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80. Introduction

In this paper, we study the following problem, which is called the “cuspi-
dalization problem” (cf. [7], Introduction):

Problem 0.1.  Let r be a positive integer. Then can one reconstruct the
fundamental group

7-‘—I(U‘X(r))

of the r-th configuration space Ux,,, of a hyperbolic curve X over a field K
(i.e., the open subscheme of the r-th product of X over K whose complement
consists of the diagonals “{(z1,--- ,x,) | ©; = x;}” [where i # j]) from the
fundamental group 71 (X) of X ¢

Let r be a positive integer, X a proper hyperbolic curve over a finite
field K, and | a prime number that is invertible in K. We shall denote
by IIx,, (respectively, HX(,.)) the geometrically pro-I fundamental group of
the r-th configuration space Uy, of X (respectively, of the fiber product

T

—_—
X def X -+ X X of r copies of X over K), i.e., the quotient of 771(UX(7,))

(respectively, 71(X(ry)) by the closed normal subgroup obtained as the kernel
of the natural projection from m; (Ux,,, ®x K) (respectively, m1 (X, @k K)) to
its maximal pro-l quotient, and by py i Ux(, — Ux,_,, the projection
obtained by forgetting the i-th factor (where ¢ = 1,--- ,r). Let Y be a proper
hyperbolic curve over a finite field L in which [ is invertible; moreover, we shall
use similar notations for Y. Then the main result of this paper is as follows

(cf. Theorem 4.1):

Theorem 0.1. Let

def

def
a(l) :HX =

HX(1) — Iy = Hy(l)

be a Frobenius-preserving isomorphism (cf. Definition 2.5). Then, for any
positive integer 1, there exists a unique isomorphism

g x,, = Ty, ,
well-defined up to composition with a cuspidally inner automorphism (i.e., a

Ker (HY(T') —» Hy(r))—inner automorphism), which is compatible with the natu-
ral respective actions of the symmetric group on r letters such that, for i =
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1,---,r+ 1, the following diagram commutes up to composition with a cuspi-
dally inner automorphism (i.e., a Ker (Ily, | — Ily,,, )-inner automorphism):

F(r+1)
X Iy,
via " via i
pUX(r)'l l PUYGy
Ix, Ty Iy, -

Note that Theorem 0.1 is a generalization of [16], Theorem 3.1. (In [16],
Theorem 3.1, the case where r = 2 is proven.) [16], Theorem 3.1 is used in the
proof of Theorem 0.1. Thus, the case where r > 3 may be regarded as the main
new contribution of the present paper.

By Theorem 0.1, we obtain the following result (cf. Corollary 4.1, (i)):

Theorem 0.2. Let
Q HX = Hy

be a Frobenius-preserving isomorphism, r a positive integer, and {x1, -,z }
a set of distinct K -rational points of X of cardinality r with an ordering. Then
there exist a set {y1, - ,yr} of distinct L-rational points of Y of cardinality r
with an ordering, and an isomorphism

A" L TIX (g 2y~ I\ Qo )

of the geometrically pro-l fundamental group of X \ {1, - ,x,} with the geo-
metrically pro-l fundamental group of Y\ {y1, - ,yr} which is compatible with

new

«a. Moreover, such an isomorphism « s uniquely determined up to compo-

sition with a cuspidally inner automorphism (i.e., a Ker(Ily\(y, ... 4,3 — Hy)-

inner automorphism).

An essential part of the proof of the main theorem is to show that the
profinite group Ilx, ,, can be reconstructed from Ilx , “group-theoretically”.
This group-theoretic reconstruction of the profinite group Ilx, ., from the
given profinite group Ilx ., is performed as follows: Let X Ei)g be the r-th log
configuration space of X (cf. [7], Definition 1). Then the interior of X E(r);g is natu-
rally isomorphic to the r-th configuration space Ux,, of X; moreover, it follows
from the log purity theorem that the natural open immersion Uy, — X éi)g
induces an isomorphism of the geometrically pro-/ fundamental group Ilx ,, of
Ux,, with the geometrically pro-/ log fundamental group of X (li)g . Therefore,
to reconstruct I1 X(rg1)s it is enough to reconstruct the geometrically pro-I log
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fundamental group of X éiil). Now it follows from a similar argument to the
argument used in the proof of [7], Theorem 4.1, that the images in Ux,,,, of
the geometrically pro-l log fundamental groups of certain irreducible compo-

nents (equipped with the log structures induced by the log structure of X Efff_l))
log

of the divisor at infinity of the log scheme X ) topologically generate the

(r+1
desired profinite group Ilx ,,,. On the other hand, there exists a topologi-
cal group H%g(iﬂ) which arises from the pro-graded Lie algebra obtained by

considering the weight filtration of the pro-/ fundamental group Ax,,, of
Ux(,41, ® K K such that the desired profinite group H X(r4+1) 18 naturally embed-
ded in Hl;g(erﬂ); moreover, this topological group HI;(‘(eT“)
group-theoretically from the given profinite group IIx,, by considering the Ga-

can be reconstructed

lois invariant splitting of the subquotients of Ax 41y With respect to the weight
filtration. Note that the fundamental construction of the topological group
Hg(ii-ﬂ) has been initiated, and the fact that the topological group H%QZH)
be reconstructed group-theoretically by considering the Galois invariant split-

can

ting was first observed by Mochizuki in [16]. Therefore, if one can reconstruct

I)?(CTH) of the geometrically pro-I log

fundamental groups of certain irreducible components (equipped with the log

structures) of the divisor at infinity of the log scheme Xéiil),

construct a subgroup which is isomorphic to the desired profinite group Ilx ,

group-theoretically the natural images in I1
then one can

as the subgroup which is topologically generated by the images reconstructed.
This group-theoretic reconstruction of the images of the log fundamental groups
of certain irreducible components is performed in Section 4.

Notations and Terminologies:
Numbers:

We shall denote by Brime the set of all prime numbers, by N the monoid
of rational integers n > 0, by Z the ring of rational integers, by Q the field
of rational numbers, by i/ (respectively, Z;) the profinite completion of Z (re-
spectively, pro-l completion of Z for a prime number [), and by Q; the field of
fractions of Z;.

Let ¥ be a set of prime numbers, and n an integer. Then we shall say that
n is a Y-integer if the prime divisors of n are in X.
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Groups:
Let G be a group, and H a subgroup of G. Then we shall write
Zg(H)déf{geG|g~h:h~gforanyhGH}
for the center of H in G,
No(H) = {geG|g-H g~' = H}

for the normalizer of H in G, and

Ca(H) et {g€G|g-H g~'NH has finite index in g - H - g~ " and H.}
for the commensurator of H in G.
Let G be a profinite group and ¥ a (non-empty) set of prime numbers.
Then we shall refer to the quotient

limG/H

of G (where the projective limit is over all open normal subgroups H C G such
that the index [G : H] of H is a X-integer) as the maximal pro-X quotient of
G. We shall denote by G the maximal pro-¥ quotient of G.

Let G be a topological group. Then we shall denote by G2" the abelianiza-
tion of G, i.e., the quotient of G by the closed normal subgroup [G, G] generated
by the commutators of G.

Let G be a Hausdorff topological group. Then we shall denote by Aut(G)
the group of continuous automorphisms, and by Out(G) the quotient of Aut(G)
by the subgroup Inn(G) of inner automorphisms of G. Note that if G is topo-
logically finitely generated, then by considering a basis of the topology of G
consisting of characteristic open subgroups of G, we may regard Aut(G) as
being equipped with a topology. This topology on Aut(G) induces a topology
on Out(G).

Let G be a Hausdorff topological group which is center-free and topologi-
cally finitely generated, and H a topological group. Then there exists a natural
exact sequence of topological groups:

1— G — Aut(G) — Owt(G) — 1

(where G — Aut(G) is defined by letting G act on G by conjugation). For a
continuous homomorphism H — Out(G), we shall denote by

out

G x H
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the topological group obtained by pulling back the above exact sequence via
the homomorphism H — Out(G), i.e.,

out e
G H Y Aut(G) Xoue) H -

t
Note that it is immediate that G x H fits into the following natural exact
sequence:

out
1—G—G x H—H—1.

Let G be a profinite group. Then we shall say that G is slim if any open
subgroup of G is center-free. Note that it is easily verified that for an exact
sequence of profinite groups

1—G — Gy —G3—1,

if G1, G3 are slim, then G5 is slim.
Log schemes:

A basic reference for the notion of log schemes is [9].

In this paper, log structures are always considered on the étale sites of
schemes.

Let P be a property of schemes [for example, “quasi-compact”, “con-
nected”, “normal”, “regular”] (respectively, morphisms of schemes [for example,
“proper”, “finite”, “étale”, “smooth”]). Then we shall say that a log scheme
(respectively, a morphism of log schemes) satisfies P if the underlying scheme
(respectively, the underlying morphism of schemes) satisfies P.

For a log scheme X'°%, we shall denote by X (respectively, Mx ) the under-
lying scheme (respectively, the sheaf of monoids defining the log structure) of
X'°g, For a morphism f!°¢ of log schemes, we shall denote by f the underlying
morphism of schemes.

We shall say that a log scheme X8 is fs if X!°8 is integral (i.e., the sheaf
My is a sheaf of integral monoids), and locally for the étale topology, X'°8
admits a chart modeled on a finitely generated and saturated monoid.

For fs log schemes X'°2, Y'°2 and Z'°%, we shall denote by X'°8 X y105 Z1°8
the fiber product of X'°% and Z'°¢ over Y8 in the category of fs log schemes. In
general, the underlying scheme of X8 x y10x Z1°8 is not naturally isomorphic to
X xy Z. However, since strictness (note that a morphism f1°8 : X108 — Y108 of
log schemes is called strict if the induced morphism on the sheaves of monoids
defining the log structures is an isomorphism) is stable under base-change in the
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category of arbitrary log schemes, if X'°8 — Y1°8 is strict, then the underlying
scheme of X!°8 xy10; Z1°8 is naturally isomorphic to X xy Z.

If there exist both schemes and log schemes in a commutative diagram,
then we regard each scheme in the diagram as the log scheme obtained by
equipping the scheme with the trivial log structure.

We shall refer to the largest open subset (possibly empty) of the underlying
scheme of a log scheme on which the log structure is trivial as the interior of
the log scheme.

Let X8 and Y'°% be log schemes, and f1°8 : X8 — Y8 5 morphism
of log schemes. Then we shall refer to the quotient of M x by the image of
the morphism f*My — Mx induced by fl°¢ as the relative characteristic
sheaf of f1°8. Moreover, we shall refer to the relative characteristic sheaf of
the morphism X'°8 — X induced by the natural inclusion 0% < Mx as the
characteristic sheaf of X8,

Curves:

Let f : X — S be a morphism of schemes. Then we shall say that f is
a family of curves if f is a smooth, geometrically connected morphism whose
geometric fibers are one-dimensional. Let g, r be natural numbers. Then we
shall say that f is a family of curves of type (g,r) if there exist a family of
proper curves fP' : X°P* — G (je., a family of curves which is a proper
morphism) whose geometric fibers are of genus g, and a relative divisor D C
XP' which is finite étale over S of relative degree r such that X and XP*\ D
are isomorphic over S. Moreover, we shall say that f is a family of hyperbolic
curves (respectively, tripods) if f is a family of curves of type (g,r) such that
(g,7) satisfies 29 — 2 4+ r > 0 (respectively, (g,7) = (0,3)). On the other hand,
we shall refer to a family of curves (respectively, hyperbolic curves; respectively,
tripods) over the spectrum of a field as a curve (respectively, hyperbolic curve;
respectively, tripod).

We shall denote by mgm the moduli stack of r-pointed stable curves of
genus g whose r sections are equipped with an ordering (cf. [10]), and by
Mlgo,i the log stack obtained by equipping ﬂg,r with the log structure associ-
ated to the divisor with normal crossings which parametrizes singular curves.
Moreover, we shall write M, % M, o and Mlgog o _;%.

Fundamental groups:

For a connected scheme X (respectively, log scheme X'°8) equipped with
a geometric point Z — X (respectively, log geometric point 7'°8 — X'°8)  we
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shall denote by 7 (X, Z) (respectively, m (X'°8 71°¢)) the fundamental group
of X (respectively, log fundamental group of X'°8). Since one knows that the
fundamental group is determined up to inner automorphisms independently
of the choice of basepoint, we shall often omit the basepoint, i.e., we shall
often denote by m1(X) (respectively, 71(X'°®)) the fundamental group of X
(respectively, log fundamental group of X'°8).

For a set X of prime numbers and a connected scheme X (respectively, log
scheme X'°8), we shall refer to the maximal pro- quotient of 71 (X) (respec-
tively, 71 (X'°8)) as the pro-¥ fundamental group of X (respectively, pro-X log
fundamental group of X'°8). Moreover, for a scheme X (respectively, log scheme
X'°8) which is geometrically connected and of finite type over a field K, we shall
refer to the quotient of 71 (X) (respectively, m1(X'°8)) by the closed normal
subgroup obtained as the kernel of the natural projection from m (X ® g K5°P)
(respectively, 71 (X8 @ K°P)) (where K is a separable closure of K) to its
maximal pro-¥ quotient 7 (X ®x K%P)(*) (respectively, m (X8 @ K5°P)(*))
as the geometrically pro-X fundamental group of X (respectively, geometrically
pro-Y. log fundamental group of X'°8). Thus, the geometrically pro-Y funda-
mental group 71 (X )@ of X (respectively, geometrically pro-X log fundamental
group 71 (X 10g)@ of X'°8) fits into the following exact sequence:

1 —m (X @ K5°)®) — 1 (X)) — Gal(K5P/K) — 1
(respectively,

1 — (X8 @ K5P)®) — 7 (X198)E)  Gal(K*P/K) — 1).

81. Exactness Properties of the Graded Lie Algebras Arising
from Families of Curves

In this Section, we consider some exactness properties of graded Lie alge-
bras arising from families of curves.

Definition 1.1 (cf. [16], Definition 3.1).  Let [ be a prime number, G,
H, and A topologically finitely generated pro-I groups, and ¢ : H — A a
(continuous) surjective homomorphism. Suppose further that A is abelian, and
that G is an [-adic Lie group.

(i) We shall refer to the central filtration

{H(n)} (n>1)
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of H defined as
H1) < H;
H(2) < Ker(¢) ;
H(m) % ((H(my), H(my)] | my +mg =m) for m >3

(where (N; | i € T) is the group topologically generated by the N;’s [where
i € I]) as the central filtration with respect to the surjection ¢.

Let a, b, n € Z such that 1 < a < b, n > 1. Then we shall write

H(a/b) = H(a)/H(b);
Gr(H)(n) = @ H(m/m +1);

def

Gr(H) = Gr(H)(1);

(
Gr(H)(a/b) & Gr(H)(a)/Gr(H)(b);

def

Gro, (H)(n) = Gr(H)(n) ®z, Qi;

Gro, (H) © Gr(H) ®z, Qi;

Grg, (H)(a/b) & Gr(H)(a/b) @z, Qu;
H{(a/o0) = lim H(a/b)

(where the projective limit is over all integers b > a + 1).

We shall denote by Lie(G) the Lie algebra over Q; determined by the I-
adic Lie group G. We shall say that G is nilpotent if there exists a positive
integer m such that if we denote by {G(n)} the central filtration with
respect to the natural surjection G — G (cf. (i), then G(m) = {1}.
If G is nilpotent, then Lie(G) is a nilpotent Lie algebra over @, hence
determines a connected, unipotent linear algebraic group Lin(G), which we
shall refer to as the linear algebraic group associated to G. In this situation,
there is a natural (continuous) homomorphism (with open image)

G — Lin(G)(Qy)

which is determined by the condition that it induces the identity morphism
on the associated Lie algebras (cf. [16], Remark 33). In the situation of
(i), if 1 < a € Z, then we shall write

Lie(H(a/00)) = lim Lie(H(a/b)) ; Lin(H (a/oc)) “ lim Lin(H (a/b))
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(where the projective limit is over all integers b > a + 1). (Note that each
H(a/b) is an l-adic Lie group.)

Let K be a separably closed field, [ a prime number that is invertible in K,
S a connected locally noetherian normal scheme over K, g > 2 and r natural
numbers, and f : X — S a family of hyperbolic curves of type (g,r) (where we
refer to the discussion entitled “Curves” in Introduction concerning the term
“family of hyperbolic curves of type (g,7)”). We shall denote by

m (X)L

the geometrically pro-I fundamental group of X (where we refer to the dis-
cussion entitled “Fundamental groups’ in Introduction concerning the term
“geometrically pro-I fundamental group”).

Lemma 1.1.  Let's — S be a geometric point of S. Then the homomor-
phism 71 (X)X — 7,(S) induced by f fits into an ezact sequence:

1 — (X xg5)® TP o )@ Ve

m(S) — 1.

Proof. Let fP*: X°P* — § be a (unique, up to canonical isomorphism
[cf. the discussion entitled “Curves” in [13], Section 0]) compactification of
f : X — S. If the finite étale covering D = X'\ X — S is empty or
trivial (i.e., D is a disjoint union of copies of S, and the covering D — S is
induced by the identity morphism of ), then this follows from [23], Proposition
2.3. In general, if S — S is a connected finite étale covering of S such that
D xg S8 — S’ is trivial, then we obtain a commutative diagram

] —— m(X xs9)® 0 m(X xg &)L TP ey

H ! l

m(X x5 ——— w0 ——— m(5) ——1

via 71 (pry) via w1 (f) ’

where the horizontal sequences are exact (note that the exactness of the bottom
sequence follows from [3], Exposé XIII, Proposition 4.1; Exemples 4.4), and

the vertical arrows are injective. Thus, m (X xg35)® ™ Tipra) (X)W is
injective. O

We shall denote by
Ax/s
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the kernel of the homomorphism w1 (X)) — 7,(S) induced by f. Then by
Lemma 1.1, this pro-/ group Ax/g is isomorphic to the pro-I fundamental
group of a hyperbolic curve of type (g,7) (over a separably closed field). We

shall write
lef
AF)s = Axers,

i.e., the pro-l fundamental group of a geometric fiber of the compactification
fept s XoPt — G of f: X — S. Then we have a natural surjection

Ax/s - AF

which fits into a commutative diagram

via f

1l —— Ax/s —— (X)) m(S) —— 1

| l H

] — A;?/ts —_— 7T1(XCpt)@ ———>Via o m(S) —— 1,

where the horizontal sequences are exact (cf. Lemma 1.1).
We shall denote by

{Ax/s(n)}

the central filtration of Ax/g with respect to the composite of the natural
surjections (cf. Definition 1.1, (i)):

Axss = AE?/ts - (Agg/ts)ab‘

Remark 1. As is well-known, the graded Lie algebra Gr(Ax,g) (where
“Gr” is taken with respect to the central filtration defined above) is center-free
(cf. e.g., [2], Theorem 1, (ii), together with [2], Proposition 5).

Now by Lemma 1.1, we obtain an outer representation:
px/s i mi(S) — Out(Axs).

We shall denote by
Out*(Ax/S) - Out(Ax/S)

the subgroup of Out(Ax/s) whose elements preserve the central filtration
{Ax/s(n)} of Axys.

Remark 2. If r > 2, then by the definition of Out*(Ax/g), we obtain

Out™(Axys) # Out(Axys) -
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Indeed, this follows immediately from the definition of {Ax/s(n)}, together
with the fact that the assumption that r # 0 implies that the profinite group
Ax/s is a free pro-l group.

Proposition 1.1.  The outer representation px,s factors through
Out*(AX/S).

Proof. This follows from the fact that the exact sequence obtained in
Lemma 1.1 fits into the commutative diagram in the discussion following
Lemma 1.1. ]

Definition 1.2.  We shall say that f is of pro-l-exact type if the se-
quence

1— Ayxss — Ax B Ag — 1

naturally induced by the exact sequence obtained in Lemma 1.1 is ezact, where
Ax (respectively, Ag) is the pro-l fundamental group of X (respectively, S).

Proposition 1.2.  The image of the composite

m1(8) =5 Out* (Ayys) — Aut((AF)4)™)

is a pro-l group (e.g., the action of 71(S) on (Agg/ts)ab is trivial) if and only if
f s of pro-l-exact type.

