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A Fixed Point Theorem and Equivariant Points
for Set-valued Mappings

By

Yoshimi SHITANDA*

Abstract

We give a proof of a coincidence theorem for a Vietoris mapping and a compact
mapping and prove the Lefschetz fixed point theorem for the class of admissible
mappings which contains upper semi-continuous acyclic mappings. When a source
space is a paracompact Hausdorff space with a free involution and a target space is a
closed topological manifold with an involution, the existence of equivariant points is
proved for the class of admissible mappings under some conditions. When a source
space is a Poincaré space with a finite covering dimension, the covering dimension of
the set of equivariant points is determined.

81. Introduction

S. Eilenberg and D. Montgomery [1] gave the Lefschetz fixed point formula
for acyclic mappings which is a generalization of the classical Lefschetz fixed
point theorem. L. Gérniewicz [7] studied set-valued mappings, a coincidence
theorem for ANR spaces and the Lefschetz fixed point theorem for admissi-
ble mappings. M. Nakaoka studied the Lefschetz fixed point theorem by the
cohomological method in [12] and equivariant point theorems [14, 16] and the
Borsuk-Ulam theorem between manifolds in [13, 16]. In this paper, the au-
thor shall give a proof of a coincidence theorem for a Vietoris mapping and
a compact mapping (cf. Definition 3.2) and prove the Lefschetz fixed point
theorem for the class of admissible mappings (cf. Definition 3.5). We shall
generalize many results of M. Nakaoka [16] to set-valued mappings between a
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paracompact Hausdorff space with a free involution and a closed manifold with
an involution.

In general, when a non-empty closed set ¢(x) in a topological space Y is
assigned for every point x in a topological space X, we say that the correspon-
dence is a set-valued mapping and write ¢ : X — Y by the Greek alphabet.
For single-valued mapping, we write f : X — Y etc. by the Roman alphabet.
A set-valued mapping is studied particularly in Chapter 2 in [7]. In this paper
we assume that any set-valued mapping is upper semi-continuous.

In the section 2, we shall discuss various cohomology theories and state
some results for our applications. We shall mainly use the Alexander-Spanier
cohomology theory H*(—; F) with coefficient in a field F instead of the singular
cohomology theory H*(—; F).

In the section 3, we shall prove a fixed point theorem for set-valued map-
pings. For the purpose, we shall prove the following theorem (cf. Theorem 3.9)
which is our main theorem whose proof is different from L. Gérniewicz [6, 7).

Main Theorem 1.  Let X be an ANR space and Y a paracompact Haus-
dorff space. Let p:Y — X be a Vietoris mapping and ¢ : Y — X a compact
mapping. Then (p*)~'¢* is a Leray endomorphism. If the Lefschetz num-

ber L((p*)~'q*) is not zero, there exists a coincidence point z € Y, that is,
p(2) = q(2).

For an admissible mapping ¢ : X — Y, we define ¢* : H*(Y;F) —
H*(X;F) by the set {(p*)~'¢*} where (p,q) is a selected pair of . From
the above theorem, we obtain the following Lefschetz fixed point theorem (cf.
Theorem 3.10).

Main Theorem 2.  Let X be an ANR space and ¢ : X — X a compact
admissible mapping. If L(p*) contains a non-trivial element, there exists a
fixed point z¢ € X, that is, zg € ¢(xp).

In the section 4, we shall prove the Steenrod isomorphism (cf. Theorem
4.1) for compact ANR spaces of finite type and the Alexander-Spanier coho-
mology theory. We also define cohomology operations P;(—) and P(—,—) for
general spaces and deduce the naturalities with respect to mappings. We dis-
cuss the Gysin-Smith sequence for the Alexander-Spanier cohomology theory
and its properties. We shall prove a result on Poincaré spaces for our purposes
(cf. Lemma 4.4). Poincaré space is a connected metric space satisfying the
Poincaré duality.

We define the equivariant fundamental cohomology class Uy, € H™ (8%,
(M2, M? — AM); F3) for a closed manifold M with an involution which is a
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connected compact manifold without boundary. For a paracompact Hausdorff
space N with a free involution T and a continuous mapping f : N — M, we
obtain a result on the set A(f) ={x € N | f(T'(x)) =T'(f(z))} of equivariant
points (cf. Theorem 4.5) and evaluate the dimension of A(f) for a Poincaré
space N with a finite covering dimension (cf. Theorem 4.6).

M. Nakaoka proved some equivariant point theorems (cf. Theorem 5.3 in
[14], Theorem 7.1 etc. in [16]) between the same dimensional closed manifolds.
In the section 5, we shall generalize his results for set-valued mappings between
a Poincaré space with a finite covering dimension and a closed manifold.

The generalized Lefschetz number £(¢ : [Ny o]) is defined for an admissible
mapping ¢ : N — M (cf. Definition 5.2). In general £(p : [N, o]) is a set. Our
main theorem is stated as follows (cf. Theorem 5.5).

Main Theorem 3.  Let N be a paracompact Hausdorff space with a free
involution T and M an m-dimensional closed topological manifold with an
involution 7" satisfying the condition (5.1). For an admissible mapping ¢ :
N — M, if L(¢ : [Nxq]) contains a non-trivial element, then there exists a
point kg € N such that T'¢(zo) N (T (xo)) # B. Moreover if N is an n-
dimensional Poincaré space and the covering dimension of IV is finite, it holds
dim A(p) = n—m where A(p) ={z € N | T'(¢(z)) N o(T(x)) # 0}.

When a source space is the sphere and a target space is the Euclidean space,
the Borsuk-Ulam theorem is proved in §37, §43 of [7] and Theorem 2.6 in [4] for
admissible mappings. In the section 6, we shall generalize their Borsuk-Ulam
theorem to the case of general spaces (cf. Theorem 6.3). For a paracompact
Hausdorff space X with a free involution T, let X be the orbit space of X by
the group 7 generated by T. The first Stiefel-Whitney class ¢ = ¢(X,T) of X
is defined by ¢ = f*(w) where f : X; — RP is the classifying mapping of the
projection p : X — X, and w is the generator of H'(RP>;F5).

Main Theorem 4.  Let N be a paracompact Hausdorff space with a free
involution 7' and M an m-dimensional closed topological manifold. Assume
that the first Stiefel-Whitney class ¢(N,T) satisfies ¢(N,T)™ # 0. If a set-
valued mapping ¢ : N — M is admissible and * contains the trivial element,
then there exists a point zg € N such that ¢(zg) N (T (zo)) # 0. Moreover
if N is an n-dimensional Poincaré space and the covering dimension of N is
finite, it holds dim A(¢) = n —m where A(p) = {x € N | p(z) Np(T(z)) # 0}.

From our theorem, we can obtain the detailed results of the Borsuk-Ulam
theorem for admissible mappings in the case that a source space or a target
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space has the homology groups of the sphere (cf. Corollarys 6.4, 6.5). Moreover
we shall determine the index of A(y) of an admissible mapping ¢ : N —
M in the case that N satisfies ¢(N,T)™ # 0 (cf. Corollary 6.6). These are
generalizations of Theorem 43.11 in L. Gérniewicz [7], Theorem 3.4 in K. Geba
and L. Gérniewicz [4].

§2. Various Cohomology Theories

To begin with, we give some remarks about several cohomology theories.
The Alexander-Spanier cohomology theory H*(—;G) is isomorphic to the sin-
gular cohomology theory H*(—; G) (cf. Theorem 6.9.1 in [17]), that is,

(2.1) p: H(X;G) = H*(X;G)
if the singular cohomology theory satisfies the continuity:

lim H*(U; G) = H* (z; G)

{U}
where {U} is a system of neighborhoods of z. The remarkable feature of the
Alexander-Spanier cohomology theory is that it satisfies the continuity property
(cf. Theorem 6.6.2 in [17]).

For a paracompact Hausdorff space X, it also holds the isomorphism be-
tween the Cech cohomology theory H*(—;G) with coefficient in a constant
sheaf and the Alexander-Spanier cohomology theory H*(—;G) (cf. Theorem
6.8.8 in [17]), that is,

(2.2) H*(X;G) =~ H (X;G).

If a normal space X satisfies the property of neighborhood retract for any
normal space Z which contains X as a closed subset, it is called an ANR space.
An ANR metric space is an r-image of some open set of a normed space (cf.
Proposition 1.8 in [7]). For an ANR metric space X, these three cohomology
groups are isomorphic to each other by Theorem 6.1.10 of [17]. In this paper,
we assume that ANR space is a metric space. Hereafter we assume that any
(co)homology theory is a (co)homology theory with coefficient in a field F.

For a covering U of X, the simplicial complex K(U) is defined in §1 of
Chapter 3 in [17] and is called the nerve of Y. The simplicial complex X (i) is
defined in §5 of Chapter 6 in [17] and is called the Vietoris simplicial complex
of U. They are chain equivalent each other (cf. Exercises D of Chapter 6 in
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[17]). Clearly by the definition of the Alexander-Spanier cohomology theory,
we have the isomorphism:

(2.3) lim H*(C*(X (U); F)) = H*(X;F).
)

We have the cross products 7 : H*(X, A; F)® H*(Y, B;F) — H*((X, A) x
(Y,B);F)and 7 : H*(X, A;F)@ H*(Y,B;F) — H*((X, A) x (Y, B); F) and the
natural transformation p : H(—;F) — H*(—;F). They satisfy the following
commutativity:

H*(X, A;F)® H*(Y,B;F) —— H*((X,A;F) x (Y, B);F)
(2~4) lu@u lu
H*(X,A;F) @ H*(Y, B;F) ——— H*((X,A) x (Y, B);F).

