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The Essential Spectrum of the Laplacian on
Manifolds with Ends

By

Toshiaki Hattori∗

Abstract

Let V be a noncompact complete Riemannian manifold. We find a geometric
condition which assures that the essential spectrum of the Laplacian on V contains
a half-line, by means of fiber bundle structures and the asymptotic behavior of mean
curvatures on the ends of V , and give lower bounds of the essential spectrum. Our
criteria can be applied to locally symmetric spaces of finite volume and manifolds of
infinite volume canonically obtained from manifolds with corners.

Introduction

Let V be an n-dimensional complete Riemannian manifold. When V is
noncompact, it is possible that the essential spectrum of the Laplacian on V

is nonempty. For example, it is well-known that in the case of n-dimensional
complete hyperbolic manifolds of finite volume, the essential spectrum is the
half-line [(n−1)2/4,∞). In the case of locally symmetric spaces of finite volume,
the essential spectrum is known to be a half-line. In this paper we find a
geometric condition which assures that the essential spectrum contains a half-
line, by means of fiber bundle structures and the asymptotic behavior of mean
curvatures on the ends of V , and give lower bounds of the essential spectrum
under some additional condition. It is also our hope to understand the case of
locally symmetric spaces of finite volume from a different point of view from
Langlands’ theory of Eisenstein series ([20], [25]), and investigate manifolds of
infinite volume canonically obtained from manifolds with corners.
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For studying the essential spectrum of V , there is a known method, referred
to as the decomposition principle ([10], [15]): The essential spectrum is stable
under compact perturbations. Thus this spectrum does not change when one
modifies the manifold in a compact region. Hence, we are motivated by the
following question: What kind of geometric or metric structure of the ends
produces a half-line in the essential spectrum ?

First we consider a simple example. Let M be a compact manifold with
a connected boundary ∂M . Then we can attach a half-cylinder ∂M × [0,∞)
to the boundary to produce a complete Riemannian manifold V . If the half-
cylinder is equipped with the product metric g+dt2, where g is a metric on ∂M
and dt2 is the standard metric on [0,∞), the essential spectrum equals [0,∞).
When ∂M is the flat torus and the half-cylinder is equipped with a warped
product metric e−2tg+dt2, the essential spectrum equals [(n−1)2/4,∞). This
corresponds to the case of n-dimensional hyperbolic manifolds of finite volume.
Therefore we next consider metrics which are not necessarily warped products.

Let Y1, . . . , Ys be closed manifolds. Let φj : Yj × [0,∞) −→ V be an
embedding and Ej = φj(Yj × (0,∞)) for each j = 1, . . . , s. Suppose that
V − ⋃s

j=1 Ej is a compact submanifold with boundary. In particular, V is a
manifold with s ends. We suppose that the induced metric on Yj × [0,∞)
through φj is of the form gj,t + dt2, where gj,t is a metric on Yj depending on
t ≥ 0. Let √

gj,t(y) be the square root of the determinant of the metric tensor
of gj,t at y ∈ Yj . We also suppose that

the ratio αj(t) :=
√
gj,t(y)/

√
gj,0(y) does not depend on y (�)

on each Yj × [0,∞). In this paper, we call such a manifold V a Riemannian
manifold with boundaries Yj at infinity. This class of manifolds contains R-
rank 1 or Q-rank 1 locally symmetric spaces of finite volume. However, we
do not necessarily assume that V is nonpositively curved or of finite volume.
If Yj has a structure of some special fiber bundle, it might give rise to some
additional structure on the essential spectrum. Because of this and the fact
that the end of any higher Q-rank locally symmetric space of finite volume is
more complicated, we also consider the following situation.

Let B be a manifold (without boundary) and gB a complete Riemannian
metric on B. Let π : Y −→ B be a fiber bundle with compact fibers. We
suppose that the dimension of Y is n − d with d ≥ 1. Let C ⊂ Rd be an
open (infinite) cone, that is, a region enclosed by d hyperplanes, and let dt2 be
the standard metric of Rd. We suppose that there exists an open embedding
φ : Y × C −→ V and that the induced metric on Y × C is of the form gt + dt2.
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Here {gt}t∈C is a family of complete Riemannian metrics on Y of the form

gt(y) = g⊥t (y) + (π∗gB)(y), (��)

where g⊥t (y) is a metric on the tangent space Ey of the fiber π−1(π(y)) at y
depending on t, and (π∗gB)(y) is the metric on the orthogonal complement
of Ey in the tangent space Ty(Y ) of Y at y. In particular, this means that
π : (Y, gt) −→ (B, gB) is a Riemannian submersion. Let l : [0,∞) −→ Rd be
a ray contained in the interior of C. In the case d ≥ 2 we suppose that l is
not parallel to any of the boundary hyperplanes of C. We denote by Ct the
hyperplane in C through l(t) orthogonal to l. Let (t, t2, . . . , td) be a Cartesian
coordinate system of Rd such that the origin 0 is l(0) and that the positive part
of the t-axis corresponds to the ray l.

Let
√
gt(y) be the square root of the determinant of the metric tensor of

gt at y ∈ Y . We consider the following two conditions.

The ratio
√
gt(y)/

√
g0(y) depends only on t. (∗)

The projection π is harmonic with respect to the metric gt. (∗∗)
These two conditions (∗), (∗∗) are satisfied in the case of locally symmetric
spaces of finite volume. We explain the higher Q-rank case in later sections. In
this paper we suppose that the condition (∗) is always satisfied unless otherwise
mentioned, and denote the ratio by α(t):

α(t) =
√
gt(y)/

√
g0(y).

We do not necessarily assume the condition (∗∗).
Let

β(t) =
1
2

logα(t).

As we show in Section 1, the mean curvature of Y × Ct in Y × C depends not
on y ∈ Y but on t, and is equal to

− 1
n− 1

α′(t)
α(t)

= − 2
n− 1

β′(t).

We denote this by K(t). Let Δ be the unique self-adjoint extension ([8], [13]) of
the Laplacian Δ on V to the Hilbert space L2(V ) of square integrable (complex-
valued) functions on V , and ΔB the similar extension of the Laplacian ΔB on
B.
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Theorem 1. Suppose that

lim
t→∞

{
K(t)2 − 2

n− 1
K′(t)

}
= κ2

exists.
(1) If B is compact, then for any r ≥ 0, there exists a family {ur,ε}ε>0 of

compactly supported smooth functions on E := φ(Y ×C) satisfying the following
two conditions.
(0.1) For any compact subset of E , if we take ε sufficiently small, then the
support of ur,ε lies outside this compact set.
(0.2) For some positive constant C1 independent of ε, we have∥∥∥∥(Δ −

(
(n− 1)2κ2

4
+ r2

))
ur,ε

∥∥∥∥ ≤ C1ε‖ur,ε‖,

where ‖ ‖ is the L2-norm on L2(V ).
In particular, every point of [(n − 1)2κ2/4,∞) belongs to the spectrum of

Δ.
(2) Suppose that the condition (∗∗) is satisfied. If ΔB has a sequence

c0 < c1 < · · · < cm < · · ·

of eigenvalues, then the following holds.
For each m and any r ≥ 0, there exists a family {um,r,ε}ε>0 of compactly

supported smooth functions on E = φ(Y × C) satisfying the following three
conditions.
(0.3) For any compact subset of E , if we take ε sufficiently small, then the
support of um,r,ε lies outside this compact set.
(0.4) For some positive constant C1 independent of ε, we have∥∥∥∥(Δ −

(
(n− 1)2κ2

4
+ cm + r2

))
um,r,ε

∥∥∥∥ ≤ C1ε‖um,r,ε‖.

(0.5) If m �= m′, then

lim
ε−→0
ε′−→0

(um,r,ε, um′,r′,ε′) = 0,

where ( , ) is the L2-inner product on L2(V ).
In particular, every point of [(n−1)2κ2/4+ c0,∞) belongs to the spectrum

of Δ.
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Remark. In the case (2), if a non-negative number c belongs to the essen-
tial spectrum of ΔB, then we can construct for any r ≥ 0 a family {ur,ε}ε>0 of
compactly supported smooth functions on E such that the same condition as
(0.3) and the inequality∥∥∥∥(Δ −

(
(n− 1)2κ2

4
+ c+ r2

))
ur,ε

∥∥∥∥ ≤ C1ε‖ur,ε‖

are satisfied (cf. Proposition 1.2).

Remark. Although we followed the decomposition principle to obtain the
statement of Theorem 1, we do not need to use it directly in the proof.

In order to give lower bounds of the essential spectrum, we can use the
following known result on Rayleigh quotients. Since there seem to be no suitable
references, we also include its proof in Section 2 for convenience.

Lemma 1. Let N be an open subset of a complete Riemannian mani-
fold. Let Z be a C1-vector field on N such that
(0.6) its norm |Z| is bounded from above by some positive constant C: |Z| ≤ C,
and that
(0.7) the divergence of Z is bounded away from zero: that is, div Z ≥ ε > 0 for
some ε.

Then we have

inf

∫
N
|grad u|2 dμN∫
N
|u|2 dμN

≥
( ε

2C

)2

on N,

where μN is the canonical measure on N induced from the Riemannian metric
and u runs through all the compactly supported smooth functions on N .

We first restrict ourselves to the case of Riemannian manifolds with bound-
aries Yj at infinity. We denote by Kj(t) the mean curvature of Yj × {t} in
Yj × (0,∞). Applying Lemma 1 to the vector field ∂

∂t or − ∂
∂t on each end, we

obtain the following immediately from the decomposition principle.

Proposition 1. Let V be a Riemannian manifold with boundaries Yj at
infinity. Suppose that limt→∞ Kj(t) = κj exists for each j. Let κ2 = minj(κj)2.
Then the essential spectrum of Δ is contained in the interval [(n−1)2κ2/4,∞).

We show the following theorem of different type.

Theorem 2. Let V be a Riemannian manifold with boundaries Yj at
infinity. Suppose that there exists a positive number a such that

Kj(t)2 − 2
n− 1

K′
j(t) ≥ a2 on (0,∞) (0.8)
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for each j. We also suppose that for each j, there exist C2(j), C3(j) such that

0 < C2(j) < C3(j), (0.9)

Kj(t) > 0 on [C2(j), C3(j)). (0.10)

The numbers C2(j), C3(j) may depend on j. Then, on the interval [0, (n −
1)2a2/4) the spectrum of Δ consists of at most a finite number of eigenvalues
of finite multiplicity. If (n − 1)2a2/4 is an eigenvalue, then its multiplicity is
finite.

These results give alternative proofs of some of the known results on rank
1 locally symmetric spaces. Let G be a connected semisimple Lie group having
finite center and no compact factors. Let K be a maximal compact subgroup of
G and X = G/K the associated symmetric space of noncompact type with the
canonical left invariant metric. Let Γ be a torsion-free irreducible non-uniform
lattice of G and V = Γ\X. Let us call V an R-rank k locally symmetric
space of finite volume if X is a rank k symmetric space. We call V a Q-rank
k locally symmetric space of finite volume if G has trivial center and is the
identity component of the group of real points of some connected semisimple
linear algebraic group G defined over Q of Q-rank k and if Γ is an arithmetic
subgroup of G. Let Rρ (resp. ρ) be the half sum of the positive roots (resp.
Q-roots). Then any R-rank 1 (resp. Q-rank 1) locally symmetric space of
finite volume is a Riemannian manifold with boundaries Yj at infinity with
Kj(t) = 2|Rρ|/(n − 1) (resp. 2|ρ|/(n − 1)) ([14], [12], [4], [26], [5], see also [9],
[23]). Hence we have

Theorem 3 (cf. [9], [23], [6]). Let V be an R-rank 1 (resp. a Q-rank 1)
locally symmetric space of finite volume. Then the essential spectrum of Δ is
the half-line

[|Rρ|2,∞)
(resp.

