is valid. (Note
that this is a purely topological (or even purely group-theoretical) problem.)

84. Recovering the Additive Structure

In this §, we complete the proofs of the results of §3 by investigating the
problem of recovering the additive structure of function fields of curves.

Let X, Y be proper, smooth, geometrically connected curves over fields kx,
ky, respectively. Let X, Y be the set of closed points of X, Y, respectively.
Let Ex € X, Ey C Y be finite subsets, and let

¢: X"NEx S Y9!\ Ey

be a (set-theoretic) bijection. Write

Op,y déf{feKX | Vo € Ex, ord;(f) > 0},

Op, © {g € Ky | Yy € By, ord,(g) > 0},
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where Kx, Ky denote the function fields of X, Y, respectively. These are the
semi-local rings of functions on X, Y that are regular at all points of Ex, Ey,
respectively. Then we have

Op, ={f € K% [ supp(div(f)) N Ex = 0},

05, ={g € K | supp(div(g)) N By = 0}.
Let
L OEX s OEY

be an embedding of multiplicative groups.

Definition 4.1. The map ¢ : (’)EX — (’)EY is called order-preserving,
relative to the bijection @, if, for each € X \ Ex, we have a commutative
diagram:

ord g (s
X (z)
0%, Z

05, 2. 7

where the right vertical map is the multiplication by a positive integer e, on Z.

Definition 4.2. The map ¢ : (’)gx — OEY is called value-preserving,
relative to the bijection ¢, if, for each € X'\ Ex, there exists an embedding
of multiplicative groups

te + k(2) = k(o(2))”,

where k(x), k(¢(z)) are the residue fields of X, Y at x, ¢(z), respectively, such
that, for any f € ng with ord,(f) = 0, the equalities

ord (o (1)) = 0, 1a(F(@)) = U(f)(6(a))

hold.

Remark 4.3. (i) Assume that the map ¢ is order-preserving relative to ¢.
Then ¢ induces naturally an embedding k% < ky of the multiplicative groups
kx, ky of kx, ky, respectively. We extend this embedding to an embedding
kx — ky (of multiplicative monoids) by letting 0 — 0. We denote this last
embedding also by «¢.
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(ii) Assume that the map ¢ is order-preserving and value-preserving relative
to ¢. For each z € X' \ Ex, we extend ¢, to an embedding k(z) U {oo} —
kE(p(x)) U {oo} by letting 0 — 0, co +— oo, and denote this last embedding also
by t,. Then the equality

ta(f(2)) = o(f)(6(2))
holds for any z € X' \ Ex and any f € Op, -
Our aim in this § is to prove the following:

Proposition 4.4 (Recovering the Additive Structure).  Let ¢: Op —
(’)EY be an embedding of multiplicative groups which is order-preserving and
value-preserving relative to a bijection ¢ : X'\ Ex = Y°'\ Ey, where Ex C
X By C Y are finite subsets. Assume further that X (kx) is an infinite set.
Then v arises from a uniquely determined embedding Kx — Ky of function
fields.

The rest of this § will be devoted to the proof of Proposition 4.4. Thus,
we shall assume that the embedding

. X X
L:0p, — O,
is order-preserving and value-preserving relative to a bijection
¢: XU Ex S Y Ey,

and that X (kx) is an infinite set, hence, in particular, that kx is an infinite
field.

Lemma 4.5 (Recovering the Additive Structure of Constants). The
map  preserves the additive structure of the constant fields kx , ky , respectively,
i.e.,

YA+ ) = o(A) + o(u)
holds for any A, u € kx (c¢f. Remark 4.3(1)).

