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Unitary Processes with Independent
Increments and Representations of
Hilbert Tensor Algebras

By

Lingaraj SAHU*, Michael SCHURMANN** and Kalyan B. SINHA***

Abstract

The aim of this article is to characterize unitary increment process by a quantum
stochastic integral representation on symmetric Fock space. Under certain assump-
tions we have proved its unitary equivalence to a Hudson-Parthasarathy flow.

81. Introduction

In the framework of the theory of quantum stochastic calculus developed
by pioneering work of Hudson and Parthasarathy [6], quantum stochastic dif-
ferential equations (qsde) of the form

(1.1) AV = Y ViLEAY(dt), Vo = lnsr,

M, 20

(where the coefficients LY : p, v > 0 are operators in the initial Hilbert
space h and A} are fundamental processes in the symmetric Fock space I' =
Lsym(L*(R4,k)) with respect to a fixed orthonormal basis (in short ‘ONB’)
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{E; : j > 1} of the noise Hilbert space k ) have been formulated. Conditions
for existence and uniqueness of a solution {V;} are studied by Hudson and
Parthasarathy and many other authors. In particular when the coefficients
L, v >0 are bounded operators satisfying some conditions it is observed
that the solution {V; : ¢ > 0} is a unitary process.

In [4], using the integral representation of regular quantum martingales in
symmetric Fock space [17], the authors show that any covariant Fock adapted
unitary evolution {Vs; : 0 < s < ¢ < oo} (with norm-continuous expectation
semigroup) satisfies a quantum stochastic differential equation (1.1) with con-
stant coefficients L¥ € B(h). For situations where the expectation semigroup
is not norm continuous, the characterization problem is discussed in [5, 1].
In [10, 11], by extended semigroup methods, Lindsay and Wills have studied
such problems for Fock adapted contractive operator cocycles and completely
positive cocyles.

In this article we are interested in the characterization of unitary evolutions
with stationary and independent increments on h ® H, where h and H are
separable Hilbert spaces. In [18, 19], by a co-algebraic treatment, the second
author has proved that any weakly continuous unitary stationary independent
increment process on h ® H, h finite dimensional, is unitarily equivalent to a
Hudson-Parthasarathy flow with constant operator coefficients; see also [8, 9].
In this present paper we treat the case of a unitary stationary independent
increment process on h ® H, h not necessarily finite dimensional, with norm-
continuous expectation semigroup. By a GNS type construction we are able
to get the noise space k and the bounded operator coefficients L# such that
the Hudson-Parthasarathy flow equation (1.1) admits a unique unitary solution
and is unitarily equivalent to the unitary process we started with.

The article is organized as follows: Section 2 is meant for recalling some
preliminary ideas and fixing some notations on linear operators on Hilbert
spaces and quantum stochastic flows on Fock space. In the next Section an
algebra structure is given on tensor product of Hilbert space which we are
calling as Hilbert tensor algebra. The unitary processes with stationary and
independent increments are described in Section 4 and filtration property of
these processes is seen in Section 5. In Section 6 various semigroups associated
with above mentioned unitary processes are studied and using them a Hilbert
space, called noise space and structure maps are constructed from the Hilbert
tensor algebra in Section 7. Associated Hudson-Parthasarathy flow is studied
in Section 8 and its minimality is discussed in Section 9. In the last Section
unitary equivalence to Hudson-Parthasarathy flow is established.
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8§2. Notation and Preliminaries

We assume that all the Hilbert spaces appearing in this article are complex
separable with inner product anti-linear in the first variable. For any Hilbert
spaces H,K B(H,K) and By (H) denote the Banach space of bounded linear
operators from H to I and trace class operators on H respectively. For a linear
(not necessarily bounded) map T we write its domain as D(T'). We denote the
trace on By (H) by Try; or simply Tr. The von Neumann algebra of bounded
linear operators on H is denoted by B(H). The Banach space B1(H,K) = {p €
B(H,K) : |p| := +/p*p € B1(H)} with norm (Ref. Page no. 47 in [2])

ol =1lpllls, o =sup > [bw, p)|: {gn}, {t} are ONB of K and H resp.}

k,l

is the predual of B(K,H). For an element x € B(K,H), Bi(H,K) 2 p —
Try(xp) defines an element of the dual Banach space By (H, K)*. For a linear
map T on the Banach space Bi(H, K) the adjoint T on the dual B(K,H) is
given by Try(T*(x)p) := Try(zT(p)), Vo € B(K,H), p € B1(H,K).

For any £ € H® K, h € H the map

K3k (&hok)

defines a bounded linear functional on X and thus by Riesz’s theorem there
exists a unique vector ((£, h)) in K such that

(2.1) (UER)), kY = (€, h@ k), Vk € K.

In other words ((£, h)) = F;'{ where Fj, € B(K, H®K) is given by Fyk = hQk.

Let h and H be two Hilbert spaces with some orthonormal bases {ej 1j >
1} and {¢, : n > 1} respectively. For A € B(h ® H) and u,v € h we define a
linear operator A(u,v) € B(H) by

<§1,A(’U,,’U)£2> = <U’®€17A (0 §2>a Vfla€2 eH
and read off the following properties:

Lemma 2.1. Let A,B € B(h® H) then for any u,v,u; and v;,i = 1,2
inh

(1) A(u,v) € B(H) with | A(u, )| < [|A]| [[u]l [[v]| and A(u,v)* = A*(0,u).

(ii) hxh— A(-,") is 1 —1, i.e. if A(u,v) = B(u,v), Yu,v € h then A = B.
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(lli) A(ul,vl)B(Ug,’l)Q) = [A(|Ul >< ’LL2| ® ].H)B}(Ul,’l)g)
(iv) AB(u,v) =3 .5, A(u,¢e;)Bl(ej,v) (strongly)
(v) 0< A(u,v)*A(u,v) < ||ul|>?A*A(v,v)

(Vi) (A(u,v)&1, B(p,w)&2) = 32,51 (P® G, [B(lw >< v[®[€ >< &) A" u®(,)
={(v®&, [A*(Jlu><p| @ 1y)Bw ® &).

Proof. We are omitting the proof of (i), (ii).
(iii) For any £, ¢ € H we have
(€, A(ur, v1) B(ug, v2)¢) = (u1 ® §, Avy ® B(uz,v2)()
= (A" ® §, v1 ® B(ug, v2)()
=) (A" ® &,v1 @ (o) (s Bluz, v2))

n>1

= (A" ® &, 01 @ Go)(ug ® (o, Bua ® )
n>1

—Z *uq ®RE, ‘Ul > U2‘®|Cn >< Cﬂ)BUz@C)
n>1

=(u; ® &, A(Jv1 >< uz| ® 19)Bva & ().

Thus it follows that

A(ur, v1)B(ug, v2) = [A(|va >< ug| ® 131) B](u1, v2).

(iv) By part (iii)

N
3 (e elf

N
Z (€, A" (u,ej)Alej, u)€)
= (¢ [A"(Py @ 1p) Al (u, u)),

where Py is the finite rank projection Z;\Izl le; >< e;| on h. Since {[A*(Py ®
1) A](u,u)} is an increasing sequence of positive operators and 0 < Py ® 1y
converges strongly to lhgx as N tends to oo, [A*(Py ® 14)A](u, u) converges
strongly to [A*A](u,u) as N tends to co. Thus

N
z\}iféoz [ ACes, w€ll* = (& [A" A (w, u)¢€)
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and
N

D N A(ej, wél* < A u@&l* < AP ull?[€] VN > 1.
j=1
Now let us consider the following, for &,( € ‘H

N
|<§,ZA(’LL,€]‘)B(€], Z 6]? u)§, B( €5, )<>|2
j=1

N
<A (e, wel? Z IB(ej,v)¢1?
j=1 j=1
< APl 1N BIP 2 1)1
So
(€, ZA u, e5)B(ej, v)C)| < AN B lullllv /]S

and strong convergence of » .~ A(u, e;)B(ej, v) follows.