[|ρ|2,∞)
). If |Rρ|2 (resp. |ρ|2) is an eigenvalue,

then its multiplicity is finite.

Remark. Let V be a Q-rank 1, R-rank ≥ 2 locally symmetric space of
finite volume. Then each boundary Yj at infinity admits a fiber bundle structure
πj : Yj −→ Bj satisfying the conditions (��), (∗∗) (see Remark before Theorem
4 in Section 3). Let ΔBj

be the unique self-adjoint extension of the Laplacian on
the base space Bj of Yj . Then it follows from Theorem 1 that for each eigenvalue
c of ΔBj

, there exists a family of compactly supported smooth functions on
V which assures that the half-line [|ρ|2 + c,∞) is contained in the essential
spectrum of Δ.
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In the case where V is a higher Q-rank locally symmetric spaces of finite
volume, there is a compactification V of V ([7]) such that V is a manifold with
corners and its boundary ∂V is connected. Each stratum Yj of ∂V admits a
fiber bundle structure πj : Vj −→ Bj satisfying the conditions (��), (∗∗). The
continuous spectrum of V is controlled by the eigenvalues of the base spaces
Bj : For each eigenspace of Bj with eigenvalue c, there exists a certain subspace
of L2(V ) corresponding to the continuous spectrum. The space L2(V ) is the
closure of the union of such subspaces and the eigenspaces corresponding to
the point spectrum of V . This follows from Langlands’ spectral resolution of
the regular representation of G on L2(Γ\G) ([20], [25]). Although the situation
is slightly different from the one in Theorem 1, the argument in the proof of
Theorem 1 can be also applied to this case and we obtain a similar result (The-
orem 4) to Theorem 3 by constructing a vector field as in Lemma 1. Thus we
can give alternative proofs of some of the above facts without using Langlands’
theory of Eisenstein series. We postpone describing Theorem 4 until Section 3,
since we need more notations.

Theorem 1 can be applied to complete manifolds canonically obtained from
manifolds with corners as in Figure 7 (see Section 5 for the precise definition).

Corollary 1. Let W be a manifold with compact corners and V the
complete manifold obtained from W by gluing cylinders successively to boundary
components. Then the essential spectrum of V is the half-line [0,∞).

Our calculations in the proof of Theorems 1 and 2 are based on higher
dimensional generalizations of Lax-Phillips’ ones ([21, §4]). In order to con-
struct the sequences {um,r,ε}ε>0 in Theorem 1, under the identification of E
with Y × C, we first consider the function f0(y, t) = α(t) on E and multiply f0
by an oscillation to obtain fr. We take a product of fr with an eigenfunction
ϕ of B with eigenvalue cm and control the support of this function by using a
suitable cut-off function h (see Figure 1). In particular, in the case of locally
symmetric spaces of finite volume the function f0 is induced from the expo-
nential of a constant multiple of the Busemann function on X with respect to
some geodesic γ : [0,∞) −→ X which is projected on l.

This paper is organized as follows. In Section 1 we first show the explicit
relation between the functions α(t), β(t), and the mean curvature K(t). Then
we prove Theorem 1. In Section 2 we prove Theorems 2. In Sections 3 and
4 we explain the case of higher Q-rank locally symmetric spaces. In the last
section we discuss some consequences of our theorems including Corollary 1.

As usual we denote by C, R, Q, N the set of the complex numbers, the
real numbers, the rational numbers, the natural numbers, respectively.



608 Toshiaki Hattori

§1. The Existence of a Half-Line in the Essential Spectrum

In this section we prove Theorem 1. We identify E with Y × C by the
diffeomorphism φ. First we show that the mean curvature of Y × Ct in Y × C
depends only on t.

Let t = (t, t2, . . . , td) be a Cartesian coordinate system of Rd such that
the positive part of the t-axis corresponds to the ray l. We define a unit vector
field ξ on Y × C by ξ = ∂

∂t , which is orthogonal to Y × Ct for each t ≥ 0. We
denote by TP (Y × Ct) the tangent space of Y × Ct at P ∈ Y × Ct.

Definition 1.1. For each point P of Y × Ct, let Aξ : TP (Y × Ct) −→
TP (Y × Ct) be the shape operator with respect to ξ defined by

Aξ(X) = −∇Xξ for each X ∈ TP (Y × Ct),

where ∇ is the covariant derivative on V . We define the mean curvature K(P )
of Y × Ct at P (with respect to ξ) by

K(P ) =
1

n− 1
trace (Aξ).

Proposition 1.1. We have

K(P ) = − 1
n− 1

α′(t)
α(t)

= − 2
n− 1

β′(t)

for all P ∈ Y × Ct.

Proof. Let P = (y∗, (t∗, t2∗, . . . , td∗)) ∈ Y × Ct∗ . Take an arbitrary coor-
dinate neighborhood (U, (y1, . . . , yn−d)) of y∗ in Y . We put yn−d+j = tj+1 for
j = 1, . . . , d − 1, and yn = t to obtain a local coordinate system (y1, . . . , yn)
around P in Y × Ct. Let gjk be the components of the metric tensor with re-
spect to this local coordinate system, (gjk) = (gjk)−1, and Γm

jk the Christoffel
symbols. We have

(n− 1)K(P ) = −
n−1∑
j=1

Γ j
jn = −1

2

n−1∑
j=1

n∑
m=1

gjm

(
∂gnm

∂yj
+
∂gjm

∂yn
− ∂gjn

∂ym

)

= −1
2

n−1∑
j=1

n−1∑
m=1

gjm

(
∂gjm

∂t

)
.

Let A = (gjk)1≤j,k≤n−1. Then we have

(n− 1)K(P ) = −1
2

trace
(
A−1 ∂A

∂t

)
= −1

2

∂
∂t (detA)

detA
= −1

2
∂

∂t
(log(detA)).
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Figure 1.

Since the determinant of A depends only on t and is equal to (
√
g0)2α(t)2, we

obtain
(n− 1)K(P ) = −(logα)′(t∗) = −2β′(t∗). �

The mean curvature K(P ) is constant on each Y ×Ct, which we denote by
K(t).

Let C∞
0 (Y × C) be the set of compactly supported smooth functions on

Y × C. We define a map T : C∞
0 (Y × C) −→ C∞

0 (Y × C) by

(T (f))(y, t) = f(y, t)/
√
α(t)

for f ∈ C∞
0 (Y × C). Then we have

T−1◦Δ◦T = − ∂2

∂t2
+

(n− 1)2

4

{
K(t)2 − 2

n− 1
K′(t)

}
−

d∑
j=2

∂2

∂t2j
+Δ(Y,gt) (1.1)

on C∞
0 (Y × C), where Δ(Y,gt) is the Laplacian on (Y, gt). Let (τt)y be the

trace of the second fundamental form of the submanifold π−1(π(y)) of (Y, gt)
at y ∈ Y , and C∞

0 (B) the set of compactly supported smooth functions on B.
From the formula on Riemannian submersion in Theorem 4.4 of [19, XIV, §4],
we have

Δ(Y,gt)(ϕ ◦ π)(y) = (ΔBϕ)(π(y)) + (τt)y · (ϕ ◦ π) for all ϕ ∈ C∞
0 (B). (1.2)

Let f0 be the function on Y × C defined by

f0(y, t) = e−β(t) =
1√
α(t)

.
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Figure 2.

For each r ≥ 0, we define a function fr by

fr(y, t) = e−β(t)+
√−1·rt.

For ϕ ∈ C∞
0 (B), we put

fϕ,r(y, t) = e−β(t)+
√−1·rtϕ(π(y)).

Let D and D′ be open balls in Rd with the same center on the ray l such that
D′ ⊂ D ⊂ C and that 0 �∈ D, where 0 is the origin of Rd. We choose D such that
every ray emanating from the origin which is tangent to the sphere bounding
D is entirely contained in C. We also suppose that⎛⎝ ⋃

0≤t<C4

Ct

⎞⎠ ∩ D = φ

for a positive number C4 (see Figure 2). Let h : Rd −→ [0, 1] be a smooth
function such that h > 0 on D, h ≡ 0 outside D, and h ≡ 1 on the closure of
D′.

For any positive number δ ≤ 1, we define a smooth function fϕ,r,δ on Y ×C
by

fϕ,r,δ(y, t) = h(δt)e−β(t)+
√−1·rtϕ(π(y)). (1.3)

Let L2(B) be the Hilbert space of square integrable functions on B with L2-
norm ‖ ‖B .

Proposition 1.2. Suppose that (τt)y · (ϕ ◦ π) = 0 for any y ∈ Y , t =
(t, t2, . . . , td) ∈ C with t ≥ 0, and that limt→∞

{K(t)2 − 2K′(t)/(n− 1)
}

= κ2.
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Then for any ε > 0, there exists a positive number δ(ε) such that the following
holds.

Let δ be a positive number smaller than δ(ε), c ≥ 0, and ϕ ∈ C∞
0 (B) with

‖(ΔB − c)ϕ‖B < ε‖ϕ‖B.

Then we have∥∥∥∥(Δ −
(

(n− 1)2κ2

4
+ c+ r2

))
fϕ,r,δ

∥∥∥∥ < C5ε‖fϕ,r,δ‖, (1.4)

where C5 is a constant depending only on h, r, and ϕ.

We denote by μ, μY , μB, μt the Riemannian measure of V , (Y, g0), (B, gB),
C, respectively, and μY,t = e2β(t)μY the Riemannian measure of (Y, gt).

Proof. Let

A1(y, t) =
{

(β′(t)2 + β′′(t)) − (n− 1)2κ2

4

}
fϕ,r,δ(y, t)

− δ

⎧⎨⎩2
√−1r

∂h

∂t
(δt) + δ

⎛⎝∂2h

∂t2
+

d∑
j=2

∂2h

∂t2j

⎞⎠ (δt)

⎫⎬⎭ϕ(π(y))e−β(t)+
√−1·rt

and
A2(y, t) = (ΔB − c)ϕ(π(y))h(δt)e−β(t)+

√−1·rt.

Then, it follows from (1.1), (1.2) that(
Δ −

(
(n− 1)2κ2

4
+ c+ r2

))
fϕ,r,δ(y, t) = A1(y, t) +A2(y, t). (1.5)

We have

|A1(y, t)| ≤
∣∣∣∣ (n− 1)2κ2

4
− {

(β′)2 + β′′}∣∣∣∣ |fϕ,r,δ|

+ δ

∣∣∣∣∣∣2√−1r
∂h

∂t
(δt) + δ

⎛⎝∂2h

∂t2
+

d∑
j=2

∂2h

∂t2j

⎞⎠ (δt)

∣∣∣∣∣∣ |ϕ|e−β(t).

Since the support of h is compact, there exists a positive number C6 (which
depends only on h and r) such that∣∣∣∣∣∣2√−1r

∂h

∂t
(δt) + δ

⎛⎝∂2h

∂t2
+

d∑
j=2

∂2h

∂t2j

⎞⎠ (δt)

∣∣∣∣∣∣ ≤ C6.
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We also have
|fϕ,r,δ | = |h||ϕ|e−β(t) ≤ |ϕ|e−β(t).

