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Reflexivity of Spaces of Polynomials on
Direct Sums of Banach Spaces

By

Adriano L. AGUIAR* and Luiza A. MORAES **

Abstract

Let P("E, F) be the space of the continuous n-homogeneous polynomials from
E into F and H,(E,F) be the space of the holomorphic mappings from E into
F' that are bounded in the bounded subsets of E, both spaces endowed with the
topology 7 of uniform convergence on the bounded subsets of E. The reflexivity
of P("E,F) is studied in connection with the density of the space of the finite
type n-homogeneous polynomials in P("E, F) and in connection with the equality
[P("E,F), 1) = [P("E, F), 7] in case E is a reflexive countable direct sum of com-
plex Banach spaces and F' is a reflexive complex Banach space. The reflexivity of
H,(FE) is also considered.

81. Introduction

If E’ is the topological dual of a complex locally convex space E, we will
write E!, = (E',o(F’, E")) where o(E’, E") denotes the weak topology on E’
and E; = (E', B(E’, E)) where §(E’, E) denotes the topology on E’ of uniform
convergence on the bounded subsets of E. Given complex locally convex spaces
E and F, let P("E, F) be the space of continuous n-homogeneous polynomials
from E into F. As usual, if E = C we will write P("E).
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We shall consider in P("E, F') the standard topologies 79 and 7, where
7o denotes the compact open topology and 7, denotes the topology of uniform
convergence on the bounded subsets of E. We refer to [16] for the definition of
the topology 7, on P("E, F). In general we have 79 = 7, < 7,,. The topologies
75 and 7, coincide in P("E, F') whenever E is a countable inductive limit of
normed spaces (cf. Example 1.25, p. 25-26 in [16]).

The reflexivity of spaces of continuous scalar valued homogeneous polyno-
mials on reflexive Banach spaces was first studied by R. Ryan in his thesis (see
[26] and [3]). After his pioneering work, many authors considered the problem
of finding necessary and sufficient condition for the space P("FE) to be reflexive
(see [3], [4], [5], [18] and [13]). Alencar, Aron and Dineen showed in [5] that
P(™T™) is reflexive for every n, where T* is the Tsirelson’s space (see [27]).
This was the first example of an infinite dimensional Banach space F for which
the space P("E) is reflexive for every n. Aron, Moraes and Ryan proved in [8]
that if F is a quotient of T* then P("E) is reflexive. The vector valued case
was first considered by Alencar who proved in [4] that if E and F are reflexive
Banach spaces with the approximation property, then P("E, F) is reflexive if
and only if each P € P("E, F) is weakly continuous on bounded sets. Later
Jaramillo and Moraes showed in [22] that the above necessary and sufficient
conditions for the reflexivity of P("E, F') remains valid when only F is assumed
to have the approximation property. The reflexivity of the space Hy(E, F') of
the holomorphic mappings from F into F' that are bounded on the bounded
sets was also considered in [22].

We define P, ("FE, F) as the space of the elements of P("FE, F') that are
uniformly weakly continuous on the bounded subsets of E and Pf("E, F') as
the space of the finite type n-homogeneous polynomials i.e., Py("E,F) =
span{e™ @ b, € E' ;b € F} where ¢" ® b(z) = ¢"(z) - b. The closure of
P;("E,F) in [P("E,F), 1] will be denoted by Pf("E, F'). For locally convex
spaces E and F', Boyd showed that Py("E,F) = P,,("E, F) whenever E’
has the approximation property (cf. [10], Proposition 7). The space of all
P € P("E,F) which maps weakly convergent sequences in E to convergent
sequences in F' will be denoted by Pys.("E, F). It is clear that P,,("E, F) C
Pusc("E, F).

In this paper we are going to study the density of P;("E, F) in P("E, F) in
connection with the reflexivity of [P("E, F'), 7] and the reflexivity of Hy(E, F)
in the case F is an countable direct sum of Banach spaces and F' is a Banach
space.

We refer to [15], [16] and [23] for background information on polynomials
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and holomorphic mappings over locally convex spaces, in particular for the
definitions of the topologies 75 and 7, in H(E, F).

