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C*-Crossed Products by R, II

By

Akitaka KiSHIMOTO*

Abstract

We propose a condition called no energy gap for a flow on a C*-algebra, which
is expressed in terms of spectral subspaces, and find an equivalent condition on the
primitive ideals of the crossed product which says that any primitive ideal is mono-
tonely increasing or decreasing under the dual flow, when the C*-algebra is simple
and the flow is outer. We also discuss some examples involving UHF flows.

81. Introduction

Let a be a flow on a C*-algebra A, i.e., « is a continuous homomorphism
R into the automorphism group of A (which is equipped with the topology of
pointwise convergence). For this system (A, «) we construct the dual system
(A x4 R, &) by the method of crossed product, where we know that we keep as
much information as on the original system by the Takesaki-Takai duality. Not
only that there is a merit; part (or much) of the information on « is now mapped
into the C*-algebra A x, R. The recent accomplishment on the classification
theory of C*-algebras gives us some hope that we might be able to get some
insight into a by classifying the crossed products.

In [6] we studied some crossed products by R. A simple case is the crossed
product by a uniformly continuous flow. When A is simple we proved that
A X4 R is isomorphic to A ® Cy(R) without using the fact that « is inner and
then proved this fact due to Sakai.

Another case treated there is when « is outer in a strong sense. More
precisely when A is unital and a-simple and « is faithful and has an automor-
phism ~ such that yar = oy, t € R and ||[y"(z), y]||—0 for any =,y € A, then
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the crossed product A x, R is simple if and only if (A4, ) has neither ground
states nor ceiling states. Hence, in particular, if A X, R is not simple, there is
an ideal I of A x, R such that t — &, (I) is either decreasing or increasing and
\U; @¢(I) is dense in A x, R as well as (), &;(I) = {0} [10]. Here I need not be
primitive.

In this note we continue to study the ideal structures of crossed products
by R along the same lines by introducing the notion of no energy gap, which
is a condition on the spectral subspaces of the flow on invariant hereditary
C*-subalgebras. We will translate this into a condition on the primitive ideals
of the crossed product. More precisely, if A is simple and «a; is outer for all
t # 0, then the no energy gap condition is equivalent to saying that all primitive
ideals of the crossed product A x, R is monotone under the dual flow &. In
particular we know that the no energy gap condition is stable under cocycle
perturbations in this case.

Before closing this section we give some basic facts which will be frequently
used later.

Let f € L'(R) and define a Fourier transform f of f by

foo = [ soe

Let K'(R) be the ideal of L'(R) consisting of f with supp(f) compact.
Let o be a flow on a C*-algebra A. For f € K'(R) and z € A we define

af(x):/f(t)at(x)dt.

The a-spectrum Sp,, (z) of x is defined as the hullof I = {f € K'(R) | af(z) =
0}, i.e., the intersection of f~1(0), f € I. Note that the a-spectrum of af(x)
is included in supp(f). The spectrum Sp(«) is defined as the hull of {f €
K'(R) | ay =0}.

Let V be a non-empty open subset of R. We denote by A%(V) the closure
of the set of x € A with Sp,(z) C V, which is the same as the closure of the
set of af(z),x € Aand f € K'(R) with supp(f) C V; A%(V) is an a-invariant
closed subspace of A. We define S~p(o<) to be the set of p € R such that for any
open neighborhood V' of p the linear span of A*(V)*AA*(V) is dense in A.

Let H*(A) be the set of non-zero a-invariant hereditary C*-subalgebras
of A. The Connes spectrum R(a) of « is defined to be the intersection of
Sp(«a|B) for all B € H*(A), which is a closed subgroup of R. The strong
Connes spectrum R(a) is defined to be the intersection of Sp(a|B) for all
B € H*(A), which is a closed subsemigroup of R. See [12, 4, 13, 5] for details.
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For A > 0 and B € H*(A) we denote by By the C*-subalgebra of B
generated by B*(—A\, \), where a also denotes the restriction of « to B. Note
that A — B, is increasing. We are concerned with the condition that By = B
for all B € H* and A > 0; which will be called the no energy gap condition.
This can happen as shown by the following:

Proposition 1.1.  Let a be a flow on a C*-algebra A. If f{(a)
then « satisfies the no energy gap condition.

R,

Proof. Let A >0 and p > A. Let n € N and v € [0, \/2) be such that
uw=nA\/2+v. Weset e =X\/4(n+1).

Let B € H*(A) and let x € B*(n — A/2,u + A/2). Let z; € B*(\/2 —
e,N/24¢€) fori=1,2,...,n and 2,41 € B*(v — €,v + €). Then it follows that

22y 2y € BY(=A, ) C By,

Since the hereditary C*-subalgebra of B generated by 2, 12zn41, Zn41 €
B*(v — e,v + €) is By itself, we get that zz]---2} € B). Repeating this
process we obtain that = € B). Since this is true for any u > A, we get that
B = B,j. |

Certainly this is not the only situation where the no energy gap condition
is satisfied. See section 3 for some examples. We also include some observations
there on the ideals of crossed products by flows.

82. No Energy Gap

When « is a flow, we denote by J, the infinitesimal generator of a. Let
h € A, and denote by adih the derivation on A defined by x — i[z, h]. We
call the flow generated by d, 4+ ad ¢h an inner perturbation of «.

Theorem 2.1.  Let o be a flow on a C*-algebra A. Suppose that for
each t #0 A is ay-simple and T(ay) = T. Then the following conditions are
equivalent:

1. « satisfies the no energy gap condition.
2. All primitive ideals of A X, R are monotone under &.

3. For any B € H*(A) and for any inner perturbation of B of a|B, B,y is
independent of A > 0 and B(_y o) is independent of A > 0, where

By = BF(V)*BBA(V)

for any open subset V' of R.
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Moreover if the above conditions are satisfied, then R(a) = R (or A x4 R is
prime).

That A is as-simple means that if I is an az-invariant ideal of A, then
I = {0} or I = A. Note that Sp(«|B) is unbounded for any B € H“(A),
because otherwise the Connes spectrum T(«y) must be zero (for any fixed
t#0).

Under the situation of the above theorem, if R(«) # R, then the last
statement implies that o does not satisfy the no energy gap condition. There
are such flows.

Proof of the last statement.

Let I,J be non-zero ideals of A x, R such that &;(I) C I and & (J) C J
for all ¢ > 0. We shall show that I N J # {0}.

There are B,C € H*(A) and non-zero f,g € K*(R) such that U(f)B C I
and U(g)C C J, where U is the canonical unitary-multiplier flow of A x,R (see
[7]). Let b = inf supp(f); then U(f)B C I for any f € K*(R) with supp(f) C
[b,00). Let € BAC be a non-zero element such that Sp, (z) is compact. It
follows then that if h € K'(R) satisfies that Sp,,(z) + supp(h) C (b, 00), then
aU(h) € 1. Because if f/ € K'(R) satisfies that supp(f’) C [b,00) and f' =1
on an open neighborhood of Sp,, () +supp(h), then zU (h) = U(f")aU(h) € I.
If C is the a-invariant hereditary C*-subalgebra of A generated by z*x, this
implies that U(h)*Cy C I. Since C7 C C, we also have that U(g)Cy C J. Let
¢ = max{inf supp(h), inf supp(g)}. For all k € K'(R) with supp(k) C [¢, o0)
we get that U(k)Cy € INJ. Thus I NJ # {0}.

The same procedure applies to two non-zero ideals which are monotonely
increasing under a&.

