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Abstract

We define the elliptic Hecke algebras for arbitrary marked elliptic root systems in
terms of the corresponding elliptic Dynkin diagrams and make a ‘dictionary’ between
the elliptic Hecke algebras and the double affine Hecke algebras.

81. Introduction

1.1. Over the last fifteen years or so, there were remarkable developments
in the study of multi-variable orthogonal polynomials, attached to root systems.
One of these developments was due to Cherednik. In [C1], he defined an dif-
ference analogue of Knizhnik-Zamolodikov equations, so-called affine quantum
difference Knizhnik-Zamolodikov equations and established their equivalence
with the corresponding eigenvalue problem of Macdonald type. To prove the
above equivalence, he introduced a new class of algebras, so-called the double
affine Hecke algebras. Moreover, he proved Macdonald’s inner product conjec-
ture in [C2]. In a process of solving it, the double affine Hecke algebras also
played an important role.

Cherednik’s construction is generalized to an important class of non-
reduced root systems, (C),C,) by Noumi [N] and Sahi [Sa]. When n = 1
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(rank 1 case), the corresponding orthogonal polynomials are the Askey-Wilson
polynomial [AW] which include as special and limiting cases all the classical
families of orthogonal polynomials in one variable. In [M5], Macdonald formu-
lated all the above results uniformly.

1.2. In the middle of 1980’s, K. Saito [S] defined a notion of the marked
elliptic root systems which is a generalization of finite or affine root systems,
motivated by the study of simple elliptic singularities. Attaching each marked
elliptic root system, he introduced a diagram, so-called the elliptic Dynkin
diagram which describes the structure of a marked elliptic root system. In
addition, he gave a complete classification of marked elliptic root systems under
some suitable assumptions. In the original motivation, vertices in an elliptic
Dynkin diagram correspond to vanishing cycles and edges describe intersection
numbers of them.

After K. Saito’s work, he and Takebayashi studied the structure of the Weyl
groups associated to marked elliptic root systems, so-called the elliptic Weyl
groups [ST]. In particular, they found a new presentation of elliptic Weyl groups
in terms of the corresponding elliptic Dynkin diagrams. The explicit meaning
is as follows. In the finite and affine cases, it is well-known that the structure
of the Weyl groups can be described by the corresponding Coxeter-Dynkin
diagrams. Namely, the set of generators and relations of the Weyl group can
be read from the corresponding Coxeter-Dynkin diagram. As a generalization,
they gave a generating system of the elliptic Weyl group attached to vertices
of the elliptic Dynkin diagram and the defining relation which are described by
the ‘shape’ of it. These relations are called the elliptic Coxeter relations.

Since the Weyl groups of finite and affine root systems are Coxeter groups,
one can consider the corresponding Hecke algebras. In the elliptic case, as an
application of the K. Saito-Takebayashi’s presentation, Yamada [Y] defined a
g-analogue of elliptic Weyl groups called the elliptic Hecke algebras for “one-
codimensional” marked elliptic root systems which have only one dotted line
in their elliptic Dynkin diagrams. After that Takebayashi [T1], [T2] defined
them for arbitrary marked elliptic root systems except for the group (D) (c.f.
4.2). Yamada and Takebayashi also pointed out that elliptic Hecke algebras are
much like double affine Hecke algebras. More precisely, for some cases, they
stated that the elliptic Hecke algebras are embedded into the double affine
Hecke algebras.

1.3. The aim of this article to establish an explicit connection between
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the elliptic Hecke algebras and the double affine Hecke algebras. For that
purpose, we reformulate the uniform construction of the double affine Hecke
algebras due to Macdonald [M5]. In Section 2, we give a quick review of the
theory of the affine Hecke algebras. All statements in this section are well-
known. In Section 3, we introduce a notion of triplets. This is a basic datum
to define the double affine Hecke algebras and a key of our construction. For a
giving triplet, we define the double affine Hecke algebras and give some basic
properties of them. After recalling the theory of elliptic root systems in Section
4 following K. Saito [S], we give the definition of the elliptic Hecke algebras in
Section 5. They are defined by some generators and relations attached to the
elliptic Dynkin diagrams of the corresponding (marked) elliptic root system. In
addition, we give another presentation of them. (Proofs of the statements are
given in Section 7.) Section 6 is the main part of this article. For a giving
marked elliptic root system (R, G), we introduce the corresponding triplet and
the double affine Hecke algebra attached to it as in Section 3. On the other hand
we have another algebra (the corresponding elliptic Hecke algebra) attached to
(R,G) as in Section 5. After that, we make a comparison between them. This
is a main result of this article (Theorems 6.2.3, 6.3.2).

1.4. Finally, we must refer the results of Takebayashi. As we already
mentioned above, he introduced a notion of the elliptic Hecke algebras. More
precisely, in [T1], he defined them for elliptic root systems of type (1,1) and
compare them and the double affine Hecke algebras by case-by-case checking.
After that, in [T2], he defined them for arbitrary marked elliptic root systems
except for the group (D) (c.f. 4.2), but he did not compare them and the
double affine Hecke algebras for arbitrary cases. In his definition, he use new
diagrams which are called the “completed elliptic Dynkin diagrams”. But, as
we mentioned above, the elliptic Dynkin diagram have a concrete meaning in
a geometrical setting. Therefore, in this article, we try to ‘re-define’ ellip-
tic Hecke algebras by using the original elliptic Dynkin diagrams, in stead of
the completed elliptic Dynkin diagrams and to make an explicit and uniform
‘dictionary’ between the elliptic Hecke algebras and the double affine Hecke
algebras for arbitrary cases.

The announcement of the results of this article already appeared as [SS].

82. Affine Hecke Algebras

2.1. Affine root systems and affine Weyl groups. Let V be an n-
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dimensional real vector space with a positive definite symmetric bilinear form
(,*), Ro C V an irreducible finite root system and fix a,- - ,a, simple roots
in Ry. For a € Ry set a¥ := 2a/{a,a). Denote by Q(Rg) = @Za; the root
lattice, (Q(Ro))+ = ®Z>oai, P(Ry) = {\ € V | (\,a)) € Z} the weight lat-
tice, (P(Ro))+ the set of all dominant weights, (P(Rp))- = —(P(Rp))+ and
W (Ry) the corresponding Weyl group. Set Ry = {a" | a € Rp}. It is also an
irreducible finite root system.

Let F := V@®Rc and we will interpret an element of F as a function on V' by
(u+rc)(v) = (u,v) +r. We extend (-, -) to a positive semidefinite bilinear form
on F by (uj +r1¢, us+7r2¢) := (uy,us). Let S(Rp) be the set of all vectors of the
form a+rc where a € Ry and r is any integer if %a & Ry (resp. any odd integer
if 2a € Ry). Set ag := —0 + ¢, where 6 is the highest root of Ry. Then S(Ry)
is an irreducible reduced affine root system with simple roots ag, a1, - , Gy.
We remark that ¢ can be written in the following form: ¢ = E?:o n;a;, where
n; € Zso and ng = 1. The dual root system S(Rg)Y := {aV | a € S(Ry)} is
also an irreducible reduced affine root system with a basis ay, -+ ,a).

For later use, we introduce the following notation: set

b’ o ag, if S - S(RO),
Y Y ay, if S =S(Ry).

K2

For S = S(Ry) or S(Ry)Y, we denote by Q(S) := &P Zb; its root lattice.

