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Coupling of Two Partial Differential Equations
and its Application, II
— the Case of Briot-Bouquet Type PDEs —

By

Hidetoshi TAHARA™

Abstract

Let F(t,z,u,v) be a holomorphic function in a neighborhood of the origin of
C* satisfying F(0,,0,0) = 0 and (9F/8v)(0,x,0,0) = 0; then the equation (A)
tou/0t = F(t, z,u,0u/0x) is called a Briot-Bouquet type partial differential equation,
and the function A(z) = (0F/du)(0,x,0,0) is called the characteristic exponent. This
paper considers a reduction of this equation (A) to a simple form (B) tow/dt = A(z)w
under the assumption A(0) & (—oo,0]U{1,2,...}. The reduction is done by consider-
ing the coupling of two equations (A) and (B), and by solving their coupling equations.
The result is applied to the problem of finding all the singular solutions of (A).

81. Introduction

Let (t,x) be the variables in C; x C,, and let F'(¢,z,u,v) be a holomorphic
function defined in a polydisk A centered at the origin of C; x C, x C,, x C,,.
In the previous paper [3], we have established the equivalence of the following
two partial differential equations

ou ou ow
E—F(t,x,u,%) and E_O

Communicated by H. Okamoto. Received June 9, 2008.

2000 Mathematics Subject Classification(s): Primary 35A22; Secondary 35A20, 35C10.
Key words: coupling equation, Briot-Bouquet type PDE, equivalence of two PDEs,
singular solution, analytic continuation.

This research was partially supported by the Grant-in-Aid for Scientific Research No.
19540197 of Japan Society for the Promotion of Science.
*Department of Mathematics, Sophia University, Kioicho, Chiyoda-ku, Tokyo 102-8554,
Japan.

e-mail: h-tahara@hoffman.cc.sophia.ac.jp

(© 2009 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



394 HIDETOSHI TAHARA

by considering the coupling of these two equations and by solving their coupling
equations.

In this paper, we will apply similar arguments to the following nonlinear
singular partial differential equation

(1.1) t% - F(txu %)

under the assumptions

Ay) F(t,x,u,v) is holomorphic in A,

As) F(0,2,0,0) =0in Ag = AN{t=0,u=0,v =0}, and
OF

A3) %(0,.’1,‘,070) =0in Ao.

In the book of Gérard-Tahara [1], the equation (1.1) is called a Briot-
Bougquet type partial differential equation with respect to t if it satisfies the
conditions A1), As) and As); the function

oF

1.2 Az)=—(0,2,0,0

(1.2 (1) = 5 (0,2,0,0)

is called the characteristic exponent (or the characteristic exponent function) of
(1.1). About the structure of holomorphic and singular solutions of (1.1) in a
neighborhood of (0,0) € C; x C,, one can refer to Gérard-Tahara [1], [2] and
Yamazawa [4]. Among them, the following theorem is the most fundamental
result:

Theorem 1.1 ([2]). If A(0) ¢ {1,2,...} holds, the equation (1.1) has
a unique holomorphic solution ug(t,x) in a neighborhood of (0,0) € C; x C,,
satisfying uo(0,x) =0 near x = 0.

In this paper, from the standpoint of the transformation theory of partial
differential equations we will consider the following problem:

Problem 1.2.  Find a normal form of the equation (1.1) by considering
the coupling of two partial differential equations.

As is seen in the case of Briot-Bouquet’s ordinary differential equations (in
chapter 4 of [1]), it will be reasonable to treat the equation
ow

(13) tE = )\(x)w
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as a candidate of the normal form of (1.1) in a generic case. In order to justify
this assertion, it is enough to discuss their coupling equations

00 %

(®) t ot Oup,

+ Z Dm[F](tamaqu-wum—i-l)

m>0

(\I’) taa—f-F Z( Z )\m,z(ﬂi)wz)(i;?u—wm =F(t,x,7,/},D[1/1}),

m>0 0<i<m

= A(z)¢p, and

where D is the vector field with infinitely many variables (z, ug, u1,...) (resp.

(z,wp, w1, ...)):

i>0 i>0
and
B m! 0
T il (m—)! (%
In the equation (®) (resp. (V)), (¢, z,ug, u1,...) € Ct x Cy x CS° (resp. (t,z, wo,
wy,...) € Cy x C; x C) are infinitely many complex variables, and ¢ =
o(t, x,up,u1,...) (resp. ¥ = ¥(t,x,wp,ws,...)) is the unknown function.
Roughly speaking, the role of these equations is explained as

Am,i(2) )m_zA(x), 0<i<m.

Proposition 1.3.  Suppose the conditions A1), As), As) and that

(1.4) li+Ax)(i—1)>0(i+j) onDr={xeC;|z| <R}
for any (i,7) € Nx N\ {(0,0),(0,1)}

for some 0 >0 and R > 0. Then, we have the following results.

(1) The equation (®) (resp. (¥)) has a holomorphic solution ¢ = ¢(t,x,
g, U1, .- .) (resp. v =(t, x,ug,us,...)) in a suitable domain in C; x C, x CX
(resp. Cy x C, x C).

(2) If u(t,z) (resp. w(t,x)) is a solution of (1.1) (resp. (1.3)), then the
function w(t,z) = ¢(t,x,u,0u/Ox,...) (resp. u(t,x) = (¢, z,w,0w/0x,...))
is a solution of (1.3) (resp. (1.1)).

(3) The two transformations u(t,z) — w(t,z) = ¢(t, z,u,0u/dz,...) and
w(t,x) — u(t,z) = Y(t, z,w,0w/0x,...) are invertible, and one is the inverse
of the other.

Hence, we have the following main theorem of this paper.

Theorem 1.4 (Main theorem).  Suppose the conditions A1), Az), As)
and (1.4) (for some ¢ > 0 and R > 0). Then the following two equations are
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equivalent:

Ou Ou ow
(1.5) t— = F(t,a:,u, a_x) and ta = \z)w.

The meaning of the equivalence of two equations will be defined later (see
Definition 2.7). We have used the notation: N = {0,1,2,...}.

The paper is organized as follows. In the next section 2, we will present
some basic results in the formal theory of the coupling of two partial differential
equations (developed in [3]). In section 3, we will prove Theorem 1.4 by the
following steps: in subsections 3.1 and 3.2 we will find formal solutions of the
coupling equations (®) and (¥): this shows the formal equivalence of the two
partial differential equations in (1.5), in subsections 3.3 and 3.4 we will prove
the convergence of the formal solutions, and in subsection 3.5 we will establish
the equivalence of the two equations in (1.5) in a concrete sense. In the last
section 4, by using our main theorem (Theorem 1.4) we will determine all the
singular solutions of (1.1) in a neighborhood of (0,0) € C; x C,.

§2. Basics on the Coupling Equations

In this section, we will survey basic results in the formal theory of the
coupling of two singular partial differential equations

ou ou
(A) ta = F(t,.’If, u, a—x)
(where (t,x) € C; x C, are variables and u = u(t, z) is the unknown function)
and
ow ow
(B) ta = G(t,l’,w,%)

(where (t,z) € C; x C; are variables and w = w(t, x) is the unknown function).
For simplicity we suppose that F(t,x,ug,u1) (resp. G(t,x,wo,w;)) is a holo-
morphic function defined in a neighborhood of the origin of C; x C,, x C,,, x C,,,
(resp. Ct x Cy X Cypyy X Cypy ).
For a function ¢ = ¢(t, z,ug,u1,...) with infinitely many variables (¢, z,
Ug, U1, - . .) we define D[@](t, z, ug, u1,...) by
D[¢] = %(t,x, Ug, Uty .. .) + Zuiﬂg—i(t,x, Uy Uy - - -)-

ox ;
>0
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For m > 2 we define D™[¢] as follows: D?[¢] = D [D[g]], D?[¢] = D [D?[4]],
and so on. If ¢ is a function with (p+ 3)-variables (¢, z, uo, ..., u,) then D™[¢]
is a function with (p + m + 3)-variables (¢, z,uo, ..., Uptm). It is clear that

ial(u §) = ()" ot 5]

holds for any m € N and any function u(t, z).
Of course, if ¥ = (¢, z, wp, w1, ...) is a function with variables (¢, z, wo,
wy, . ..) the notation D[y](t, z,wo, w1, ...) is read as

_

O
9 (t,x,wo,wy,...) + Zwiﬂw(t,x,wo,wl, S

i>0 v

Dy

We can regard D as a vector field with infinitely many variables (x, ug, u1,...)

(resp. (x,wq,wq,...)):
0 0 0 0
D—%—F;uiﬂa—ui (resp. D—%—I—;wiﬂa—wi).

Usually, this operator D is called the totally derivative operator.

Definition 2.1.  The coupling of two partial differential equations (A)
and (B) means that we consider the following partial differential equation with
infinitely many variables (¢, x, ug, ug,...)

0¢ 0¢
((I)) ta + TnZNDm[F}(tha Uugs - - - 7um+l)M = G(t,.’I}, ¢7 D[¢])
(where ¢ = ¢(t, x,ug, uq,...) is the unknown function), or the following partial
differential equation with infinitely many variables (¢, z, wo, w1, .. .)
oY

6,(/} m
(V) tor + Z D [G](t,xywo,...,wmﬂ)%

m>0

= F(ta z, ¢v D[¢])
(where ¢ = 9(t,x,wp, wy, . ..) is the unknown function).

§2.1. The formal meaning of the coupling equation

First, let us explain the meaning of the coupling equations (®) and (¥) in
the formal sense. Here, “in the formal semse” means that the result is true if
the formal calculation makes sense. For simplicity we write

ou 0%*u o™u
o(t,x,u,0u/0x,...) = qS(t,x,u, Fl-vIRRRE 8?7)

The convenience of considering the coupling equation lies in the following

proposition.
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Proposition 2.2. (1) If ¢(t, z,ug,u1,...) is a solution of (D) and if
u(t, x) is a solution of (A), then the function w(t,x) = ¢(t,z,u,0u/0x,...) is
a solution of (B).

(2) If Y(t, z,wo, w1, ...) is a solution of (V) and if w(t,x) is a solution of
(B), then the function u(t,z) = Y(t,x,w,0w/0x,...) is a solution of (A).

Proof. This result corresponds to [Proposition 3.1.1 in [3]], the proof of
which works also in this case; we have only to replace 9/9t by td/0t. O

In order to state the relation between (®) and (¥), we need the following
notion of the reversibility of ¢(t, x,ug, uy,...).

Definition 2.3.  Let ¢(¢,z,ug, u1,...) be a function of (¢, x, ug,uy,...).
We say that the relation w = ¢(t, x,u, Ou/dz,...) is reversible with respect to
u and w if there is a function (¢, x, wg, wy,...) of (¢,x,wq,ws,...) such that
the relation

Wo = ¢(t7xa Ug, U1, U2, - - .)7
wy = D[¢](ta T, Uy, UL, U2, - - .)’
(2.1) Wo :D2[¢](t,x,u0,u1,u2,...),

is equivalent to

Upg = w(tvxa Wo, W1, W2, . . ')a
uy = D[Y](t, z, wo, wy, wa, .. .),
(2.2) ug = D2[Y](t, x, wo, w1, wa, . ..),

In this case the function (¢, z,wp,wy,...) is called the reverse function of
o(t, x,up, ug, .. .).

By the definition, we see that the reverse function ¥ (t,z,wg,ws,...) of
o(t,x,up, u1,...) is unique, if it exists.

The following proposition gives the relation between two coupling equa-
tions (®) and (¥): we can say that the equation (V) is the reverse of (®).

Proposition 2.4.  If ¢(t,x,ug,u1,...) is a solution of (®) and if the
relation w = ¢(t, x,u,Ou/Ox,...) is reversible with respect to u and w, then the
reverse function ¥(t,x, wo,ws,...) is a solution of (V).
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Proof. This result corresponds to [Proposition 3.1.4 in [3]], the proof of
which works also in this case; we have only to replace 9/9t by t9/0t. |

Recall that the following lemma played an important role in the proof of
Proposition 2.4:

Lemma 2.5 ((2) of Lemma 3.1.5 in [3]). Let ¢(t, z, ug, u1, .. .) be a func-
tion with variables (t, x,ug, u1,...) and let K (t,z,wo, w1, ...) be a function with
variables (t,x,wo,w1,...). Then, for any m =0,1,2,... we have

D™[K(t,x,¢,D[¢],...)] = (D"[K])(t, z, ¢, D[d],...)

as a function with respect to the variables (t,x,ug,uq,...).

§2.2. Equivalence of (A) and (B)

Let F and G be function-spaces in which we can consider the following two
partial differential equations:

Ju ouy

[A] ta —F(t,x,u,%) m f,
ow owy

[B] ta = G(t, T, w, a) m g

Sa = the set of all solutions of [A] in F,

Sp = the set of all solutions of [B] in G.
Then, if the coupling equation (®) has a solution ¢(t, z, up, u1 .. .) and if ¢(¢, x,
u,0u/oz,...) € G is well-defined for any u € S4, we can define the mapping
(2.3) D :S4 3 u(t,z) — w(t,x) = ¢(t,x,u,0u/dz,...) € Sp.