(v) We have
<£a A(ua U)*A(ua ’U)f> = Z<£a A* (U’ u)<n><<n, A(ua ’U)f>

n>1

=) (0®EA U () (U (G, Av®E)

n>1

=wR&EA[u><u® ) |G >< (alAv @ §).

n>1
Since ZnZl |C >< (n| converges strongly to the identity operator
(€ Alu, v)" Au, v)€) < JJuf*(v @ & A" Av © )

and this proves the result.
(vi) We have

(A(u, v)é1, B(p,w)&2)
> (A, v)é1, Cn) (Gns Blp, w)éa)

1

3
\%

(]

(Av ® &1, u @ () (P @ G, Bw @ &2)

n>1

=N (BPR G we &) v &, AU ()

n>1

=Y (p® G, Blw ><v| @& >< &) A u @ ().

n>1
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This proves the first part. The other part follows from

D (p@ G, B(lw>< 0| ® & >< &) A" u ® )

n>1

= Trpen|(|lu >< p| ® 1y)B(|lw >< v| ® [£&2 >< &|)A*]
=Tragr|(|lw >< v| @& >< &1])A*(Ju >< p| ® 1) B

=(v®&, [A"(Jlu><p| @ 1y)Bw ® &) 0

Let us briefly recall the fundamental integrator processes of quantum
stochastic calculus and the flow equation, introduced by Hudson and
Parthasarathy [6]. For a Hilbert space k let us consider the symmetric Fock
space I' = I'(L?(R 4, k)). The exponential vector in the Fock space, associated
with a vector f € L?(Ry, k) is given by

-

n>0 \/_

where f(" = f®f®---® f for n > 0 and by convention f(© = 1. The
—_—

n—copies
exponential vector e(0) is called the vacuum vector.
Let us consider the Hudson-Parthasarathy (HP) flow equation on h ®
PR, K)):

(2.2) Vet = lner + Z / Vi LEAY (dT).

w,v>0

Here the coefficients L} : p, v > 0 are operators in h and A}, are fundamental
processes with respect to a fixed orthonormal basis {E; : j > 1} of k :

t lner for (u,v) = (0,0)
(23) Aﬁ(t) _ a‘i(.l[O,t] ® Ej) for (Ma”) = (]70)

a'(1p,g ® Ex) for (u,v) = (0,k)

Aoy ® |Ex >< Ej|)  for (u,v) = (4, k).
These operators act non-trivially on I'jg;; and as identity on I'; ), where for
any interval I C [0,00),I'; = Tgym(L*(I)). For any 0 < s < t < oo,I' =

Llo,s) ©T(5,) @ It,00)-

Theorem 2.2 ([7, 14, 16, 3]).  Let H € B(h) be self-adjoint, {Ly, W,g :
j,k>1} be a family of bounded linear operators in h such that W:Zj,kZI Wi ®
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|E; >< Ej| is an isometry (respectively co-isometry) operator in h®@k and for
some constant ¢ > 0,

S Ll < cljul®, Vu € h.
k>1

Let the coefficients L¥ be as follows,

i1H — %Zk21 LiLy  for (u,v) = (0,0)

B L; ) for (ny):(j70)

24 b 2 LWy for (u,v) = (0,k)
W]g_éi fOT’ (lu“vl/):(.]vk)

Then there exists a unique isometry (respectively co-isometry) operator valued
process V4 satisfying (2.2).

83. Hilbert Tensor Algebra

For a product vector u = u; @ Uz ® --- ® u, € h®"® we shall denote
the product vector u, ® up_1 ® --- ® uy by U For the null vector in h®”
we shall write 0. If {f; 521 is an ONB for h, then we have a product ONB
{fi=Fii® & f;, 1= (1d2, -, jn), jr = 1} for the Hilbert space h®n,

Consider Zs = {0, 1}, the finite field with addition modulo 2. For n > 1,

let Z% denote the n-fold direct sum of Zy. For € = (€1,€2,+- ,€,) and € =
(e, €y, ,€,) we define
§®§/:(€17 Tt €ny, ellv T 7€;n) 6Z3+m and §* :(1+6n; I+en—1,--- 71+€1) GZEL

Let A€ B(h®H),e € Zy = {0,1}. We define operators A© € B(h ® H)
by A := Aife =0 and A©) := A* if e = 1. For 1 < k < n, we define a
unitary exchange map Py, : h®" @ H — h®"” @ H by putting

Pen(u®&)i=u1 @ @up—1 @ Upg1 - @ Up @ (ug ®@E)

on product vectors. Let € = (€1,¢€a, - ,€,) € Z%. Consider the ampliation of
the operator A(*) in B(h®" ® H) given by

A(n’ek) = P];k,n(].h®(n—1) X A(Ek))Pk)n

By definition of unitary operators Py ,, for product vectors u, v € h®™,

n

(&, A (u, )¢y = (&, A (ug, ve)€') [ [ (ujv), V€, € € H.

j#k
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Now we define the operator A(®) := [[}_, A = Alhe). .. glnen) iy
B(h®" & H). Please note that as here, through out this article, the product
symbol szl stands for product from left to right as k increases. We have the
following preliminary observation.

Lemma 3.1. (i) For product vectors u,v € h®"

n

ln_l[A(nﬁi)(y7 v) = ﬁAe"' (ui,v;) H (ug,v;) € B(H).
i=1 =1 [

i=m—+1
(ii) For&,CeH
HA(Ci)(é"C) — A(E(M))(E,C) ® lpon-m € B(h®™).
i=1

(iii) If A is an isometry (respectively unitary) then A %) and A are isome-
tries (respectively unitaries).

The proof is obvious and is omitted.
We note that part (i) of this Lemma in particular gives

n

(3.1) A9 (4, 0) = HA(ei)(ui,Ui)

i=1
Let My = {(u,v,€) : u= @} u;, v =} v; € h®" € = (e1,€2,-- ,€,) €
7%, n > 1}. In My, we introduce an equivalence relation ¢ ~’ : (u,v,€) ~

(pw€)ife=¢ and |u >< 1| = |p >< w| € B(h®"). Expanding the vectors
in term of the ONB {61 =e; Q@ - ej, 1= (jlan,' v ajn),jk > 1}; from
lu >< ] = |p >< w| we get T = DUy for each multi-indices j, k. Thus in
particular when (u,v,0) ~ (p,w,0), for any &;1,&; € H we have

<§17A(’U/,'U)§2>

= Z Ujvg(e; ® &1, Aeg ® &)
Gk>1

= > Drwkle; ® &1, Aeg ® &)
G.k>1

= (&1, A(p, w)&2).

In fact A(u,v) = A(p,w) iff (u,v,0) ~ (p,w,0) and more generally A© (u, v) =
A (p,w) iff (w,0,6) ~ (). Tt is casy to see that (0,v,€) ~ (u,0,¢) ~
(0,0, ¢) and we call this class the 0 of the quotient set My/ ~ . We first intro-
duce the following operations on Mj :
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Vector multiplication:  (u,v,€).(p, w,€') = (u® p,v®@ w, e d ') and
Involution: (u, v, €)* = (

P ——

[(w,v,6).(pw, )" = (u@prOwWedE)"
= (1w uBp (c®e))
=(u®u,p oy, ()or)
=(pwe) (w6
It is clear that e = ¢ = € = (¢)* and |u >< 3| = |p >< w| implies

o >< ul=|w >< p| Thus (x v,€) ~ (p, w €) implies (v, v,€)* ~ (p, w,€')".
£
Moreover, (u,v,€) ~ (¢, ¥, €') and (p, w, ) ~ (¢, w/,a') implies e a = € o/
and [u®@p >< v@u| = |u >< Y@ [p>< w = v >< V| >< | =
|v/ ® p >< ¥ ® w/|. Thus involution and vector multiplication respect ~ .
Let M be the complex vector space spanned by Mg/ ~ . The elements of
M are formal finite linear combinations of elements of Mg/ ~ . With the above

multiplication and involution M is a *x-algebra.

84. Unitary Processes with Stationary and Independent Increment

Let {Us; : 0 < s <t < oo} be a family of unitary operators in B(h @ H)
and 2 be a fixed unit vector in H. We shall also set U; := Uy, for simplicity.
As we discussed in the previous section, let us consider the family of operators
(UL} in Blh®™H) for € € Zs given by U') = U, s if e = 0,US) = Uz, if e = 1.

Furthermore for n > 1,e € Z3 fixed, 1 < k < n, we consider the families of
operators {Us(ft’“)} and {Us(ét)} in B(h®" ® H). By Lemma 3.1 we observe that

U2 (wv) = [TUS (i, v0).
i=1
For ¢ = (0,0,---,0) € Z% and 1 < k < n, we shall write ng’k) for the unitary
operator Us(z’e’“) and Us(z) for the unitary Us(i) on h®*" @ H. For n > 1,5 =
(51,82, 7+ ,8n), b= (t1,t2, ,tn) : 0 <51 <ty <sp < ... <5y <y < 00,
€, = (agk),aék),~-~ ,aﬂfi) €Zy* 1<k <nm=mi+me+ -+ my
ce=6, D@ D¢, €LY, we define US; € B(h®™ @ H) by setting

© . TT rren)
(4.1) Ug) = [T U,
k=1
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Here U iikt)k is looked upon as an operator in B(h®™ @ H) by ampliation and
appropriate tensor flip. So for u = ®}_,u,, v = ®}_,1, € h®™ we have

n

U (w0) = [T UL, (w m)-

k=1
When there can be no confusion, for ¢ = (0,0,---,0) we write Uy 4 for Uégz.
For a,b > 0,5 = (51,80, "+ ,85), ¢ = (t1,ta,+ ,1,) we write a < s,¢ < b if

a<s <t <s<...<s5, <1, <D
Let us assume the following properties on the unitary family U, ; to estab-
lish unitary equivalence of U, ; with an HP flow.