If Ry of type X where X is one of the symbols A,,, B,, C,, BC,, D,, Eg,
E, Eg, Fy, Go, we say that S(Ro) (resp. S(Rp)") is of type X (resp. XV). It is
known that any irreducible reduced affine root system S is isomorphic to either
S(Ro) or S(Rp)V. In Appendix, we will present a complete list of irreducible
reduced affine root systems.

Firstly assume that S is an irreducible reduced affine root system. Namely
S = S(Ry) or S(Ro)". Let W(S) be the affine Weyl group of S. It is generated
by reflections wy (f € S) where wy(g) = g— (g, f¥)f for g € F. Since (fV)¥ =
f, we have wpv = wy and W(S(Rp)) = W(S(Rp)Y). Define the action of v € V
in F by ¢(v) : f— f—{(f,v)c. The following fact is well-known.

Theorem 2.1.1. (1) W(S) = W(Ry) x t(Q(Ry)). (2) W(S) is gener-
ated by w; :=wp, (i =0,---,n) and a Coxeter group which corresponds to the
affine Dynkin diagram of S.

Let W(S) := Wy x t(P(RY)) be the extended affine Weyl group. It is
easy to see that W (S) is a normal subgroup of W(S) and W (S)/W(S) =
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P(Ry)/Q(RY). Let ST be the set of positive roots and S~ := —S*. For w €
W(S), define [(w) := |STNw='S~|. If w € W(S), its length with respect to the
generators wo, - - - , Wy, is just equal to I(w). Define Q := {w € W(S) | I(w) = 0}.
It is a subgroup and W (S) = Q x W(S). Therefore Q = P(RY)/Q(RY). Since
Q) is a subgroup of W(S ), it acts on S. Moreover, it is known that, ) preserves
the set of all simple roots. Therefore, for v € 2 such that u(b;) = b;, we have
uwuTt = wj.

For later use, we will explain an explicit structure of 2. Let v; be the
shortest element of W(Ry) such that v;w; € P(RY)—, where {w;}" , is the
set of all fundamental weights of P(Ry). Let u; = t(w;)v; ' (1 <i < n) and
ug = 1.

Lemma 2.1.2. Set J = {j |0 < j < n, nj = 1}. We have Q =
{u; | je€J}.

Remark.  We have already defined W (S) and W(S) for any irreducible
reduced affine root system (not only for S = S(Rp)). As we mentioned above,
W (S(Ro)) = W(S(Rp)). Moreover, by the construction, we have W (S(Ry)) =

W(S(Ro)").

Secondly assume S is an irreducible, non-reduced affine root system. In
this case, the following fact is known:

Fact 1. Let S;:={a€S|a/2¢ S} and Sy :={acS|2a¢S} We
have S = 51 U S5 and both S; and Sy are reduced affine root systems with the
same affine Weyl group.

We say that S is of type (X7, X2) where X; is the type of S; (i =1,2). In this
case, the basis of S is that of S; and its affine Weyl group W (\S) is equal to
W(Sy) = W(Ss).

2.2. Affine Hecke algebras. In this subsection, we assume S is reduced.
Definition 2.2.1. (1) Let B the group with generators T'(w) (w € W (S))
and relations:
T(w)T(w) = T(vw), if l(v) +(w) = l(vw).
(2) Let B be the subgroup of B generated by Tj := T'(w;) (i =0,--- ,n).

We write U; = T'(u;) for j € J. Tt is known that B is generated by T}, Uj.
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Consider a Laurent polynomial ring Z[Toil, oo, 7). Let T (resp. I) be

r'n
the ideal generated by the elements 7; — 7; where w; and w; are conjugate in

W(S) (resp. W(S)). Set

Ao =2l n/T and Ag = 2[5 )T

n

Obviously both A, and A, are isomorphic to some Laurent polynomial rings
in several variables. More precisely, if Ry is simply laced, A, is a Laurent
polynomial ring in one variable. If not, A, have two variables; one corresponds
to short roots and the other to long roots. If Ry is not of type A; or Cy,, Z = 7.
Therefore we have A, = A,. In the case of type A1, A, has two variables.
These are 19, 71 which correspond to simple roots ag and a;. In the case of
type C,, A, has three variables. These are 79, 7, and 7, = --- = 7,,_1. Here
ap and a, are long simple roots and the others are short simple roots.

Definition 2.2.2. (1) The extended affine Hecke algebra H(W(S)) is
the quotient of the group algebra A, [B] by the ideal generated by the following
relations:

(A1) (T; —7)(Ty+7,1) =0, fori=0,---,n.

(2) The affine Hecke algebra H(W(S)) is the quotient of the group algebra
A [B] by the ideal generated by the same relations as (Al).

We regard fla as an A,-algebra via a natural projection A, — Aa. The fla-
algebra A, ® 4, H(W(S)) is naturally isomorphic to the subalgebra of H(W (S))
which is generated by T; (i =0,--- ,n).

Theorem 2.2.3. Under the convention which we mentioned above, we
have H(W (S)) = Q x (Aq @4, H(W(S))), where the action of Q on T; is the
same as Weyl group case.

There is another presentation of H(W(S)) which is very useful to study
affine Hecke algebras. For i/ € P(RY) define Y# € H(W(S)) as follows: (i) If
p' € P(RY)4, then Y# := T(t(y)); (i) If o/ = N — o/ with X,/ € P(RY),
then Y* = T(t(\N))T(t('))"".

For H(W (S)), we also define Y* € H(W(S)) in the similar way by re-
placing P(Ry) with Q(Ry).

We introduce the following notation: let

zl—zl_l—l—(zQ—zQ_l)x
1— 22 ’

b(z1, 29;2) =
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where 21,29 and x are indeterminates. When z1 = 25, b(z1, 29;x) has the
simpler form
-1
21 — 2
b(z1, z1;2) = q—

In the case of H(W(S)) such that Ry is of type A; or of type C,,, for 1 < i < n,

we set
/ Ti, { 7& n,
Ti - .
To, ©=n.
For the other case, we set 7/ = 7; for any i = 1,--- , n.

Theorem 2.2.4. (1) Y* is well-defined for all i/ and
(A2) yHyY =yt

(2) In the algebra H(W(S)) (resp. H(W(S))), the following relations hold
(called Lusztig’s relations) :

(A3) YT, - Tyt = b(r, 7, Y4 ) (Y — Yy,

fori=1,---,n and y' € P(RY) (resp. Q(RY)).

(3) Let us consider the algebra generated by T; (i = 1,--- ,n) and Y* (i €
P(RY)) and relations (A1) fori=1,--- ,n, (A2) and (A3). Then it is isomor-
phic to H(W (S)). Further, by replacing P(RY) with Q(RY), the corresponding
algebra is isomorphic to H(W(S)).

83. Double Affine Hecke Algebras

In this section, we give the definition of the double affine Hecke algebras
in terms of triplets. We remark that our definition is not new. It is only a
reformulation of the uniform construction of the double affine Hecke algebras
due to Macdonald [M5].

3.1. Triplets. Let us consider the following three types of datum Z = (Ry; S,
As) which we call a triplet :

(type I) Ry is a finite irreducible reduced root system,
S = S(Ro) or S(Ry)Y, As=Q(S") where S’ = S(Ry).

(type II)
Ry and S are as the same in type I, Ay = Q(S’) where S’ = S(Rg)".
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(type III) Ry is of type Cy, (n > 1) (Here we denote C; = A;.);

S is of type (CY,Cy), As = Q(S(Ro)Y).

(In Appendix, we present the detailed structure of the affine root system of

type (C),Cy).)

