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On Q-Conic Bundles, III

To the memory of the late Professor Masayoshi Nagata

By

Shigefumi MORI* and Yuri PROKHOROV**

Abstract

A Q-conic bundle germ is a proper morphism from a threefold with only terminal
singularities to the germ (Z 3 o) of a normal surface such that fibers are connected
and the anti-canonical divisor is relatively ample. Building upon our previous pa-
per [MP08a], we prove the existence of a Du Val anti-canonical member under the
assumption that the central fiber is irreducible.

§1. Introduction

The present paper is a continuation of a series of papers [MP08a], [MPO08b].

Recall that a Q-conic bundle is a projective morphism f: X — Z from an
(algebraic or analytic) threefold with terminal singularities to a surface that
satisfies the following properties:

(i) f«Ox = Oz and all fibers are one-dimensional,
(i) —Kx is f-ample.

For f: X — Z as above and for a point o € Z, we call the analytic germ
(X, f71(0)rea) a Q-conic bundle germ.
In this paper we complete the proof of the following
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Theorem 1.1 (Reid’s general elephant conjecture).  Let f: (X,C)—(Z,
0) be a Q-conic bundle germ with irreducible central fiber C. Then a general
member Ex of | — Kx| has only Du Val singularities.

We recall that the existence of a Du Val member Ex € | — Kx| follows
from [MPO08a, (1.3.7)] if the base (Z,0) is singular. Thus the case of smooth
base remains to be studied for the theorem.

Remark 1.2.  Let f : (X,C) — (Z,0) be a Q-conic bundle germ over a
smooth base. For each singular point P of X with P € C, consider the germ
(P € C C X). All such germs (or all such singular points, for simplicity) are
classfied into five types (TA), (IC), (ITA), (IIB), and (III), whose definitions we
refer the reader to [KM92] or [MP08a]. By the index of the germ, we simply
mean the index of P.

For each given f, one can consider the set S(f) of all such germs (P €
C C X) with P € C a singular point of X. If for instance S(f) consists of
two germs of type (IA) and (TA), we write S(f) =(IA)+(TA) as a convenient
shorthand. Or if f is smooth, we may write S(f) = 0. By abuse of language,
S(f) may be called the type of (X,C).

It is proved in [MP08a] that S(f) must be one of the following:

TA)+(TA)+(III) of indices 2, odd m (> 3) and 1.

We recall that in the cases (ii) and (iii) (the case (i) is trivial) a general
member Ex € | — Kx| does not contain C' and has only Du Val singularity
at Ex N C [MP08a, (1.3.7)]. Cases (iv)—(vi) are treated in this paper. More
precisely we give a complete classification of Ex € | — Kx]|:

Theorem 1.3 (cf. [KM92, (2.2)]).  Let f: (X,C ~P') — (Z,0) be a Q-
conic bundle germ with smooth base surface Z. Assume that S(f) = (IC), (IIB),
(TA)+(TA), or (IA)+(TA)+II) (¢f. Remark 1.2). Then a general member Ex
of | = Kx| and Ez := Specy, f.Ogr, have only Du Val singularities. To be more
explicit, the minimal resolutions of Ez and Ex coincide. Furthermore the
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following assertions hold depending on S(f), the type of (X, C) (below, o' € Ez
is the image of C):

Case 1.3.1 ((IC), [KM92, (2.2.2)]). (Ez,0’)isoftype D,, and A(Ez, )
is
[¢]
|
O—:--—0—0—e,
—_——

m—3

where m, the index of the (IC) point of C, is odd and m > 5.

Case 1.3.2 ((IIB), [KM92, (2.2.2")]). (Fz,0')isoftype Eg and A(Ez,0)
is
o

O—O0—0—0—e,

Case 1.3.3 ((IA)+(IA), [KM92, (2.2.3)], [Mor07]).  The two (IA) points
are an ordinary point of odd index m > 3 and an index 2 point of type cA/2,
cAx/2 or ¢D/2 with axial multiplicity k such that k > 2 if m = 3. (Ez,0') is
of type Dagim, Sing Ex is of type Ay—1+ Dop (Apm—1+ A1+ Ay if k=1) and
A(Ez, 0/) is

0O—:+«++—0—@®@—0—---—0—0
N————

m—1

Case 1.3.4 ((IA)+(IA)+(III), [KM92, (2.2.3")]).  The two (IA) points
are both ordinary and of indices 2 and m (odd, > 3). (Ez,0’) is of type Dy,42
(m > 3) or Eg (m = 3). The graph A(Ez,0') is

[¢]

| (m>3), or | (m = 3).
0O—+«+—0—@—0
——— 0O—0—@—0—0
m—1
Above, we use the usual notation of graphs A(Eyz,0’) : e corresponds to
the curve C and each o corresponds to a (—2)-curve on the minimal resolution

of Ex.

Note that we do not assert that all the above cases really occur. The
question about existence will be discussed in our subsequent paper (in prepa-
ration). Thus at the moment the less investigated case is the case where the
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base is smooth and the central fiber C' is reducible. This class of Q-conic bun-
dles was studied only under additional assumption of “semistability” [Pro04],
[Pro05].

The techniques used in this paper are very similar to those in [KM92,
§2]. The main difference is that for the conic bundle case we do not have
vanishing of H'(X,wx) which was used in [KM92, (2.5)] to extend sections
from D € | — 2Kx|. Instead of the vanishing we use Proposition 2.1 and
Corollary 2.2.

§2. Preliminaries

Proposition 2.1 (cf. [KM92, (2.5)]). Let f: (X,C) — (Z,0) be a Q-
conic bundle germ with smooth base surface Z. Let D € | — nKx| for some
integer n > 0 such that the restriction g = fp: D — Z is finite. The standard
exact sequence

0—-wx »wx(D)—wp—0

induces the exact sequence

Tr /
fewx (D)% guwp —5 wy,

where wy ~ R f.wx by [MPO08a, Lemma (4.1)], and the natural map g*: wy —
gswp has the property Trp,z og™ = 2nid,, .