Assumption A
A1l (Evolution) For any 0 <r <s <t < o0, U, sUsyr = Uy .

A2 (Independence of increments) For any 0<s;, <t; <oo : i=1,2
such that [s1,€1) N [s2,t2) = &
(a) For every w;,v; € h, Us, 4, (u1,v1) commutes with Us, +,(ug,v2) and
U;Z)tz(’ltg,’l)g).
(b) For sy <a,b<t), sy<gr<tyanduvech®, pwech®",
€l ey

(9, U (u, ) U (0, 0)2) = (9, UL (w, ) 2)(Q, UG (0, w)9).

A3 (Stationarity) For any 0 < s <t < oo and u,v € h®" ¢ € Z1

(U9 (4, 0)) = (U, (1, 1))

—S

Assumption B (Uniform continuity)
lim - sup{[{2, (Us = 1)(u, 0) Q)] : [Jull, [[o] =1} = 0.

Assumption C (Gaussian Condition) For any u;,v; € h,e; € Zy : i =
1,2,3

(4.2) Tim 2, (U = 1), 02) (0 — 1) (19, 02) (UL — 1) (s, v5) ) = 0,

t—0 t

Assumption D (Minimality)
The set S = {Usi(y,y)(l = Usgy 4, (u1,v1) -+ Us, 1, (U, 00)Q 0 s = (51, S2,
v8n)y = (ti b, b)) s 0<s1 <t; <s9<...<s, <t,<oo,n>
Lu=®" uj,v= Q%" v; € h®"} is total in H.



UNITARY PROCESSES 755

Remark 4.1.  (a) The Assumptions A, B and C hold in many situa-
tions, for example for unitary solutions of the Hudson-Parthasarathy flow (2.2)
with bounded operator coefficients and having no Poisson terms. We will see
(Lemma 6.6) that Assumption C means that expressions of the form (4.2)
vanish for arbitrary length n > 3 not only for length 3. This corresponds to
the fact that the increments of order n > 3 of a Gaussian distribution vanish.
Moreover, this property characterizes Gaussian distributions.

In the case of dim(h) < co Assumption C is equivalent to the condition
that the generator of the quantum Lévy process associated with {Us,} van-
ishes on products of length 3 of elements of the kernel of the counit. This again
is equivalent to the condition that the preservation term in the corresponding
quantum stochastic differential equation does not appear, Ref. Chapter 5 of
[19].

Remark 4.2. The Assumption D is not really a restriction, since one
can as well work with replacing H by the span closure of S. Taking 0 < s; <
t1 < s9 < ... < s, <t < o0 in the definition of S C H is enough for
totality of the set S because : for 0 < r < s <t < oo, we have U, ;(p,w)) =
> Urs(p.ej)Ust(ej,w). So if there are overlapping intervals [sy,tx) N [sk+1,
tk+1) # @ then the vector £ = Us ¢(u, ©)$2 in H can be obtained as a vector in
the closure of the linear span of S.

For any n > 1 we have the following useful observations.
Lemma 4.3. (i) For any 0 <r <s <t < oo,
(43) oyt = Ul
(ii) For any 1 < ki, ko, - Jkm <n ki #kj fori#j and0<s; <t; <oo :
i=1,2,,n
(4.4) HUs(n 4 ( HUs(n 4 (e, o) 1T Cujovg)
= J#ki

for every u= @7 ui, v =@} v; € h®" and ¢ € Z5.
(iii)

(4.5) v =umut.

T, r,s



756 LINGARAJ SAHU, MICHAEL SCHURMANN AND KALYAN B. SINHA

Proof. (i) It follows from the definition and Assumptions A1, A2.
(ii) For u = @7 ju;,v = ®" ;v; € h®" and € € Z} we can see by induction that

g,HU““ 5HU(W (o) T €) [T wsvs) v, € B
J#ki J#k

Thus (4.4) follows.
n,k)

(iii) Since U(t is a product of U,E,t tk=1,2,...,n and we have

U(n k) _ U(n k)U n k)
it is enough to prove that the unitary operators Uy s (k) and U S(z’l) commute for

k # 1. To see this let us consider the following. By part (ii) and the fact that
Uy s(uk, v) and Us 1 (u;, v;) commute by Assumption A2, we get

s k)U(’ D (1, 1) = U, (ug, v3) Us e (ur, 1) H (ui, vi)
ikl

= Uy e (ur, 0)Ups(ur, o) [ (usy o) = U U0 (1, 0).
i#k,l

As all the operators U appear here are bounded this implies

U(n k)U(n ) _ U( i )Uﬁr; k) 0

85. Filtration

For any 0 < g <t < oo, let Hq 4 = Span Sjq4, where Sy ;) € H is given
by {£[Q»t] = Ul({f_g)(T_L,l))Q = UT1,51 (ulavl)"'Urn,sn (unavn)Q €S qg<rs<
t,n > 1,u,0 € h®"}. We shall denote the Hilbert spaces Hjg s and Hjy o) by
Hy and Hj; respectively.

Lemma 5.1. For 0 <t < T < oo, there exist a unitary isomorphism
= Ht] & H(t,T] — HT] such that

(5.1) Ui(u,v) = EyUs(u,v) @ 13, =1
Proof. Let us define a map Z; : 'Ht] ® H[t7T] — ’HT] by
Ee(&p0,9 @ (1)) = Ul(f?_s) (u, Q)Ul(f,?_s/ (p, W)

for €0, = Ul(fg (w, )2 € Sy and (1) = U7(V ?9, (2, w)Q € Sy 77, then extending
linearly.
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Now let us consider the following. By Assumption A, for {|o 4 and (7

as above and 7o = Ué”g(g, Y)Q € Sy and v 1) = Ugl)b/ (2,h)Q € Sy, we

have

(E¢(&o,4 @ Ce,1), Ee(Mjo,g @ 1e11))

= (U3 (U (2 ), UL (5, U (8, 1))

= (@, [V (w0 UL (0", ™) U0 1)U, (2, )9)

b @b
(u, y)} Uy 9Q)

A4

N2

— (@, U}

I

(@ (U (2w U9, (@ 0))

= <§[O,t]a7l[07t]><<[t,T]a 7[t,T]>-

Thus we get (Z¢(£j0,4 @ Cpe,17)s Ze (Mo, @ Ve 17)) = (o, @ Cey) > Mjo,1] @ Ve, 1) -
Since by definition the range of Z; is dense in Hpy, this proves Z; is a unitary
operator.

Again by similar arguments to those above, for any u,v € h, we have

(Zt €0, @ Gy Ut(w,v) v Mo @ Yie,1)
= (U4 (w, 2)9, Uy(u, ) U (x, %))

b
(U (2, ), U (8 1))
= (&0, » Ue(u,v)np0.9) ey Vie))-
This proves (5.1). -

86. Expectation Semigroups

Let us look at the various semigroups associated with the unitary evolution
{Us.+}. For any fixed n > 1, we define a family of operators {Tt(")} on h®" by
setting

(6, 1" ) == (.U (6,9) Q), Vo, € b,

Then in particular for product vectors u = ®7_  u;, v= Q" ;v; € h®"
(0, T 0) = (2, U (u,) Q) = (Q, Uy(ur,02)Us(uz, v2) - - Uy (1, v) Q)
For n = 1, we shall write T} for the family Tt(l).

Lemma 6.1.  The above family of operators {Tt(n)} is a semigroup of
contractions on h®",
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Proof. Since Ut(") is in particular contractive, for any ¢, € h®"

(6, T )] = Ig UM% Q)] < llgl] ]

and contractivity of Tt(”) follows.

In order to prove that this family of contractions Tt(”) is a semigroup it is
enough to show that for any 0 < s < ¢ and product vectors u = ®;_ u;, v =
®?:1Ui S h®n,

(w, T 1) = (u, TT")).

Consider the product orthonormal basis {e; = e;, ®e;, ® ---® e, : ] =
(J1,925" " Jn) 2 415025+ 5 dn = 1} of h®™. By part (iii) of Lemma 2.1 and the
evolution property (4.5) of Ut(n) ,

(u, T™ ) = (Q, U™ (u, v) Q)
Z Q, UM (u,e)ULY (e 1))

—Z Q, U™ (u,e5) Q2 , U (e, 0)0)

= Z (u, Te) (e, T ) = (u, TV 0).

The following Lemma will be needed in the sequel

Lemma 6.2. (i) For 1 <k <n,
(6.1) (.U (2, 0)Q) = (2. 77" w), Vp,we h®"
where Tt(n’k) = lper-1) ® Tt @ ly@n—k) -

(ii) For any1 <m <mn, p,w € h®
@ ([T @2 = (2. T™ @ Lyen-w w).