Proof. 1t is immediate that if f is of pro-l-exact type, then px,g factors
through Ag. Thus, we prove that if the composite in the statement of Proposi-
tion 1.2 factors through Ag, then f is of pro-l-exact type. It follows from [12],
Lemma 3.1, (i), that the kernel of the natural morphism

Out*(Ax/s) — Aut((AF5)™)

is a pro-l group. Therefore, the assumption implies that the homomorphism
px/s factors through Ag. Now let us write

(cf. the discussion entitled “Groups” in Introduction). Then we have a natural
morphism 7y (X )@ — I that fits into a commutative diagram

I —— Ax/g —— m (X)W BLEA m(S) —— 1

H ! |

1—>AX/S—> r — Ag — 1,
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where the horizontal sequences are exact. Note that since m(S) — Ag is
surjective, (X)@ — I' is also surjective, and that since Ax,g and Ag are
pro-l, I' is also pro-l. Now we shall denote by N; (respectively, No) the kernel
of the natural surjection m (X)X — Ay (respectively, 71(X)"2 — T'). Then
the following

(i) N1 € Ns. (This follows from the fact that I' is pro-1.)
(ii) Ax/s N Ny = {1}. (This follows from the above diagram.)
(iii) Ax;g N Ny = {1}. (This follows from (i) and (ii).)
By (ii) and (iii), the following natural sequence is exact
1 — Ax/s — Ax — m(5)/N3 — 1,

where Nj is the image of Ny via the surjection 71 (X)® — 7,(S). Moreover,
by (i), this exact sequence fits into a commutative diagram

I —— Ax/g —— X)W —— (s —— 1

H l l

I —— Axyg —— Ax ——— m(5)/N3 —— 1

H l l

I —— Ax/g —— T E— Ag — 1,

where the horizontal sequences are exact, and all vertical arrows are surjective.
Since Ax is pro-l, the group 71(S)/N3 is also pro-I. Thus, the right-hand lower
vertical arrow m1(S)/N3 — Ag, hence also, Ax — T' is an isomorphism. This
completes the proof of Proposition 1.2. O

Definition 1.3. Let Ax and Ag be profinite abelian groups, and A x —
Ax and Ag — Ag (continuous) surjections. Then we shall say that (f, Ax —
Ax, Ag — Ag) is of Lie-ezact type if the following conditions are satisfied:

(i) fis of pro-l-exact type.

(ii) The surjections Ax — Ax and Ag — Ag fit into a commutative diagram

1 —— Ay —— Ax 20, Ay 1
1 —— (Ag?/ts)ab — Ax Ag 1,

where the bottom sequence is ezxact.
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(iii) The sequence of graded Lie algebras
1 — Gr(Ax/s) — Gr(Ax) ™4 Gr(Ag) — 1
naturally induced by the exact sequence in Definition 1.2 is ezact, where
“Gr” of Gr(Ax) (respectively, Gr(Ag)) is taken with respect to the central
filtrations
{Ax(n)} (respectively, {As(n)})

with respect to the surjection Ax — Ax (respectively, Ag — Ag) [thus,
Ax ~ Ax(1/2) (respectively, Ag ~ Ag(1/2))].

Proposition 1.3. Let Ax and Ag be profinite abelian groups, and
Ax - Ax and Ag — Ag surjections. Assume that (f, Ax — Ax, As — Ag)
satisfies conditions (i) and (ii) in Definition 1.3. Then the following conditions
are equivalent:

(i) (f, Ax — Ax, Ag — Ag) is of Lie-exact type.

(ii) The action of Ax on Ax;s(n/n+1) and the action of Ax(2) on Ax/g(n/n+
2) (induced via conjugation) are trivial for any n > 1.

(ii") The action of Ag on Ax s(n/n+1) and the action of Ag(2) on Ax;s(n/n+
2) (induced via px/s) are trivial for any n > 1.

(iii) The action of Ax(m) on Ax, g(n/n+m) (induced via conjugation) is trivial
for anyn, m > 1.

Proof. First, we prove that (i) implies (ii). If (ii) does not hold, then
there exists © € Ax/g(n) and 0 € Ax(m) (where m = 1 or 2) such that
o-x-0 ' 27t ¢ Ay g(n+m). On the other hand, by the definition of the
filtration {Ax(n)}, we have that o-z-07 - 27! € Ax(n+m)NAx,s. Thus,
Axss(n+m) # Ax(n+m)NAx,g. This implies that the natural morphism
Gr(Ax/s) — Gr(Ax) is not injective. Thus, (i) does not hold.

Next, we prove that (ii) implies (iii). This proof will be by induction on
m. The assertion for m = 1 and 2 follows from (ii). Assume that m > 3. Then
it follows from the induction hypothesis and a well-known identity due to P.
Hall (i.e.,

[A’ [Bv C]] c [B’ [Cv A]] ’ [C’ [Aa B]]

for closed normal subgroups A, B, and C of an ambient group [cf. e.g., [11],
Theorem 5.2]) that

[Ax/s(n), [Ax(m1), Ax(ms)]] € Ax/s(n+m)
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for positive integers my and msgy such that m; + my = m. Thus, since, in
general, for a finite set I,

for closed normal subgroups H; (i € I) of an ambient group G, we thus obtain
an inclusion
[Ax/s(n), Ax(m)] € Ax/s(n+m)

by the definition of the filtration {Ax(n)}. Therefore, we conclude that (iii)
holds.

The assertion that (iii) implies (i) follows from a similar argument to the
argument used in the proof of [12], Proposition 3.2 (cf. also Remark 1 and [12],
Lemma 3.2).

The equivalence of (ii) and (ii’) follows immediately from the exactness of
the following sequences:

1 — Ax/s — Ax — Ag — 1;

1— AX/S(Z) — Ax(2) — Ag(2) — 1.

Lemma 1.2.  Let I°Pt be the kernel of the surjection

AX/S cd A.C)?;S .

Let s — S be a geometric point of S. We shall write

def —
Ds <= D xg3,

where D C X°PY is the reduced relative divisor over S obtained as the comple-
ment of X in XPt. Then the following hold:

(i) The submodule
(A‘;?/ts)ab = Ax/s(1/2) € Gr(Axys)
and the submodule

ICpt/(AX/S(S) ﬂ]Cpt) - AX/S(2/3) - Gr(AX/S)

generate the graded Lie algebra Gr(Ax/g) (as a Lie algebra). In particular,
if f is of pro-l-exact type, then the following conditions are equivalent:
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1) The action of Ax on Ax/s(n/n + 1) (induced via conjugation) is
/
trivial for any n > 1.
1") The action of Ag on Ax,g(n/n+ 1) (induced via px,g) is trivial for
/ /
any n > 1.

(2) The action of Ax on (A;?/ts)ab and I?"/(Ax;s(3) N IPY) (induced
via conjugation) is trivial.
(2') The action of As on (A;?;S)ab and I /(Ax,5(3) N IPY) (induced

via px;s) is trivial.
(ii) The submodule
I/ (Ax s(3) NIPY) C Ax,s(2/3)

is a free Z;-module in the formal generators (, where { ranges over the
elements of the underlying set of Ds. Moreover, the action of Ag on the
generators ¢ of I°P* /(A x/g(3) NIPY) (induced via px,g) is compatible with
the natural action of Ag on Ds.

Proof.  This follows immediately from [8], Proposition 1. |

Corollary 1.1.  Let Ax be a profinite abelian group, and Ax — Ax
a surjection. If (f, Ax — Ax, As — A%P) satisfies condition (i) in Defi-
nition 1.3, and the action of m1(S) on (A;?/ts)ab and on IP*/Ax/g(3) N I°P*
(induced via px/s) are trivial, then (f, Ax — Ax, Ag — A%P) is of Lie-ezact

type.

Proof. This follows immediately from Propositions 1.2; 1.3; Lemma 1.2,
together with the well-known identity due to P. Hall applied in the proof of
Proposition 1.3. O

Definition 1.4. Let m be a natural number.

(i) We shall say that a sequence of morphisms of schemes

f'm—2

f'mfl — ...LXlLXOZSpeCK

Xm — Xm—l

over the separably closed field K is a successive extension of hyperbolic
curves of product type if there exist proper hyperbolic curves C; (where i =
0,---,m—1) over K which satisfy the following condition: The morphism
fi : Xiy1 — X, factors as the composite

pro
Xit1 = Oy xg Xy — X,
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where the first arrow is an open immersion X;;; — C; xx X; onto the
complement (C; xx X;) \ D; of a relative divisor D; which is finite étale
over X;.

Note that it is immediate that X; is a reqular scheme of dimension i, that f;

is a family of hyperbolic curves, and that the f;’s induce an open immersion
Xic_)CO XK = XKCi,]_.

Let

fm-1

X I X,y T X T X = Spec K

be a successive extension of hyperbolic curves of product type. Then we
shall denote by

the central filtration of the pro-/ fundamental group Ax, of X; with respect

to the composite of the natural surjections

ab ~ Aab ab
AXi - AC‘OXK”'XKC'ifl - ACQXK--~><KCi71(_ ACO XX ACi,l)a

where the first arrow is the morphism induced by the open immersion
Xi — CO XK XK Ci—l (Cf (1))

Note that it is immediate that the following sequence is exact:
L — Ax/x (1/2) — Ax (1/2) 8 Ax (1/2) — 1.

Proposition 1.4.  Let

fm-1

X — X1 f"L’Z L’ X1 ﬂ’ Xo = Spec K

be a successive extension of hyperbolic curves of product type, and 0 <i < m—1

an integer. Then the following hold:

(i)
(i)

The morphism f; is of pro-l-exact type.
The following conditions are equivalent:

(1) The relative divisor D; (which appears in Definition 1.4, (1)) is empty
or the finite étale covering D; — X; is trivial (i.e., D; is a disjoint
union of copies of X;, and the covering D; — X; is induced by the
identity morphism of X;).

(2) (fisAx,y, — Ax,y, (1/2),Ax, — Ax,(1/2)) is of Lie-exact type.
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Proof. First, we prove assertion (i). Since the diagram

(l) via f;

1 AX7‘,+1/X7‘, - 1 (XiJrl)— — T (Xz) - 51
1 A-CXp:Jrl/Xi ™ (Ci Xk Xl)Q st (X)) —— 1
1] —— Aci _— Aci X 1 (Xz) —>pr2 T (Xz) — 1

commutes, the action of 71 (X;) on Aggt /x, is trivial; thus, assertion (i) follows
i+1/Xi
from Proposition 1.2.

Next, we prove assertion (ii). Assume that condition (1) holds. Then, by
Lemma 1.2, (i), the action of Ax, on I°?*/(Ax, , /x,(3)NIP") is trivial. Thus,
in light of the triviality of the action of 7 (X;) on ACXP;H/Xi
proof of assertion (i)), we conclude that the action of Ay, on Ax,  /x,(n/n+

(observed in the

1) is trivial for any n > 1 (cf. Lemma 1.2, (i)). Thus, it follows from the
equivalence of (i) and (ii’) in Proposition 1.3 that it is enough to show that
the action of Ax,(2) on Ax,,,/x,(n/n+ 2) is trivial for any n > 1. Moreover,

P

by the triviality of the action of m(X;) on AY (observed in the proof of

i+1/ X
(1)), together with the well-known identity due E)/P. Hall applied in the proof
of Proposition 1.3, the action of [Ax,, Ax,] on Ay, ,/x,(n/n+2) is trivial for
any n > 1. Since Ax,(2) is generated by [Ax,,Ax,] and the kernel I of the
natural surjection Ax, = AcyxxxxCi_q (2 Agy X -+ X Ag,_,), it is enough
to show that the action of I on Ax,  /x,(n/n + 2) is trivial for any n > 1.
Therefore, if the natural inclusion X; < Cy X g - - - X g C;_1 is an isomorphism,
then the assertion follows.

Assume that X; — Cy X - -+ X g C;_1 is not an isomorphism. Then since
I is topologically normally generated by the inertia subgroups (well-defined, up
to conjugation) of Ay, determined by the irreducible components of the divisor
with normal crossings (Co Xk -+ Xg Ci—1) \ X; € Co X -+ X C;—1 (by the
purity theorem [cf. [4], Exposé X, Theorem 3.4], together with the regularity
of Cy X -+ X Ci_1), it is enough to show the following assertion:

(f): The action of these inertia subgroups on Ax,  /x,(n/n+2) is

trivial for any n > 1.

For any positive integer IV, we shall denote by C; () (respectively, Uc, ( N))
the fiber product of N copies of C; over Spec K (respectively, the N-th config-
uration space of Cj, i.e., the scheme which represents the open subfunctor

S {(s1,-++,sn) € Ciw)(8) = Ci(S) N | s # s if n # m}
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of the functor represented by Cj(ny). By (1), if we denote by r the degree
of the (trivial) covering D; — X, then there exist “classifying morphisms”
X, B Uq.,  and X0 75 Ue

that fit into the following cartesian diagram

i(r) i(r41)

gi+1
Xit1 — Ucy o)

]

X’i — UC.L (r) ?
gi

where the right-hand vertical arrow is the morphism induced by the morphism
Ci (r41) — Cj(r) obtained by forgetting the (r + 1)-st factor. (In fact, one can

regard Ug, (m asa moduli scheme of curves obtained as the complement in C; of
distinct r points; moreover, one can regard the right-hand vertical arrow in the
above diagram as a universal object.) Thus, we obtain a commutative diagram

1 —— Ax,x, —— Ax el Ay —— 1

i

i+1

zl via gi+1l lvia gi (%)

 E— AUci('r) — 1

1 —— A ,

Uc, (7~+1)/UC@' )

where the horizontal sequences are exact, and the left-hand vertical arrow is
an isomorphism. Note that the sequence

Uc — Uc, —>---—>Ucm)—>CZ-—>SpecK

i (r) i (r—1)

(where the morphism Uc, ., — Uc,y, [Where 1 < N <7 — 1] is the mor-
phism induced by the morphism Cj (1) — C; () obtained by forgetting the
(N 41)-st factor) is a successive extension of hyperbolic curves of product type;
thus, the filtration {Agy,, o (n)} is defined (cf. Definition 1.4, (ii)). Moreover,
since the sequence

1 — Gr(Au, ., jve,,) — Cr(Bug, ) — Gr(Au,, ) —1 (=)

i(r)
(naturally induced by the bottom sequence in the commutative diagram (x))
is ezact (cf. [12], Proposition 3.2, (i)), by the equivalence in Proposition 1.3,
(i) and (ii’), the action of Ay, . (2) on Aye, sy /US4 o, (n/n+2) is trivial for
any n > 1. Thus, by the commutativity of the above diagram (x) and the fact
that the left-hand vertical arrow in the above diagram (x) is an isomorphism,
to prove the assertion that condition (1) implies condition (2), it is enough to
show that the composite X; 2 Uc; ,, = Ci(r) extends to the generic points of
the irreducible components of the divisor with normal crossings (Co X -+ X g



680 YUICcHIRO HOSHI

Ci—1)\ X; C Cy Xk -+ Xg Ci—1. On the other hand, this follows from the
properness of C;(,y. This completes the proof of the assertion that condition
(1) implies condition (2).

Next, assume that (f;, Ax,., — Ax,,,(1/2),Ax, — Ax,(1/2)) is of Lie-
exact type. Then the equivalence of (i) and (ii’) in Proposition 1.3 and the
equivalence of (1’) and (2') in Lemma 1.2, (i), imply that the action of Ax,
on I°?"/(Ax, ., /x,(3) NIP"), where I°P" is the kernel of the natural surjection
Ax, . /x; = A;&tﬂ /x,» is trivial. Therefore, by Lemma 1.2, (ii), we conclude
that either the relative divisor D; is empty, or the finite étale covering D; — X
is trivial. O

Remark 3. Note that the exactness of the sequence (#x) in the proof
of Proposition 1.4 can also be proven as follows. Note that we showed the
exactness of the sequence (*#) in the proof of Proposition 1.4 by means of [12],
Proposition 3.2, (i), which is proven via transcendental techniques; however,
the following proof is purely algebraic:

To prove the exactness of the sequence (xx), by a similar argument to the
argument used in the proof of Proposition 1.4, it is enough to show the assertion
(t) in the proof of Proposition 1.4, i.e., the action of the inertia subgroups of
AUCW.) on AUci(r+1)/Uci(r) (n/n+2) is trivial for any n > 1. Moreover, since this
problem manifestly depends only on purely group-theoretic data of the sequence

1— AUC’_

— A —1
L(7‘+1)/Uci (r) Uc, >

—
AUC' i(r)

i(r+1)

we may assume without loss of generality that there exists a finite field k
such that the proper hyperbolic curve “C;” are defined over k. We shall write

def
Xiy1 =

solute Galois group of k, by Fry € G the Frobenius element, and by g the

Uci(yry and X; ef Uc,,,; moreover, we shall denote by G}, the ab-

cardinality of k. Then by the “Riemann hypothesis for abelian varieties over
finite fields” (cf. e.g., [18], p. 206) (respectively, as is well-known), the eigen-
values of the action of Frj, on the Gy-module Ay, /x,(n/n+ 1) (respectively,
the inertia subgroup) are algebraic numbers all of whose complex absolute val-
ues are equal to q2/2 (respectively, q), i.e., the Gy-module Ax, .,/ x,(n/n+1)
(respectively, the inertia subgroup) is “of weight n” (respectively, “of weight

27). In particular, the Gx-module
HomGk (AXi+1/Xi (TL/’I’L =+ 1)7 AXi+1/Xi (’I’L + l/n + 2))

is “of weight 1”. On the other hand, since the action of the inertia subgroup
on Ax,. /x;(n/n+1) and Ax,,  /x,(n+1/n+2) is trivial, by the exactness
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of the sequence
1 —>AX1'+1/X1' (n+1/n+2) —>AX1‘+1/X1' (’I’L/TL—I—Q) _>AX1‘+1/X¢ (’I’L/Tl—I—l) —1 )

the action of the inertia subgroup on Ax, ., /x,(n/n + 2) determines (and is
determined by!) a Gi-equivariant homomorphism from the inertia subgroup to

HomGk (AXi+1/Xi (Tl/?’b =+ 1)7 AXi+1/Xi (’I’L + 1/” + 2)) .

Thus, by considering the “weights” of the domain and codomain of this G-
equivariant homomorphism, we conclude that the Gg-equivariant homomor-
phism is trivial; in particular, the action of the inertia subgroup on
Ax,.,/x,(n/n+2) is trivial.

§2. Fundamental Groups of Configuration Spaces
over Finite Fields

In this Section, we consider the group-theoretic properties of the funda-
mental groups of configuration spaces.

Let K be a field, and [ a prime number that is invertible in K. We shall
fix a separable closure K°°P of K. We shall denote by G the Galois group of
K*° over K. Moreover, in the following, let X be a proper hyperbolic curve
of genus gx > 2 over K.

Definition 2.1. Let r be a natural number.

(i) We shall denote by X,y the fiber product of r copies of X over Spec K,

ie.,
T

of A ——
X(T)d:fXXK-“XKX.

For an integer 1 < i < r, we shall denote by PX(p_yyi | Xy = X1y the

morphism obtained by forgetting the i-th factor.

(ii) We shall denote by Ux, € X( the r-th configuration space of X, i..,

the scheme which represents the open subfunctor

S {(fr o f) € Xy (8) = X(S)7 | fi # f; if i # 5}

of the functor represented by X(,). For an integer 1 < i < r, we shall

i 1 Ux,,, — Ux,,_,, the morphism induced by px,,_, -

denote by PUx(,_y:
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(iii)

(iv)
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Let 1 < < j < r be integers. Then we shall denote by DX(T»){i,j} C X
the closed subscheme of X,y which represents the closed subfunctor

S=A(fr, fr) € X (8) = X(8)" | fi = f3}

of the functor represented by X(,). Then it is immediate that

UX(T) :X@\ U DX@{L]}

1<i<j<r

We shall denote by IIx, the geometrically pro-I fundamental group of
X(ry, and by AX(T) the kernel of the natural surjection

me - GK .
Thus, we have an exact sequence
1— AX(T,) — HX(T,) I GK — 1.

Moreover, we shall write
def def
My = Iy, 5 Ax = Axy, -

We shall denote by Ilx ., the geometrically pro-I fundamental group of
UX(”, by AX(M the kernel of the natural surjection

Ux,, - Gk,

and by Ag?(r)/Xu_l) the kernel of the surjection

via PUX (4
AX(T) - AX(r—l) (221, ,T).

Thus, we have exact sequences

1 —>AX(T) —’HX(T) — G — 1;

1— AW —
Xy /X -1
via PUX(7.71) i

(&)
l— AX(T)/X(TA) - HX(T) HX(T—I) — 1.
Note that since the sequence obtained as the base-change of

pUX(T_l):r pUX(T_2):r71 pUX(l):2
UX(,,,) — UX(,, — -vo — X — Spec K
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from K to K*®°P is a successive extension of hyperbolic curves of product
via pu oy
type (cf. Definition 1.4, (1)), the family of curves Ux,, @ K> fr=
Ux(,_,) ®k K*P is of pro-l exact type (cf. Proposition 1.4, (i)); thus,
the pro-I group Ag?( X, is isomorphic to the pro-l fundamental group

via pu I
of the geometric fiber of the family of curves Uy, ®@x K*P fr=n

Ux_,, ®k K*P at a geometric point of Ux, _,) ®x K*P.

Proposition 2.1.  Let r be a positive integer. Then the profinite groups
AXQ, Ax,,, and Ag;)(r)/X(r—l) are slim (where we refer to the discussion en-
titled “Groups” in Introduction concerning the term “slim”).