Set
P(R0>7 (type I)7 P(R(\)/)a (type I)a
L=< P(R{), (typell), L'=4q P(Ry), (typell),
Q(RY), (type III), Q(RY), (type III).

In each case, let A := L @ Zcy. Here cg = e ¢ and e is the exponent of
Q= P(Ry)/Q(Ry),

Next we fix a normalization of (-,-). Recall a basis {a;}_, of S(Ryp). For
type I and II, we normalize (-,-) as (6,6) = 2. Therefore we have aj = —0+c =
ag. For type III, S = S; U Sy where S; = S(Rp)Y and Sz = S(Ry). Here Ry
is of type C,, (n > 1). In this case e = 2 and we normalize (-,-) as (6,0) = 4.
Therefore we have (ag,ap) = {(an,a,) = 4 and (a;,a;) =2 (i =1,--- ,n—1).
Moreover a basis {a;'} of S; and a basis {a;} of Sy are related by the following
way:

1 0 ¢ v 1 v

ag = 5a0=—5+ 5 G =g0n, @ =ai(i=1-,n—1)

Under the above convention, we immediately have the following lemma.
Lemma 3.1.1.  For any case, Ag is a sublattice of A.

Let us introduce the following notations:

f — G, (type I)a
ay, (type IT or III).

2

We remark that {ag}?:() is a basis of As.
In each case, let

W(Z):=W(Ro) x t(L'), and W(E), :=W(Ro) x t(Q(Ry)).

If = is of type I or II, the first one is the extended affine Weyl group of S and
the second is non-extended one. On the other hand, for type III, both are the
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affine Weyl group of S.

The first statement of the following lemma is due to Macdonald [M5] and
the second is trivial by the definition.

Lemma 3.1.2. (1) A is stable under the action of W(Z).
(2) As is stable under the action of W (E)s,.

3.2. Definition of double affine Hecke algebras. Let A be a commutative
ring defined by the following way:

A= Aa, (type I or II),
- -Aa[(Toh)ﬂ, (r])*], (type III),

where 7'0u and 7} are new indeterminates.

Definition 3.2.1. Let = = (Rg; S, As) be a triplet given in the previous
subsection. For ¢ =0,--- ,n, let b;(x) = b(7, TZ-”; x). Here we set Tf = 7; for all
1 when Z is of type I or II and for ¢ # 0,n when = is of type III.

The double affine Hecke algebra H(E) is an associative A-algebra defined
by the following way.

If = is of type I or II, it is generated by T; (i = 0,--- ,n), U; (j € J),
X* (X € A) subject to the following relations:

(D1) T; and U; satisfy the same relations in H(W(S5)),
(D2) XAXH = XPXN = X MR

(D3) T,X> — XN, = bi(Xaf)(XA _ Xwi(k)%
(D4) UjX)‘U].*1 — xu(N)

If = is of type III, it is generated by T; (i = 0,--- ,n), X* (A € A) subject
to the similar relations as (D1), (D2), (D3).

Following [M5], we say H(Z) is the double affine Hecke algebra of type
(S,5") for a triplet = of type I or II. For a triplet of type III, we say H(Z) is
the double affine Hecke algebra of type (C)Y,C,,).

The following theorem is essentially due to Macdonald [M5].
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Theorem 3.2.2. (1) X is a central element. (2) Each of the following
sets
{X T(w)Y" | A€ A,w e W(Ry), ' € L'},

(Y T(w)X* | A€ A,w e W(Ry), ' € L'},
(X T(w) | A e A,w e W(B)}, {T(w)X*|XeAweW(E)}
forms a free A-basis of H(Z).
Remark. In the original article [M5], the definition of H(Z) is slightly

different: e is the positive integer such that (L, L’) = e~1Z, except in type III

in which case e = 2. The central element qg := X is considered as a real
number such that 0 < ¢g < 1. 7; and 7'2-h are also considered as positive real
numbers. Assume g, 7; and 7'2-h are algebraically free over Z and H(Z) is defined
as an algebra over K with same generators and relations, where K is a subfield
of R containing qq, all 7; and Tiu. The original theorem is the following: each
of the four sets which is given by replacing A with L in the above theorem is
a K-basis of H(E). But, in our situation, we can prove our statements by the

similar argument. So we omit the proof.

Definition 3.2.3.  The small double affine Hecke algebra H(Z)s is the
subalgebra of H(Z) which is generated by T'(w) (w € W(Z),) and X* (A € Ay).

We remark that H(E), is just equal to H(E) for = of type IIL

Assume E of type I or II. By Lemma 3.1.1 (2), Definition 3.2.1 and Theorem
3.2.2, we immediately have the following statement.

Corollary 3.2.4. (1) The similar relations as (D1), (D2) and (D3) in
Definition 3.2.1 hold in H(E)s. (2) Each of the following sets

(X T(w)Y* | A€ Ay,w e W(Ro), 1’ € Q(Ro)},
(V¥ T(w)X* | A€ Asyw € W(Ro), i’ € Q(Ro)"},
(XT(w) | A€ Ayw e W(EL}, {T)X | Ae Aywe W(E),}
forms a free A-basis of H(E)s.
Therefore we have the following.

Corollary 3.2.5. As a set H(Z)/H(Z)s = (A/As) x Q. Especially
H(E)s is a subalgebra of H(Z) with a finite index.
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84. Summary of Elliptic Root Systems

4.1. Marked Elliptic root systems. Let F be an (n + 2) dimensional real
vector space with a positive semi-definite symmetric bilinear form I : FxF — R
with the two-dimensional radical which is denoted by rad([). If o € F' satisfies
I(a, ) # 0, we say « is a non isotropic vector. For a non isotropic vector o € F,
put a¥ := 2a/I(a, ) and define a reflection s, by sq(u) = u — I'(u,a )« for
ueF.

Definition 4.1.1. A set R of non isotropic vectors in F' is called an
elliptic root system of rank n if the following conditions are satisfied: (i)
Q(R) ®z R = F. (Here Q(R) is the additive subgroup of F generated by
R.) (ii) so(R) = R for any a € R. (iii) I(a, 8Y) € Z for any o, 3 € R. (iv) R is
irreducible. That is, there exists no partition of R into two non-empty subsets
R; and Ry such that I(«, ) =0 for all @« € Ry and 8 € Rs.

Let W(R) be the group generated by all reflections s, (o € R). We call
W (R) the elliptic Weyl group.

A subspace G of rad(I) of rank 1 defined over Q is called a marking and
the pair (R, G) is called a marked elliptic root system.

We fix a generator 07 of the rank 1 lattice GNQ(R): GNQ(R) = Zd;. For
a € R, set kq :=1inf {k € Z>o | a+ k1 € R} and o™ := a + ky01.

Let 7 : F — F/G (resp. w5 : F' — F/rad(I)) be the natural projection
and set Ry := mq(R) (resp. mf(R) := Ry). R, (resp. Rp) is an affine (resp.
finite) root system. In the present paper we assume that Ry is reduced, which
implies that R, is also reduced.

We fix a subset 'y = {ap, -+ ,an} of R such that 7, (T,) forms a basis of
the affine root system R,. Let §, be the primitive imaginary root of R,. Then
da can be written in the following form: 8, = Y1 nima(w), (n; € Zsg). It
is well-known that there always exists an element a € I',, say aq, such that
Nay = 1. Set 89 := > (n;a; € Rand 6 :=) " | nyy.

By the construction it is easy to see that Q(R) has a following expression:

QR) = (& Zas) & 26, = (& Zoy) © Loy & Lde.