Proof. In view of the relative duality, this follows from the fact that
Oz — ¢.0p Trz/p Oz is the multiplication by deg(D/Z) = 2n. O
Corollary 2.2.  The homomorphism induced by Proposition 2.1
fawx (D) — (g9swp)/wz
1S surjective.
Notation 2.3. Everywhere below
f: (X,0) = (Z,0)

denotes a Q-conic bundle germ. We assume that the curve C is irreducible (and
so C' ~ P!) and the base surface (Z,0) is smooth. Notation and techniques of
[Mor88] will be used freely. Additionally, (¢ + Zdin) denotes the element
of CI*(X) ~ Pic’(X) ~ QL(C) corresponding to ¢ + > d; P! € QL(C) (see
[KM92, (2.7)]).
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The symbol A(Ez,0’) at the end of Theorem 1.3 is extended as follows.
Let E be a normal surface and C C E a curve such that the proper transform
C of C and the exceptional divisors I'; on the minimal resolution of E form
a simple normal crossing divisor. The graph A(E,C) is the dual graph of the
divisor C +> T';, where each component of C is drawn e and each I'; is drawn o,
and if no weight is specified we mean that the corresponding I'; is a (—2)-curve.
We note that A(Ez,0') = A(Ex,C).

Remark 2.4.  As explained in [Mor88, §1b] and [MPO08a, §6], any local
deformation near points P; € (X,C) on Q-conic bundle germ (X,C) can be
extended to a global deformation (Xy,C)). A general element (Xy,C)y) of
the family can be either an extremal neighborhood or again a Q-conic bundle
germ. In some cases this allows us to obtain certain restrictions on the possible
configurations of singular points. We will use these arguments several times
below.

§3. Case of (IC)
3.1 (Cf. [KM92, (2.10)]). Let P be the (IC) point of index m and

(yla y27y4)/p’m(2a m — 2) 1)

be coordinates for the canonical cover P¥ € C* C X* given in [Mor88, (A.3)]
so that C* is parametrized by (#2,t™72,0). In this case, P is the only singular
point of X on C' [MP08a, (8.2)]. Since 4" ? — 3 and y4 generate the defining
ideal of C¥, they form an (-free (-basis of gri, Ox. It is easy to see that ) =
dy1 A dys A dys is an (-free (-basis of grl wx. Then qlo(wx) = —P* and
D = {y1 =0}/p,, € | = 2Kx| by (D - C) =2/m. By
dle(gre(w?)) = ale(w*) = —ale(w) = PF,

one has
deg(gr(w")) = TL(P!) = ~U(~1) = 1

(see [Mor88, (8.9.1)(iii)]), where
U()=min{z €Z | mz—x €22 + (m—2)Z}
[Mor88, (2.8)]. Thus

gro(w”) = w*/Fo(w") ~ Oc(-1)
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and HY(Ox(—Kx))=H°(F.(w*)). Hence a general section s€ H*(Ox(—Kx))
is written as (A - yq + p- (y7""2 — y3))/Q near P, where A\ € Ox and p € Oy
with wt g = 5 mod (m). Now apply Corollary 2.2 with n = 2. We have
wp ~ Op(—Kx), and

(3.1.1) g*wz C A?Op(dyy', dy=y3, dy£m+1)/2y4, dyy") C

Op(ySm 2 ygya, g PR gty g Py gt dys A dy,.

Since ya4dys A dyy corresponds to y4/, we have A(0) # 0. Hence s induces a
section 5 of grl(w*) = FL(w*)/FZ(w*) and s is a part of an (-free ¢-basis of
gri(w*) at P. This induces an f-exact sequence

(3.1.2) 0 — (a) = gri(w*) — (b+5P%) — 0,

where a,b € Z, a > 0. This is because y4/Q and (y7" 2 — »3)/Q have weights
=0and m —5 mod (m), respectively. We claim an ¢-isomorphism

(3.1.3) gre 0 ~ (4P & (=1 + (m — 1)P¥).

First recall that m is odd and m > 5 since P is an (IC) point. By (3.1.2)®
gr¥ w, there is an f-exact sequence

(3.1.4) 0— ((a—1)+ (m—1)P¥) — grl, 0 — (b + 4P*%) — 0.
It follows from ip(1) = 2 [Mor88, (6.5)] that deggrl, & = —1. By
deg((a—1)+ (m—-1)P)=a—1
and deg(b + 4P%) = b [Mor88, (8.9.1)(iii)], we have a + b = 0. Hence from
dle(la 1)+ (m— 1) — (b +4P%) =
=dlg(2a— 14 (m —5)P") =2a—1> -1,

we see that (3.1.4) is £-split by [KM92, (2.6)]. Since H'(C,grt, 0) = 0 by
[MP08a, Corollary (2.3.1)], we have b > —1 and hence (a,b) = (0,0) or (1,—1).
Whence (3.1.3) follows if (a,b) = (0,0) or m = 5. Assuming (a,b) = (1,-1)
and m > 7, we will derive a contradiction. Now (3.1.2) ® w}éf gives us an
{-exact sequence

0— (=14 (m—2)P*) = greew — (=14 3P%) — 0.

Since Spec ﬁX/I(CQ) 2 f~1(0), by [MP08a, Theorem (4.4)] we have H'(C, gri, w)
= 0. Whence,

—1 < deg(—1+ 3P%) = TL(—1 + 3P%) = —2.
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This is a contradiction and (3.1.3) is proved. Thus,
(3.1.5) gri(w*) = (5P%) & (0).

We claim that 5 is a nowhere vanishing section of the locally free sheaf
gre(w*) ~ w* @ grl, 0. In case m > 7, there is a splitting gri(w*) ~ Oc & O¢
or Oc®0c(—1) by (3.1.5) and 3(P) # 0 € grl,(w*)®C(P) whence 3 is nowhere
vanishing. In case m = 5, there is a splitting gré (w*) ~ Oc @ Oc(1) and

3(P) = (M0) - ya + p(0) - (47" * — 43)) /Q € gre(w”) @ C(P)

is a general element because A\(0) and p(0) can be chosen arbitrary by Corollary
2.2 and by (3.1.1). Indeed, note that ysdys A dys and y3dys A dy, are linearly
1

independent modulo A?0p(dy*, dyay3, aly:TJr Y4, dyy*). Thus 5 is nowhere
vanishing and the claim is proved. We study Ex = {s = 0} € | —Kx]|. Since 3 is
a nowhere vanishing section of gri,(w*) ~ w*®gry, 0, Ex is smooth on C'\ {P}.
The canonical cover Ex: at P is defined by ya+ya(---)+y1(---) = 0. Therefore
(Ex,P) = (y1,y2)/ (2, m — 2) has only Du Val singularities, whence so is
EZ by (KXC) =0.

For the precise result, we express (Ex, P) = (21, z2, 3; x122 = z§"), where
x1 =y, 2o = y5 and x5 = y192. The curve C is the image of C¥, the locus of
(t2,tm2), where C is the locus of (s2,s™7 2 s) in this embedding of (Ex, P),
where s = t". Then it is easy to check

Computation 3.2 (see [KM92, (2.10.5)]). Let (E,P) be an Am—1
-singularity:
(B, P) = (z1, 22, ¥3; 1172 = 775"),

and C the locus of (s?,s™72,s). Then A(E,C) is as in 1.3.1.