Proof. The slimness of Ag?( /X1 (in particular, the slimness of Ax)
follows from [1], Propositions 8; 18. The slimness of A X, follows from the
slimness of Ay, together with the fact that Ay is the product of r copies

of Ax. The slimness of Ax , follows from induction on r, the slimness of
(@)

X/ X o1y and the exactness of the sequence
r —

via pu

1— AY — AX(T) — AX(7~-1> — 1

X/ Xr-1)

in Definition 2.1, (iv) (cf. the discussion entitled “Groups” in Introduction). O

Next, let us recall the theory of log configuration schemes (cf. [7], Section
2). Let us denote by X(li)g the r-th log configuration scheme of X, i.e.,
—log

log def
X(i)g = Spec K X Fplos M,

(where we refer to the discussion entitled “Curves” in Introduction concern-
. Wi . ——log . o
ing Mgo,i), where the (1-)morphism Spec K — M;g is the classifying mor-

phism of the curve X — Spec K, and the (1-)morphism Ml;f — ijg is the

(1-)morphism obtained by forgetting the sections; and by pl;;i_lw- : Xéf)g —

X éig_ 1) the morphism induced by the (1-)morphism Mji — ﬂl;f_l obtained
by forgetting the i-th section (cf. [7], Definitions 1 and 2). Then the following

holds:
Proposition 2.2.

(i) The interior (where we refer to the discussion entitled “Log schemes” in
Introduction concerning the term “interior”) of the log scheme X éi)g s nat-
urally isomorphic to the usual r-th configuration space Ux ,, of X.
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ii) The log scheme X 108 ¢ connected, reqular, and log regular.
(r)

(iii) The morphism pl)c(’;gri is proper, flat, geometrically connected, geometri-

1)
cally reduced, and log smooth.

Proof.  Assertion (i) (respectively, (ii); respectively, (iii)) follows from the
og

definition of Xé ) (respectively, [7], Proposition 2.1, (i), (iii), and (iv); respec-

tively, the definition of pl)?i together with [7], Proposition 2.1, (ii)). O

—1):%?
Now we have a natural commutative diagram

log

Ux(ry Xir) (r)
pUX(T—l):il J/pg?i-—l)”' lpx(T_l):i
log
Uxpoy — X(r—l) — X1,

where the right-hand horizontal arrows are the morphisms obtained as the

composites of the morphisms “X(l‘ig) — Xy’

obtained by forgetting the log
structures and the natural morphisms “X_y — X_y”. This diagram induces
a sequence

log (1
Ox,, — 71'1()(($)g)Q — Ilx,,,

where 1 (X (li)g 1Y is the geometrically pro-I log fundamental group of X E?;é Now
by [7], Lemma 4.2, (i) (i.e., Proposition 2.2, (i), (ii), together with the log purity
theorem), the first morphism Iy, — 71 (X éi;g)@ (in the above sequence) is
an isomorphism. In the following, we identify Tl with m (Xéi)g)@ by means
of this isomorphism.

Let I be a subset of {1,2,---,r} of cardinality I# > 2. We denote by
Dl)({’i) ; the log scheme defined in [7], Definition 3, i.e., the log scheme obtained

as follows: By applying the clutching (1-)morphism (cf. [10], Definition 3.8)

Bg,0,{1,2, r\ILI Mg r_r#i1 Xk Mo 11 — Mgy

(where I and {1,2,---,7}\ I are equipped with the natural ordering) to the
(r — I** + 1)-pointed stable curve of genus g

X(r71#+2) XK MO,I#Jrl — X(rfl#Jrl) XK MO,I#JA
px(r_l#_*_l)rfI#Jrz
obtained by base-changing X, _ y# 42) = X(,_r#41) and the (I* +
1)-pointed stable curve of genus 0

Xr—r#41) XK Mo r#12 — X(p_r#41) Xk Mo %41
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obtained by base-changing the universal curve M071#+2 — MOJ#H over
M()’ r#41, we obtain an r-pointed stable curve of genus g. Then it is im-
mediate that the classifying (1-)morphism X, _ 41y X MO,,#H — M, of
this r-pointed stable curve of genus g factors through X(,, and this morphism
Xp—1#41) XK HOJ#_H — X is a closed immersion. We shall denote by
1) X1 this closed immersion, by D X1 the scheme-theoretic image of ¢§ X1
by Dl)((’i) ; the log scheme obtained by equipping Dx,,,r with the log structure

induced by the log structure of X E(r’g, and by 5];(’(%) e Dl)?i) =X Ef)g the strict
closed immersion whose underlying morphism is dx, ;. Then the following

holds:

Proposition 2.3.

(i) The underlying scheme of the log scheme Dl)?i)l is isomorphic to X . _r# 1)

XKMO,I#Jrl .

ii) The log structure of the log scheme X8 is the log structure defined by the
(r)

dwisor with normal crossings Y ;4o Dx .1 € X(r).

Proof. Assertion (i) (respectively, (ii)) follows from the definition of Dl;;i) I
(respectively, [7], Proposition 3.1, (ii)).

Now if 1 <i < j < r are integers, then it follows from [7], Proposition 3.2,
(i), together with definitions, that pl;i):i o 61)‘;?”1){1,,],} = pl)?%m 4O 61)?‘(5”1){1.7],} is
a morphism of type N, i.e., the underlying morphism of schemes is an isomor-
phism, and the relative characteristic sheaf (where we refer to the discussion
entitled “Log schemes” in Introduction concerning the term “relative charac-
teristic sheaf”) is locally constant with stalk isomorphic to N (cf. [6], Definition
6). Let T — X Eigg be a geometric point whose image lies in the interior Ux,,

of X Ei)g Then we obtain the following commutative diagram:

log log

Px, . :i00% {i,5}

log — pry log () (r+1)1"J log

D o X T —— D - X
X+ {ig} Xsz X+ {7} (r)

log

l PX(MU“J} ‘
log — log log
Xpp Xxle @ = X B Xy -

pX(T):i
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This diagram induces a commutative diagram

. log (1) via prg W log )
! 1<DX(T+1){i’j} Eog @) I(DX( +1 it j})
0
| [vin %2 L oy
- NG - .
! AX g1y /Xy X (ry1)
v plgE osle
(M Xy 184 My 1
r
via plog . HX(T) b
X(pyii
where the horizontal sequences are exact (cf. [6], Proposition 4; Remark 15; [7],

Lemma 4.2, (iii)), and we have 771(D]X(g o {isg}

denotes a Tate twist); moreover, by the definition of D

X xlos x)() — Zi(1) (where “(1)”
o {ig} it follows that

the left-hand vertical arrow 7r1(D1X( o (g XXl x)(l) — Ag?( /X
) {4, o5 v .

tive, and this image is the inertia subgroup (well-defined, up to conjugation)

is tnjec-

associated to the cusp (of the geometric fiber of PUx,,, i 1 Ux(pyy — Ux,,, at
a geometric point of UX(T)) determined by the divisor DX(T+1>{Z7J} C X(rt1)-

In particular, the vertical arrow WI(DX(gT+1){'L,]})Q — Ilx,,, in the above
diagram is also injective.

Definition 2.2.  Let r > 2 be an integer, and I a subset of {1,2,--- ,r}
of cardinality I# > 2. Then we shall denote by D X1 the image of the
morphism 7y (Dl;;i)l)@ — Ix,,, induced by (5X( ,1» Where m (Dl)(;(grﬂ)(l) is the

geometrically pro-/ log fundamental group of Dl)?(gr) ;- We shall denote by D% XoI
the intersection of © X1 and A X(ry* Note that these subgroups are well-
defined, up to conjugation.

Moreover, if I# > 3, then by [7], Proposition 3.1, (v), the composite

log log

log XM log PX(r—1) L log
D e )
factors through 5 g VTR Dl)?;g 1t X;T 1)» Where I is the unique subset

of {1,2,--+,r— 1} such that for 1 < j <r—1, j € I if and only if
jel ifj<i
jHleTlifj>i.

On the other hand, by [7], Proposition 3.2, there exists a morphism

log log ——log
Dy or = X2 e 1y XK Mo re41
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which is of type N; moreover, these morphisms fit into a commutative diagram

——log

log log
Dy or —— Xl regn) Xx Mo 141
log log —los
Xy 10 X(rf([[i])#Jrl) XK MO,(IW)#Jrlv

where the left-hand vertical arrow is the morphism induced by the compos-
ite pl;(’iil):i o 51)25)1, and if i ¢ I (respectively, ¢ € I), then the right-hand
vertical arrow is the morphism obtained as the base-change of the morphism

pl)‘;ii[#w-, : X(lig_l#ﬂ) — Xzig—(l[i])#-i-l) = X;?ﬁl#) (respectively, MBOE#H —
Mgf%,[i])#ﬂ = ﬂgﬁ# obtained by forgetting the i'-th section), where i’ is the
integer such that {1,2,--- ;r}\ I = {i1,40, + ylp_ra}; 01 < ido < -+ < ip_g#;
1 = iy (respectively, I = {iy, i, -« ,ipz}; 11 < i < -+ < ir#; i = iy). Now
it follows from [6], Proposition 4; Remark 15; [7], Lemma 4.2, (iii), that the
above diagram induces a commutative diagram

1 Zi(1) m (D5 Y
lo l
1 Zl(l) ™ (DX(gT)I[i] )Q
—log 1
HX(T—I#-Fl) XGx m(MO,I#H)Q — 1

—log

E— XGk 7T1(/\/lo,(nil)aamrﬁQ — 1,

X(T»f(z[i])#ﬂ)

——1
where “m; (Mocj%f))@” is the geometrically pro-I log fundamental group of
——1
“/\/locj?,)”, and the horizontal sequences are exact; moreover, by considering

g .
It

hand vertical arrow is an isomorphism. Thus, if ¢ ¢ I (respectively, i € I),
then the kernel of the morphism Wl(D])?(gT)I)@ — Wl(D])?(g NG ) (in the above

log
il
X1ty
—

the restriction of Dl)‘;i) ;= Dl; ; to the generic point of Dl)?(gr) 7, the left-

via p

diagram) is isomorphic to the kernel of the morphism IT X,

ITx

r—I#41)
. -1 -1 .
(respectively, Wl(MO(f# _H)@ — wl(Moﬁf#)@ induced by the mor-

(r—1#)
-1 -
phism MO(??#_H — Mo(ﬁ# obtained by forgetting the #'-th section). Now the
—1 —1
fiber of the morphism MOCE# 11— Mooﬁ# (obtained by forgetting the #’-th

. . . -1 . Lo
section) at a geometric point of Spec K5P — ./\/looi# whose image lies in the
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—1
interior of Mooﬁ# is isomorphic to the log scheme obtained by equipping Pk-..,
with the log structure associated to the reduced divisor consisting of distinct
I# elements of Pl..,(K®°P); thus, if i € I, then the kernel of the morphism

1 1 1
m (D;()(gr)l)Q —m (D;iﬂ

the free profinite group of rank I# —1. More precisely, if we denote by Ap\ r# the

. )Q (induced by the composite pl)?i_l):i o 51)?;5”1) is
pro-l fundamental group of the log scheme obtained by equipping Pk-.., with
the log structure associated to the reduced divisor consisting of distinct I7#
elements of Pk, (K*%P), then the kernel of m (Dl;g(gr)l)ﬂ — T (Dl;g(gr)ni] )@ is
naturally isomorphic to Ap\ ;#; moreover, by base-changing the exact sequence

o —lo
1 —Zy(1) — 7Tl(DIX(gT)I)@ - HX(,.,,#H) XGk Wl(Moﬁ#)@ —1

via the natural inclusion

~ —lo,
A]p\[# - {1} X{l} Ap\]# — Hx(T_I#_H) XGK Wl(MO)i#Jrl)@,

we obtain an exact sequence
11— Zl(l) - qu(T)I - AIFD\I# — 1,

where

ef

def log ()
Bx1 = Wl(wa)z)f X L)) Ap\ 1# -

X(T_I#+1)><GK7"1(

Now by considering the kernel of the morphism 7 (Dl)g(gr) I)@ —m (D )L

. . 1 1 . .
(induced by the composite p;;(g 4 © 5;;% )I), we obtain a section

Arre — Pxr

of the above exact sequence. We shall refer to this section Ap\ + — B X of

the above exact sequence as the section of Bx ;1 — Ap\r# induced by pl)(;i_l):i.

Definition 2.3.  Let r > 2 be an integer, and I a subset of {1,2,--- ,r}
of cardinality I# > 2. Then we shall denote by J X(,,1 the kernel of the surjec-
tion

——log O
QX(T)I - HX(r—I#+1) XGx 7T-1('/\/10,I#Jr1)_

obtained in the above argument. (Note that this subgroup is well-defined, up
to conjugation.) By the above argument, J X(ri1){irj} 18 the inertia subgroup
(well-defined, up to conjugation) associated to the cusp (of the geometric fiber
of PUx, UX<T»+1> — UX(T,) at a geometric point of UX(7,)) determined by the
divisor DX(T+1){i,j} - X(’r+l)~
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Lemma 2.1.  In the above situation, the images via the section of Px 1

— Apy 1# induced by pl)‘;iil):i

defined, up to conjugation in Ap\y#) corresponding to inertia subgroups asso-

of the (I* — 1) inertia subgroups of Ap 1+ (well-

ciated to the cusps (of a geometric fiber M}fﬁ#ﬂ — Mg’ﬁ# obtained by for-

getting the i'-th section) determined by the first (I* — 1) marked points of
—log

‘108 . ~ . .
Mg 1441 — Mg # are conjugates of IX (i (irg} T Ax,,,, where j € I.
=log log . . . log
Proof. Let T — DX(T,UIM be a strict geometric point of DX(T,,I)IW

(i.e., a strict morphism whose underlying morphism is a geometric point [cf. [6],
Definition 1, (i)]) whose image of the underlying morphism of schemes is the

. . . . 1 _
generic point. First, we consider the log structure of D¢® '/ X o T8
" X 1li
(r—1)
. log log . . .
(where the morphism DX(T)I Xeo_yyIll 18 the morphism induced by

pl)‘;iil): ; © 61)35) ;) and Z'°8. It is immediate that the log structure of #'°¢ has

the chart:
N — k(T)
n — 0",
By the definitions, the underlying scheme of legi) 1 X plog . 71°8 is the pro-
RS
jective line PL over z, and the log structure of Dl)?f.) 1 X plos 7'°¢ has the
" X (o)1l
following chart:

Let 7 — PL be a geometric point of the underlying scheme Dx 1

D mf(’: [P’%) of Dl)?gv 1 X plog Z'°¢. Then the following
X! () X(r—l)lm
hold:
. — 1 . log
(1) If the image of § — Pi does not lie on the DX(T){i’j}’s (where
j € I), then the log structure of Dl)?f)l X plog T8 at §j — PL
! X(,,,il)l[i]

is induced by
N— k@)I[t]]
n— 0".

. . log —lo ~lo.
Moreover, the projection DX(T)I X plog T — T° has the

chart:
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(2) If the image of ¥ — PL lies in Dl)?(g (i} (where j € I), then the

log —log _ 1 - -
log structure of DX(T)I ><Dl;g " 7% at y — P is induced by
(r=1)

N®2 — k(@)[[t]]
(n,m) — 0™ -¢™.

Moreover, the projection Dl)?i) 1 X plos Y o8, 7108 Las the
X (oIl
chart: o
k(@) — k(@)[[1]
T T
N — N®2
n — (n,0).

(3) If the image of ¥ — PL lies in Dl)?i)J (where J is the subset of
{1,2,---,r} which is uniquely determined by the condition that
J € Iand JU = 111 then the log structure of Dl;{’i)] X

D'es .
X(ril)I[l]
71°¢ at y — PL is induced by
N®2 — k(g)|[¢]
(n,m) — 0™ -¢™.
Moreover, the projection Dl)?(gv) 1 X plos 7'°¢ — 71°¢ has the
" X (po1y 11l
chart:
k(T) — k@[]
7 7
N — N®2
n — (n,n)
Therefore, it follows that there exists a morphism Dl)?(g 1% plos Flog _, IP’%O &
T X(T_I)I[i]

which is of type N (where Plfog is the log scheme obtained by equipping PL
with the log structure associated to the divisor determined by the divisors

«plog log » ; «log log 5 ; :
Dxi,1 N DX iy [where j € I] and “Dy’ ;N Dy’ ;" [where J is as in

(3)]) which fits into a natural commutative diagram:

log ~log log
DB [ o T —— PR
X(T_I)I[l]

pra | _l

log
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(Note that by (3), this diagram is not cartesian.) This diagram induces a
commutative diagram

1 —— Zy(1) m(Dlgt(%mI X o zlog)() 1 (PL2%) (D) 1
X (o)1l
Jv via przl l
1 — 2(1) —— m(z'o8)® R T—

where the horizontal sequences are exact (cf. [6], Proposition 4; Remark 15; [7],
Lemma 4.2, (iii)). By (1), the left-hand vertical arrow is an isomorphism, i.e.,
the right-hand square is cartesian. Thus, since the kernel of the middle vertical

1 _ via pr _ . . .
arrow 7mip (D)?;gr)l XDlog . $10g>(l) — 2 T (xlog)(l) 1S naturally lsomorphlc to
X Il
(r—1)

the kernel of m; (Dl)?(gr)l)@ — (Dl}?(gr)“i] 1Y we conclude that the kernel of
T (Dl;(()gr)f)@ — T (Dl)?i)ﬂi] )Y is naturally isomorphic to m (P;i)g)(l); moreover,
it follows from the definitions that this isomorphism determines the section of
Px 1 — Apy# (= m (PL2)®)Y induced by pl)(gi_l):i. Thus, Lemma 2.1 follows

immediately from observations (2) and (3). O

Proposition 2.4 (cf. [7], Theorem 4.1).  Let r > 2 be an integer. Then
conjugates in Ax,, ., of the subgroups

A . A
CDX(T»+1){172} ’ 33X(1-+1){2»3} < AX(7'+1)

topologically generate Ax, .

Proof. Since the composite

A
QX(T+1){1,2} — AX(7~+1) AX(’V')

is surjective, it is enough to show that the subgroup topologically generated by
the subgroups in question includes the kernel of the morphism Ay , by A X

induced by PUx,,, 1 ie., A§2T+1)/X<T>' On the other hand, if 7'°¢ — X%‘T’Sg is a

strict geometric point whose image is the generic point of the divisor Dl)?;g {12}

of Xéi)g, then by [7], Proposition 2.2, the image of

. log =log (1) via pry
limmm (X5 X xlos T = Ax,

(where the projective limit is over all reduced covering points fl)?g — T8 of 708

e Ty s 1
[cf. [6], Definition 1, (ii)]) is A(erﬂ)/X(m
ponents of the underlying scheme of Xb‘fil) X xos Ty (= Xb‘fil) xDl)?f o %)

. Moreover, since the irreducible com-
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. lo, —lo, lo
are the underlying schemes of D ® X o Zy% and D28
ymng X(ri1){2,3} DIX‘;’M (12 A X(ri1y{1,2,3}
—l " . . . .
X plos o 2}:c;g (cf. [7], Proposition 3.1, (v)), by the evident logarithmic version
&)

of [22], Corollary 2.3.3 (cf. the proof of [22], Lemma 6.2.7), the group
. lo —lo
lil’l T (X(Til) XXE:‘;S T, g)(l)
is topologically generated by the images of the natural morphisms from

. lo _log\ (1)
lim 71 (D28 X lo NG
Lim 1( Xean (2,8} DRE ) )
and

. lo _log (1)
lim m (D8 X o 7.8\,
— 1( Xr+1){1,2,3} Dxi,)u,z} )

Thus, it is enough to show that the subgroup topologically generated by the
subgroups in question includes the image of the natural morphisms from

. log ~log (1)
@WI(DX(TH){Z?’} XD]}?i,)Ug} 33 ) (*1)
and
lim 71 (Dlog X o Elog)(l) (%2)
— X('r'+1){17273} DX(gT){l,Q} A ’
Now since it is immediate that the natural strict morphism Dl)‘;?H) (2.3}
—log log log .
XD;(gﬂ{l:Q}x — X(r+1) factors through DX(T+1){2)3}, it thus follows that the

image of the first group (*;) is included in a conjugate of D)A((7~+1>{2,3}' On the
other hand, it follows immediately from Lemma 2.1 (together with observation
(3) in the proof of Lemma 2.1) that the image of the second group (x3) is
included in the subgroup topologically generated by conjugates of the kernel of
the composite

via pljgfr) a

A
DX iy 23) Ax,y = Bx,

and Jx ., {1,2}- This completes the proof of Proposition 2.4 . O

Lemma 2.2. Letr > 2 and 1 < i < j < r be integers. Then the
subgroup Dx ., (i j} (respectively, ZD)A((T){M}) of Ux,,, (respectively, Ax,,) is the
normalizer (where we refer to the discussion entitled “Groups” in Introduction
concerning the term “normalizer”) of Ixy iy i x,, (respectively, AX(,,,)).