Since the support of h(δt) is contained in the closure of the ball
1
δ
D and

lim
δ→0

C4

δ
= ∞, the following holds.

For any ε > 0, there exists a positive number δ(ε) smaller than ε such that∣∣∣∣ (n− 1)2κ2

4
− {

(β′)2 + β′′}∣∣∣∣ < ε

on the support of h(δt) for each δ < δ(ε).

We have, for such δ,

|A1(y, t)| ≤ (δC6 + ε)|ϕ|e−β(t)

and

‖A1‖2 =
∫

Y ×C
|A1(y, t)|2dμ =

∫
C

∫
Y

|A1(y, t)|2dμY,tdμt

≤ (δC6 + ε)2
∫
D/δ

∫
Y

|ϕ|2e−2β(t)dμY,tdμt

= (δC6 + ε)2
∫
D/δ

∫
Y

|ϕ|2dμY dμt ≤ ε2(C6 + 1)2 · 1
δd

vol(D)
∫

Y

|ϕ|2dμY .

Since the support of ϕ is compact, we can take positive numbers C7, C8 such
that

C7 ≤ vol (π−1(z)) ≤ C8

for all z in the support of ϕ. Consequently, we obtain

‖A1‖2 ≤ C8 · ε2(C6 + 1)2
1
δd

vol(D)‖ϕ‖2
B. (1.6)

Similarly, we have
|A2(y, t)| ≤ |(ΔB − c)ϕ|e−β(t).

It follows that

‖A2‖2 ≤
∫
C

∫
Y

|(ΔB − c)ϕ|2e−2β(t)dμY,tdμt

=
∫
D/δ

∫
Y

|(ΔB − c)ϕ|2dμY dμt ≤ C8 · 1
δd

vol(D)‖(ΔB − c)ϕ‖2
B.
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Thus we obtain
‖A2‖2 < C8 · ε2 · 1

δd
vol(D)‖ϕ‖2

B. (1.7)

From (1.5), (1.6) and (1.7), we have∥∥∥∥(Δ −
(

(n− 1)2κ2

4
+ c+ r2

))
fϕ,r,δ

∥∥∥∥2

< C8ε
2(C6 + 2)2

1
δd

vol(D)‖ϕ‖2
B.

(1.8)
On the other hand, since

‖fϕ,r,δ‖2 =
∫

Y ×C
|fϕ,r,δ |2dμ =

∫
C

∫
Y

|fϕ,r,δ |2dμY,tdμt

≥
∫
D′/δ

∫
Y

|fϕ,r,δ |2dμY,tdμt

=
∫
D′/δ

∫
Y

|ϕ|2e−2β(t)dμY,tdμt =
∫
D′/δ

∫
Y

|ϕ|2dμY dμt,

we have
‖fϕ,r,δ‖2 ≥ C7 · 1

δd
vol(D′)‖ϕ‖2

B. (1.9)

From (1.8) and (1.9), we have∥∥∥∥(Δ −
(

(n− 1)2κ2

4
+ c+ r2

))
fϕ,r,δ

∥∥∥∥2

< (C6 + 2)2 · C7

C8
· vol(D)
vol(D′)

· ε2‖fϕ,r,δ‖2.

Let

C5 = (C6 + 2)

√
C7 vol(D)
C8 vol(D′)

.

Then we obtain the inequality (1.4).

Proof of Theorem 1. We first prove (2). Let ϕ∗ be an eigenfunction
belonging to the eigenvalue cm. From the definition of ΔB, there exists a
sequence {ϕi} in C∞

0 (B) such that limi→∞ ϕi = ϕ∗ and limi→∞ ΔBϕi = ΔBϕ∗
in L2(B). Then, by the triangle inequality, we can find for each ε > 0 a function
ϕ ∈ C∞

0 (B) such that

‖(ΔB − cm)ϕ‖B < ε‖ϕ‖B.

Since the condition (∗) is satisfied, the estimate in Proposition 1.2 is valid for
any positive number δ < δ(ε). We take one of such δ and put

um,r,ε = fϕ,r,δ.
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Choose the functions ϕ so that ‖ϕ∗ − ϕ‖B are sufficiently small. Then the
resultant family {um,r,ε}ε>0 of compactly supported smooth functions on E
satisfies the conditions (0.3)–(0.5).

To prove (1), we take a constant function ϕ ≡ 1 and consider fϕ,r,δ in
(1.3). Since (τt)y · (ϕ ◦ π) = 0 and ΔBϕ = 0, the estimate in Proposition 1.2
is valid for c = 0. By repeating the same argument as above, the conclusion
follows. �

Remark. In the case (2), if there is another eigenfunction ϕ∗ belonging
to the eigenvalue cm such that ϕ∗ and ϕ∗ are mutually orthogonal with respect
to the L2-inner product on L2(B), then we can construct for any r ≥ 0 a
family {um,r,ε}ε>0 of compactly supported smooth functions on E satisfying
the similar conditions as (0.2)–(0.5) and

lim
ε−→0
ε′−→0

(um,r,ε, um,r′,ε′) = 0.

Remark. If B is compact, we can take an eigenfunction of ΔB as ϕ in
the above proof of (2).

§2. Lower Bounds of the Essential Spectrum

In this section we prove Theorem 2. It suffices to show the following.

There exists a finite dimensional subspace V of L2(V ) such that((
Δ − (n− 1)2a2

4

)
u, u

)
> 0 for all u ∈ V⊥ ∩ dom(Δ) − {0} ,

(2.1)

where V⊥ is the orthogonal complement of V in L2(V ) and dom(Δ) is the
domain of definition of Δ.

Let

E∧
j = φj(Yj × (C3(j),∞)), ∂jW = φj(Yj × {C3(j)})

for each j = 1, . . . , s and let

W = V −
s⋃

j=1

E∧
j .

The boundary of the compact manifold W decomposes as

∂W =
s⋃

j=1

∂jW.



The Laplacian on Manifolds with Ends 615

Figure 3.

We also put
Bj = φj(Yj × (C2(j), C3(j)]).

Then Bj is a collar neighborhood of ∂jW (see Figure 3). We relate the inte-
gral in (2.1) on the noncompact manifold V to some integrals on the compact
manifold W .

For any vector field Z on V we denote by |Z|(x) the norm of Zx with
respect to the Riemannian metric of V at the point x ∈ V . Let L2(W ) be the
space of all square integrable functions on W . For any w1, w2 ∈ L2(W ), let

(w1, w2)W
=

∫
W

w1 · w2dμ

be the L2-inner product. We denote by ‖ ‖
W

the L2-norm on L2(W ):

‖w‖
W

=

√∫
W

|w|2dμ .

Let C1,2(W ) be the space of smooth functions w on W such that |grad w| ∈
L2(W ), where grad w is the gradient vector field of w. We denote by ‖grad w‖
the L2-norm of |grad w|. Let L1,2(W ) be the completion of C1,2(V ) with
respect to the L1,2-norm,

‖w‖1,2 =
√
‖w‖2

W
+ ‖grad w‖2

W
.

For u ∈ dom(Δ), we only write ‖u‖1,2 to denote the L1,2-norm of the restriction
u|W of u to W : ‖u‖1,2 = ‖u|W ‖1,2.
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We show the following.

There exist positive constants C9, C10 such that

C10‖u‖2
W

+
((

Δ − (n− 1)2a2

4

)
u, u

)
≥ C9‖u‖2

1,2 for all u ∈ dom(Δ).
(2.2)

Then the assertion (2.1) follows from (2.2): Let H be the image of the restriction
map dom(Δ) � u �−→ u|W ∈ L2(W ). It follows from Rellich-Kondrachov
lemma (cf. [1, Théorème 10]) that for any positive number ε <

√
C9/(2C10)

there exists a finite dimensional subspace L of H such that ε‖w‖1,2 > ‖w‖W for
any w �= 0 in the orthogonal complement of L in H with respect to the inner
product ( , )W on L2(W ). It suffices to take the image of the natural inclusion
L ↪→ L2(W ) as V .

In order to prove (2.2) it suffices to show the inequality for compactly
supported smooth functions u on V . We remark that((

Δ − (n− 1)2a2

4

)
u, u

)
=

∫
V

(
|grad u|2 − (n− 1)2a2

4
|u|2

)
dμ

=
∫

W

(
|grad u|2 − (n− 1)2a2

4
|u|2

)
dμ

+
s∑

j=1

∫
E∧

j

(
|grad u|2 − (n− 1)2a2

4
|u|2

)
dμ

(2.3)

for such u. Hence, we estimate the integrals in the last term of (2.3) as follows.

Lemma 2.1. For any compactly supported smooth function u on V , we
have∫

E∧
j

(
|grad u|2 − (n− 1)2a2

4
|u|2

)
dμ

≥ β′
j(C3(j))

(
1

C3(j) − C2(j)
− 4β′

j(C3(j))
)∫

Bj

|u|2dμ− 1
4

∫
Bj

|grad u|2dμ.

Proof. From now on to (2.13), we drop the index j for simplicity. We
write just E∧, Y , ∂W , B, β(t), C2, C3, φ, K(t) instead of E∧

j , Yj , ∂jW , Bj ,
βj(t), C2(j), C3(j), φj , Kj(t), etc.

On E∧ we use the same local coordinate system (y1, . . . , yn−1, t) as in the
proof of Proposition 1.1. In this case d = 1 and we can write u = u(y, t). We
can decompose the gradient vector field of u as

grad u = Z +
∂u

∂t

∂

∂t
, Z ⊥ ∂

∂t
.
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Then we have

|grad u|2 = |Z|2 +
∣∣∣∣∂u∂t

∣∣∣∣2 . (2.4)

We remark that

e−2β(t)

∣∣∣∣ ∂∂t (ueβ(t)
)∣∣∣∣2 =

∣∣∣∣∂u∂t
∣∣∣∣2 + (β′(t))2|u|2 + 2β′(t)Re

(
u
∂u

∂t

)
, (2.5)

where Re( ) means the real part. Since u has a compact support, there exists
a positive number C11 = C11(j) such that the support of u is contained in
V − φ(Y × [C11,∞)). Then we have∫

E∧
2β′(t)Re

(
u
∂u

∂t

)
dμ = lim

t→∞

∫ t

C3

{∫
Y

2β′(t)Re
(
u
∂u

∂t

)
e2β(t)dμY

}
dt

=
∫ C11

C3

{∫
Y

2β′(t)Re
(
u
∂u

∂t

)
e2β(t)dμY

}
dt,

where μY is the canonical measure of Y . Since

∂

∂t

[
β′(t)|u|2e2β(t)

]
=

{
2β′(t)Re

(
u
∂u

∂t

)
+ β′′(t)|u|2 + 2(β′(t))2|u|2

}
e2β(t),

we have∫
E∧

2β′(t)Re
(
u
∂u

∂t

)
dμ

=
∫ C11

C3

∫
Y

{
∂

∂t

[
β′(t)|u|2e2β(t)

]
− |u|2β′′e2β(t) − 2(β′)2|u|2e2β(t)

}
dμY dt

= −
∫

Y

β′(C3)|u|2e2β(C3)dμY −
∫
E∧

|u|2(β′′ + 2(β′)2)dμ

= −
∫

∂W

β′|u|2dν −
∫
E∧

|u|2(β′′ + 2(β′)2)dμ,

(2.6)

where ν is the canonical measure on ∂W induced from the Riemannian metric
of V . From (2.5) and (2.6), we have∫

E∧
e−2β(t)

∣∣∣∣ ∂∂t (ueβ
)∣∣∣∣2 dμ

=
∫
E∧

(∣∣∣∣∂u∂t
∣∣∣∣2 − |u|2(β′′ + (β′)2)

)
dμ−

∫
∂W

β′|u|2dν.
(2.7)
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From (2.4), (2.7), we have∫
E∧

(|grad u|2 − |u|2(β′′ + (β′)2))dμ

=
∫
E∧

{
|Z|2 + e−2β(t)

∣∣∣∣ ∂∂t (ueβ(t))
∣∣∣∣2
}
dμ+

∫
∂W

β′|u|2dν

≥
∫

∂W

β′|u|2dν.