Let I,J be non-zero ideals of A X, R such that &;(I) C I and & (J) D J
for all t > 0. We will show that I N J # 0.

There are B,C € H*(A) and f,g € K'(R) such that U(f)B C I and
U(g)C C J. Let b = infsupp(f) and ¢ = supsupp(g). Let H be the closed
linear span of BAC, which is a-invariant. It follows that Sp(«|H) is not
bounded (because Sp(«|B) is not bounded). Hence there is « € H such that
Spy(z) C (b—c+ A b—c+ A+1) for some A > 1. If h € K'(R) satisfies that
supp(h) C (¢ — A, ¢ — A + 1), we obtain that zU(h) € I N.J. This implies that
InJ#{0}.

Let I, J be non-zero ideals of A X, R. Then I (resp. J) are given as I; N1y
(resp. J1 N Jy), where I} and J; are monotonely decreasing and I and Jo are
monotonely increasing under &. Then I NJ = (I3 N Jy) N (I2 N Jy), which is
non-empty by the above arguments. This completes the proof that A x, R is
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prime, which implies R(«) = R together with a-simplicity of A (see [12]).

Proof of (1)=(2).

Let P be a non-zero primitive ideal of A x, R. Since A is a-simple, P is
not invariant under &.

Suppose that s — @&s(P) is periodic and let so be the smallest positive
s with &5(P) = P. Since P contains a non-zero element of the form U(f)x
with # € A and f € L'(R), it contains all U(e™*°!f)z, n € Z, where U is
the canonical unitary-multiplier flow implementing o and U(f) = [ f(t)Udt.
Let B be the a-invariant hereditary C*-subalgebra generated by zz*. Then
{f € LY(R) | U(f)B C P} is a non-zero proper ideal of L!(R) invariant under
the multiplication by t — e?9t. Let p be an irreducible representation of Ax,R
such that the kernel of p is equal to P. Then it follows that the spectrum of
Up = p(U)|[p(B)H,| is a proper closed subset invariant under the translation
by sg, where p is the unique extension of p to a representation of the multiplier
algebra of A x, R. If A > 0 is smaller than a gap of the spectrum, then p(B,)
leaves invariant the spectral subspace of Up corresponding to a closed interval
bounded by gaps bigger than A. Since this is invariant under Up, it follows
that By # B. This contradiction shows that P cannot be periodic under a&.

Now P satisfies that as;(P) # P for any s # 0. If p is an irreducible
representation of A X, R on a Hilbert space H such that its kernel is P, then
it follows that m = p|A is irreducible. This follows by showing that the center
of the weak closure of the image of

@
| pa
R

is 1@ L>®(R) (see [8]). Let V =75(U) and B € H*(A). Then (1) implies that
Sp(V|[m(B)H]) is connected for the reasoning as in the preceding paragraph.
Note that Sp(V|[r(B)H]) is unbounded because otherwise «|B is uniformly
continuous, which implies that T(ay) = {0} for all ¢, a contradiction. Hence
Sp(V|[m(B)H]) is either R, (—oo, pl, or [u, 00) for some pu.

If Sp(V|[x(B)H]) = R for all B € H*(A), then P = {0}, contradicting
the choice of P.

Suppose that Sp(V|[x(B)H]) is bounded below for some B € H*(A). Let
D € H*(A). We will show that Sp(V|r(D)H]) cannot be bounded above. Let
a € DAB be a non-zero element with compact a-spectrum. Let D; be the
hereditary C*-subalgebra generated by as(a)Ba:(a)*, s,t € R. Then Dy €
H*(A) and D; C D. For z € B, s,t € R, and £ € H, we have that

Vim(as(a)z)§ = m(as(a)) Vim(z)¢.
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From this we can conclude that Sp(V|m(D;)H]) is bounded below. Hence
Sp(V|m(D)H]) is either R or bounded below. Since P is a closed linear span
of elements of the form U(f)z, this shows that the kernel of pé, increases in s,
ie., a&s(P) C P for s > 0.

In the same way we prove the conclusion in the other case.

Proof of (2)=-(3).

Suppose that (3) does not hold. We may suppose there is a B € H*(A),
h € Bgy, and p > A > 0 such that

B & B

where Bgx) = BA(0,A)*BBA(0,\) and (3 denotes the flow generated by d, +
adth. Since an approximate identity for B ) (resp. Bg,,)) can be chosen
from BA(—\,\) it follows that By N Bx & Bo,u) N By, where By, is the
C*-subalgebra generated by B?(—\,)\). Let ¢ be a pure state of Bo,uy N B
such that ¢|B ) N By = 0. We also denote by ¢ the unique extension of ¢ to
a pure state of By. We extend ¢ to a pure state of B and uniquely to a pure
state of A. Then it follows by the lemma below that ¢ is (-invariant, where
we use the assumption that A is az-simple and T(a;) = T for all ¢ # 0 (which
implies that A is B;-simple and T(5;) = T).
In the GNS representation 74 we define a unitary flow V' by

Vimg(2)Qp = mp0(2)Qy, x € A.
Let K = [m4(B)Qy] = [13(B)He). Then it follows that Sp(V|K) = 0 and
Sp(VIK) N (0,A) =0, Sp(VIK) N[\ p) # 0.

Thus the spectrum of V| is not connected and hence the kernel of the ir-
reducible representation 74 x V' of A xg R is not monotone under 3. Since
(A x4 R, @) is isomorphic to (A x5 R, 3) by the Takesaki-Takai duality, (2)
does not hold.

Lemma 2.2.  Suppose that A ») g A for some A > 0, where Ay is
the hereditary C*-subalgebra of A generated by x*xz, © € A*(0,\). Let ¢ be a
pure state of Ax such that ¢|A ) N Ax = 0, where Ay is the C*-subalgebra
generated by A*(—\, ). Then ¢ is a ceiling state on Ay, i.e., ¢p(z*x) =0 for
any x € Ay with Sp,(z) C (0,00) and uniquely extends to an a-invariant pure
state of A.

Proof. Note that Ay is a-invariant and Ay N Ax G Ax. We will show
that ¢|A, is a ceiling state.
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We consider elements of the form x5 - - - ,,, where the a-spectrum of each
x; is a subset of (—A,0), (—A/2,A/2), or (0,A). We write S(z;) = —1,0,+1
depending on which of (=X, 0), (—A/2,A/2), or (0,\) we regard Sp,(z;) as a
subset of. Note that the linear span of those elements are dense in Ay.

By the following arguments these monomials x - - - x, is expressed as a
linear combination of y1ys - - Yy where S(y1) = -+ = S(ym) = 1,—1 with
m<mnorS(y)=0withm=1. If S(z;—1) =1and S(z;) = -1 or S(x;_1) =
S(z;) = 0, then x;_12; can be expressed as zq + 29 + 23 with S(z;) = i —
2, i = 1,2,3 because Sp,(z;—12;) C (=M, A). If S(x;—1) = 1 and S(x;) = 0,
then z;_jx; can be expressed as x;_121 + 22 + 23 + 24 with S(z;) = 1 and
S(zi) =i—3, i =2,3,4 (by expressing x; as z; +y with Sp,,(z1) C (0,A/2) and
Sp.(y) C (=A/2,€) for a sufficiently small ¢ > 0 and then expressing x;_1y
as zo + 23 + z4). By applying this kind of replacements to the products z;_jx;
with S(x;-1) # S(x;) or S(z;—1) = 0= S(x;) finitely many times we reach the
desired conclusion.