If the relation w = ¢(¢, z,u, du/0x,...) is reversible with respect to u and w,
and if the reverse function (¢, z, wo, w1, .. .) satisfies ¥ (¢, z,w, dw/dx,...) € F
for any w € Sp, we can also define the mapping

(2.4) U:Sg o w(tx) — ult,z) =9t z,w,0w/dz,...) € Sa.
Set w(t,x) = ¢(t,x,u,0u/dz,...); then by the definition of D we have
w = ¢(t,x,u,0u/dz,...),
ow/0x = DI[](t, x,u,0u/dx,...),
(2.5) 0?w/0z? = D?[¢)(t, x,u,Ou/dz,...),
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Similarly, if we set u(t,x) = ¢(t, z,w,0w/dz,...) we have

u= ¢(t,x,w,0w/ox,...),
Ou/0x = D[¢|(t, z,w,0w/dx, .. .),
(2.6) 0?u/0z* = D?[¢](t,x,w,0w/dz, .. .),

Since (2.1) is equivalent to (2.2) we have the equivalence between (2.5) and
(2.6); therefore we have W o ® = identity in Sy and ® o U = identity in Sp.
Thus, we obtain

Theorem 2.6.  Suppose that the coupling equation () has a solution
o(t,x,up,uy ...) and that the relation w = ¢(t,x,u,0u/0x,...) is reversible
with respect to u and w. If both mappings (2.3) and (2.4) are well-defined, we
can conclude that the both mappings are bijective and one is the inverse of the
other.

By this theorem, we may say:

Definition 2.7. (1) If the coupling equation (®) (resp. (¥)) has a solu-
tion @(t, z, ug, vy ...) (resp. ¥(t,x, wo,ws ...)) and if the relation w = ¢(t, z, u,
ou/ox,...) (resp. u = (¢, z,w,0w/dz,...)) is reversible with respect to u and
w (or w and wu), then we say that the two equations (A) and (B) are formally
equivalent.

(2) In addition, if both mappings (2.3) and (2.4) are well-defined, we say
that the two equations [A] and [B] are equivalent.

§2.3. A sufficient condition for the reversibility

As is seen above, the condition of the reversibility of ¢(¢,x,ug,uq,...) is
very important. In [Proposition 3.3.1 in [3]] we gave one sufficient condition
for the relation w = ¢(t, x, u, du/dx,...) to be reversible with respect to u and
w. In this section, we will give another sufficient condition.

Let us introduce the notations: Dg = {x € C; |z| < R}, O denotes the
ring of holomorphic functions in a neighborhood of D, and Hg, g[t, uo, - - . , Up]
denotes the set of all homogeneous polynomials of degree k in (¢, ug, ..., up)
with coefficients in Og.

Proposition 2.8.  Let ¢(t,x, up,u1,...) be of the form
(27) ¢ = Z ¢k(t,.’£, Ugy - - - ,uk,l) € ZH}C’R[t,Uo, . 7’uk,1].

k>1 k>1



CoupLING OF Two PDEs, IT 401

If (0¢1/0up) # 0 on Dg, the relation w = ¢(t,x,u,0u/dx,...) is reversible
with respect to u and w, and the reverse function ¥(t, x,wp,w1,...) is also of
the form

(2.8) P = Z Yt x,wo, ..., wE_1) € ZHk7R[t7w07 ey W]

E>1 E>1

with (Y1 /0we) # 0 on Dg.

To prove this, let us consider the following equation with respect to the
unknown function ¢ = ¥(t, x, wp, w1, ...):

(29)  wo=¢(t,z,9, DY, D*[Y],...) in Y Hirglt,wo,... wk].
E>1

We have

Lemma 2.9.  Let ¢(t,z,up,u1,...) be of the form (2.7), and suppose
that (O¢1/Oug) # 0 holds on Dg. Then the equation (2.9) has a unique solution
W(t, x, wo, wy,...) of the form (2.8) with (01 /0wy) # 0 on Dg, and it satisfies
also

(2.10) ug =1(t,,¢,D[¢], D?[¢],...) in > Hingltuo,. .. ue1].

k>1
Proof. For simplicity we set

MPZZHk,R[t,wo,...7wk,1], p=12....

k>p

Set ¢1 = a(z)t + B(x)uo € Hi rlt, uol; by the assumption we have §(z) # 0 on
Dpg. Then our equation (2.9) is written as

(2.11) wo = a(z)t + By + Y én(t,z, 4, ..., DFY]) in M.
k>2
Let
Y= Zd)k(t,x,wo, ceyWg—1) € M!

k>1
be the unknown function. By substituting this into the equation (2.11) and by
considering the equation modulo MP+! we have

(2.12),  wo =a(z)t+ B(@)(Y1+ - +1p)
p+1—k p+1—k

p
+Z¢k (t,l‘, Z wjv'-'v Z Dk_l[wj}) (mOd Mp-i-l).
k=2 j=1 j=1
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In the case p = 1, (2.12); gives the equality
(2.13) wo = a(z)t + Bz)ir

and so we have

1 = —(a(x)/B(x))t + (1/5(x))wo € Ha,r[t, wol.

Thus we have seen that 11 € Hi g[t, wo) is determined uniquely, and it satisfies
(011 /0wg) # 0 on Dp. If we take p = 2, we have also the equality

wo = o)t + B(x) (Y1 + ¥2) + G2 (t, 2,91, D[] )

where ¢y = —(a(z)/B(2))t + (1/8(x))wo and so D[] = —(a(x)/B())"t +
(1/8(x)) wo + (1/8(x))ws. Since (2.13) is true, we have

¢2 = _(1/5(x))¢2(t79071/11aD[¢1]) S HZ,R[t7w07w1];

this proves that 1o € Ha g[t, wo, w1] is also determined uniquely.
For a general p > 3, by (2.13) and (2.12), we have

T p+1—k p+1—k
=50 Z¢k<t,x, PRI Dkl[wj]) (mod MPT1).
j=1 j=1
Since the right-hand side of (2.14),, is determined only by ¥4, ..., ¥p_1, the for-
mula (2.14), guarantees that ¢, € H, r[t, wo, ..., wp_1] is determined uniquely
if ¥1,...,9p—1 are known.

Thus, we can conclude that all ¢, € H, g[t,wo,...,wp—1] (p = 1,2,...)
are determined uniquely by the formula (2.14), by induction on p. This proves
the former half of Lemma 2.9.

Next let us show the latter half of this lemma: to do so it is sufficient to
prove the following equality

p P P
(215),  we=)» (t,x,Z¢h,...,ZDk1[¢h]> (mod MZ:TT)
k=1 h=1 h=1

for all p = 1,2, ..., where ME*! is the same one as MP*! with (wg,ws,...)
replaced by (ug,u1,...). In the case p =1 we have
Ui(t @, ¢1) = —(afx)/B(x))t + (1/6(x)) ¢
= —(a(z)/B(x))t + (1/8(x))((2)t + B(x)uo) = uo,
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which proves (2.15);.

Let p > 2 and suppose that (2.15),_; is already proved. Then, by Lemma
2.5 and the fact D7[ug] = u; we have

p—1 p—1 p—1
0= Y D) (6 dne D ] ) (o )
k=1 h=1 h=1

for j = 0,1,2,.... Since this equality is considered modulo MP?  this implies
that

p—1 D D
(216)  w;=> D[y (t, 2> Onyen Y Dk_1+j[¢h]) (mod M?)
k=1 h=1

h=1

holds for all j = 0,1,2,.... Since ¥1,...,1, are determined so that the relation
(2.12),, holds, we have

(217)  wo = afx)t + B(x) (Y1 + -+ 1yp)
p p—1 p—1
+> o (tw’Z%w-wZDk_l[?ﬂj]) (mod MPT).
k=2 j=1 =1

By substituting

p
wi =Y Don](t, 2 u0, .. un_144), i=0,1,2,...
h=1

into the both sides of (2.17), we have the relation

NE

(2.18) th(t,x,uo,...,uh,l)

>
Il

1

= aa)t+ B@) Yo (t,w»quh,..wZDj‘l[m])
j=1 h=1

h=1

P p—1 P P
+ quk(t,x,zzpj(t,x,zqsh,...,ZDf—l[qsh]),...,
k=2 j=1 h=1 h=1
p—1 p P ‘
ZDkflej](t’x’ Z¢’“ o ZD]1+k1[¢h]>>
j=1 h=1 h=1

(mod MET)
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as functions with respect to the variables (¢, x,ug,u1,...). Therefore, by ap-
plying (2.16) to the right-hand side of (2.18) we obtain

P
(219) Zgbh(t,a:,uo,...,uh_l)

h=1
P
= a(2)t+ f(z) > v (t z, Zebh,..-,ZDj‘l[dm])
j=1 h=1 h=1
p
+Z¢k‘(t7x7u07"'7uk—l) (mOd MZ+1)7
k=2
and so by (2.19) we have
¢1(t X 'LLO)

= a(z)t + Bz Z%(t:chﬁh,...,ZDk[gﬁh]) (mod METL).
h=1

Thus, by applying ¢1 = a(x)t + S(z)ug and by using the condition S(x) # 0
on D we obtain

p p P
”°EZ%(t’”/”i%--ZD’W) (mod M2+,
J=1 h=1

h=1

This proves (2.15),.
Thus, by induction on p we can prove (2.15), for all p = 1,2,.... This
proves the latter half of Lemma 2.9. O

Proof of Proposition 2.8. Let 1(t, x,wp,ws,...) be the solution of (2.9)
in Lemma 2.9. Let us show the equivalence between the relations

(2.20) u; = DI[Y)(t, z, wo, wy,...), j=0,1,2,...
and
(2.21) w; = DIB)(t, ,up,us,...), j=0,1,2,....

Let us apply D7 to the both sides of the equality (2.9); by Lemma 2.5 we
have

w; = DI[@)(t, x, ¢, DY), D*[Y],...), j=0,1,2,...
and therefore under the relation (2.20) we can get the relation (2.21). Similarly,
by applying D’ to the both sides of the equality (2.10) we have

u; = DI[Y](t,z, ¢, D[¢], D*[4],...), j§=0,1,2,...
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and therefore under the relation (2.21) we can get the relation (2.20). This
proves Proposition 2.8. U

83. Proof of the Main Theorem

In this section, we will give a proof of Theorem 1.4 (Main theorem) in the
introduction. Let us recall our situation again.

Let (t,z) € C; x C, be the variables, and let F(¢,x,u,v) be a function
defined in a polydisk A centered at the origin of C; x C, x C,, x C,, satisfying

Ay) F(t,x,u,v) is holomorphic in A,
As) F(0,2,0,0)=0in Ag =AN{t=0,u=0,v =0}, and

F
Aj) %(0,1,0,0) =01in Ao.
Under these condition, let us consider the following partial differential equation
ou Ju
(3.0.1) to = F(txu %) :

this equation is called a Briot-Bouquet type partial differential equation with
respect to ¢ (in [1]), and the function

Az) = g—i(o,x,0,0)

is called the characteristic exponent of (3.0.1).

Let us seek for a reduction of the equation (3.0.1) to a simple form. As is
seen in the case of Briot-Bouquet’s ordinary differential equation (in chapter 4
of [1]), it will be reasonable to treat the equation

(3.0.2) t— = AMx)w

as a candidate of the reduced form of (3.0.1). In order to justify this assertion,
it is enough to discuss the following coupling equation

9¢

oo m
((I)) ta + Z D [F](t,.r,w),--wum-i-l)%

m>0

() t%—f +3 ( > Am,i(x)wi>£:i = F(t,2,9, Dl])

m>0 N0<i<m

= A(z)¢p, and

where
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§3.1. Formal solutions of (P)

First, let us look for a formal solution of the coupling equation (®) of the
form

¢ = Z¢k(taxau0a e 7uk71) S ZHk,R[tv’U'Ov e 7uk:71]-

k>1 E>1
We have

Proposition 3.1.1.  Let R > 0 be sufficiently small. Suppose the con-
ditions A1), As), As) and that

(3.1.1) i+ A=x)(j—1)|#0 on Dg
for any (i,7) € N x N\ {(0,0), (0,1)}.

Then, the coupling equation (®) has a family of formal solutions of the form

—a(z)f(x)

(3.1.2) ¢= T

t+ B(x)uo + Z O (t,x,ug, .-y Uk—1)

E>2
with qﬁk(t,x,uo, A 7’[149,1) S Hk’R[t,’u,o, e 7’Ltkfl] (k = 2, 3, .. .),

where a(x) = (0F/0t)(0,2,0,0) and B(x) € Ogr. Here, 3(x) can be chosen
arbitrarily, and the other ¢p(t,x,ug, ..., up—1) (k = 2,3,...) are uniquely de-
termined by B(x).