ABSOLUTE ANABELIAN CUSPIDALIZATIONS 693

Proof. Since IX({injy is normal in Dy 4 5y (respectively, Q)A((T){i,j}%
the normalizer of Jx, (; ;) includes Dx (i ;3 (respectively, QJA((,.){i,j})' More-
over, we have a commutative diagram:

1 IX (i} Oxtigy ——  Hx,.,) —— 1
(4)

! AX(M/X(T—U Ix, o ploE Ix, s — 1

VI8 PX 1y
(respectively,
N, A

1 IX (o {id} ’ QX(T){M} E— AX(rﬂ) — 1
(2)

1 AX(vo/X(r—l) Axe log Ax oy — 1)

r—1)

(cf. the second diagram in the discussion following Proposition 2.3, also Defi-
nition 2.3). Therefore, it is enough to show that the normalizer of jX(r){ivj} in

Ag?(r)/X(r_n is Jx,,{i,j3- On the other hand, this is well-known (cf. e.g., [19],
(2.3.1)). O

Remark 4. By a similar argument to the argument used in the proof of
Lemma 2.2 (by replacing [19], (2.3.1) by [13], Lemma 1.3.12), we conclude that:

Letr > 2 and 1 <1 < j <r be integers. Then the subgroup CDXW{Z-J-}
(respectively, Q)A((T){i’j}) of Ux,,, (respectively, Ax,) is the commen-
surator (where we refer to the discussion entitled “Groups” in Intro-
duction concerning the term “commensurator”) of jxm{z‘,j} in Ilx
(respectively, Ax,,)-

Definition 2.4. Let r>2and 1 <14 < j <r be integers.
(i) We shall denote by Ux,, i} the fiber product of
UX(7-71)
J/pUX(r—Z) j—1

Ux -

UX(r—l) ,
UX (gt

Moreover, we shall denote by p (i3 . and p ;3 . the projections
Uﬁl):z UX(TI):J
Ux iy = Uxooa SuchthatpUX(Tﬁ);j—wpU}{;,j} o =PUX (1P Lisd o
(r=1) (r=1)
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(ii) By the definition of U X(py{irj} the commutative diagram

pUX(Til):i

UX(r) UX(r—l)

pUX(T'fl):jl lpux(?'*Q) -1

—_—
Ux (o) > Ux(,_y)
PUX (i

induces a morphism Ux,, — UX(T){i,j}~ We shall denote this morphism by
Wi, {id}- By the definition of Wi, i} it is immediate that Wi, {id}
Ux,, — UX(T){i,j} is an open immersion, which is a “partial compactifi-
cation”, i.e., the natural open immersion Ux,, — X factors through
Lx,,, {ij}} Moteover,

UX(T‘)@ = X@\ U DXQ{’L’,]’} .
{3V # (0.5}

(iii) We shall denote by II Xy {i,j} the geometrically pro-l fundamental group of

Ux,{i.j}» and by AX(T){M} the kernel of the natural surjection
HX(T){i’j} - Gk .
Thus, we have an exact sequence

= AX(HM — lx, iy — Gg — 1.

Lemma 2.3. Letr>2and 1 <i < j <r be integers. Then the follow-
ing diagram induced by the cartesian diagram which appears in the definition
of UXm{i,j} 18 cartesian:

np
i pujﬂ’]il)”
P SAnk NN
HX(T){%J} 1_IX(Wl)

viap 5 . )
Ui(ﬁm”l lwa POX(pgy 971

S —
Ix, I x

via PUX(, 5

(r=2) "

viap figy
. . Xe-n” .
In particular, the kernel of the surjection x (i ;3 —» Hx_, is

naturally isomorphic to Ag?( /X
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Proof. This follows immediately from the fact that the sequence obtained
as the base-change of

P {id}
X(r—l):l pUX(7V_2);r,~71 PUX(T_a):r—z pUX(l):2
UX(T){M'} UX(T_1) — UX(T_2) — -+ —F X — Spec K

from K to K is a successive extension of hyperbolic curves of product type (cf.
Definition 1.4, (i)), together with Proposition 1.4, (i). O

In the following, assume that
the field K is a finite field.

Let us denote by px (respectively, qx) the characteristic (respectively, cardi-
nality) of K. We shall fix an algebraic closure K of K. We shall denote by
Gk the Galois group of K over K, and by Frg € Gk the Frobenius element
of Gi. Moreover, let L be a finite field whose characteristic (respectively, car-

dinality) we denote by pr (respectively, ¢r) such that [ is invertible in L (i.e.,
def

I # pr), L an algebraic closure of L, G; = Gal(L/L), Y a proper hyper-
bolic curve over L, and a,y : II X(r) = Hym an isomorphism. Then it follows
from the “Riemann hypothesis for abelian varieties over finite fields” (cf. e.g.,
[18], p. 206) and the fact that Z;(1) (where “(1)” denotes a Tate twist) is
7 are “g(_y”) that
the quotient Ilx ,, — Gk (respectively, Iy, -G 1) arising from the structure

“of weight 2” (since the eigenvalues of the action of “Fr(_)

morphism Ux,, — Spec K (respectively, Uy,,, — Spec L) may be characterized

as the (unique) mazimal (Z-)free abelian quotient of llx ., (respectively, Ily, ).
Therefore, the isomorphism «,) induces an isomorphism « ) : Gx — GL.

Remark 5. As was pointed out to the author by the referee, the above
group-theoretic reconstruction of G from Ilx (strictly speaking, the fact
that the image of the composite Ax,, — Ilx, — H%}Jm is torsion) can also
be deduced from geometric class field theory.

Definition 2.5 (cf. [16], Definition 1.5, (iii)). =~ We shall say that an iso-
morphism o) : Hx, = Ly, is Frobenius-preserving if the isomorphism
a() : Gk — G, obtained as above maps the Frobenius element of G to the
Frobenius element of G. Note that in general, an isomorphism of geometri-
cally pro-I fundamental groups is not Frobenius-preserving (cf. Remark 10, (ii)
below).

Proposition 2.5. Let TOK HX(,.) = HY(T') be an isomorphism. Then
the following hold:
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There exists an element o of the symmetric group on r letters such that for
any integer 1 < 1 < r, the isomorphism .y maps the kernel AW

Xy /X (r-1)
of the surjection Ux , — Ilx _, induced by pX( i bijectively onto the
kernel A(a ) , of the surjectwn My, — Iy, _,, induced by plog o)

Yy /Y-

Assume, moreover, that Qe - HX(T,) 5 HY(,.) is a Frobenius-preserving
isomorphism (cf. Definition 2.5). Then, for a section Gx — lx of
the natural morphism Ilx = — Gk, this section arises from a K-rational
point of Ux ., if and only if the section of the natural morphism Ily , —
G, corresponding to the section Gk — Ilx ., under the isomorphism o,
arises from an L-rational point of Uy,

Assume, moreover, that v > 2. Then, for any integers 1 < i < j < r, the
isomorphism o,y maps IX 0y {ir} (respectively, QX(,.){z',j}) bijectively onto
a conjugate of Iy {o(i).o(i)} (respectively, ’DY(T){U@),JU)}) by an element
of the kernel Ay, of the natural surjection Iy, — Gy, where o is the
element of the symmetric group on r letters defined in (i).

Under the assumption in the statement of (iil), for any integers 1 < i <
j <, let us denote by

TX(r—ny{ig} HXm/ X<r>/X(7 —1 HXW/ X( >/X<r 1)
(respectively,
T My, /Al =y, /AY )
Ye-p{éd}t - 2 Y(7>/Y(, 1 M 2Y 0y /Yo

the isomorphism obtained as the composite

HX(T)/ X( V/ X (1 — x, ) HXm/ X( )/X(T 1)
(respectively,
(1) ~ ~ (4)
HY(T) /AY(T)/Y(TA) - HY(?'*I) — HY(T’)/AY(T)/Y(T—U) ’

Then the following diagram commutes:

I TX(p_1y{id} II
X(r)/ X( 3/ X(r—1) X(r)/ X()/X(T 1)

via a(.,,)l lvia CM(T,)

Ale@)

(o (2))
-
HY(T)/ HYm/ Yy /Yoty

Y /Y- TY(p_1yLo(i).o (i)}

Here, the vertical arrows are the isomorphisms induced by oy (cf. (i)).
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Proof.  Assertion (i) follows from the fact that an isomorphism of Ily
with Iy, induces an isomorphism of Ax, with Ay, together with [17],
Corollary 6.7.

Next, we prove assertion (ii). If » = 1, then this follows from [16], Remark
10, (iii). (Note that this essentially follows from [24], Corollary 2.10; Proposi-
tion 3.8.) Thus, assume that » > 2. Then it is immediate that for a section
s: G — 11 X of the natural morphism II Xy — G, the section arises from

a K-rational point of Ux,, if and only if the composite of the section s and the
log

X(T_ 1) r
and the section G — Ilx XTix,, ) Gk (where the morphism

morphism Ilx  — IIx,_, induced by p arises from a K-rational point

of UX(T

Ux, — IIx_,, is the morphism induced by pl)(;i

“1y
4y and Gr — Ilx,_,, is
the composite) induced by the given section s arises from a K-rational point
of the hyperbolic curve obtained as the fiber. Therefore, assertion (ii) follows
from [16], Remark 10, (iii), together with induction on r.

Next, we prove assertion (iii). It is immediate that there exists an open
subgroup G C Gk and a section G/ — HX(r) X ¢ G i such that this section
arises from a K’-rational point of Ux,,,. Thus, it follows from assertion (ii),
the fact that jx(r){i,j} is an inertia subgroup of ILy XTx,, Gk (where the

log

X1y and Ggr —

morphism II Xy — x,_y 18 the morphism induced by p

x
(r=1)
associated to a cusp of the hyperbolic curve obtained as the fiber, together

is the composite of the section and the morphism induced by pl)?i_l):r)

with a similar argument to the argument used in the proof of [13], Lemma
- . : A (o)

1.3.9, that a( maps Jx ;) bijectively onto a conjugate (in AY<T>/Y(T_1))
of Iy {o(i),o()}- On the other hand, the assertion that o, maps QX(T){LJ‘}
bijectively onto a conjugate (in Ag,(j)/)m,l)) of Dy, {o(i).o(j)} follows from the
fact that o, maps Jx (i ;) bijectively onto a conjugate (in Agj:f:)/)}/( _1)) of
3y(r){g(,»)7g(j)}, together with Lemma 2.2. This completes the proof of assertion
(iii).

Finally, we prove assertion (iv). By the discussion preceding Definition 2.2,
we have commutative diagrams

1l — :iX(r){i’j} SX(T){i’j} HX("'* 1

l ! H

Hx,,

(1)

_—
1 AX(T)/X(TA) ) via D18
BPX( )
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and

I —— Oxpg — Oxpgy —— lxo) —— 1
(9)

1 AX(T)/X(T—l) HX(T) HX(T—l) - ]-7

via p'o8
X(po1y

where the horizontal sequences are exact. In particular, the natural inclusion
Dx (it = Hx,,, induces isomorphisms

~ Q)
QX(T){ZJ}/jX(T){ZJ} - HX(’I‘) /AX(T)/X(T_U

and
. ~ )
DX (it Ixmtiay — Wx) /AR x s

Thus, the isomorphism 7y } coincides with the composite

—{iJ
(4) ~ ~ ~ (4)
HX(T)/AX(T)/X(T_” N QX(,){z,]}/JX(T){z,]} - HX(T)/AX(T)/X(T_l) :
Therefore, to verify the commutativity of the diagram in the statement of
Proposition 2.5, (iv), it is enough to show that the isomorphism o,y maps
QX(,,.){i,j} (respectively, jX(,,.){i,j}) bijectively onto a conjugate of @y(r){o(i)ﬁ(j)}
(respectively, jY(T,){U(i),U(]‘)})~ On the other hand, this follows from (iii). O

Definition 2.6. Let ey HX(,,,) i Hym be an isomorphism.

() We shall denote by 04, the element of the symmetric group on r letters
defined in Proposition 2.5, (i).

(ii) We shall say that a(, is order-preserving if 0, (defined in (i)) is the
identity morphism. Note that by reordering the coordinates of Uy,,,, one
can always assume that o, is order-preserving.

Let oy = Ux,, = Ily,,, be a Frobenius-preserving and order-preserving
isomorphism. Now by means of the isomorphism TX (1) {irj} (respectively,
Ty(T_l){i’j}) defined in Proposition 2.5, (iv), we identify the quotients
HXU')/AEZ()(T)/X@-q) (vespectively, Ily,, /Agi()T»)/Yu-fl))’ where ¢ = 1,---,7,
of Ilx, (respectively, Hy(,,,)); moreover, we also identify Ilx,_,

. . . () .
(respectively, Ily,,_, ) with these quotients Ilx /AX(T)/X(r_l) (respectively,

Hy(,,,)/A%)T)/Y“_U). We denote by a(._1) the isomorphism of Ily
Iy,

(r—1

N with
, induced by a) (cf. Proposition 2.5, (i)). Note that this isomorphism
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a(r—1y is independent of i. Moreover, by a similar argument to this argu-
ment, for any positive integer ' < r, we obtain a quotient II Xy (respectively,
Hy(r,)) of Iy, (respectively, Hym) and an isomorphism .y : Iy, 5 Hy(r,).
Note that it follows immediately from the definition of the term “Frobenius-
preserving” that the isomorphism a . : Ilx = Iy, (where ' <) is also
Frobenius-preserving.

83. Isomorphisms That Preserve the Fundamental Groups
of Tripods

In this Section, we define the notion of a tripod-preserving isomorphism
(where we refer to the discussion entitled “Curves” in Introduction concerning
the term “tripod”).

In the following, let K (respectively, L) be a finite field whose cardinality

we denote by gx (respectively, qr), K (respectively, L) an algebraic closure of K

(respectively, L), X (respectively, V') a proper hyperbolic curve of genus gx > 2
(respectively, gy > 2) over K (respectively, L), and ! a prime number which is
invertible in K and L. Let us write Gx < Gal(K/K) and G, % Gal(T/L).
Moreover, let us denote by IIp, (respectively, IIp, ) the geometrically pro-
log fundamental group of the log scheme P28 (respectively, P'*®) obtained by
equipping P (respectively, P} ) with the log structure associated to the divisor
{0,1, 00}, and by Ap,. (respectively, Ap, ) the kernel of the natural surjection
IIp,, — Gk (respectively, IIp, — Gp).

Write E = {e;, ea,e3} o PL(K) \ Up(K) (where Up C P is the interior
of P28 ie., Up = Pk \ {0,1,00}), and J., C Ap, (where i = 1,2, 3) for an
inertia subgroup associated to e; € E (well-defined, up to conjugation in Ap, ).
Then it follows from the well-known structure of the pro-l fundamental group
of the projective line minus three points over an algebraically closed field of
characteristic # [ that the composites

jei - APK - (APK)ab
induce an isomorphism
jel ©® jeg L) (A]P’K)aba

where e; # e3. Moreover, there exists a generator (., € J, (i = 1,2,3) such
that the image of (., via the composite

j63 — A]P’K - (AH”K)ab — j61 D j62
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is (=Ceys —Cey) € Ty D TJe,, €., the image of the above composite is generated
by (CeysCey) € Tey ® Jep. Thus, if an automorphism ¢ of (Ap, )P maps the
image of J., in (Ap,)*® (i = 1,2,3) bijectively onto the image of Jo(e;) in
(Ap, )* (where o is an element of the group Aut(F) of automorphisms of E),
then there exists a unique element dg € Zj such that

¢(Cei) = d$ . Co’(ei) (Z =1,2, 3) .

Let ¢ : Hp, = Ilp, be a Frobenius-preserving automorphism (cf. Defi-
nition 2.5). Then the automorphism ¢ preserves the inertia subgroups up to
conjugation. (Indeed, this follows from a similar argument to the argument
used in the proof of [13], Lemma 1.3.9.) Therefore, by the above observation,
we obtain an element d € Zj, where ¢ is the automorphism of (Ap,. )*? induced
by ¢.

Next, let ¢ : IIp,, — IIp, be a Frobenius-preserving isomorphism. Then it
follows from the existence of such an isomorphism that ¢x = ¢z, (by considering
the action of the respective Frobenius elements on (Ap,. )" and (Ap, )2P). In
particular, the fields K and L are isomorphic. By means of some isomorphism
of fields K = L, we obtain an isomorphism Ilp,. — Ilp, .

In summary, we obtain a composite map

ISOH’lFmb (HIF’K s HIPL )/IHH(A]}»L ) ; Autpmb(HpK )/IHH(APK)

- Autlner((AIP’K)ab) — Zj

o — dg,

where Isompyon (Ip,., p, ) (respectively, Autgon (Ilp, )) is the set of Frobenius-
preserving isomorphisms (respectively, automorphisms) of Ilp, with IIp, (re-
spectively, of Ilp, ), Autmer((Ap, )*") is the set of automorphisms of (Ap, )"
which preserve the images of the three inertia subgroups in (Ap,. )*", and the
first arrow is the bijection induced by some isomorphism of fields K = L. Note
that this composite depends on the choice of an isomorphism of K with L; how-
ever, the image of this composite is independent of the choice of an isomorphism
of K with L.

Definition 3.1.  We shall refer to the image Im(degp) C Z; of this
composite

degp : Isompyon (Ilp,, p, ) /Inn(Ap, ) — Autgpon (Ip, ) /Inn(Ap,. )

- AUtIner((APK)ab) — I

(b = d$7
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as the set of tripod-degrees (over K). We shall refer to an element of the set of
tripod-degrees (over K) as a tripod-degree (over K).

Remark 6.
(i) The set of tripod-degrees (over K) only depends on K (~ L) and I.

(ii) Since the image of the composite

Isom (P28, PI°8) — Tsompyep (ITp,, ITp, ) /Inn(Ap, ) i Z;

(where Tsom (P28, P'%) is the set of isomorphisms of P28 with P8 [as log
schemes], the first arrow is the morphism induced by the functoriality of
the functor of taking the log fundamental group) is the subgroup (gx)
generated by gk € Z], the set of tripod-degrees (over K) includes (gx) C
VAR

(iii) By an unpublished result of Akio Tamagawa, in general, the set of tripod-
degrees (over K) is a proper subset of Z;.

(iv) The morphism degp : Isompon (Ilp, , IIp, ) /Inn(Ap, ) — Z] is “essentially”
injective, i.e., if we denote by

Isomg}(’i’w} (Ilp,. , Ip, )
the subset of Isompyon(Ilp,,IIp, ) consisting of isomorphisms which map
the decomposition subgroup ©. C Ilp,. associated to e € {0,1,00} (well-
defined, up to conjugation) to a Ap, -conjugate of the decomposition sub-
group . C IIp, associated to e (well-defined, up to conjugation), then the
composite

0,1, degp 4
Tsom V%) (11, , TTp, ) /Inn(Ap, ) — Isompyen (Ilp,., Ip, ) /Inn(Ap, ) =55 7

is injective. Indeed, by a similar argument to the argument used in the proof
of the uniqueness of “a” in [16], Theorem 3.1, to prove this injectivity, it
is enough to show the following assertion:

For any Frobenius-preserving automorphism « of IIp, which pre-
serves a fixed decomposition subgroup g C Ilp, associated to
0 € P} (K) and induces the identity morphism on Jy, there exists
a section of the natural surjection ®y — G which is preserved
by «.
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This assertion is verified as follows (cf. the theory of [14], Section 4):

pr
Let Sec(Dg — Gx) (respectively, Sec(Dg X, Do — Dg)) be the set of

pr
sections of the natural surjection ®y — Gk (respectively, Do X g, Do i~

®g). Then by considering the difference between an arbitrary element
of Sec(Do X Do i Do) and the element determined by the diagonal
morphism, we obtain a bijection of Sec(Dy X ¢, Do g Do) with H*(Dg, Jo)-
Moreover, it is easily verified that under this bijection, the subset Sec(Dg —
Gri) C Sec(®g Xax Do = D) (where the inclusion is obtained by taking
the pull-back) corresponds to Hj, def {\ € H'(D0,T0) | Ay, = idy, }
(where \|5, is the image of A in H'(Jg,Jo) =~ Hom(Jg, Jo)), i.e., we obtain
a natural bijection
Sec(Dg - Gi) ~ Hj, .

Thus, to prove the assertion, it is enough to show that there exists an ele-
ment of Hy, which is preserved by the automorphism of Hy, induced by a.
Now we fix an isomorphism Jg = Z;(1). Then if u is the canonical coordi-
nate of P} (i.e., Up = Spec K [u,u™!, (u—1)"1]), and x(u) € H'(Ilp,, Jo) is
the Kummer class of u (i.e., the image of u € H(Up, G,,,) in H'(Ilp,., Jo)
via the morphism obtained by considering the Kummer exact sequence,
together with the fixed isomorphism Jy = Z;(1)), then it is easily verified
that k(u) satisfies the following condition:

The image of k(u) in H'(Jg,Jo) ~ Hom(Jo,To) (respectively,
H'(31,730) ~ Hom(J1,Tp)) is the identity morphism of Jy, i.e.,
k(u) € Hy, (respectively, zero, and the element in (K*)®) [~
HY(K,Z,(1)) < H'(K,Jp)] obtained by considering the exact
sequence

0 — (KO — HYD1,70) — H'(31,70)
is 1€ (K*)®).