Let € Ay be such that Sp,(x) is a compact subset of (0,00). Then
there is an f € K'(R) such that supp(f) C (0,00) and ay(z) = z. We
approximate = by a linear combination of elements of the form yiys - - - y,, with
S(y1) = --- = S(yn) = £1 and z with S(z) = 0. Then applying a; we
conclude that z can be approximated by a linear combination of elements of
the form ayf(yiy2---yn) with S(y1) = -+ = S(yn) = 1 and ay(z). Since
dlaoi(yr---yn)) =0, t € R and ¢(aays(z)) = 0 for any a € Ay, this implies
that ¢(z*z) = 0. Namely ¢ is a ceiling state on Aj.

We will show that ¢ has a unique extension to a pure state of A, which is
necessarily a-invariant.

Let p be the support projection of ¢ in A", where we regard A" as a
subalgebra of A**. Let D be the C*-algebra generated by pAp; p is the identity
of D. Since a;*(p) = p, o™ restricts to a flow v on D. From the property
pA“ (=X, A\)p = Cp, we will obtain that DY(—\, A) = Cp.

To prove this we consider an element y € D obtained as a linear com-
bination of elements of the form pxipxop---px,,p with m < n such that
Sp,,(y) C (=X +€, A —¢) for some € > 0. Note that there is an f € K'(R) such
that as(y) = y and supp(f) C (—A+2¢/3, A—2¢/3). Then by replacing each x;
by a linear combination, we may assume that Sp, (z;) C (\; —€/3n, \; +€/3n)
for some A;. (Then y is a linear combination of even more elements of the form
PT1PpTap - - - pryp with m < n.) If |37, Ai| < X —€/3, then pxipzap - - prmp €
Cp, which follows by approximating p’s in the middle by an element e € A
with Sp,(e) C (—4,9) for a sufficiently small 6 > 0. Otherwise since we have
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af(pzip- - - prmp) = 0, we can disregard such a monomial. Thus it follows that
y = pyp € Cp.

In this way we conclude that DY(—A,A\) = Cp. Thus we obtain that
Sp(y)N(—=A,A) = {0} and ~ is ergodic. Then it follows that Sp(vy) = {0} or uZ
for some p > A\. If Sp(y) = {0}, then it follows that D = Cp, i.e., p is minimal
in A* and so ¢ is a-invariant.

Suppose that Sp(y) = pZ. Then there is a unitary u € D such that
v¢(u) = ety and D is generated by u. Since D is abelian and pAp is dense in
pA**p, we obtain that pA**p is abelian (generated by u in the weak* topology).
Let ¢(p) be the central support of p in A**. Then the multiplication by p gives
an isomorphism from Z(A**)c(p) onto pA**p, where Z(A**) is the center of A**.
(For example, if ¢ € pA**p is a projection, then ¢(q)p = ¢q.) Let U € Z(A**)c(p)
be a unitary such that Up = u. Note that a}*(U) = e**U.

Let ¢ be a pure state extension of ¢[Ax. Let § = ay./,. Since 3(U) = U,
1 is f-invariant. Since ¢ must be a character on Z(A**)c(p), we may suppose
that ¢(U) = 1.

Let x € A%(nu,np + A) for n € Z. Since 2U~™ can be approximated
by a net in A%(0,\), it follows that (z*z) = Y(Umz*2U ") = 0. Let Q =
{e?®/1 | t € (0,\)}, an open subset of T. Since the linear span of A®(nu, npu+
A),n € Z is dense in A%(Q), it follows that ¢(z*x) = 0 for x € AP(Q).
Define a unitary W on the GNS representation space associated with ¥ by
Wy (2)Qy = my(6(2))2y, € A. Then W implements 3 and Sp(W)NQ = 0,
or A xg Z is not simple, which implies that T(8) = ’i‘(ﬁ) is not equal to T
since A is f-simple [5]. This contradiction shows that Sp(+y) must be trivial, or
pAp = Cp. This concludes the proof. O

Before going to the proof of (3)=-(1), we prepare a few lemmas.

Lemma 2.3. Let e € (0,\) and 6 > 0. Let D be the hereditary C*-
subalgebra of A generated by y*y with y € AS(—\ — €, —€). Suppose that z*x €
D for any x € A%(—\—9, —¢). Then it follows that A*(—X—9,—¢) C Ay (and
hence A“(—X — 3§, A+ ) C Ay.)

Proof. Let ¢ = min(d,e). Let ¢ € A*(—X — €/, —¢) and a € A, with
Sp,(a) C (=X — €, —¢); from the latter follows that Sp, (a*) C (e, A + €). Since
Sp,(za*) C (=X, A), we obtain that za* € Ajy; it then follows that za*ba’ € Ay
for any a,a’ € AS(—X —¢,—€) and any b € Ay. Since D is c-invariant, D
contains an approximate identity in D*(—\, A) C DNA,; the latter intersection
is a hereditary C*-subalgebra of Ay, which is the hereditary C*-subalgebra of
A, obtained as the closed linear span of elements of the form a*ba’ described
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above or as the hereditary C*-subalgebra of Ay generated by y*y with y €
Ax(—=X — ¢,—¢€). (The fact that D has an approximate identity in D N Ay,
which is what we will use just below, also follows from how D has been defined
in the first place. The above fact on D N Ay will be occasionally used.)

Since z is in the closed left ideal generated by D, if (e,) is an approximate
identity for D then ||z — ze,||—0. By choosing (e,) from D N Ay we conclude
that x € Ay. If 6 < ¢, then this completes the proof.

If § > ¢, then set ¢ = min(d—¢, ¢). We repeat this process: If x € A*(—A—
e—¢',—e) and a € Ay with Sp,(a) C (—A—¢€, —¢), then Sp, (za*) C (=A—¢, N),
which implies that za* € Ay by the first step. Then by the reasoning as above,
we conclude that z € Ay. If § — e < ¢, then this completes the proof.

In general there is an n € N such that ne < § < (n + 1)e. We repeat this
process n times with ¢ = ¢ and once more with ¢ = § — ne, to conclude that
A"“(—)\—é,—e) C Ay. 1

Lemma 2.4. Let0 < e < A. The following two hereditary C*-subalgebras
of Ax are equal: The one Dy generated by y*y, y € AS(—o00, —€) and the other
one D generated by y*y, y € AS(—X — €, —¢).

Proof. Obviously D1 D D.

Let L be the left ideal of Ay generated by A§(—A — ¢, —e¢). It suffices to
show that A§(—o0, —€) C L.

Let x € A{(—p,—e¢) for some p > e. Then x can be approximated by
a linear combination of elements of the form zqxs - -z, where S(z;) is well-
defined as in the proof of 2.2, i.e., Sp,(x;) is contained in (=X, 0), (=A/2,1/2),
or (0, A) depending on whether S(x;) = —1, 0, or 1. Then as before we express
Z1 -+ Ty, as the sum of yp - -y, with m < n and S(y1) = -+ = S(ym) = £1
and an element z with S(z) = 0. By adding those 1 - - -y, with S(y1) =--- =
S(yn) = 1 to z, we conclude that « can be approximated by a sum of elements of
the form y; - - -y, with S(y;) = —1 and an element z with Sp,,(z) C (—)/2, 00).
We will denote this sum by .

We will express x’ as the sum d + z, where d € L and z € A, with
Spa (%) C (=X —€,00), as follows.