(2.8)

Let us estimate the integral
∫

∂W
β′|u|2dν from below. Put ψ(t) = (t −

C2)/(C3 − C2). Then we have

|u(y, C3)|2 e2β(C3) = e2β(C3)

∫ C3

C2

∂

∂t

{
ψ(t)|u|2} dt

= e2β(C3)

∫ C3

C2

{ |u|2
C3 − C2

+ 2ψRe
(
u
∂u

∂t

)}
dt.

We remark that β(C3) ≤ β(t) on [C2, C3]. It follows that

|u(y, C3)|2 e2β(C3) ≤
∫ C3

C2

|u|2e2β(t)

C3 − C2
dt+ 2

∫ C3

C2

∣∣∣∣u∂u∂t
∣∣∣∣ e2β(t)dt. (2.9)

Since ∣∣∣∣u∂u∂t
∣∣∣∣ e2β(t) = |u| · 2

√
−β′(C3) eβ(t) ×

∣∣∣∣∂u∂t
∣∣∣∣ 1
2
√−β′(C3)

eβ(t),

we have, from the arithmetic geometric mean inequality,

2
∫ C3

C2

∣∣∣∣u∂u∂t
∣∣∣∣ e2β(t)dt

≤ 2

√∫ C3

C2

(−4)β′(C3)|u|2e2β(t)dt

√∫ C3

C2

1
−4β′(C3)

∣∣∣∣∂u∂t
∣∣∣∣2 e2β(t)dt

≤ −4β′(C3)
∫ C3

C2

|u|2e2β(t)dt− 1
4β′(C3)

∫ C3

C2

∣∣∣∣∂u∂t
∣∣∣∣2 e2β(t)dt.

We obtain

− β′(C3)|u(y, C3)|2e2β(C3)

≤ −β′(C3)
(

1
C3 − C2

− 4β′(C3)
)∫ C3

C2

|u|2e2β(t)dt

+
1
4

∫ C3

C2

|grad u|2e2β(t)dt.

(2.10)
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Hence

−
∫

∂W

β′|u|2dν = −β′(C3)
∫

Y

|u|2e2β(C3)dμY

≤ −β′(C3)
(

1
C3 − C2

− 4β′(C3)
)∫

Y

∫ C3

C2

|u|2e2β(t)dtdμY

+
1
4

∫
Y

∫ C3

C2

|grad u|2e2β(t)dtdμY

= −β′(C3)
(

1
C3 − C2

− 4β′(C3)
)∫

B
|u|2dμ+

1
4

∫
B
|grad u|2dμ,

and

∫
∂W

β′|u|2dν

≥ β′(C3)
(

1
C3 − C2

− 4β′(C3)
)∫

B
|u|2dμ− 1

4

∫
B
|grad u|2dμ.

(2.11)

Combining (2.8) with (2.11), we obtain

∫
E∧

(|grad u|2 − |u|2(β′′ + (β′)2)dμ

≥ β′(C3)
(

1
C3 − C2

− 4β′(C3)
)∫

B
|u|2dμ− 1

4

∫
B
|grad u|2dμ.

(2.12)

From Proposition 1.1 and the assumption, we have

β′′ + (β′)2 =
(n− 1)2

4

{
K(t) − 2

n− 1
K′(t)

}
≥ (n− 1)2a2

4
. (2.13)

The desired inequality now follows from (2.12) and (2.13).

Since β′
j(C3(j)) ≤ 0 and

⋃s
j=1 Bj ⊂ W , we have, from (2.3) and Lemma
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2.1, ((
Δ − (n− 1)2a2

4

)
u, u

)
−

∫
W

(
|grad u|2 − (n− 1)2a2

4
|u|2

)
dμ

≥
s∑

j=1

β′
j(C3(j))

(
1

C3(j) − C2(j)
− 4β′

j(C3(j))
)∫

Bj

|u|2dμ

− 1
4

s∑
j=1

∫
Bj

|grad u|2dμ

≥
⎧⎨⎩

s∑
j=1

β′
j(C3(j))

(
1

C3(j) − C2(j)
− 4β′

j(C3(j))
)⎫⎬⎭

∫
W

|u|2dμ

− 1
4

∫
W

|grad u|2dμ.

Therefore,((
Δ − (n− 1)2a2

4

)
u, u

)

+

⎧⎨⎩ (n− 1)2a2

4
+

s∑
j=1

(
−β′

j(C3(j))
(

1
C3(j) − C2(j)

− 4β′
j(C3(j))

))
+

3
4

⎫⎬⎭
×

∫
W

|u|2dμ ≥ 3
4

∫
W

{|u|2 + |grad u|2} dμ.
Let C9 = 3/4 and

C10 =
(n− 1)2a2

4
+

3
4

+ max
1≤j≤s

{
−β′

j(C3(j))
(

1
C3(j) − C2(j)

− 4β′
j(C3(j))

)}
.

This proves the inequality (2.2), and Theorem 2 now follows. �

Proof of Lemma 1. For simplicity, we omit the symbol dμN . Let v be a
non-negative compactly supported smooth function on N . Since

div vZ = 〈grad v, Z〉 + v · div Z,

we have

0 =
∫

N

div vZ =
∫

N

〈grad v, Z〉 +
∫

N

v · div Z ≥
∫

N

〈grad v, Z〉 + ε

∫
N

v.

Hence
ε

∫
N

v ≤ −
∫

N

〈grad v, Z〉 ≤
∫

N

|grad v| · |Z|
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and ∫
N

v ≤ C

ε

∫
N

|grad v|.

For any compactly supported smooth function u on N , let v = u2. Since
grad u2 = 2u · grad u, we have∫

N

u2 ≤ C

ε

∫
N

|grad u2| ≤ 2C
ε

∫
N

|u| · |grad u|

≤ 2C
ε

(∫
N

|u|2
)1/2 (∫

N

|grad u|2
)1/2

and (∫
N

|u|2
)1/2

≤ 2C
ε

(∫
N

|grad u|2
)1/2

.

Therefore, we obtain ( ε

2C

)2

≤
∫

N
|grad u|2∫
N
|u|2 . �

§3. The Ends of Higher Q-Rank Locally Symmetric Spaces

In this section we explain the case of higher Q-rank locally symmetric
spaces of finite volume and state a similar result to Theorem 3. The situation
is slightly different from the one in Theorem 1. There are fiber bundles π :
Y −→ B, cones C, and Riemannian metrics on Y × C satisfying the conditions
(��), (∗), and (∗∗). However, Y ×C is not entirely contained in V when B is not
compact. Instead, there exist an exhaustion W1 ⊂ W2 ⊂ · · · ⊂ Wi ⊂ · · · of B
by relatively compact open subsets, a corresponding nested sequence C1 ⊃ C2 ⊃
· · · ⊃ Ci ⊃ · · · of cones in C, and an embedding

⋃∞
i=1

(
π−1(Wi) × Ci

) −→ V .
In the sequel, for any algebraic group H defined over Q, we denote by H(R),
H(Q), H(Z) the group of real, rational, integral points of H, respectively.

Let G be a connected semisimple Lie group having finite center and no
compact factors. Let K be a maximal compact subgroup of G and X = G/K

the associated symmetric space of noncompact type with the canonical left in-
variant metric g̃. Let Γ be an irreducible non-uniform lattice of X. Suppose
that the rank of X is at least 2 and G has trivial center. Then, by the arith-
meticity theorem of G.A. Margulis (see [30]), there exist a semisimple linear
algebraic group G defined over Q and an isomorphism (of Lie groups) from
G to the identity component of G(R) such that the image of Γ is contained
in G(Q) and is commensurable with G(Z). We suppose that Γ is torsion-free
and that the Q-rank rQ(G) of G is at least 2. Then there is a compactification
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V of the quotient manifold V = Γ\X constructed by A. Borel and J.-P. Serre
such that V is a manifold with corners and its boundary ∂V is connected ([7,
Corollary 8.6.2]). Hence V has only one end. Let x0 be the coset in X of the
identity element, Π : X −→ V the natural projection, and g the metric on V

such that Π∗g = g̃.
We first recall some facts about parabolic subgroups of G (see [3], [29] for

more details). Let S be a maximal Q-split torus of G and Φ(G,S) the system
of rational roots of G with respect to S. Let Rg, g, and k be the Lie algebras
of G, G, and K, respectively. We denote by exp the exponential mapping
from Rg to G. Let Rg = k + p be the Cartan decomposition, where p is the
orthogonal complement of k in Rg with respect to the Killing form of Rg. We
denote by 〈 , 〉 the inner product on p induced from the Riemannian metric on
the tangent space Tx0(X) of X at x0. Then 〈 , 〉 coincides with the restriction
of the inner product 〈〈 , 〉〉 on Rg obtained from the Killing form of Rg and
the Cartan involution of Rg. Let A be the identity component of S(R) and a

its Lie algebra. By considering the restriction to a of the differential of each
rational root S −→ C∗, we can regard Φ(G,S) as the system Σ of roots of
the pair (Rg, a). For each root θ ∈ Σ, let Hθ be the unique element of a such
that θ(H) = 〈Hθ, H〉 for all H ∈ a. We introduce a lexicographic order into
Φ(G,S), and denote by Φ+(G,S) the set of positive rational roots with respect
to this order. We introduce the corresponding order into Σ, and denote by Σ+

the set of positive roots corresponding to Φ+(G,S). We put

a+ =
{
H ∈ a | θ(H) ≥ 0 for all θ ∈ Σ+

}
and

ρ =
1
2

∑
θ∈Σ+

Hθ,

where in the sum every root occurs a number of times equal to its multiplicity.
Let

g = g0 +
∐

χ∈Φ(G,S)

gχ

be the root space decomposition of g. Let u be the subalgebra of g defined by

u =
∐

χ∈Φ+(G,S)

gχ

and U the analytic subgroup with Lie algebra u. Let Υ ⊂ Σ+ be the set of
positive simple roots of (Rg, a) and Υ(G) ⊂ Φ+(G,S) the corresponding set of
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positive simple roots. For any subset I ⊂ Υ, we take the corresponding subset
I(G) ⊂ Υ(G) and define a subgroup SI of S by

SI =
( ⋂

α∈I(G)

kerα
)0

,

where ( )0 means the identity component with respect to the Zariski topology.
The group PI = Z(SI)U, where Z(SI) is the centralizer of SI in G, is a
rational parabolic subgroup of G containing S. These are called the standard
rational parabolic subgroups of G. The unipotent radical of PI , that is, the
greatest connected unipotent normal subgroup of PI , is the analytic subgroup
UI with Lie algebra

uI =
∐′

gχ,

where the sum is over all the positive rational roots which are not linear combi-
nations of elements of I. If I and J are two subsets of Υ such that I ⊂ J , then
PI ⊂ PJ . The rational parabolic subgroup P = P∅ = Z(S)U is a minimal one
containing S, and PΥ = G. Each proper rational parabolic subgroup Q of G is
conjugate by some element of G(Q) to one and only one of the PI with I �= Υ;
Q is also expressed as kPIk

−1 for some k ∈ K. For each I, the Γ -conjugacy
classes of PI are known to be finite ([4]).