For the detail see §5, §9 and Exercise E of Chapter 6 in [17]. If X and YV are
ANR spaces and H,. (X, A; F) or H,(Y, B; F) is finite type, we can easily obtain
the Kiinneth theorem for the Alexander-Spanier cohomology theory. Under the
same condition, we can find a cofinal covering system {U xV} of X xY such that
H*(X xY;F)2lim_, H*(X(U) x Y (V); F) where U and V are open coverings
of X and Y respectively. This is easily proved by the above consideration.

The Cech homology theory H,(—;F) (cf. [2]) and the Alexander-Spanier
homology theory H,(X;F) are defined by

(2.5) lim H, (C.(K(U); F)), lim H,(C.(X(U);F))
{uy {u}

respectively. They are isomorphic to each other (cf. Exercise D in Chapter 6
in [17]). The following theorem is well-known (cf. Theorem 1 in [10]).

Theorem 2.1.  Let X be a ANR space. Then it holds the isomorphism:

(2.6) H.(X;F) = H.(X;F).
Since the Alexander-Spanier homology theory coincides with the singular
homology theory for ANR space, it holds the following isomorphism:

(2.7) H*(X;F) =Hom(H.(X;F),F)

by the universal coefficient theorem of the singular homology theory.
We can obtain the universal coefficient theorem for the Alexander-Spanier
(co)homology theory.
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Lemma 2.2. Let X be a compact Hausdorff space. Then it holds the
isomorphism:
H.(X;F) = Hom(H*(X;F),F).

Proof. Since there exists a cofinal family {i/} of finitely many open sets
for a compact set X, we have the universal coefficient theorem:

H.(X;F)=lim H.(C.(K(U); F))
u

= lim Hom(H*(C*(K(U);F),F))
u
=~ Hom(lim H*(C*(K (U); F),F))
u

~ Hom(H*(X;F),F).

Here the second isomorphism is obtained by the universal coefficient the-
orem for chain complexes of finite type. The third isomorphism is given by
the isomorphism: limg Hom(F,,F) = Hom(limg F,,F) for F-vector spaces
F,. O

For open coverings Ug, U, of X, the notation Ug < U, means that Ug is
finer than U,,.

Lemma 2.3. Let X be a compact ANR space of finite type H,(X;F).
Then there exist finitely many open coverings U, and Uz of X such that Ug <
U, and it holds:

H,(X;F) = image of {H.(K(Up);F) — H.(K(U,); F)}.

Proof. SetV = H.(X;F)and V,, = H.(K(U,);F). Define V. and K/, by
the image of V' — V,, and the kernel of V' — V,, respectively. Set L, = V,/V..
There exist exact sequences:

0= {K.} = {V} = {Va} =0, 0= {Vi} = {Va} = {La} — 0.
And we obtain the following exact sequences:
0—=lmK,—V—=1lmV, —----, 0—=1lmV,—>1lmV, -lmL, —---.

Since it holds V' = lim._ V, by the definition of the Alexander-Spanier
homology theory, we have V' = lim. V and lim. K/ = 0. From this, there
exists Ug for each U, such that Kj = 0 and Us < U,. Therefore we may
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consider the cofinal system {V — V,} of mono-morphisms. Here note that
H.(X;F) is finite type. By making use of Lebesgue’s covering theorem, we may
assume that {V,} is a countable linear ordered system. From the exact sequence
0 —{V} - {Vo} - {M,} — 0and V = lim. V,, we have lim. M, = 0.
Therefore we easily see that there exists a refinement Ug for each U, such that

V' is isomorphic to the image of in3 : Vg — V. O

83. A Coincidence Theorem

We shall give a proof of a coincidence theorem in this section. Our proof
is different from the one of L. Gérniewicz [6, 7] and depends on the line of M.
Nakaoka [12]. In this paper, we work in the category of paracompact Hausdorff
spaces and continuous mappings.

Let U be an open set in the n-dimensional Euclidean space R™ and K a
compact subset of U. We have the following diagram:

U,U-K) —= (U,U-K)x K
| |
(3.1) (R",R" —z) —“— (R" x R",R" x R" — A")
| [
do

R"R"—0) —%2_  (R",R"—0)xR"

where ]z(x) = (x,z), z € K, t(.’L‘) =T —2z qb(x,y) = ($ - yay)7 d0($,y) =z
and A" the diagonal set of R™ x R™.

Let w, be the generator of H,(R",R"™ — x;F) corresponding to 1 € F.
Then there exists the generator w%. of H,(U,U — K;F) such that (j%).(w¥) =
w, for any x € K and the inclusion j% : (U,U - K) — (R",R" —z). Note that
H,(U,U - K;F) = H,(U,U — K;F) for a compact set K. We shall use only
the case of finite complex K for our application. The class -, is defined by the
generator of H"(R"™, R" — x; F) which is the dual element of w,. Naturally, we
denote wy and 7 for x = 0.

Definition 3.1.  Define the class 7% € H"((U,U — K) x K;F) by 4% =
i*¢*d (o) where dogi : (U, U — K) x K — (R™",R" —0).

The following definition is essentially important for our purpose.
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Definition 3.2. Let X and Y be paracompact Hausdorff spaces. A
mapping f : X — Y is called a Vietoris mapping, if it satisfies the following
conditions:

1. f is proper and onto continuous mapping.

2. f~(y) is an acyclic space for any y € Y, that is, H*(f~'(y); F) = 0 for
positive dimension.

When f is closed and onto continuous mapping and satisfies the condition (2),
we call it a weak Vietoris mapping.

If f~1(K) is compact set for any compact subset K C Y, f is called
a proper mapping. Note that a proper mapping is closed. Our definition
is broader than L. Gérniewicz’s, because he works in the category of metric
spaces. The following Vietoris theorem holds only for the Alexander-Spanier
cohomology theory (cf. Theorem 6.9.15 in [17]).

Theorem 3.1. Let f : X — Y be a weak Vietoris mapping between
paracompact Hausdorff spaces X and Y. Then,

(3.2) f*:H™Y;F) — H™(X;F)
is an isomorphism for all m = 0.

In this paper, we redefine expediently the Alexander-Spanier homology
theory by the following equation:

(3.3) H.(X;F)=Hom(H*(X;F),F)

instead of the equation (2.5). From the properties of H*(—;F), the new homol-
ogy theory H,(—;F) satisfies the axioms of generalized homology theory. These
two definitions for the Alexander-Spanier homology theory coincide each other
for ANR spaces of finite type or compact Hausdorff spaces. Let K be a com-
pact set {Zm},,>1 U {z} in R™ where the sequence {x,,},,>; convergences to
z. R"— K givesian example that these two homology theories do not coincide.
We shall use the new definition (3.3) for the consistency.

We must remark a fundamental fact:

(3.4) fo: Hp(X;F) — H,(Y;F)

is an isomorphism for all m = 0 for a Vietoris mapping f. A mapping f: X —
Y is called a compact mapping, if f(X) is contained in a compact set of Y, or

equivalently its closure f(Y') is compact.
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We can take a finite complex L for a compact space K in U C R"™ such
that K C L C U. Because we subdivide R™ into small boxes whose faces are
parallel to axes and construct the complex L by collecting small boxes which
intersect with K. For a finite complex K, we have the isomorphism between the
Cech homology theory H,(K;F) and the singular homology theory H,(K;F).
We use this case for our application in this section.

Definition 3.3. Let U be an open set of the n-dimensional Euclidean
space R™ and Y a paracompact Hausdorff space. For a weak Vietoris mapping
p:Y — U and a compact mapping ¢ : Y — U, the coincidence index I(p, q) of
p and q is defined by

(3.5) I(p, q)wo = G.(p); ' (W)

where K is a compact set satisfying ¢(Y) Cc K c U. p: (Y,Y —p }(K)) —
(U.U-K)and g: (Y,Y —p~!(K)) — (R",R" - 0) are defined by p(y) = p(y)
and q(y) = p(y) — q(y) respectively.

If we use the cohomology theory instead of the homology theory in Defi-
nition 3.3, we shall be able to prove the corresponding result in the following
argument. We use the homology theory because of the comparison with [12]
and [6]. From this definition, we easily obtain the next formula.

Lemma 3.2. [t holds the formula:
(3.6) d.(1 % q.(p2) " H AL (W) = I(p, q)wo

where A(z) = (x,7), f(y) = (p(y),y), dlz,y) =2 —y.

Proof. We easily obtain the result from the following commutative dia-
gram:

(U,U-K) «'— (VY -p Y(K)) —— (R",R"-0)

[ s £

1xp 1xq

UU-K)xU «—— (UU—-K)xY —/—— (UU—-K)xK.

Lemma 3.3.