Thus the proof of Theorem 1.3 is completed in the case (IC). a

§4. Case of (IIB)
4.1 (Cf. [KM92, (2.11)]). Let P € (X, C) be of type (IIB). Then
(X, P) > (y1, Y2, ¥3,y43 0) / 14(3, 2,1, 15 2)
with C*? the locus of (¢3,¢2,0,0) [Mor88, (A.3)], where

b=yl —ys+v
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and 1 € (y3,y4) satisfies wt1) =2 mod (4) and ¥(0,0,y3,v4) ¢ (y3,y4)>. The
last condition comes from the classification of terminal singularities [Rei87,
(6.1)(2)]. In this case, P is the only singular point of X on C [Mor88, (B.1)].
Since y3 and y4 generate the defining ideal of C*, they form an (-free (-basis of
gri, Ox. By residue,

dyi Ndys Ndys Ndys  dys A dys A dya

0 = —
Hes 5 9/ 041

is an ¢-free (-basis of grl, wy with wt Q=1 mod (4).

Lemma 4.2 (cf. [KM92, (2.11), p. 549]).  ip(1) = 2.

Proof. Using the parametrization (¢3,¢2,0,0) of C* and (-free (-basis
(y3,94) of gr& Ox, we see the following on C* C X*:

grew | = 0at°Q |

= Otdt A dys N dys,
N(gre 0) @ Qg o = Oa(tys) A (Fya) @ d(t?)
= Oxtys N ys ® dt.
Thus (cf. [Mor88, (2.2)])
N (gre 0) @ Q8 =t erd w.
Hence ip(1) = 2 as claimed because t* is a coordinate of C' at P. |

By [MP08a, (4.4.3)] we have deg gr¥, w = —1. Then using [MP08a, (3.1.2)]
we obtain deggre, @ = —1. Thus we see grlw ~ (=1 + 3P%) and grl, 0 ~
(3P%) & (—1+ 3P*) with f-structures using their /-free (-bases at P above. Let
D ={y, =0}/py. Then D € | —2Kx| by (D-C) =1/2. By

dlo (g1t (")) = dlo(w”) = — dlo(w) = P,

one has
deg(gré(w*)) = TL(PY) = —U(-1) = -1

because
U(x)=min{z € Z |4z —x € 2Z4 +3Z,}

[Mor88, (8.9.1)(iii)]. Thus grl(w*) ~ Oc(—1) and a general section s €
H°(0x(—Kx)) vanishes along C, i.e. s € HO(F}(w*)). Hence s = (A-y3 + -
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ya)/S) for some X and p € Ox. We see that A\(0) and p(0) € C are general by
Corollary 2.2 (cf. [KM92, (2.5)]). Indeed, in Corollary 2.2 with n = 2, we have
WwWp X~ ﬁD(fo) with

y;dys N dys Res Yj
Yidys A AYa | Res Yj

. j=3 4
y1+ () | p Q2 J

In view of

g*wz C N*Op(dyt, dy3, dyi, dyiys, dyiya, dySys, dy3yi, dysys)

one easily sees that g*wy C Ops(y1,y3,94)?/Q, and y3/Q and y,/Q are inde-
pendent mod g*wyz.
We study Ex = {s =0} € | — Kx|. We see that s induces a section 3 of

gre (W) =~ (e w)®CY G gt 6 ~ (0) & (1)

such that S(P) is general in gri,(w*) @ C(P). Thus S is nowhere vanishing,
whence Ex D C and Ex is smooth on C' \ {P}. Eliminating y4, we see
(Ex, P) =~ (y1,y2,93; ¢)/14(3,2,1) with C the locus of (¢3,t2,0), where

¢ = (yi —v3) + ys(cys + ) € Clyr, y2, 93}
for some ¢ € C* by independence of A(0) and u(0). We claim that we may take
(4.2.1) b=yl -y +v3

modulo multiplication by units and p,,-automorphisms fixing C. First by
Weierstrass preparation Theorem, we may assume ¢ = 32 + a(y2,y3)y1 +
B(y2,y3) with wta = 3 and wt3 = 2 mod (4). Since ¢(t3,¢2,0) = 0, we
see a =0 and 8 =y3 mod (y3). Hence we may assume o = 0, after replacing
y1 by y1 — /2. Since wt((8 — v3)/y3) = 1 and wtys = 2 mod (4), we see
B =1vys mod (y3). Thus (4.2.1) holds by ¢ € C*. Then it is easy to check (cf.
[Rei87, (4.10)])

Computation 4.3 (see [KM92, (2.11.2)]).  Let
(B, P) = (y1, 92,935 ¥ — Yo +¥3)/14(3,2,1;2)

and C C E the locus of (t3,t2,0). Then (E, P) is of type D5 and A(E,C) is
as in 1.3.2.

Thus the proof of Theorem 1.3 is completed in case (IIB). O
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§5. Case of (IA)+(IA)+(I1I)

5.1 (Cf. [KM92, (2.12)]). The configuration of singular points on
(X, C) is the following: a (IA) point P of odd index m > 3 and a (TA) point
Q of index 2 and a (III) point R [MP08a, (9.1)]. We know that sizp = 1
[MPO08a, (8.5)], ip(1) = ig(l) = ir(l) = 1 [MPO08a, (9.2.1)], and hence
gry, 0 ~ 0(—1) ® 0(—1) from the formula [Mor88, (2.3.4)]. It follows from
[MPO0Sa, (3.1.1), (9.2.1), (2.8)] that

wp(0) =14+ (Kx - C) —wg(0) = (m—1)/2m
(because wq(0) € 17Z). We start with the set-up.
Lemma 5.2 ([KM92, (2.12.1)]).  We can express
(X, P) = (1,92, Y3, Y15 @) [ (1, 22, —1,0;0) D (C, P) = yy-axis/p,,,
(X, Q) = (21,22, 23, 243 8) / 12(1,1,1,0; 0) D (C, Q) = z1-axis/ o,
(X, R) = (w1, wq, ws,wys;y) D (C, R) = wy-axis,

using equations o, 3 and y such that o = y1ys mod (ya,y3)? + (y4), B = 2123
mod (22, 23)% + (24) and v = wiws mod (wa, w3, ws)?.