(iii) For any ¢ € h®",

(U™ — 1) @ Q2

= (1 =T, ¢) + (6, (1 — TM)g)
<21 -7 6]>
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(iv)
1U™ = 1) @ Qf?

= {1 =T, 0) + (¢, (1 — T\")9)
<21 - T gl

(v) For anyveh
62) 3 (U = Dlem v)Q2 = 2Rev, (1 = T)o) < 2[lv]2T; - 1].
m>1
Proof. (i) It follows from the fact that for product vectors p, w
(6.3) Q.U (0, w)Q) = (pre, T wi) T pswi).
itk

Part (ii) follows from Lemma 4.3 (ii).
The proofs of (iii) and (iv) are similar so we give the proof only for
We have

U

U™ = 1) 60 *

= (62, (U™ = ) (U™~ 1)]e0)

= (¢, [2 — (Ut(n’k))* — Ut(" k) 19Q2)  (since Ut("’k) is an unitary operator)
= (1 =T")e, 0) + (0, (1 = T")g)

Thus the statement follows.

(v) For any v € h

Y W = (e, )P

m>1

= Z (U — 1D)*(v,em)) (U — 1) (em, v)Q2)

= <Qv [(Ut - 1)*(Ut - 1)](’1),’U>Q>
=(Q,2-U; = U(v,0)Q)
= (v, 2= T} = T,Jv) = 2Re(v, (1 = T)v) = 2||v|*||T; — 1]. 0

Now we are ready to prove

Proposition 6.3.  Under the Assumption B the semigroup {Tt(")} is
uniformly continuous.
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Proof. Assumption B on the family of unitary operators {Us .} implies

that the semigroup of contractions {7} } on h is uniformly continuous. To apply

induction let us assume that for some m > 1, the contractive semigroups {Tt(n)}

are uniformly continuous for all 1 < n < m — 1. Now, for any ¢, € h®™
(60, U™ -1)p Q)

= (p29, (fﬁ U o) — 1) Y@ Q)

k=1

m—1
= ([T v reeq, (U™ -1)ven)
k=1

m—1
+{paQ, ([ IT v - 1) b @ Q).
k=1
Taking absolute values, by Lemma 6.2 we get

(9, (T = Lpom)¥)|
< [0l 19217 = 1ol + 16, (I @ 1] ~ Tnom ) )
< llgllilll [v/201T = 11 + I = 1] -

)

So uniform continuity of Tt(m_1 and T; implies that Tt(m) is uniformly contin-

uous. O

Let us denote the bounded generator of the uniformly continuous semigroup
Tt(") on h®" by G and for n =1 by G.

For n > 1, we define a family of operators {Zt(") : t > 0} on the Banach
space Bi(h®") by

Zp = Tru[U (p @ |Q >< QUMY p € Bi(b").

Then in particular for product vectors u, v, p, w € h®".

(6.4) (0. 2" (lw>< o)) == (U™ (w,0)2, U™ (p,w) Q).

Lemma 6.4.  The above family {Zt(n)} is a semigroup of contractive
maps on By (h®"). Furthermore, Assumption B implies that {Zt(n)} is uni-
formly continuous.
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Proof. For p € B1(h®")
12 plly = IITTH[Ut(”)(p® 2 >< Q)W)

= sup{>_ (0" TrulUL™ (p @ 19 >< (™) Jo),
¢ j>1

(where the supremum is over all ONB ¢(™) = {qb(n)} of h®" )

< sup ST @G UM (e |0 >< QUM ol @ )l
™ ;i E>1

< UM (p® |9 >< W) 1.
Since {Ut(")} is in particular a contractive family of operators
12l < llp @192 >< 2l = lloll-

In order to prove that the family of contractions {Zt(n)} is a semigroup it is
enough to verify that property for the rank one operator p = |lw >< 1| : v=
Q" v, w= Q" w; € h®". Therefore, it suffices to prove that

(2. 2" (p)w) = (. 20" 2" (p)w), Vo = ©ypiy u = SFyui € B,

By Lemma 4.3, part (iv) of Lemma 2.1 and Assumption A, for 0 < s <
t, u,v € h®" and product ONB {6;:) =ep, @ - Qeg, } of h®"

U (w, o, U (p.w) )
fZ ", ef”)Q, UM (o) U (e, 09 U ) ).

This gives

(p, 2" ><p>u>

_ () My (o 7 () )
-2l < e e, 2 el

—Z (20 (1w >< e ) e 2 p)el)

—Z (200 (lu>< 2D 2 (p)el)

—Tr[( MY (ju>< p)) 2 (p)]
= Trllu>< p|Z™ 2" (p)]
= (.2 2" (p)u).
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(n)

In order to prove uniform continuity of Z,” we consider

12" —1)(Jw >< v\)lll

= sup{>_ |{9) ™z =) (Jw>< o)oM)}
o™ p>1
e Z (U™ (6, )0, U (6, w)Q) — (68, 1) (61, w)]
¢7L
<supz ™ 992, UM (6, w)))|
o™ 1>
+supZ| (68, (2, (U = 1) (6™, w) )|
oM 51
1 1
2 2
<sup | > ||(Uf (@, 02| DI (e, wl?
o™ | >1 k>1
1 1
2
+sup [ Y ol 92| | II) ™ w02
o | p>1 k>1

So by Lemma 6.2

12" = 1)(lw>< ¥

< 2V 1wl ( I 1|) |

Now for any p =", )\k|¢,(€n) >< ¢,(€n)\ € B1(h®") we have

128 () = plla

gmzw( ||T§”>—1||)
k
< 2Vl ( 17— 1||) .

(n)

Thus by uniform continuity of the semigroup 7} it follows that the semigroup

Zt(") is uniformly continuous on B; (h®"). O

We shall denote the bounded generator of the semi-group Zt(n) by £(™) and
for n = 1 we simply write Z; and L for the semigroup Zt(l) and its generator
LM respectively.
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Lemma 6.5. For anyn > 1, Zt(") 1S a positive trace preserving semi-
group on By (h®").
Proof. Positivity follows from
(2" (Jo>< o)) = 0" (w QI >0V u,u€h®".
To prove that Zt(”) is trace preserving it is enough to show that
Tr 2" (Ju>< o)) = (2.9).
By definition and Lemma 2.1

Tr(Z (lu>< o)) = Y ler, 2™ (Ju>< v)ey)
k

= (U (e, ), U™ (e, w))
k

= (@ U) U (v, 0)).
Since Ut(n) is unitary, we get

Tr(Z" (|lu >< )] = (v, u).

The above Lemma yields
(6.5) Tr(L™p) =0, Vp € B (h®").
We conclude this section by the following useful observations.

Lemma 6.6. Under the Assumption C, for any n > 3, u,v € h®",
€€y

. 1 € €n
(6.6) L 2( (U = D(ur o) (U = D) (un,va) @) =0,
Proof. We have

LW = 1), 0) (UL 1) (un, 02)]* O,

t
(e1) (en) 2
(th _3)(“&”3)"'(Utﬂ1 _1)(unavn) Q>
1 €1 €2 *

< U = 1), o) U = 1) (uz, va)]” QP

(U2 — 1) (u, v3) - - (U™ = 1) (g, v5) QY

1 €1 €2 *

< Cup UL = 1) (g, 01) (U = 1) (uz, 02)]* QI

€n—1) 1)(Un71avn71)(Ut(E") _ ]_)(un,’l)n) QHQ

—~
A
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for some constant Cy, y independent of t. So to prove (6.6) it is enough to show
that for any u,v,p,w € h and €,€ € Zy

.1 e ¢
(6.7) lim (U = 1), 0) (U = 1)(p.w) QI = 0.

So let us look at the following
IO = 1) o) (U = 1)(p,w) QI

(UL = 1) (u, ) (U = 1) (p,w) 2, (U = 1)(u, v) (U = 1) (p,w) Q)

= (U = 1) (p,w) QU = 1) (u,0)] (U = 1)(u,0) (U = 1) (p, w) Q).
By part (v) of Lemma 2.1 the above quantity is

< 2O = 1) (p,w) @, (UL —1)* (UL = 1))(v,0) (UL —1)(p, w) Q). Since
by contractivity of the family Ut(€), (Ut(e))*Ut(e) <1, we get

UL = 1)(u, 0)(U) = 1)(p,w) Q2
< [ul(UE = 1)(p,w) Q[ — (U +1 = U] (0,0)(UF) ~ 1)(p,w) Q)
= [l (U = 1)(p,w) 2, [UFF) —1)(0,0) (U — 1) (p,w) Q)

— (U = 1) (p,w) Q, (UL~ 1)(0,0) (U — 1)(p,w) Q.