In particular, if we take a function 3(x) € Og so that §(z) # 0 holds on
Dg, by Proposition 2.8 we see that the relation w = ¢(t,x,u, du/dx,...) is
reversible with respect to u and w. Hence we obtain

Theorem 3.1.2.  Suppose the conditions A1), As), As) and (3.1.1).
Then, the equation (3.0.1) is formally equivalent to (3.0.2).

Proof of Proposition 3.1.1. By the conditions A;), As) and A3) we have
the expression

(3.1.3) F(t,z,up,ur) = a(x)t + M(x)ug + Z Ci o ()t U ug®
itjta>2

where a(z), AM(z) and ¢; j.o(x) (¢ 4+ j + « > 2) are all holomorphic functions in
a neighborhood of Dp. We set

Ry(t, 2, uo,u1) = Z Cija(@)tug’u1® € Hp plt, uo, wl, p>2.
i+j+a=p
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Then, we have F(t,z,uo, u1) = a(x)t + A(z)uo + 32,50 Bp(t, 2, up, u1) and so

(314) Dm[F](t,LIZ,Uo,...,U7,L+1)
= a™ (z)t + Z Ami(T)u; + Z D™[R,(t, z,ug, - . ., Upmt1)

0<i<m p>2
for any m € N, where a(™ (x) = (0/0z)™a(x).
Thus, by substituting (3.1.4) into the coupling equation (®) we see that
our coupling equation (®) is written in the form

0
(3.1.5) (r=A@)o = — 3 S D[Rt 2, u, .. ’“m“)aui
m>0p>2
where
el (m)
=t + Z(am @+ 3 )\mz(x)uz)a -
>0 0<i<m
a vector field with infinitely many variables (¢, ug,u1, .. .).
Now, let us solve the equation (3.1.5). Let
(3.1.6) ¢ = Z o(t,x,ug, ..., up—1) € ZHk,R[t7UO, ey Ug—1]
k>1 k>1
be the unknown function. Since D™[R,](t, x, u, . . ., Um+1) belongs in the class

Hp.r[t, %o, . - ., Um+1], by substituting (3.1.6) into (3.1.5) and by comparing the
homogeneous part of degree k with respect to (¢,ug,...,ur—1) we see that
(3.1.5) is decomposed into the following recurrent formulas:

(3.1.7) (11 = AM®))¢1 =0 in Hy g[t, uo)
and for k > 2

(3.1.8) (7 — A(2)) o

0
== b [Rk—q+1] (t?xau()a"'vum+1)a¢q
1<q<k—1 0<m<q—1 tm
n Hk’R[t, UQy -« - - ,uk,ﬂ,
where
Tk :L‘2 + Z (a(m)(x)t—i— Z )\mz(aj)uz)i k=1,2,....
ot ’ Ou,’ T

0<m<k—1 0<i<m

Thus, to complete the proof of Proposition 3.1.1 it is enough to show the
following lemma:
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Lemma 3.1.3. (1) If M) # 1 on Dg, the equation (11 — A(x))¢1 =0
has a solution ¢1 € Hi r[t,uo] of the form

—a(x)f(x)

e VS

t+ B(x)ug

and B(x) € Og can be chosen arbitrarily.

(2) Let k> 2. If |i + XNz)(j — 1)| # 0 on Dg for any (i,j) € N x N with
i+j =k, then for any fi, € Hi,r[t, %o, - - ., ux—1] the equation (T,—A(z))dr = fx
has a unique solution ¢y, € Hy rlt, uo,. .., Uk—1].

Proof. The condition ¢1 € Hi rl[t, uo] means that ¢; is expressed in the
form ¢ = a(x)t + B(x)up; therefore by substituting this into (7 — A(z))¢p1 =0
we can easily verify the result (1).

Let us show (2). Set

= Z fij (@)t ug?® -+ gy 751,

i+ ljl=k
e = Z i (@)t ug? - gy 7o,
i+ljl=k

where j = (Jo,...,jk—1) and |j| = jo+- -+ jrk—1. Then, by using the condition
Am,m(x) = Mz) (forallm = 0,1,2,...) we see that the equation (7, —A(z)) ¢y =
fr is equivalent to

(3.1.9)

Yo G+ A@) (] = )i (@)t ug”™ - -y

i+|jl=k
= D foi@tue® - up g
i+|jl=k
_ Z i () Z a(™) (x)jmt”luojo T L BT
i+lj=k 0<m<k—1

E imt g’ jit1 jm—1 o
+ Z Am,i(f)Jmt UOJO e co U TR T Lot
1<m<k—-10<i<m—1

In order to handle this equation, the following total order relation < in
Ar = {(i,j0s---»jk—1) € Nx NF: i+ |j| = k} will be very convenient: for
(Zvj) = (i?jO?"'7jk‘—1) € Ak and (p7 Q) = (pa (JO7~-~;Qk—1) € Ak we write
(i,5) < (p, q) if one of the following conditions is satisfied;
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1) jr-1 < qr—1,

2) jr—1 = qx—1 and jr—2 < g2,

3) Jk—1 = Qk—1, Jr—2 = Qk—2 and jr_3 < qp—3,

4) and so on.

Then, by comparing the coefficients of ‘17 - - - up_17*-* in the both sides of
(3.1.9) we have

(i + M) (5] = 1)) i (x) = fij (@) + Gij(dp.g; (P, @) = (i)

where G; j(¢p.q; (p,q) = (i,7)) is the term determined by {¢p,q; (,q) > (4,7)}
Moreover we see that G (o,...,0,x) = 0 holds.

Thus, by the condition (i + A(z)(|j| — 1)) # 0 on Dg we can determine
¢i,j(x) € Og inductively on (i, j) € Ay from above with respect to the order <
in Ag. This proves the result (2). O

By using Lemma 3.1.3 we can solve the equations (3.1.7) and (3.1.8). This
completes the proof of Proposition 3.1.1. |

Thus, we have proved Theorem 3.1.2 which asserts that the equation (3.0.1)
is equivalent to (3.0.2); but it is only in a formal sense. To apply this reduc-
tion to the study of (3.0.1) in the holomorphic category, we need to prove the
convergence of this formal reduction which will be done in subsections 3.3 and
3.4.

§3.2. Formal solutions of (V)
Next, let us consider the second coupling equation (V). We have

Proposition 3.2.1.  Let R > 0 be sufficiently small. Suppose the con-
ditions A1), Ag), As) and that

(3.2.1) i+ Ax)(j—1)|#0 on Dgr
for any (i,5) € N x N\ {(0,0), (0,1)}.

Then, the coupling equation (V) has a family of formal solutions of the form

(3.2.2) = ﬁi

A(ZE) i+ 5(x)w0 + Zwk(th?w(b s 7’(1)]971)

k>2
with wk(t,wim B wk—l) € Hk,R[taw()v s awk—l] (k = 2; 3,.. '),
where a(x) = (0F/0t)(0,z,0,0) and B(x) € Ogr. Here, 5(z) can be chosen

arbitrarily, and the other Vi (t,x,wo, ..., wx—1) (k= 2,3,...) are uniquely de-
termined by B(x).
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Proof. Asin (3.1.3), we have the expression
F(t,z,wp,w1) = a(z)t + Mx)wo + Z Cijal(z o)t we? w
i+jta>2

where a(z), A(z) and ¢; j () (i+ 7+ a > 2) are all holomorphic functions in a
neighborhood of Dg. Therefore, the coupling equation (¥) is expressed in the
form

(3.2.3) (T =A@ =a(@)t+ Y cijal)te (D))"

itjta>2

e B )t

m>0 0<i<m

where

a vector field with infinitely many variables (¢, wo,ws,...), and A, (x) =
(m!/il(m — i)1)(9/0x)™ " A\(x) (0 < i < m). As in section 3.1 we note that
Am.m(z) = A(x) holds for all m =0,1,2,....

Let

(3.2.4) Y=Y Uitz wo,. .. wpo1) € Y Hyrlt wo, .., wi1]

k>1 E>1

be the unknown function. Then, by substituting (3.2.4) into (3.2.3) and by
comparing the homogeneous parts of degree k with respect to (¢, wo, ..., wk—-1)
we see that (3.2.3) is decomposed into the following recurrent formulas:

(3.2.5) (17 = Mx)Y1 = a(z)t  in Hy g[t, wo]
and for k > 2

(326) (T —A@)k= > cijal@) ti[ > Y, X

2<itj+ask [p(7)I+lg(e)[=k—i
X by, X Dthg, | x -+ X Dthg, ]

in Hy,g[t,wo, -, wr—1],
where
0 0
Th=ta > (Z Am,i(x)wi>ﬁ, k=1,2,...,
0<m<k—1 N0<i<m m

lp(j)| =p1 +---+p; and |g(@)| = ¢1 + -+ - + go. Thus, to complete the proof
of Proposition 3.2.1 it is enough to show the following lemma:
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Lemma 3.2.2. (1) If A(z) # 1 on Dg, the equation (1 — A(z))1 =
a(x)t has a solution 11 € Hy g[t,wo] of the form

a(z)

Y1= 1—A(x)

t+ ﬂ(x)wo

and B(x) € Og can be chosen arbitrarily.

(2) Let k > 2. If |i+ ANz)(j — 1)| # 0 on Dg for any (i,j) € N x N with
i+j =k, then for any fi, € Hi r[t, wo, ..., wk_1] the equation (15 — X(x))Yy =
fr has a unique solution vy, € Hy, r[t, wo, ..., Wgk_1].

The proof of this lemma is almost the same as that of Lemma 3.1.3 and
so we may omit the details. By using this lemma we can solve the equations
(3.2.5) and (3.2.6). This completes the proof of Proposition 3.2.1. O

Now, let us give a more precise form of the formal solution of (¥). For
§ = (jo,J1,---,Jk—1) € N¥ we write (j) = j1 +2jo + -+ (k — 1)jr_1. For any
ke N*(={1,2,3,...}) we set

Sk ={(k,(0,...,0)) € N x N*}
U{(6,5) e Nx N*5 i ] = &, [j] > 1,0+ 2(5] = 1) > () }-

We have

Proposition 3.2.3.  The term ¥y (t,x,wy,...,wi—1) (for k > 2) in
(3.2.2) has the form

(3.2.7) Yy = Z ¢i,j($)tiw0j0w1j1 g R
(4,) €Sk

Proof. For k € N*(= {1,2,...}) we denote by G, the set of all the func-
tions g (¢, z, wo, ..., wx—1) € Hi r[t, Wo,. .., wk_1] of the form

gk = E i, (@)t we” w7t -+ w1 M
(4,)€Sk

Then we have the following properties:

1) ¢ = (a(z)/(1 = Ma))t + B(z)wo € G,

2) tlegZ for any i € N*,

3) t(0/0t)Gr C Gy, for any k € N*|

4) w;(0/0wm, )Gk C Gy for any k € N* and i,m € N with 0 <14 < m,
5) (0/0x)Gy, C Gy for any k € N*|
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6) Gr X G C Ggyy for any k,l € N*,

) Win41(0/0Wy, )G X G C Gryy for any m € N and k,1 € N*|

8) Win11(0/0w,)Gk X Wpt1(0/0wp)G; C Gy for any m,p € N
and k,l € N*.

The conditions 7) and 8) imply that D[Gx]xG; C Gi4: and D[Gg|x D[G;] C Gk
hold for any k,l € N*. By combining these conditions with the construction of
the formal solution we can obtain the result in Proposition 3.2.3. 1

§3.3. Convergence of the formal solution of (V)

For s > 0 and a function p(z) € Or we define the norm ||¢||s of ¢(x) by

lells = maxfp(z)]-
<s

|z]
For¢>0,0<s<Rand
fre = Z fij (@)t we? w7 - wp_17%1 € Hy gt wo, .., W—1]
i+]i|=k
we define the norm || fxllc,s of fx by

e $ I (S) ) B ()

i+]j|=k

It is easy to see that | frgille,s < [l felle,s|lgille,s holds for any fi € Hi glt,

ug, ..., uk—1] and g; € Hy g[t, uo,-..,u—1]. We denote by C{z} the ring of
convergent power series in z with complex coefficients.
Let

(3.3.1) Y=Y Uitz wo,. .. wpo1) € Y Hyrlt,wo, ..., wi—1]

k>1 E>1

be the formal solution constructed in Proposition 3.2.1. In this section we will
show that this formal solution is convergent in the following sense:

Theorem 3.3.1.  Suppose the conditions A1), As), As) and that
(3.3.2) i+ Az)(§—1)] >o00(i +J) onDgr
for any (4,7) € Nx N\ {(0,0),(0,1)}

for some oy > 0. Then we can find a constant ¢y > 0 such that the formal
solution (3.3.1) satisfies

(3.3.3) Z |k |le.sz® € C{z}  forany0<c<coand 0< s <R.
k>1
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Hence, we may say that the formal solution ¥(t, x,wo, w1, ...) is convergent
if
D lvklles2* € Cfz}
k>1
holds for some ¢ > 0 and s > 0.
The rest part of this section will be used to prove Theorem 3.3.1. First we
note:

Lemma 3.3.2.  Suppose that the condition (3.3.2) holds for some oqg >
0. Then we can find a constant ¢y > 0 which satisfies the following: if k > 2,

0<c<c¢and 0 < s < R, the unique solution v, € Hy g[t,wo, ..., wx—1] of
the equation (17f — AN(z))Yr = fx € Hi,r[t, wo, ..., wk_1] satisfies
(3'3'4) Uk||7z[}k||c,s < ka”c,s

where o = 0¢/2.