Each group PI decomposes further. We put

MI =
⋂

χ∈X(Z(SI))

ker(χ2),

where X(Z(SI)) is the group of rational characters of Z(SI). Then Z(SI)(R) is
the direct product MI(R)×SI(R). Let AI be the identity component of SI(R)
and letMI = MI(R), UI = UI(R). Then we have the Langlands decomposition

PI(R) = UIAIMI . (3.1)

The boundary ∂V of the Borel-Serre compactification V is a disjoint union
of faces e′(Q) corresponding to the Γ -conjugacy classes of proper rational
parabolic subgroups of G. Suppose that the Γ -conjugacy classes of PI (I �= Υ)
are represented by PI,j = kI,jPIk

−1
I,j , j ∈ {1, . . . , s(I)}, where kI,j ∈ K for

each j and kI,1 = e. In particular, PI,1 = PI . We briefly describe the faces
e′(PI,j) (see [7], [31] for more details).

Let

UI,j = kI,jUIk
−1
I,j , AI,j = kI,jAIk

−1
I,j , and MI,j = kI,jMIk

−1
I,j .
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X⊃ e(PI,j)
eπI,j−−−−→ XI,j

Π

⏐⏐+ 
I,j

⏐⏐+ΓI,j\ ΠI,j

⏐⏐+ΓMI,j
\

V �⊃ e′(PI,j) −−−−→
πI,j

VI,j

Figure 4.

Let

e(PI,j) = UI,jMI,j · x0 = kI,jUIMI · x0, XI,j = MI,j · x0 = kI,jMI · x0.

ThenXI,j is a product of a symmetric space of noncompact type with a possible
Euclidean space, and e(PI,j) is diffeomorphic to UI,j ×XI,j . In particular, we
have a fiber bundle

UI,j −→ e(PI,j)
eπI,j−→ XI,j , π̃I,j(kI,jum ·x0) = kI,jm ·x0 for u ∈ UI ,m ∈MI .

Let

ΓI,j = Γ ∩ PI,j , ΓMI,j
= (ΓI,jUI,j) ∩MI,j , and ΓUI,j

= Γ ∩ UI,j .

Then ΓI,j is the semi-direct product ΓUI,j
� ΓMI,j

and acts on e(PI,j). Let
VI,j = ΓMI,j

\XI,j and ΠI,j : XI,j −→ VI,j the natural projection. The face
e′(PI,j) is defined by

e′(PI,j) = ΓI,j\e(PI,j).

Let πI,j be the unique map from e′(PI,j) to VI,j such that the diagram in
Figure 4 is commutative. In the diagram, �I,j : e(PI,j) −→ e′(PI,j) is the
natural projection. Then e′(PI,j) is a fiber bundle over VI,j :

FI,j = ΓUI,j
\UI,j −→ e′(PI,j)

πI,j−→ VI,j . (3.2)

The fiber FI,j of the fiber bundle (3.2) is a compact nilmanifold and the base
space VI,j is a locally symmetric space of finite volume, which is compact if
and only if I = ∅.

In the compactification V each face e′(PI,j) is located on the ideal bound-
ary ∂V . For t > 0, we put

AI(t) = {a ∈ AI |χ(a) > t for all χ ∈ Υ(G) − I(G)} , AI,j(t) = kI,jAI(t)k−1
I,j .

We just write A(t) instead of A∅(t).
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Proposition 3.1 ([7, 10.3], [31, (1.5)]). Let W be a relatively compact
open subset of VI,j. Then there exists t∗ = t∗(W) > 0 such that for any t ≥ t∗

the set EI,j,W,t = UI,jAI,j(t) · Π−1
I,j(W) is ΓI,j-invariant and

{g ∈ Γ | gEI,j,W,t ∩EI,j,W,t �= ∅} = ΓI,j .

The equivalence relation defined on EI,j,W,t by Γ is the same as the one defined
by ΓI,j.

Let W be a relatively compact subset of VI,j . We choose a positive number
t∗∗ such that t∗∗ ≥ t∗(W) and put

EI,j,W = EI,j,W,t∗∗ = UI,jAI,j(t∗∗) · Π−1
I,j(W), EI,j,W = Π(EI,j,W).

Let
YI,j,W = π−1

I,j (W) ⊂ e′(PI,j).

Then the open submanifold EI,j,W of V is diffeomorphic to the product YI,j,W×
(AI,j(t∗∗) · x0). Let

aI = {H ∈ a | θ(H) = 0 for all θ ∈ I}

be the Lie algebra of AI . We denote by ρI the orthogonal projection of ρ on
a+

I := aI ∩ a+ and put ρI,j = Ad(kI,j)ρI . We define a geodesic ray γI,j :
[0,∞) −→ X by

γI,j(t) = exp (tρI,j/|ρI,j |) · x0.

Then, for sufficiently large t∗∗∗ > 0, the restriction of the geodesic Π ◦ γI,j to
the interval [t∗∗∗,∞) is contained in EI,j,W . If we regard AI,j(t∗∗) · x0 as an
open cone C in Rd with

d = #Υ − #I = rQ(G) − #I,

the parabolic Q-rank of PI,j , and regard γI,j |[t∗∗∗,∞) as a ray l in C, we obtain
an embedding φI,j,W : YI,j,W × C −→ V as in the introduction. In the case
where VI,j is not compact, let W1 ⊂ W2 ⊂ · · · ⊂ Wi ⊂ · · · be an exhaustion
of VI,j by relatively compact subsets. Then, from the above construction, we
obtain an embedding

⋃∞
i=1 EI,j,Wi

−→ V .

Lemma 3.1. The metric on YI,j,W ×C induced by φI,j,W is of the form
gt + dt2 and the conditions (��), (∗), (∗∗) in the introduction are satisfied. In
particular,

α(t) =
√
gt/

√
g0 = e−2|ρI |t. (3.3)
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Proof. We only prove the case j = 1, since other cases are similar. In
this case, UI,1 = UI , AI,1 = AI , and MI,1 = MI . We write φ instead of φI,1,W .
Let (t, t2, . . . , td) be a Cartesian coordinate system of Rd such that the origin
0 is l(0) = γI,1(t∗∗∗) and that the positive part of the t-axis corresponds to
the ray l. For each t = (t, t2, . . . , td) ∈ Rd, let a(t) = a(t, t2, . . . , td) be the
unique element of AI such that t = a(t) · x0 and let H(t) = H(t, t2, . . . , td) be
the unique element of aI such that exp(H(t)) = a(t). We identify e(PI,1) with
UI ×XI,1 and define a diffeomorphism Φ from e(PI,1) × Rd = UI ×XI,1 × Rd

to V by

Φ(um · x0, t) = ua(t)m · x0 for u ∈ UI ,m ∈MI . (3.4)

Let

W̃ = Π−1
I,1(W) ⊂ XI,1, ỸI,1,W = UI · W̃ ⊂ e(PI,1).

Then ỸI,1,W is diffeomorphic to UI × W̃ and the map φ̃ : ỸI,1,W × C −→ X

obtained by restricting Φ on ỸI,1,W ×C is an embedding. If we write � instead
of �I,1, we have φ ◦ (�× idC) = Π ◦ φ̃. Thus, in order to study the metric φ∗g
it suffices to study φ̃∗g̃.

Let ΥI(G) be the set of maps obtained by restricting elements of Υ(G)−
I(G) to SI . For each α ∈ ΥI(G), let

uα = {X ∈ Rg | (Ad a)X = α(a)X for all a ∈ AI} .

Then we also have

uI =
∐

α∈ΥI (G)

uα.

The spaces uα (α ∈ ΥI(G)) are mutually orthogonal with respect to the inner
product 〈〈 , 〉〉. For each α ∈ ΥI(G), let hα be the left invariant tensor field
of type (0, 2) on UI which is zero on uβ for β �= α, and equal to 〈〈 , 〉〉 on uα.
Then

du2 :=
∑

α∈ΥI (G)

hα (3.5)

is a left invariant metric on UI . For m ∈ MI , we denote by Int m the inner
automorphism of UI given by

(Int m)(u) = mum−1 for u ∈ UI .

Let g̃XI,1 be the metric on XI,1 induced from X by the natural inclusion. Since
the tangent space of ỸI,1,W × C at (um · x0, t) is isomorphic to the direct sum
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of Tu(UI), Tm·x0(XI,1), and Tt(Rd), under this identification, it follows from
the calculation in Proposition 4.3 of [5] that

(φ̃∗g̃)(um·x0,t)

=
1
2

∑
χ∈ΥI(G)

χ(a(t))−2
(
(Int m−1)∗hχ

)
u

+ (g̃XI,1)m·x0 + (dt2)t.
(3.6)

From this, we can conclude that φ∗g is of the form gt + dt2. Let g̃t = Π∗gt.
Then, from (3.6) we have

(g̃t)um·x0 =
1
2

∑
χ∈ΥI (G)

χ(a(t))−2
(
(Int m−1)∗hχ

)
u

+ (g̃XI,1)m·x0 . (3.7)

This shows that the projection

π̃ : (ỸI,1,W , g̃t) −→ (W̃, g̃XI,1 |fW) (3.8)

is a Riemannian submersion. Let gX,1 be the metric on VI,1 = ΓMI,1\XI,1

corresponding to g̃X,1. Since ΓI = ΓUI
� ΓMI

, the bundle projection

π : (YI,1,W , gt) −→ (W , gXI,1 |W) (3.9)

is also a Riemannian submersion and the condition (��) is satisfied.
As is shown in Corollary 4.4 of [5], two left invariant metrics (Int m−1)∗du2

and du2 have the same volume element. Consequently, it follows from (3.5),
(3.7) that

√
gt/

√
g0 =

∏
χ∈ΥI (G)

χ(a(t))−dim uχ

/ ∏
χ∈ΥI(G)

χ(a(0))−dim uχ .