The authors want to thank Sedn Dineen and Christopher Boyd for many
helpful conversations concerning this paper. They want to acknowledge the
referee for valuable suggestions that improved this paper.

82. Reflexivity of Spaces of Polynomials in Direct Sums of
Banach Spaces

Given any countable family of complex Banach spaces F;, let E = Zfil E;
be the direct sum of the spaces E;. For every m € N let F,,, = >.7" | E;. We
remark that E is the strict inductive limit of the countable family of complex
Banach spaces F,,, and consequently F is a (DF)-space which is barrelled and
bornological.

Remark 1. By using the polarization formula and Example 1.25 in [16]
it is easy to verify that for each n € N we have that P € P("E, F) if and only
if P|F,,, € P("F,,, F) for every m € N.

Proposition 2.1. Let £ = Zfil E; where E; is a complexr Banach
space for every i € N and F be a complex Banach space. Then, for each
n € N, we have that Py, ("E,F) = P("E,F) if and only if Pyy("Fn, F) =
P("Fy,, F) for allm € N.

Proof. The proof uses the above remark, the fact that E is a regular
inductive limit of the spaces F},, and the Hahn-Banach Theorem. O

The following lemma was proved by Dineen in the scalar case (see the proof
of Proposition 3.1 in [14] or Proposition 4 in [17]). The same argument works
to prove the vectorial case.

Lemma 2.1. Let F = E;’il FE; where E; is a complex Banach space
for every i € N and F be a complexr Banach space. Let p be a Ts-continuous
seminorm on H(E,F). Then there exists a positive integer m such that f €
H(E,F) and f|F, =0 imply p(f) = 0.

We remark that the topology 75 in H(FE, F') induces the topology 7, in
P("E, F)if F is alocally convex space and F' is a Banach space (cf. Proposition
2.41 in [15]) and we recall that the topologies 7, and 7, coincide in P("E, F)
whenever E = Zfil FE; where E; is a complex Banach space for every i € N
and F be a complex Banach space.
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Proposition 2.2. Let E = Y ;2| E; where E; is a complex Banach
space for every i € N and F be a complex Banach space. Then for each n € N
we have that [P("E, F), ) = [P("E, F), 10" if and only if [P("F,,, F), ) =
[P("F,, F), 0], for allm € N.

Proof. Suppose that [P("E,F),n) = [P("E,F),m)' . Fix m € N.
From 7, = 79 it is clear that [P("Fy,, F), 7o) C [P("Fm, F), 7). Now, given
¢ € [P("Fy, F), 1), we define ¢ : P("E,F) — C by letting ¢(P) =
¢(P|Fy,). The linearity of v is clear and the 7,-continuity of ¢ follows from
the 7p-continuity of ¢ and from the fact that 7,-convergence in P("E, F') im-
plies 7-convergence in P("F,,, F). Now we use the hypothesis to get ¢ €
[P("E, F),10)". Finally, we claim that ¢ € [P("Fy,,, F'), 70]’. Indeed, given a net
(@Qx)xen in P("F,,, F) such that Qy — Q in [P("F,,, F), 7o), let Qy := Qx0T
and Q := Q o m,, where 7, is the projection of E onto F,,. It is clear that
Qx — Q in [P("E, F), ], since for all compact K C E we have ||Qx — Q|lx =
1Qx — Qllx,. (k) With 7, (K) compact. Then w(Q,\) — w(Q) and consequently
d(Qx) — #(Q). Conversely take 1p € [P("E,F),75]. Since the topology in-
duced in P("E, F) by the topology 75 in H(E,F) coincides with 7, by the
Hahn-Banach Theorem there exists ¢ € [H(E), 75] such that ¢|P("E, F) = 1.
So p(f) = |[¥(f)| is a Ts-continuous seminorm on H(E, F) and therefore, by
Lemma 2.1, there exists mg such that p(f) = 0 whenever f € H(E, F') satisfies
f|Fme = 0. ) )