Thus by Assumption C we get (6.7) and the proof is complete. O

Lemma 6.7.  For vectors u,v € h, product vectors p, w € h®" and € €
L, € €Ly

(69 tny (0 =~ 1) a,0) 9, (U = 1) () ©)

Proof. For e = 0 there is nothing to prove. To see this for e = 1 consider
the following

(6:9) Tim (U + U7 = 2)(w, 00 (0 -~ (2w 2)
=~ Ly (07 ~ (U ~ D), o) (U - D(zw) )

= —tim ST (U~ e, 00 (U~ em, w) (U~ 1)(pw) 9).
m>1
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That this limit vanishes can be seen from the following

[ = e 0), (T~ Dl ) (U~ 1)(2w) Q)P

m2>1

< 3 0= Dm0 3 FIT: = D 0)(UF = 1) (2 ) 2.

m>1 m>1

By Lemma 6.2 (v

~—

and Lemma 2.1 (iv) the above quantity is equal to

1-T;

2Re(v, ——v)

_Tt

S

(U =1)(p, w) Q, [(UF =1) (U —1)](u, w) (UL 1) (p, w) ©)
1
vy

Therefore, since T; is continuous, by Assumption C

< 2Re(v, (U©=1)(p,w) Q, (2-U; —Up) (u, u)(UE ~1)(p, w) )

tim = 57 (U~ 1) (e, 0)9, (T~ (e, u) (U ~ 1) (2, ) 9) =0.

In particular for vectors u, v, p, w € h the identity (6.8) gives
(6.10) lim, — ((Ut = 1) (u,v) Q, (U — 1) (p, w) Q)
=(—U“*h% (U = D(u,v) Q, (U = 1)(p,w) Q).
87. Representation of Hilbert Tensor Algebra and Construction of

Noise Space

We define a scalar valued map K on M x M by setting, for (u, v, €), (p, w, €)
€ My,

K (0 :6), (0,0, €)) =i s (UL9-1) (1,90, (UF ~1)(p, w)0), when it exists.

Lemma 7.1. (i) The map K is a well defined positive definite kernel on
M.
(ii) Up to unitary equivalence there exists a unique separable Hilbert space k,
an embedding 1 : M — k and a x-representation © of M, 7 : M — B(k) such
that

(7.1) {n(u, v,€) : (u,v,¢€) € Mo} s total in k,
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(7.2) (n(u, v,€),n(p, w, €)) = K ((u,v,€), (p, w, €))
and

(7.3) m(w, v e)n(p, w €) =nu@p,ve wede) — (p, wn(u, v,e).

Proof. (i) First note that for any (u,v,¢€) € My, u= Q" ju;, v= Q" v;,
€= (€1,€2, -+ ,€,) we can write

(7.4) e — HUt(“) (ui, vi) H (ui, vi)
i=1 i=1
= Z (Ut_l) &) (ulvvi) H<U],1}]>
1<i<n VE)
l
+ ) > [T@: = v (usovi) TT (w50
2<i<n 1<i1<...<im<n k=1 Gk

Now by Lemma 6.6, for elements (u, v, €), (p, w,€') € My, € € Z5* and € € Z%,
we have

K ((12,), (1w, €)) = lim ~(U2 = 1)(w, )2, (UF —1)(p,w) Q)

t—0 t
- ¥ (H@;@Hmw»
1<i<m, 1<j<n ki I#]

o1 .
Q%;WM%YWWWHM%—U%MWﬁW)

Hence by (6.10) K ((u,v,€), (p, w,€')) is given by

> (—1)te <H (ur, vg) [ [ pewn)

1<i<m, 1<j<n ki I#]

x lim %<(Ut — 1) (us,v5) Q, (U = 1)(py, wy) Q>>~

Since T; and Z; are uniformly continuous semigroup existence of the above
limit follows from the following

lim — <(Ut—1)( 0)Q, (Up —1)(p,w) Q)

= }E,% ¥{<Ut(U,U)Q, Ut(pa w) Q> - (u,v)(p,w>}

~ lim T o), (- 1), w)] )
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~ lim 2T, [0~ D, o)) )

= i {(p, 2 (> < ol =) (o w1 ()

Thus K is well defined on My. Now extend this to the x-algebra M sesqui-
linearly.

In particular we have
(75 K((u,0,0),(p,w,0)) = (p, L(|w >< v|)u) = (u,v)(p, G w)
—(u, G v)(p,w)

where £ and G are generators of Z; and T; respectively. Positive definiteness
of K follows from the fact that, defining &;(t) = [U( )(ul,yz) (u;, 1;)],

N

Z Eich (u;,v;,€;), (uj, vj,ej = hm —H Zczfl (t)[|* > 0.

ij=1
(ii) Kolmogorov’s construction (Ref. [16]) to the pair (M, K') gives the Hilbert
space k and embedding 7 satisfying (7.1). The separability of k follows from
(7.1) and the verifiable fact ||n(u, v,€)—n(p, w, €)||x — 0 as ||u—p|| and ||Jv—w| —
0.

Defining 7 by (7.3) we show that the map 7(u, v, €) extends to a bounded

linear operator on k with ||7(u, v, €)|| < ||z ||2||. For any £ = Zl 1 cin(uy, vy, €;)
€ k let us consider

[ (u, v, )€

N
= aci(m(w v ey, v, €), (0 v, )y, v, €;))

N
- Z cici{n(u® v, v® v, e D ;) — <U(§i)al’§§j)>n(%l}7§)]y

ij=1
(Ej) (Ej)
M(u® u;, 1@ v, e®e;) — (w7, 07 ), v, €)])
N
= fim g 3 oUW, S0
i,j=

x (u;,v;)Q, UL (u© v(e))[Ut(Ej)—1](y(§j)71);§j))9>'

TR J
In the above identity we have used the fact that for any € € Z5*, o € Z% and
product vectors 2(2)71_0(5) (= h(§)7§(g)7 X(Q) = h(g)
(7.6) [Ufeag _ 1}(2(9 ® K(g)&,(g) ® X(g)) _ <§(g)7¥(g)>[Ut(s) _ 1](]2(5)’w(5))
= U9 (p9, W)U — 1](x@, y(@).
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: N ¥ rrle) (e;) (&)
Now setting ¢(t) :== >, _; ¢;[U; (w7, v )2 € H. we get
: 1 € € €

(s, )€]* = lim [T (', o) (1)
Since U ( (©), 49)) has its norm bounded by ||ul|? ||v]|?> we get

2 2 (112 T L 2

(o, €12 < [ul® Y T )]

ZQmm (0 = 0™, o0, 10, - 1w, 57))
i,5=1

= llll® [l l1€]*

which proves that 7(u,v,¢) extends to a bounded operator on k with
7 (, v, )|l < [l [|2fl-

In order to prove that 7 is a x-representation of the algebra M it is enough
to show that for any € € ZJ',¢ € Z%,€¢" € Z1 and product vectors p,w €

h®™ o w € h®" x,y € h®9,

(7.7) m(u, v, €)m(p, w, €)N(x, v, ") =m(u @ p,v® w,e® € )n(x,y,€"),

(7.8) (m(w v en(pwe), nxy.))=Mmpwe), m(u, v,y ).

By the definition of 7

Il
s 3

—<§,x>[77(_® y®w€@6) <p,w>77(1_t,117§)]
UOPRXVQWRY,e®e D) — (x,V)N(uRp v wede)

and (7.7) follows. To see (7.8) let us look at the left hand side. By (7.6)

(m(w v, )n(p, w €, n(xy,€"))
=yﬁwﬁ@mw¥nmwﬂﬂf—n@mm

= lim ((UF ~ D(zw) 0,05 (2, w)(0F ~1)(x3) 9)

= we), (v, u, )y ")) = RHS.
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Thus
m(u, v, €)T(p, w, ) =T(L@ P,V W, eD€)
(7.9) m(u,v,€)" = W(&, ﬂaﬁ*)'
. O

Lemma 7.2. (i) For any u,v € h, n(u,v,1) = —n(u,v,0).
(ii) For any (u,v,€) € Mo, u = @} u;, v = ®j_1v; and € = (€1, €2, ,€,)
(7.10) n(wv,e) =Y (=1 [ [, vi)n(ui, vi €)

i=1 ki

Proof. (i) Follows from the identity (6.8).
(ii) For any (p, w,€') € My, by (7.4) and Lemma 6.6, we have

<77(yv 9, 5)777(127 w, §/)> =K ((@7 2, 5)7 (p, w, EI))
= lim (U~ D(w )2, (UF ~1)(pw) 0)

n
S — 1 ’
=D | K (Gl DD (ug,v) Q, (UF = 1)(p,w) Q)
i=1 keti

= >~ T s ol s, w1, €0). (s . €1).

i=1 ki

Since {n(p,w,€) : (p,w,€) € My} is a total subset of k, by the part (i)
requirement follows. O

Remark 7.3.  Writing n(u, v) for the vector n(u,v,0) € k,
(7.11) Span{n(u,v) : u,v € h} = k.