(3.7) I(p,q) =< A*(1 x (p*) " '¢* Vg, wi >
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Proof. We obtain the result from the following calculation:

I(p, q) = < 0, 1(p, q)wo >
= <70, dx(1 X qu(ps)”
= <A (1 x (p") "¢ )d (0,
= <A1 x (p) ' )R wi >

1

*
>
*

|

Theorem 3.4. Let U be an open set of the n-dimensional Fuclidean
space R™ and Y a paracompact Hausdorff space. For p :' Y — U a weak
Vietoris mapping and q : Y — U a compact mapping, if the index I(p, q) is not
zero, there exists a coincidence point z € Y, that is, p(z) = q(z).

Proof. Let K be a finite complex of R™ such that ¢(Y) C K C U. Set

Xpq={z€Ulzeqp (@)}, xp,={veY |p) =y}

Since p is closed, xp,q is a closed set by p(x;hq) = Xp,q- Oince X;),q is a closed
set and ¢ is a compact mapping, xp,q = q(X;’q) is a compact set contained in
K. In the following diagram,

U,U-K) <2 — (V,Y —p~}(K)) —Z— (R",R"—0)

T
(U.U = Xpyq) —— V.Y —p~ xpq) —— (R",R" —0)

if Xp,q is an empty set, we obtain H,,(U,U — x,,) = 0 and I(p,¢) = 0 which is
the contradiction. Therefore we have the result. O

Let V be a vector space and f : V — V a linear mapping. Let f*
be the k time iterated composition of f. Set N(f) = Up>oker f¥ C V and
vV = V/N(f). Then f induces the linear mapping f:V — V which is a
monomorphism. When dim V < oo, we define Tr(f) by Tr(f). In the case of
dim V < o0, it coincides with the classical trace Tr(f).

Definition 3.4. Let {V}r be a graded vector space and f = {fj :
Vi — Vi }i a graded linear mapping. Define the generalized Lefschetz number
for the case of ), >, dim V, < oo:

L(f) = Y (=1)*Te(fi)-

k>0
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In this case, f = {fi}x is called a Leray endomorphism.

The following elementary result is needed to generalize to a class of general
spaces (cf. §11 in [7]).

Lemma 3.5. In the following commutative diagram of graded wvector
spaces:

Vi i>Wk

]

Vk e Wk
Pk

If one of f ={fr}r and g = {gr}r is a Leray endomorphism, the other is
also a Leray endomorphism, and L(f) = L(g) holds.

The following theorem is a new proof of a coincidence theorem which is
based on M. Nakaoka [12].

Theorem 3.6. Let U be an open set in the n-dimensional Euclidean
space R™ and Y a paracompact Hausdorff space. Let p : Y — U be a weak
Vietoris mapping and q : Y — U a compact mapping. Then (p*)~lq* :
H*(U;F) — H*(U;F) is a Leray endomorphism and we have the following
formula:

(3.8) L((p*)"q*) = I(p. q).

Especially, if the Lefschetz number L((p*)~1q*) is not zero, there exists a coin-
cidence point z € Y such that p(z) = q(z).

Proof. To begin with, we remark that there exists a finite complex K in
U such that ¢(Y) C K C U. Consider the following diagram:

-k
3

H*(U;F) H*(K;F)

1%
q*l ‘ lq,*

H*(Y;F) — H*(p ' (K);F)

(p*)ll l(p’*)1

H*(U;F) ——~ H*(K;F)

where p’ and ¢ are the restricted mappings of p and ¢ to the subspace p~!(K)
respectively. ¢” :' Y — K is defined by ¢’ = ¢’j and ¢ = i¢” where i : K —
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U and j : p}(K) — Y are the inclusions. Since (p™*)~1¢* : H*(K;F) —
H*(K;F) is a Leray endomorphism, (p*)~1¢* : H*(U;F) — H*(U;F) is also a
Leray endomorphism by Lemma 3.5. Then, we have

L((™) ™) = L((p*) " '¢").

Consider the following diagram:

H*(K;F) ———  H(K:F)

b

l(p*)—lq//* l(p/*)—lq/*

i —

H*(U;F) I H*(K;F)
J{(—)ﬁw% T(—l)qu%/(—)
H.(U,U - K;F) —— H.(U,U - K:F)

Clearly the upper square is commutative for the Alexander-Spanier cohomology
theory. The commutativity of the lower square for the singular (co)homology
theory is proved by Lemma 3 in [12], that is,

i*(z) = (-1)"%/(z N wk)

for # € HY(U;F). Note that we use the sign (—1)? instead of (—1)"? in [12]
under some changes of sign (cf. Theorem 12.1 in [11]). Now we shall show
the commutativity of the lower square for the Alexander-Spanier cohomology
theory. The morphism i* : H*(U;F) — H*(K;F) of the Alexander-Spanier
cohomology theory coincides with the one of the singular cohomology theory
for a finite complex K. So we can determine i* : H*(U;F) — H*(K;F).
Note that the Alexander-Spanier cohomology groups H*(U;F), H*(U,U —
K;F), H*(U,U — K) x K;F) and H*(K;F) are coincide with ones of the
singular cohomology theory.

In the following discussion, we must carefully use the Alexander-Spanier
cohomology theory and the singular cohomology theory. Let {ax}, {8.}, {7}
be basis of H*(U;F), H*(U,U — K;F), H*(K;F) respectively. We represent
7% € H*((U,U — K) x K;F) as follows:

7% = Zcul/ﬂu X Yy-

v

Since p* is isomorphic, we set

(P) 7" () = Y macan.
A
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We calculate the Lefschetz number L((p"*)~1q'*):

(1)) " (ve) = (=1)%* (p*) "¢ (7e)
=7k /(") 1" () Nw§)
= Z v (B X 1)/ (0%) 71" () Nw)

= Zcuv < Bu, (p*)ilq"*(%i) N wlU( > Y
"%

= ZCW/ < 5,&1«7 (ZmA§a)\) N ’U)% > Yo

v A
= CupMire < By Uan, w >
IZLDNS i A W Y-
A, v

Therefore we obtain a formula:

L((p"™)"¢") = Z cuemre < By Uay,wf > .
Astis€

Next we calculate the coincidence index I(p, q):

I(p,q) =< A*(1x (p")'¢"™)(vk), wik >
:ZC#V < A*(By x (p*)ilqn*(’yu)),w% >
v

— ZCMV < A*(ﬂ# X (Z mAVaA))awIU( >
A

v

U
= E CuMaw < B Uan, wi > .
A,V

From these formulas, we have L((p"*)~'¢’*) = I(p,q). Since L((p'*)"1¢'*) is
equal to L((p*)~1¢*), we obtain the result L((p*)~1¢*) = I(p, q). Therefore we
obtain the second statement by the above result and Theorem 3.4.

O

We can generalize the above result to the case of ANR spaces through the
line of L. Gérniewicz [6, 7]. The following Schauder approximation theorem is
useful to generalize for general spaces (cf. Theorem 12.9 in [7], Theorem 2.3 of
§6 in [8]).

Theorem 3.7. Let U be an open set of a normed space E and f :
X — U a continuous compact mapping. Then, for any € > 0, there exists a
continuous compact mapping f. : X — U satisfying the following condition:
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1. f(X) C E™9 for a finite dimensional subspace E™€) of E
2. ||fe(x) — f(z)|| < € for any x € X
3. fe(x), f(z): X — U are homotopic, noted by f.~ f.

Theorem 3.8. Let U be an open set in a normed space E and Y a
paracompact Hausdorff space. Let p:Y — U be a weak Vietoris mapping and
q:Y — U a compact mapping. Then (p*)~'q* is a Leray endomorphism. We
assume that the graph of qp~" is closed. If the Lefschetz number L((p*)~1q")

is not zero, there exists a coincidence point z € Y, that is, p(z) = q(z).

Proof. Let g, : Y — U be a Schauder approximation of ¢ for e = %, that
is, ¢,(Y) C E~NU = U,,. Then ¢, is a compact mapping. p, : p~1(U,) — U,
is a weak Vietoris mapping where p,, is the restriction of p to p~!(U,,). Here
Jn :p Y U,) — Y and i, : U, — U satisfy pj, = inpn. Let ¢/ : Y — U,
be defined by i,q! = ¢, and ¢, : p~1(U,) — U, be the restriction of ¢’/ to
pH(Un) ie. qjn = a5,
—1, /%

Since (pi)~1q)F is a Leray endomorphism by Theorem 3.6, (p*) !¢ is also
a Leray endomorphism from the following diagram:

H*(U;F) — "> H*(U,;F)

11
q”‘l,
qil / lq’n*
"

H*(Y;F) —% H*(p~'(U,);F)

(p*)_ll l(PZ)l

2

B (U;F) — " = H*Un:F).
Therefore (p*)~1q* is also a Leray endomorphism by ¢, ~ ¢. And it holds
L((p")'q") = L((p") "ap) = L((p3) " (a))")-

By L((p:)~1(¢,)*) # 0, p, and ¢}, have a coincidence point p,(z,) =
¢, (zp) for z, € p~*(U,) C Y by Theorem 3.6. Since q is a compact map,
we can set £o = liMp—oo q(2n). By [|q(2n) = @n(z)|| < %, we have zy =
limy, o0 gn(2n) = limy, oo ), (2n) and g = lim,_ oo Pn(zn). Since it holds
(p(2n),q(2n)) € T'yp—1 and I'y,—1 is closed, we have (zg,zq) € I'jp-1. Therefore
we see that p and ¢ have a coincidence point zg, i.e. p(yo) = q(yo) = xo for

Yo €Y. o
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If p is proper in the above theorem, we need not the assumption that the
graph of gp~!
of normed space by Proposition 1.8 in [7], that is, i : X — U, r : U — X such
that 7 = idx.

is closed. An ANR space is a deformation retract of an open set

Theorem 3.9.  Let X be an ANR space and'Y a paracompact Hausdorff
space. Let p : Y — X be a Vietoris mapping and q : Y — X a compact
mapping. Then (p*)~tq* is a Leray endomorphism. If the Lefschetz number

L((p*)~1q*) is not zero, there exists a coincidence point z € Y, that is, p(z) =

q(z).