Proof. We recall that A\(x) is a holomorphic function in a neighborhood
of D and so we have

= ()"

for some A > 0 and 1 > 0 which are independent of m and p. We set ¢y =
oon/(2A + op); then we see that the condition 0 < ¢ < ¢p implies 0 < ¢ < 7
and A(c/n)/(1 - (c/n)) = Ae/( - ¢) < 00/2.

Let ¢, € Hk,R[t, WO, - - -y wk_ﬂ and fi € Hk,R[t, wo, - - - ,wk_1] satisfy the
equation (77 — A(x))yYg = fx. Set

VY = Z i ()t we™ - wp 1,

m! A
’R = plgner

(3.3.5) A p

i+lj1=k
= Z i (@)t we® - wp 7+
it lil=k

Then the equation (77 — A(z))¥r = fx is equivalent to
S G A@) ]~ D) (@)t -y
i+]j|=k

= firj(@)two® - - - wp 7k
d

i+|jl=k

— Z Z Z Am,p (2)5 () %

i+|j|=k 1<m<k—10<p<m—1

X G tE w70 - - .wpﬁp-i'l eI T TR
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Therefore, by using the condition (3.3.2) and (3.3.5) we have
(3.3.6)
ook [[¥kll.,s

1A
<l + S B

ol pm—p
i+]jl=k 1<m<k—10<p<m-—1 b1

<in ()" () () (=)
SLZFEED DD SEEND DRI (¥

i+]j|=k 1<m<k—10<p<m—1

o (8" ()" () (B

Here, we note: if 0 < ¢ < ¢y we have

S e A/ = A/ (1~ (efn) < oo/

0<p<m—1 q>1

by applying this to (3.3.6) and by using |j| < k we obtain

ook [kl s
0o . 0!\ Jo 11\ 71 (k= 1)I\Jr—
<ii,+ 3 3 ll| 3 ()" ()" (=)
i+|jl=Fk 1<m<k-1
7 N0 (1INGT (k= 1)1\ e
S ka”c,s + ? k 4 Z me'Hs (E) (;) e ( Ck'—l )
i+|j|=k
)
il + S o],
This leads us to the estimate (3.3.4). O

The following result is a modification of Nagumo’s lemma.

Lemma 3.3.3.  Let ¢ > 0 be fized. If Yy, € Hy rlt, wo, ..., wp—1] (with
k > 2) has the form (3.2.7) and if

(3.3.7) el s < forany0<s<R

_¢
(R—s)
for some C >0 and a > 0, then we have

(a+1eC 3k C
(338) ||D[’lbk} HC’S < W + ?W for any 0 < s < R.
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Proof. Set

Y = Z T/Ji,j(x)tiwojowljl W

(4,5) €Sk

we have

v |
D[wk} = Z %(Z)tlwojowljl R e L

(4,5) €Sk
. ) 1 Jrn — 1 Im+1+1 Ik —
+ E E dji,j (x)]mt wo”® « - Wy wm+1] AR T L
(i,/)€Si Lo<m<k—2
[71>1

o - —
+ i (2) jre—1t wo " wi?t -+ wp_ ot w17 wk‘|-

Therefore, for any 0 < s < R and any 0 < h < R — s we have

(3:3.9) |[D[valll..

< > [P () (L
(1,7)ESk
+ Z [ Z Hwi’ﬂsjm(g_é)jom(Cﬁm!)jmﬂx
e s

y (M)jmﬂﬂ N ((k - 1)!>jk,_1

cm+1 Ck71

|y Jr—1 (S—é)jo . ((kck—j)!)jk—2 ((ka;j)!)jk_lﬂ (f—;)]

< Y %Ilwmllﬁh (%)J(i—l)]<%)ﬂ

(4,) €Sk
. (m+1) 0!\ Jo ml\ Jm
S Y Wl () (B)
(i,5)€S)K 0<m<k—1
[71>1

+ [[i 4

X (M)j“l ((k - 1)!>jk,_1.

cmtl ck—1

Since (4, ) € Sk and |j| > 1 imply i + 2(|5] — 1) > (j), we have

S dm(mA1) =)+ 5] < i+ 205 — 1) + 5] < 3G+ ]4]) =3k
0<m<k—1
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and so by (3.3.7) and (3.3.9) we see

Pl 3 sston ()" ()

(i-)€SK ¢
3k Ol\do (10Ndr ((k — 1)y des
o X el (3) (&) ()
(1,5) €Sk
[71>1
1 3k
< E Hwk||c,s+h + ? ||¢k| c,s

Sl ¢ sk c
~h(R—s—h)* ¢ (R—s)*

In the case a = 0, by letting h — R — s we have the result

C 3k
D < _Ca
H [¢k]"c,s =~ (R—s) + c
which proves (3.3.8) with a = 0. In the case a > 0, by taking h = (R—s)/(a+1)
we obtain

(e+1)C 1 3k C
||D[wk} Hc,s = (R—s)*t (1-1/(a+1))® + ¢ (R=s)°
_ (a+1)C INe 3k C
" (R—s)at! <1 ‘) t (R — s)a
(a+1eC 3k C
(R—s)H ¢ (R_s)@’
which proves (3.3.8). O

Now, let us prove Theorem 3.3.1. Recall that our coupling equation (¥) is
written in the form

(T =A@y =al@)t+ > cijal@)te! (DR
i+ita>2
We set i j.allr = Aijo (for i + j+ o > 2); then we see that the series
Z Aivj:atiyj+a
i+jta>2

is convergent in a neighborhood of (t,Y) = (0,0) € C x C. For simplicity we
may suppose that 0 < R < 1 holds.
Let

(3310) P = Zﬂ)k(t, X, W, . .. ,U}k,1) € ZH}C,R[t,’wo, . 7’wk,1]

k>1 k>1
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be the formal solution constructed in Proposition 3.2.1. We know that v (for
k > 2) are determined by the recurrent formulas:

(3311) (- Aae= Y cjal@)t > Unx

2<i4j+as<k [p(3)|+1g(a)|=k—i
X oo X Yy X Dby, | x - D[t ]|

Let ¢y > 0 be the constant in Lemma 3.3.2, and let 0 < ¢ < ¢g be fixed.
Take a positive constant A > 0 so that

(3.3.12) [1llr <A and  ||D[yn]]|, 5 < (e+3/c)A

hold. As a majorant equation of the formal solution (3.3.10), we consider the
following functional equation with respect to Y:

1 1 Aija ixrd o
(3313) Y:AZ+ ;m Z Wz YJ((€+3/C)Y)
i+jt+a>2

where 0 = 0,/2, and s is a parameter with 0 < s < R. It is easy to see that
(3.3.13) is an analytic functional equation with respect to (z,Y). The implicit
function theorem tells us that for any 0 < s < R this equation (3.3.13) has a
unique holomorphic solution Y = Y (z) of the form

Y = ZYkzk.

k>1
Moreover, ;. (k =1,2,...) are determined by the following recurrent formulas:
Yi=A

and for k > 2

11 Aija
B3.14) Yi="m g > (R—s)itita2 [ Y. Y
2<itj+a<k lp(G)I+la(a)|=k—i

XX Yy X ((e+3/c)Yq1) ~~~((e+3/c)an) .

By induction we can see also that Y} has the form

Ck

(3.3.15) Y, = W7

k=1,2,...
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for some constants C; = A and Cy > 0 (k > 2) which are independent of the
parameter s. We often write Y = Yi(s); this emphasizes that Y, depends on
the parameter s.

The following lemma guarantees that Y(z) is a majorant series of the
formal solution (3.3.10).

Lemma 3.3.4.  Let ¢ =) ;- ¥y be the formal solution (3.3.10). Then,
for any k=1,2,... we have

(3.3.16)% el s < Yi(s) forany0<s <R,
(3.3.17) |D[vr]]l < (e+3/c)Yi(s) for any0 < s <R.

c,5 —

Proof. Since Y7 = A, the case k = 1 is clear from (3.3.12). The general
case is proved by induction on k.

Let k£ > 2 and suppose that (3.3.16), and (3.3.17), are already proved for
l=1,2,...,k— 1. Then, by applying Lemma 3.3.2 to (3.3.11) and by using
the induction hypothesis we have

> K2

[p()|+la(a)|=k—1i

1
|‘¢kHc,s < % Z Ai,j,a

2<it+j+as<k

x|y < 1P Wa]ll s "'HD[%]HCJ

1
< ok Z Aija

2<itj+a<k

Y, (8)x
[p() | +la(e)| =k~

X e x Yy, (8) % (e + 3/0)Yy (s) - (e + S/cma(s)].

Hence, comparing this with (3.3.14) we obtain

Yi(s) = =

(R - S) 1 Ok
k k(R —s)k2

(3.3.18) [Pklle,s <

for any 0 < s < R. Since 1/k <1 and 1/(R —s) > 1 hold, by (3.3.18) we have

C
|c’S <k =Yi(s) forany 0 <s< R

el < T ey
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which proves (3.3.16),. Moreover, by applying Lemma 3.3.3 to (3.3.18) we have

(k—1e C 3k C
1Pl < S ey * o o
<e Cr 5 Ci

SCR—sF 1 TR
=(e+3/c)Y;(s) forany0<s<R

which proves (3.3.17),.
Thus, by induction on k& we have proved Lemma 3.3.4. 1

Let us return to the proof of Theorem 3.3.1. By Lemma 3.3.4 we have

Z ”wkHC,szk < ZYk(S)Zk.
k>1 k>1
Since the right-hand side is convergent in a neighborhood of z = 0, this com-

pletes the proof of Theorem 3.3.1. a

Let us give a variant. Let

0 0
0 _
(3.3.19) T = t@t + E Wi g

m>0 m

and let G(t,x,up,u1) be a holomorphic function defined in a neighborhood of
the origin (¢, ,ug,u1) = (0,0,0,0) € C* whose Taylor expansion in (¢, ug, u1)
has the form

A o
(3.3.20) G(t,z,ug,u1) = Z #tlu(ﬂula
itita>2 (R —2)

with A; ;>0 (i+j+a>2)and 0 < R < 1. Let us consider the following
equation

(3.3.21) (r° = 1)¢ = G(t, 2,9, DW]).

For R > 0 we write

H’% R) [t, wo, . . - 7tl)k,l] = ﬂ Hk,n[t, wo, . - . ,wkfl].
0<n<R

We have
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Theorem 3.3.5. The equation (3.3.21) has a unique formal solution of

the form ¢ = wo—+3 p5o Vi (t, @, wo, - .., wk—1) € D5y My, w)lts wo, - .-, wr—1].
Moreover we have

Z |k lle.sz® € C{z} foranyc>0and0<s <R
E>1

where Y1 = wy.
Proof. Set

(3322) ¢ = Z ’@/Jk(t, T, WOy, wkfl) S ZHIC,(R) [t, woy, - . - 7wk,1].

k>1 k>1
It is easy to see that under the condition 11 = wp the equation (3.3.21) has
a unique formal solution of the form (3.3.22), and that vy (¢, z, wo, ..., wg_1)
(for k > 2) are determined by the following recurrent formulas:

Ai'a i
Yy = : Z —bhe ¢ Z T/Jm"'ijXD[wa]"'D[wqa]'

a<itirack B8 L @ik

Therefore, for any ¢ > 0 and any 0 < s < R we have

1 Az et
(3323) Hwk||c7s S m Z (R 278) Z ||wp1Hc,sX

2<itjtask [p(H)|+la(a)|=k—i

x|l P Wa ]l [P W]

‘c,s :
Let us consider now the functional equation with respect to Y:

1 Ai,j,a AVl e
(3.324) Y =2+ ) > gD 2 Y7((2e +6/c)Y)
i+jra>2

where s is a parameter with 0 < s < R. It is easy to see that (3.3.24) is
an analytic functional equation with respect to (z,Y). The implicit function
theorem tells us that for any 0 < s < R this equation (3.3.24) has a unique
holomorphic solution Y = Y'(2) of the form

Y = ZYkzk.

k>1
Moreover, Y;, (k= 1,2,...) are determined by the following recurrent formulas:

Yi=1
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and for k > 2

1 Aija
(3.3.25) Yy = (R—s) Z (R — s)1+2(i+ita—2) l Z Yp, %
2<itj+a<k lp(d)+lq(a)|=k—i

X oo x Yy X ((26+6/c)Yq,) - (264 6/0)Yq.) |

By induction we can see also that Y has the form
Cr
(R — 5)2(—1)

for some constants C; = 1 and C, > 0 (k > 2) which are independent of the
parameter s. We write Y = Yj(s) when we emphasize the fact that Y; depends

Y, = k=1,2,...

on the parameter s.