Since ∏
χ∈ΥI (G)

χ(a(t))−dim uχ = exp (−2〈ρI , H(t)〉) = e−2|ρI |(t+t∗∗∗), (3.10)

we obtain (3.3), which is the condition (∗).
We show that the Riemannian submersion (3.9) is harmonic. For this, it

suffices to prove that the Riemannian submersion (3.8) is harmonic. Note that
the Lie group UI acts isometrically on ỸI,1,W preserving the fibers. There-
fore, we can apply H.-S. Wu’s theorem on metrically homogeneously fibered
submersions to this Riemannian submersion. For precise definitions and de-
tailed information about related concepts we refer to [19, Chapter XV, §6–§8].
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Let q = dim UI . A q-form on ỸI,1,W is called fiber null if its restriction to
each fiber of (3.8) is 0. For a horizontal vector field ν on ỸI,1,W , we say that
a q-form Ψ is ν-constant over the fibers if the Lie derivative LνΨ is fiber null.
Consider the pull-back of the left invariant volume form on UI determined by
du2 by the projection UI × W̃ × {t} −→ UI . Then, under the identification
ỸI,1,W = UI × W̃ × {t}, we obtain a left UI -invariant q-form Ψ on ỸI,1,W .
This form Ψ is the Haar form on ỸI,1,W in the sense of [19, p. 142], and hence
ν-constant over the fibers for any horizontal vector field ν, due to [19, Theorem
8.3]. Let Ω be the vertical metric volume form of (3.8) defined as follows. Let
{ξ1, . . . , ξq} be an orthonormal frame of vertical vector fields on ỸI,1,W , suitably
oriented, and let ξ∗1 , . . . , ξ∗q be the 1-forms on ỸI,1,W such that ξ∗i (ξ) = g̃t(ξi, ξ)
for any vector field ξ on ỸI,1,W . Put Ω = ξ∗1 ∧· · ·∧ξ∗q . Then Ω does not depend
on the choice of {ξ1, . . . , ξq}. If Ω

eYI,1,W
, Ω

fW are the volume forms on ỸI,1,W ,

W̃ , respectively, we have Ω
eYI,1,W

= Ω ∧ π∗Ω
fW . The Riemannian Haar density

([19, p. 442]) ω̃ is by definition the function on W̃ given by

Ωum·x0 = ω̃(m · x0)Ψum·x0 .

From (3.7) and (3.10) we have

ω̃(m · x0) = e−2(t+t∗∗∗)|ρI |/
√

2q for any m ∈M.

Let (τ̃t)um·x0 be the trace of the second fundamental form of the fiber π̃−1(m ·
x0) at um · x0. From H.-S. Wu’s theorem ([19, Theorem 6.6]), (τ̃t)um·x0 is the
horizontal lift of −(grad (log ω̃))m·x0 . Hence (τ̃t)x = 0 for all x ∈ ỸI,1,W . This
shows that (3.8) is harmonic.

Remark. In the Q-rank 1, R-rank ≥ 2 case, one can show in the same
way that each boundary Yj at infinity admits a fiber bundle structure satisfying
the conditions (��), (∗∗).

From (3.3), the mean curvature K(t) of YI,j,W × Ct is

K(t) = 2|ρI |/(n− 1). (3.11)

Let C∞
0 (VI,j) be the space of compactly supported C∞-functions on VI,j

and L2(VI,j) the space of square integrable functions on VI,j . We denote by
ΔI,j the self-adjoint extension of the Laplacian ΔI,j on VI,j to L2(VI,j). We
can obtain some information on the spectrum of Δ.

Theorem 4. (1) Suppose that

0 = cI,j,0 < cI,j,1 < · · · < cI,j,m < · · ·
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are the eigenvalues of ΔI,j. Then the following holds.
For any r ≥ 0, there exists a family {uI,j,m,r,q}q∈N

of compactly supported
smooth functions on EI,j satisfying the following four conditions.
(3.12) For any compact subset of V , if we take q sufficiently large, then the
support of uI,j,m,r,q lies outside this compact set.
(3.13) For some positive constant C11 independent of q, we have

∥∥(Δ − (|ρI |2 + cI,j,m + r2)
)
uI,j,m,r,q

∥∥ ≤ C11

q
‖uI,j,m,r,q‖.

Therefore, for fixed I, j, m, every point of
[|ρI |2 + cI,j,m, ∞

)
belongs to the

spectrum of Δ.
(3.14) If m �= m′, then

lim
q−→∞
q′−→∞

(uI,j,m,r,q, uI,j,m′,r′,q′) = 0.

(3.15) If PI,j ∩ gPI′,j′g−1 is not a rational parabolic subgroup of G for any
g ∈ G(Q), then (uI,j,m,r,q, uI′,j′,m′,r′,q′) = 0.

(2) The bottom of the essential spectrum of Δ is

min
I⊂Υ,I 
=Υ

|ρI |2.

Remark. For any face e′(P) we denote by e′(P) the closure of e′(P) in
V . Then the hypothesis in (3.15) is equivalent to e′(PI,j) ∩ e′(PI′,j′) = ∅ (see
Proposition 9.4 of [7]).

We prove (1) of Theorem 4 in the rest of this section, and (2) in the next
section. We denote by ‖ ‖I,j the L2-norm on L2(VI,j).

Proof of Theorem 4 (1). Let ϕ∗ be an eigenfunction of ΔI,j belonging to
the eigenvalue cI,j,m. For each q, we can find a function ϕ ∈ C∞

0 (VI,j) such
that

‖(ΔI,j − cI,j,m)ϕ‖I,j <
1
q
‖ϕ‖I,j .

Let W be a relatively compact open subset containing the support of ϕ. For
this W , we take t∗ = t∗(W) as in Proposition 3.1, choose t∗∗ ≥ t∗, and identify
AI,j(t∗∗)·x0 with an open cone C in Rd with d = rQ(G)−#I. Apply Proposition
1.2 to the embedding φI,j,W : YI,j,W × C −→ V . From (3.11), we have

∥∥(Δ − (|ρI |2 + cI,j,m + r2)
)
fϕ,r,δ

∥∥ < C5

q
‖fϕ,r,δ‖
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for the function

fϕ,r,δ(y, t) = h(δt)e−β(t)+
√−1·rtϕ(πI,j(y)),

and any positive number δ < δ(1/q). We take one such δ and put

uI,j,m,r,q = fϕ,r,δ .

Choose the functions ϕ so that ‖ϕ∗ − ϕ‖I,j are sufficiently small. Then the
resultant family {uI,j,m,r,q}q∈N

of compactly supported C∞-functions on EI,j

satisfies the conditions (3.12)–(3.14). In this construction, for fixed q, q′, we
can choose the functions so that the supports of uI,j,m,r,q and uI′,j′,m′,r′,q′ are
mutually disjoint for pairs (I, j), (I ′, j′) such that PI,j ∩ gPI′,j′g−1 is not a
rational parabolic subgroup of G for any g ∈ G(Q). Hence the condition (3.15)
is also satisfied. This proves (1) of Theorem 4. �

§4. Constructing Vector Fields

In this section we prove (2) of Theorem 4. We construct a vector field on
the end of V and use Lemma 1. We recall Borel’s construction of fundamental
open sets.

Definition 4.1. An open subset D of X is called a fundamental open
set for Γ if

X = ΓD (4.1)

and
(4.2) the set {g ∈ Γ | gD ∩D �= ∅} is finite.

Let P = P∅ be the standard minimal rational parabolic subgroup and P(R) =
UAM the Langlands decomposition of P(R) as in (3.1). Since X = UAM · x0,
any point x ∈ X can be represented as x = uam · x0 for some u ∈ U , a ∈ A,
m ∈M . In this representation the A-factor a is uniquely determined by x. We
denote by A(x) the A-factor of x. We also recall that am = ma for any a ∈ A,
m ∈M .

Definition 4.2. For any t > 0 and relatively compact open subset η of
UM containing the identity element e, the set Stη := ηA(t)K (resp. Stη ·x0 =
ηA(t) · x0) is called a (generalized) Siegel set in G (resp. X).

We remark that X is also regarded as the quotient X = G(R)/K̃, where
K̃ is the maximal compact subgroup of G(R) containing K. Hence we can
consider the action of G(R) on X. Let z1, . . . , zλ (z1 = e) be a complete
representative system of Γ\G(Q)/P(Q). The following is known.
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Theorem 4.1 ([4]). There exist a positive number t0 < 1 and a rela-
tively compact open subset η of UM containing the identity element e such that
the set Ω =

⋃λ
i=1 zi · St0η · x0 is a fundamental open set for Γ .

From now on we fix such t0 and η. The quotient space V = X/Γ is
obtained by pasting the translated Siegel sets ziSt0η ·x0, i = 1, . . . , λ, together.
In order to describe how these are pasted together, we first decompose A(t0)
as in [16], [17], [18], and [22]. Let t1 be any positive number greater than 1.
We put

SI = {a ∈ A(t0) |χ(a) ≤ t1 for all χ ∈ I(G)}
for each nonempty subset I of Υ. Then we have

A(t0) −A(t1) =
⋃

∅
=I⊂Υ

SI . (4.3)

We remark that the right-hand side is not a disjoint union. Let

S = ηA(t0) · x0 = St0η · x0, S∗ = ηA(t1) · x0, and SI = ηSI · x0.

The set SΥ is relatively compact. We also put

Sj = zjS, Sj∗ = zjS∗, and Sj,I = zjSI .

We have a decomposition

Sj = Sj∗ ∪
⎛⎝ ⋃

∅
=I⊂Υ

Sj,I

⎞⎠ . (4.4)

Roughly speaking, if gSi (g ∈ Γ ) meets Sj at a point sufficiently far from x0,
then the intersection gSi ∩ Sj is entirely contained in Sj,I for some nonempty
proper subset I of Υ. More precisely,

Lemma 4.1 ([4, 12.6], [27, Lemma 2.1], see also [22, Lemmas 2.4, 2.5]).
If we take a sufficiently large t1, then the following holds:
(1) Suppose that gSi∩Sj is nonempty and is relatively compact for some g ∈ Γ .
Then this intersection is contained in gSi,Υ ∩ Sj,Υ.
(2) Suppose that gSi ∩ Sj is not empty nor relatively compact for some g ∈ Γ .
Let I be the subset of Υ such that I(G) consists of all χ ∈ Υ(G) for which
χ(A(S ∩ z−1

j gziS)) is bounded. Then z−1
j gzi ∈ (UIMI)(Q) ⊂ PI and

gSi ∩ Sj ⊂ Sj,I , g−1Sj ∩ Si ⊂ Si,I .
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We also need the following.

Lemma 4.2 ([4, Lemma 12.2]). The union
⋃

a∈A(t0)
a−1ηa is relatively

compact, and hence there exists a positive number C12 such that

dX(uma · x0, a · x0) ≤ C12 for um ∈ η, u ∈ U, m ∈M, a ∈ A(t0),

where dX is the distance on X.

Next we consider Busemann functions associated with the geodesic rays
corresponding to the edges of the cone zjA(t0) · x0.

Definition 4.3 (cf. [11], [2]). Let N be a complete, simply connected
Riemannian manifold of nonpositive sectional curvature and let dN be the dis-
tance on N .
(1) Two geodesic rays γ1, γ2 : [0,∞) −→ N are called asymptotic if the function
t �−→ dN (γ1(t), γ2(t)) is uniformly bounded on [0,∞). Being asymptotic is an
equivalence relation on the set of all geodesic rays in N . The equivalence class
represented by a geodesic ray γ is denoted by γ(∞).
(2) Let γ : [0,∞) −→ N be a geodesic ray. The Busemann function hγ : N −→
R associated with γ is given by

hγ(x) = lim
t→∞ {dN (x, γ(t)) − t} for x ∈ N.

For any real number C, we call the set h−1
γ ((−∞, C)) (resp. h−1

γ (C)) an open
horoball (resp. a horosphere) centered at γ(∞), or associated with γ.

Remark. If a geodesic ray γ1 is asymptotic to γ2, then the Busemann
function hγ1 differs to hγ2 only by an additive constant.

Let a0 be the unique point in A such that

ξ(a0) = t0 for all ξ ∈ Υ(G).