We express each term y; - - -y, with S(y;) = —1 as the sum d + 2/, where
d € Land 2’ € Ay with Sp(z’) C (—A—¢,0). If n = 1, there is nothing to prove.
Suppose n > 1. We express y,, as the sum z;+29, where Sp,,(21) C (=, —¢) and
Sp,(22) C (—e —€,0). Here ¢ > 0 is chosen so that Sp(yn,—122) C (—A —¢,0).
Note that y1 -+ -yn_121 € L. If n = 2 we are finished by setting 2z’ = y; 25.

If n > 2, we express Yy, 122 as the sum 2] 425, where Sp,,(z]) C (—A—¢, —¢)
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and Sp,(#4) C (—e — €,0). Here € > 0 is chosen so that Sp, (yn—225) C
(=X — ¢,0). Note that y1---yn—22] € L. If n = 3 then we are finished,
otherwise we apply the same procedure to y,—225 in y1 - Yn—3yn—225. This
way we can conclude that y; - - -y, is the sum d + 2, where d € L and 2’ € A
with Sp(2’) C (=X —¢€,0).

By adding all those 2’ to z and by all those d’ € L into d, we express =’ as
d+ z, where d € L and z € Ay with Sp,(2) C (=X — ¢, 00).

Note that we have shown that ||x — d — z|| = 0. Since Sp,,(z) C (—u, —¢),
there is f € K'(R) such that a;(z) = 2 and supp(f) C (—p, —€). We may
suppose that || f]]1||lx — d — z|| is still sufficiently small. Then 2 can be approx-
imated by the sum ay(d) + as(z), where ay(d) € L (because ay maps L into
L) and af(z) € L (because Sp, (as(z)) C suppf N Sp,,(z)). This concludes the
proof that A% (—oco, —€) C L. O

Lemma 2.5.  Suppose that Ax G A for X > 0. Let e € (0,\/5) and let
¢ be a pure state of Ay such that ¢(z*z) = 0 for all z € AS(—o00, —€). Then
¢ uniquely extends to a pure state of A which has a-spectrum in [—e, €] (and is
a-covariant).

Proof. By Lemmas 2.3 and 2.4 it follows from Ay & A that the hereditary
C*-subalgebra of Ay generated by z*z, x € A(—00, —¢) is not equal to Aj.
(Otherwise the D defined as in 2.3 would be equal to A in view of 2.4, which
would imply that A*(—oo0, —€) C Ay, contradicting Ay g A; see the beginning
of the proof of (3)=(1) below.) This guarantees there is such a pure state ¢ as
in the statement.

Since t — ¢y is norm-continuous, ¢ is a-covariant, i.e., there is a unitary
flow V on Hy such that Vimy(x)V,* = mgau(x), v € Ay. Since ¢ vanishes on
A (=00, —€), we have that Spy (€24) is contained in a closed interval of length
e and we may suppose that € € Spy,(2¢) C [0, €]. Then it follows that

Sp(V) C [0, 00).

To show this suppose that there is a negative p in Sp(V'). Then for any ¢ >
0 there is a unit vector { € H, such that Spy(§) C (u — 6,4 + 6). Since
Spy(Qg) 2 €, n = Ele — 0,€]Qy # 0, where E is the spectral measure for the
generator of V. There is a sequence (e,) in Ay such that my(e,)—E[e — 0, €]
strongly, 0 < e, < 1, and Sp,(e,) C (—0,9). There is a b € Ay such that
my(b)n = . We may suppose that Sp,(b) C (1 —e€ — 24,1 — e + 30). Since
Ty (ben)Qy—E and my(AS(—o0, —€))Qy = 0, we must have that p—e+40 > —e,
which is a contradiction for a small 6 > 0.
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Let p be the support projection of ¢ in AY* C A*™*, which is minimal in
A3*. We have to show that p is also minimal in A**.

Since Ty(p) is the projection onto the subspace C(y, we have that
(Toa(p)&,m) = (£, Vi) (Vily, n) for &, n € Hy, where T, (resp. @) denotes
the extension of 74 (resp. ) to a representation (resp. an automorphism) of
A3*. Hence we obtain that ¢ — @, (p) is norm-continuous and Spg(p) C [—e, €.
Note that there is a net (p,) in Ay such that p, converges to p in the weak*
topology and all Sp,(p,)’s are included in a small neighborhood of [—e, €].

Let ¢ > 0 be such that 5e+6¢’ < A. Let 4 € R and let z € A be such that
Sp,(z) C (p— €, + €). Then z*pz has a-spectrum in (—e — 2¢’, e 4+ 2¢') C
(=X, A). Since pA%*(—X, A)p = Cp, one can conclude that px*pzp € Cp. Since
the same is true for xpz*, if prp # 0, then pap is a constant multiple of a
unitary and we fix an = x,, such that pz,p is a unitary.

Let S be the set of 4 € R for which we have a unitary px,p as above. Let
p € S and let v € R. If ¢ € A satisfies that Sp,(x) C (v — €/,v + €), then
SPa(7ypx) C (v —p—e—2¢,v—p+e+2€). If [v—p| € (e+e+2€', A\ —e—2¢),
then pryprp = 0, or v ¢ S because pA®(e,\)p C pAS(e,00)p = {0}. If
|v —u| < 2e+2€¢ and v € S, then the unitary px,p obtained for v is a constant
multiple of px,p.

For p,v € S we write p ~ v if pr,p € Cpz,p and | —v| < A — € — 2¢€,
which induces an equivalence relation on S. We assert that each equivalence
class is contained in an interval of length at most 2(e+¢’) and that two different
equivalence classes are separated at least by a length of A — e — 2¢’. The latter
follows immediately from the preceding paragraph.

Let E be an equivalence class and let pu,v € E with p < v. Then there is
a finite sequence po = p, 1, o, - . ., iy = v such that p;—1 ~ p;. Then |u; —
Hi—1| < A—e—2¢€', which implies that |p;—1—p;| < 2(e+€’). If [u—v| > 2(e+¢€),
ie., [u—v| > A—e—2¢€, there must be i such that |u—p;| € (2(e+€), \—e—2¢')
because A —e—2¢’ > 4(e+¢’). This contradiction shows that |u—v| < 2(e+¢').

Let E and F be equivalence classes in S. For € F and v € F there is a
reSinl=(u+v—e—¢€,u+v+e+¢€) such that pz,p € Cpz,px,p, which is
obtained by covering Sp,, (z,pz,) by a finite number of (1 —€¢/,7+¢'), T €I as
SPo(Tupry) C (W+v —€—2€, u+ v+ e+ 2€¢). If there is another 7/ satisfying
the same condition, then 7 ~ 7/. Hence we can define a product among the
equivalence classes. Note that 0 € S and pxop is a constant multiple of p.
Since p € S implies that —p € S and the product of equivalence classes [u]
and [—p] is [0], we can conclude that S/ ~ is a group. If it is non-zero, it must
be isomorphic to the integers; if 1 € S is the smallest positive number among
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those not equivalent to pin {v € S | v > 0, v o 0}, then it follows that the
equivalence class [u] generates S/ ~ and pAp is generated by px,p, i.e., pAp is
commutative. Hence pA**p is commutative.

Let ¢(p) be the central support of p in A**. Since ¢t — @;(p) is (infinitely
often) differentiable, we can define h € (A)** by ih = 64 (p)p — pda(p), where
04 is the generator of @ on the norm-continuous part of A**. Since h is in the
domain of 0, one can define an @-cocycle u by du;/dt = —uyitci(h). Then
Adusay(p) = p and hence a;(c(p)) = Ad ugai(c(p)) = c(p).