Proof. We construct the following diagram where the right square is a
pull-back:
UL UxxY 22— U

I s I

X 'y 2 .Xx

Since U is a paracompact Hausdorff space and p and also p are proper,
U xx Y is also a paracompact Hausdorff space. This is proved by Theorem
4 in [9]. Since p is a Vietoris mapping, p is also a Vietoris mapping. § = iqT
is a compact mapping. We see that (p*)~!(g)* is a Leray endomorphism by
Theorem 3.8. Therefore we see that (p*)~!¢* is a Leray endomorphism by
the above diagram. By L((p*)~'¢*) = L((p*)"%(q)*) # 0, p and g have a
coincidence point from the Theorem 3.8, that is, p(uo,y0) = G(uo,yo). From
this, we easily see that p and ¢ have a coincidence point yy € Y, i.e. p(yg) =

q(¥o)- O

A set-valued mapping ¢ : X — Y is called upper semi-continuous, if for
every z € X and any neighborhood V' of ¢(z), there exists a neighborhood
U of z € X such that ¢(U) C V. If ¢ is upper semi-continuous, the graph
I'y ={(z,y) e X XY |y €p(x) }is aclosed set in X x Y. But the converse
is not true. If Y is a compact set, the upper semi-continuity of ¢ is equivalent
to that the graph I'y is closed.

Definition 3.5. A set-valued mapping ¢ : X — Y is called admissible,
if it is upper semi-continuous and there exists a paracompact Hausdorff space
I" satisfying the following conditions:

1. there exist a Vietoris mapping p : I' — X and a continuous mapping
q:I' =Y.
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2. ¢(x) D q(p~'(x)) for each z € X.

¢ : X —Y is called weak admissible, if it satisfies the condition (2) and p is a
weak Vietoris mapping. A pair (p,q) of mappings p, ¢ is called a selected pair
of .

An upper semi-continuous set-valued mapping is called acyclic, if ¢(x) is
a closed acyclic space in Y for x € X, that is, H*(p(x);F) = 0 for positive
dimension. Let T, be the graph of ¢. ¢(x) is considered as g, (p; ' (x)) where
Py : Ty = X and ¢, : 'y — Y are defined by p,(z,y) = = and ¢,(z,y) =y
respectively. If ¢ : X — Y is compact acyclic mapping, p, : I'y — X is a
Vietoris mapping. An acyclic mapping ¢ : X — Y is admissible. An admissible
mapping is not necessarily acyclic mapping. In this case we define uniquely
o H*(ViF) — H*(X;F) by (o)~ 'qc

Generally ¢* : H*(Y;F) — H*(X;F) is defined by the set {(p*)~'¢*}
where (p, q) is a selected pair of a weak admissible mapping ¢ : X — Y. ¢,
is similarly defined. A mapping ¢ : S™ — S™ defined by ¢(z) = S™ for any
z € S™ is admissible and ¢* is an infinite set. ¢* > 0 means that (p*)~1¢* =0
for some selected pair (p, q) of ¢ and ¢* % 0 means that (p*)~1¢* # 0 for any
selected pair (p, q) of ¢.

Theorem 3.10.  Let X be an ANR space and ¢ : X — X a compact
admissible mapping. If L(p™) contains a non-trivial element, there exists a
fized point xy € X, that is, x¢ € p(x0).

Proof. 'We can choose a selected pair (p, q) where a Vietoris mapping p :
I' - X and a compact mapping ¢ : I' — X. We may assume L((p*)~1¢*) # 0.
By Theorem 3.9, there exists a coincidence point z € T" such that p(z) = ¢(z).
Since it holds x € gp~!(z) C ¢(x) where z = p(z), we obtain the result. O

From Theorem 3.8, we easily obtain a fixed point theorem for a compact
weak admissible mappings ¢ : U — U where U is an open set of a normed
space. Note that our result is broader than L. Gérniewicz’s result, because we
works in the category of paracompact Hausdorff spaces.

84. Equivariant Fundamental Cohomology Class

To begin with, we review some results of M. Nakaoka [13, 14, 15, 16]
for notation and later applications. We must study his papers carefully, be-
cause he discuss his theory in the category of manifolds and use the singular
(co)homology theory.
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Let X be a Hausdorff space with an involution 7. X2 = X x X has
the involution T of the switching mapping T'(z,y) = (y,z). We use the
notation G?> = G ® G for an abelian group G. Let 7 be the group of or-
der 2. A w-space means a topological space with an involution 7. Let A
be a subspace of a m-space X invariant under the action. For such a pair
(X, A), the equivariant cohomology group H(X, A;Fs) and the equivariant
homology group HT (X, A;F5) are defined by H*(S™ x, X, 5% x, A;F5) and
H, (8% x, X,8% x, A;F5) respectively. Hereafter we shall use (co)homology
theory with coefficient in the prime field Fy of order 2. We sometimes ab-
breviate the coefficient Fy in the (co)homology theory, when the expression is
complicated.

M. Nakaoka proved the Steenrod isomorphism of finite type (cf. §3 in
[13]) for the singular (co)homology theory. We can prove the Steenrod iso-
morphism for the Alexander-Spanier (co)homology theory. W is the chain
complex with generators e;, Te; (i = 0,1,...) and boundaries 9;41(e;4+1) =
e; + (=1)"'Te; (i=0,1,...).

Theorem 4.1.  Let X be a compact ANR space X of finite type.

(4.1) H.(S™ %z X% Fo) 2 H (W @, Ho(X;Fp)% Fy)
(4.2) H*(S% xx X% Fy) = H*(Hom, (W, H*(X; F2)?); Fy)

Proof. Let U = {Uy, TUx|X € A} be an open covering of S such that
UxNTUy = 0. If a covering V of X with a free involution T satisfies VNTV = ()
for V€ V, Vs called a proper covering of X. Let V and W be open coverings of
X and Y respectively. VxW = {VxW |V € V, W € W} is an open covering of
X XY. Set V2 = VxV. Note that p(U xV?) = {p(UxxVxV') Uy €U, V, V' €
V} is a family of evenly covered open sets of the projection p : ExX? — Ex,X?
(cf. Chapter 2 in [17]).

We can prove the following chain equivalence corresponding to Theorem 1
in [13]:

p:CL((S® x XH(U x V?)) - W C.(X(V))?
where U is a proper open covering of S°° and V is an open covering of X. The
proof proceeds exactly same as the case of S,(S° x X?). Hereafter we often

use the corresponding notation of [13]. There exists a chain equivalence (cf.
Theorem 2 in [13]):

IT: C.((S™ x XA (U x V) /1 — C.((S™ xx XB)(pU x V?))).



828 YOSHIMI SHITANDA

By using p and II, we obtain
Xt Ho (W @5 Cu(X(V))?) = H (5 %z X*)(p(U x V?))).

By making use of the isomorphism &, (n,) ™! : H.(W®,H.(X(V))?) =2 H,(W®,
C.(X(V))?) (cf. §2 in [13]), we obtain

X&e(n) Th Ho(W @x Ho(X(V))?) 2 Ho((S% %2 X2)(p(U x V?))).

Therefore we obtain the result corresponding to [13] for a compact ANR space
of finite type by taking the inverse limits. Here we used Lemma 2.3 for each
dimension.

By making use of the isomorphism &, (1. ) ™1 H* (Hom, (W,H*(C*(X (V)))?)
— H*(Hom, (W, C*(X(V))?)) and the isomorphism y*v,:

H*(Hom, (W, C*(X(V))?)) —2— H*(Hom, (W, Hom(C,(X (V)2 Fy))

lx*uu* J,V

*

H*((8% xx X*)(pU x V?))) «—  H*(Homg(W @ C(X(V))* Fa)).

we have the isomorphism between H*(Hom,(W,H*(C*(X(V)))?) and
H*((8% x. X%)(p(U x V?))). Therefore we obtain the second isomorphism
by taking the direct limits. O

If you wish to avoid the calculation of inverse limits, you may apply the re-
sult of the singular (co)homology theory for ANR spaces of finite type H*(X; F)
(cf. Theorem 6.9.1 of [17]). When X is a compact ANR space, we obtain the
following theorem (cf. Theorem 4 in M. Nakaoka [13]). Though it is proved for
more general space, it is sufficient for our purpose.