Define p : [P("Fp,, F), 7] — C by letting 4(Q) = ¥(Q) where Q =
Q © Tpm,- By hypothesis ;o is 7,-continuous if and only if p is 7p-continuous.
Moreover if Qx — Q in [P("Fp,,F), 7], then Qx — Q in [P("E,F), 1] ,
as ||Qx — Qllz = [|1Qx — Qllr,,, () and mmy(B) is bounded in F,, when-
ever B is a bounded subset of E. Therefore u(Qy) — u(Q), and so p is 75-
continuous and consequently 7g-continuous. Now if P, — P in [P("E, F), 7o),
then P,|Fy,, — P|Fy, in [P("Fny, F),70] and then p(Py|Fin,) — #(P|Fmn,)-

0
Bwpa|Fmo) = (PalFin,) :/1_#\(_1304) and p(P|Fp,) = (P|Fp,) = ¥(P), as
(Pa|Fing — Pa)|Fime = 0 and (P|F,,, — P)|Fm, = 0. So, ¥(P,) — ¥(P) and
we have [P("E,F),n) C [P("E,F),70|". Finally, 7, »= 70 gives the converse

inclusion. O

Proposition 2.3. Let £ = Zf; FE; where E; is a complex Banach
space for every i € N and F be a complex Banach space. Then for each
n € N, [P(™E,F), ] is quasi complete for its weak topology if and only if
[P("Fy,, F), ) is quasi complete for its weak topology for all m € N.

Proof.  Suppose that [P("Fy,, F'), 7] is quasi complete for its weak topo-
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logy for every m € N. Let (P,)o C P("E,F) be a bounded Cauchy net for
the weak topology of [P("E,F),15]. We claim that (P,|F,)a is a bounded
Cauchy net for the weak topology of [P("F,,, F), ], for all m € N. Indeed,
(Pa|Fm)a is bounded since the unit ball of ), is a bounded subset of E and
(Pa)a is a bounded net in [P("E, F),75]. As in the last proposition, given
¢ € [P("F,, F), ), the mapping ¢ : [P("E, F), 7] — C defined by ¥(Q) =
¢(Q|Fy,) belongs to [P("E, F),1p]" . Therefore (¢¥(Pu))a = (0(PulFm))a is a
Cauchy net in C. By hypothesis, for each m there exists P,, € P("F,,, F)
such that P,|F,, — P,, in the weak topology of [P("F,, F'), 7). In particular,
P, |Fp(z) — Pp(z), forall « € F,,. Let P: E — F given by P(z) = Pp,(x)
where m is such that x € F,. It is clear that P is well defined and P|F,, =
P,,, for all m € N. Moreover P € P("E, F) by Remark 1 above. Finally we
are going to show that P, — P in the weak topology of [P("E, F), 7). Let
v € [P("E,F), ) . We saw already that there exists m € N such that the
mapping p : [P("Fyn, F), 7] — C defined by 1(Q) = 1(Q), where Q = Qom,y,,
is continuous. Therefore u(Py|Ey,) — ((Pm). We also saw that u(P,|F,,) =
¥(P,) and u(Py,) = ¥ (P). Consequently ¢(P,) — (P), and this completes
the proof.

Conversely assume that [P("E, F'), 1] is quasi complete for its weak topo-
logy. Fix any m € N. Suppose that (P, ), is a bounded Cauchy net for the weak
topology of [P("Fy,, F), ). Let Py = P, o m,,. We show as in last proposition
that for every ¢ € [P("E,F),7] the mapping u : [P("F,,F),n] — C
defined by 1(Q) = 1(Q) is continuous. Therefore (1u(P,))a is a Cauchy net in
C, and this means that (1/)(15a))a is a Cauchy net in C. By hypothesis there
exists P € P("E, F) such that P, — P in the weak topology of [P("E, F), ).
Finally, given ¢ € [P("F,,, F), 7], the mapping ¢ : P("E, F) — C defined
by ¥(Q) = ¢(Q|F,y,) is linear and 7-continuous. Therefore, ¢)(P,) — 9 (P) and
so ¢(P,|F,,) — ¢(P|F,,). The proof follows since P,|F,, = P, and P|F,, €
P("F,,, F). 0

Theorem 2.1. Let E = Zf; FE; where E; is a reflevive compler Ba-
nach space for every i € N. Then for every reflexive compler Banach space F
and for each n € N we have that [P("E,F), 1] = [P("E,F), )" if and only
if [P("E, F), 1] is reflexive.