Since pA**p is commutative, we obtain Z(A**)c(p) & pA**p, which implies
that there is a unitary U € Z(A**)c(p) such that pU = px,p. Since pa;(U) =
Adwuiay(pU) = pAdusoy(x,)p, it follows that ¢ — a;(U) is norm-continuous.
Let C be the a-invariant C*-algebra generated by U. Then Cp D pAp.

If Q € C satisfies that Spz(Q) C (=, A) then @p € Cp from the reasoning
as above (i.e., pA%(—A\,A\)p = Cp), which implies that a|C is ergodic and
Sp(a|C) = vZ for some v > A. We find a unitary V in C such that a;(V) =
eV, t € R.

Let qg be a pure state extension of ¢. We may suppose that é(V) =1,
ie, ¢p(zV) = ¢(x) for any z € A*™*. Let z € A be such that Sp,(z) C
(kv — A\ kv —€). Then 2V~ is in the weak* closure of A%(—\, —¢). Hence
we have that (V" z*zV*) = 0, which implies that ¢(z*z) = 0. Let Q =
{e>™/v | t € (=\,—€)} and let B = ag,/,. Then ¢ vanishes on AP (Q)* AP (Q).
This implies that the hereditary C*-subalgebra generated by z*z, = € A%()
does not equal A, which in turn implies that ’i‘(ﬂ) # T. Since this contradicts
the assumption that A is S-simple and T(3) = T, p must be minimal in A**,
i.e., ¢ has a unique pure state extension.

If © € A has a-spectrum in (A — €,00), then pzp has a-spectrum in
(A — 3e,00) C (€,00) and hence pxp = 0 (because pzp € Cp). Hence, since
Sp. (@] Ax) C [—¢, €], we can conclude that Sp,(¢) C [—e,€]. O

Lemma 2.6. Let € >0 and § > 0 and let D denote the hereditary C*-
subalgebra of A generated by y*y, y € AS(—X — €, —€). Suppose that there is
an x € A such that Sp,(z) C (—p,—p + €) for some u > A and x*x ¢ D.
Then for any € > 0 there is an x € A%(—p, —p + €) such that ||z]| = 1 and
inf{||lz*z —d|| | de D} >1—¢.

Proof. 1If L is the left ideal of A generated by D, we have that dy =
inf{||x — z|]| | z € L} > 0. Let (e,) be an approximate identity for D such
that Sp,(en) | {0}; more precisely we assume Sp(ze,) C (—p, —p + €). Since
[#(1 = en)l = do and [l — 2| = [Jz(1 —en) — 2(1 — €n)[| = limy, [[z(1 — e,
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for z € L, it follows that dy = lim||z(1 — e,)|]. We choose an n so that
do/||z(1 — e,)|| > (1 — €)% and set y = 2(1 — e,)/|lz(1 — e,,)||, which is a
norm-one element with a-spectrum in (—u, —p + €).

Since dy = inf{||y*y—d|| | d € D} satisfies that dy > lim,, ||[y*y(1—en)| >
lim,, ||y(1 — em)||?, we conclude that dy > (do/||z(1 —e,)[[)2 > 1 — €. O

Lemma 2.7. Let D be a hereditary C*-subalgebra of A and z € A such
that z > 0, ||z]| =1, and inf{||z —d| | d € D} > 1 —¢€ for some ¢ > 0. Then
there is a pure state ¢ of A such that ¢|D =0 and ¢(z) > 1 — € — 2V/€.

Proof. By the Hahn-Banach theorem there is an f € A* such that || f|| =
1, f*=f,and f|D =0, and f(z) >1—¢. Let f = fy — f_ be the orthogonal
decomposition: fy > 0, || f+| + ||[f=|| = 1. Since f(z) = fi(z) — f-(2), we
get that fi(z) > 1 — €, which implies that ||f+| > 1 —¢€ and ||f_|| < €. If
E is the open projection for D, then we have that f(E) = f_(E) < €. Let
¢ =fi(1—=E)-(1—E)). Then ¢ >0, ¢'|D =0, and ¢'(2) > 1 — € — 2V/¢.

Thus if S denotes the closed convex set of positive functionals ¢ of A such
that ¢|D = 0 and ||¢|| < 1, then sup{é(z) | ¢ € S} is greater than 1 —e —2v/¢/.
An extreme point of S is either 0 or a pure state. Hence we may find a required
pure state as an extreme point of S. O

Lemma 2.8. Let A > 0 and ¢ > 0. Let x € A be such that ||z|] = 1,
Spo () C (=00, —A) and let h = h* € A with ||h|| < e\/2. Let ¢ be a ground
state of A for oM. Then it follows that ¢(z*x) < €.

Proof. In the GNS representation associated with ¢, let U be the canon-
ical unitary flow defined by U;me(2)Qy = 7T¢a§h)(x)(2¢, x € A. Let H be
the generator of U: U; = e, By the assumption we have that H > 0 and
HQg = 0. Let Hy = H — m4(h) — Ey, where Ey = inf Sp(H — m4(h)). Note
that |F1| < ||h||. Let F be the spectral measure for H;. Then

ME[X, 00)824,925) < (H1Q, Qp) = —((mo(h) + E1)Q2g, Q9) < 2[|A][.
Since Sp,, (z) C (—o0, —\) and Ad 1 implements «, it follows that
() F[0,A]Q =0,

which implies that
Ty (2)Qyp = mp(2)F (N, 00) 4.

Hence it follows that [|ms(2)Qs]|? < [|[F(A,00)2||* < €. This completes the
proof. O
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Proof of (3)=-(1).

Suppose that (1) does not hold, i.e., By # B for some B € H*(A) and
A > 0. We denote B by A below.

Let € € (0,A/10) and let ¢ be a sufficiently small positive number. Let D
be the hereditary C*-subalgebra of A generated by y*y, y € AS(—X — ¢, —¢).
Since A # Ay, there is a § > 0 and = € A such that Sp,(z) C (—A — 4, —¢)
and z*z ¢ D (by 2.3). We may suppose that Sp,(z) C (—u,—pu + €) for
some p > A and by 2.6 that dist(z*z, D) > 1 — €¢/. Note that z*x € A since
Sp, (z*z) C (—¢,€). By 2.7 there is a pure state ¢ of Ay such that ¢|DNAy =0
and ¢(z*z) > 1 — € — 2v/€. We now assume that ¢(z*z) > 1 — € by making
the starting ¢’ even smaller. We also denote by ¢ the unique extension of ¢ to
a state of A (see 2.5). Note that Sp,(¢) C [—¢, €].

Let V be a unitary flow on the GNS representation on H, such that
Vimy(2)Vy* = my(ay(x)) for € A and € € Spy () C [0,€]. Since V;Q, €
[m6(Ar)2] (as Spy (Vidy) C [0,€]), V leaves [my(Ax)S2p] invariant. Since
Ty (AF (=X — €, —€))Qy = 0, it follows by 2.4 that m,(A$(—00,—€))Qy = 0.
Then it follows as in the proof of Lemma 2.5 that

Sp(V[[ms(Ax)24]) C [0, 00).