Since Y1 = wo we have D[wl] = wy; therefore ||[¢1]cs = 1 = Y1 and
|D[¢1]]le,s = 1/c < (2e +6/c) = (2e + 6/c)Y; hold for any 0 < s < R.
Moreover, for kK = 2,3,... we can prove the estimates

||1/1k||c75 <Yi(s) forany0<s<R,
||D[¢k] Hc_s < (26+6/c)Yi(s) forany0<s<R
by induction on k in the same way as in the proof of Lemma 3.3.4. The factor

(2e + 6/c¢) comes from the estimate ((2k — 2)e + 3k/c)/(k —1) =2e+ (k/(k —
1))3/c < 2e+6/c for any k > 2.

Thus, we have
Z ||¢k| c,szk < ZYk(S)Zk.
k>1 k>1

Since the right-hand side is convergent in a neighborhood of z = 0, this com-
pletes the proof of Theorem 3.3.5. O

§3.4. Convergence of the formal solution of (®)
Forr>0,¢>0,0<s<Rand

Je = Z fig (@)t ugur? - up 1750 € Hy glt,uo, - g1
i+il=k

we define the norm || fx|/rc,s of fx by

ree= X Il (3) (3 (B) - (=)

i+ljl=k

1/
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In Proposition 3.1.1 we have shown that under the assumption (3.1.1) the
coupling equation (®) has a family of formal solutions of the form

(34.1) ¢ = —a(zx)p(z)t + B(x)up + Z ok (t, T ugy .. Up—1)

E>2

with a(z) = a(x)/(1 — A(x)), B(z) € Op is arbitrary, and ¢ (¢, z, ug, ..., up—1)
€ Hi.rlt,uo,- .., uk—1] (k= 2,3,...): we know that the terms ¢, (k > 2) are
determined by the recurrent formulas

(3.4.2) (71 — A(2)) D
=- Z Z D™ [Ri—q41] (t, x,uo, . .. 7Um+1)gfi

1<g<k—1 0<m<q-1

where
Tk:t%+ Z (a(m)(:c)tJr Z )\myi(x)ui)%, k> 2.

0<m<k-1 0<i<m
In this section we will prove the convergence of this formal solution (3.4.1) in
the following sense:

Theorem 3.4.1.  Suppose the conditions A1), As), Az) and that

(3.4.3) li+Ax)(j —1)| > 00(i+j) on Dg
for any (i,7) € Nx N\ {(0,0),(0,1)}

for some og > 0. Then we can find constants rg > 0 and 0 < cg < R such that
the formal solution (3.4.1) satisfies

Z ||¢k||r,c,szk € C{Z}

k>1

(with ¢1 = —a(x)B(z)t+ B(x)ug) for any0 <r <rp,0<c<c¢ypand0<s<R
satisfying ¢ + s = R.

The rest part of this section is used to prove this result. In the proof, we
may suppose:

1A
la™p< 22 m=0,1,2,...,
T]m

m! A

[Ampllr < PR

m=20,1,2,... and 0<p<m
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for some A > 0, 7 > 0 and A > 0 which are independent of m and p. As is
proved later, it is sufficient to take rg > 0 and 0 < ¢y < R so that

(3.4.4) 0<cop<n and roA+ (Aco/(n —co)) < 00/2

hold: we fix such 79 > 0 and 0 < ¢y < R from now.

3.4.1. A reduction

First, let us recall that R,(¢,x, up,u1) in the right-hand side of (3.4.2) is
expressed in the form

Rp(ta Z,Uup, U]_) = Z Ci,j,a(x)tiuojula; p Z 2a
i+j+a=p

where ¢; j o(x) (i +j + o > 2) are holomorphic functions in a neighborhood
of Dp. Without loss of generality we may suppose: 0 < R < 1. We set
ij,allr = Aija; then we have ¢; j o(2) < Aijo/(1—2/R) < A; jo/(R—1).
We set

Ao .
5Js tzwojwla .

(3.4.5) Gtz wo,w1) = )

itjta>2 (R —x)

we have R, (t,z,wo,w1) < G(t,z, wo,wq) for all p > 2 as power series with
respect to (¢, z,wp,w1). As in section 3.3 we use the notation

Hk‘,(R)[tawﬂv"'awk—l] = n Hk,n[t,wo,...,’wk_l].
0<n<R

Under these notations, let us consider the following equation

(3.4.6) (r° = D)yt = G(t, =, 4", D[y]),
where 79 is the vector field in (3.3.19), that is,
0 0
0 _4+ 2 -
T —tat + Z wmawm.
m>0

Tt is easy to see that this equation (3.4.6) has a family of formal solutions of
the form

(347) ’@/J+ = ZQ/)JIQ(t,LU?wo, . ,U}k,1) S ZHIC,(R) [t, wo, - - .,wk,ﬂ :

k>1 k>1
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moreover we see that ¢ € Hi,(r)[t, wo] can be chosen arbitrarily and the other
terms kar, (k > 2) are determined by the recurrent formulas:

1 A
A o ey +
(348) W =73 423 (R—2) ‘ > VX
2<itirash 1) +a(e0) | =k—i

X oo X ijD[ ;]><~~~><D[;ra] )

We take ¥ = wp from now. Then, on the convergence of this formal
solution (3.4.7) (with ] = wy), by Theorem 3.3.5 we have

Proposition 3.4.2.  Foranyr >0,c>0 and 0 < s < R we have

> Ik

k>1

|m,52k e C{z}.

By combining this with the Stirling’s formula we can see also

k- 1)k
Z ((k?—)l)' ||7/}—I:||T,c,szk € (C{Z},
k>1 :

where in the case k = 1 the notation (k—1)*~! should be read as 0° = 1. Thus,
to prove Theorem 3.4.1 it is sufficient to show the following inequality (3.4.9)
and (3.4.10):

Proposition 3.4.3.  Let ¢ = >, ¢k be the formal solution (3.4.1)
with g1 = —a(x)B(2)t + B(x)uo, and let Y =37, o, Y be the formal solution
of (3.4.6) with 1ij = wq. Then, we have

(3.4.9) P1llrc,s < 181s (el s + ||¢J1r|r,c,5)v
(34.10) 0alnes < B, s Jor k22
-, kllr,c,s > O'kfl(kf].)! s kllr,c,s or kK =2

forany 0 < r < 19, 0 < ¢ < ¢y, 0 < s < R satisfying c+ s = R, and
0 < 0 <min{l,00/2}.

3.4.2. Basic properties of i

Let gt = 37 o ) (t,z,wo,...,wp—1) be the formal solution of (3.4.6)
with ¢ = wg and Ui (t, @, wo, ..., wp—1) € Hy w)[t, wo, . .., wp—1] (for p > 2).
We have
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Lemma 3.4.4. (1) W;;(t,iﬂ, wo, ..., wWg—1) (for k > 2) has the form

Ciii . ,
= Z Z (R ;j;)l twe’® -+ w177 >0
i+|jl=k 1<I<2k-3
with C; 5, >0 (i +]j| =k and 1 <1 <2k —3).
(2) If r >0, ¢ >0 and s > 0 hold, we have

on o o 1 2
(3411) p <<P %D [7/} ](rp,sa 670;)’ cha 672/)7 c )

for any m = 0,1,2,..., where <, denotes the majorant relation in C[[p]] the
ring of formal power series in p.
3) Ifr>0,0<c<R,0<s< R and c+ s= R hold, we have

; o 1 2
(3412) D [dﬂ (TP, S, cT)f% CTpa cjpa . )

i m or 11 2!
<<p mc D [er] (TP,S, C_Opa CTP,C_QPa)
for any 0 <1i < m.

Proof. The part (1) is verified by induction on k; in the argument we
should use (3.4.8) and the following facts ¥ = wg, D[] = wy, 2k — 3 <
2(k—1), (2k—-3)+1=2(k—1), and

1+ Z 2(pm — 1) + Z 2(qn — 1)
1<m<j 1<n<a
=1+42[p(j)| — 2j + 2[q(e)| — 2
= 1420+ [p(j)| + |ala)]) — 2i — 2j — 20 = 1 + 2k — 2i — 2j — 20
=(2k-3)—2(i+j+a—2)<2k-3.
Since ¥T = wy, we have D™[iT] = w,, and so
o 1 2!
m [, /4
D W ](rpasac_opa c_1P7 C_zp’)
m o 1 2! m!
>>pD [¢T] (TP,S, C_Opa c_1P7 C_zpa) =

this proves the part (2).
Let us show (3). We note that to verify the condition (3.4.12) it is enough
to discuss only the following two cases:

Case (i) ¢ = wg, and
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Case (ii) ¢+ |j| = k > 2 and ¢ has the form

(3.4.13) Yt = (Rfcx)l t9wp% - - wp_17*-1  with C >0 and [ > 1.
Take any 7 > 0,0 < ¢ < Rand 0 < s < R with ¢+ s = R; for simplicity we
wte o 1 2l
(%p) = (r,o, S, 5P 1P 2 )
In the case ¢¥/" = wg we have D[y/*] = w; and D™["] = w,,; therefore if
0 < ¢ <m we have (3.4.12) by

. | i1 m! ! ,
Di[UH)(xy) = Sp = — ™ op = D[ (x,).

Let us show the case (ii). Suppose that ¢+ |j| = k > 2 and that ¢" has the
form (3.4.13). Set u(z) = ¢/(R — x); then we have u(™ (z) = nlc/(R — )"+
forn=20,1,2,..., and therefore

Gt (8w, u(@), uD (@), uF D (@)

B Olc 1le (k—1le
= v (b, R—2) R—ap " (R—x)k)

C a le \Jo (k—1Dle Je-1 M a
Tk ((Rofx)) "'(ﬁ) “wmoap'

where M = C(0lc)?0 - ((k — 1)le)? =1 and p = L+ jo + 241 + - + kjr—1 > 1.
By the definition of D we have

Olc 1le (k—=1+1)lc
(R—z) (R—x)2" """’ (R—x)k‘“)
=D [ +] (t, x,u(x), u(l)(;zc)7 o ulk D) (x))

_ )l M tq:p(p+1)---(p+i}—1)Mtq.
0xr/ (R—x)p (R — z)rt? ’
by setting ¢t = r, x = s and by using ¢ = R — s we have
; o 1! (k+i—1)! plp+1)---(p+i—1)M
2[4 —
D [1/1 ](T,S,C—O,C—l,..., o ) = Y rd.
Similarly we have
or 1! (k+m—1)! plp+1)---(p+m—-1)M
it —
D™ [y Kr’s’c_o’c_l"”’ T ) = e e
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Moreover, by the conditions 0 < ¢ < m and p > 1 we have

™ m Nopm 1) P (prm—1)
o G sri)-y 1)_p(p+1)-"(p+i—1)‘

Thus, we obtain

. o1 (k-1
) 2 )
o o1 (k—1)
Smc D [w+](7"787c—07c—17..., ckfl )

Since in this case 9" is homogeneous of degree k with respect to (¢, wy,. ..

)

wg—1), this proves the relation

D[] (%) <, %cm—ipm [6F] (%))

Thus, (3.4.12) is also proved in the case (ii). This completes the proof of (3) of
Lemma 3.4.4. g

3.4.3. On the equation (1, — A(z))¢r = [
For 0 < s < R and

f= > fij@tuu - up_ 17+ € Hy glt,uo, ..., up1]
i1k

we write |f|s(t, uo, ..., uk—1) by

| fls(t, w0y - ooy up—1) = Z [ fijlls tuous?t - - gy %1
i+ =k

Let £ > 2, and let us consider the equation
(3.4.14) (1 = ANx))pr = fr € Hirlt, w0, -, Uk—1],
where 7 is the same as in (3.4.2). We have
Lemma 3.4.5.  Suppose that
(3.4.15) li+Xxz)(j—1)] > 00(i+j) onDgr foranyi+j>2

holds for some o9 > 0. Let k> 2, and let 7o > 0 and 0 < ¢y < R be the ones
in (3.4.4). Then we have the following results.
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(1) The equation (1, — A(2))¢r = fx € Hi,rlt, o, .., ux—1] has a unique
solution ¢ € Hy,rlt, uo, ..., ur_1].

(2) Moreover, if 0 < r <719, 0 < c<¢,0<s<R,c+s=R and
0 < o < 09/2 hold, we have

(3.4.16)  okl|ek|, (ro, " (x,), DWT(xp), ..., DM (%))
<p | fil ,(ro, 0 (), DT (xp), ..., DM M ) (x)).