Moreover, (since it is easily verified that the natural morphism H*(Ilg,., Jo)
— HY(J9,70) ® H(D1,T0) is an isomorphism) r(u) € H'(Ilp,,Jo) is
uniquely determined by this condition; in particular, the automorphism of
H'(Ip,.,Jo) induced by « preserves x(u). Therefore, the assertion follows
from the fact that the section of ©y — G determined by the image of
k(u) in H'(Dg,Jo) is preserved by a.

Note that another proof of the fact that the composite

Tsom {02 (ITp,., TTp, ) /Tnn(Ap, ) — Isomgyon (T, p, ) /Inn(Ag, ) — Z;
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is injective can be found in the latter half of the proof of [20], Lemma
(2.2.4).

Next, let a : IIx = IIy be a Frobenius-preserving isomorphism. Then
it follows from the existence of the isomorphism « that ¢x = qr (by con-
sidering the actions of the respective Frobenius elements on H?(Ax,Z;) and
H?(Ay,7;)). In particular, the fields K and L are isomorphic. By means of
some isomorphism of fields K = L, we obtain an isomorphism 3 : P28 & P8,

Now by considering the composite of the morphism mx.. {12} @ Mx def

~ . ef
Homg, (H*(Ax,Z1),Z1)) — TJ’X(TH){LQ} (respectively, My, {12} My def

Homg, (H*(Ay,Z41),Z1)) = Ty, ., {1.2y) (cf. Definition 4.2, (i), (i) below)
and the isomorphism of Jx . (12} (respectively, TJY(TH){LQ}) with an iner-
tia subgroup of Ap, (respectively, Ap,) obtained in Lemma 2.1, we obtain
a natural isomorphism of Mx (respectively, My ) with an inertia subgroup of
Ap,. (respectively, Ap, ). Thus, by means of the isomorphism £ : ]P’II?g = ]P’lLog,
we obtain an isomorphism My = My (cf. Remark 7 below). Therefore, we
obtain a composite map

Isompyob(ILx, My ) /Inn(Ay) — Isom(Mx, My) — Aut(Mx) — Zj

where Isompyon(ILx,ITy) is the set of Frobenius-preserving isomorphisms of
I[Ix with IIy, the second arrow is the bijection induced by some isomorphism
of fields K = L. Note that this composite depends on the choice of an isomor-
phism of K with L; however, the image of this composite is independent of the
choice of an isomorphism of K with L.

Remark 7.

(i) Note that the isomorphism My — My (obtained as above) is independent
of a (by construction); moreover, this isomorphism is “geometric”, i.e., it
. . . log ~ mlog
arises from an isomorphism P> — P ®.
(ii) The morphism
Isom(Mx, My) — Aut(Mx)

(appearing in the above composite map) may be interpreted as a certain
“automorphization” of isomorphisms of Mx with My by means of the
“geometric” isomorphism of (i), that is independent of a.

Definition 3.2. Let a : IIx = IIy be a Frobenius-preserving isomor-
phism.
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(i) We shall denote by deg(a) € Z; the image of « via the composite
Isompyop (I x, Iy ) /Inn(Ay ) — Isom(Mx, My) — Aut(Mx) —— Z;] .
Note that deg(a) depends on the choice of an isomorphism of K with L.

(ii) We shall say that o : lx — Ily is tripod-preserving if deg(a) is a tripod-
degree over K (cf. Definition 3.1). Note that this condition is independent
of the choice of an isomorphism of K with L.

Next, let ) : Ux,, = Ily,,, be a Frobenius-preserving isomorphism.

Definition 3.3.  We shall say that «, is tripod-preserving if the iso-
morphism «a : Iy = Iy induced by a(ry (cf. the discussion following Defini-
tion 2.6) is tripod-preserving (cf. Definition 3.2, (ii)). Note that in fact, any
Frobenius-preserving isomorphisms are tripod-preserving (cf. Lemma 4.17).

Lemma 3.1.  Ifr > 3, then «, is tripod-preserving.

Proof. To prove Lemma 3.1, by replacing K by a finite extension field
of K, we may assume without loss of generality that UX<T_2)(K ) # 0. Let
Gk — Ilx_, be a section which arises from a K-rational point of Ux ,_,,.
By base-chaging this section via the composite

. log
1a
D 11 X I
X(T_l){l,Q} X(r—l) X(T_Q) )

we obtain a morphism
s5: G % ) 29 11
COR Xk, P X {1.2} Xro1){1,2} Xr_1) -

It is immediate that this morphism arises from a “strict log K-rational point”
of X(lig_l) (i.e., a K-rational point of X(,_q) equipped with the log structure
induced by the log structure of X é:gi 1)) for which the image of the underly-
ing morphism of schemes lies in the open subscheme of D X(r_1y{1,2} ON which
the stalk of the characteristic sheaf (where we refer to the discussion entitled
“Log schemes” in Introduction concerning the term “characteristic sheaf”) of

1 .. .
D;(gPl){l)Z} is isomorphic to N. Thus, the fiber product

(Gk XHX(,,.,Q) QX(TA){L?}) XHX(,,.,D HX(T)
(where the morphism Gk XTx,_, QX(T»A){M} — IIx,_,, is s, and Ilx , —

Ix,,_,, is the morphism induced by pl)?i;l) .1) is isomorphic to the geometrically
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pro-l log fundamental group of the log scheme obtained as the fiber of pl)?(g i

log
-1

at the “strict log K-rational point” of X(T ) corresponding to s, and the

morphism

pry
(Gk XM, ) Dx(_1y{1,2}) Xty Uxey — Gk XTx, _y DX(on{12)

coincides with the morphism induced by the structure morphism of the log
scheme (obtained as the fiber of p§%7.71):1 at the “strict log K-rational point”

of X ;(T"f 1)). Now it is immediate that the underlying scheme of the log scheme
obtained as such a fiber has exactly two irreducible components of genera 0
and gx; moreover, if we denote by H the closed subgroup of

(Gk XHX(T,72) z)X(r—l){LQ}) XHX(T;l) HX(T')

(well-defined, up to conjugation) obtained as the image of the morphism in-
duced on geometrically pro-I log fundamental groups by the strict closed im-
mersion from the irreducible component of genus 0, then the kernel H* of the
composite

pry
H = (Gx Xnx, , Dxp1,2y) ¥ux,_, Mx,, — Gr Xy, Dx_{1.2}

)

is naturally isomorphic to Ap, . On the other hand, it follows that the outer
representation
P A
Gr X1ix,,_, Dx_1){1.2) =5 Out(H?)

determined by the exact sequence
1—H® - H Gk XHX(T_z) @X(T_l){Lg} — 1

factors through Gg XMx, Dx(o1){1.2} i Gk, and the profinte group

Aout
H Pl GK

(where Gx — Out(H?) is the morphism induced by pg) is isomorphic to
the geometrically pro-I fundamental group Ip, of P} \ {0,1,00}. Therefore,
Lemma 3.1 follows from Proposition 2.5, (ii), (iii); [15], Corollary 2.8. O
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84. The Reconstruction of the Fundamental Group of the
Configuration Space

In this Section, we reconstruct the geometrically pro-I fundamental group
of the higher dimensional configuration space.

Let K be a finite field whose characteristic (respectively, cardinality) we
denote by px (respectively, qx ), and [ a prime number that is invertible in K.
We shall fix an algebraic closure K of K. We shall denote by Gx the Galois
group of K over K, and by Frx € G the Frobenius element of G g. Moreover,
in the following, let X be a proper hyperbolic curve of genus gx > 2 over K.

Definition 4.1. Let r be a natural number.

(i) We shall denote by
{AX(T) (’I’L)}

the central filtration of Ax defined in Definition 1.4, (ii), associated to
the successive extension of hyperbolic curves of product type obtained as
the base-change of

PUX(7.71):7~ PUX(,’.72):T—1 PUX(I)Q
UX(T) — UX(PU — .o —% X — Spec K

from K to K i.e., the central filtration with respect to the natural surjection

ab
AX(T‘) - AX@’

and by
(4)
{AX(M/X(r—l)(n)}
the central filtration of A()? /X defined in the discussion following
/X -1

Lemma 1.1 associated to the family of curves

via pux )

Ux,, Ok K Ux._, Ok K,

i.e., the central filtration with respect to the natural surjection

(1) Aab
s )
Xy /X(r=1) X

(ii) The sequence obtained as the base-change of

P {ig}y
Usg i PUx r—1 PU r—2  PUx, _:2
(r—1) (r=2) (r—3) (1)
UX(T){LJ'} UX(7~71) UX(T,2> — --o — X — Spec K
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(cf. Definition 2.4, (i)) from K to K is a successive extension of hyperbolic
curves of product type. We shall denote by

{AX(,.)M(W }

the central filtration of AXm{iJ} defined in Definition 1.4, (ii), associated
to this successive extension of hyperbolic curves of product type, i.e., the
central filtration with respect to the natural surjection

ab
AX(T){i,j} - AX@'

Proposition 4.1 (cf. [16], Proposition 3.1, (i)). Letr be a natural num-

The sequence of graded Lie algebras

via PUX ()

1 —s Gr(AY ) — Gr(Ax,,.,,)

X /X -1 Gr(Ax,,) —1

induced by the exact sequence obtained in Definition 2.1, (iv), is exzact. In
particular, the graded Lie algebra Gr(Ax,,,) is center-free.

There exist 2gx elements

@) . (4) (4) (4)
Qx5 aX gx’ﬁX 1 Pxgx © AX( a1/ Xy \AX(T»H)/X(T»)(Q)

and r elements
iy b €AY (2)\AY) (3)
X1 16X i—13 Xz+17 16X 41 Xra1y/X(r Xeri1y/ Xer

such that the graded Lie algebra Gr(Ag()( 0/ X(

of these elements, and, moreover, CX?k (where i # k) topologically generates

) is generated by the images

the inertia subgroup of A(i) /X (well-defined, up to conjugation) asso-

ciated to the cusp (of the geometmc fiber oprX( N :Ux(py — Uxq,, at a

r41)
geometric point of UX(T,)) determined by the divisor Dx ik © Xrt1)-
Moreover, the graded Lie algebra Gr(Ag()( /X
graded Lie algebra generated by these elements subject to the following re-

) is isomorphic to the

lation, where “(T)” is the image of “(—)”:

gx
Z[ vaﬁxg +ZCXk—0

j=1 k#i
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(iii) The graded Lie algebra Gr(Ax,,,) is isomorphic to the graded Lie algebra
generated by the images of

(1) (z) (i) . . (i) (i) ;
Qx5 50X g0 PX1 " PX gy GAX( +1)/X<T>—AX(r+1> (1§Z§T+1)’

together with

(4) . L)) (4) (%) .
)2,1""7 X?:,i—l’ )g,i+1""’ )§r+1€A)z(T+1)/X(T)—AX<T+1) (1<i<r+1)

in (i) subject to the following relations, where {(—)” is the image of “(—)”:

3@ a .
Sfa (X)J’ Bx gl + 2 kziCxr =0 (1 <i<r+1);

(z) =(k)
CX k — CX i

(R1)
(R2)
(Rs) (€% Too] =0 G {ik} N {i', k') = 0);
(R4)
(Rs)

Ry

[ @] = [C0 B = 0 (if i # i and k # i)
Rs [OéXj’aX]} [5)(],5)(]]* (if i #4');

@ =) Cx,;(if j =y andi# i)
(Re) [aX]7/3X]] {OX (if j #£ 7 and i £1)

Ry

Proof.  Assertion (i) follows from [12], Proposition 3.2, (i). Assertion (ii)
follows from [8], Proposition 1. Assertion (iii) follows from [21], (2.8.2). O

Lemma 4.1. Let 1 <i < j <r be integers.

(i) The following diagram induced by the cartesian diagram defining Ugy(; 4y
(¢f. Definition 2.4, (1)) is cartesian: -

via p {7 iy
X(r—1)
GT(AX(T>{i,j}) —_— GI‘(AX(7.71))
viap figy o i e
Ux(r_l)iﬂl l"la PUx(7,72) j—1

Gr(AX(,,.,l)) T} GT(AX(, 2))
YX(ro1)

via LUX(r) {i.5}
(ii) The kernel of the morphism Gr(Ax,,,)

ideal generated by <§§)Z (g?] (cf. the statement of Proposition 4.1, (iii)).

In particular, the set

Gr(AX(T){Lj}) is the

{C(])
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is a base (over Q) of the kernel of

via vy

X(r){i,j}
—

Gr(Ax,,,)(2/3) Gr(Ax,, 1i})(2/3).

Proof. Assertion (i) follows from Lemma 2.3, together with Proposi-
tion 1.4, (ii). Assertion (ii) follows from the fact that the kernel of morphism

Gr(Ag?(T)/X(PU) — GT(AS?(T?U/X(PQ)) induced by the left-hand vertical arrow

in the commutative diagram

viapuy

1 —— AY —— Ay, Ax, , — 1

X/ X(r-1) )
1 —— AW — A > A — 1
Xr—1)/X(r—2) X(m{dd} viap (i X(r-1)
X,

is the ideal generated by ZE?Z = Z()?J (This follows easily from an obser-
vation concerning the generators of the graded Lie algebras Ag?( X 1) and

. /x_s, given in [8], Proposition 1.) O
Let 1 <i < j <r+1 be integers. Next, let us fix choices of the inertia
subgroups
jX(r+1){i;j}‘ < HX("‘+1)
(among the various conjugates of jX(rH){iJ}) for 1 <i<j<r+1. (Note
that, by Lemma 2.2, these choices induce choices of the subgroups

DX(T+1){i7j} < HX(T+1) )

moreover, by considering the images of these subgroups via the surjection in-
duced by pl)(;iv):  [where 1 < k < r + 1], these choices induce r + 1 respective
choices of the subgroups
jX(T){i,j} = HX(r)
and
DX tigy € Mxg,y o)

Lemma 4.2 (cf. [7], Lemma 4.3). Let 1 < i < j <7141 be integers.
Let

(i—1,j—1}(fi#1) 1(if i # 1)

Iup=3{1,j—-1} (fi=landj#2) kpu,=12(fi=1andj#?2)

{1,2} (ifi=1and j = 2) 3(fi=1and j=2)
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o frariy o [ic1Gti#
BT Y a2 i = 1) BT (fi=1).

Then the commutative diagram

log 61;(gr+1>“»j} log l)zfr):i log
Xonligh " Xevy T X

VI PX ) l PX (i) l lplxoi-—n:l{z‘,j}
1 1 1
Xoolesy o X T Xy

Xy 1,4y X(r—1)m{i,5}

(¢f. the discussion following Definition 2.2) induces the following cartesian
diagram:

. log log
VI PX ) 190X () 1)

QX(7~+1){17j} HX(T)
. 1 . 1.
VIS PXC ) ki) l lwa PX(r-1)1.3)
QX(T)I{M‘} log Jog HX(r—l)

via (e}
PXrymii gy 20Xy Iy

Proof. By the definitions, the commutative diagram

log o log
log X(rt1) 107} xlos
Xr+1ytig} )

log log
l px(r)i’“{i,j}l lpxu—wl{z‘,j}

X(r):i

log log log
—_— X X
X Ttigy  glos (r plos (r—=1)
Xy 1,5} X(r=1)"™{i,5}
induces a commutative diagram
via pi28  oslos o
1 — .3 D o apx(T):,,O Xty 137 n -
X(py1) {65} X(r+1){td} X(r)
via plo8 via plo8
l *PX (g | Xy g |

! IX () 15} PXm a9)  los o g X(r=1) b
X(p_1)yimyi gy X105}

where the horizontal sequences are exact. Now since the restriction of the

. log log . log . .
morphism D . — D induced b to the generic point
p X1y {ind} XI5 Y PX (kg g & p

of D' is strict, we conclude that the left-hand vertical arrow is an
X(r+1){17]}

isomorphism. This completes the proof of Lemma 4.2. O
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Moreover, let us fix a section s}, : G — HX(r) of the morphism HX(r) —
Gk induced by the structure morphism of Ux ,, and a lifting so of sy to G —
@X(TH){LQ}, i.e., a morphism Gg — Z)X“,H){l,g} such that the composite of

. _log
. . V& PX (i1 . .

this morphism and Dx 11,2y — x ., — Ilx,,, coincides with sg.
Note that since G is free, such a section and lifting always exist. Then the
section sg of the natural morphism II Xergny) — G i determines natural actions

of Gk (by conjugation) on Ay, , and on Ax(, .1 {ij}» hence also on
. def | .
LlnX(r-H) (a/b) = Lln(AX(’V'+1) (a/b))(@l) )

. def 1.
LlnX(r-H)M(a/b) = LIU(AXU,H)M(G/b))(QZ);

. def . . def .
LleX(H_l) (a/b) :Lle(AX<r+1) (a/b)); LleX(,.+1){i,j} (a/b) :Lle(AX<T+1)M(a/b))§
GrQl (AX(T“))(a/b) ) GrQl (AX(7v+1){i,j})(a/b)
for a, b € Z such that 1 < a <b (cf. Definition 1.1, (i)).

Proposition 4.2 (cf. [16], Proposition 3.2, (i), (ii)). Letl <i < j <
r+ 1 be integers, and a, b € Z such that 1 < a <b.

(i) The eigenvalues of the action of Frx on Liex ., (a/a + 1) (respectively,
Liex ., {ij}(a/a+1)) are algebraic numbers all of whose complex absolute

values are equal to q?(m.

(ii) There is a unique G g -equivariant isomorphism of Lie algebras
LieX(T-H) (a/b> o GTQL (AX(T-H) )(a/b)
(respectively, Liex ., (i5)(a/b) — Gro,(Ax,,,,, (i) (a/b))
which induces the identity isomorphism
LieX(7'+1) (¢/c+1) - Grg, (AX(TH) )(c/c+1)
(respectively, Liex ., (iji(c/c+1) — Gro(Ax, qig)(c/c+1))

for all c € Z such that a < c <b—1.

Proof.  Assertion (i) follows immediately from the “Riemann hypothesis
for abelian varieties over finite fields” (cf. e.g., [18], p. 206). Assertion (ii)

follows formally from assertion (i) by considering the eigenspaces with respect
to the action of Frg. O
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Definition 4.2.

(i) We shall write
MX déf Hole (HQ(A)(, Zl), Zl)

(cf. the discussion preceding [16], Remark 1). Note that Mx is (non-
canonically) isomorphic to Z;(1) as a Gx-module, where “(1)” denotes a
Tate tunst.

(ii) Let 1 <i < j <r+1 be integers. Then there exists a natural isomorphism
Mx = IX(py{ingy (cf. [16], Proposition 1.5, (i), (iii), also the statement
of [16], Proposition 2.1). We shall denote this isomorphism by MX (40 i}

(iii) The cup product on the group cohomology of Ax

2
N\ H' (Ax, Mx) — H*(Ax, Mx ®z, Mx)

determines an isomorphism
Hom(A%R, Mx) — A%,

hence a natural G g-equivariant injection
2
MX — /\ Aaj(b
(cf. the discussion preceding [16], Definition 3.2). We shall denote this
G k-equivariant injection by i§".
(iv) The isomorphism
Hom(A%, Mx) == A%,

in (iii) determines a homomorphism

;\A%}) — Mx .
We shall denote by a Uy a’ the image of a A a’ via this homomorphism,
where a,a’ € A%P.
Proposition 4.3 (cf. [16], Proposition 3.2, (iii)).  Let us write
def

Vs = @(:]X(wl){i’j} ®z, Q1) @Liex(r+1> (1/2).

i<j
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(Note that by applying the natural isomorphisms MX () {in} :Mx ;jX@H){i,j}
and the identity morphism Liex , ., (1/2) S0 Zii(Ag‘}))k)@)ZlQl [where (A3P)
is the copy of A% indexed by k|, one obtains a natural isomorphism of VUX(HD
with the Q;-vector space obtained by tensoring the free Z;-module

r+1
P vx & PAR)
i<j k=1

with Q;.) Then the first isomorphism in Proposition 4.2, (ii), together with the
natural inclusions Tx ., {ijy < DXy, determine a G -equivariant mor-
phism
UX i1y - LieX(r+1) (1/00)

which exhibits, in a G-equivariant fashion, Liex,  , (1/00) as the quotient
of the completion with respect to the filtration topology of the free Lie algebra
Sie(VUX( +1)) generated by VUX( " equipped with a natural grading, hence also
a filtration, by taking the Ix , ., (i3 @z, Qi to be of weight 2, Liex, (1/2) to
be of weight 1, by the relations determined by the images of the morphisms

(Ry) Mx ®z, Q

D; mx oy 101 KT 2
— ( D Ixenin BN(AP)) @z Q
=l b
incl.®,]

= eV, )(2/3) (1<i<r+1);
~ L] o
(RS) (Ix(iny ik} @z Tx oy (ir.0}y) ®z, Q== Lie(Vuy | )(4/5)
({i, k} n{d' k't = 0);

. L] o
(R (Oxptin @ (AR)e) @2, Q1 Lie(Viry | 1(3/4)
(i #7, k#d);
( ’ ) (®;l Agé)) X7z, Q— ((A%})l Bz, (A}b)i’ S jX(,.H){i’,i}) 1z, Q
pand6 a®a = (@a®@d, =mx ., (aUx a’))

IR iV, )(2/3) (0 #1)

(cf. the relations in the statement of Proposition 4.1, (iii)), where “incl” is the
natural inclusion, and “(,]” is the Lie bracket.