In other words, a0 · x0 is the apex of the cone A(t0) · x0. For each χ ∈ Υ(G),
let Hχ be the unit vector in a+ such that

dξ(Hχ) = 0 for all ξ ∈ Υ(G) − {χ}

and define a geodesic ray cχ : [0,∞) −→ X by

cχ(t) = a0 exp(tHχ) · x0 for t ≥ 0.
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These geodesic rays are the edges of A(t0) ·x0. Let cjχ(t) = zjcχ(t). For each j
the edges of the cone zjA(t0) ·x0 are cjχ, χ ∈ Υ(G). Let hjχ be the Busemann
function associated with cjχ. We remark that if ξ �= χ, then the geodesic ray
cjξ is not asymptotic to gciχ for any g ∈ Γ , i ∈ {1, . . . , λ}. This can be seen, for
example, as follows. Let I, J be the subsets of Υ such that I(G) = Υ(G)−{χ},
J(G) = Υ(G)−{ξ}. If χ �= ξ, then we have I �= J . From Mostow’s lemma (cf.
[18, Lemma 5.7]), the isotropy subgroup of cχ(∞) (resp. cξ(∞)) is PI(R) (resp.
PJ (R)). Suppose that cjξ is asymptotic to gciχ. Then, PI is conjugate to PJ

by [30, 3.1.9 Theorem]. On the other hand, PI and PJ are standard rational
parabolic subgroups of G with I �= J , and hence they are not conjugate to
each other ([3, V. 21.12 Proposition]), which is a contradiction. When cjχ is
asymptotic to gciχ for some g ∈ Γ , we have

hjχ(gx) = hiχ(x) + sij,χ for all x ∈ X,

where sij,χ is a constant depending on i, j, χ but not on g (cf. [22, Proposition
3.3]).

For each χ ∈ Υ(G), we renormalize the Busemann functions h1χ, . . . , hλχ

as follows. For each i ∈ {1, . . . , λ}, let q = q(i) ∈ {1, . . . , λ} be the smallest
index such that there exists an element g of Γ , for which the geodesic ray gcqχ

is asymptotic to ciχ. Let
h̃iχ = hiχ − sq(i)i,χ.

Then we have

Lemma 4.3 ([22, Lemma 3.4]). Suppose that gciχ is asymptotic to cjχ

for g ∈ Γ . Then
h̃jχ(gx) = h̃iχ(x) for all x ∈ X.

By adding a constant to all the functions h̃iχ simultaneously if necessary,
we can also assume the following for each j.⎛⎝ ⋂

χ∈Υ(G)

h̃−1
jχ (0)

⎞⎠ ∩ zjA · x0 = {zjbj · x0} , bj ∈ A(t1). (4.5)

By using these results, we consider another decomposition of each Sj . In
this paragraph we fix one j. Let

rjχ = χ(bj) (> t1)

for each χ ∈ Υ(G). Let

Fj∗ = {a · x0 | ξ(a) > rjξ for all ξ ∈ Υ(G)}
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Figure 5. Fj∗ in the Q-rank 3 case: Υ(G) = {χ1, χ2, χ3}.

be the cone in A(t1) · x0 with apex bj · x0. For each nonempty subset I of Υ,
we define a subset Wj,I of A · x0 by

Wj,I =

{
a · x0

∣∣∣∣∣ χ(a) = rjχ for all χ ∈ I(G),
ξ(a) > rjξ for all ξ ∈ Υ(G) − I(G)

}
.

These Wj,I form the boundary of the cone Fj∗ (see Figure 5). We regard A ·x0

as the rQ(G)-dimensional Euclidean space. For each χ ∈ Υ(G), let Nχ be the
outer unit normal vector (in RrQ(G)) of the maximal face Wj,{χ} of Fj∗. We
put

Fj,I =

⎧⎨⎩b · x0 +
∑

ξ∈I(G)

tξNξ ∈ A(t0) · x0

∣∣∣∣∣ b · x0 ∈ Wj,I ,

tξ ≥ 0 for all ξ ∈ I(G)

⎫⎬⎭
for each nonempty subset I of Υ. Then we have

A(t0) · x0 = Fj∗ ∪
⎛⎝ ⋃

∅
=I⊂Υ

Fj,I

⎞⎠ . (4.6)

Let
S̃j∗ = zjηFj∗, S̃j,I = zjηFj,I .

Then we have a decomposition

Sj = S̃j∗ ∪
⎛⎝ ⋃

∅
=I⊂Υ

S̃j,I

⎞⎠ . (4.7)
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Figure 6. The section of A(t0) ·x0 by a hyperplane (in A ·x0) transverse to the
geodesic ray exp(tρ/|ρ|) · x0: Q-rank = 3, Υ(G) = {χ1, χ2, χ3}.

We remark (see Figure 6) that S̃j∗ ⊂ Sj∗ and

S̃j∗ ∪
⎛⎝ ⋃

I 
=Υ,∅
S̃j,I

⎞⎠ ⊂ Sj − Sj,Υ.

By (4.3), (4.6) we obtained (λ + 1) different decompositions of A · x0.
In this paragraph we fix a nonempty subset I, and compare the locations of
various Wj,I when j runs through 1 to λ. We consider them in the Euclidean
space A · x0. First of all, let Hj,I be the (rQ(G) − #I)-dimensional plane
containing Wj,I . Then these planes Hj,I are mutually parallel. Let vij =
bj · x0 − bi · x0. From the definition of Wj,I , the set { h̃jξ }ξ∈Υ(G)−I(G) of
renormalized Busemann functions can be used as a coordinate system on Hj,I .
More precisely, if a · x0, a

′ · x0 ∈ Hj,I and

h̃jξ(zja · x0) = h̃jξ(zja
′ · x0) for all ξ ∈ Υ(G) − I(G),

then a = a′. Moreover, from the choice of b1, . . . , bλ in (4.5), if a · x0 ∈ Hj,I ,
a′′ · x0 ∈ Hi,I and

h̃jξ(zja · x0) = h̃iξ(zia
′′ · x0) for all ξ ∈ Υ(G) − I(G),

we have a · x0 = a′′ · x0 + vij . Let

C13 = C12 + max
1≤j≤λ

dX(x0, bj · x0).
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Lemma 4.4. Suppose that

x = ziuma · x0 ∈ Si, x′ = zju
′m′a′ · x0 ∈ Sj , dX(x0, x

′) > C13,

and gx = x′ for some g ∈ Γ . Then the following holds:
(1) For some proper subset I of Υ, x ∈ Si,I and x′ ∈ Sj,I .
(2) The line in A·x0 through the two points a·x0+vij and a′ ·x0 is perpendicular
to Hj,I .

Proof. Since x′ �∈ Sj,Υ, (1) follows from Lemma 4.1. Moreover we have
z−1
j gzi ∈ (UIMI)(Q) ⊂ PI . Then the geodesic ray gciξ is asymptotic to cjξ

for all ξ ∈ Υ(G) − I(G) ([18, Proposition 5.9]). Let c̃iξ (resp. c̃jξ) be the
geodesic ray in A(t0) ·x0 which corresponds to Wi,{ξ} (resp. Wj,{ξ}). Then h̃iξ

(resp. h̃j,ξ) is the Busemann function with respect to zic̃iξ (resp. zj c̃jξ). Note
that the values of the Busemann functions with respect to c̃iξ, c̃jξ are invariant
under the action of UM . Hence we have

h̃iξ(ziuma · x0) = h̃iξ(zia · x0), h̃jξ(zju
′m′a′ · x0) = h̃jξ(zja

′ · x0). (4.8)

On the other hand, from Lemma 4.3, we have

h̃iξ(ziuma · x0) = h̃jξ(gziuma · x0) = h̃jξ(zju
′m′a′ · x0)

for ξ ∈ Υ(G) − I(G). It follows from (4.8) that

h̃iξ(zia · x0) = h̃jξ(zja
′ · x0) (4.9)

for ξ ∈ Υ(G) − I(G). We take the unique point b · x0 (resp. b′ · x0) in the
(rQ(G) − #I)-dimensional plane Hi,I (resp. Hj,I) such that the line through
a ·x0 (resp. a′ ·x0) and b ·x0 (resp. b′ ·x0) is perpendicular to this plane. Then
we have

h̃iξ(zib · x0) = h̃iξ(zia · x0), h̃jξ(zjb
′ · x0) = h̃jξ(zja

′ · x0) (4.10)

for all ξ ∈ Υ(G) − I(G). From (4.9), (4.10), we obtain

h̃iξ(zib · x0) = h̃jξ(zjb
′ · x0) for all ξ ∈ Υ(G) − I(G).

Therefore, b′ · x0 = b · x0 + vij and a′ − (a+ vij) is perpendicular to Hj,I .

We can now construct a vector field on V .
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For each j, we regard A · x0 as the Euclidean space RrQ(G) with origin
O = bj · x0. Let (r, θ1, . . . , θrQ(G)−1) be the polar coordinate of RrQ(G). We
define a vector field Z ′′

j on the (open) cone Fj∗ with apex O by

(
Z ′′

j

)
a·x0

= −
(
∂

∂r

)
a·x0

for all a · x0 ∈ Fj∗.

Let A′
j(t0) · x0 be the region obtained from A(t0) · x0 by deleting a closed ball

of radius Rj with center O, where Rj is an arbitrary number larger than the
distance from O to the apex a0 ·x0 of the cone A(t0) ·x0. We extend the vector
field Z ′′

j to A′
j(t0) ·x0 ∩Fj,I for each nonempty subset I of Υ: We define (Z ′′

j )x

to be the vector obtained by the parallel translation in RrQ(G) from (Z ′′
j )b·x0

when

x = b · x0 +
∑

ξ∈I(G)

tξNξ ∈ A′
j(t0) · x0 ∩ Fj,I , b · x0 ∈ Wj,I .

Further we define (Z ′′
j )uma·x0 for uma · x0 ∈ ηA′

j(t0) · x0 to be the horizontal
vector which is mapped to the vector (Z ′′

j )a·x0 by the Riemannian submersion
ηA′

j(t0) · x0 −→ A′
j(t0) · x0. We have thus obtained a vector field Z ′′

j on
ηA′

j(t0) · x0 which is smooth on the complement of
⋃

I 
=∅,Υ ηWj,I .
By using the differential of the left translation Lzj

, we define a vector field
Z ′

j on S ′
j := zjηA

′
j(t0) · x0 by(

Z ′
j

)
zjuma·x0

= dLzj

(
(Z ′′

j )uma·x0

)
for uma · x0 ∈ ηA′

j(t0) · x0.

From Lemmas 4.1, 4.4, these vector fields Z ′
1, . . . , Z

′
λ are well patched together

to give a vector field Z ′ on the complement of some compact subset of V . By
using a suitable cut-off function, we can extend this Z ′ to a vector field Z on
V .