For 0 < i < n, set m; := Ir(e, o;)n;/2kq,, where I is a constant multiple
of I normalized such that inf {Igr(a, @) | @ € R} is equal to 2. Consider the
subset Tz := {a; € Ty | Mi = Mypaa } of Ty, where mynq, := max {m; | 0 <
i<n}. Put T, :={af | 0 € Do}
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Let (R, Q) be a marked elliptic root system belonging to I. Then RY :=
{aV € F | a € R} is also an elliptic root system belonging to I. Moreover it
is known that the same space G defines a marking for RV. We call the pair
(RY, @) the dual marked elliptic root system of (R, Q).

4.2. Elliptic Dynkin diagrams. An elliptic Dynkin diagram I'(R, G) for a
marked elliptic root system (R, @) is a finite graph given by the following data:

(1) the vertex set of I'(R,G) is I':=T', UT',

max*

(2) two vertices «, § € T" are connected according to the following conditions:

e of  ifI(a,8)=1(8,a) =0,

aO—OF8 if I{a, 8Y) =1(B,a") = —1,

00— 0B i I(a,8) = —p and I(8,a") = —1 for u = 2,3,
co—0f  ifI(a,fY)=1(B,0") = -2,

«aQZZ”ZZZ0#8 If I{a, 8Y) = I(B,aV) =2

Afterwards we use the following conventions:

O——0=0—>0=0—"—0 forp=1,
-1
O—r—0 = O—%0 for p = £2, £3.

The following theorem is due to K. Saito [S].

Theorem 4.2.1.  The isomorphism classes of marked elliptic root sys-
tems are completely classified by their elliptic Dynkin diagrams.

In Appendix, we will present a complete list of marked elliptic root systems
(R, G) under the assumption that Ry is reduced.

By the above classification theorem we have the following lemma.

Lemma 4.2.2.  The component T'(R,G) \ (Trmaz UL 0r) = Ta \ Tinaw
is a disjoint union of A-type diagrams, say I'(A;,),--- ,T'(A4;.).

For o; € T'y,, we set ag := ko, . It is known that the set Q((R,G),) :=
?:OZOJ forms a root lattice of an irreducible reduced affine root system
(R, G), with a basis {ag}?zo. In order to describe the explicit type of (R, G),,
we introduce a grouping of isomorphism classes of marked elliptic root systems
due to K. Saito [S]:
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(A) ALY (n>1), DY (n>4), ESY (n=6,7,8),

(B) By* (n >3), B (n>2), (" (n>2), O (n 2 3), ", F*,
G(lr?’) G(Br?’)

2 ’ 2 )

(C) BV (n>3), BEY (n>2), ¢ (n>2), ¢V (n>3), F{WY, FEY,

(D) Agl,l)*’ B7(12,2)* (n > 2)7 C,T(Ll,l)* (n > 2)
Theorem 4.2.3.  If (R, Q) belongs to the group A, B or C, we have

Q(R.) = Q(RY), if (R,G) belongs to the group A,
Q((R,G)a) = § Q(Ra), if (R, G) belongs to the group B,
Q(RY), if (R, G) belongs to the group C.

If (R, G) belongs to the group D, we have

QUAT L) 2 Q(S(A1),  QUBEP*).) 2 QUCIY").) 2 Q(S(BCy)).

If (R, G) belongs to the group A, B or C, there exists the irreducible reduced
finite root system R;o) such that Q(R,G), is isomorphic to Q(S(R;O))) or
Q(S(R}O))V). But in general, R;O) is not isomorphic to Ry.

4.3. Boundary side. Let us introduce the notion of the boundary side due to
K. Saito and Takebayashi [ST]. For each pair o;, a;; € I', which are connected
as a;0——o q, for p = 2% 3% it is known that k(c, ;) := ka, /ka, is equal
to either 1 or p.

Definition 4.3.1. In the above setting, «; is called the boundary side
(or b-side for short) for the bond a;o—%—o a; with = 21, 3% if k(ay, o) =
inf{1, u}.

Remark.  For the bond o, 0—5%—o o, for p = 21 3+!

a b-side.

, either a; or oy is

4.4. Hyperbolic extension of elliptic Weyl groups. Let (R,G) be a
marked elliptic root system. Consider the pair (F v ) of a vector space F over
R and a symmetric bilinear form I on F such that F is a l-codimensional
subspace of F, I|p = I and rad(I) = G. Such (F,I) exists uniquely up
to isomorphisms. By the definition, we can regard R is a subset of F. Let
5o € O(F,I) be the reflection with respect to a € R and W(R, G) the group
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generated by all reflections §, (o € R) which is called the hyperbolic extension
of W(R).

K. Saito and Takebayashi [ST] gave a presentation of W(R, G) by genera-
tors attached to the vertices of the elliptic Dynkin diagram I'( R, G) and finitely
many relations. In their presentation, in addition to the ordinary Coxeter rela-
tions, new relations (so-called elliptic Coxeter relations) appeared. After [ST],
Yamada [Y] gave a modification of K. Saito and Takebayashi’s presentation for
one-codimensional cases. In this article, we generalize Yamada’s presentation
of W(R, @) for arbitrary marked elliptic root systems.

The following is K. Saito and Takebayashi’s presentation of W(R, Q).

Theorem 4.4.1 ([ST]). W(R,QG) is isomorphic to the group with gen-
erators ro (a0 € R) subject to the relations explained below.

For any subdiagrams of T'(R,G) isomorphic to the following list, we give
relations attach to the diagrams in the following table.

(W0) “0 r2 =1,
(W1-1) a0 o8 (rars)® =1,
(W1-2) *O—O0F8 (rars)® =1,

2:(:1
(W1-3) @ O—>—0"8 (rarp)* =1,

3i1
(W1-4) O——0F  (rarp)’ =1,

o
i

(W2-1) : 8 (rarprarrs)® =1,

“ N (Tﬁrara*)Q = (Tara*TB)Q:
(W2-2) | 5 2

(rgrara=)® commutes with ro, raox,

and rg,
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o 5
(W2-3) : | | : TaTg*Ta = TaxTaTax,
: : : : & raraxrTg = rg=rorgs under (W0) and (W1-2),
o P
o0
o 5
(W2_4) TaTa*TETE* = Ta*TBTE*Ta

=TprgxTala* = Tg*xTalTa*Tg3,

(W3-1) i :O\Qi\

|
|
I 0B (rarsrasrs)? =1,
|
|

(W3-2) (rarprars)® =1,

l@/ (rarpra=rsrars)’ =1,
|
«

In the next diagram, we assume that o is b-side for the bond « o—h o3 for
= 251 3L

g1
(W3-3) OO0 8"

| I
: : : : TaTB*To = Ta*T3Ta-
|1 |1
o | 5
o——O0
In the next diagram, we assume p =1, o+l 343

8

P
(W4)

|
|
5
O\!//O (TaTﬁ*Ta’f‘ﬁ’f‘,y’r‘@*)Q =1
|1
B

However there are exceptions. In the diagram (W2-4), there are four subdia-
grams of type (W2-2). But, we do not assume the relations (W2-2) for these four
subdiagrams. We only assume the relations (W2-4).

The relations (W2-1)~(W4) are called elliptic Coxeter relations.
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The following theorem is a generalization of Yamada’s presentation [Y].

Theorem 4.4.2.  W(R,G) has another presentation with generators r,
(o € R) subject to the relations explained below.

For any subdiagrams of T'(R,G) isomorphic to the following list, we give
relations attach to the diagrams in the following table.