Proof. Suppose [P("E,F), 1) = [P("E,F), ). Then by Proposition
2.1 above and Theorem 3.1 of [24] we have that [P("F,,,, F'), 7] is reflexive for
allm € N. So, by Proposition 3 in [21], p. 228, [P("Fy,,, F'), 7] is quasi complete
for its weak topology for all m € N and, by Proposition 2.3 above, [P("E, F), 1)
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is quasi complete for its weak topology. Now, using again Proposition 3 in [21],
p. 228, and the fact that [P("E, F), 7] is a barrelled space whenever FE is a
(DF)-space we get the reflexivity of [P("E, F), Tp].

Conversely if [P("E, F'), 1] is reflexive, we have that [P("E, F'), 1] is quasi
complete for its weak topology and, by Proposition 2.3, [P("F,,, F'), 7] is quasi
complete for its weak topology for all m € N. So, [P("F,,, F), ] is reflexive
(recall that it is a barrelled space) and, by Theorem 3.1 of [24] we have that
[P("Fy, F), 0] = [P("Fm,F), ) for all m € N. By Proposition 2.2 this
means that [P("E, F), 0] = [P("E, F), 7). O

Remark 2. From the fact that P("E,F) = P("E,F,) when F and F
are Banach spaces, it is easy to show that this equality remains true for £ =
ooy Ei (E; is a complex Banach space for every i € N) and F' a complex
Banach space. If, in addition, F' is reflexive, following ideas of C. Boyd in [11]
we can introduce in P("E, F') a topology 7, by [P("E, F),r,] = [P("E, F,), 0]
where F, is the space F' endowed with the topology of uniform convergence
on compact subsets of F’. A net (Q») converges to Q in [P("E,F),r,] if
SUpP,ex DO (Q~,\ — Q)(m) — 0 for every compact subset K of E and for every
continuous seminorm p on F, and it is known that 7, is weaker then 9. Now the
proof of Proposition 2.2 can be easily adapted to prove that for E = > °, E;
(where E; is a complex Banach space for every i € N), F' a reflexive complex
Banach space and for each n € N we have that [P("E, F), | = [P("E, F), 1]’
if and only if [P("Fy,, F), 1) = [P("F, F), 7], for all m € N.

Theorem 2.2. Let E = Y ;2 E; where E; is a reflexive complex Ba-
nach space for every i € N. Then for every reflexive complex Banach space F
and for each n € N we have that [P("E,F), 7, = [P("E,F), )" if and only
if [P("E, F), ] is reflexive.

Proof. By the remarks following Theorem 8 of [11] we obtain that
[P("F,,, F), ] is reflexive if and only if [P("F,, F),7,|' = [P("Fm,F), 1)
(Theorem 8 of [11] is actually true for holomorphic functions but, as the author
remarks, the analogous result is also true for spaces of homogeneous polynomi-
als.) By using this equivalence and Remark 2 we get that [P("E,F), 1| =
[P("E,F), ) if and only if [P("F,,, F), 7] is reflexive for every m € N. Fi-
nally our theorem follows by using Theorem 3.1 of [24], Proposition 2.2 and
Theorem 2.1. O

Theorem 2.3. Let £ = Z?il E; where E; is a reflexive complex Ba-
nach space with the approximation property for every ¢ € N and let F be a
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reflexive complexr Banach space. For every n € N, the following conditions are
equivalent:

(1) [P("E, F),n) = [P("E, F),n).

(2) [P("E,F), 1) is reflexive.

(3) [P("E,F), %) = [P("B, F), n]"

(4) Py ("E,F)=P("E,F).

(5) P¢("E,F)= P("E,F).