Theorem 4.2.  Let X be a compact ANR space of finite type. If{a; | j€
J} is an ordered basis of H.(X;F2), then {P;(a;), P(aj,ar)li = 0, j,k €
J, j <k} is a basis of H (S xx X% F2). If {a; | j € J} is an ordered basis
of H*(X;F2), then {Pi(aj), P(aj,ax) | i =20, j,k € J, j < k} is a basis
of H*(S*™ x X*F2). If{a; | j € J} and {«; | j € J} are dual basis, then
{P;(a;), P(aj,ar)} and {P;(c;), P(aj, o)} are also dual.

We can define cohomology operations P;(«) and P(«, 3) of the Alexander-
Spanier cohomology theory by using Theorem 4.1 as M. Nakaoka [13]. Though
the naturality of P;(—) with respect to a mapping is clear for compact ANR
spaces of finite type, it is not so clear for general spaces. Because the Steenrod
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isomorphisms do not hold for general spaces. Therefore we must exactly in-
spect the cohomology operations P;(«) and P(a, 3) of the Alexander-Spanier
cohomology theory for a paracompact Hausdorff space X. The cohomology
operation

P, : H*(X(V); Fy) — H*(Hom, (W, H*(C*(X(V)); F2)?)

is defined by Pi(a) = u;(a), ui(a)(e;) = a ® a, uj(a)(e;) =0 (i # j).
By making use of P;(a) and the morphism x*vpu.&.(n.) "% (cf. [13]) and
taking the limits we can define the cohomology operation

(4.3) P : H*(X;Fy) — H* (5% x, X% Fy).

From the definition, we can easily verify the naturality of the operation P;(«)
with respect mappings i.e. P(f*(a)) = (1 x, f?)*(P(a)) where f : X — Y and
a € H*(Y;Fy).

P(a, ) is similarly defined. Since P(a, ) is the same as ¢*(a x 3) where
@* is the transfer mapping, ¢*(a x ) is defined for general spaces. We obtain
the naturality of P(«, 3) with respect to mappings, i.e. ¢*(1x f2)*(1xaxf3) =
(1%, f2)" ¢*(1 x a x B) where f: X — Y and o, 3 € H*(Y;F5).

Now we remark the transfer mapping for the Alexander-Spanier cohomol-
ogy theory. In the case of the singular cohomology theory, the Gysin-Smith
exact sequence of a double covering space p : X — X is defined by the follow-
ing sequence:

0— S (X) % §7(X) % §*(X) =0

where ¢* is the transfer mapping and p* is defined by the projection p. By using
the Vietoris complex, we can obtain the similar result for the Alexander-Spanier
cohomology theory.

Since the transfer homomorphism ¢* is also defined by using Thom iso-
morphism of a fiber bundle, we may use the Thom-Gysin sequence instead
of the Gysin-Smith sequence. Now we explain the Thom isomorphism for the
Alexander-Spanier cohomology theory. Let F be the mapping cylinder of a dou-
ble covering p : X — X and p: E — X the associated projection. According
to Theorem 6.9.14 in [17] and the notation there, we have the isomorphism:

(4.4) U HY(X;Fy) = HIYYE, X;Fy).

We can define the transfer homomorphism ¢* : H(X;Fs) — H'(X;F,) by
U~1§ where § is the coboundary homomorphism of the cohomology exact se-
quence of the pair (F, X).



830 YOSHIMI SHITANDA

From the cohomology exact sequence of a pair (E, X ) and Thom isomor-
phism, we obtain the following exact sequence:

(4.5) HH (X Fo) & HY X Fy) % HI(XFo) D BI(XFy) & HI(XFy)

where v : H"71(X;Fy) — HY(X;Fy) is defined by (§*)~!j*¥. Thom-Gysin
sequence is natural for mappings between double covering spaces. We prepare
a lemma for later application.

Lemma 4.3. Letp; : X; — X; (i =1,2) be double covering spaces over
paracompact Hausdorff spaces and f : X1 — Xo and f : X1 — X, be continuous
mappings such that pgf = fp1. f induces a (co)homology isomorphism if and
only if f induces a (co)homology isomorphism.

Proof.  From the Gysin-Smith sequence (4.5), we have the following com-
mutative diagram:

1 Py =S

— H7Y(X)) —— H7Y(X;) —— H(X)) —— Hi(X1) -

[ [ [ 7
= BTN (Ky) —E H(X) — HY(Xy) —2m Hi(X2)
Assume that f* is an isomorphism. Firstly we can prove the injectivity of f*
by the induction on ¢ in the above diagram and secondly the surjectivity of f*
by the induction on ¢. Since the verification is easy, we omit the detail. The
converse is true by the five lemma. O

A connected metric space X is said to be an n-dimensional Poincaré space,
if there exist a class u € H™"(X;F5) and an isomorphism:

(4.6) (=)Np: HY(X;F2) — Hy,_o(X;Fy).

Especially we easily see H"(X;Fy) = Fy, H,(X;Fy) = Fy and HY(X;Fy) =
0, H,(X;F3) =0 for ¢ > n. If there exists a continuous mapping f: X — Y
where Y is a closed manifold and f induces a homology isomorphism f, :
H.(X;F3) — H.(Y;F3), then X is a Poincaré space by f.(f*(a)Npu) =an
f«(w). Similarly if there exists a continuous mapping ¢ : ¥ — X where Y is

a closed manifold and g induces a homology isomorphism g, : H.(Y;Fs) —
H.(X;F5), then X is a Poincaré space. Note that the orbit space X, of a
metric space X is also a metric space by Smirnov metrization theorem (cf.

Theorem 4.4.19 in [3]).



Fixep PoINT THEOREM 831

Though S™ x S is a Poincaré space with the free involution T'(z,y) =
(z,—y), the orbit space S™ x RP® is not a Poincaré space. If the covering
dimension of a paracompact Hausdorff space X with a free involution is a
finite, {p | HP(X,;F2) # 0} is bounded. Let U be an open covering of X,
where any open set of U is evenly covered by p. We take a proper refinement
V of p~1(U) such that the intersection of any n + 2 open sets of V' is empty for
n = dim X. The covering p()) shows the finiteness of the covering dimension
of X,. The following lemma is useful for our application.

Lemma 4.4. Let X be a Poincaré space with a free involution. If
{p | H?(X;F3) # 0} is bounded, then the orbit space X, is a Poincaré space.

Proof. Let u € H,(X;F2) be the class which induces the isomorphism
(4.6). There exists the element p' € H,,(X.;F3) such that ¢.(u') = u by the
Gysin-Smith homology sequence and the hypothesis on {p | H?(X;F3) # 0}.
Moreover we see H, (X;Fs) = Fy and H;(X,; F3) = 0 for i > n by considering
the Gysin-Smith exact sequence. We have the ladder of the Gysin-Smith exact
sequences:

— Hi(X,) —2— BI(X) 2 Bi(X,) —— B(X,) —

l(ﬂw’ l&)m l(*)ﬂu' l(*)ﬂu'
7 . 7 . - b ~
= Hy(Xp) s Hy(X) —2— Hy(Xy) —— Hya(Xn) =
where i + j = n. The commutativity is proved by p*(a) N ¢« (') = ¢ (N p’)
etc. where o € H*(X,;F3). By the induction from the lower dimension of
cohomology theory, we can prove the injectivity of (—) N y’. From this and the
induction, we obtain also the surjectivity of (=) N p’'. O

Let M be an m-dimensional closed manifold with an involution 7. Let
A : M — M? be defined by A(z) = (x,T(z)). When T is trivial, A is
the ordinary diagonal. AM is the invariant subspace under the action. M.
Nakaoka defined the equivariant fundamental class of AM in M? denoted by
Un € H(M?, M?—AM; Fy) (cf. §2in [16]). The image of Uy in H(M?; Fy)
is denoted by U > and is called the equivariant diagonal cohomology class of
M.

The involution T' on M? is given by T(x,2') = (2/,x). Therefore A is
an equivariant mapping. Hereafter, we sometimes use the same notation for
involutions, if there is not confusion. Note that the involution 7" on S x . M2
is given by T'(x,y,y') = (Tx,y,y). For a paracompact Hausdorff space N with
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a free involution 7', there exists an equivariant mapping h : N — S°°. We also
define the element:

Unas € H™(N x, (M?, M? — AM); Fy)

by Un.ar = (h X idpg)*(Ung) where h g idyp : N X (M2, M? — A(M)) —
S%° X (M2, M? — A(M)). Note that N x, (M?, M? — AM) is a pair of para-
compact Hausdorff spaces by Theorem 5.1.33 and §5.5.5 in [3]. Set

AN :j*(UN,M) c E[m(N X MQ;FQ)

where j: N xx M? — N x, (M?, M?—AM). In the case of N = 5>, we have
(A]N’M = Uy and Ay = U]'V[ Set Ao = (A]]’w for N = S§°°. Clearly, we have
(h %z 1)*(Ax) = An.