We recall that Π : X −→ V is the natural projection. Let v0 = Π(x0)
and let BR(v0) be the closed geodesic ball in V of radius R > 0 around v0.
If we take a sufficiently large R, then Z coincides with Z ′ on V − BR(v0) due
to Lemma 4.2. Take a submanifold with smooth boundary including BR(v0),
and let VR be its complement. (We can find such a submanifold, for example,
by using the exhaustion function constructed in [27]). We have |Z| ≡ 1 on
the open submanifold VR of V . Let W be the image under Π of the union of
zjη∂Fj∗ and zjη(∂Fj,I −∂(A(t0) ·x0)), 1 ≤ j ≤ λ; I �= ∅,Υ, where ∂ means the
boundary. Since

⋃λ
j=1 zjηA(t0) · x0 is a fundamental open set for Γ , W ∩ VR

is the union of a finite number of closed submanifolds of VR of codimension
1. From the construction of Z, for any v ∈ W , Z(v) is tangent to W . The
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complement VR−W is a disjoint union of a finite number of open submanifolds,
say V1, . . . , Vs. For any given u ∈ C∞

0 (VR), we have the following: If v ∈ ∂Vi,
then u(v) = 0 or Z(v) is tangent to ∂Vi. Hence, if we find a positive constant
C such that div Z ≥ C on each Vi, we can apply the similar argument in the
proof of Lemma 1 to each Vi to yield

C2

4

(∫
Vi

|u|2
)

≤
∫

Vi

|grad u|2.

By taking the sum, we obtain

C2

4

(∫
VR

|u|2
)

≤
∫

VR

|grad u|2

and the essential spectrum of VR is contained in [C2/4, ∞). Therefore, it
suffices to find such a constant.

Lemma 4.5. For any ε > 0, there exists a number R(ε) > 0 such that
the following holds. If R ≥ R(ε), then we have

div Z ≥ 2
(

min
I 
=Υ

|ρI | − ε

)
on V −BR(v0). (4.11)

Proof. It suffices to show the following for R ≥ R(ε):

div Z ≥ 2
(

min
I⊂J 
=Υ

|ρJ | − ε

)
on each Π(S̃j,I) −BR(v0). (4.12)

For this, it suffices to estimate div Z ′′
j on η(Fj,I ∩A′

j(t0) · x0).
Let d = rQ(G)−#I. We regard A ·x0 as the Euclidean space RrQ(G) with

the origin bj · x0. Let us consider the d-dimensional subspace containing Wj,I .
Let (r, θ1, . . . , θd−1) be its polar coordinate system, where

0 ≤ r; 0 ≤ θ1, . . . , θd−2 ≤ π/2; 0 ≤ θd−1 ≤ 2π

and the last angle θd−1 is counted from the ray

{exp (tρI/|ρI |) bj · x0 | t ≥ 0}
in Wj.I . (The ray is represented as (t, π/2, . . . , π/2, 0) in this coordinate sys-
tem.) We take a coordinate system (ν1, . . . , νn−d) of the space UIMI · x0,
which is diffeomorphic to the (n − d)-dimensional Euclidean space. Then
(r, θ1, . . . , θd−1, ν1, . . . , νn−d) is a coordinate system of X. We can assume that
this coordinate system is compatible with the orientation of X. Let

h(ν1, . . . , νn−d)dν1 ∧ · · · ∧ dνn−d
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be the volume element of UIMI · x0. Then, from [5, Corollary 4.4], the volume
element of X is given by

√
g dr ∧ dθ1 ∧ · · · ∧ dθd−1 ∧ dν1 ∧ · · · ∧ dνn−d,

where

√
g = rd−1e−2r|ρI | sin θ1··· sin θd−1f(θ1, . . . , θd−1)h(ν1, . . . , νn−d),

f(θ1, . . . , θd−1) = e−2〈ρI ,log bj〉
d−2∏
k=1

sind−k−1 θk.

In this coordinate system, Z ′′
j is represented as

Z ′′
j = −1 · ∂

∂r
.

Consequently, we have

div Z ′′
j =

1√
g

∂

∂r
(−√

g) = −d− 1
r

+ 2|ρI | sin θ1 · · · sin θd−1.

Thus we have, for x = umabj ·x0 ∈ η(Fj,I∩A′
j(t0)·x0), u ∈ UI ,m ∈MI , a ∈ AI ,

(
div Z ′′

j

)
(x) = − d− 1

| log a| + 2
〈
ρI ,

log a
| log a|

〉
≥ − d− 1

| log a| + 2 min
I⊂J 
=Υ

|ρJ |. (4.19)

There exists a positive constant C14(I) determined by the angle between ρ and
Wj,I such that the following holds: If

R ≥ Rj(ε) := | log bj | + C12 + C14(I) · d− 1
2ε

,

then

| log a| ≥ (d− 1)/(2ε) for x = umabj · x0 ∈ η(Fj,I ∩A′
j(t0) · x0),

u ∈ UI ,m ∈MI , a ∈ AI with Π(x) ∈ VR.

If we put
R(ε) = max

1≤j≤λ, I 
=Υ
Rj(ε),

then (4.12) follows from (4.19), Lemma 4.2, and the triangle inequality.

Proof of Theorem 4 (2). For any ε > 0, take a submanifold VR with R ≥
R(ε). Then the essential spectrum of VR is contained in [(minI 
=Υ |ρI |−ε)2, ∞)
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due to Lemma 4.5. Hence, from the decomposition principle, the essential
spectrum of V is contained in⋂

0<ε�1

[(
min
I 
=Υ

|ρI | − ε

)2

,∞
)

=
[
min
I 
=Υ

|ρI |2,∞
)
.

On the other hand, we have already seen (in Section 3) that
[
minI 
=Υ |ρI |2, ∞

)
belongs to the essential spectrum of V . Therefore, minI 
=Υ |ρI |2 is the bottom
of the essential spectrum of V . �

Remark. After this paper was written, the author was informed that our
construction in this section might be related to the construction in [28].

§5. Manifolds with Corners at Infinity

In this section we discuss some other consequences of Sections 1 and 2.
For any given compact manifold M with boundary ∂M , we can attach

∂M × [0,∞) to the boundary to produce a complete Riemannian manifold V

and control the bottom of the essential spectrum of V . Let Y1, . . . , Ys be the
connected components of ∂M . We choose a metric on each Yj × [0,∞) so that
the condition (∗) in the introduction is satisfied. For example, if

αj(t) = e−t1+a

, a > 0, (5.1)

then, from Lemma 1 or Theorem 2, the essential spectrum of V is empty. If

αj(t) = e±2
√

ct, (5.2)

then, from Theorem 1 (1) and Lemma 1 (or Proposition 1), the essential spec-
trum of V is the half-line [c,∞) (c ≥ 0). In particular, if αj(t) = e−2

√
ct

for some j, V has a shrinking end. When Yj admits a fiber bundle structure
Yj −→ Bj satisfying the conditions (��), (∗∗) in the introduction, we can give
an additional structure to the essential spectrum of V : We first deform the met-
ric on Yj to the metric of such a Riemannian submersion in the part Yj × [0, 1],
and then apply Theorem 1 (2) to Yj × (1,∞). The essential spectrum of V
contains a union of half-lines parametrized by the eigenvalues of Bj .

Theorem 1 can be applied to complete manifolds canonically obtained
from manifolds with corners. Following [24], a manifold W with corners is a
topological manifold with boundary equipped with an embedding ι : W ↪→ W̃

into a closed C∞-manifold for which there exists a finite collection of smooth
functions ρi on W̃ , i ∈ I, such that

ι(W ) =
{
x ∈ W̃

∣∣∣ ρi(x) ≥ 0, i ∈ I
}
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Figure 7. A manifold with corners at infinity: the case #I = 2.

and for each subset J ⊂ I, the differentials dρi, i ∈ J , are linearly independent
at each point x ∈ W̃ where all ρi, i ∈ J vanish. We identify W with the image
ι(W ). Let

Yi = W ∩
{
x ∈ W̃

∣∣∣ ρi(x) = 0
}

for each i ∈ I. Then the boundary ∂W of W is the union of the hypersurfaces
Yi, i ∈ I. For any subset J = {i1, . . . , ik} ⊂ I, we put

YJ = Yi1···ik
= Yi1 ∩ · · · ∩ Yik

.

We say that YJ is a corner of codimension k. We assume that W is endowed
with a metric which is a product on a neighborhood of the form (−ε, 0]k × YJ

for each corner YJ of codimension k.
In this situation, we can enlarge W as follows: We first glue half-cylinders

Yi × [0,∞) to the codimension 1 corners Yi to obtain the space W1. Next
we glue Yij × [0,∞)2 to each codimension 2 corner Yij to get the space W2.
After repeating this procedure, we finally fill W#I−1 with YI × [0,∞)#I at the
codimension #I corner YI and obtain a complete manifold V . Let us call this
V the complete manifold obtained from W by gluing cylinders successively to
boundary components, or briefly the complete manifold canonically obtained
from W .

Proof of Corollary 1. Apply Theorem 1 (1) to the part YI × [0,∞)#I

under the condition that the mean curvature K(t) is identically zero. �
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We consider the case #I = 2 further. Let W be an n-dimensional manifold
with boundary ∂W = Y1∪Y2, where Y1 and Y2 are (n−1)-dimensional compact
manifolds such that Y12 = Y1 ∩ Y2 is the boundary of both Y1 and Y2. By
deforming its metric (in a compact region) if necessary, we may assume that
Y12 is orthogonal to both Y1 and Y2, and that the metric of W is a product near
all Y1, Y2 and Y12. We first glue Y1 × [0,∞), Y2 × [0,∞) to Y1, Y2, respectively,
and then we attach Y12×[0,∞)2 to Y12 as in Figure 7 to get a complete manifold
V . Let

Ŷ1 = Y1 ∪Y12 (Y12 × [0,∞))

be the manifold obtained from Y1 by attaching Y12 × [0,∞) to Y12, and let

Ŷ2 = Y2 ∪Y12 (Y12 × [0,∞)).

Then Ŷ1, Ŷ2 have infinite volume and Y12 = Ŷ1 ∩ Ŷ2,

V = W ∪ (Ŷ1 × [0,∞)) ∪ (Ŷ2 × [0,∞)).

Suppose that there exist eigenvalues of Ŷ1 and Ŷ2. Then we can apply
Theorem 1 (2) to the three parts Ŷ1 × [0,∞), Ŷ2 × [0,∞), and Y12 × [0,∞)2

under the condition that the mean curvature K(t) is identically zero. Let
cj,0 < cj,1 < · · · < cj,m < · · · be the eigenvalues of Ŷ1 if j = 1, Ŷ2 if j = 2, Y12

if j = 3. We remark that c3,0 = 0. For each m and any r ≥ 0, there exists a
family {uj,m,r,q}q∈N

of compactly supported smooth functions on V such that
the following conditions are satisfied.
(5.3) For any compact subset of V , if we take q sufficiently large, then the
support of uj,m,r,q lies outside this compact set.
(5.4) For some positive constant C15 independent of q, we have

‖(Δ − (cj,m + r2))uj,m,r,q‖ ≤ C15
1
q
‖uj,m,r,q‖.

Let ϕ be an eigenfunction belonging to the eigenvalue c3,m. Then we
can make a family of compactly supported smooth functions on Ŷ1 (resp. Ŷ2)
satisfying the similar conditions as (5.3), (5.4) by applying Theorem 1 (2).
Then, from Proposition 1.2, we can make two families of compactly supported
smooth functions on V satisfying the similar conditions as (5.3), (5.4) out
of these families. On the other hand, we may suppose that {u3,m,r,q}q∈N

is
made of ϕ. Consequently, the eigenfunction ϕ seems to produce three different
Weyl sequences on V . However, if we use parallelograms instead of the disks
D, D′ in R2 in the proof of Theorem 1, these are essentially the same. Such a
phenomenon is already observed in the case of higher Q-rank locally symmetric
spaces.
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