Proof. Express (X, P) = (y1, Y2, Y3, Ya; @) /i, (a1, az, —az, 0;0) so that C"*
is the locus of (¢*,t%2,0,0), where a; and ay are positive integers such that
ged(arag, m) = 1. Since wp(0) = (m — 1)/2m, it holds that ay = (m + 1)/2
[Mor88, (4.9)(i)]. By sizp = 1 = U(ajaz2), we have ajaz < m and a; = 1. We
need only to replace yo by 72 — y§m+1)/2 to get the assertion for (X, P). We
can choose a so that o = y1y3 because P is a cA point [Mor88, (B.1)(g)]. The
rest is similar except for 5 = 2123 and v = wyws which follow from ig(1) =1
and iz(1) = 1 and [Mor88, (2.16)]. O

We will improve the set-up in two steps.

Lemma 5.3 ([KM92, (2.12.2)]).  The point P is ordinary, that is,
(X, P) = (y1,92,¥3) /1, (1, (m + 1) /2, =1) D (C, P) = yr-axis/p,,.

Proof. Suppose that P is not ordinary. We will derive a contradiction.
By our hypothesis, we may assume a = y;y3 mod (y2,y3,v4)%. Apply L-
deformation at @ [KM92, (2.9.1)], see also Remark 2.4. If a general member
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of the corresponding family is an extremal neighborhood, the assertion follows
from [KM92, (2.12.2)]. Thus we may assume that @ is ordinary and hence
0 = z4 + 2123 in our Q-conic bundle case. Hence {y2,y4} and {22, 23} are the
(-free (-bases of gri, 0 at P and Q, respectively. By [KM92, (2.12.1)], we see

= (<14 P4 )

and
B (@) = (-1 4+ P4 Q)

Thus HO(w*) = H°(FA(w*)). Let D = {y1+h(y2,y3,y1) = 0}/, with general
h such that wt h =wt y;. Then D € | —2Kx| by (D-C)=1/m.

5.3.1.  Now apply Corollary 2.2 with n = 2. We obtain wp ~ 0p(—Kx)
which gives the correspondence of ¢-bases

dys N dys _ dyy N\ dyo _ dys N dyy Res, (unit)
aa/ay4 Dt aa/ayS Dt aa/ayZ Dt Q7
and
grwz C N2Op(dys, dyi', dys, dysys"™ V7%, dydys).
Hence,

gwz C Zi,j:2,3,4 Ops(y2,y3)*dy; A dy;
IRes

Y k=234 Opt(y2,93)* (Dr/ Dy )2

So we have the lifting modulo Op:(y2,y3)%(0a/Oya, D /Oy, Da/Dys). There-
fore there exists s € HO(F}(w*)) inducing (y2 + (y1 + h)Ox) /2 € Op(—Kx),

where
_ dyi Adya Ndys

Q= .
Oa/Oya Dt

5.3.2.  Thus s induces a global section 5 of gri(w*) ~ gri, € @ grl (w*)
which is a part of ¢-free £-basis at P. Hence there is an exact sequence

0—grllw—gry 0 — grt 0/ grdw — 0.
It is split because gry w ~ O(—1) and grl, 0 ~ O(—1) & O(—1). Then it is

¢-split at @ because {-bases of grl, w and gri, € have all weights = 1 mod (2).
Hence grl, 0/ gr¥ w is an (-invertible sheaf such that

alo(gre 0/ gy w) = dla(grg 0) — dla(grd w) = -1+ QF.
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Applying [KM92, (2.6)] to qlo(grd w) —dle(gre 0/ grd w) = 2L P¥ we obtain
an {-splitting

(5.3.3) gt 0~ (—1+ ™=LP 4+ QF) & (-1 + Q).

We may further assume that ya, 20 and ws (resp. ya4, 23 and wy) are the (-free
(-bases of (—=1+ 22 PF + Q) (resp. (—1+ Q¥)) at P, Q and R, by making
coordinates changes to the ones in [KM92, (2.12.1)].

Let J be the C-laminal ideal of width 2 such that J/FZ0 = (—1 + 2L P*
—|—Qﬁ). Then {y2,y3,y3} form an (-basis of J at P. By replacing y3 by an
element of the form y3 + y3(---) if necessary, we may assume «a = 4193 + cy3
mod J#I for some ¢ € C. If ¢ # 0 then I D J is (1,2,2)-monomializable
at P (see [Mor88, (8.9-8.10)]). If ¢ = 0 we may still assume that I D J is
(1,2,2)-monomializable at P by deformation arguments [KM92, (2.9.2)] (see
also Remark 2.4) because Lemma 5.3 would follow from [KM92, (2.12.2)] if
our (X, C) deformed to an extremal neighborhood. In the same way, we may
assume that I D J is (1,2,2)-monomializable at R. At the ordinary point @,
I D J is (1, 2)-monomializable. Thus there are ¢-isomorphisms

gr'(0.7) ~ (-1+Q"),

gr®(0,J) = (-1+ "5 PP+ QF),

g2 (0, J) ~ gr'(0,7)%2 & (1 + P%) ~ (P¥),

gr*0(0, ) = gr*(0,]) S gr'(0,J) = (~1+ "7 PY),
g3 (0, ) = g1 (0,]) @ gr'(0,J) ~ (=1 + P! + Q)

(cf. [Mor88, (8.6), (8.12)]) and the following:

by griw =~ (=1 + Z=LPf 4+ QF).



ON Q-Conic BunDLEs, 111 799

Hence there are an f-isomorphism and /-exact sequences
gr'(w, J) = (=14 =54 PF),
0— (-1+2HP + Q%) — gr¥(w,J) — (=14 (m —1)P¥) — 0,
0— (=14 2ELPY) - gr3(w, J) — (=2 + (m — 1) P + Q) — 0,
by [Mor88, (8.6)]. Now from the exact sequences
(5.3.4) 0— gr(w,J) = wx/F" Y w,J) = wx/F"(w,J) — 0

we obtain H'(w/F*(w,J)) # 0 which is a contradiction. Then it follows
from [MPO8a, (4.4)] that V := Specy Ox/F*(0,J) D f~1(0). Hence, 2 =
(=Kx - f~1(0)) < (=Kx - V). On the other hand, near a general point S € C,
for a suitable choice of coordinates (z,y,z) in (X,S), we may assume that
FY0,]) = Ic = (z,y), FX(0,J) = J = (z,y%), F3(0,J) = IcJ +J =
(22, 2y, y3), F4(0,J) = J?> = (22, 2y?, y*). Hence,

2<(=Kx V)= ﬁ lengthg C{x,y}/ (2%, 292, y*) = QL

m’

which is a contradiction. Lemma 5.3 is proved. 1

Lemma 5.4 ([KM92, (2.12.3)]).  The point Q is ordinary, that is,
(X,Q) = (21, 22,23)/15(1,1,1) D (C, P) = z1-axis/ .