The following theorem is essentially proved in Proposition 1.3 in [14].
Though he states his result for a manifold N, it holds for a paracompact
Hausdorff space N. For f : N — M, define f : N — N x M2 by f(x) =
(z, f(z), f(T(x))) which is m-equivariant. Hence we have fr : Ny — N x, M2

Theorem 4.5. Let N be a paracompact Hausdorff space with a free in-
volution T and M a closed manifold with an involution T’. If a continuous
mapping f : N — M satisfies f5(An) # 0, the set A(f) = {z € N | f(T(z)) =
T'(f(x))} is not empty.

Proof. Consider the following diagram:

H™(N % (M2, M? — AM); Fy) —2— H™(N %, M2, Fy)

|5 |7
H™(Ng, Ne — A(f)r;F2)  —2—  H™(NygFy)
where A(f)r is the orbit space of A(f). Since the class Ay € H™(N x,
M?;Fy) is the image of Uy € H™(N xn (M%, M? — AM);Fy), we ob-
tain f;(f]NM) # 0 from the condition f*(Ay) # 0. Therefore we have

H"™(Ny, Nz — A(f)r; F2) # 0. Finally, we obtain A(f), # 0 and A(f) #0. O

We can obtain the detailed result of the above theorem under the restric-
tion of a source space.

Theorem 4.6.  Under the condition of Theorem 4.5, if N is an n-
dimensional Poincaré space and the covering dimension of N is finite, it holds
dim A(f) 2 n—m.
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Proof. In the diagram of Theorem 4.5, the class £ (Ax) € H™(Ny; Fy) is
not zero. Since N, is a Poincaré space, there exists a class o € H"™(N,; F5)
such that ff(Ay)Ua # 0. If i*(a) = 0 where i : A(f)r — N, we see
i3, (c) = 0 by the continuity of the Alexander-Spanier cohomology theory where
V' is an open neighborhood of A(f), in N and iy : V — N is the inclusion.
Therefore there is a class 8 € H" ™(N,,V;Fy) such that j;(3) = « where
g3 H""™(Ng, V; Fy) — H' "™ (N,; Fy).

Since f*(Ay) is the image of f;(UN,M) under 57, it holds

U Onan) U B) = 31 (fr(Unan) UG5 (8) = fr(An) Ua

The left hand side is zero by f*(Unar)UB = 0in H*(Ny, VU(Nz — A(f)x); Fa)
= 0. Here we used that V U (N, — A(f)x) = Ny. The right hand side is
not zero by our hypothesis. From the contradiction, we see i*(a) # 0 €
A" (A(f)n; F).

If it holds H*(A(f);F3) =0 for all k = n —m, we see H¥(A(f);F2) # 0
for all kK 2 n — m by making use of the Gysin-Smith sequence of p : A(f) —
A(f)r. This contradict that the covering dimension of N is finite. Therefore
we see H*(A(f); F2) # 0 for some k = n — m. O

85. The Equivariant Lefschetz Class

M. Nakaoka determined A, and Ay in Proposition 3.2 in [14]. Though
he describe some statements under the assumption that NN is a manifold in his
papers, we can easily generalize to the case that N is a paracompact Hausdorff
space. The following theorem is given in Theorem 2.3 in [16].

Theorem 5.1. Let M be an m-dimensional closed manifold with an
involution T'. Assume that

(5.1) 7 =0: HY(M;Fy) — HI(M™;Fy) (¢ 2 %

)

where MT™ is the fized point set of the involution T. Then, for a basis {a, ...,
as} of H*(M;Fy), we have

(52) Aoo = ZC”¢*(1 X o X O[j)
i<j

where ¢* : H*(S™ x M?;Fy) — H*(S™ x,M?;Fy) is the transfer mapping and
C = (c¢;j) is the inverse of the matriz Y = (y;;) with y;; =< a; UT* oy, [M] >.
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For a closed manifold M with an involution T', we define a bilinear form
o: H*(M;Fy) ® H*(M;Fy) — Fy by

aof=<aUT*G, [M]>.
The bilinear form o is called a symplectic form, if it satisfies @ o « = 0 for any
a € H*(M;Fy).
Under the condition
(5.3) i*=0:H%(M;Fy) — H% (M™;Fy) (m: even)

the bilinear form o is symplectic form by Proposition 5.5 in [16]. According to
linear algebra, we can find a basis {j1, ..., fs, f], ..., ps} of H*(M;Fy) called
a symplectic basis such that

(5.4) piop; =0, ,u;o,u;:(), ,uio,ugzéij.
The following theorem is easily deduced from Theorem 5.1 (cf. Theorem
3.4 in [14]).

Theorem 5.2. Under the condition and the notation of Theorem 5.1,
let {1, ..., sy fty, -, ps} be a symplectic basis of H*(M;Fs). Then we have

(5.5) Aso = " (1x i x pif)

i=1
where ¢* is the transfer mapping. A similar formula holds for Ay € H*(N X,
M?;Fy) for a paracompact Hausdorff space N.

Definition 5.1. Let N be a paracompact Hausdorff space with a free
involution T and M a closed manifold with an involution 7”. For a continuous
mapping f: N — M, we define the equivariant Lefschetz class of f by

(5.6) fr(Ax) € H™(Ny;Fa).

The following formula is calculated in the proof of Proposition 6.4 in [16]
(cf. Theorem 5.2 in [14]).

Theorem 5.3.  Let N be a paracompact Hausdorff space with a free in-
volution T and M a closed manifold with an involution T' satisfying the con-
dition (5.1) and {p1, ..., ps, fh, ..., pi} a symplectic basis of H*(M;F3). For
a continuous mapping f : N — M, we have

(5.7) Fr(AN) =& (f () VT f*(11})
i=1

where ¢* : H*(N;Fy) — H*(N;Fs) is the transfer mapping.
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Definition 5.2. Let N be a paracompact Hausdorff space with a free
involution 7" and M an m-dimensional closed topological manifolds with an
involution T’ and {1, . . ., fis, i1y, - . ., it } a symplectic basis of H*(M;F3). The
Lefschetz class Ay, of an admissible mapping ¢ : N — M is defined by the
following set:

(5.8) Ay, = {Z " ((p*) Mg () VT <p*>—1q*<u;>>}

where (p, g) is any selected pair of . For [N, ,] € H™(N,; F2), the equivariant
Lefschetz number £(¢ : [Nr,o]) is defined by the following set:

(5.9) L(¢: [Nra]) = {Z <" ()" () VT () " (1)), [Nor.al >}

where (p,q) is any selected pair of ¢. For single valued mapping f, we use
L(f : [Nr.o]) instead of L(¢ : [Nx.o]).

When N and M are m-dimensional closed manifolds, M. Nakaoka defined
the equivariant point index Ir(f) by < f(Aw), [N/IT] > and the Lefschetz
number A (f) by Yoi_; < f*(wi) UT*f*(i}), [N] > (cf. §1 and 85 in [14],
[16]). For the case of single-valued mapping and Ny o = Ny, these two num-
bers coincide each other (cf. Theorem 7.1 in [16]). And it holds also for an
m-~dimensional Poincaré space N with a free involution and a finite covering
dimension. Therefore our definition of the equivariant Lefschetz number is a
natural generalization.

Let N be a paracompact Hausdorff space with a free involution 7T'. Consider
the following diagram:

f‘#l—‘xr

(5.10) lﬁ lm,
N —2 . NxN

where A is given by A(z) = (2, T(x)). I is defined by {(y,%/) € T x T | p(y) =
T(p(y')}. p is defined by p(y,y’) = p(y) and A is the natural inclusion.
Clearly the above square is a pull-back square. Involutions on N2, I'? are
given by switching mappings T'(z,2’) = (2’, ). All mappings are w-equivariant
with respect to their involutions. Note that I has the free involution 7. The
following lemma is a key to our purposes. The notation in the next lemma is

the same in the diagram (5.10).
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Lemma 5.4. Let N be a paracompact Hausdorff space with a free in-
volution T and p : I' — N be a Vietoris mapping. Then p : I - N is
a T-equivariant Vietoris mapping and I is a paracompact Hausdorff space.
Dr : 'y — N, is a Vietoris mapping and I'x is a paracompact Hausdorff
space. Moreover if N is a metric space and A is a w-invariant closed subspace
of N, then H*(I' — p~1(A); Fy) and H*(Tx — p;'(Ax); Fa) are isomorphic to
H*(N — A;Fy) and H*(N, — A,; Fg) respectively.

Proof. Since p is proper, we easily see that p x p is also proper. Because
we find compact sets Ky, K5 in N for a compact set K of N x N such that
K C K x Ky. We easily see that (px p)~1(K) is compact. Similarly p : I - N
is proper. Since N is a paracompact Hausdorff space and p is proper, I'is also a
paracompact Hausdorff space by Theorem 4 in [9] or Theorem 5.1.35 in [3]. We
can easily prove the acyclicity of (p x p) ~(x,2’) by using Exercise E of Chapter
6 in [17]. Therefore p : I' = N is a m-equivariant Vietoris mapping. Therefore
H*() is isomorphic to H*(N). N, and I'; are paracompact Hausdorff spaces
by Theorem 5.1.33 in [3]. Since a fiber p~*(z) of p : ' — N is homeomorphic
to a fiber p1([z]) of p, : I'x — Ny, pr is a Vietoris mapping. Therefore we
obtain the first statement.