Proof. This follows from Propositions 4.1, (iii); 4.2, (ii). O
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Definition 4.3 (cf. [16], Definition 3.3, (i)). Let 1 <i < j <r be inte-
gers, and a, b € Z such that 1 <a <b.

(i) Now we have natural G g-equivariant surjections:

LinX(r+1) (a/b) _»LinX(rJrn{l,?}(a/b) ) LieX(r+1) (a/b) - LieX(r+1){1,2}(a/b)
(cf. the discussion preceding Proposition 4.2). We shall denote by

Lin%,  (a/b); LieR, (a/b)

the respective kernels of these surjections.

(ii) Now we have a natural G g-equivariant morphism:

Ax 2y — Liny, (123 (1/00)
(cf. Definition 1.1, (ii)). We shall write

Lie def :
AXirny = BXeinil2h XLink ) 112 (1/00) Linx ., (1/c0).

(We regard Liny, ,, (1,2j(1/00) and Linx, , (1/0c) as being equipped
with the topology determined by the respective natural [-adic topologies
of Liny, , (1,2;(1/b) and Linx, (1/b) [where b is a positive integer];

moreover, we regard A%fifwrl) as being equipped with the topology de-

termined by the profinite topology of AX(HU{LQ} and the topologies of
Liny,,,, {1,2)(1/00) and Linx , , (1/00).) Moreover, we shall denote by

A . Lie
IntX(r+1) : AX(T+1) - AX(T+1)
the Gi-equivariant morphism induced by the morphism

AX(T»H) - AX(T-H){L?}

induced by Wi,y {12} (cf. Definition 2.4, (ii)) and the natural G-
equivariant morphism

AX(TJA) — LinX(Hl) (]./OO) .

(iii) Now we have a natural G g-equivariant injection

LinR¢r,, (b+1/00) == {1} x g1y Lin%" | (b+1/00)

: ~ Lie
AX(T+1){1,2} XLinx(TH){Lz}(l/OO) LlnX(r+1) (1/00) AX(T-H)
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whose image forms a closed normal subgroup of AI;QZH). We shall denote

by
Lie <b

X(r41)

Lie

the quotient of A Xt by this normal subgroup.

(iv) We shall write

i def i
HLle 1c! ALle % GK :

[plie<b def A Lic<b
X(r1) X(r41)

= X
Xr+1) Xer+1) Gr s

Lie ALic <b
] ) Xty T T Xy 7
the section sg (cf. the discussion preceding Proposition 4.2). Moreover, we

shall denote by

where the action of G on A and is the action induced by

Lie

I .
IntX(r+1) ! HX(TJrl) HX(T+1)

the morphism induced by Int% 1)

(v) Now we have a natural morphism:

Int% ) Li Lie <b
HX(T_H) [1kie . ie <

X(r+1) X(r41)
Intl)j( . .
(respectively, ©X<r+1){i’j} - HX(T+1> o HI)?(CTH) I;(l(efi ;
Intg . X
respectively, Ix ., (i) = xp —m Hliffrﬂ) - I)J(l(cff) ).

We shall denote the image of this composite by

: <b . e A Sh .
(respectively, /‘DX(,,.H){z',j} ; respectively, J5 );

X(rt1) (rr1) 18}

moreover, we shall write

<b  def 1 <b Lie<b .

Xty T X n AX(T+1) ’
A<b def  <b Lie <b
Xranylig} X+ {ig} Xrt1)

Proposition 4.4 (cf. [16], Proposition 3.2, (iv)).  For each element a €
Linx,,,, (1/00), there exists a unique element 3 € Linx,, ., (1/00) such that

Fr o Inn(a) = Inn(B) o Frg o Inn(8~1)

(where “Inn(—)” denotes the inner automorphism of Linx, , (1/00) defined
by conjugation by the element “(—)”). Moreover, when « lies in the subgroup
obtained by tensoring the image of jX(w~+1){172} via Intg(uﬂ) with Q;, O al;o lies
in the subgroup obtained by tensoring the image of Jx ., 1,2} via IntX(,,+1)
with Ql.
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Proof. The second assertion of Proposition 4.4 follows immediately from
the assumption on the section so : Gk — Ilx ., fixed in the discussion pre-
ceding Proposition 4.2 (note that the subgroup obtained by tensoring the image
of jX(w~+1){172} via Intg(rﬂ) with @ is stable under the action of Gg); thus,
we prove the first assertion of Proposition 4.4. For a positive integer b, we
shall denote by a; the image of a € Linx, , (1/00) via the natural surjec-
tion Linx,,,,,(1/00) — Linx,, (1/b). Then it is easily verified that to prove
the first assertion of Proposition 4.4, it is enough to show that for any b > 2,
there exists # € Linx,,, (1/b) such that o, ' Frg(B)-B e Linx,, (b—1/b).
To verify this, we apply induction on b. The case where b = 2 is immediate.
Thus, assume that b > 3 and that there exists 3 € Linx,, ., (1/b—1) such that
ay !y Frg(8)- B~ € Linx,, ,, (b—2/b—1). Then there exist 3 € Linx,, ,,, (1/b)
and v € Linx,, ,,, (b—2/b) such that a; = FrK(g) -4+ B3~1. On the other hand,
since it follows from Proposition 4.2, (i), that the morphism of Q;-vector spaces

Liny,,,,,(b—2/b—1) — Linx,,, (b—2/b—1)
5 - Fri(6) -6

is an isomorphism, there exists € Linx, ., (b —2/b— 1) such that y,_1 =
Fre(d) -6, where 4,1 is the image of v in Linx , ., (b —2/b—1). Therefore,
there exists 6 € Linx,,,, (b —2/b) such that

ay ' Frg(B-6)-(B-5)"" € Linx,, (b—1/b).
This completes the proof of the first assertion of Proposition 4.4. O

Remark 8 (cf. [16], Remark 35).  Observe that changing the choice of a

lifting
s0: Gk — Dx(,, {12}

of sj, affects the image of the element Frx € Gk via the composite of the in-
clusion Gg — HX(T+1) with the morphism Int)n((rﬂ) : HX(TH) — H%(i(erﬂ) by
conjugation by an element of the subgroup obtained by tensoring the image of
jx(rﬂ){l,g} via Intg(rﬂ) with Q; (cf. Proposition 4.4). In particular, it follows
that changing the choice of a lifting Gx — D x,,,,{1,2} of s; affects the Galois
invariant splitting of Proposition 4.2, (ii), by conjugation by an element of the
subgroup obtained by tensoring the image of Jx , ., (1,2} via Intg(r“) with Q.
Put another way, if we identify the “Linx,_, (1/00)”, “LinX(TH)@(l/oo)”
portion of A%é(erﬂ) (cf. Definition 4.3, (ii)) with the topological groups formed
by the Q;-valued points of the pro-algebraic groups corresponding to the (com-
pletion of the) corresponding graded objects “Gr(—)(1/00)” via the Galois in-
variant splitting of Proposition 4.2, (ii), then the following holds:
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Changing the choice of a lifting s : Gg — @X(TH){LQ} of sy affects
the images of the morphism

I . Lie
IntX<r+1) Mxpy — HX<T+1)

by conjugation by an element of the subgroup obtained by tensoring the
. ~ . I .
image of IX(rn{1,2} Via IntX(T+1> with Q.

Lemma 4.3. Int)A((TH) s an injection.

Proof. This follows from induction on r, Proposition 1.4, (ii), together
with the fact that the central filtration

{Ax/s(n)}

defined in the discussion following Lemma 1.1 satisfies that

() Axys(n) =1.

n>1

O

Lemma 4.4. Let r > 2 be an integer. Then conjugates (in A%TH))

A<D A<D Lie <b -
of the subgroups QX;H){LQ} and QX(:,H){ZB} of HXIZL) topologically generate

<b Lie <b

roup A .
the subgroup Xoan = x5

Proof. This follows immediately from Proposition 2.4 and Lemma 4.3.
O

Lemma 4.5. Let 1 <1 < j < r be integers, and a, b € Z such that
1 <a<b. Then the following hold:

. Lie<1 . . .
(i) AXI(eT:D is naturally isomorphic to Ax, ,, (1,2}-

Lie <b+1 s HLic <b

(ii) The kernel of the natural projection I1 18 isomorphic to

X(r41) X(rt1)
Linﬁffﬂ) b+1/b+2).
In particular, the kernel of the natural projection © Sh+l - =t
’ X(r+1)15:3} X(r+1)18:7}

is isomorphic to

1 (it b# 1or {i,j} # {1,2})
Tx i tigy (if b= 1 and {i,j} = {1,2}).

. . <b+1 <b .
The'refore, fo.r 2 < b, the natural projection QX(T+1){i7j} —» CDX(T+1){ivj} 18
an isomorphism.
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Proof. This follows immediately from Lemma 4.2; Definition 4.3. |

In the following, let us consider some assumptions on the section sg :
Gk — Ilx,,, fixed in the discussion preceding Proposition 4.2:

Definition 4.4. Let r > 2 be an integer. Then we shall say that the
section sg : G — I X(rg1) (fixed in the discussion preceding Proposition 4.2)
satisfies the condition (fp) (respectively, (fg) for a set S = {x1,---,2,} of
distinct K-rational points of X of cardinality » with an ordering) if the following
holds:

The image of the section sg : Gg — HX(,,,H) 1s included in
DX(T-H){LQ} N ®X<r+1){1’2’3} < HX<r+1)

(respectively, the section of the natural morphism Ux,, — Gk ob-

. log
via ;ox(r):1

tained as the composite of sg and HX(7~+1> — HX(T) [i.e., the
section s : G — x,,, n the discussion preceding Proposition 4.2]
arises from the K-rational point of Ux,, corresponding to (1, ,2p)

[thus, the image of the section so : G — Ux,,,, is included in the
decomposition subgroup of Ilx\ (a4 .. o3 = Hx(, X, Gk associ-
ated to the cusp x1 determined by the fized decomposition subgroups

QX(TH){LQ} < HX(T«#])})'

Note that since Gk is free, and Dx,.y1,2y N Dx, ) {1,2,3} I8 non-empty, a
section which satisfies the condition (fp) always exists.

By the discussion following Definition 2.2, we have an exact sequence

1 —Tx,(1,230 — Bx, {1,230 — Ape — 13

moreover, we also have a section of this sequence which is refered to the section

of Bx(, 41y {1,2.3) = Apy induced by pl)?iﬂ):i (i =1, 2, 3). Let us denote by

Ap, {i} the image of the section of Bx(, i1 (1,2.3) = Ap, induced by pl)‘;i+l):i.

Note that the subgroup Ap, {i} C Dx( 123} of Dx(, . {1,2,3) s normal by
log

the definition of the section of “BX@H){LZB} — Ap,, induced by DXy

Definition 4.5.  Since the subgroup

Ap,{i} CDx(,y0)(1.2,3)
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of Dx, (1,23} is normal, if the section so satisfies the condition (fp) (cf.
Definition 4.4), then the action of G on Z)X(TH){LQ,g} induced via conjugation
induces an action of Gx on Ap, {i}. Therefore, we obtain a subgroup

APK {Z} A GK g DX(7'+1){172’3} :

We shall write ITp, {i} o Ap, i} x Gk.

Lemma 4.6.  The group p, {i} is isomorphic to Ip,_.

Proof. This follows immediately from the fact that the subgroup
~ A A .. .
Ixinf1,28r & ®X<r+1){1,2,3} of ®X<r+1){1,2,3} is included in the center of
’D)A(( {123} together with the fact that any element of the subgroup

~ A
AX(Tfl) x {1} € AX(Tfl) X Ap, ~ QX(,,.+1){1,273}/jX(r+1){172)3}

of Z))A((TH){172,3}/3)((7'“){1,2,3} commutes with any element of the subgroup

~ mA ~ A
{1} x Ap € Ax(,_,, X Ap, = z)X(,.H){1,2,3}/~’X(,,.+1>~{1,273} of Z)X(7,+1){1,2,3}/
IX g1y {1,2,3}- O

Definition 4.6 (cf. [16], Definitions 3.2; 3.3, (i)).

(i) We shall denote by
{Ap{2}(n)}

the central filtration of Ap, {2} with respect to the surjection

AIP’K {2} — 1

(cf. Definition 1.1, (i)). Then it follows immediately from Lemma 2.1 that
Lin(Ap, {2}(2/3))(Q;) is naturally isomorphic to

(Ox oy {1.2) ®Tx( i) (23)) Oz, Qi

Now we shall write

ie def ..
A]IP{K{Z} = LIH(APK{Q}(I/OO))(QI) X(jx(T+1){2,3}®lez) jX(r+1){273} )

where the morphism Lin(Ap, {2}(1/00))(Qi) — Jx,,,, (2.3} @2z, Qi (respec-
tively, Ix .1, 12.3) = Ix( 1) (2.3} Oz Q) is the composite

Lin(Ap, {2}(1/00))(Q:) — Lin(Ap, {2}(2/3))(Q:)
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Ty

~ p
— Oxpn 2y ©Ix () (28)) ®2 QU = Tx(, ) (28) ®2, Q

(respectively, the natural inclusion). Then by the definition of A%Qgﬂ),
the natural morphism Lin(Ap, {2}(1/00))(Q:) — Linx,,,,(1/00) (induced
by Ap,.{2} — AX(TH)) and the the natural inclusion JX(T+1){2)3} —
Ax, ., {12} induce a natural morphism
Ape{2} — A%
Now let us assume that the section sy fixed in the discussion preceding
Proposition 4.2 satisfies the condition (tp) (cf. Definition 4.4). Then we
shall write
ie def ie
where the action of Gx on A°{2} is the action obtained via conjugation.
Now it follows that the above morphism Ape{2} — AYe

morphism

induces a
+1)

Lie Lie .
H]PK {2} HX(T+1) ’

moreover, the following diagram commutes

Hp, {2} — HX(T+1)

11
Intg, l llntx(wl)

I p—)

where the left-hand vertical arrow IntgK is the morphism obtained by a
similar way to the way to define Intg(HU.

Let S = {x1, - ,2,} C X(K) be a set of distinct K-rational points of
X of cardinality r with an ordering. Then we shall denote by Us C X
(respectively, Us C X) the open subscheme obtained as the complement of

S (respectively, S g \ {z1}) in X, and by

{Aug(n)} (respectively, {Ayg(n)})

the central filtration of the pro-l fundamental group Ay, (respectively,
Ayg) of Us (respectively, Us) with respect to the natural surjection

Ayg — A% (respectively, Ayg — AR).

Now we shall write

def

A = Lin(Ay, (1/00))(Q1) Xrin(avg (1/00))@) Aus -
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where the morphism implicit in the fiber product Ayg—Lin(Ay (1/00))(Qr)
is the morphism considered in Definition 1.1, (ii). Let us denote by D,
the decomposition subgroup associated to x; of the geometrically pro-I
fundamental group Iy, of Ug (well-defined, up to conjugate). Then D,
fits into an exact sequence

1—73,, — 9y, — G — 1,

where J,, is the inertia subgroup associated to z1 of Iy, (well-defined, up
to conjugate). Let us fix a section s§ : G — ®,, of this exact sequence.
Then we obtain actions of Gx on Ily,, and on the geometrically pro-I
fundamental group Ily, of Us (via conjugation), hence also on

Lin(Av, (a/0)) (@) Lin(Aug(a/b)(Q);
Lie(Au, (a/8)); Lie(Au,(a/b));

G, (Aug(a/b)); Gro,(Aug(a/b)); A
for a, b € Z such that 1 < a <b. Then we shall write

Lie def A Lie
HUS - Usg X GK .

Proposition 4.5 (cf. [16], Proposition 3.2, (iii)).

If the section so satisfies the condition (1p), then there exsits a unique
G i -equivariant isomorphism of Lie algebras

Lie(Ap, {2}(a/b)) — Gro, (Ap,{2})(a/b)
(where a < b are integers) which induces the identity morphism
Lie(Ap, {2}(c/c + 1)) — Grg, (Ap,{2})(c/c+ 1)

for all c € Z such that a < ¢ < b—1. Now let us write

def ,~
Ve {2} = (JX(T+1>{1,2} S jx(rﬂ){z,s}) ®z, Q.

(Note that, by applying the natural isomorphisms mx., . {ij} ¢ Mx =
IX ey {igy Lef- Definition 4.2, (i)], one obtains a natural isomorphism of
Ve, {2} with the Q;-vector space obtained by tensoring the free Z;-module

Mx & Mx
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with Q;.) Then the natural inclusions Tx ., (i.j3 = Ap {2} (where {i, j} =
{1,2}, {2,3}), together with the above Gk -equivariant isomorphism of Lie
algebras

Lie(Ap,{2}(a/b)) — Gro, (Ap,{2})(a/b)

determine a G g -equivariant morphism
Ve, {2} — Lie(Ap,{2}(1/00))

which exhibits, in a Gg-equivariant fashion, Lie(Ap, {2}(1/00)) as the
completion with respect to the filtration topology of the free Lie algebra
Lie(Vp,.{2}) generated by Vp, {2} equipped with a natural grading, hence
also a filtration, by taking the Ix ., (i.j3 @z, Qi to be of weight 2. Moreover,
the morphism of Lie algebras Lie(Ap, {2}(1/00)) — Liex, ., (1/00) corre-
sponding to the morphism Lin(Ap, {2}(1/00))(Q:) — Linx,, ., (1/00)(Q:)
discussed in Definition 4.6, (i), coincides with the morphism induced by the
natural inclusion

VPK {2} - VUX(T+1)

(¢f. Proposition 4.3).

Let S = {x1, - ,z,} C X(K) be a set of distinct K-rational points of
X of cardinality r equipped with an ordering. Then there exists a unique
G i -equivariant isomorphism of Lie algebras

Lie(Apg(a/b)) — Grg, (Aug)(a/b)
(respectively, Lie(Ayg(a/b)) — Grg, (Aug)(a/b))
(where a < b are integers) which induces the identity morphism
Lie(Ayg(c/c+1)) — Grg, (Apg)(c/c+1)
(respectively, Lie(Ayg(c/c+1)) — Grg,(Ayg)(c/c+1))
for all c € Z such that a < ¢ < b—1. Now let us write

Vy, & P (Mx @z, Q) @ Lie(Au;)(1/2)

1<i<r

(respectively, Vi o @ (Mx ®z, Qi) @Lie(AUs)(l/Q)) :

2<i<r
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[Note that, by applying the identity morphism Lie(Ay,)(1/2) = A% @7, Q;
(respectively, Lie(Auy)(1/2) = A% @z, Q;), one obtains a natural iso-
morphism of Vuyg (respectively, Vi) with the Qi-vector space obtained by
tensoring the free Z;-module

@ Mx@A%P (respectively, @ MX@A%))

1<i<r 2<i<lr
with Q;.] Then the above G g -equivariant isomorphism
Lie(Ay; (a/b)) — Grg, (Aug)(a/b)

(respectively, Lie(Ayg(a/b)) — Grg,(Aug)(a/b)),

together with the composite of the natural isomorphism Mx = J,,[Us]
(respectively, Mx = J,,[Us]) (¢f. Definition 4.2, (ii)) and the natural
inclusions Jy, [Us] — Ayg (respectively, J,,[Us| — Ayg) [where Ty, [Us]
(respectively, J.,[Us]) is the inertia subgroup of Ay (respectively, Ayy)
associated to x; € S (respectively, x; € S)|, determine a Gk -equivariant
morphism

Vs — Lie(Apy,(1/00))

(respectively, Vi, — Lie(Ay4(1/00)))

which exhibits, in a G k-equivariant fashion, Lie(Ayg(1/00)) (respectively,
Lie(Ayg(1/00))) as the quotient of the completion with respect to the fil-
tration topology of the free Lie algebra Lie(Vyy) (respectively, Lie(Vyy))
generated by Vy (respectively, Vis) equipped with a natural grading, hence
also a filtration, by taking the Mx ®z, Q; to be of weight 2, Lie(Ay4(1/2))
(respectively, Lie(Ayg(1/2))) to be of weight 1, by the relations determined
by the image of the morphism:

r 2
Pid BiSP a incl.®[, .
My @z, @ ST (@M @A AR @, @ " gie(vi,)(2/3)
i=1

T 2
. Diduy o3
(respectively, My ®z, Q % ¥ (P Mx P N\ AR) @z Q

=2

L e (v, (2/3)),

where “incl” is the natural inclusion, and “/,|” is the Lie bracket.
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Proof. This follows from [16], Propositions 3.3; 3.4. |

In the following, let L be a finite field whose characteristic (respectively,
cardinality) we denote by pr (respectively, ¢r) such that [ is invertible in L
(i.e., I # pr), L an algebraic closure of L, G, def Gal(L/L), and Y a proper
hyperbolic curve over L. Moreover, let o : IIx = Ily,,, be a Frobenius-
preserving (cf. Definition 2.5) and order-preserving (cf. Definition 2.6, (ii))
isomorphism, and ¢; : G — Hy(r) the section of the natural morphism Hy(r) —

G corresponding to sy under the isomorphism oy.