Proof. (1) is clear from (2) of Lemma 3.1.3. Let us show (2). Set
Sr= D Gi(@)ug® w9,

i+|j|=k
fo=">_ fij@)tue” - upr9+1,
i+|j|=k

Since the relation (7, — A(z))¢r = fi is written in the form (3.1.9), by using
(3.4.15) and estimates [|a™ || g < m!A/n™ and |[Ampllr < (m!/p)(A/n™P)
we have

ook‘qﬁk‘s(t,uo,...,uk,l)
mlA . ) . )
< ) ||¢z',j||sl Yo dmt e 1"'Uk1]k1‘|
i+|j|=k 0<m<k-1 n

1A
+ > ||¢m-||sl D Dy

_! e
i+|j|=k 1<m<k—1 0<p<m—1 p=1
X tl’LLOJO N up]:ﬁ+1 . umjm71 e uk_ljk—1‘|

+ |fk‘s(tvu07"~7uk71)

(as formal power series in (¢,uo,...,ux—1)), and by setting ¢t = rp and u, =
DP[yit](x,) (p=0,1,2,...,k — 1) we obtain
(3.4.17)

Jok |¢k|s (Tp, ¢+(*P)’ D[¢+](*p)ﬂ ] Dkil[w+](*P))
<o D lousls| X2 ”;—ifjm (rp) Tt ()70 - D [yF] (1)

i+|j|=k 0<m<k—1

X DR ()
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A ) )
3 Meusllsl S0 Y B ) ()
i+|j|=k 1<m<k—1 0<p<m—1 P
x DP MJF] (*p)jp+1 D™ WJF] (*p)jmil T Dk71[¢+](*p)jk_l
+ ‘fk|s(rp7 ¢+(*P)v D[¢+](*P)7 ER ] Dk_l[qlﬁ_](*f?))'

Here, we note that by (2) of Lemma 3.4.4 we have (rp)™! x D™ [ ] (x,)im !
<, r(e™/m)(pr) x D™ [¢t] (x,)7™ and so

P 1) o D]
<, TZ—Z& %ml X [(TP)ZQ/JJF(*p)jO DT Y] ()Y ]

and by (3) of Lemma 3.4.4 we have DP [¢/7](x,)/» 1 x D™ [yF](x,)im 1 <,
(p!/m!)c™ P DP [ (x,)7» x D™ [¢F](%,)’™ and so

Z m! A (rp) bt (5,)70 - - DP [ ] ()72 L oo D™ [5F] (3,,)7m

ol pm—
o<pm—1 P 1TF
m! A p! i ) . _
< 0< ; 1 Enm—ll EC "X {(rp) w(*P)]O - D WJF] (*p)jm]
<p<m-—

<, (Ac/(n— &) [<rp>iw+<*p>f° D] <*p>fm} |

Hence, by applying these estimates to (3.4.17) and then by using the inequalities
rA+ (Ac/(n—c)) < oo/2 (by (3.44)) and jo +j1 +Jj2 + -+ jk-1 = [j| <k
we obtain

ook ok, (rp, ¥ (%), D[] (xp), - ., DM 5] ()
<, D |I¢i,jls[ > A % (rp) it (x,)" - DMLt ()"

i+j|=k 0<m<k—1

Y (A=) X (rp) 6 (5,) - DF ()

1<m<k—-1

| Fal (7o, 0 (), DI, )s o DP [ (5,)
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= > |¢i,j||5(rA+(Ac/(77_C)))[ > jm‘|><

i+|j|=k 0<m<k—1
X (rp) 5t ()" -+ DM ] ()
+ | fil, (ros 0 (), DIWT] (%), -, DF MU ()
<5 Y Ndiglls(o0/2)k x (rp)iat (x,) - Dt ()

i+ljl=k
il (067 (5), DM (5), -, D 0 (5)
= Sk[6e], (ro 0" (5y), D)), ... DF 0] ()
|l (.67 (5). D (5), - D P (5,).

Thus we have proved the inequality

Skl6e] (o 6" (10), DI 1(5,), ... DF 1[4 (x,)
<) }fk|s(’rp7 er(*p)vD[er](*p)v SR Dk71[¢+](*p))-

This proves the part (2) Lemma 3.4.5. |

3.4.4. Proof of Proposition 3.4.3

We will give a proof of Proposition 3.4.3 from now. The essential part of
the proof consists of two propositions (Proposition 3.4.6 and Proposition 3.4.8)
given below.

Proposition 3.4.6.  Let " = 7 - ¥} (t,z,wo,...,wy—1) be the for-
mal solution of (3.4.6) with i} = wy.
(1) We have the following equalities:

(3.4.18)  G(t,x, v, D[¢]) = v + 20 + 3y +--- =) (p— 1)},

p>1

(3419)  D"[G](ta, vt D)) =Y (0 - D™ [wi].

p>1
(2) Let p(t,x,ug, ..., uk—1) € Hi,r[t, %o, ..., uk—1]. If

(3.4.20) o(t,x, ", D[], ..., DF 1 [yt])
= Z hyp(t,z,wo, ..., wp—1) € ZH% ®)[t,wo, .., wp_1]

p>k p>k
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holds, we have

(3.4.21) > DG (t,z, v, D], D™y x

0<m<k—1
X G (0 D[] Do)

—Zp k)hy(t, z, wo, ..., wp—1) € Z'H [t wo, - .., wp_1].
p>k p>k
(3) Let o(t,z,ug, ..., uxk—1) € Hi,r[t, Uo,---,ux—1].- Ifc>0,0<s <R,
and
(34.22)  [@ls(rp, ¥ (), D[UH] (%), ., DM M [ ] () < Y Byp?

p>k

holds for some B, >0 (p > k), we have

(3423) Z D™ [G] (’I“p, s, ¢+(*p); D [17[}4'} (*p)v e pmtl [w+] (*p)) X

0<m<k—1
Qe (1 ) DI (5). ... D [ ()
a U, 12 plyecs P
<p Z(p — k)Bpp”.
p>k
Proof. For a function K(t,z,ug,...,ux—1) we write K* = K*(t,x,wo,

wy,...) = K(t,z, 0", D[wt],..., D*=1[yt]).
Since 70 has the form 7° = t9/0t + > m>0 Wm0/O0wp, by (3.4.6) and the
FEuler’s identity we have

G ==y => (-1 =D (p- 1)
p>1 p>1

this proves (3.4.18). Moreover, by Lemma 2.5 and (3.4.18) we can verify the
equality (3.4.19) in the following way:

(0"(6]) = D"(67) = 0" |- 15| = - 10" 5]

Let us show (2). By applying 7° to the both sides of (3.4.20) we have

(3.4.24) thp(t,x,wo, e Wpg) =T Z hy(t, z,wo, ..., Wp—1)

p>k p>k

“o(t, ¢t D[yt],.... DF 1))
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(5 + X (5E) xegomle]

0<m<k-—1

+Z Z (%yxwiai%meﬁ]

i>0 0<m<k—1

SIS

0<m<k—1
On the other hand, since (¢, z,ug, ..., ur—1) is homogeneous of degree k with
respect to (¢, ug,...,ur—1), by the Euler’s identity we have
0 0
Eo(t,z,ug, ... ,up_1) = 700(t, ,ug, . .., up_1) = e + Z um—w
ot ouy,
0<m<k—1

and so by (3.4.20) we have

(3.4.25) Y khy(t,x,wo, ..., wpo1) = ko(t,z, ", D[yt], ..., D" [y])
p>k

—(%) X ok ()"

0<m<k—1

Hence, by (3.4.24) and (3.4.25) we have

(3.4.26) Z(p— k)hy(t, z, wo, ..., wp—1)
p>k
dp \*
= (7% = 1)D™ [¢t] x
ogngk—1 [ } (3um)

Here we note:
Lemma 3.4.7.  For any function f(t,x,wg,w1,...) we have

(3.4.27) (%0 D) f(t,x,wo, w1, ...) = (Do) f(t,z,wo, wy,...).

Proof of Lemma 3.4.7. Since
o0 Do (12 S ) (L Yo )
Jj=0
R !

we can verify (3.4.27) by a direct calculation. O
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Hence, by applying this lemma to (3.4.26) we have

Z(p —k)hy(t, z,wo, ..., wp—1)

p>k
= Y o] < (p)

ou
0<m<k-—1 m

= Y DGt D] x (22

ou
0<m<k-—1 m

= Z D77L[G](t’$7w+a'"7Dm+1[,(/}+]) x (8—(‘0)*

ou
0<m<k-—1 m

This proves (3.4.21): the part (2) of Proposition 3.4.6 is proved.

433

Let us show (3). Let (¢, z,uo,...,up—1) € Hi gt uo,. .., ux—1]. Since

lols(t, w0, .- uk—1) € Hi, r[t, to, - . -, ug—1] holds, we can set

(3.4.28) el (t, 47, D[y*],..., DM [F])
:th(t,a:,wo,...,wp 1 ZH two,...,wp_l,

p>k p>k

and by the part (2) of this proposition we have

(3.4.29) > D™ [G] (D[], DY) x

0<m<k—1
9lels _
g, (YT D[], D [vT])
—Zp k)hy(t, z,wo, ..., wp—1) € ZH [t wo, ..., wp—1].
p>k p>k

By setting t = rp, x = s and w, = (p!/cP)p (p = 0,1,2,...) in (3.4.28) and

(3.4.29) we have

(3:4.30)  [els (rp, 00 (%0), D[] (%), - ., DF T[] (%))
= hy(x)p? € Clp]],

p>k

(3431) Z Dm [G] (7‘,0, s, ¢+(*p)’ D [¢+} (*p)v e pmtl [¢+] (*p)) X

0<m<k—1

'“”'S( P (), D[UH] (), -, DF 2 [457] (5,))

aum

= 30— B)hy()p7 € 7],

p>k
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where
o 1! 2!
(*): (r,s,c—o,c—l,c—2,...).
Hence, by comparing (3.4.22) and (3.4.30) we have h,(x) < B, for p > k,

and by applying this to the right-hand side of (3.4.31) we obtain the majorant
relation (3.4.23). O

Let ¢ = > g Or(t, @, up, ..., ur—1) be the formal solution (3.4.1) with

o1 = —a(x)ﬁ(x)ti—l— B(x)ug and ¢, (t, z,ug, ..., ux—1) € Hi rlt, vo,- .., Uk—1]
(for k > 2).

Proposition 3.4.8.  Suppose the conditions (3.4.3) and (3.4.4). Then,
we have the following results:

(1) For anyr >0, ¢>0 and 0 < s < R, we have

< Hﬁlls(Hallsm F U (R)p+ U (#)p% + U (0P + ).

(2) Forany k >2,0<r <rg, 0<c<cy, 0<s<R satisfyingc+s =R
and 0 < o < min{l,09/2} we have

(3.4.33)1 Z Z D™ [G) (rp, s, (%,), -, D™ [45] (%)) X

1<g<k—10<m<q-—1

Oldyls
% Ou,y,

— 1)1
AR 0(2’27;_2!«@(*)#’

2<p<k—1 P )

(1"p7 W(*p), ...,Di! [1/1*] (*p))

+116ls Z i 1/)*( *)p”

p>k

(3434)k  [on],(ro, ¢ (%), .., D U] (x,))
k
<1813 A

p>k )
Proof. Since |¢1]s(t,ug) = ||aB||st + ||8]|suo, we have

0115 (rp, ¥ (%)) = llaBlsrp + [|B]| 8" ()
<o [1Bllslellsrp 4 9 (x,))
=18lls (eellsrp + ¥ () p + 05 () p* + w5 (%) p® + -+ );
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this proves the part (1).
Let us show (2) by induction on k. The condition (3.4.33)2 is verified by
(3.4.18) and

G150 (20), D[] (20) AL = Grp, 5,07 o). D[] )11
= 18l (653 (2)6% + 205 4 +-) = 181 20— 15 ()"

p>2

By (3.4.2) we have

(12— A(2)) 92 = —Rg(t,x,uo,ul)% = —Ra(t, w,uo, u1)B();

by applying (2) of Lemma 3.4.5 to this equation and by using the majorant
relation Ry(t, x,ug, u1) < G(t,x,ug,u1) (by (3.4.5)) we have

2 U}¢2}s (Tpa 7/’+(*p)a D[wﬂ(*p))
<p 1B11s|Rzls (ro, & (x,), D[ ](%,))
<p 181G (py 5,97 (%), D[] (%))

Here, we used the following fact: if f(z) < g(x) holds we have ||f|s < g(s),
and so we have |Ra|s(t, ug, u1) < G(t,8,u0,u1) (as power series in (¢, ug,u1)).
Thus, the condition (3.4.34)9 is verified by (3.4.18) and

|¢2 |5 (Tp7 W(*p), DWﬂ(*p))

o 181G (rpy 5 6 (1), DI (5,)

1 -1
<o LI W)+ 205 (" ) = 181 3 LDt (e

p>2

Now, let & > 3 and suppose that (3.4.33);_1 and (3.4.34);_, are already
proved. Note

> Y orie)ik

1<q<k—10<m<g-1

- Y Y e Y o

ou
1<q<k—20<m<q—1 0<m<k—2 m

To the first sum of the right-hand side we can apply the induction hypothesis
(3.4.33)5_1, and to the second sum we can apply the induction hypothesis
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(3.4.34),—1 and (3) of Proposition 3.4.6 (with ¢ replaced by ¢r_1): thus we
have

(3.4.35)
S S DG (o, 0t (k) DT (%))

1<¢<k—10<m<qg—-1

xS (1t (2), D[ ) D7 [0 )
<l ¥ e Il 3 e
+IBl: 3 G-+ S T
-1l 3 Y

—1)k2 —k+1)(p—1)2
I 3 = = e e LD
p>k

Since 0 < ¢ < 1 is assumed and since

(p-1F2  (p—k+1)(p—1)F?2

ok=3(k — 3)! ok=2(k — 2)!
-1 k—2 -1 k—1
< gy (=24 k) =

by (3.4.35) we obtain (3.4.33).