(E0) a0 r2 =1, (as same as (W0)),
(E1-1) a0 0B roaTB = TgTa,

(E1-2) a——0OF8 TaTATa = TETaTs,

(E1-3) a Q—zﬂ—Q B TaTBTal3 = raraTgTa,

(E1-4) a Q—S;il—o Ié; TaTBTalaTald = IgTalglalg o,

In the following diagrams, we always assume that o, 3,7 € I'a. For a € I'maa, set
Lot = Tala*-

) O\
|
(E2-1) | 8 TRTatTRTat = TatTRTatTE,
@ N TRTLITRT ot = Lot TBL TS,

I

(E2-2) | : 0B TRT A TRT Lt commutes with Ta, Taox,
|
|

I
o lO/ and ra,

(E2—3) l Tt Lot = TRLatTH,

& TotTgt = ralgiTa under (E0) and (E1-2),
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oo
*

O e O L

(E2-4) X i TpiTat = Tot Tt
: : : : Tt Tgt commutes with To, rox, Tt and T«
@ lO—Ol B
In the next three diagrams, we assume that o is b-side for the bond « o—5& o B
fO’l" = 2:‘:173:!:1.
o
+
(E3-1) : : 2
I 0B TalBlatTs = T3ZatT8Ta,
|1
o |O|/
o 3+
(E3-2) : : TRLAITRT ot = TotTRTLtTS
B
: : © =TalBTntTETa,
o
g1
(E3-3) a’O— OB

TptTat = TRTLITH.

In the next diagram, we assume 7y does not belong to U'mae U e and p =
1 9%1 g1

| 2
(E4) /lo\\ Lt TalyTgiTy = Tyt TyTal gt

However there are similar exceptions as Theorem 4.4.1. In the diagram (E2-4),
there are two subdiagrams of type (E2-2). But, we do not assume the relations (E2-2)
for these two subdiagrams. We only assume the relations (E2-4).

It is well-known that the relations (W0), (W1-1), (W1-2), (W1-3), (W1-4)
are equivalent to the relations (E0), (E1-1), (E1-2), (E1-3),(E1-4).
The following lemma is due to Yamada [Y].
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Lemma 4.4.3.  Assume the relations (W0), (W1-1), (W1-2), (W1-3),
(W1-4) (equivalently, (E0), (E1-1), (E1-2), (E1-3), (E1-4)) hold.
(1) For a subdiagram of the form as (W2-1), we have

(raTaTa )’ =1 & TRTTETa = ToiTTaiTs.
(2) For a subdiagram of the form as (W3-1), we have
(rargra*rg)Q =1 &  rargZairs = rTetTsrla-
(3) For a subdiagram of the form as (W3-2), we have
(rargra*rg)B =1 and (rar,gra*r,grarg)Q =1
S TRTGITRT Gt = TaiTBTaiTg = TaTaTatTaT -
(4) For a subdiagram of the form as (W4), we have
(PargTaTpT Tas)? =1 & TaiTalyZpiTy = TyTaiToTaZgh,
(rargrargryra)’ =1 &  ZaiTyTaZgiTa = TaZgiTal~Zat,

The following lemma is easily obtained from the definition of z,+ and the
relation (WO).

Lemma 4.4.4. Under the same assumption as the previous lemma, we
have the following:
(1) For a subdiagram of the form as (W2-3),

TalB*Ta = Ta* T3 a* = l'ml'o/r =Trglalg.
(2) For a subdiagram of the form as (W3-3),
TalB*Ta = Ta*TB a* = l'gw‘l'a’r =Trglalg.

(3) For a subdiagram of the form as (W2-4), the following conditions are equiv-
alent.

(1) rarasrargs = To=Tgrasrq = rarg«TaTox = Tg«Tala*T3.

(i) zgtaat = 2ot gt and xaiTgr commutes with ro, Tox, T and -

Now we can state the difference of two presentations. In the first presen-
tation, we assume (W2-1) and (W3-1) for all subdiagram of that forms. On
the other hand, in the second presentation, we only assume (E2-1) and (E3-
1) for subdiagrams such that § belongs to I', and « is b-side for the bond
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a o—»—o 5 for = 2%!. Similarly, in the first presentation, we assume (W4)
for all subdiagram of that forms. On the other hand, in the second presentation,
we only assume (E4) for subdiagrams such that 7 is not belong to 'y, UTY

and p = 1,2%" 3%, These are the difference of two presentations.

We remark that there is no difference between (W3-2) (resp. (W2-2)) and
(E3-2) (resp. (E2-2)). By the classification theorem of marked elliptic root
systems, in the subdiagram of the following form:

a

;

|
|
| oXe
|
|

<

(e}

0 is atitlomatically an element of I', and « is automatically b-side for the bond
o o—%—o 3 . Similarly, for the subdiagram of the form as (W2-2) or (E2-2),
is automatically an element of T',.

For a proof of Theorem 4.4.2, the remaining problems are the followings:
Assume that 7, (o € R) satisfy the relation (E0)~(E4) (not (W0)~(W4)).
Then, the problems are;

(a) for all subdiagrams of the form as (W2-1), to prove

TBTQITET ot = TaiTBTaiTs,
(b) for all subdiagrams of the form as (W3-1), to prove
TaTBTaiT8 = TBTaiT A s
(¢) for all subdiagrams of the form as (W4), to prove
TGt TalyTtTy = Ty TgiTyTaZgt  aNd  TiTyTaZpiTa = TaTgtTal~Tat-

Firstly, let us prove (a). If 8 belongs to I',, the formula is nothing but
(E2-1). Therefore it is enough to show the following lemma.

Lemma 4.4.5.  For the diagram

*

[e3%

;

08"

<
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we have 1a=T o1 T T ot = Tt T Tt T3 -

Proof. Such diagram is a subdiagram of

By (E2-3) and xgt = 731+, we have
rge = :rafrgx;}.
Therefore we have

T Lot TR+ Lot = TatT3Tail3
= Tyt (ngl'a’r’l"gxaf)l';Tl
=a}rpzairpe,; (by (E2-1))
= (Tyt - :cafrgx;Tl)Q
= ToiT 3 TaiTgn.

O

+1
Secondly, let us prove (b). Assume « is b-side for the bond « o—3 o g

in the diagram of the form as (W3-1). If 5 € T, the formula is nothing but
(E3-1). For the case of § ¢ T',, we can prove the formula in the similar way as
Lemma 4.4.5. Therefore it is enough to show the following lemma.

Lemma 4.4.6.  In the diagram

+1
assume that 3 is b-side for the bond o o—3—o g . Then we have roTgx 173 =

TBTatTBT -

Proof. By the classification of marked elliptic root systems, the above
diagram only appeared as a subdiagram of
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+1
* 2 *
¥O—>—07
| |
N N
[ [
N N
o I,

+1
where 7 is b-side for the bond « o—3—o v . We remark that there are two

choices of embeddings of diagrams. Namely 8 = v or 8 = ~v*. We give the
proof only for the first case. For the second case we prove the formula by the
similar way.

By using (E3-3), we have
(4.4.1) Tar = TRTB*TalpT3.