Proof. The equivalence between (1) and (2) and between (2) and (3) are
established by Theorem 2.1 and Theorem 2.2, respectively. The equivalence
between (1) and (5) follows by Theorem 3.1 of [24], Proposition 7 of [10],
Proposition 2.2 and Proposition 2.1. The equivalence between (1) and (4)
follows by Theorem 3.1 of [24], Proposition 2.2 and Proposition 2.1. O

Remark 3.  We remark that the implications (5) = (4) = (3) & (2) &
(1) are true even if the spaces E; don’t have the approximation property and
the implication (2) = (4) remains true if the spaces E; have the compact
approximation property instead of the approximation property.

We also remark that E =) .° | E; has the approximation property if and
only if F; has the approximation property for every i € N.

Proposition 2.4. Let E = CW and let F be an arbitrary complex Ba-
nach space. Then Py("E,F) = P("E,F) for every n € N.

Proof. By Lemma 1 of [9] every bounded subset of CN) is finite di-
mensional and consequently every homogeneous polynomial P : CN — F
is weakly continuous on bounded sets. Moreover, as the strong dual of C™) has
the approximation property, by Proposition 7 of [10] we have Py("CMN), F) =
Puu("CMN | F) and the statement follows . O

Proposition 2.5. Let £ = Zfil E; where E; is a complex Banach
space for every ¢ € N and let F be an arbitrary compler Banach space. If
each F,, does not contain a copy of {1, then Pys.("E, F) = Py ("E, F) for all
n € N.

Proof. 1If (z,), is a sequence in F such that x,, — x as n — oo in the
topology o(E, E'), then B = {z,, : n € N} U{z} is a weakly bounded subset of
E and consequently it is bounded. It follows that P, ("E, F) C Pys.("E, F).
Conversely, take P € Py,.("E,F). For each m € N we have that if (z,,) is
an arbitrary sequence in F), which converges to = € F},, in the weak topology
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of F,, then (x,) converges to x in the weak topology of E. Consequently
P|F,, € Pysc("Fp, F) for every m € N. Moreover, as F,, is a Banach space
that does not contain a copy of ¢1, by Proposition 2.12 of [7] we have that
Pysc("Frn, F) = Pyu("Fp, F). So, P|F,, € Py ("Fp,, F) for all m € N and
by using the Hahn-Banach Theorem and the fact that F is a regular inductive
limit we get that P € P,,("E, F). O

We remark that the above result remains true for more general cases of
regular inductive limits. For instance, it is true in case E is a weakly compact
regular inductive limit of Banach spaces (Fy)aca such that ¢; € E,, for every
a € A and in case £ = ind E, is a regular countable inductive limit with

n—oo

the property My of Banach spaces E,, such that {; € E,, for every n € N (see
Theorems 2.5 and 2.6 in [1]).

Aron and Dineen showed in [6] that the Tsirelson-James space T’} satisfies
the equation Py("T5) = P(™T;) for every n € N. For vector valued polynomials
it is known that Pr("T%, F) = P("T;, F) for all n € N whenever the Banach
space F' has positive rank (see Example 2.3 in [20]). We recall that a Banach
space has positive rank if there exists a € (0, 1) such that every sequence (x,)
satisfying || >, c g nll < ¢|B|* for ¢ > 0 and for all finite B C N (where |B| is

the number of elements of B) converges with respect to the norm.

Proposition 2.6. Let £ = Z;’il E; where E; = T for every i € N.
Then Py("E,F) = P("E,F) for alln € N whenever F is a complex Banach
space which is Schur.

Proof. Tt is known (see Example 3 of [12] or the proof of Proposition
5.5 in [28], p.87) that Pf("E) = P("E), for all n € N . By Proposition 2.1,
for every n € N, we have that Py, ("F,F) = P("F,,,F) for all m € N.
Consequently each Fj,, does not contain a copy of ¢; and by Proposition 2.5
we get Pyse("E, F) = Pyu("E,F) for all n € N and for all complex Banach
space F. Now, all we have to show is P,s.("F,F) = P("E, F) whenever F is
a complex Banach space which is Schur. Indeed, given any P € P("E, F), for
each ¢ € F’ we have that p o P € P("E) = P,s.("E). So, if (z,) converges
weakly to x in B, (po P(x,)) converges to ¢ o P(z) in C and so the sequence
(P(xy,,)) converges weakly to P(z) in F. This completes the proof since F' is

Schur. O

Remark 4.  We recall that the Tsirelson-James space is a quasi-reflexive
Banach space that is not reflexive and so if £ = Zfil E; where E; = T75 for
every i € N then F is not a reflexive space. Since P¢("T75) = P("T7) for all
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n € N | this space E provides an example showing that the reflexivity of F is
necessary in Theorem 2.3. For E =72, T3, [P('E), ) = [E', 1) £ E #
E" = (E}) =[P('E), 7)), as T} is not reflexive.