Remark 7.4.  The x-representation w of M in k is trivial
(7.12) m(u, v, €)n(p, w,€) = (u, v)n(p, w, )

Now we fix an ONB {E; : j > 1} for the separable Hilbert space k. Then we
have the following crucial observations.

Lemma 7.5. (i) There exists a unique family {L; : j > 1} in B(h)
such that (u, Ljv) = (Ej,n(u,v)) and 37,5, | Ljull®* < 2|G||||lul|?, V u € h, so
that ijl L3L; converges strongly.
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(ii) The family of operators {L; : j>1} is linearly independent, i.e. Zj21 ¢;L;
=0 for some ¢ = (c;) € I>(N) implies c; = 0, Vj.

(iii) If we setiH := GJr% 2]21 L3Lj then H is a bounded self-adjoint operator
on h.

Proof. (i) By (7.5), for any u,v € h

7 (u, v) |2

= (u, L(Jv >< v|))u) — (u,v){u, G v) — (u, G v)(u,v)

< (Il + 201G ul? flolf.
So for each j > 1, the map n;(u,v) := (Ej,n(u,v)), defines a bounded quadratic
form on h and hence by Riesz’s representation theorem there exists a unique

bounded operator L; € B(h) such that (u, L;v) = n;(u,v). Now consider the
following

Do lgul® = nilen, w)l* =Y lIn(er, u)|?
j ik Kk

= Z {(ek,£(|u >< ul)eg) — (e, u)(eg, G u) — {ex, G u) (e, u)
k

=Trl(lu><u|) — (u,G u) — (u,G u).
Since Z; is trace preserving

(7.13) Do ILjull? = —(u, G w) = {u, G u) < 2|l [|ul®.
i

(i) Let > ;5 ¢;L; = 0 for some ¢ = (¢;) € I12(N). Then for any u,v € h we
have
0 = (u, chij = ch<u, Ljv) = <ZEjEj,77(u,v)>.
j=1 j>1 j>1

Since Span{n(u,v) : u,v € h} = k, it follows that >.i>16E; =0 € k and
hence ¢; = 0, Vj.

(iii) The boundedness of G and (7.13) imply that >°,, L7L; is a bounded
self-adjoint operator and hence H is bounded. For any u € h by the identity
(7.13)

(u,(2G + > LiL;)u)
i>1
= (u, 2Gu) + Z | Lull® = (u, Gu) — (Gu, u)

=—(2G+ Y _LiL;)u,u)

j=1
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Thus (u, Hu) = (Hu,u) and by applying the polarization principle to the
sesqui-linear form (u,v) +— (u, Hu) it proves that H is self-adjoint. O

Lemma 7.6.  The generator L of the uniformly continuous semigroup
Zy on By(h) satisfies

(7.14) Lp=Gp+pG*+> L;pLs, Vp€ Bi(h).

jz1
Proof. By (7.5), for any u,v,p,w € h we have

(n(u,v),n(p,w)) = Z (u, Ljv> (p, LJw>
Jj=1

= (p, L(Jw >< v|)u) — (u,v){p, G w) — (u, G v){p, w),
which gives

(P, L(Jw ><v]) u)

= (p,|Gw >< v| u) + (p, |lw >< Gv| u) + Z(p, |Ljw >< Ljv| u)
j>1

= (p, Glw >< v| u) + (p,|w >< v|G* u) + Z(p, Ljlw ><v|L} u).

j>1

Since all the operators involved are bounded (7.14) follows.

§8. Associated Hudson-Parthasarathy (HP) Flows

Recall from the previous section that starting from the family of unitary
operators {Us ;1 } with Assumption A, B and C we obtained the noise Hilbert
space k and bounded linear operators G, L; : j > 1 on the initial Hilbert space
h. Now define a family of operators {L# : u,v > 0} in B(h) by

G=iH — %Z,Ql LiLy for (u,v) = (0,0)
L; for (u,v) = (4,0)
8.1 Lk = J
(8.1) v -L; for (u,v) = (0,k)
0 for (u,v) = (4, k).

Note that the indices u,v vary over non negative integers while j, k vary over
non zero positive integers.
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Let us consider the HP type quantum stochastic differential equation in
h®'(L?(Ry,k)):

(8.2) Vii = lngr + Z / Vi LEAY (dr)
w,v>0

with bounded operator coefficients L# given by (8.1). By Theorem 2.2, there
exists a unique unitary solution {V,,} of the above HP equation. We shall
write V; := Vj; for simplicity. The family {V;*,} satisfies:

(8.3) st*,t = Z (L ) Vs*tAy (dt), V. s,s = lher
w,v>0

and for any u,v € h, V, (u,v) and Vs 4(u,v)* satisfy the following gsde on I" :

(8.4) dVs ¢ (u,v) Z Vit (u, LEv) Ay (dt), Vs s(u,v) = (u,v)1r.

w,v>0
(8.5) Z et(Lpu,v)AL(dt), Vi (u,v)] = (u,v)1r.
w,v>0
As for the family of unitary operators {Us ;} on h@H, for € = (€1, €2, -+ ,€,) €

7% we define Vs(ft) € B(h®" @ T') by setting VS(,? e BMh®T) by

V) =V, fore=0
=V fore=1.
We shall write V7 for V.9, ¢ = (0,0,---,0) € Z.
Lemma 8.1.  The family of unitary operators {Vs .} satisfies
(i) Forany0<r<s<t<oo,Viy=V,:Vs:.

(i) For[g,m)N[s,t) = &, Vg r(u,v) commute with Vs (p,w) and Vs ((p, w)* for
every u,v,p,w € h.

(iii) For any 0 < s <t < oo,
(e(0), Vi.t(u,v)e(0)) = (e(0), Vi—s(u,v)e(0)) = (u, T—sv), Yu,v € h.

Proof. (i) For fixed 0 < r < s <t < oo, we set W,y = V.V, and
W,y s = Vi s. Then by (8.2) we have
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Vet Y / Vi, Vo LAY (dg)

w,v>0

=W, + Z/W,QL A (dg).

w,v>0

Thus the family of unitary operators {W, ;} also satisfies the HP equation (8.2)
and, hence by uniqueness of the solution of this qsde, W, = V,.;,Vt > s and
the result follows.

(ii) For any 0 < s <t < oo Vs € Blh®T,4). So for p,w € h, V;:(p,w) €
B(I'[s,4) and the statement follows.

(iii) Let us set a family of contraction operators {S,,} on h by
(u, Ss.40) = (u® e(0), Vs yv ® €(0)), Yu,v € h.

Then for fixed s > 0, this family {§s7t} satisfies the following differential equa-
tion

dS,,

@ =Sl

where G (= L) is the generator of the uniformly continuous semigroup {7;}
so S5+ = T;_s and this proves the claim.
O

Consider the family of maps Zs,t defined by
Z1p = Tru|Vsi(p @ |e(0) >< e(0)))V:), Vp € Bi(h).

As for Z;, it can be easily seen that Zs,t is a contractive family of maps on
B1(h) and in particular, for any u,v,p,w € h

(p, Zs p(Jw >< 0]) u) = (Vi o(u,0)e(0), Vi o (p, w)e(0)).

Lemma 8.2.  The family Zy = Zot s a uniformly continuous semi-
group of contractions on Bi(h) and Zst =7 =i,
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Proof. By (8.4) and Ito’s formula

(P, [Zs¢ = 1](lw ><v]) w)
= (Ve (u,v)e(0), Vi,e(p, w)e(0)) — (u, v)(p, w)

:/ (VS’T(u,v)e(O),‘/;7T(p,Gw)e(O)>dT—|—/ (Vi r(u, Gv)e(0), Vs - (p, w)e(0))dr

+ / (Var (1 L;0)e(0), V. r (p, Lyw)e(0))dr
:/ (p, ZS,T(|Gw >< v|) wydr —l—/ (p, ZS,T(|w >< Go|) w)dr

t
+ / (p, Zs +(|Ljw >< Ljv|) u)dr
j>17%

t
_ / (9, Zun L >< v]) w)dr,

where L is the generator of the uniformly continuous semigroup Z;. Since the
maps £ and Z,p : 0 < a < b are bounded, for fixed s > 0, Z,, satisfies the
differential equation

t
Zeao)=p+ [ Zol(p)ir, pe Bilh).

Hence Zt is a uniformly continuous semigroup on Bj(h) and 257,5 = Z,S =
Zi_s. O

89. Minimality of HP Flows

In this section we shall show the minimality of the HP flow Vj; discussed
above. We prove that the subset &' := {( = Vj 4(u, v)e(0) := Vg, 4, (u1,v1) - -
Vs, t, (Un,vpn)e(0) = s = (s1,82,-+,8p),t = (t_l,_tg,"' ) o 0 <51 <t <
s < ... <5, <ty <oo,n > 1, u= QL U, v= Qv € h®"} is total in the
symmetric Fock space I'(L?(R, k)).