Proof. Fix a point 2y € X'\ Ex. Then, by the Riemann-Roch theorem,
we can find a non-constant function f € O such that the pole divisor div(f)so
is of the form n-z( for some integer n > 0. Next, observe that f+a € ng holds
for infinitely many a € k% (namely, for any a € kx ~({—f(z) | z € Ex}Nky)).
For a € kx with f +a € Of_, we shall analyze the divisor of the function
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t(f+a)—u(f). (Observe that ¢(f+a)—(f) # 0, since ¢ is injective.) We claim:
(i) the support of the divisor div(¢c(f + o) — ¢(f)) is contained in {¢(zo)} U By,
and (ii) the support of the pole divisor div(c(f + «) — ¢(f))eo is contained
in {¢(z0)}. Indeed, let * € X < (Ex U {x0}), and let y = ¢(z). Then,
ordy (¢(f+a)) = ez ord, (f+a) > 0 and ord, (¢(f)) = ey ord,(f) > 0. Moreover,
o(f + a)(y) # o(f)(y) as follows from the value-preserving assumption, since
(f+a)(x) # f(z). Thus, y does not belong to the support of div(¢e(f+a)—i(f)),
hence (i) follows. Next, as ¢(f), «(f+a) € Of,_, we have «(f+a) —u(f) € Op, .
Thus, ¢(f + «) — ¢(f) has no poles in Ey, and (ii) follows.

Further, the order of +(f + ) — ¢(f) at the possible pole ¢(x¢) is bounded:

ordg(ay) (e(f + @) = ¢(f)) = min(ordg(a,) ((f + @), ordg(ag) (e(f))) = —néx,.

This implies the boundedness of the zero divisor of ¢(f + «) — ¢(f), hence also
that there are only finitely many possibilities for the divisor of zeroes and poles
of o(f + a) — ¢(f). We deduce from this that there exists an infinite subset
A C kY, such that f +« € O, holds for all @ € A, and that the divisor
div(e(f 4+ ) — ¢(f)) is constant for o € A (i.e., div(e(f + @) — ¢(f)) (e € A) is
independent of «).

Let o, 8 € A with a # 3. Thus,

U +08) —uf)
of +a) —uf)
(f4+B)—u(f)

, as is easily seen by evaluating the function re=ip at

=cé€ky.

Further, ¢ = Z(g)

¢(x1), where x1 is a zero of f. (Observe x; ¢ Ex.) Thus, we have the equality
UB)((f +a) = uf)) = ) (u(f + B) —u(f))

which is equivalent to

(%) () (el@) = u(B)) = va)e(f + B) — u(B)u(f + a).
e BU +a)

def def «

= gapg = ———= €05

0 a=p © T
Note that g = 5(1(%”;;1) is non-constant, since f is non-constant. Moreover,
we have (4 B)
« X

We will show the identity ¢(g + 1) = ¢(g) + 1. Indeed,

e+ 8)  dAf +a) @ 1)~ o)
Mot D =9 =TGR " da—A) | da—B)
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Moreover,
o) —1(B)
ACENC) ’
as follows by evaluating the function ¢(g+1) —¢(g) at ¢(x2), where x5 is a zero
of g. (Observe x5 ¢ Ex.) Thus,
g+1)=1(g) +1.

Next, let A\, u € kx, and we shall show the identity ¢(A 4 p) = ¢(A) + ¢(p).
If one (or both) of A\, u is 0, this identity clearly holds. So, we may and shall

assume \, u € k¥ and set 7 ef A p € k. First, assume that

nekx~({g(z) |z € Ex}Nkx)

and let x3 € X be a zero of g — . Thus, z3 ¢ Ex, and, by evaluating the
identity t(g4+1) = ¢(g) +1 at ¢(x3), we obtain ¢(n) +1 = ¢(n+1). To show this

equality for general 7, we shall fix (f and) 8 € A and make a € A~ {3} vary in

the expression of g = g, 3. More precisely, take any o € (AN{G})~ {(Zliclz[)}f 2) |

x € Ex}. Then g = go p satisfies n ¢ kx ~ ({g(z) | € Ex} Nkx). Thus, by
the preceding argument, we conclude that

tm)+1=un+1)

holds in general.
Finally, we obtain

vA A+ ) = e(p)e(n +1) = o) (e(n) + 1) = o(A) + ¢(p),
as desired. O
Corollary 4.6.  The map ¢ : kx — ky is an embedding of fields.

Proof. « is multiplicative by definition and additive by Lemma 4.5. O

Corollary 4.7.  For eachz € X (kx)\ Ex, the map ¢y : k(z) — k(¢p(x))
is an embedding of fields.