Let us show (3.4.34);. Since Ry_g41(t, 2, up,u1) < G(t,z,u0,u1) (by
(3.4.5)) we have D™[Ry_q+1](t, , g, - - s Umy1) < D™[G](t, 2, u0, - - Umt1)
and so

|Dm[Rk_q+1”5(t,’U,0, ey Um+1) < Dm[GKt, S, UQy -« -+, Um+1)

as power series in (t,ug, ..., Un+1). By using this fact, (3.4.2), (2) of Lemma
3.4.5 and the relation

ol¢
(t,ug, ..., ug—1) = %(t,uo, ceyUg—1)
m

O |,
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we have

|¢k| (7"071/}*( o)s D’“‘l[wﬂ(p))
Z Z " [Bigir] |, (ro, 0 (50), ... D™ [T ] (%))

1<q<k 1 0<m<qg—1

< z; > DTG (rp, st (xp), - DU ()
1<q< 1 0<m<q-1
s A0uls 1y (1), DT[] (5,).

ou,
Therefore, by applying (3.4.33)) to this inequality we have
|05 |, (rps 0" (), -, DETH ] (%))

(p_l)p_l + (%
< HﬁHsK% lgp,l = 1)(%2)!%( )

+18ls Z ¢+( *)p”

p>k

Since the degree of the left-hand side with respect to p is greater than or equal
to k we obtain

(65|, (rp " (x0), -, DMt ] (%)) <5 118l Z ¢+< %) pP

p>k:

this proves (3.4.34). O

Proof of Proposition 3.4.3. By comparing the coefficients of p in the both
sides of (3.4.32) we have

611 (r, 97 (%)) <18 (lerllsr + 97 (%) -

this implies the inequality (3.4.9). Note that ¢ = —a(z)5(z)t + S(z)uo and
T = wp hold.
Similarly, by comparing the homogeneous part of degree k£ with respect to
p in the both sides of (3.4.34)) we have

(k — 1)1

m@g(*)

|6k, (r 9} (), -, DM ] (%) < 16115
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for any k > 2. Since D7 [¢]](x) = (D7 [wo])(*) = (w;)(*) = j!/¢/ holds for all
7 € N, we obtain

o' 1! (k—1)!
‘¢k‘s(rac_0,c_1,"'a Ck_l )
(k—1)k=1 o 1 (k—1)!
< ||m|smwk (T’S’c_o’c_l""’ = )
Since |4} |s(t, wo, ..., wx—1) = ¥} (¢, s,wo,..., wg_1) holds, we have the in-
equality (3.4.10). O

83.5. Equivalence of two PDEs

Let us find suitable function-spaces F and G so that the following two
partial differential equations

ou ou\ .
(3.5.1) ta = F(t,x,u, %) in F,
ow

(3.5.2) AMz)w in G

t— =
ot
are equivalent in the sense defined below (in Definition 3.5.1). Set

Sa = the set of all solutions of (3.5.1) in F,
Sp = the set of all solutions of (3.5.2) in G.

Definition 3.5.1.  Let ¢(t,x, up, u1,...) and ¥(t, x, wg, wy, . ..) be solu-
tions of (®) and (¥), respectively. We say that the two equations (3.5.1) and
(3.5.2) are equivalent, if the two mappings

D :S4 3 u(t,z) — wt,x) = ¢(t,z,u,0u/dz,...) € Sp,
U:Sp o w(t,x) — u(t,z) =Yt z,w,0w/dz,...) € Sa
are well-defined, bijective and one is the inverse of the other.

Forr>0,¢c>0,s>0and € > 0 we write

Uk(r,c,s,6) = {(t, 2, u0, ..., up—1) € C x C x CF; Jt| < re,|z] < s,
luo| < Ole, Jug| < Llefe,. .. Jup—1] < (k= 1)le/cF 1},

Wi(c,s,e) = {(t,x,wo, ..., wp_1) € Cx Cx C*; [t| < e 2| < s,
lwo| < Ole, Jwi| < 1lefe,..., Jwp—1| < (k—1)le/c" 1}
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(k=1,2,...). For a holomorphic function f(¢,x,ug,...,ux—1) on Up = Ug(r,
¢, s,€) we define the norm || f||y, by

||f||Uk = HtljaX|f(t,£C,U0, v ,U,k_l)‘.
k

The norm ||g||w, is defined in the same way. Then, by the results in subsections
3.1~3.4 we have:

Theorem 3.5.2.  Suppose the conditions A1), As), As) and that

(3.5.3) i+ Az)(§—1)| >o0,(t+j) onDpgr
for any (i, ) € N x N\ {(0,0), (0, 1)}

for some o9 > 0. Then, we can find constants rg > 0 and 0 < cg < R so that
the following results hold.
(1) The coupling equation () has a unique formal solution of the form
—a(z)

(3.54) o= mt+uo+1§2¢k(t,m,uo,...,uk_1)

with ¢k(t,I7UQ, v 7uk71) S Hk7R[t7U’O7 AR 7uk71] (k = 2537 .- )a

moreover, for any 0 <r <rg, 0 <c<c¢y and s = R — c there is an € > 0 such
that
> liekllu,  with Uy = Ug(r, ¢, s,¢)
k>1
is convergent, where ¢1 = —a(x)/(1 — A(x))t + uo.
(2) The coupling equation (V) has a unique formal solution of the form

a(x)

(355) o= @

t 4+ wo +Z¢k(t,I,WQ,...,wk,1)

k>2

with ¢k(t,x,w0, .. .,wkfl) S H}C’R[t,wo, . 7wk,1] (k =2,3,.. .);
moreover, for anyr > 0,0 <c<cy and 0 < s < R there is an € > 0 such that

> wellw,  with Wy = Wi(c, s, )
E>1

is convergent, where ¢ = a(x)/(1 — A(x))t + wo.
(3) In addition, the relation w = ¢(t,x,u,0u/dx,...) is reversible with

respect to u and w, and the function ¥(t,x,wo, w1, ...) is the reverse function
of ¢(t, x,up, u1,...).
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Thus, if we can find function-spaces F and G so that the two mappings

O Foult,x) — w(t,z) = ¢t z,u,0u/dx,...) €G,
U:G3w(tz) — u(t,z) =9y(t,z,w,0w/dx,...) € F

are well-defined, we can conclude (by Theorem 2.6) that the two equations
(3.5.1) and (3.5.2) are really equivalent. Let us define such function-spaces.

For simplicity, we denote by:

- R(C\ {0}) the universal covering space of C\ {0},

- S ={t € R(C\ {0}); |argt| < 0} a sector in R(C\ {0}),

- So(r) ={t € Sp; 0 < |t| <7},

- S(e(s)) ={t € R(C\ {0}); 0 < |t| < e(argt)}, where £(s) is a
positive-valued continuous function on Ry,

Definition 3.5.3. (1) We denote by O the set of all u(t, z) satisfying
the following i) and ii): i) u(¢, ) is a holomorphic function on S(e(s)) x Dg
for some positive-valued continuous function €(s) on R, and R > 0; and ii)
there is an a > 0 such that for any 8 > 0 we have

max |u(t,z)| = O([t|*) (ast — 0in Sp).
x€EDR

(2) We denote by .7, the set of all u(t,x) satisfying the following i) and
ii): i) u(t,x) is a holomorphic function on Sg(r) x Dg for some § > 0, r > 0
and R > 0; and ii) there is an a > 0 such that

max |u(t,z)| = O(J¢|*) (ast — 0 in Sp(r)).

z€DR

Similarly we define

Definition 3.5.4. (1) We denote by O..,, the set of all u(t, z) satisfying
the following i) and ii): i) u(¢,z) is a holomorphic function on S(e(s)) x Dg
for some positive-valued continuous function (s) on Ry and R > 0; and ii)
for any 6 > 0 we have

max |u(t,z)] =o(1) (ast — 0in Sp).
z€DR

(2) We denote by .7, the set of all u(t, z) satisfying the following i) and
ii): 1) u(¢,x) is a holomorphic function on Sy(r) x Dg for some 6 > 0, r > 0
and R > 0; and ii) we have

nax |u(t,z)] = o(1) (ast — 0in Sy(r)).
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Then, by Theorem 3.5.2 we can easily see:

Proposition 3.5.5. Set F = (5+, B (5zem or Lpero- Then, the fol-
lowing two mappings are well-defined:

O Foult,x) — w(t,z) = (t, z,u,0u/dx,...) € F,
U:Fswtz)— ult,z) =9, z,w dw/dx,...) e F.

Thus, we obtain
Theorem 3.5.6.  Suppose the conditions A1), Ag), Az) and that

(3.5.6) i+ Az)(§—1)| >0,(i+j) onDgr
for any (i, ) € N x N\ {(0,0), (0, 1)}

for some o9 > 0. Set F = (5+, B 6zero or Lyero- Then, the following two
equations are equivalent:

ou ou .
(3.5.7) tor = F(txu %) in F,
ow )
(3.5.8) tE =Az)w inF.

84. Application

In this section, by using the equivalence theorem (Theorem 3.5.6) we will
investigate the structure of solutions of Briot-Bouquet type partial differential
equation

(4.1) t% - F(txu %)

under the same assumptions A1), As) and Ajg).
84.1. Solutions in a sectorial domain

First, we note:

Lemma 4.1.  The following two conditions are equivalent:

(1) A(0) & (—o00,0]U{1,2,...}.

(2) There are o9 > 0 and R > 0 such that |i+ Mx)(j — 1)| > oo(i + 7)
holds on Dg for any (i,j) € N*\ {(0,0), (0,1)}.
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Proof. Denote by L(1, A\(z)) the segment in the complex plane joining the
two points 1 and A(z). For (i,5) € N2\ {(0,0), (0,1)} we set
zij(w) = w

147

which is the point on L(1, A(z)) such that |1 — z ;(x)] : |z (z) — A(x)| =7 : 4.

Let us show that (1) implies (2). Suppose the condition (1); then we have
Az) € (—00,0]U{1,2,...} on Dg for some R > 0, and so |i + A(x)(j — 1)| # 0
for any (4,7) € N*\ {(0,0),(0,1)} and & € Dr. Moreover, if we denote by d(z)
the distance from the origin to L(1, A\(x)), we have d(z) > ¢ on Dg for some
¢ > 0; this implies |z; j(x)| > ¢ for any « € Dp.

Choose a sufficiently large N so that |A(z)|/N < ¢/2 on Dg. Then, if
(i,7) € N? satisfies i + j > N we see

i+ A= 1) [A2)] A2)]
14+ 1+ N

Y
o
I

>c— on Dg.

‘ > [2,5(z)| =

N O
N O

On the other hand, since the number of the elements of Iy = {(i,j) € N2\
{(0,0),(0,1)}; i+ 5 < N} is finite, and since |i + A(z)(5 — 1)| # 0 for any
(i,7) € Iy and © € D we have

li+Ax)(j—1)| >0(i+3j) on Dg for any (i,j) € In

for some o > 0. Thus, by setting o9 = min{c/2,0} we have the condition (2).
Next let us show that (2) implies (1). Suppose the condition (2). Then,
by considering the case j = 0 and z = 0 we have |i — A(0)| > oo¢ for any
i €{1,2,...}. This implies A(0) & {1,2,...}.
The condition A(0) € (—o0,0] is verified as follows. Choose a sufficiently
large N so that [A(0)|/N < 0¢/2. Then, if (i,j) € N? satisfies i +j > N we
have

|25 (0)] >

0 DO 0L e
147 i+ N 2 2

This implies that the distance from the origin to L(1, A(0)) is greater than or
equal to 0¢/2, because the set {z; ;(0); (i,7) € N*> and i + j > N} is dense in
L(1,X(0)). Thus, we obtain the condition that L(1,A(0)) does not contain the
origin and therefore A(0) ¢ (—o0,0]. O

Thus, by this lemma we see that all the results in section 3 are valid under
the condition

(4.2) A0) & (—o0,0]U{1,2,...}.
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Now, let us determine all the singular solutions of the equation (4.1). For
a function-class F we set:

Sol(F) = the set of all solutions of (4.1) in F.