Therefore we have

TaTBTaiTE = TalBTa o T3
=rorprarararars-ry (by (4.4.1))
=rgraTgrarsrars« (by (E0) and (E1-3))
=Trgralgrs=rars-ro (by (E1-3))
:r,grargrg*rarg*r%ra (by (E0))
=TgroTa TaTe (by (4.4.1))

=TpTotTpTa-

We need the next lemma for the proof of (c).
Lemma 4.4.7.  In the diagram

*

NENCE

I

I 8
|

|

@)
|
o |
. . 2+1
assume that o is b-side for the bond o o—>—o0 g . Then we have rgx,173T4t =
T ot T/gxaﬂ‘g.
Proof. 1Tt is enough to show that

(4.4.2) TETaTa*TaTaTax = TaTa*TaTaTax T3
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We have
(442) & Ta*TgTalTa* = TalBTala*TBTaTa*T3
=1r3raTa 1gra13 (by (E3-1))
=1rgrorgra<rgre~ (by (E1-3))
< TalarTpTa = TaTpTalplaxTp
=1gTalgTalars (by (E1-3))
<~ Tgrala*TpTa = TaTpTalTa*T3-
This is nothing but the formula (E3-1). 0

Finally, let us prove (c). Consider the diagram of the form as (W4):

I
|
« QO I o7
[
NN
B

where 1 = 1,2%! 3*1. Tt is enough to show the formula for the case that
v € Dipaz UL In such case, u = 1,2%! by the classification theorem of

max-*

elliptic Dynkin diagrams.

Lemma 4.4.8.  In the above diagram, we assume that v belongs to T pqz
Ul - Then we have TgtToTyTatTy = ToTgtTyTaTgt aNd TgtTyToTgtTe =
Tal'ﬁf ’I"a’/’,yx/gf .

Proof. 1In the following, we assume 7 € I';,,4,. For the case that v € I} ..

we can prove the formula by the similar method.
Since v € I'},44, the above diagram is a subdiagram of the following one:

B y*

}

|
RO) I
|

(

B By
In the following we assume g = 2%1. For the case that p = 1, we can prove
the lemma by the similar methods.
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Let us prove the first formula. By the Classiﬁcatitl)n theorem of marked
elliptic root systems, ~ is a b-side for the bond g o—% o v .
Let us prove the following formulas:

(4.4.3) xﬁfx,yf = .’E,foﬁf,

(4.4.4) TATgtTy = xmx?ﬂ.
Since (E3-3) and Lemma 4.4.7, we have (4.4.3). Indeed,
TgtLoyt = TaTytrg = xwrrgxwrrgx;f = TyiTgt.
On the other hand,

(4.4.4) & rywg = xm:vifrv
=yt (xgr2,1)ry (by (4.4.3))
=x,i732,: 737~ (by (E3-3))
=xyi7yrax,17. (by (E3-1))

Since w+ = 774+, we have

TyTpt = TyiTyTTt T3 <~ Tat = Ty TyTRTATS
_ -1
= $7T T@JJ,YTT@

S TR Tyt = TRT4ITg-
This is nothing but (E3-3). Therefore we have (4.4.4).
For the proof of the first formula, it is enough to show the following:
rar,yxmrfyx[;l = nglrwxmrwraxm.
By (E1-1), (4.4.3) and (4.4.4) we have

(The left hand side) = raxiT

_ .2
—.’E,Yf’l"a

= (The right hand side).
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Let us prove the second formula. We have

rvraxmra:r[;ﬂ = rarpyxmra:r[;ﬂ (by (E1-1))
:raxwx%r,yrang (by (4.4.4))
= raxmraxifrvngl (by (E1-1))
:raxmraxifx;?mggrv (by (4.4.4))
= raxmrungl Ty
= nglraxmrarv.

This is nothing but the second formula. We remark that the last equality
follows from (E2-1) if « € T, or Lemma 4.4.5if a« ¢ T, (& a€T% ). O

max

So the proof of Theorem 4.4.2 is completed.

85. Elliptic Hecke Algebras

5.1. Definition of Elliptic Hecke algebras. Let (R, G) be a marked elliptic
root system. Consider a Laurent polynomial ring Z[tX1],er and let J be the
ideal generated by the elements t, — t3 where o and 3 are in a same W(R)-
orbit. Set A = Z[tE]per/JT-

We define the elliptic Hecke algebra H = H(R, G) associated with (R, Q)

as a deformation of the group algebra Z[W (R, G)].

Definition 5.1.1.  The elliptic Hecke algebra H = H(R, G) is an asso-
ciative A algebra with generators g, (« € T') subject to the relations

(HO) @0 (9o —ta)(ga +151) =0

and (H1-1) ~ (H4) which are obtained from (E1-1) ~ (E4) by replacing r, with
Jgo- Here we set x4t := gagar for a € T'pgs.

Remark. (1) In our previous announcement [SS], we assume the other
relations

9Tt gBTat = 9ot gpLat
for the subdiagrams of the form as (H3-1) (or (E3-1)). But these relations

follows from (H1-3) and (H3-1) by the similar computation as the proof of
Lemma 4.4.7. So we omit the above relations form the definition.
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(2) As we already mentioned in the introduction, Takebayashi [T2] defined the
elliptic Hecke algebras for marked elliptic root systems except for the group
(D) by using the “completed elliptic Dynkin Diagrams”. For a given marked
elliptic root system except for the group (D), one can show that our algebra
is isomorphic to Takebayashi’s one. Therefore our definition gives another
presentation of Takebayashi’s algebra attached by the original elliptic Dynkin
diagrams. In this article we omit the proof of the equivalence between our
presentation and Takebayashi’s one.

(3) Let (RY,G) be the dual marked elliptic root system of (R,G). By the
definition, it is easy to see that H(RY, @) is isomorphic to H(R, G).

5.2. Lusztig’s relations. Recall that, for «; € I'},4,, we already defined
(5.2.1) Tt = o, Jor-

We remark that it is invertible by the definition.

Let us define x i for o; € T'y \ T jnaz by the following way.

Definition 5.2.1.  Assume «; € I'; \ T'y02, then «; belongs to a com-
ponent I'(4;,) = {41, -+ ,06,,} (¢f Lemma 4.2.2.). Let us consider of the
following diagram :

By
| K
lo\\ﬁl B2 By, M:1,2i,3i,

|
|
Il o—O—O0—————- —O0
Il

BOB//

where [y is a vertex in I'y,q, which is connected to I'(A4;,). By using this

diagram we define

1 .
Tgt = gﬁj+1x5;gﬁj+1xﬂ;( 0<j<l-1)

41
inductively. We remark that x s is already defined by (5.2.1). We also remark
that the above (j is uniquely determined by the classification theorem of elliptic
Dynkin diagrams (Theorem 4.2.1). We say 3y is the terminal vertex of «; which
is denoted by alrem.

The following two propositions are key steps in this article.

Proposition 5.2.2. i (a; € I'y) are pairwise commutative. In other
wards, let N(R,G) be the subalgebra of H generated by {xff|ai e T'y}. Then
N(R,G) is a commutative subalgebra of H. '
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For & = paf + -+ &uaf, € Q((R, G)a), set
T 1= (mag)g" . (xail)f”'.
By the aid of Proposition 5.2.2, it is well-defined.

Proposition 5.2.3.  Lusztig’s relations hold in H(R,G). Namely, we
have

JoiTe — Ty, (£) Yoy = b(ttxwta;-* ) x;fl)(xf - msai(ﬁ))a
fora; €Ty, £ € Q((R,G)a). Here we set tor = to, for a; € Lo\ Tz
Proofs of these propositions will be given in Section 7.