For the last statement, since N — A is an open set, p : f—ﬁ‘l(A) — N—Ais
also onto proper mapping. Since IV is a metric space, N — A is a paracompact
Hausdorff space and I — p~1(A) is also a paracompact Hausdorff space by
Theorem 4 in [9]. By Vietoris’s Theorem 3.1, p* is an isomorphism. Similarly
we obtain the result for p, : 'y — p-1(A;) — Ny — A by Lemma 4.3. O

In the second statement of the above theorem, we have to assume that N
is a metric space, because a subset of a paracompact Hausdorff space is not
necessarily a paracompact space.

Theorem 5.5. Let N be a paracompact Hausdorff space with a free in-
volution T and M an m-dimensional closed topological manifold with an involu-
tion T' satisfying the condition (5.1). For an admissible mapping ¢ : N — M,
if L(¢ : [Ny o)) contains a non-trivial element, then there exists a point xo € N
such that T'o(xo) V(T (x0)) # 0. Moreover if N is an n-dimensional Poincaré
space and the covering dimension of N is finite, it holds dim A(p) = n —m
where A(g) = {z € N | T'(¢(x) N o(T(x)) # 0}.

Proof.  We use the notation in the diagram (5.10). Let (p, ¢) be a selected
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pair of . To begin with, consider the following diagram.

I

-

(5.11)

where p'(y,y') =y and R(y,y") = q(y).

Define

AR)={(y.y) €T | T'R(y.y') = R(T(y,y'))}
={(y,y) €T [ T'q(y) = a(y/)}-

Clearly we see A(R) C (p)~1(A(p)). The space A(yp) is a closed set of N by
the upper semi-continuity of .

Since the mapping p : I' — N is m-equivariant, (Pr )« is isomorphic by
Lemma 5.4. We can find [ o) € H (Fﬂ,Fg) such that (pﬂ) [Nma] = [Ny ol
Since ¢ is admissible, we remark ¢* 5 (p*)~1¢*. R: T — I’ x M2 is defined by

Ry, y") = (5, v/, q(y),q(y')). In the following7 we shall prove (RW)*(Af) #0
by showing L(R : [Ny.4]) =< (Rx)*(Ap), [Nr.a] ># 0 (cf. Theorem 5.3).

Let {1, .-, s, (- - -, 1.} be a symplectic basis of H*(M;F3). We have
the formula:

(5.12) (Rr)"(Ap) € (hr)"An,p
by the following calculation:

(Ra)"(Ap) =D o™ (R"(us) UT™R* (45))

=1
fqu 4" () U5 (57) ' (1)
=Z¢*(ﬁ*(p*)‘1q*(ui)Uﬁ*T*(p*) g ()
=p; Z¢ () VT (%) g (1))

€ pﬂ'(AN7¢)'

And also we have the formula:
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L(R: [Nﬂ,a]) =< (Rﬂ')*(Af), [Nﬂ,a] >
€ < (br)* AN, [Nra] >
=< AN,LP’ [Nﬂ-)a} >

= £(‘F’ : [Nﬂ,a])~

From this conclusion and our assumption, we have R* (Ap) # 0. Therefore we
obtain an equivariant point (yo,y}) € I' such that

T'(R(yo, ) = R(T (30, y6))

by Theorem 4.5. This show T"q(yo) = q(y,). Therefore we see q(yo)
)

S
¢(x0), T"q(yo) € ¢(T'(x0)) where zg = p(yo), that is, T"(¢(20)) N (T(x0)) # 0.
For the proof of the second part, consider the following diagram:

A (., Ty — A(R),) —2 A

( R
J Jo Js

-,

I

A (P, Ty — prtA(p)e) —2— 7

T(m)*
H* (N, Ny — A(g)s) —2 HY(N,) —2s H* (N, — A(p),)

where ki, ko are induced by natural inclusions and pr1, pro are induced by p;.
Spaces I' — A(R), T'— p~ ' A(y) and N — A(¢p) have natural involutions induced
by 17" and T respectively.

Since (Rﬂ)*(Af) is the image of the class (R,,)*(AﬁM) in H*(Tp, Ty —
A(R)7;F2) under j5 by Theorem 4.5, z;(R,,)*(AF) is zero. By the definition
of Ay, and the formula (5.12), we have (R,T)*(Af) = pi(a) for a non zero
element o € Ay ,. We see pioyif(a) = i5p% () = 0 in the above diagram. Be-
cause of bijectivity of (pr2)* by Lemma 5.4, we obtain ¢} () = 0. Therefore we
have H™ (N, N; — A(¢)x;F2) # 0. We obtain the last statement by applying

Theorem 4.6 and its proof. O

In the above theorem, if we take the fundamental cycle [N,], we obtain a
generalization of Theorem 5.3 of M. Nakaoka [14] to an admissible mapping,
where the source space is a Poincaré space with a finite covering dimension (cf.
Theorem 7.1 in [16]). We obtain the following corollary as the special case.
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Corollary 5.6. Let N be an n-dimensional Poincaré space with a free
inwvolution T which has a finite covering dimension and M a closed topological
manifold with a non-trivial involution T which has the homology groups of
the n-dimensional sphere. For an admissible mapping ¢ : N — M, if o*
contains a non-trivial element, then there exists a point g € N such that

T'p(x0) N @(T(x0)) # 0.

Proof. Since T" is a non-trivial involution, we easily see H"(M™;F3) =0
by Poincaré duality. Hence M satisfies the condition (5.1). A symplectic basis
on M is given by {1, u} where u is a dual element of [M]. By taking a selected

pair (p,q), we have (p*)~tq*(1) = v where v is a dual element of [N]. We see

<" ()M UT (") ' (W), [Nx] >=1 € L(¢ : [Nx])
by Definition 5.2. Therefore we obtain the result by Theorem 5.5. O

We must remark the case that N is an n-dimensional Poincaré space with
a free involution 7" which has the homology groups of the n-dimensional sphere
and M is an n-dimensional closed topological manifold with an involution 7"
satisfying the condition (5.1). When ¢* contains a non-trivial element, we as-
sert that M is an n-dimensional homology sphere. Let {p1, ..., ps, pth, .., 1t}
be a symplectic basis on M where u; = 1 and p) is a dual element of [M]. If
s 2 2, it holds p; T*u}, = pf for i = 2 by the definition of a symplectic basis. By
the dimensional reason, we see (p*)~1¢*(u;T*p;) = 0 for i = 2 and therefore
(p*)~tq* (1)) = 0. By the non-triviality of ¢*, we have (p*)~1¢*(u}) # 0. From
the contradiction, we obtain s = 1. This means that M is an n-dimensional
homology sphere. Therefore we can not obtain any new result.

§6. Borsuk-Ulam Theorem for Set-Valued Mappings

Let M be an m-dimensional closed topological manifold with a trivial
involution. The i-th Wu class v; € H (M;F3) (i =0,1,2,...) of a manifold M
is defined by < Sq¢'a, [M] >=< a Uv;, [M] >, especially vg = 1 and v; = 0 for
P> .

When the involution of M is trivial, M. Nakaoka determined the class Ay,
by Theorem 3.5 in [15] and Theorem 9.1 in [16]. Note P = F,.

Theorem 6.1.  Let M be an m-dimensional closed topological manifold.
Let {aq,...,as} be a basis for H*(M;Fq). Set

(6.1) d([M]) =) myra; x ar (% € F2)
7.k
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where d(x) = (z,z) and a; = o; N [M]. Then, it holds

(6.2) Ao =D W™ 2 P0;) + Y (i + njjmer) 6" (1 X 0 X a)
i20 Jj<k

where w = ¢(S*®° x M2, T) and v; = v;(M) the i-th Wu class of M and ¢* :
H*(S% x M?;Fy) — H*(S*® x, M?;Fy) is the transfer homomorphism.

Though the above theorem is proved by using the singular cohomology
theory, we can easily verify the same statement for the Alexander-Spanier co-
homology theory.

If a space X has a free involution, we have the isomorphism ¢ : H*(X; F2)
=~ H*(S%° x, X;F3) by Lemma 4.3. Define Q : H*(X;Fy) — H?*(X,;F2) by

(6.3) Q(a) = (¢2) 7' (1 xx &) Po(a)

where A(z) = (x,Tx) (cf. §2 in [15]). From the formula (6.1), we obtain the
following theorem (cf. Theorem 3.5 in [15], Proposition 9.2 in [16]).