Proof. For each x € X! \\ Ex, consider the following diagram

k(z) —— k(¢(x))

I I

kX % ky
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where the vertical arrows are evaluation maps. By the value-preserving prop-
erty, this diagram is commutative. If, moreover, z € X (kx), we have kx —
k(x). Thus, Corollary 4.7 follows from Corollary 4.6. O

Next, let Z[Of ], Z[OF, | be the group algebras of the multiplicative
groups O, Of_, respectively, over Z. The group homomorphism ¢ : Op  —
OEY extends uniquely to a ring homomorphism

V1 Z|0g | = Z]Og, ]
Namely,

J (mez) o Zniﬁ(fi)

K3
where n; € Z, f; € OEX. Further, let Rx, Ry be the Z-subalgebras of Kx,
Ky, respectively, generated by ng, Ogy, respectively. Observe that Rx, Ry
may be naturally regarded as quotient rings of Z[OEX], Z[Ogy], respectively.

Lemma 4.8.  The ring homomorphism " : Z[Of, | — Z[OF, | induces
a (unique) ring homomorphism tg : Rx — Ry . More precisely, The composite
of V' : Z[Og, ] — Z|Og | and the natural surjection Z[Oy | — Ry factors
through the natural surjection Z[Og | — Rx.

Proof. Take any element

F = anfz S Z[OEX],

where n; € Z, f; € Op_, such that the image Fx of F in Rx is 0. Then we
have to show that the image Fy of F' in Ry is also 0. To avoid confusion, we
shall denote a sum in a ring R by means of > r. Then the assumption Fix =0
can be expressed as the equality

ZRX nzfz =0.

Let S; C X denote the (finite) set of poles of f; and consider a point z €
X(kx) ~ (Ex UU;S;). By evaluating the above equality at x, we obtain the
equality

> k(@) nifilx) =0.

By Corollary 4.7 and the value-preserving property at x, this last equality
implies the equality

Z k(o(x)) Mit(fi)(p(z)) =0,
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or, equivalently, the equality

Fy(¢(z)) =0

in k(¢(x)). Since x is an arbitrary point in the infinite set X (kx )~ (ExUU;S;),
this implies Fy = 0 in Ry, as desired. o

Lemma 4.9.  For each f € Og, (respectively, f € Op,. ), there exist
g,h € O (respectively, g,h € Of,_), such that f = g+ h. In particular, we
have Rx = Op, (respectively, Ry = Og,. ).

Proof. It suffices to prove the assertions for X. For each f € Opg,,
consider the subset Ay % kx ~ ({f(x) | = € Ex}nk) of O . Since kx
is infinite and Ex is finite, Ax is nonempty, so we can take o € Ax C ng.

By the definition of Ax, we have f —a € (’)EX. Thus, g 4f o\ and b & f—a
satisfy the desired conditions. In particular, we have Og, C Rx. Since the
other inclusion Rx C Og, is clear, this completes the proof. O

Lemma 4.10. The ring homomorphism tg : Rx — Ry in Lemma 4.8
s injective.

Proof. Take any f € Rx with tg(f) =0. By Lemma 4.9, f € Rx = Og,
can be written as f = g+ h for some g,h € ng. Now we have

ug) = tr(g) = tr(f) + tr(=h) = (=h).
Since ¢ is injective, this shows g = —h, hence f = 0, as desired. 1

Corollary 4.11. The ring homomorphism g : Rx — Ry eztends
uniquely to an embedding Kx — Ky of fields.

Proof. This follows from Lemmas 4.9 and 4.10. o
This completes the proof of Proposition 4.4. O

Remark 4.12. The above proof of Proposition 4.4 relies on the value-
preserving property at all but finitely many points of X! (or, more precisely,
all points of X! \ Ex). This is in contrast to the proof of [Tamagawal],
Lemma (4.7), which relies on the value-preserving property at only finitely
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many points. Thus, unlike the case of [Tamagawal|, Theorem (4.3), we need,
at least for the time being, to resort to Mochizuki’s theory of cuspidalizations
to prove Corollary 3.10, even in the affine case.

We should also remark here that the birational version given in Corol-
lary 3.11 is independent of Mochizuki’s theory of cuspidalizations, although we
resorted to Corollary 3.10 in the present proof of Corollary 3.11 for the sake
of simplicity. Indeed, once the bijection ¢ : X! = Yl is established so that
a(Dy) = Dy(y) for each x € X!, we can construct an embedding ¢+ : K¥ — K
directly from « : I'gr, = Ik, (via Kummer theory or via class field theory),
such that ¢ is order-preserving and value-preserving relative to ¢.
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