5.3. Another presentation of H(R, G).

Definition 5.3.1.  Let (R, G) be an associative A algebra with gener-
ators Go, (a; € T'y), Tx (A € Q((R, G)4)) subject to the following relations:

(H’O) (gai - tai)(gai + t;il) = 07 (ai € Fa)v

(H’l']-) gaigaj = gajgai; i O @i

(H’1'2) g()éigaj gai = ga_,» Qaiﬁaj, 0O Y
~ ~ ~ ~ ~ A~ ~ ~ 2j:

(H’1—3) gaiga_,»gaigaj = gajgaigoéjgoéia Y0 Y
o e 3+

(H’1‘4) 9a;9a;9a;90;9a;90; = Ga;9a;9a;9a; 9o Ga; s L0 e O R

(H’2) ATy = Tplr = Tagp, AT =1, A\ peQ(UR,G)a),

(H’3) Jo; T — s, () Ja; = b(tay, tass i;;)(@ — &5, (1)

i

The following proposition will be used in the next section and we will prove
it in Section 7.

Proposition 5.3.2.  There is an isomorphism ® : H(R,G) — H(R, G)

defined by
o, 7 Ja; (o €Ta)  and Gay; g(:ili‘af (af € Iaa)-

max

In other words, the system of the defining relations of H(R, G) gives another
presentation of H(R, G).



ELLIPTIC HECKE ALGEBRAS 871

This proposition says that H(R, G) has another presentation. Namely,
H(R,G) is an algebra with generators go, (a; € I'y) and z) (A € Q((R,G)a)),
and relations (H’0) ~ (H’3) in Definition 5.3.1, by replacing §,, and &, with
Jo, and x, respectively.

5.4. PBW-type theorem for H(R,G). For i/’ € Q(R}), we have introduced
Y* € H(R,) in Section 2.2. Let us recall the definition. We write u/ € Q(R})
as the following form: p/ = XN — v/ with X',»" € Q(RY)*. We define yH =
Tt(N)T(t(v'))~t. By the construction, T(t()\')) and T(t(v')) can be written
as

TUN) =T, -+ Ty

and T(t())=Tj, T

JIM
where w;, ---w;, and wj, ---w;,, are reduced expressions in W(R,) of t(X\")
and t(v), respectively.

By the defining relations (H’0) ~ (H’1-4), we can define a well-defended
element ¢,/ in H(R, G) as

Y = gail T gaiN (gajl T gai}\/l )71'
By the similar method in [M5], we have PBW-type theorem for H(R, G).

Theorem 5.4.1.  FEach of the following sets
{&2Guwh | A € Q((R,G)a),w € W(Rp), ' € Q(Ry)"},

{G0guix | A € QUR, G)a),w € W(Ro), 1’ € Q(Ry)"},
{‘i‘)\gw ‘ Ae Q((R’ G)a)vw € W(Ra)}’ {guﬂ%)\ ‘ Ae Q((R’ G)a)vw € W(Ra)}
forms a free A-basis of H(R, G).
Set
yu =@ () (1€ Q(Ry)Y).

By Proposition 5.3.2 and Theorem 5.4.1 we have the following corollary.
Corollary 5.4.2.  Each of the following sets
{x)\gwyu’ | A€ Q((Rv G)a)aw € W(RO)vﬂl € Q(Rf)v}v

{ywguaa | X € QUR, G)a),w € W(Ro), 1 € Q(Ry)"},
{zagw | A€ QUR, G)a),w e W(Ra)},  {guwar | A € QUR,G)a),w € W(Ra)}
forms a free A-basis of H(R, Q).
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86. Elliptic Hecke Algebras and Double Affine Hecke Algebras

6.1. Triplets associated to elliptic root systems. In this section we assume
(R, G) is a marked elliptic root system which belongs to the group A, B or C.
Recall that the affine root system (R, G), is isomorphic to R, or R). Let us
consider the following triplet

2(R, G) = (RY; Ra, Q((R, G)a)).

This is a triplet of type I or II in the sense of Section 3.1. In each case, we
normalize I so that I(6,6) = 2.
For (R,G) of type Agl’l), B,(L2’2) or O (n > 2), we consider another
triplet
0
Y(R,G) = (RY; R. URY,Q((R,G)a)).

This is a triplet of type III. In each case, we normalize I so that I(6,6) = 4.

6.2. Triplets of type I or II. For a triplet Z(R, G), let us consider the cor-
responding double affine Hecke algebra H(Z(R, G)). Since E(R, G) is a triplet
of type I or II, H(Z(R, G)) is an algebra over A = A,.

Recall that m, : F — F/G and 7,(R) = R,. By the definition, the
following lemma is easy to verify.

Lemma 6.2.1. Let«, 8 € R. Then the following statements are equiv-
alent. (a) o and B are in the same W (R)-orbit. (b) ma(c) and m,(5) are in
the same W (Ry,)-orbit.

Let J, be the ideal of A generated by the elements t, —tg (e, 8 € I') where
ma(@) = m(B) and set A, := A/J,. By the construction, A, is generated by
to; (0 <i<mn). From the above lemma, we easily have;

Corollary 6.2.2.  The map A, — A, defined by t,, — 7; (0 <i < n)
18 an algebra isomorphism.

From now on, we shall identify these two algebras by the above isomor-
phism. Let A — A, and A, — A, be the natural projections. By taking a
composition of these maps, we have a homomorphism A — A, and we regard
A, as an A-algebra via this homomorphism.

Let us consider an Ag-algebra A, 4 H(R, G). We remark that the number
of unequal parameters of A, ®, H(R, G) becomes smaller than one of H(R, G)
in general.
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By the definition of double affine Hecke algebras and Proposition 5.3.2, we
have the main theorem of this article.

Theorem 6.2.3.  The map © : A, ®, H(R,G) — H(Z(R,G)) defined
by
o, — Ti, Toi Xu: (; €T0)
is an injective algebra homomorphism and the image just coincides with the
small double affine Hecke algebra H(Z(R,G))s. Namely, A, @4 H(R,G) is
isomorphic to H(E(R, G))s.

Proof. By Proposition 5.3.2, H(R, G) can be regarded as an algebra with
generators go, (a; € I'g) and z) (A € Q((R, G),)), and relations (H’0) ~ (H’3)
in Definition 5.3.1. Therefore © is well-defined and the image coincides with
H(E(R, GQ))s.

By the construction, we immediately have
O(2rguyy) =X T(w)Y*  for any A€ Q((R,G)a), weW (Ry), 1/ €Q(Ry)".

Now the injectivity of © follows from Corollary 3.2.4 and Corollary 5.4.2. [

6.3. Triplet of type III. Assume (R,G) is of type Agl’1)7 B?? or ¢V

(n > 2). In this case, the coordinate ring A of the elliptic Hecke algebra H(R, G)
is given as follows;

gt e e Y, if (R, G) is of type A"
ZE AEL 5 45 1EN i (R, G) is of type B or OV

where t =t; =t;» (1<i<n-—1).

On the other hand, since T(R, G) is a triplet of type III, the corresponding
double affine Hecke algebra H(Y(R,G)) is an algebra over A = Aa[(Tg)ﬂ,
(5)*1]. Here

A = Z[Toilvq'lil], if (R, G) is of type Agl’l),
’ Z[Toil7 Tilanil]a if (R, G) is of type BT(L2’2) or 01(1111)

and 7=7; (1<i<n-—1).

By the above considerations, it immediately follows that;
Lemma 6.3.1.  The map defined by
t—r1, tj—T1, tj- '—>T; (j=0,n)

gives an isomorphism A — A.
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By this lemma, we may identify A with A.
Theorem 6.3.2.  The map defined by
Gos = Tiy gar = T7IX™ (o €T)
gives an isomorphism H(R,G) = H(Y(R,G)).