Theorem 6.2. Under the notation of Theorem 6.1, let N be a para-
compact Hausdorff space with a free involution T and f : N — M a continuous
mapping. Then it holds

(6.4) fr(An) = Z Qo) + Z(ij + 15k )" (f* () UT™ f* ()

i20 i<k

where ¢ = ¢(N,T) and ¢* : H*(N;Fy) — H*(Ny;Fy) is the transfer homo-
morphism

Proof. Though the theorem is proved for the singular cohomology theory
in [15], we can easily verify the same statement for the Alexander-Spanier
cohomology theory. For the purpose, we have verified in §4 the commutativities
P(£*()) = (1x2f2)*(P(a)) and ¢* (1x £2)* (Lxax B) = (Lx, f2)*¢*(1xax )
where f: N — M and o, 3 € H*(M;F3). Apply (¢5) (1 x5 f2)*(1 xx A)* for
the formula of Theorem 6.1. From the above naturalities and the isomorphism
g H*(S™ x, N;Fy) — H*(N,;Fg), we easily obtain our formula. O

L. Goérniewicz studied the Borsuk-Ulam theorem for set-valued mapping in
§37 and §43 of [7]. He proved it for an upper semi-continuous acyclic mapping
¢ : M — R"™ where M is a closed topological manifold with the homology
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groups of the n-dimensional sphere. In this paper, we shall prove a generaliza-
tion of the Borsuk-Ulam theorem for the class of admissible mappings which
contains upper semi-continuous acyclic mappings (cf. [5, 6]). Now we shall
prove our main theorem. The proof proceeds by the same method as the proof
of Theorem 5.5.

Theorem 6.3.  Let N be a paracompact Hausdorff space with a free in-
volution T' and M an m-dimensional closed topological manifold. Assume that
the first Stiefel-Whitney class ¢(N,T) satisfies ¢(N,T)™ # 0. If a set-valued
mapping ¢ : N — M is admissible and ¢* contains the trivial element, then
there exists a point o € N such that o(xo) N (T (x0)) # 0. Moreover if N is
an n-dimensional Poincaré space and the covering dimension of N is finite, it
holds dim A(¢) 2 n —m where A(p) ={z € N | o(x)Np(T(z)) # 0}.

Proof. To begin with, we choose a selected pair (p,q) of ¢ where p :
I' - N, g : T — M. By our hypothesis, p and ¢ satisfy (p*)~'¢* = 0 for
positive dimensions. Now consider the diagram defined by (5.11). We see
R* = 0 for positive dimensions by the condition (p*)~!¢* = 0. Since p: is an
isomorphism by Lemma 5.4, we have p*(¢™) = ¢™ # 0 in H*(I'y; Fy) where
¢=cl,T), c=c¢(N,T) and é = p*(c).

Now we calculate (Rﬂ)*(Af) by Theorem 6.2. Since we have ¢*(R*(a;) U
T*R*(ay)) = 0 and ¢™ 2 Q(R*(v;)) = 0 for i > 0 from our hypothesis, we

obtain
(Ro)*(Ap) = EmQ(R*(vg)) = ¢™ #0

from the formula (6.4) in Theorem 6.2. We conclude A(R) # () by Theorem
4.5 where A(R) = {(y,/) € I |R(y,%') = R(y/,y)}. Since it holds A(R) C
p~LA(p), we obtain the first statement.

For the second statement, since spaces I'—A(R), I —p~' A(¢) and N —A(¢p)
have natural involutions induced by T and T respectively, we have their orbit
spaces Iy — A(R)x, T'x — p7 A(¢)r and Ny — A(@)x. Now we shall use the
second diagram defined in the proof of Theorem 5.5 and the notation there.
Since A(yp) is a m-invariant closed subset of N, we have the isomorphism (pr2)* :
H*(Ny — A(p)r; Fy) — H*(Tx — p7 (A(@)r); F2) by Lemma 5.4. Note that
(R:)*(Ap) = é™ is the image of ¢ € H*(Ny;Fy), that is, (§,)*(c™) = é™.
Since ¢™ is the image of (]A%,r)*(UﬁM) under j3, it holds ¢5(¢™) = 0. From this,
we see (Pr2)*(i1)* (™) = (i2)*(Pr)*(c™) = (i2)*(¢™) = 0 in the diagram and
therefore (i1)*(¢™) = 0 because of the bijectivity of (pro)*. If H™(Ny, Ny —
A(p)r;F2) = 0, we obtain ¢™ = 0 which contradicts ¢™ # 0. Therefore we
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see H™(Ny, Ny — A(p)r; F2) # 0. We obtain the last statement by applying
Theorem 4.6 and its proof. O

If N is a paracompact Hausdorff space with a free involution 7" which
has the homology groups of the n-dimensional sphere, the cohomology ring
H*(N,;F3) of Ny is a truncated polynomial ring Fa[c]/(c"*!) from the Gysin-
Smith sequence of double covering space, where ¢ = ¢(N, T) is the generator of
HY(N,;Fy). If ©* contains the trivial element, we easily obtain the following
corollary from Theorem 6.3.

Corollary 6.4. Let N be a paracompact Hausdorff space with a free
involution T which has the homology groups of the n-dimensional sphere. Let
M be an m-dimensional closed topological manifold with m < n. If a set-valued
mapping ¢ : N — M is admissible and p* contains the trivial element, then
there exists a point xg € N such that p(xg) N @(T(zo)) # 0. Moreover if N
is an n-dimensional Poincaré space with a finite covering dimension, it holds
dim A(yp) 2 n —m.

When M is a closed topological manifold which has the homology groups
of the m-dimensional sphere. The homology groups of M’ = M — {a} is trivial
for positive dimensions. If it holds ¢(N) # M, we see R(I') # M and R* = 0
for positive dimensions. Therefore we obtain the following result from Theorem
6.3.

Corollary 6.5. Let N be a paracompact Hausdorff space with a free
involution T. Let M be a closed topological manifold which has the homology
groups of the m-dimensional sphere. Assume that the first Stiefel- Whitney class
¢(N,T) satisfies ¢(N,T)™ # 0 and a set-valued mapping ¢ : N — M satisfies
©(N) £ M. If a set-valued mapping ¢ is admissible, then there exists a point
o € N such that o(xg) N (T (z0)) # 0. Moreover if N is an n-dimensional
Poincaré space with a finite covering dimension, it holds dim A(p) =2 n —m.

Let X be a space with a free involution 7" and S* the k-dimensional sphere
with the antipodal involution. Define v(X) and Ind(X) by

v(X)=inf {k | f: X — S* equivariant mapping}
Ind(X)=sup {k | ¥ # 0}

respectively, where ¢ € H'(X,;Fy) is the class ¢ = f#(w) for an equivariant
mapping f: X — §°°. If X is a compact space with a free involution, it holds

the following formula (cf. §3 in [4]):
(6.5) Ind(X) < y(X) < dim X.



Fixep PoINT THEOREM 843

K. Geba and L. Goérniewicz determined IndA(p) of an admissible mapping
@Stk — R™ in [4]. We shall generalize their result.

Corollary 6.6. Let N be a paracompact Hausdorff space with a free
involution T which satisfies ¢(N,T)™ # 0. Let M be an m-dimensional closed
topological manifold with m < n. If a set-valued mapping ¢ : N — M is
admissible and ©* contains the trivial element, it holds IndA(p) = n — m.

Proof. Consider the second diagram in the proof of Theorem 5.5. We can
find a class & € H™(Ny, Ny — A(¢)x; F2) such that j7(a) = ¢™ (¢ = ¢(N,T))
where j5 : H™(Ny, Ny — A(9)r; Fa) — H™(N,; Fg). If i* ("~ ™) is equal to 0
where i : A(p)r — Ny, there is an open neighborhood V' of A(p), such that
it(c"™™) = 0 and iy : V — Nr. Then we can find 3 € H™(N,,V;F3) such
that j3(8) = ¢"~™ where j5 : H™(Ny,V;F3) — H™(N,;F3). It holds the
following equation:

7@ U ) = ji(a) Ujs(B) =™ U™ =",

The left hand side is zero by U3 =0 in H*(Ny, (N — A(f)») UV;F3) = 0.
Note that (N — A(f)z) UV = N,. The right hand side is not zero by
our hypothesis ¢™ # 0. From the contradiction, we see i*(¢"™ ™) # 0 €
H" " (A(¢)x; F2). Therefore we obtain the result by i*(c)"~™ = i*(c*~™). O

A similar result for a single-valued mapping is proved in [18] under some
condition. His method uses the (co)homology theory with compact support and
geometric consideration. Since our method is algebraic, the proof is more simple
and general. When N is a closed topological manifold with a free involution T’
which has the homology groups of the n-dimensional sphere, we can prove the
above theorem by considering the following commutative diagram (cf. Chapter
6 §1 in E.H. Spanier [17]):

Hy(Ny;Fa) —2 Hy(Ny, Ny — A(@)x; Fo)
(6.6) l_\U0 l—\Ul
H" M(NpsFo) ——  H"M(A(p)r; Fa)

where Uy, U, are the restrictions of the fundamental cocycle U € H"(X?, X2 —
d(X); Fa) respectively.

From Theorem 6.3 and Corollary 6.5, we can easily obtain the follow-
ing corollary. We can also obtain a generalization of Theorem 43.10 in L.
Goérniewicz [7] and Theorem 2.7 in [4] by considering R™ as the subspace of
the m-dimensional sphere S™.
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Corollary 6.7. Let N be a closed topological manifold with a free in-

volution T which has the homology groups of the n-dimensional sphere. Let M

be an m-dimensional closed topological manifold with m < n. Assume that a

set-valued mapping ¢ : N — M satisfies o(N) # M. If a set-valued mapping ¢
is admissible, then there exists a point xog € N such that ¢(z0) N (T (x0)) # 0.
Moreover it holds IndA(p) = n —m.
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