Let 9(t, x,wg, w1, ...) be the solution of (¥) in (2) of Theorem 3.5.2, and we
write:

Uw] = ¢(t, z,w,0w/dz,...).
We denote by C{z} the ring of convergent power series in x which is the set of
all holomorphic functions in a neighborhood of x = 0 € C. We have
Theorem 4.2.  Suppose the conditions A1), Ag), As) and (4.2). Then,
we have the following result.
(1) If ReA(0) > 0, we have
(4.3) Sol(04) = Sol(4) = Sol(Osero) = Sol(Fsero)
= {\Il[h(x)tk(m)] ; h(z) € C{a}}.

(2) If ReA(0) <0, we have
(44)  Sol(O4) = Sol(L1) = Sol(Osero) = Sol(Fsero) = {¥[0]}.
Note that U[0] = ¥(t,x,0,0,...) (= ug(t,x)) is the unique holomorphic solution
satisfying uo(0,2) = 0 (obtained in Theorem 1.1).

Proof. By Theorem 3.5.6 it is sufficient to solve the equation

(4.5) t%: =Mz)w inF
with F = 6+, Ly (5zem or Zyero-

Let us denote by ., the set of all holomorphic functions u(¢, z) on Sg(r) x
Dp, for some 6 > 0, r > 0 and R > 0 (which may depend on u(t,x)). It is easy
to see that the set Sol((4.5),.%) of all the solutions of this equation (4.5) with
F = %, is given by

Sol((4.5), %) = {h(x)t*); h(z) € C{a}}.

Therefore, Theorem 4.2 follows from Lemma 4.3 given below and the following
fact:

6+Cf5ﬂ+cf5ﬂzerocf5ﬂ*a and 6+C6zerocyzerocy*-
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Lemma 4.3. (1) If ReA(0) > 0 and h(z) € C{z}, there are a > 0 and
R > 0 such that

(4.6) Hj:l)ax|h(ac)t>‘(w)| =O0(|t|*) (ast — 0 in Sp)

holds for any 6 > 0.
(2) If ReA(0) <0 and

(4.7) I%ax|h(x)t)‘(m)| =o(1) (ast—0in Sp)
R
for some R > 0 and 6 > 0, we have h(z) = 0.

Proof of Lemma 4.3. If ReA(0) > 0, we have ReA(z) > a on Dp, for some
a >0 and R > 0; then we can easily see the condition (4.6).

Let us show (2). If ReA(0) < 0, we may assume that ReA(z) < —a on Dg
for some a > 0, and then by (4.7) we have

A - —
r%:;x\h(xﬂ < Irll)aRx‘h(x)t (x)’ X r%aRx‘t (ﬂf)’ =o(1) x O(|t|*)

(as t — 0 in Sp): this proves h(z) = 0. If ReA(0) = 0 and ReA(z) # 0, we
can find an zy € Dg such that ReA(zg) < 0, and so by the same argument as
above we have h(z) = 0 in a neighborhood of & = xg; this proves h(z) = 0. If
ReA(z) = 0, we have |t~*®)| = O(1) (as t — 0 in Sp) and so by (4.7) we have

< A() “A@)| _
r%ix|h(:c)| < Irlljzlx?x|h(:c)t | x nllja}?ﬂt | =0(1) x O(1)
(as t — 0 in Sp): this proves h(z) = 0. O

By this lemma we sce: (1) if ReA(0) > 0 we have h(z)t*® € O, for
any h(x) € C{z}, and (2) if ReA(0) < 0 and h(z)t)®) € .Z,.,, hold we have
h(z) = 0. This completes the proof of Theorem 4.2. (|

Since ¥[0] = 9(¢,2,0,0,...) is nothing but the unique holomorphic solu-
tion wug(t, ) obtained in Theorem 1.1, we have

Theorem 4.4 (Analytic continuation). Suppose the conditions A1), As),
A3s), ReX(0) < 0 and A(0) & (—o00,0]. If u(t,x) is a holomorphic solution of
(4.1) on Sy(r) x Dg satisfying u(t,x) — 0 uniformly on Dg (ast — 0 in
So(r)), then u(t,x) has an analytic continuation up to some neighborhood of
(0,0) € C; x C,.
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Remark.  The author believes that the analytic continuation in Theorem
4.4 is valid also in the case A(0) € (—o00,0). But, to prove this we need a
completely different proof, because the condition A(0) € (—o0,0] is the main
part of our Poincaré condition (3.5.3) and it is essential to our transformation
theory. In the case A(0) = 0, we have the following example: the equation
t(Ou/0t) = u(Ou/0x) has a family of solutions u = (x +¢)/(—logt) with ¢ € C.

Now, let us see the concrete form of the solution ¥ [h(2)t*®)]. By Propo-
sition 3.2.3 we see that (¢, z, wp, wy, .. .) has the form

a(z)
=A@ )tJFwOJrZ{ka

k>2

¢ =

+ Z wi,j (ZE)tinjO . wk—ljk1:| ,

i+ljl=k,15121,i42(151-1) = ()

and so we have

(4.8)  T[h(2)t*™] = %Hh ) 15 gy o ()

— Alz) k>2
FY e @r P [(%)(h(x)tm)]ﬁx
i+]1>2,]51>1
i+2(]5]=1)=(7)

X [(%)k_l(h(x)#(@)}“”.

Since (9/0x)*(h(x)t**®)) is expressed in the form

O\?
(8—) (h(@)P@) = 3 hy(@) @ (logt)?, 0<i<k -1,
v 0<p<i

by substituting this into (4.8) we have the following result:

Proposition 4.5. In the case ReX(0) > 0, the O -solution U [h(z)t*@)]
(with h(xz) € C{x}) has the expansion of the form

49)  U[h(x)@] = Tt > kol

k>2

+ h(x)tW) + > hip@)t ) (log )
i+5>2,j>1
i+2(j—-1)>p
for some holomorphic functions vy o(z) (k> 2) and h; j,(x) (i+35>2,5>1
and i+ 2(j — 1) > p) on Dg.
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The case F = (54_ of Theorem 4.2 (and Proposition 4.5) is already written
in the book of Gérard-Tahara [1] (chapter 5): the case F = .4 is not written
explicitly in [1], but one can easily see that the proof in [1] works also in the
case F = Y. Recall:

Theorem 4.6 (Theorem 5.2.3 in [1]).  Suppose the conditions A1), As),
Asg) and X(0) € {1,2,...}. Then we have the following results.

(1) The equation (4.1) has a unique holomorphic solution wug(t,x) in a
neighborhood of the origin of C; x C, satisfying ug(0,z) = 0.

(2) We denote by Sol(O4) (resp. Sol(.7y)) the set of all the solutions of
(4.1) belonging in the class Oy (resp. .%y). We have:

(2-1) If ReA(0) <0, we have

(4.10) Sol(O4) = Sol(F+) = {uo(t, x)},

where ug(t, x) is the unique holomorphic solution obtained in (1).
(2-2) If ReA(0) > 0, we have

(4.11)  Sol(O4) = Sol(F+) = {uo(t,z)} U{U(¢);0 # ¢(x) € C{z}},

where U(p) is an 6+-soluti0n of (4.1) having the expansion of the following
form:

Up)=> w@t' + > gijp(a)t 2@ logt)?

i>1 i+2j>p+2,5>1

with ¢o,1,0(x) = ¢(x).

84.2. Solutions in a spiral domain
First, let us illustrate what we are thinking from now.

Example 4.7. Let us consider the equation

(4.12) t% = (—=1+i)u (wherei=+/-1).

We have a general solution u(t) = At~'*% with an arbitrary constant A € C.
(1) As is seen in Lemma 4.3, if At=17% = o(1) (as t — 0 in Sy) we have
A = 0: therefore, if u(t) is a solution of (4.12) belonging in the class .%,cr, We
have u(t) = 0.
(2) But, if we consider the curve C' = {t € R(C;\{0}); 2log |t|+argt = 0}
we have At~17% = o(1) (as C >t — 0) for any A € C. This is verified as
follows. Set t = re'®; then we have

|t—1+i| _ |(7‘€i¢)_1+i‘ —ple=¢ — g~ logr—¢
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therefore ¢t =1+ — 0 is equivalent to the condition logr 4 ¢ — oco. Since C is
expressed as C' = {t = re’?; 2logr + ¢ = 0}, the condition C' >t — 0 implies
that logr — —oo and so logr + ¢ = —logr — oo hold. This proves that
t71 — 0 (as C >t —0).

(3) Thus, if we set

C={t e R(C;\ {0}); 2log|t| + argt = 0},
Q={tecR(C,\{0}); -1 <2log|t| +argt < 1}
we have the properties: i) C' is a curve such that ¢ (€ C) can approach the

origin along the curve C, ii) 2 is a neighborhood of C' on which At~!*% is a
solution of (4.12), and iii) At~1*" — 0 (as C >t — 0).

Motivated by this illustration, we will define:

Definition 4.8.  We denote by €., the set of all u(t, x) such that there
are a curve C' in R(C\ {0}), a neighborhood € of C, and R > 0 which satisfy
the following properties: i) ¢ (€ C) can approach the origin along the curve C,
ii) u(t, z) is a holomorphic function on € x Dg, and iii) we have

=o(1 — 0).
Iax |u(t,z)| =0(1) (asC' >t 0)

(Note that C,  and R may depend on u(t,z).)

Then, we have

Theorem 4.9.  Suppose the conditions A1), Ag), As) and (4.2). Then,
the following two equations are equivalent:

ou ou )

(413) ta = Pw(t7 ZT,Uu, %) m (gzero,
ow .

(4.14) ta =Mz)w in Crero-

As an application we have

Theorem 4.10.  Suppose the conditions A1), Az), As) and (4.2). De-
note by Sol(€.ero) the set of all the solutions of (4.1) belonging in the class
©.ero- Then we have

Sol(Crero) = {(I)[h(x)tA(z)] ; h(z) € C{z}}.

This follows from
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Lemma 4.11.  If A(0) & (—o0,0], we can find a curve C in R(C\ {0})
such that t (€ C) can approach the origin along the curve C and that
(4.15) max ’tx($)| =0(1) (asC>t—0).
x€EDR
Proof. If ReA(0) > 0, by taking C = {t € R; 0 <t < 4} for a sufficiently
small § > 0 we have (4.15). If ReA(0) < 0 and ImA(0) > 0, then we can find
a>0,b>0and R > 0 such that |[ReA(z)| < a and ImA(z) > b on Dg hold,;
then for any t = re'® (with ¢ > 0) we have
max ’t)\(a:)| < Tfaequb _ efalogrquﬁ
x€DR
and so by setting C' = {t = re'?; 2alogr+bp = 0,6 > 0} we have the condition
(4.15). If ReA(0) < 0 and ImA(0) < 0, we can prove (4.15) in the same way. O

Proof of Theorem 4.10. Since Theorem 4.9 is already known, we have
only to notice the following facts: (i) in the case |[ReA(z)| < a and ImA(z) > b
on Dg (with a > 0, b > 0 and R > 0), the function h(z)t*®) is a solution of
(4.14) in a spiral domain Q = {(t,z) € R(C; \ {0}) x Dr; —1 < 2alog|t| +
bargt < 1,log|t| < —A} for some A > 0, and (ii) in the case |ReA(x)| < a and
ImA(z) < —b on Dy (with @ > 0, b > 0 and R > 0), the function h(z)t*®) is
a solution of (4.14) in a spiral domain Q = {(¢,2) € R(C; \ {0}) x Dg; —1 <
2alog|t| —bargt < 1,log|t| < —A} for some A > 0. O

Similarly to Proposition 4.5 we have

Proposition 4.12.  In the case ReA(0) < 0 and A(0) ¢ (—o0,0], the
function W [h(z)t*®] (with h(z) € C{x}) defines a holomorphic solution of
(4.1) in a spiral domain Q = {(t,z) € R(C; \ {0}) x Dr; =1 < 2alog|t| +
bargt < 1,log|t| < —A} or Q_ = {(t,x) € R(C;\{0}) x Dr; —1 < 2alog|t| —
bargt < 1,log|t| < —A} for some R>0,a>0,b>0 and A > 0, and it has
the expansion of the form

A=) — a(xr) k
(416) W@V = s it > o)t
k>2
_'_h(x)t)\(r) 4 Z h11]7p(x)tl+j)\(ﬂ?)(logt)p
i+j>2,52>1
i+2(j-1)>p
for some holomorphic functions vy o(x) (k> 2) and h; j,(x) (i+5>2,5>1
and i+ 2(j — 1) > p) on Dg.
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