The same comment applies to £ = Zf; co.

Let Hy(E, F) be the space of holomorphic mappings from E into F' that
are bounded on the bounded subsets of E and let H,, (F, F) be the space of
the holomorphic mappings from E into F' that are uniformly weakly continuous
on the bounded subsets of E, both endowed with the topology 7, of uniform
convergence on the bounded subsets of E.

Theorem 2.4. Let E = 221 FE; where E; is a reflexive complex Ba-
nach space with the approximation property for every i € N and let F be a
reflexive complex Banach space. The following conditions are equivalent:

(1) [Hy(E,F), s is reflexive.

(2) Hy(E,F)= Hy,(E,F).

(3) Pyu("E,F)=P("E,F) for alln € N.
(4) [P("E,F),n) is reflexive for alln € N.

Proof. The reflexivity of  [Hy(E,F), 7] implies the reflexivity of
[P("E, F), ) for every n € N since [P("E,F), 7] is a closed subspace of
[Hy(E, F), 1) and, by Theorem 4 in [19], [Hy(E, F), 73] is a Fréchet space. Con-
versely, by Propositions 3.1 and 2.3 in Chapter 4 of [28] we have that the refle-
xivity of [P("E, F), 1) for every n € N implies the reflexivity of [H,(E, F), 7).
The equivalence between (2) and (3) follows, for instance, as a particular case of
Proposition 2.1 in [2]. Finally, (3) and (4) are equivalent by Theorem 2.3. [

We recall that given a Fréchet algebra A, a multiplicative linear function
T : A — C is called an homomorphism. For every z € E, we will denote by
05 the homomorphism f € Hy(E) — f(z) € C. We say that 6, (z € F) is an
evaluation.

It is well known that [H,(E), 7] is a Fréchet algebra. As a particular case
of Theorem 3.9 in [2] we have the following:

Theorem 2.5. Let F = Z;’il FE; where E; is a complex Banach space
with the approximation property for every i € N. If E is reflexive then each
Tp-continuous homomorphism T : Hy(E) — C is an evaluation, if and only if
P("E) = Py, ("E) for every n € N.

The next theorem provides a converse for this result.
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Theorem 2.6. Let E =) °, E; where E; is a complex Banach space
with the approximation property for every i € N. If each T,-continuous com-
plex valued homomorphism on Hy(E) is an evaluation, then E is reflexive and
P("E) = Py ("E) for every n € N.

Proof. If E is not reflexive, then F,, = Y./" | E; is not reflexive for
some m € N and, by Theorem 1.2 in [25], there exists an homomorphism
T : Hy(F,,) — C such that T # 6, for any x € F},. Define T : Hy(E) — C
by T(g9) = T(g|Fm) for every g € Hy(E). It is easy to see that T is a 7,-
continuous homomorphism on Hy(E) and by hypothesis we have T = §, for
some z € E. Now, to each f € Hy(F,,) we can associate f = f o, € Hy(E)
and so we get

T(f) = T(FIFm) = T(F) = 6.(F) = F(2) = F(mn(2)) = b5, (F)
and this gives a contradiction.

So if every continuous complex valued homomorphism on Hy(E) is an
evaluation we have that E is reflexive and by [2] Theorem 3.9 we have P("E) =
P,y ("E) for every n € N. O

Now, the next result is a immediate consequence of Theorems 2.4, 2.5 and
2.6.

Theorem 2.7. Let E = Zfil FE; where E; is a complex Banach space
with the approximation property for every i € N. Then every Tp-continuous
homomorphism T : Hy(E) — C is an evaluation if and only if Hy(E) is
reflexive.
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