Proof. Assuming that @ is not ordinary whence 8 = z123 mod (23, 23,
24)?, we will derive a contradiction. As in the proof of Lemma 5.3, there is a
split exact sequence

0— gréw — gre 0 — (grg 0/ grgyw) — 0

which is (-split at P. Since (-free (-bases of grl w (resp. gri O) at Q have
weights 1 (resp. 0, 1) mod (2), the above sequence is also ¢-split at . Thus
there are f-exact sequences

0— (-1+ 24P+ Q%) - grp 6 — (-1 + P*) — 0,

0— (-14+(m—1)P*) - griw— (—24 2P+ QF) — 0.

Similarly to the argument at the end of Lemma 5.3 H'(w/F2w) # 0 and one
has a contradiction by 2 < 3/(2m). Lemma 5.4 is proved. O
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5.5 ([KM92, (2.12.4)]).  As in the argument for Lemma 5.3, there is an
{-isomorphism

gré 0~ (—1+ 22 P8+ Q%) & (1 + PF 4+ QF) .

Let J be the C-laminal ideal such that J/FZO = (—1+ 2-1P% 4 QF). Af-
ter an (equivariant) change of coordinates if necessary, we may assume that
(y2, 22, w2) (resp. (ys,23,ws4)) are ¢-free {-bases of (—1 + ’”T_lP’i + Qﬁ) (resp.
(=1 + P* + Q%)), whence J = (wg, w3, w?) at R. Replacing w3 by an element
= w3 mod (wq,wy)? if necessary, we may further assume

_ 2 2 2 2
v = wiws + cwy + cowaws + czws  mod (w3, wi, wawy, wy) - Ic
for some ¢1, ¢, c3 € C. We note v = wywsz + ciw? mod J - Ic.

Lemma 5.6 ([KM92, 2.12.5]). A general member Ex of | — Kx| has
singularities A1, A1 and A, at P, Q and R, respectively and is smooth else-
where, and A(Ex,C) is

where n is some integer > 1. We have n = 1 if either m > 5 and ¢; # 0 or
m =3 and (c1,cq,c3) # (0,0,0).

Proof. There is an (-isomorphism gr},(w*) =~ (0) & (-1 4+ ™3 PF). Let
D ={yy +h = 0}/u,, € | — 2Kx| as before. We treat the case m > 5.
Then griw* ~ Oc & Oc(—1) and H°(O(—Kx)) = H(gr(w*,J)). As in
5.3.1 one has H°(Ox(—Kx)) — wp mod (y2,y3)%wps. So a general section
s € H(O(—Kx)) induces (ya+- - - )/, up to some units whence induces a non-
zero global section 5 of gr, w*. Hence s is nowhere vanishing and the defining
equations of Ex = {s = 0} are y, 22 and wy mod FZ& up to units at P, Q
and R, respectively. Then Ex is smooth outside of P, @ and R, (Ex,P) ~
(91, 38) /1 (1, —1), (Ex, Q) = (21, 25) [pg(1, 1) and (Ex, R) = (w1, ws, w5; 9),
where 7(w1, w3, wy) = wiws+ciwi mod (w3, w])(ws, wys). We are done in case
m > 5. In case m = 3, we can see that gri, w* ~ (0) & (0) and H*(0(—Kx)) —»
Ho(gré w*) and we get a similar assertion on Ex except that v = wyws +
(03152 +czt+cl)wz for some general t € C. Thus we are done in case m = 3. [

Lemma 5.7 ([KM92, (2.12.6)]). Ifm > 5, thenc; # 0 andn =1 in
Lemma 5.6. Thus the assertions of the case 1.3.4 hold when m > 5.
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Proof. Assume that m > 5 and ¢; = 0. By wyws € J - I, we have w3 €
F3(0,J) and gr*(0, J) = Ocws ® Ocw? at R. Thus there are (-isomorphisms
(cf. the proof of Lemma 5.3)

gr'(0,7) = (-1+ P+ Q")
gr%(0, ) = (—1+ =57 PF 4 QF)
gr21(0,]) = gr'(0,1)%? ~ (=1 + 2P%).

Therefore,
grl(w, J) ~ (14 2EL Py |

0— (72 + mTJr3Prj JrQu) — gr2(w,J) — (=14 (m— 1)Pﬁ) — 0.
From the exact sequence
0 — gri(w,J) — wx/F3(w,J) — wx/F*(w,J) — 0

we obtain H'(w/F3(w,J)) # 0. Hence 2 < 4/(2m) [MP08a, (4.4)], a contra-
diction. ]

Lemma 5.8 (cf. [KM92, (2.12.7)]).  Assume m = 3. If (¢1,c2,c3) # 0
(resp. =0), thenn =1 (resp. = 2) in Lemma 5.6. Thus the assertions of the
case 1.3.4 hold when m = 3.

Proof. Assume that (c1,ca,c3) = 0. Then w3 € F2¢. Changing w; and
ws, we may further assume v = wyws + 6(w2, wy4), where 0 is a power series in
wy and wy of order d > 3. Then d = 3 because 2-1deg.(—1+P*+Q*)+1/d > 0
[KM92, (2.12.8)]. In the proof of Lemma 5.6, it is easy to see n = d — 1 from
gre(0) = (—1+ PP+ QY @& (-1 + P* + Q7). =

Thus we end up with the case 1.3.4 for (IA)+(TA)+(III), and the proof of
Theorem 1.3 is completed for (IA)+(IA)+(III).

§6. Case of (IA)+(TIA)

6.1 (Cf. [KM92, (2.13)]). In this section, we consider the case (IA)+
(IA). Since the base (Z,0) is smooth, [MP08a, Theorem 11.1] implies that the
singular locus of (X, C) consists of a (IA) point P of odd index m > 3 and a
(IA) point Q of index 2. We know that sizp = 1, by [MP08a, (8.5)].

We start with the set-up. The following is very similar to Lemma 5.2.
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Lemma 6.2 (cf. [KM92, (2.13.1)]).  We can write
(X’ P) = (ylvaa Y3, Y43 O‘)/“’m(la mTJrlv 71; 0; 0) ) (Ca P) - yl_aXis/H’ma

(Xa Q) = (217 22,23, 2475)/#’2(17 17 ]-7 0’ 0) o (C7 Q) = Zl_aXiS/“?’
using equations o and 3 such that o = y1y3 mod (y2,y3)? + (ya4)-

We recall ¢(P) = length py (Iﬁ(Z)/InZ), where I* is the defining ideal of C*
in (X* P*) and £(Q) is defined similarly.

Lemma 6.3 (cf. [KM92, (2.13.2)]). ip(1) =1 and {(P) < 1.