Lemma 4.7.  Let o) @ Ux,, = ly,,, be a Frobenius-preserving and
order-preserving isomorphism. Then, for any integer 1 < v’ < r + 1, there
erists a unique isomorphism

Lie . Lie ~ Lie
acn Hx ) — Uy,
_ e h o~ e
(respectively, a%:,e)*b : HI;{T’ j)b - H%{e;b for any b > 1)

which, for any integer 1 <1 < r', fits into commutative diagrams

Lie Lie
[y (03
Lie " Lie Lie ) Lie
X0, e S e,
l l via pUX(7~’_1):il lvla puy( 11
Lie <b Lie <b HLie Lie
Xy Lie <b Yy Xe—n gL Yir_1y?
(r") (r'=1)

H CM(T./> H
X(,,./) E— Y(T,/)
Int Int
X l l Yy
Lie Lie
X(’V‘/) Y(’V‘/)

Lie
)

Proof. By the discussion following Definition 2.6, o,y induces a Frobenius-
preserving isomorphism « : IIx — IIy. Thus, it follows from Proposition 4.3
that we obtain an isomorphism Liex , (1/00) = Liey, (1/00); therefore, by
the functoriality of “Lin”, we obtain an isomorphism

Lie . yyLie ~ Lie
OC(T/) . HX(T/) — HY(T/)

) Lie < Lie<t ~ pqLie<
(respectively, a(;?)—b I Xl(e;b — HYfJb)
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By constructions, it follows that the diagrams

Lie ) Lie Lie ol Lie
Xon — 0 ¥, Xon T

l l RPNy Ll lVia Py
%(ic /gb ' %/ic/gb Lie . Lie

(") O‘(Lﬁ)gb (") (r'—1) a(L,‘?,l) (r'=1)

commute.

Assume that 7/ < 7. Then the isomorphism aq.) @ Ilx, = Iy,
(obtained in the discussion following Definition 2.6) induces an isomorphism
HI)‘Q(CT,) = H%,ij/) which fits into the commutative diagram

oy
Ux.,, —— Iy,
i
IntX(T/) J{ llnty( "
Lie HLie
X(,,,/) Y(,r,/)

via oty

by the definitions of HI)‘(i(‘i/) and HLii/). Thus, to prove Lemma 4.7, it is enough
to show that this isomorphism of HI)‘(i(eT,) with Hlf/if,) coincides with the iso-
morphism a%ri?). On the other hand, this follows from Proposition 4.2, (ii),
by considering the eigenspaces with respect to the action of the Frobenius ele-
ment. O

By Lemma 4.7, we obtain an isomorphism
Lie . 1rLie ~ Lie
Ar41) - HX(T'+1) Yirt1)
Lie
(r+1)’
section sg which is fixed in the discussion preceding Proposition 4.2, we may
assume that

Note that by the construction of « together with the assumption on the

a%rifrl) maps the image of jX(w~+1){172} via Int)n((rﬂ) bijectively onto the

. ~ . I
image of IVipiny{1,2} Via Inty(r+1).

Lemma 4.8. Let r > 2 be an integer. Then if the section sq satisfies
the condition (1p), the following conditions are equivalent:

(i) ay is tripod-preserving.

(ii) The isomorphism 0‘?;3-1) maps the image of Ilp, {2} via Intg((wﬂ) bijectively

onto the image of IIp, {2} via Intg(,.ﬂ)'



726 YUICcHIRO HOSHI

L
I (1)
Inty ., ) of the decomposition subgroup g]gf(r+1>{2,3} of Ip, {2} such that

In particular, if oy is tripod-preserving, then o maps the image (via

@Ig}(,,.+1>{2,3} N AX(r+1) coincides with jx(rﬂ){zg} bijectively onto a Ily, -
conjugate of the image (via Intg(rﬂ)) of the decomposition subgroup ZDI}P}( {23}

of g, {2} such that /DI)F;(TH){ZS} N Ay,,,, coincides with Ty, 123}

Proof. Tt follows immediately from the definition of the term “tripod-
preserving” that condition (ii) implies condition (i) (cf. Lemma 4.6). We prove
the assertion that condition (i) implies condition (ii). Since o, is tripod-
preserving, there exists an isomorphism ap : Ip, {2} = IIp, {2} such that
the composite M;‘?Q = M$2 of the natural isomorphism M;‘?Q = A%’E( (cf.
Definition 4.2, (ii)), the isomorphism A]‘f;l;( = Aﬁ}}z induced by ap, and the
natural isomorphism Ag> = MP? coincides with the isomorphism obtained
by the isomorphism Mx — My obtained by «(,); moreover, it follows from
the definitions of IIF'*{2} and II3°{2} that ap induces an isomorphism ap'® :
I5e{2} = IIp*{2} which fits into a commutative diagram

IIp, {2} —— p, {2}

l !

Ipie{2} —— Ie{2}.

akie

On the other hand, by Proposition 4.5, (i), the isomorphism Mx = My in-
duced by o,y induces an isomorphism IIF*{2} = IIgi{2} which fits into a
commutative diagram

via ()

Lie Lie
I, {2} Ig;7{2}
Lie Lie
—_—
X1 JLie Yirtr)?

(r+1)

where the vertical arrows are the morphism obtained in Definition 4.6, (i).
Thus, to prove Lemma 4.8, it is enough to show that this isomorphism of
Ipe{2} with IIp°{2} (induced by a(,)) coincides with the isomorphism o™
On the other hand, this follows from the fact that Lie(Ap, {2}(1/00)) (respec-
tively, Lie(Ap, {2}(1/00))) is generated by the image of Vp, {2} (respectively,
Ve, {2}), by considering the eigenspaces with respect to the action of the re-
spective Frobenius elements (cf. Proposition 4.5, (i)). O
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Lemma 4.9. Let S ={x1, -+ ,x.} be a set of distinct K -rational points
of X of cardinality v with an ordering, ss : Gk — llx,, the section of the natu-
ral morphism I x , — Gk corresponding to the K -rational point (1, ,x,) €
Ux,, (K), and (y1,- -+ ,yr) € Uy, (L) an L-rational point of Uy, to which the

) ar)

section tr, obtained as the composite G, = G 22 Hx,, 5 Uy, of the
natural morphism Iy, — G corresponds (cf. Proposition 2.5, (ii)). Let us
write T % {yl7 oyt Let agy : My, = Iy, be an isomorphism of the
geometrically pro-l fundamental group Iy, of Us = def x \ S with the geometri-

Ly \ T such that the zsomorphzsm
Ix = Iy induced by ag,r coincides with the isomorphism oy : Ilx 5 Iy

cally pro-l fundamental group Iy, of Vp =

induced by o . Let us assume that the section s; (respectively, ty) of the nat-
ural morphism Ilx ., — G (respectively, ly,, — Gr) (fized in the discussion
preceding Proposition 4.2) coincides with sg (respectively, tr). [In particular,
the section Gk — Ix ., (respectively, G, — HY(T+1)) fized in the discussion
preceding Proposition 4.2 satisfies the condition (g) (respectively, (t)).] Then
there exist morphisms My, — TI5° and Iy, — HLle which fit into a

' ' X(rg) +1)
commutative diagram

as, T
Iy, —— Iy,
Lie Lie
B —
Xr+1) Lie Yirt)

(r+1)

and satisfy the following condition: The quotient of Iy, (respectively, Ily,.)
determined by the composite

Lie
Iy HX<T+1) - HX(MU@

(respectively, Ily, — H{}if“) — HY(TH){LQ})

coincides with the natural quotient My, — Ilyg (respectively, Iy, — Ily,),

where S def {za, -+ ,x,} (respectively, T def {y2, "+ ,yr}); moreover, this com-
posz’te determines an isomorphism 11y = Hx,, n{l2) XTix Gk (respectively,

My, — Hy(7+1){1 2} XTIy, G1L), where the morphism Iy, n{n2 Hx,,,
(respectively, HY(’+1){1 2y — ly, )) is the morphism induced by UX( {2}
P {1,2} P {12}

Xy Y

—  Ux,,, (respectively, Uviin{t2y — Uy, ), and the morphism G —
Ix,,, (respectively, Gr—lly,,) is ss (respectively, tr). In particular, if we de-
note by @X( {23} (respectively, D Y( iz, 3}) the decomposition subgroup of
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Iy, (respectively, Iy,.) associated to xo (respectively, y2) such that @i( {23}

NAx,, (respectively, ©1T/<7-+1){2,3} N Ay,,,) coincides wtih IX (i1 {23}
(respectively, jy(r+1){273}), then the isomorphism a%rlil) maps the image of

S . I .. . . .
@X(”.+1){273} via IntX(Hl) bijectively onto a Ily, ., -conjugate of the image of

T . i
’Dy(r“){zﬁ} via IntX(rH) .

Proof. By the assumption on ag 7, agr induces an isomorphism ag r :

My, = IIy,.. On the other hand, by the definitions of HX(TH){LQ} and

S
HY(MU{LQ}, the isomorphism a(y @ IIx,, = Iy, induces an isomorphism
Hx, 1 {1.2} XTix,,, Gk — Wy, (1.2} XTly,,, G, where these fiber products
are as in the statement of Lemma 4.9; moreover, it follows from the assump-
tion on sg (respectively, tr) that the profinite group My, 02y XIix,,, Gk
(respectively, HY(TH){LQ} Xy, G1) is isomorphic to the geometrically pro-I
fundamental group of Ug (respectively, Vr). Let us fix isomorphisms Il =
HX(TH){LQ} XTix,,, Gk and Iy, = Hy(rﬂ){l’z} Xy, Gr. Then it follows
from Proposition 4.6 below that by composition with a cuspidally inner auto-
morphism of My, .1 2 XLy, Gy, (relative to My, 1 (1.2 XLy, G — Ily)
if necessary, we may assume that the following diagram commutes:

as.T

11 Us — HVZ

! |

I g12y Xix G via a(y) Wy 1.2y X1y, Gr.

In particular, it follows from Proposition 4.5, (ii), together with the assump-
tion that the isomorphism of IIx = IIy induced by agr coincides with the
isomorphism 1), that we obtain a commutative diagram

via a(q)

Lie Lie
s s
Lie Lie

- .
X+ Lic Yir+1)

On the other hand, by the definitions of I/ and II{°, ag 7 induces an isomor-
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phism og'§, : TI'¢ = I which fits into the following commutative diagram:

as,T
HUS —_— HVT

| !

Li Li
e —— 1.
s, T
Therefore, to prove Lemma 4.9, it is enough to show that the isomorphism
Hlfjse = II{j¢ induced by ey coincides with the isomorphism agi§, : II5le =
H{;;f’ On the other hand, this follows from a similar argument to the argument
used in the proof of Lemma 4.8, together with Proposition 4.5, (ii). |

Proposition 4.6. Let S be a locally noetherian normal scheme which
is geometrically connected over the finite filed K, f : X — S a family of
hyperbolic curves such that fQx K : X @ K — S®k K is of pro-l-exact type
(¢f. Definition 1.2), s : S — X a section of f, U C X the open subscheme
of X obtained as the complement of the (scheme-theoretic) image of s, and
fY U — 8 the restriction of f to U. Let

O[ZHULHU

be an automorphism of the geometrically pro-l fundamental group Iy of U
which fits into a commutative diagram

HUL} HU

! !

IIx IIx,

where Il x is the geometrically pro-l fundamental group of X, and the vertical
arrows are the surjections induced by the natural open immersion U — X.
Then « is a cuspidally inner automorphism, i.e., there exists an element v of
the kernel of the natural surjection Iy — M x such that o = Inn(vy).

Proof. 1If S is isomorphic to the spectrum of a finite extension field of
K, then Proposition 4.6 follows from a similar argument to the argument
used in the proof of the uniqueness of “a..” in [16], Theorem 3.1. Therefore,
Proposition 4.6 follows from Lemma 4.10 below, together with the slimness
of the kernel of the surjection induced by fU on geometrically pro-I funda-
mental groups. (Note that it follows from Proposition 1.2, together with the
assumption that f ®x K : X ®x K — S ®x K is of pro-l-exact type, that
fUox K :U®g K — S®k K is also of pro-l-exact type.) O
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Lemma 4.10. Let
1l —A—II—G—1

be an exact sequence of profinite groups, and ¢ an automorphism of I1 which
induces the identity morphisms of A and G. Assume that A is slim (where we
refer to the discussion entitled “Groups” in Introduction concerning the term
“slim”). Then ¢ is the identity morphism.

Proof. By the slimness of A, we have a natural isomorphism
n-= Aut(A) X Out(A) G,

where the morphism implicit in the fiber product G — Out(A) is the mor-
phism induced by the natural morphism II — Aut(A), together with the exact
sequence in the statement of Lemma 4.10. Now it is easily verified that if ¢ is
an automorphism of IT which preserves the subgroup A C II, then the automor-
phism of Aut(A) Xoue(a) G corresponding to ¢ (under the above isomorphism)
is given by

Aut(A) xouya) G—  Aut(A) xouya) G
(f,9) — (¢ laofod™ |a,d(9),

where ¢ is the automorphism of G induced by ¢. Thus, the assertion is imme-
diate. 0

In the following, we assume that
r>2.

Lemma 4.11.  The image of the diagonal morphism
x, — lx, XMx(, x, < X2

(ch. Lemma (2)?) is a conjugate of 33;{(1“){1)2} in Iy, (12 =~ Hl;(iiil) (cf.
emma 4.5, (i)).

Proof. This follows from the definitions of D}% {12} and Hx, 01,23
|
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Lemma 4.12.

(i) The diagrams

<2
X1y {1,2}

l

- D

<2 @Sl
Xm{1,2}
induced by the diagram
Lie <2
X(r41)

Lie <2

X(T)

are cartesian.

<1
X1y {1,2}

|

Xm{1,2}

<2 <1
X(r41) X(r41)

l |

<2 <1
X X

Lie <1
X(r41)

Jvia pl;(”(i):g
Lie <1
Tpkies
X(T')

(ii) The subgroup of Hg‘gfif obtained as the intersection of the inverse image

)

of ©§§r+1){172} (respectively, )%TH)) via the natural projection

Lie <2
X(r41)

Lie<1
X(rt1)

and the inverse image of ’D;? {12} (respectively, H)S(i)) via

Lie <2
Xt

L . <2
coincides with O~

. log
via px( s

Lie <2
H =
X(r)

: <2
X(rin){1,2} (respectively, T3 ).

X(r41)

Proof.  Assertion (i) follows immediately from Lemma 4.5, (ii). Assertion
(ii) follows from assertion (i), Lemma 4.13 below, together with the fact that

the diagram
Lie <2
Xt

via Plféf’”;sl

Lie <2
X(r)

is cartesian (cf. Lemma 4.1, (ii)).

Lemma 4.13. Let
G1

‘|

Gy ——

Lie <1
X(r41)

lvm pl’?i» 8

Lie<1
X(r)

EEELEYR

G4
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be a commutative diagram of groups, and Hy C Gy a subgroup of G1. Write
Hy (respectively, Hs) for the image of Hy via fa (respectively, f3). Then if the
morphism

Hy — Hj xg, Hs

induced by fo and fs is an isomorphism, and the intersection

Ker fo N Ker f3

is trivial (e.g., the above diagram is cartesian), then the natural inclusion mor-
phism
Hy — ' (H2) N f3 (Hs)

is an isomorphism.
Proof. Observe that the morphisms f; and f3 induce a morphism
3 (Ha) 0 57 (Hy) — Ha xq, H .
Since the composite
Hy — fy'(Hy) N f5 ' (Hs) — Ha x@, Hs

of the natural inclusion H; < f; *(Hs) N f;'(H3) and this morphism is an
isomorphism by our assumption, we conclude that this morphism is surjective.
Moreover, since Ker fo N Ker f3 is trivial, this morphism is an isomorphism.

Then the assertion is immediate. O
Lemma 4.14.  The composite
: log
via py/
<2 <2 _»< ) s2

% H
Xr+1{2,3} X(rt+1)

coincides with the composite

. log P
via py® i3
()
=2 —» IIx |
X(r+1)12,3} (r) X(ry
In particular, the morphism
<2 ~ <1 <1 <2~ <2
> — D3 — IIg X I3 «— IIy
Xr+1){2,3} /Dx(wn{?ﬁ} X(r+1) H%T) X X(r+1)

. ) _ . . <
(¢f. Lemmas 4.5, (ii); 4.12, (1)) determined by the natural inclusion ©X<7+1){273}
<1 via P, <2

X1y and the composite @}(T+1){2)3} —» Ox,,, — H}(T) coincides

. . , <2 <2
T e — I3 .
with the natural inclusion @X(”.+1){273} Xirsn)

o 1St
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Proof. This follows immediately from Lemma 4.5, (ii). O

Lemma 4.15 (cf. [16], Proposition 3.4, (ii)). Letl<i<j<r+1 and

b > 2 be integers. Then any two liftings of the natural inclusion 33;5’ ofigt

<b o, ylie<b+1 Lie<b+1
Xy {65} X(r+1) X(r+1)

by a unique element of the kernel of the surjection

HLle <b

X to inclusions ®
(r+1)

differ by conjugation in I1
Lie<b+1 Lie<b

IIy= — II5 7= .
X(ri1) X(ri1)

Proof. By Lemma 4.5, (ii), it is enough to show that

i <b :_iner —
H (QX(TH){M}’ Link" (b+1/b+2)) =0
for i = 0, 1. Since the action of D)A(iin{i,j} on Lini)?f; (b+1/b+2) is trivial, it

thus suffices to observe (by considering the Hochschild-Serre spectral sequence
<b

] X4y {id}
Link" (b + 1/b + 2) is “of weight b+ 1 > 3", while the action of Frx on
(D?((Sil){ij})ab is “of weight < 2”7 (cf. Proposition 4.2, (i)). This completes
the proof of the assertion. a

associated to the surjection 2 — () that the action of Frx on

Lemma 4.16. Let
gy s xg, — Iy,

be a Frobenius-preserving and order-preserving isomorphism which is either
tripod-preserving or the following condition (x) holds:

(*): There exist

(i) asetS={xy, - ,x,} (respectively, T e {y1,- - ,yr}) of distinct
K -rational (respectively, L-rational) points of X (respectively, )
of cardinality r with an ordering such that if a section sg : Gg —
HX(T) of the natural morphism HX(r) — Gk corresponds to the
K-rational point (x1,---,x,) € Ux, (K), then the section tr :
G — Hym of the natural morphism Hym — G correspond-
ing to ss (under the isomorphism o) coincides with the sec-
tion arising from the L-rational point (y1,- -+ ,y,) € Uy, (L) (cf.
Proposition 2.5, (ii)), and

(ii) an isomorphism asr : Wy, — Ily, of the geometrically pro-l
fundamental group Iy, of Ug &f X\S with the geometrically pro-l
fundamental group 1y, of V def Y\T such that the isomorphism
Iy = Iy induced by as T coincides with the isomorphism Q)
Iy 5 Iy induced by Q(r)-
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Then there exists a unique isomorphism
Q(r41) - HX(T+1> HY<T+1)

well-defined up to composition with a Ker (Ily,,,, — HY(TH){LQ})-inneT

automorphism such that, fori=1,--- ,r+1, the following diagram commutes:

X (r+1)
15 s Iy,
via PUX ) 1J J,Via PUY,,
x, Iy, -

(r)

Proof. If .y is tripod-preserving (respectively, satisfies the condition
(%)), then we assume that the section s satisfies the condition (fp) (respectively,
(f5)). Then since a,) is Frobenius-preserving, it follows immediately from the
naturality of our construction that a(,) induces, for each positive integer b,

isomorphisms
Lie<b , pyLie<b _~ yjLie<b .  Lie<b . yjlie<h ~ pjLie<b
(r+1) * Xt Yoin 2 T(r) T X Y

that fit into the following commutative diagrams:

Lie Lie<b+1 Lie<bd
X(r+1) X(r+1) X(rt1)
Li Lie<b+1 Lie<b
a(r:—l)J/ la(r«{»l) la(wrl)
Lie Lie<b+1 Lie<b
Yirgn) Y4 Yirg)
: tl}‘( ) Li Lie<b+1 Lie<b
H r 1e H 1es H e
X(T) X(.,) X(T.) X(,.)
o | | [tig=e b=
i fe< je<
Iy, Ii}lc N H5167b+1 H{-/ﬂe,b
) pen ™ ) ™
Y,
)
via p .
Lie<b UX()? [rlie<
X(r+1) X
oLie<h o Lie<d
(r+1) (r)
Lie<b [plie<b
Yirt1) Y

via PUY, 3

(cf. Lemma 4.7).