Since ¢(a*a) = 0 for a € A%(—\, —¢) C AY(—A—¢, —¢), it also follows that
Sp(V) N (=A+¢,0) = 0. Let H be the generator of V and let

Hy = H — 2emy(z"z) — Er

where Ej is the infimum of the spectrum of H —2emy(x*z) on [rs(Ax)Qy]. Here
we should note that H —2emg(x*x) leaves [my(Ax)Qy] invariant since z*z € Aj.
Since ((H — 2emy(x*x))Qy, Qp) < € — 2edp(a*x) and H — 2emy(x*z) > H — 2e,
we have that —2¢ < E; < —e(1 — 2€¢/). If (&,) is a sequence in the domain
D(HY2) in [m4(Ay)y] such that ||H%/2§n|| — 0, then it follows that

(Mo (2" 2)&n, En) > P(a"x) — 1/2
for all large n since

_26<7T¢(x*x)£n7€n> < <(H - 2671’¢(!E*£L'))§n,§n>
< {(H — 2emy(z*2))Qy, Vp) < € — 2ep(z ).

Thus a weak™* limit point ¢ of the sequence of states a — (m4(a)&y, &) satisfies
that p(z*z) > 1/2 — ¢/. We replace ¢ by ¢/|¢|| to make ¢ a state, which still
satisfies that p(z*z) > 1/2 —¢.
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Let H_ be the spectral subspace of H corresponding to (—o0,0) (or equiv-
alently (—oo, —A + €]). The supremum of the spectrum of H; on H_ is less
than or equal to —A + € — F; < —\ + 3e. Hence Sp(Hiy) N (=X + 3¢,0) = 0.
Let 3 be the flow generated by 6, — 2eadiz*z. Since e’*f1 implements 3 and
|eftHrg, — €,]|—0, we have that ¢ is B-invariant. Moreover if y € A satisfies
that Sps(y) C (=X + 3¢,0), it follows that [[74(y)&nl—0, which implies that
e(y*y) = 0.

Let Ay_3¢5 be the C*-subalgebra generated by A”%(—\+ 3¢, A —3¢). Then
©|Ax_3c,p is a ground state for 3. We claim that ¢ is not a ground state on A
for 8. If it were a ground state on A, then by the previous lemma, we would
get that

pz*x) < 4de/(X —€)

because a = B and Sp,(x) C (—p,—p + €) with g > X. This is a
contradiction for € < 1/18 because ¢(z*z) > 1/2 —¢’. This implies that (3) of
the theorem is not satisfied for this perturbation 3. This concludes the proof
of the last implication (3)=-(1).

§3. UHF Flows

When (i) is a sequence in R, we define a flow @ on a UHF algebra A of

= eitint ()
ap = @ Ad ( )
< 0 1

This is what we call a (special type of) UHF flow [9]. (More generally j3 is a
UHF flow if it is defined as 3; = @, @(z) where 3() is a flow on Man, with (n;)
is a sequence of integers greater than 0.) If lim,, 1, = 0 and Y, u2 = oo, then

2°° type by

the corresponding « is a universal UHF flow in the sense that if 3 is another
UHF flow on A then a ® 8 on A ® A is cocycle conjugate to « [9].

We can show that a universal UHF flow satisfies the no energy gap condi-
tion.

We shall prove the following more general result:

Proposition 3.1.  Let (A, a) be a universal UHF flow as above and let
B be a flow on a C*-algebra B. Then the tensor product system (A® B, a® [3)
satisfies the no energy gap condition.

Proof. Let A >0 and p > X. Let n € N and v € [0,A/2) be such that
pw=n\2+v. Weset e=A/4(n+1).
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Let D € H*®#(A® B) and let x € D*(uu — A/2,pu + A\/2). There is a
central sequence (uy) in A%(A/2 —€, \/2+€) such that ujui +upuj—1. There
is another central sequence (vy) in A%(v — €,v + €) such that vjv, + vpvf—1
(because « is universal in the above sense). Let (e) be an approximate identity
for D in D?(—¢/2,¢/2).

Let © € D®B(y— \/2, u+ A/2). Then it follows from the computation of
a ® [B-spectrum that

Y = 2(ery Uy, €hy ) - (€ Uy, €k ) (€l gy Vi, €hnyy) € D,

where uy, denotes u);, ®1 etc. Then by taking the limit of y(ex,, ,, Vm, 1 €k,.1)
€ Dy and (g, , Vm, 41 €knir )Y € Dy as My 1—00 and then &, .1 —00, we obtain
that

z(eg, Up, €r,) - (€k, Up, €r,) € Da.

We repeat this process to conclude that € Dy. Thus we obtain that D (u —
A/2, ;+ A/2) C Dy, which implies that D = D,. O

Corollary 3.2.  Let (A, &) be a universal UHF flow as above and let 3
be a flow on a unital simple C*-algebra B. Then (A ® B) xa.gs3 R is simple if
and only if (B, 3) has no ground states nor ceiling states.

Proof. Since (A, «) has a ground state (or a ceiling state), if (B, 3) has
one, then so does (A ® B, a ® ), which gives a non-trivial ideal of the crossed
product. This proves the ‘only if’ part.

Suppose that (B, ) has no ground states nor ceiling states. Then (A ®
B,a ® () has no ground states nor ceiling states. Since o ® ( satisfies the
no energy gap condition by the above proposition, all the primitive ideals of
(A ® B) Xqgs R are monotone under the dual flow by Theorem 2.1. Since
A ® B is simple and unital, such a non-trivial primitive ideal should give a
ground state or a ceiling state for (A ® B,a ® 8). Thus one concludes that
(A ® B) Xagp R has no non-trivial primitive ideals, i.e., is simple. O

Probably we would have a similar result for (u,) satisfying a weaker con-
dition.

Proposition 3.3.  Let (u,) be a (strictly) decreasing sequence of posi-
tive numbers such that lim, u, = 0 and define a flow a on the UHF algebra A
as above. Then the following conditions are equivalent:

1. « satisfies the no energy gap condition.



C*-Crossebp Probucts BY R, 11 467

2. 30 |y = 00,

Proof. Suppose that (2) does not hold. Then we can define h = h* € A
by
h = Z /inegtll) )
n
(n)

where e; / is a matrix unit for the n’th factor. The spectrum of A contains 0
and 1 =), p, > 0 and is the closure of the set of all finite sums of (u,,). Let
f be a continuous function on R such that f =0 on [p/3,2u/3] and f =1 at
0 and z and 0 < f < 1. Since oy = Ade™", the closure B of f(h)Af(h) is
an a-invariant hereditary C*-subalgebra of A. It follows that B, /3 # B. This
shows that (1)=-(2).

Suppose that (2) holds. The dual system (A X, R, &) is isomorphic to the
inductive limit of (D,,, ), where D,, = Man @ Co(R) = Man xo R C AX, R, 7y
is induced by the translation on R, and the map ¢, : D, _1—D,, = Mo ® D,,_1
is given by

[ fl+u)®f.

Note that the center of D,, is generated by the flow U exp{—it) |, ,uiegf)l .
Since ¢, is injective, we regard A x, R as the closure of the union |J,, D, (see
[2] for more general results).

Let J be an ideal of Ax,R. Let J,, = JND,,. Then J, is determined by an
open subset V,, of R by J,, & Ma» ® Cy(V,,) C D,,. Note that J is determined
by the sequence (J,,). We show that they satisfy that V,, D V1 U (V—1 — )
and Vi, N (Vy, + pn) C V1.