We note that for any 0 < s <t < 7 < oo,u,v € h by the HP equation
(8.2)

(91) Vo~ 1w 0)e0)

1
t—s

{Z /t VS’A(u,Ljv)a;-(d)\) + /t Vs a(u, Gv)dA}e(0)

(s, t, u,_v) + (u, Gv) e(0)+((s,t,u,v) + (s, t,u,v),

where
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7(87tau,v) = i j21<uaLjv>a;r‘([svt]) 6(0)
(s tu,v) = 20y [H(Vax = 1)(u, Ljv)al(dA) e(0)

(s,t,u,v) = 7 [T(Vix — 1) (u, Gu)dr e(0).

t—s

Note that any ¢ € T’ can be written as ¢ = £@e(0) @ M @ --- | where £ is
in the n-fold symmetric tensor product L*(R.,k)®" = L?(%,) @ k®", where
Y, is the n-simplex {t = (t1,t2, - ,t5) : 0 <ty <to <...<t, < o0}

Lemma 9.1. Let 7 > 0. For any v € h,0 < s <t <7, define constants
Cr =2¢" and C;, = Cr {3 ;5 [ILv|* +7|G v||*}. Then

(1)
(9.2) (Vi = 1)ve(0)]|* < Cro(t — 5).

(ii) For anyu € h

D> / Vo (u, Lyv)al (@A) e(0) 2

j>17s
t
< CAIUIFZ IVarLjv @ e(0)[|* dA
j>17s

< Ot =) ull® Y l1L;0]

jz1

Proof. (i) By estimates of quantum stochastic integration (Proposition
27.1, [16])

1(Vie = ve(0)]*

t t
= / ViaLial(d\) ve(0) + / Vo rGdA ve(0)|?

j>1
t
<, / {3 IL50? + [ Gol[2}dA
s j>1
=Crp(t—s).
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(ii) For any ¢ in the Fock space I'(L?*(R,, k)),

¢Z/ Vo (u, Liv)al (dA)e(0)) 2

j>1

®¢,{Z/ VoaLyal(dA)oe(0))

j>1

< Jlue o) II{Z/ ViaLja}(d\) }ve(0)]

j>1

By estimates of quantum stochastic integration the above quantity is

t
SCrllu@ @l | [VenLjve(0)]* dA.

j>17°

Since ¢ is arbitrary and the V; )’s are contractive the statement follows.

Lemma 9.2. Let 7> 0. For any u,v €e h,0 <s<t <7

@) [1(Var = D(u,v) e(O)|* < 2o |[ul*(t — s).

(i) sup{||<(s,t,u,v)||?: 0< s <t <7} < o0 and
lls(s, t,u,v)|| < |Jul|l\/2Crgu(t —s), VO<s<t<T

(iii) For any & e T(L*(Ry,k)), lim, (& ¢(s,t,u,v)) =0 and

lim(€, (5,1, u,0)) = > (u, L)y (1) = (€D (1), n(u,v)), ae. t>0.

j>1
Proof. (i) By identity (9.1) and Lemma 9.1 (ii) we have

II(Vs,tfl)( v) e(0)|?

1S [ Van (. Lyval (da) /kuc:v e(0)da >
j>178
t
<Y [ Vel Lyedal(d) @)1+ [ 1VialusGe) a(0)ldo?
§>1 S
<20 ulP[Cr(t = 5) Y IILj0)* + [(t = 5)[|G o][]?]
j>1

< 2C, ,||ull?(t — s).
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(ii) To prove the first statement, as in the Lemma 9.1 (ii) we consider

||<<s,t,u,v>||2=ﬁ|\z | Var = L@ e)I?

u
< '” I Vi = Lo e(0)]2dA.

j>17s

Now by Lemma 9.1 (i), the above quantity is

C HUII

< QZC t—5){>_ ILiLyol +7IIG L; oll)*}
i>1
< CEHUH {ZZ ILiLjol? +7 ) IG Ly of*}.
J>1i>1 i>1
Since > 5, [IL; v||? = —2Re(v, Gv), the above quantity is bounded and is

independent of s, t.
To prove the second statement consider the following,

lls(s,t,u,v)|| = Vir — 1) (u, Gu)dA e(0)]|

Vsx — 1)(u, Gv) e(0)]|dA.

By (i) the estimate follows.
(iii) To prove the first statement, let us consider the following. For any f €
L2 (R+) k)a

Vor —1)(u, Ljv)a (d)\) e(0))

(e(f),C(s,tu,0)) =

J>1 s

_ 72/ T00(€(f), (Vo — 1)(u, L;v) e(0))dA

j>1

1
:t_S/S (s, \)dA

where G(s,A) =3~ ,5; fi(A)(e(f), (Vsx —1)(u, Ljv) e(0)). Note that the com-
plex valued function G(s, ) is uniformly continuous in both the variables s, A
on [0,7] and G(t,t) = 0. So we get

lim(e(f), (s, t,u,v)) = 0.

s—t
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Since ((s,t,u,v) is uniformly bounded in s, ¢
11H}6<§7 C(Sa t7 U, U)> = 07 vg el

To prove the second statement, we consider

9.3) (Ev(s, ) = —— 3, L) / €D

t— 54
j=1
Since
1>, LimdelP (O < Jull D012 Y 1R @] < ol e o),
i>1 i>1 i>1

the function 3, (u, Lﬂ)}@(-) is in L? and hence locally integrable. Thus we
get

liir%@gy(s,t,u,v)) = Z(u,Ljv)gj(l)(t) a.e. t>0.

j>1
Ll
Lemma 9.3. Forn>1, te X, andug,vp €eh:k=12.-- n& €
['(L3(Ry,k)) and disjoint intervals [sg,tx),
(1) limg 4(&, TTimy M sk, th, up,vx) €(0)) =0,
Vi 4, —1
where M (s, tg, ug, vg) = %(uk,vk) — {ug, G vi) — Y(Sk, tk, Uk, Vk)

and limg_ ; means sy, tends to ti for each k.

(ll) hm§—>§<€v ®Z:17(Sk, tka Uk, vk» = <£(n) (tla tQa e atn)a n(ula U1)®' ' ®7I(Um

Up)).

Proof. (i) First note that M(s,t,u,v)e(0) = ((s,t,u,v) + <(s,t,u,v). So
by the above observations {M (s, t,u,v)e(0)} is uniformly bounded in s,t and
limg_;(e(f), M(s,t,u,v)e(0)) = 0,Yf € L?(R,, k). Since the intervals [s, tx)’s
are disjoint for different k’s,

(€(f), [T M (s trsun,vr) €(0) = [T (e fispta))s M s trs s vr) €(0))

k=1 k=1
and thus

lim (e(f), [ [ M (sk, tr, ux, vr) e(0)) = 0.
st k=1
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By Lemma 9.2, the vector [}_, M(sk,tx,ur,vx) €(0) is uniformly bounded
in sg,tx and the convergence can be extended to Fock Space.

(ii) It can be proved similarly as part (iii) of the previous Lemma.

Lemma 9.4. Let £ € T" be such that
(9.4) (£,¢)=0, V(e s,
Then
(i) €@ =o0.
(ii) €M (t) =0, for a.e. t €[0,7].
(iii) For any n >0, EM() =0, forae teX, t; <t

(iv) The set S’ is total in the Fock space T.

Proof. (i) For any s > 0, Vs s = lhgr so in particular (9.4) gives, for any
u,v €h

0= (£, Vos(u, v)e(0)) = {u, v)e©
and hence £ = 0.

(ii) By (9-4), (&, [Vst — 1](u,v)e(0)) =0 for any 0 < s <t <7 < oo,u,v € h.
By HP equation (8.2) and Lemma 9.1 we have

0= lim —— (€, [Vay — 1](u, v)e(0))

s—tt— s
=, o)V () = 3 s (u, 0)ESM (2).
J>1 J>1

So (€M (t),n(u,v)) = 0,Yu,v € h. Since {n(u,v) : u,v € h} is total in k it
follows that ¢ (t) =0 for 0 <t < 7.