Proof. This follows from o = y;y3 and [Mor88, (2.16)]. O
Lemma 6.4 (cf. [KM92, (2.13.3)]).  Either

Case 6.4.1 ([KM92, (2.13.3.1]). 4(Q) < 1 (in particular, the point (X, Q)
is of type cA/2),ig(1) =1, and grt, 0 ~ 0 & O(—1), or

Case 6.4.2 ([KM92, (2.13.3.2]). 4(Q) =2,ig(1) =2, g1t 0 ~ O(—1)&
0(-1), and P is ordinary:

(Xa P) = (ylay27y3)/p’m (17 mTH7_1) o (Ca P) = yl'aXiS/IJ’m'

Proof. The assertion on ig(1) follows from the one on £(Q) by ig(1) =
[£(Q)/2] +1 [Mor88, (2.16)]. We assume ¢(Q)) > 2 and denote it by r. Thus
we may choose 3 = 27z; mod (z9,23,24)%, where i = 3 (resp. 4) if r = 1 (resp.
0) mod (2). If we extend (see Remark 2.4) the deformation § + t2] %z, = 0
of (X, Q) to a deformation (X, Ct) 3 Q: of (X, C) 5 @ which is trivial outside
of a small neighborhood of @, then X; has two (IA) points and one (III) point
on C; and 8+ t2] "2z = 0 is the equation for (X7, Q%) (cf. [Mor88, (4.12.2)]).
Hence @ is ordinary, that is, r = 2 by Lemma 5.4 or [KM92, (2.12)]. O

First we treat the special case 6.4.2.

Lemma 6.5 (cf. [KM92, (2.13.4)]).  Assume that we are in the case 6.4.2.
Then f is of type (IA)+(IA) and the singular point Q is of type cA/2, cAx/2
or ¢cD/2 (see 1.3.3).

Proof. The argument is quite similar to the case (IA)+(IA)4(III) (Section
5). As in the paragraph 5.5, there is an ¢-isomorphism

gre 0 ~ (=1+ 222 PF 4+ Q%) & (-1 + P¥ 4+ QF),
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and let J be the C-laminal ideal such that
JIF0 = (-1+ 1Pt 4 QF) .

We may assume that (y2, z2) (resp. (y3, z3)) are (-free {-bases of (—1+ 251 Pi+
Qﬁ) (resp. (—1+ P+ Q%)), J* = (29, 24, 22) and

_ .2 2 2 2 2
B = zi{z4+ 125 + cazazg + c3z5 mod (24, 23, 2223, 25) - Lo

at @ for some c1, ¢z, c3 € C. We note that 3 = 2224 + ¢125 mod JIt. The
following Lemma 6.6 corresponds to Lemma 5.6. The fact that (c1,co,c3) #
(0,0,0) and the assertion on the type of @ follows from the classification of
terminal 3-fold singularities [Rei87, (6.1)]. The assertion that ¢; # 0 for the
case m > 5 is proved in the same way as Lemma 5.7. Thus Lemma 6.5 is
proved. O

Lemma 6.6 ([KM92, (2.13.5)]).  Under the notation of the previous proof,
assume either m > 5 and ¢; #0 or m =3 and (cq,ca,c3) # (0,0,0). Then for
a general member Ex of | — Kx|, A(Ex,C) is

0O—++—0—@®—0—---—0—0—0,
—_——— ———
m—1 2k—3

where k(> 2) is the azial multiplicity of (X, Q).

Proof. The only difference from Lemma 5.6 is the analysis of the singu-
larity (Ex,Q) =~ (21,23, 24; 3)/15(1,1,0;0), where 3 satisfies 8 = 2224 + 22
mod (24, 25)(24, 23) and ord 3(0,0,24) = k < co. It is easy to see that § =
2224 + 22 + 2K modulo formal p,,-automorphisms in (21, z3,24). Thus it is
reduced to the following explicit computation (cf. [Rei87, (4.10)]). O

Computation 6.7 ([KM92, (2.13.6)]).  Let
(E7 Q) = (217 23, 24; Z%Z4 + Z; + Zi)/“2(17 17 07 0)
and C' = zy-azis/p,, where k > 2. Then (E, Q) is of type Doy, and A(E,C) is

(¢]

®e—0—:-+—0—0—0.

2k—3
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6.8 (Cf. [KM92, (2.13.7)]). In the rest of this chapter, we assume the
case 6.4.1 unless otherwise mentioned.

We choose an (-splitting gri, 0 ~ £ & .4 as in [KM92, (2.8)] (see [Mor88,
9.1.7]) such that deg.Z = 0 and deg.# = —1, see (6.4.1). Let J be the C-
laminal ideal of width 2 such that J/F20 = . For an (-invertible sheaf F
with an (-free {-basis f at a point T of index n, we can give an equivalent
definition of qldeg(F,T) € [0,n) as qldeg(F,T) = —wt f mod (n). (This is
because (C*, P*) and (C*, Q%) are smooth.)

Lemma 6.9 ([KM92, (2.13.8)]). qldeg(.#,Q) =1.

Proof. We assume qldeg(.#,Q) = 0. Then .# ~ (—1 + iP*) for i = 0,
1 or (m — 1)/2 since ya, y3 and y4 generate gry, 0% at P Tt follows from
dlo(gri w) = -1+ 2L Pf 4 Q%) that

grewgrt O@grtw~e L@glwd (—24 (252 +4) PP 4 QY.

Since (m —1)/2+4i < m —1 < m, we have H'(grt, w) # 0. This is a contra-
diction to H'(w/FZw) = 0 because of H'(gr® w) = 0. Indeed, otherwise by
[MP08a, (4.4)] we have f~1(0) C Spec Ox/FZ0 and 2 < 3/(2m), which is a
contradiction. |

Remark 6.10 ([KM92, (2.13.8.1)]).  For comparison with [Mor88, (9)], it
might be worthwhile to mention®

qeg(/,Q) =1 iff £(Q) + qldeg(£, Q) = 1,
qldeg(.#, P) = 1 iff {(P) + qldeg(Z, P) = 1.