For any ¢t € V,,_q there is an f € J,_1 such that f(t) # 0. Then, since
on(f)(t) # 0, it follows that t € V,,. For any t € V,,_1 — p,, thereisan f € J,_1
such that f(t + up) # 0. Then ¢, (f)(t) # 0, which implies that ¢ € V,,. Thus
one can conclude that V,, D V,_1 U (V-1 — pin)-

Let t € V,, N (Vi + py,). Then there is a f € Co(R) such that f(t) # 0 and
suppf C Vo, N (Vi + pp). Since suppf and suppf(- + py,) are contained in V,,,
we have that ¢,,(f) € J,, which means that f € J,_1. Since f(t) # 0 it follows
that ¢t € V,,_1. One can conclude that V,, N (V,, + u,) C V1.

Let I, I> be two open intervals in V. More specifically let I; = (a;, b;) with
a1 < by < ag < by. We choose n € N such that p, < é = min(by — a1, by — ag)
and m > n such that )" u, > max (6, 1, as —by). Since V,, D I; — Zf;:n m
for any n < ¢ < m, we have that V,,, D (a1 — > 4, ftk, b2). Then by using the
same condition for p14, k < n, we conclude that Vi, D (a1—Y ;- ftk, b2). It then
follows from Vy N (Vp + pe) C Vo1 for £ < m that Vy D (a1, bs). Hence we can
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conclude that V| is connected. In this way we conclude all V,,’s are connected.
If Vo = (a,00) or (—oo,b), then it follows that J is monotone under &. Let
Vo = (a,b). Then we denote by P; the ideal corresponding to the constant
sequence (—o0,b) of open intervals of R and by P, the ideal corresponding
(@ — Y0 pn,00)5%,. Both Py, P, are monotone under & and we can show
that J = Py N P, or J is not primitive. Thus we can conclude that all the
primitive ideals are monotone under . O

Remark 3.4.  From the proof of the above proposition we see that there
are primitive ideals P}, P_ of A x,R such that 6;(Py) D Py and &4(P-) C P-
for all ¢ > 0 and all other primitive ideals are in the orbits of these two ideals
under &. It follows that the primitive ideal space of A x, R is identified with
RURL{0}; & acts as translations on R and the closure of a point ¢ is (—o0, t]
in the first copy of R and [t,00) in the second copy. Thus if ), = oo, the
primitive ideal space is no use to distinguish A x, R.

Remark 3.5.  There is a unital simple C*-algebra A with a flow a such
that the primitive ideal space of A xR is identified with RU{0}. For example
we take a closed subset F' of the interval [0,1] such that F 30 and F # 1 and
construct a unital simple C*-algebra B and a flow v with period 1 as in 3.2
of [3]. Note that (B,~) has a unique ground state but not a ceiling state (the
exact property of (B,v) we require will be given below). We take (4, «) as
in Proposition 3.1 and its tensor product with (B,7). Then 8 = a ® « has
a unique ground state but not a ceiling state and furthermore satisfies the no
energy gap condition. Thus we can conclude that all non-zero primitive ideals
of A® B xg R is monotonly increasing under B and on just one orbit.

To prove the assertion of no energy gap in the above remark note that
B x, R is identified with the mapping torus M of 4;, where we regard =y
as a faithful homomorphism from T into the automorphism group of B and
the mapping torus M is the C*-algebra of bounded continuous functions = of
Cy(R, Bx,T) with z(t+1) = 41 (z(¢t)) for t € R [1]. Note that Bx,T has a non-
zero primitive ideal I such that n € Z — I,, = 4,,(I) is increasing and exhausts
all proper non-zero ideals. Set I_, = {0} and I, = Bx,T. Then (A®B)xgR
is isomorphic to the inductive limit of D,, = Ms» ® M = Ms ® D,,_1, where
the map ¢, : D,,_1—D,, is given by ¢, (z)(t) = x(t + pn) ® x(t).

Let J be a proper non-zero ideal of (A ® B) xg R and set J, = J N
D,,. Let J,(t) denote the ideal {z(t) | z € J,} of Man ® B x, T and define
Y+ R—=Z U {—00,00} by Man ®@ Iy, 1) = Ju(t). Note that t +— () is
lower semi-continuous and ¥, (t + 1) = 1, (t) + 1. We assert that o, (t) >
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A {1 (), 16+ fin)} a0d G 1 () > M {ibn (6), Pt — pin)}-

Fix t € R. If m = ¢,,_1(t), then there is an « € J,_; such that z(t) €
Myn—1 @Iy \ Man—1 & In,—1. Then ¢, (z) € J, and ¢, (2)(t) = x(t+ pn) S 2(t),
which implies that i, (t) > m. If m = t,_1(t + py,), then there is an x € J,,_1
such that xz(t + pn) € Mon—1 @ I, \ Mon-1 ® Ip,—1. Then ¢,(x) € J, and
On(z)(t) = x(t+ pp) ®2(t), which implies that ¢, (t) > m. This proves the first
inequality. Let m = min{v,, (t), ¥, (t—p,)}. Let z € D,,_1 be such that supp(x)
is concentrated around ¢ and x(t) € Myn—1 ® I, \ Myn—1 ® Ip,—_1. Then ¢, (x)
is concentrated around ¢ — p,, and t and satisfies that ¢,,(x)(t), ¢n(x)(t — p,) €
Mon & Iy, \ Maon & I;,—1. For a suitable choice of « (with small support) we get
that ¢, (z) € J,, and hence x € J,,_1. Since x(t) € Mon—1 @ I, \ Mon-1 & I, 1,
we conclude that ¢,,_1(t) > m. This proves the second inequality.

Hence it follows that for any m > n, ¥, () > maxg {tn_1(t +>_pcx tr)}
and 9y, 1(t) > ming {¢, (t — > pcx pr)}, where K runs over all the subsets of
{n,....m}. I ,_1(t;) > N for i = 1,2 with ¢; < t3, then the same is true
on a small neighborhood of t;. Hence it follows that for a sufficiently large m,
Y¥m(s) > N on the interval [t; — Y ;- fuk,t2] and then ¢,_1(s) > N on the
interval [t1, t2]. Thus we can conclude that t — 1, (t) is non-decreasing (taking
values in Z) and {¢ | ¥(¢t) = N} is given as (an,an + 1] for all N € N. Since
the ideal J is determined by the sequence (J,) (which is described by (vy,)),
we have reached the conclusion.

Remark 3.6. In general the primitive ideal space of A x, R would be
complicated. We will give some description of it which may be useful when the
C*-algebra is unital.

Let « be a flow on a unital A satisfying the no energy gap condition as in
Theorem 2.1. Then A has a ground state for « if and only if A x, R has a
primitive ideal which increases up to the whole algebra under &.

For ;1 € R we denote by A#T the hereditary C*-subalgebra of A generated
by za*, x € A*(u,00) and set A* = (,_, A"*. Note that A" is an a-
invariant hereditary C*-subalgebra of A and A* = A for p < 0. We assume
that AT # A, which is to say A has a ground state for . Define a subset F
of A x4 R by

F={U(fla|ac A, feK'R),suppf C (—o0,0)}.
Then the ideal I generated by F equals the closed linear span of

Iy = U {U(f)za | f € K'(R), suppf C (—oo,p), x € A", a € A}.
reR
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(If there is only one orbit under & as in the previous remark, I should be
primitive.) If (m, V) is a representation of (A,«a) such that 7 is irreducible
and Sp(V) = [0, 00), where we used the property Sp(V') is connected, then we
obtain that I C kerm x V. The kernel of m x V is described as follows: Let E
be the spectral measure for V' and let

D ={z € A n(x) = Elp, o0)m(z) Elu, 00)},

where we should note the fact V' depends only on w. Then D is a hereditary
C*-subalgebra of A containing A* and that ker 7 x V' is the closed linear span of
Iy with « € A" replaced by « € D¥. Tt also follows that A* = (7)_D# and that
the ideal I is the intersection of all those primitive ideals obtained as ker 7 x V,
whose orbits under & exhausts all primitive ideals which monotonely increase
under &.