. Lie<b . . . . .
Moreover, since oz(;i—ll)’ is compatible with the Frobenius elements on ei-

ther side, (by the assumption on the section sq fixed in the discussion preceding
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<b

.- Lie<b
Proposition 4.2) « Xosn {12}

(r+1)
Lie<b
(r41) Maps

maps J bijectively onto TJ%’H){I 2} In par-

ticular, «

<b Lie<b
> X Cc Il =
jX(r+1){1>2} Gk (— X(r+1))

bijectively onto
~<b Lie<bd
JY(7~+1){112} n G (S HY(T+1>)
. . <b
[where we note that, by the assumption on the section sq, 3)—((T+1){1’2} (re-

spectively, 3%,(11){1’2}) is stable under the action of Gi (respectively, Gr) on

Lie<b : Lie<b
Xoin) (respectively, Iy ) )]

On the other hand, if a(,.41) is tripod-preserving (respectively, satisfies

the condition (x)), then it follows from Lemma 4.8 (respectively, Lemma 4.9),

Lie<b P<b . S<b e
(1) Maps ©X<r+1){2,3} (respectively, ©X<r+1){2,3}) bijectively onto a Ily,, -

conjugate of ;Dlz;iil)ﬁﬁ} (respectively, Q}Tffil){zﬁ}) [cf. the notation of Lemma

4.8 (respectively, Lemma 4.9)], where for “(—)’=P, S, or T, and “(—')"= X

orY, @E:?ibﬂ)p 3} is the image of the composite
(-) L Lie<b
- T 1e 1es
9(—/)(7,+1){2,3} - H(_l)(1-+1) - H _/)(r+1) - (_l)(r+1) :

Lie<1
(r+1)
My, 0 {12} (cf. Lemma 4.5, (i)) induces a bijection between the set of

First, I claim that the isomorphism « of Ux, . {12} with

Iy, {1,2)-conjugates of 9)%741){1,2} (respectively, /D)%Mn{?ﬁ}) and the set of

: <1 . <1 .
Iy, . {1,2}-conjugates of 33}7(#1){1’2} (respectively, CD{QTH){ZS})' Indeed, this
follows from Lemma 4.11 (respectively, a similar argument to the argument

used in the proof of Proposition 2.5, (iii)).

Lie<2

(r+1) g
: 2

(respectively, ©§(r+l){273}) and

Next, I claim that the isomorphism «a
<2

<2 <2X(T+1){1’2} <2
the set of H}7(T+1)-conjugates of ©§<T+1){1,2} (respectively, @;(T+1){2)3}). Indeed,

induces a bijection between

the set of H)S(?Ml)—conjugates of ®

this follows from the claim just verified above, together with Lemma 4.12, (ii)

(respectively, Lemma 4.12, (ii), together with Lemma 4.14).

Next, I claim that the isomorphism a%ricfll)’

the set of H)S(?’.H)—conjugates of S))S(}(’ {12} (respectively, ’D)S(l() T 5)) and

induces a bijection between

<b . . <b ~ <b
the .so.et of Hy(Hl)—conJugat(?b of @Yuﬂ){l,?} (respectl‘vely7 Z?Y(TH){Z,S}) for each
positive integer b. To verify this claim, we apply induction on b. The case
where b = 1 or 2 is verified above. Thus, we assume that b > 2, and that
the claim has been verified for “b” that are < the b under consideration. Now
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observe that it follows from Lemma 4.15 that any two liftings of the natu-

. . <b Lie <b . <b Lie <b
ral inclusion © g — II =" (respectively, 3 — II =
Toeolla e tresp " Zer+n 123} Lng“))
. . i +1 . ie<b+1
to inclusions © 2 — IIy%= respectively, © o — =
Xr+1){1,2} X(r+1) (resp Y ¥ X (1) 12,3} X(rt1) )
Lie<b+1

differ by conjugation in HX<T+1) by a unique element of the kernel of the

Lie<b+1 Lie<b . .

o=t TIY=P © moreover, it follows from the definition that

oy o ie<bi1 Lie<b

H ie<b+ s H ie<
X(r+1) A<§< +1) Ach

. Therefore, the restriction to QX;«+1>{1,2} (respectively, DX(:+1){273})

o . . <b Lie <b
of any lifting of the natural inclusion © ¢ — =
y & Xr+1{1,2} X(r41)

<b Lie <b . . <b Lie<b+1 .

D — II+°=") to an inclusion © g — II5 = respectivel
X%~+1>{273} X<r+11))) Xer+1{1,2} X(r41) i bp ¥

< Lie<b+1 . . . . . <b+1

< — = coincides with the natural inclusion D= —

Xr+1){2,3} X(r41) ) X+ {1,2}

Lie<b+1 . A<b+1 Lie<b+1 . .
- - [SEN - . Q _
HX<7-+1) (reipicbtnl/ely, ®X<,-+1){2,3} HX(TH) ). Thus, it foll<o:vs1 that the iso
(Tli—l)+ induces a bijection between the set of A)—((:U—conjugates

Xoan) (1.2} (respectively, Q)A(f}:‘)lw 3}) and the set of A}S,(lzwﬂ)—conjugates of

A<b+1 . A<b+1 - . . Lie<b+1
Yo 1.2} (respectively, ©Y<r+1){2a3})’ in particular, since T

ible with the Frobenius elements on either side, it follows from Lemma 4.4 that

surjection II

the kernel of the surjection is included in the center of

Lie<b+1
A=
X(r+1)

(respectively,

morphism «
<
of DAL

is compat-

. . Lie<b+1 b+l g <b+1 .
the isomorphism Qg maps HX(T+1> bijectively onto HY<T+1>' Moreover, ob
<b+1 Lie<b . S .
serve that the subgrou < =" is a subgroup which is uniquel
group QX(T+1){172} = " X(41) group quety

determined by the following condition that it be a

) s . , <b Lie<b
the image of a lifting of the natural inclusion QX(V,-+1>{1,2} — HX<7V+1)
<b Lie<b+1

— whose image includes
Xre1y{1,2} X(r41) g

to an inclusion

~<bt1
> x G
Xr+1y{1,2} K

(Indeed, the assertion that this condition uniquely determines the subgroup
<b+1 Lie<b+1
Xer+1{l,2} = 7 X4

. . <b+1 ~ ~<b . .
isomorphism ©X<r+1){1,2} = DX {12} induced by the natural projection
<b+1

[cf. Lemma 4.5, (ii)] induces an isomorphism 3;{(#1){1’2} X

may be verified follows: First, let us observe that the

Lie<b+1 Lie<b
II5"= —- 5=
X(r+1) Xr+1)
~ ~<b oo . .
Gk — JX(T+1){1)2} X Gg. Thus, any two liftings of the natural inclusion
<b Lie<b . . <b Lie<b+1 . .
Dy — II+"=" to inclusions D3 — II5 7= whose images in-
X(m{1,2} X(r+1) Xm{1,2} Xrt1) 8
clude
<b+1

Lie<b+1
ClIIy =
X(T+1){172}

X Gr C Xr+1)

b Lie<b
i (1,2} Gr C Ik 7, - Therefore, by

Lemma 4.15, it is enough to verify that the submodule of Frg-invariants of

[since b > 2] in fact coincide on I
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Lie<b+1 Lie<b .
Ker (HXI(C;]) —» HXI(CT—H)) = Link",, (b+1/b+2)

[cf. Lemma 4.5, (ii)] is zero. However, this follows immediately from Propo-

sition 4.2, (i).) Now by considering a similar condition for Qy( {12} C

HI;,:ejf)H the claim that the isomorphism ab‘fﬁé’“ induces a bijection be-
§b <bt1
tween the set of 15 )—conjugateb of S)X( o ){1 oy and the set of Iy -
conjugates of ’D ) {1 5y follows from the fact that the isomorphism a{ﬁfﬁ?“
<b+1 <b+
maps J X(r+1){172} X GK bijectively onto Jy; {12y X G'1, together with the fact
that the isomorphism a?;fll)’ﬂ ps H)—((Hl1 bijectively onto H<b+1 On the
. ~<bt1
other hand, by replacing {1,2} by {2, 3}, X {12} X Gk by
@ig(fri (2.3} (if a(yy is tripod-preserving)
S<bt+1 . .
Xoorn (2,3} (if o,y satisfies (x)),
and 7— ){1 2y X G by

{ngli)l{z 3} (if a(yy is tripod-preserving)

<b . .
;;-;1{2’3} (if a(yy satisfies (x)),

it follows from a similar argument to the argument used in the proof of the
Lie<b+1

(r1) induces a bijection between the set of

assertion that the isomorphism «

<b+1 _ <b+1 <b+1 _ .
Hﬁg“’ conjugates of CDX( {12} Ifmi tlhe set of HY<T+1) conjugates of
<b+1 ie<b+1 - .- .
Youn {12} that the isomorphism Q) induces a bijection between the
<b+1 _ <b+1 <b+1 _ .
set of HX(T Y conjugates of @X( (2,3} and the set of HY(T+1) conjugates of
<b+1
Y(7+1){2,3}. . . . . . . . .
By the various claims verified above, by taking the projective limit, we

Lie

thus conclude that the isomorphism s

induces an isomorphism of IIx,
with Iy, ) by Lemma 4.4.

Finally, we note that the indeterminacy, referred to in the statement of
Lemma 4.16, of the isomorphism (1) up to composition with a cuspidally
inner automorphism arises precisely from the indeterminacy of the choice of the
subgroups T, ., iy € Wxoyays Iy tirgry € vy I<i<j<r+1,1<
i’ < j' <r+1) and the sections of the natural morphisms Ilx, ,,, — Gk and
Uy, .., = GL (cf. Remark 8) with respect to cuspidally inner automorphisms

of lIx,, ., My,,,,,, respectively. =

Lemma 4.17.  Any Frobenius-preserving isomorphisms of Il x with Iy
are tripod-preserving.
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Proof. Let a be a Frobenius-preserving isomorphism of IIx with IIy.
Note that since replacing the base field by a finite extension field of the base
field does not affect the validity of the assertion that « is tripod-preserving, we
may assume that there exists a K-rational point x of X, and a non-trivial finite
étale Galois covering which is geometrically pro-l and completely split above x.

Then it follows from [16], Theorem 3.1, that there exists an isomorphism
a(2) of II X(2) with Hy(Z) which fits into a commutative diagram

a(2)
Mx,, Iy,

! !

where the left-hand (respectively, right-hand) top vertical arrow is the mor-
phism induced by the natural open immersion Ux, — X Xg X (respec-
tively, Uy,, — Y X, Y). By base-changing the above diagram via the section
Gi — Ilx arising from the K-rational point x of X and the section of the
natural morphism IIy — G, corresponding to the section Gx — IIx (under
the isomorphism «), we obtain a commutative diagram

Qo
x\{zy —— Ihy\(yy

| l

HX L HY

| l

Gg —— G,
(o)

where y is an L-rational point of Y such that the section arising from y coincides
with the section of the natural morphism Iy — G corresponding to the
section G — Ilx arising from the K-rational point z of X (cf. Proposition 2.5,
(ii)). Let X’ — X be a non-trivial Galois covering of X which is geometrically
pro-l and completely split above x, and Y’ — Y the Galois covering over Y
corresponding to X’ — X (under the isomorphism «). Then by base-changing
the above diagram via the natural inclusions IIx, — IIx and IIy, < Ily, we
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obtain a commutative diagram

’

ag,
Iy (o ary = yngy) ey

l I

HX/ —/) HY/ 5
where d is the degree of the covering X' — X, and {zf,---,z}} (respec-
tively, {y1,---,v5}) is the subset of X'(K) (respectively, Y'(L)) obtained as
the inverse image of {x} (respectively, {y}) via the morphism X'(K) — X (K)
(respectively, Y/(L) — Y (L)); in particular, we obtain a commutative diagram:

’
[e3

xnfar,ayy — yngyrey

! l

HX/ T) Hy/ .
Now we assume that the decomposition subgroup D, C IIxn (41 4} associated
to x!; (well-defined, up to conjugate) corresponds to the decomposition subgroup
Dy C Ilyn gy 4 associated to y; (well-defined, up to conjugate) under the
isomorphism o,.

Now I claim that the section of the natural morphism I1 X}, G arising
from (zf,25) € U X0y, (K) corresponds to the section of the natural morphism
Iy, — Gy arising from (Y1, 95) € Uy, (L) under the isomorphism «f,, of
Iy, with Iy, = obtained from o' (cf. [16], Theorem 3.1). Indeed, it follows
from Proposition 4.6 that we may assume that the top horizontal arrow in the

diagram
Ix;, Xy, Gk —— Ty, xmn,, Gr

" |

GK —_— GL
obtained by base-changing the diagram

via the morphism G — Ilx/ induced by the composite Dy — Iy (27 21} —

[Ix and the morphism G;, — Ily+ induced by the composite ©y1 — Hy/\{ybyé},
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— Ilys coincides with the isomorphism of x4} with IIy: .y induced
by «. Thus, the claim follows from the fact that the composite Dy —
xn {a ayy = Hxn (o} is compatible with the composite ©,; — Iy 0 40y —
IIyn {47y under the isomorphism of x4} with IIy/\ y induced by al.

By the above claim just verified, the isomorphism 0422) satisfies the condi-
tion (%) in the statement of Lemma 4.16; in particular, it follows from
Lemma 4.16 that 0/(2) extends to an isomorphism of IT X/, with Hy(lg). Thus,
it follows from Lemma 3.1 that o/, hence also « is tripod-preserving (cf. [16],
Remark 1). O

The main result of this paper is as follows:

Theorem 4.1.  Let X (respectively, Y) be a proper hyperbolic curve over
a finite field K (respectively, L). Let

Oz(l) : HX = HY

be a Frobenius-preserving isomorphism. Then, for any positive integer r, there
erists a unique isomorphism

aey - x,, Iy,

well-defined up to composition with a cuspidally inner automorphism (i.e., a
Ker (Ily,,, — Ily,,,)-inner automorphism), which is compatible with the natu-
ral respective actions of the symmetric group on r letters such that, for i =
1,---,r+ 1, the following diagram commutes up to composition with a cuspi-
dally inner automorphism (i.e., a Ker (Ily,, — Ily, ,)-inner automorphism):

A(r+1)

HX<r+1) HY(T+1>

via pux(,’.) Zl lvia puy(r) i

HX — HY
(r) Q) (

ry

Proof. The assertion in the case where r = 2 follows from [16], Theorem
3.1; on the other hand, the assertion in the case where » > 3 follows from
induction on r, together with Proposition 4.6; Lemmas 4.16; 4.17. O

The following corollary follows immediately from Theorem 4.1, together
with the fact that a hyperbolic curve over a finite field is Prime-separated (cf.
[16], Definition 1.5, (i); Proposition 2.2, (ii)).
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Corollary 4.1.  Let X (respectively, Y) be a proper hyperbolic curve

over a finite field K (respectively, L).

(i)

Let
O[IHX ;)Hy

be a Frobenius-preserving isomorphism of the geometrically pro-l funda-
mental group of X with the geometrically pro-l fundamental group of Y, r
a positive integer, and {x1, -+ ,x.} a set of distinct K-rational points of
X of cardinality v with an ordering. Then there exists a set {y1, -+ ,yr}
of distinct L-rational points of Y of cardinality r with an ordering, and an
isomorphism

o™ I (g 2y~ I\ (e )

of the geometrically pro-l fundamental group of X \ {x1,--- ,x,} with the
geometrically pro-l fundamental group of Y \ {y1,---,yr} which is com-

neW 4s uniquely deter-

patible with a. Moreover, such an isomorphism «
mined up to composition with a cuspidally inner automorphism (i.e., a

Ker(Ily\ {y, ... 5,3 — Iy )-inner automorphism).

Let
a:m(X) = m(Y)

be a Frobenius-preserving isomorphism of the (profinite) fundamental group
of X with the (profinite) fundamental group of Y, r a positive integer,
and {x1, -+ ,x.} a set of distinct K-rational points of X of cardinality r.
Then there exists a set {y1, -+ ,yr} of distinct L-rational points of Y of
cardinality v, and an isomorphism

a®® o (X \ {21, -2 D)PO (Y {yr, oy PO

of the mazimal cuspidally pro-l quotient (cf. [16], Definition 1.1, (i)) of
m (X \ {x1, - ,2.}) (relative to m (X \ {z1,--- ,2.}) = m (X)) with
the mazimal cuspidally pro-l quotient of 71 (Y \ {y1, - ,yr}) (relative to
m (Y \{y1, - ,yr}) = m(Y)) which is compatible with . Moreover, such
an isomorphism oW is uniquely determined up to composition with a cus-
pidally inner automorphism (i.e., a Ker(m (Y \{y1,--- ,yr})P®) — 71 (Y))-
inner automorphism).

Remark 9.

Since a hyperbolic curve over a finite field is not l-separated (cf. [16],
Definition 1.5, (1)) in general (cf. Remark 10, (i) below), the “y;’s” (hence
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also “a™"”) in the statement of Corollary 4.1, (i), depend, unlike the case
with Corollary 4.1, (ii), on the ordering of {z1, -+ ,x,}.

In the notation of Corollary 4.1, (ii), since it follows from [16], Theorem
3.2, that there exists a unique isomorphism (of schemes) of ¢ : X = Y such
that the isomorphism 1 (X) = 7, (Y) induced on fundamental groups by
¢ coincides with «, it follows immediately that there exists an isomorphism
T (X \ {21, 2 }) = 7 (Y \ {y1, -+ ,yr}) which is compatible with a.
On the other hand, Corollary 4.1, (ii), provides a direct way to construct
such an isomorphism between the cuspidally pro-/ fundamental groups, i.e.,
a way to construct such an isomorphism without passing through “the world
of schemes”.

Remark 10.

In general, a hyperbolic curve over a finite field is not l-separated. The
following example of this phenomenon was given by Akio Tamagawa:

Let X be a proper hyperbolic curve over a finite field K of characteristic p,
and K an algebraic closure of K. Let us denote by IIx the geometrically
pro-l fundamental group of X (where [ is a prime number such that [ # p),
by Ax the pro-I fundamental group of X @k K, and by G the Galois
group of K over K. Then we have a commutative diagram

1 — Ax —_— IIx _— Gk — 1

| | l

1 —— Inn(Ax) —— Aut(Ax) —— Out(Ax) —— 1,

where the horizontal sequences are exact, and the left-hand vertical arrow
is an isomorphism; in particular, the right-hand square is cartesian. It
follows from [1], Corollary 7, that Out(Ax) is almost pro-l, i.e., there
exists an open subgroup of Out(Ax) which is pro-I (where we refer to the
discussion entitled “Groups” in Introduction concerning the topology of
“Out(—)”). Thus, by replacing Gk by an open subgroup of G, assume
that the right-hand vertical arrow Gxg — Out(Ax) in the above diagram
factors through a pro-l quotient of Gk. Then since the right-hand square
is cartesian, we conclude that IIx is isomorphic to

out

(Ax % G x a7V

where Ggfl) is the maximal pro-(Prime \ {I}) quotient of Gk ; thus, Ggfl)
is isomorphic to the product of Z;’s (where I’ € Prime \ {I}). Let L C K
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be a finite extension field of K of degree [L : K] prime to [ such that
X(K) # X(L). (In fact, it follows from the “Weil conjecture for curves
over finite fields” [cf. e.g., [5], Chapter V, Exercise 1.10] that such an
extension field exists.) Let x € X (L) \ X(K), 2’ € X(L) obtained as
the conjugate of x via a generator of the Galois group of the extension
L/K, and zp, € X(L) (respectively, 27 € X (L)) the L-rational point
of X; ¥ X ®x L determined by x (respectively, 2’). Then it follows

from the fact z ¢ X (K) that x, # 2’ ; on the other hand, it follows from

the fact that IIx is isomorphic to (Ax N Gg?) X Ggfl) that the Ilx, -
conjugacy class (where IIx, is the geometrically pro-l fundamental group
of X1) of the section of Ilx, — G, corresponding to z coincides with
the Iy, -conjugacy class of the section of Iy, — G, corresponding to z7 .
Therefore, Xy, is not l-separated.

t
(ii) It follows immediately from the existence of the isomorphism ITx ~ (Ax %

Ggl()) X Ggfl) in (i) that there exists an automorphisms of the geometrically
pro-l fundamental group Ilx of a proper hyperbolic curve X which is not
Frobenius-preserving.
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