Lemma 6.11 Corresponds to but different from [KM92, (2.13.9)].
qldeg (2, P) # (m — 1)/2

Proof. 'We assume qldeg(.#, P) = (m—1)/2 to the contrary. There is an
(-isomorphism .# ~ gr?, w. We may assume that yo is an ¢-free (-basis of .#
at P. Let D = {y; = 0}/u,,,. It is easy to see D € | —2K x| by (D-C) =1/m.
By H°(0(—Kx)) = HO(FA(w*)), its general section s induces a section 3 of
grew* ~ £ & (grlw)®Y & (0). Similar to arguments in 5.3.1 one can see
that the projection of 5 to (0) is non-zero because y2 /) is an ¢-free ¢-basis of
(0) at P and s induces an element of the form y;/Q 4 --- up to units, where
Q) is an f-free (-basis of gr%w at P. Thus 5 is nowhere vanishing, whence

Lg(=) in [KM92, 2,(13.8.1)] was qldeg(.Z, —).
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= {s = 0} is smooth outside of P and @. The analysis of (Ex, P) and
( ,Q) is the same as [Mor88, (9.9.3)]. Hence (Ez, o) has a configuration:

O—+++"—0—@®—0—+++— 0,

The difference from [KM92] is that this implies that X is of index 2 by [MP08a,
(11.2)] in our Q-conic bundle germ case where the base is smooth. Since the
index m of P is odd and > 1, this is a contradiction and we are done. 1

Lemma 6.12 ([KM92, (2.13.10)]).  The point P is ordinary and m > 5.
After changing coordinates, we may assume

(X7 P) = (ylay27y3)/lj’m(17 (m + 1)/2a _1> ) (07 P) = yl'a’xis/“m’
(X7 Q) = (21,2272’3,2’4;ﬂ)//1/2(1, 17 17070) ) (O) Q) = Zl_azis/u@;

ya and ys are {-free L-bases of £ and M at P respectively; z3 (resp. z4) and
2o are L-free U-bases of £ and M at Q respectively,

£ = (2P 4+ Q) (resp. £ = (1 PY)),
(6.12.1)
M = (—1+ P+ QF),

I D J has a (1,2)-monomializing £-basis (ys,y2) at P, I D J has a (1,2)-
monomializing (-basis (z2,23) (resp. a (1,2,2)-monomializing (-basis (22,74,
23)) at Q, B = z4 (resp. B = z123 + 25 mod (23, 23, 24) (22, 23,24)) if k = 1
(resp. k > 2), where k is the azial multiplicity of Q. Furthermore, there is an
£-splitting

(6.12.2) er?(0,J) ~ (2P) & (1 + m=1 Pt 4+ QF)

Proof. Proof will be given in a few steps. First by Lemma 6.11 we have

qldeg(.#, P) # (m — 1)/2.

Step 6.12.3 ([KM92, (2.13.10.1)]). Claim: P is ordinary.

Assuming that P is not ordinary, we will derive a contradiction. We may
assume o = y1y3 mod (y2,¥3,v4)? by Lemma 6.2. Thus y, and y, form an ¢-
free (-basis of gry, € at P, and we may assume that they are (-free (-bases of .
and ., respectively because qldeg(.#, P) # (m—1)/2. Hence A4 ~ (—1+Q¥%).
By the deformation o + ty7 [KM92, (2.9.2)], see also Remark 2.4, we may
assume that I O J has a (1,2, 2)-monomializing ¢-basis (y4,y2,ys) at P. We
may further assume that @ is an ordinary point by [KM92, (2.9.2)]. Hence
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L~ (B PP+ Q) and gr*! (0, J) ~ M2 @ (PY) ~ (—1 + P!). Therefore,
by [Mor88, (8.12)(ii)]

grl(w,J) ~ M @griw~ (—1+ 1P,
9120w, J) = L & g w = (m — 1)PY),
gr2t(w, J) = gr? (0, J) @ grd w ~ (-2 + ZH PP 4 QF),
gr?0(w, J) = gr?0(w, J) @ A = (=1 + (m — 1)P* + QF),
g (w, J) = gr* (W, J) & M = (~2 + FLPY).
Hence, H'(gr'(w, J)) =0, i = 1, 2. From the exact sequences
0— g™ (w,J) = g™ (w,J) = g™ (w,J) =0, n=2,3

we obtain H'(gr’(w,J)) = H'(gr*(w,J)) = C. Finally, from the exact se-
quences (5.3.4) follows H'(w/F?(w,J)) = 0, i = 1,2, HY(w/F3(w,J)) =
C, and H'(w/F*(w,J)) # 0. By [MP08a, Theorem (4.4)] we have V :=
Specy Ox /F*(0,J) D f~1(0). Hence 2 = (—Kx - f~1(0)) < (-Kx -V)
6/(2m), a contradiction. Thus P is ordinary as claimed.

Step 6.12.4 ([KM92, (2.13.10.2)]).  Claim: m > 5.

Assume that m = 3. Then qldeg(.#,P) = 1 because gldeg(#,P) =
—wt ys = 1. This contradicts the original assumption that qldeg(.#, P) #
(m—1)/2=1. Thus m > 5 as claimed.

Step 6.12.5 ([KM92, (2.13.10.3)]).  Since gry, ¢ has an (-free (-basis
{y2,y3} at P, the assertions on f-bases of .£ and .# at P follow. Therefore
(y3,2) is a (1,2)-monomializing ¢-basis for I D J at P because I* = (y3,2)
and J* = (y2,y9) at P.

Since grl, O has an (-free (-basis {29, 23} (resp. {22, 24}) at Q if k = 1 (resp.
k > 2), the assertions on ¢-bases of ¥ and . at @ follow from gldeg(.#,Q) =1
(see Remark 6.10) possibly after a change of coordinates. Thus (6.12.1) is
settled.

Assume k = 1. Then Q is ordinary, I* = (2, 23), and J* = (22, 23) at Q,
whence (z3,22) is a (1, 2)-monomializing ¢-basis. In particular, gr®! (&, J) ~
M2

Thus we only have to show that (22, 24, 23) is a (1,2, 2)-monomializing ¢-
basis of I O J assuming k > 2. Hence J* = (22, 23,24) and 3 = 2123 + c22
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mod JI* for some ¢ € C. If ¢ = 0, then z3 € F3(0,J) and gr?1 (0, J) ~ ///®2,

whence R
gr?0(w, J)~ L@ gl w~ (—1+ (m — 1)P* + QF),

grN(w, J) o ME? & grd w ~ (—2 + T Pt 4 Q1)

As in the Step 6.12.3 we get H'(w/F3(w, J)) # 0 which implies a contradiction.
Thus ¢ # 0 and the assertion on ¢-basis is proved. In particular, the assertion
on 3 follows. So if k > 2, then ¢ # 0 and 23 is an ¢-free (-basis of gr?1 (&, .J)
and gr2(0,J) ~ #%2 & (QY).