(iii) We prove this by induction. The result is already proved for n = 0, 1. For
n > 2, assume as induction hypothesis that for all m < n — 1, £(™)(¢) = 0,
for a.e. t€ %, 1 t; <7,i=1,2,--- ,m. We now show that £ (£) =0, for a.e.
teX, t; <.
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Let 0 < 51 <t; <89 <ty<...<s8p,<t,<7anduj,v; €h:i=
1,2--- ,n. By (9.4) and part (i) we have

(€ H M(uk,vk) e(0)) = 0.

ty — 8
i k k

(95)  0=1lim(¢, ] w(uk,vk) e(0))

= Emt<£’ H{M(Sk;tkaukavk) + (uk, G vg) + (8K, te, ur, vi) b €(0)).
2T k=1

Let P,Q,R and P’, R’ be two sets of disjoint partitions of {1,2,--- ,n} such

that @ and R are non empty. We write |S| for the cardinality of set S. Then
by Lemma 9.3 (ii) the right hand side of (9.5) is equal to

Z <€(‘R/D(tr1a e ’tr‘,Rl‘),@)keR/n(uk,vk» H (ur, G vg)

PR KeP”
+lim ) (&, T (s G ok TTAM (st ties o)} TTHY (ks ties o)} €(0)).
=lp QR kep keQ kER

Thus by the induction hypothesis,

(9.6)
0= <§(n)(t17t27 to 7t")7n(u17v1) K- ® n(unvvn)>
+lim > (& T ] (ur, G ow) [ TAM (s tiey e, 06) } [ [ {v (s ties s, v6) 3 €(0)).

S=lpo'h ep keQ kER

We claim that the second term in (9.6) vanishes. To prove this claim, it is
enough to show that for any two non empty disjoint subsets Q = {q1,¢2, -,
q\Q\}7RE {rla’rQa"' 7T\R\} of {1527 an}7

(9.7) <£1—>mt<€7 H{M(Sqatmuqavq)} H{"/(Sr»traurvvr)} e(0)) =0.

- - qeQ rER
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Writing ¢ for the vector [],co{M(sq,tq, uq, vq)}e(0), we have

(98) <£’ H{M(S%t%u(bvq)} H{V(Sr’traurvvr)} e(0)>
q€Q reR
s, 0,1 (U, )
= (6% ® @repmil =T
T Sy
Lo, o)1t vy)
= <§7¢®®TER%>
]-sr - Uy, Uy
— S (0, gl g g Mot ),
I>|R| roe
— 1 Spylr 77 U”l‘vv’l‘
ST (0, ot 'R')>>7®rea%(s)>-
I>|R| ror

Here ((¢ pU=IRDYY € L2(Ry, k)®® is defined as in (2.1) by

(9.9) (€D, @Y SRy — (@) y0-1RD g 47D
:/ (€D (@1, e, ), 0 @y, 2o, 2y gy
D]

@p D (2 mpr, @) )t da

for any p(BD € L2(R,, k)®IF.
By Lemma 9.3 (i),

010)  tim (&, [T {M (s tgrugevg)} [ 0(rtrrv)} e(0)) = 0.

Sq—t
o qeQ rER

However, we need to prove (9.7) where the limit s — ¢ has to be in arbitrary
order. On the other hand, by (9.8) and (9.9) we get

(9.11)  lim lim (¢, H{M(sq,tq,uq,vq)} H{fy(sr,tr,uT,vr)} e(0))

sq—tg sp—t
! e qeQ reR

i i - 1 Spoty n(uravr)
= lim lim <Z<<§(l)7¢(l |R|)>>7®T6RL>

Sq—ty Sp—t t, — s
et st R r r

= lim dm ([ (D (€D, 0@, 20,2y,

sq—tq Sr—tr Z\R\

I>|R|
1s Ty Upy U
o Vo) ),
tr — Sr
= lim ( Z <<£(l)’ w(li‘RD»(tmv' o ’t"'\R\)? ®rern(ur, vr)),

Sq—tq

I>|R|
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for almost all ¢ € Xg|. We fix ¢ € X|p| and define families of vectors E(“ :1>0
in L2(R,,k)®! by

g(o) = <€(‘R‘)(tr1a e atr‘R‘)v(g)rERn(umvr» eC
5(l)($17x27 o axl) = <<£(|R|+l)(x17 e )Il?t’!“l) T at’r‘m)v ®T€Rn(uTvv7‘)>>a

which defines a Fock space vector E Therefore, from (9.11), we get that

lim hm7 &, H{M (Sqstqs Uqs Vg) }H{’V Spytrsur,vr) ) €(0)) = Shg% <ga V)

Sq—tq Sp—
q€Q reRr

= lim (€, [J] M(sq:tq: g, vq)] €(0)),

Sq—tq €0

which is equal to 0 by Lemma 9.3 (a). Thus from (9.6) we get that

<€(n)(t1at2a t 7tn)a 77(U1a Ul) @ ® U(Unavn» =0.

Since {n(u,v) : u,v € h} is total in k, it follows that £ (¢, ty,--- ,t,) = 0 for
almost every (t1,ta, -+ ,t,) € Xy 1 b < T

(iv) Since 7 > 0 is arbitrary £ = 0 € L?*(R,,k)®" : n > 0 and hence ¢ = 0.
This proves the totality of &’ in T". |

8§10. TUnitary Equivalence

Here we shall show that the unitary evolution {Us;} on h® H is unitarily
equivalent to the HP flow {V;;} on h ® I'(L?(R,k)) discussed above. Let us
recall that the subset S = {& = U 4(u, v)Q := Us, 1, (w1, v1) - Us,, 1, (U, v0)Q
5= (51,80, Sp)yt= (tr,to, -, tn) : 0<s1 <t; <s53<...< 8, <ty <
o00,n > 1, u= Q" u;, v= Q" v; € h®"} is total in H and the subset
S = {( = Vs (u, 0)e(0) := Vs, 1, (ur,v1) - Vs, 1, (U, v )e(0) :

u,v € h®" s=(s1,89, ++,8,),t= (t1,t2, -+ ,t,)} is total in T.

Lemma 10.1.  Let Ug 4(u, 0)Q, Uy y(p,w)E€S.
Then there exist an integer m > 1, a = (al,ag,--- yGm), b= (b1,ba, - by) :
0<a; <b;<as <...<ay, <b, <oo, an ordered partition Ry U Ry U Rz =
{1,2,--- ,m} with |R;| = m; and a family of vectors xi,,yx, € Wk > 1:1 =
1,2,--- ,mi+mg and gi,, hiy, €h, k> 1:1=1,2,--- ,mg + mg such that

(10.1) Uspw) =Y [ Ui @rivm)

k lER1UR>
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(10.2) Ugp(w) =Y [ Uarni(gr> hi)-

k l€R2UR3

Proof. This follows from the evolution hypothesis of the family of unitary
operators {Us ¢ }. O

Remark 10.2.  Since the family of unitaries {V;;} on h ® I, enjoy all
the properties satisfied by the family of unitaries {U,;} on h ® H, the above
Lemma also hold if we replace U ; by V; +.

Lemma 10.3.  For Ug (u,v)2, Uy p(p,w)LES.

(10.3) (Ug #(u, )2, Uy (0, )2) = (Vs t(u, v)€(0), Vg ¢ (p, w)€(0)).
Proof. We have by previous Lemma and Assumption: A

(Us t(u, 0), Ug (0, w)<2)

= Z H Ub,—a, (Tk; Y, )2, 2) H (Ubi—a, (Try, Y )2 Uty —ay (o> e, )$2)
k leR: lER>

H (€, Uy, —a, (gr, , P, )S2)

leR3
= Z H <sz*alyklﬂxkl> H <gklﬂzb1*al(‘hkl >< ykl') ‘/'Ekl>
E leERy IER>
H <gk5l b Tb],falhk:1,>
lER3
= Z H <Vbz—az (xkzvykl)e(0)7 e(O)>
]j leERy
H <‘/bz—az (xkz ) ykl)e(o)a ‘/bl—al (gkl? hkl)e(0)>
lERs
H <e(0)’ Vo—a, (gkz ) hkl)e(0)>'
lER3

Now, the above quantity is equal to (V ¢(u, v)e(0), Vy ¢ (p, w)e(0)) by Remark
(10.2).
O
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Theorem 10.4.  There exists a unitary isomorphism = : h@H — h®T
such that

[1]

(10.4) U, =

[1]

*ViE, VY t>0.

Proof.  Let us define a map = : H — T' by setting, for any {=Ug ¢(u, v)$2 €
S, E¢:=V;4(u,v)e(0) € S’ and then extending linearly. So by definition and
by the totality of &', the range of Z is dense in I'. To see that = is a unitary
operator from H to I' it is enough to note that

(10.5) (

[1]

LEE) =(E), ¥V ' es

which is already proved in the previous Lemma.

Now consider the ampliated unitary operator 1, ® = from h®@ H to h® I’
and denote it by the same symbol Z. In order to prove (10.4) it is enough to
show that

(10.6)  (uegUwel)=(Euef),iEwed)),V wveh(es.
Note that E Ui(u,v)&’ = Vi(u,v) E £'. Now by unitarity of =, we have

<U’ ®& U ® §/> = <§7 Ut(u7”)§/> = <E §E Ut(u7v)§/>
=ELVi(u0) E) = w@ELVveEL) = (Ewel), Vi Eve ).

Thus proof complete. |
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