To prove that the closed linear span Z of Ij is an ideal, we should note that
IgA C Iy, IzU; C Iy, and Uply C Iy. We shall show the remaining property
that Aly is contained in Z. First note that

S= U {U(f)za | f € K*(R), suppf C (—o0, p), x,a € A, Sp,(2) C (11,00)}
MER

is dense in Iy. Let y € A be an element with compact a-spectrum. Let
U(f)xa be an element as in the above set. Then there is a § > 0 such that
suppf C (—oo,u — ) and Sp,(z) C (u 4 6,00). We express y as a finite
sum » . y; with Sp,(yi) C (4 — 0, p; + 9) for some p; € R. Since K =
Sp,, (i) + suppf C (—oo, it + 1), there is a g € K'(R) such that § = 1 on the
compact set K and supp§ C (—oo, u + p;). Then y;U(f)xa = U(g)y;U(f)za
equals

/ U(g)Usar—t(y)zaf (£)dt,

where the integrand is norm-continuous. Since Sp, (a—_¢(y;)x) C (@ + pi, 00),
we can conclude that each y;U(f)za is in the closed linear span Z of I, which
shows that yU(f)za € Z. This concludes the proof that Z is an ideal.

To prove that 7 is generated by F we shall show that I is contained in the
closed linear span of AF. Let U(f)za be as in S with suppf C (—o0, ) and
Sp,(z) C (p,0). Then there is a g € K'(R) such that § = 1 on —Sp,(z) +
suppf and supp § C (—o0,0). Since U(f)za = U(f)zU(g)a equals

/ on (@)U (g)af (£)dt
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and U U(g)a € F, we can conclude that U(f)xa is in the closed linear span of
AF.

It is obvious that D¥ is a hereditary C*-subalgebra. To show that A* C D#
let x € A*. Then 7(z)E[0,v|H, = 0 for any v < p because x € A*. Thus
we obtain that 7(x)E[0, ) = 0, which implies A* C D¥. We also have that
kerm x V' contains the set defined as Iy with € A" replaced by = € D%,
which we will denote by I). We will show the converse: kerm x V' C Ij. Let
U(f)z € kerm x V with f € K*(R) and « € A. Let yu = supsuppf. Since the
primitive ideal ker w x V satisfies that dy(kerm x V) D kerm x V for ¢ > 0, we
obtain that E(—oo, u)m(x) = 0. Thus it follows that E[u, co)w(z) = n(x) and
so xzz* € D* and U(f)z € I)). Since ker m x V' is the closed linear span of such
U(f)x, we get the conclusion.

To show the last statement let D* be the intersection of all those D#. We
claim that D* = A* for all y. Suppose that A* g D*#, which implies that there
is a v < p such that D* ¢ A¥T. Then there is an x € D* such that > 0 and
x ¢ AYT. Thus we obtain a pure state ¢ of A such that ¢|A*+ = 0 and ¢(z) > 0.
Then 7y is a-covariant and we can find a unitary flow V' implementing o such
that Sp(V) = [0,00). Since Spy (24) C [0,v] and 74(x)Qy # 0, we reach the
contradiction that w(z)Qy = m(x)E[u, 00)E[0, v]Q¢ = 0. It is obvious that I is
the intersection of all those kerm x V.

The following proposition shows the crossed products by UHF flows (with
lim, ptn, = 0) are not isomorphic between in the case > u2 = oo and in the
case Y, p2 < oo.

Proposition 3.7. Under the same situation as in Proposition 3.3, the
following conditions are equivalent:

1. A x, R has a tracial state.

Proof. Suppose that (2) holds, i.e., 0% = Y, u? < co. Define a random
variable X,, by Prob(X,, = +u,/2) = 1/2 and suppose that all X,,’s are in-
dependent. Since Y, 2 < oo, the sum X = Y X, converges almost surely
([11], page 248). Let v be the probability distribution of X.

Let 7 be the normalized trace on Mayn and let t, = —(1/2) >0, p1;. We
define a tracial state 7,; on D,, = Man ® Co(R) by 7,:(f) = 7(f(t)) and
extend it to a state of A X, R, denoted by the same symbol.

Let ¢ be a weak® limit point of 7, . Since the map of D,,_; into D, is
given by f — f(-+ pn) @ f, we have that 7, (1® f) = Ef(X 1, X;), where
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£ denotes the expectation of a random variable. Thus ¢|Dy satisfies that

o(f) = / F(t)du(t).

Thus ¢ is actually a state. It is obvious that ¢ is a trace.

Suppose that (1) holds and let ¢ be a tracial state of Ax,R. Let us denote
by ®,, the embedding of D,, into Ax,R and let v, be the probability measure on
R such that ¢(®,,(1®f)) = [ f(t)dv,(t). Note that v,—1 = 1/2(vy (- —pin) +v4).
Let T,, be a random variable such that T}, is independent of Xi,...,X,, and
the probability distribution of T, is given by vy, (- +1/2 3" | p;); then vy is the
probability distribution of X;+-- -+ X, +T,, for any n: £f(Tp) = Ef(X1+T1) =
Ef(X1+ Xa+Ts) =---. If f, denotes the characteristic function of X,,, then
it follows that TIS° ;| f,,| # 0 on the set of positive Lebesgue measure; otherwise
it would imply that [e*dyy(t) = 0 for almost all s, a contradiction. Then
the series > - | X,, is essentially convergent ([11], page 263); thus >~ X,
converges, or y_ oo uZ < oo ([11], page 248). O

The no energy gap condition is not satisfied if « is a non-trivial inner flow
or periodic flow. Moreover we have:

Example 3.8.  Let (u,) be a (strictly) decreasing sequence of positive
numbers such that limy, p,, = ¢ > 0 and >, (n — p) = co. We define a flow
a on the UHF algebra A by using (u,) in the same way as in the beginning
of this section. Then a does not satisfy the no energy gap condition and has
R(a) = R. Moreover A > 0 +— A, increases at infinitely many points.

That R(a)) = R follows by constructing, for any A > 0, a central sequence
() in A such that ||x,|| =1, Sp,(xn) = {An} and A, —A.

The restriction of o on the tensor product A of the first n factors is
determined by the set S, of eigenvalues (with multiplicity) given by {e, () | I C
{1,2,...,n}t}, where en(I) = > ;cr <, i Let A > 0. We divide S, into
clusters such that two points belong to the same cluster if they have a series
of points which are closer than A and do not otherwise. We assign to each
cluster the matrix subalgebra of A containing all the corresponding eigen-
projections. Then Ag\n) is given as the direct sum of these matrix algebras and
Ay is obtained as the inductive limit of Ag\"). Suppose that p1 < 2u. Then
for any ¢ € N there is an € > 0 such that the e-neighborhood of e, ({i}) does
not contain any other points in S,, for any n. As a matter of fact we may set
e = min{u; — i1, i1 — pi} with pg = 2u. Hence if A < € then i forms
a cluster by itself in S, for any n > ¢. This implies the claim made in the
example.
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