Step 6.12.6 ([KM92, (2.13.10.4)]). Hence by (6.12.1), there are two cases:

(2Pt 4+ QY) 01 (—1+2P%) if k=1
&= 0,J) = ’
{(mT—lpu) e (O D) = Ciyopt Q) itk > 2

Thus from the exact sequence
0— gr®t(0,J) — g*(0,]) - £ —0,

we have gr?(0,J) ~ Oc ® Oc(—1) as Oc-modules and one of the following
holds [KM92, (2.8)]:
(*1)
(*2)
—1+2P% + Q) (%3)
2P%) & (—1+ 25 P Q) (%)

*q

Note also that grlw = (=1 + 2L P* + Q). To determine the (-splitting of
gr?(0,J), it is enough to disprove the f-isomorphisms (*1), (*2), (*3) when
m > 7, and (#1), (*2) when m = 5. Then

((m —1)P*) & (—2+ mF2P 4+ QF) (*1)
gri(w,J) = (mT%pﬁ) D (=2+(m—1PF+QF) (x2)
(<1 (m — 1)PF 4 Q8 & (—1 + 22 P¥) (32

Since gr!(w, J) = gr' (0, J) @ w = (-1 + 2L PH)| Hi(gr! (w, J)) = 0 for i =0,
1.

In the first two cases (*1) and (*2) one has H!(gr?(w,J)) # 0. As in the
Step 6.12.3 we get H'(w/F3(w,J)) # 0 which implies a contradiction. In the
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case (x3), one has H'(gr?(w,J)) =0 for i = 0, 1, and a computation similar to
one in the Step 6.12.3 shows

g1 (w, J) = gr?(w, J) @ M = (0) & (—2 + O PE 4+ QF) .

If m > 7, again as in the Step 6.12.3 we get H'(w/F*(w, J)) # 0 which implies
a contradiction. Thus (6.12.2) holds. O

Lemma 6.13 ([KM92, (2.13.11)]).  We use the notation and assump-
tions of Lemma 6.12. Then H°(O(-Kx)) = H°(F?(w*,J)) and a general
section s of H°(O(—Kx)) induces a sections of gr?(w*,J) such that

6.13.1 ([KM92, (2.13.11.1)]). 5 generates .¥ ® grlw* C griw* at P,
and

6.13.2 ([KM92, (2.13.11.2)]). If m > 7 then 3 is a global generator of
(0) in the £-splitting of (6.12.2)

gri(w*, J) ~ (0) & (-1 + 22 P+ QF).

If m = 5, the same assertion holds possibly after changing the f-splitting of
gr?(w*, J).

Proof. We see H°(O(—-Kx)) = H(F?(w*,J)) by H°(g°(w*,J)) =
HO(grt(w*,J)) = 0 (see Lemma 6.12). Let D = {y; = 0}/pu,, € | — 2K x| and
let 2 be an /-free (-basis of gr®w at P. As in 5.3.1 by Corollary 2.2, y,/Q €
Op(—Kx) lifts modulo Op:(ya,y3)?dya A dys to a section of HY(F?(w*,.J)).
Since yy is a part of an (-free (-basis of gr?(&, J), we see that 3 is non-zero. If
m > 7, then 5 must generate (0) because H(C, (—1 + =3 P? 4 Q%)) = 0. If
m = 5, we see as above

H°(0(-Kx)) — gr*(w*, J) ® C(P)

using y2/Q € Op(—Kx). Then general s satisfies 3 ¢ H(C,(Q%)) in the
(-splitting of gr?(w*,J) and we have the same conclusion. O

Lemma 6.14 ([KM92, (2.13.12)]).  We assume the notation and assump-
tions of Lemma 6.12. In particular, we assume m > 5. Then the conclusions
of the case 1.3.3 hold.

Proof. Let s € H(0(—Kx)) be a general section. If m = 5, we change
the (-splitting of gr?(¢&,J) for which Lemma 6.13 holds. Depending on the
value of k, we treat two cases.
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Case 6.14.1 (k =1, [KM92, (2.13.12.1)]).  We claim that the image of
5 in gri w* generates £ @ grd w* ~ (1) (C gr&w*) at P and Q and vanishes
at some point R (# P,Q). Indeed, the generation at P is proved in Lemma
6.13. If 5 does not generate £ ® gr% w* = gr?%(w*, J) at Q, 5 is not a part of
an (-free (-basis of gr??(w*, J) at @ because

aldeg(gr® (", J), Q) = aldeg (A®* & gr w,Q) =1 £0.

This contradicts Lemma 6.13 and our claim is proved.

Then it is easy to see that Ex = {s = 0} € | — Kx| is smooth out-
side of P,@ and R. Moreover, (Ex,P) ~ (y1,y3)/t,,(1,—1) and (Ex, Q) ~
(21,22)/p5(1,1). We choose coordinates at R so that (X, R) = (wy,wa, w3) D
(C, R) = ws-axis, and J = (wz,w3) at R. Using a generator ) of 0(K ) at R,
we see (s = uwiwy mod (wa, w3)2 for some unit u because 3 vanishes at R to
order 1. Since Qs is a part of a free basis of gr?(&, J) at R, we have

Qs = vwywy + vw§ mod (wo, ’LU%)(’UJQ,’LU3)
for some unit v. Thus (Fx, Q) is an A; point and we are done in case k = 1.

Case 6.14.2 (k > 2, [KM92, (2.13.12.2)]).  We see that the image of 5
in gri,w* generates .Z ®@ grd, w* ~ (Q*) outside of @ by Lemma 6.13. Then
Ex = {s =0} € |-Kx]|is smooth outside of P and Q, (Ex, P) ~ (y1,y3)/ ., (1,
—1). Using an (-free (-basis Q of 0(Kx) at Q, we see the image of 5 in gr}, w*
is uz124/2 at @, where u is a unit. Since s is a part of an ¢-free ¢-basis of
gr?(w*,J) at Q, we have Qs = uz1z4 + vzs mod JHI* at Q for some unit v.
Eliminating z3, we see (Ex, Q) =~ (21, 29, 24; )/ 115(1,1,0;0), where 3 satisfies
B =22z + 22 mod (22, 24) (22, z4) and ord 3(0,0, z4) = k. Then we can apply
Computation 6.7. O

Remark 6.15.  We note that the case 1.3.3 ([KM92, (2.2.3)], [Mor07])
comes out of two sources: Lemma 6.5 where kK > 2, m > 3 and @ is of type
cA/2, cAzx/2 or ¢D/2, and Lemma 6.12 where m > 5 and Q is of type cA/2.

We note that Lemma 6.5 assumes the case 6.4.2, where (X QF) is not
smooth by ¢(Q) > 0 and hence the axial multiplicity k& > 2.

Thus the proof of Theorem 1.3 is completed in the case (IA)+(IA).
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