Here, we remark that I, = I';,4, since (R, G) is of type Agl’l), B7(l2’2) or
e (n>2).

Proof of Theorem 6.3.2. As same as the proof of Proposition 6.2.3,
H(R,G) can be regarded as an algebra with generators g,, (a; € T'y) and
zx (A € Q((R,G),)), and relations (H’0) ~ (H’3) in Definition 5.3.1, by Propo-
sition 5.3.2. By replacing g,, with T; and z) with X?*, these are nothing but
the defining relations of H(Y (R, G)). O

87. Proofs of the Propositions in Section 5

7.1. Preliminaries. Let us start from the following lemma which is easily

verified by case-by-case checking.
H:tl
Lemma 7.1.1.  Assume oy, a; €Ly such that ®io——o0 @i (u=1,2,3).

Then the following formula holds:

K2

(7.1.1) o, (aT) _ a% + u?;, if p# 1 and o is b-side,
o; + oy,  otherwise.

Lemma 7.1.2.  Assume a marked elliptic root system (R, G) is neither
of type Agl’l) nor A(ll’l)*. LetT(Ay,) = {01, -, 0.} be a connected component
0f Lo \Timaz and By € Tinas the unique vertex which is connected to I'(Ay,) (cf.
Definition 5.2.1). Then we have the following formulas:

(7.1.2) TPyt = Tt 0<i,j<ly),

(7.1.3) gs.xg =, (5198 = b(tﬁi,tﬂ;;fﬂg)(wﬁ; =2, o) 04,7 <l).

Proof. For simplicity we denote g; = gg,, ©; = gt (1 =0,--,l) and
b, = b(tﬁi,tlg;;xg;). By the definition we have tg, = tg: for i = 1,--- .
Moreover by the classification theorem of marked elliptic root systems (Theo-
rem 4.2.1), it is known that tg, = tg: =tg, = --- = tg, . We denote it by ¢.
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Therefore we have b; = (t—t71)/(1—z; ). By using Theorem 4.2.1 again, it is
also known that £ is b-side for the bond Boo—5—o 81 for i = 2,3. Therefore,
by Lemma 7.1.1, we have

(7.1.4) 550 (B]) = By + 8] and sp,(8Y) = B + B] for p=1,2,3.

Let us prove (7.1.2). By the definition, the formula g;z9g120 = 0912091
holds for any ¢ = 1,2%!, 3%, Recall z; := gyz0g12, . Therefore we have

(7.1.5) T1To = §1Tog1 = xoglxoglmgl = Tox1

and

Toxo = (ga1g2y )0 = T0(gaz1g02] ) = Toa.

Next we show gox1gow1 = 21g221g2. Indeed, from (H1-1), (H1-2) and (7.1.5),
we have

92719201 — T192T192 = 9291%91%_192531 - 91%91%_19255192
= (929120919221 — G12091922192) '
= (929170919291 T09125 * — G170919291T091T¢ ' g2) Ty *
= (929120919291T091 — 9120919291Z09192) Ty
= (929170929192%091 — G1T0929192T09192)Tq
= (9291927091709291 — 9192%09170929192) T
192917091709291 — 9192T09170919291) T

2
2
(g ?
g192(g1209120 — $091$091)9291$62

0.

From this formula and the definition of x5 we have
ToTy = GaT1g2 = T1G2T1G2T] " = T1Ta.
By the similar computation, we have (7.1.2).
Let us prove (7.1.3). Firstly we shall prove it for ¢ = 0 and j = 0. By (HO)
we have

9o — Ty 9o = gogo- — Go-
={(t—t""go+1}go- — {go — (t —t7")}
=(t—t"Y(xg+1)

= bo(ﬂl‘o — 1‘0_1)

(7.1.6)
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This is nothing but the formula.
Secondly let us prove (7.1.3) for i = 0 and j = 1. Namely

(717) goxr1 — l’gl‘lgo = bo(IEl — I]Cg:]fl)

Assume p = 1. By (H1-2) we have go+ 9190+ = g19o+g1- Then we have gox190 =
Zory; since g1xog1 = xoxy by (7.1.5), we have

919091 = go=g19go+ = 91909190*919&1 = g19090+ 91
= 909190909190+ = 919090+ 91

= goT19go = ToT1.
By the above formula and (HO) we have

goT1 — ToT1go = goT1 — Tox1 {95 + (t—t1)}
(718) = 7(t7t71)$01'1

bo(.’l?l — .’1?0.1'1).

Assume p = 2. By the definition of x1, we have x1x9 = g1x0g91. Therefore, by
(H3-1) and (7.1.5), we obtain

goTox1 = JgogiTogir = girogdgigo = Tox19o-

By the above formula and (7.1.6) we have

goxr1 — $§x1go = (90 - xogoivo)
(7.1.9) = {go - 960(360 go — bo(zo — 330 }xl

=bo(z1 — xoxl).
Assume p = 3. By (H3-2) and the definition of x;, we have
z%:rl = goToT190-
By (7.1.6) and the above formula, we have

gor1 — z%xlgo = (90 — x%go_lzg)xl
(7.1.10) ={—(t—t"") (2o + zd + z}) }z1

= bo(l‘l — ZL‘gl’l)

Thus we have proved (7.1.7).



ELLIPTIC HECKE ALGEBRAS 877

We shall prove (7.1.3) for ¢ = 0 and j = 2. From (H1-1) and (7.1.7), we
have .
Jol2 = Jog2x192T;

= g2 {xg w190 + bo (w1 — xf1)} gory !
iy = et ol e
= g2w192 (2 {2027 g0 + bo(er" — 2”21 ")} + bo(1 - 2g)ay ]
= 9219227 " 9o

= T290-

This is nothing but (7.1.3) for i =0 and j = 2.

By the definition and the formulas we already proved above, we immedi-
ately have goz; = x;g0 (j > 3). Therefore we have (7.1.3) for ¢ = 0.

Let us prove (7.1.3) for ¢« = 1. Since g129g1 = zox1, we have the formula
for j = 0 by the similar argument of the proof of (7.1.8).
By (HO) we have
-1 _ 2 -1 1,1
911 — L1 91 = g1T091Ly — Tog1 Lo
- {(t —t Y1 + 1} moglxgl — 2o {91 S t—l)} %—1
=@t—t"(z1+1)

= bl(l'l — 1‘1_1)

(7.1.12)

Therefore we have the formula for j = 1.
Next, we shall prove it for j = 2. By the similar argument of the proof of
(7.1.8), it enough to show that

(7.1.13) g1T2g1 = T1x2.
By (H1-1) and (H1-2) we have

1201 = g1{g2(g1209125 ) g2(wogr 'xg gy ) o
= 029192T095 91927 "
= 027192
=T1T2.
By the similar argument of the proof of (7.1.11), we have ¢g1x3 = z3¢;.

Moreover, by the definition and the formulas we already proved above, we im-
mediately have g1z; = xjg1 (j > 4). Therefore we have (7.1.3) for ¢ = 1.
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By the similar computation, we have (7.1.3) for all ¢ and j. O
Lemma 7.1.3.  Let I" is of type Agl’l)*. Then the formulas (7.1.2) and
(7.1.3) hold.

Proof. We have gor190r1 = T19oT1g90 and xg = goxlgoxfl by the defi-
nitions. Therefore we have (7.1.2) by the similar way as (7.1.5). Let us prove
(7.1.3). In this case, (7.1.3) can be written as

givi —x; g =bi(z; — a7 (i=0,1),

4 4
gor1 — Tox1go = bo(x1 — xox1), G170 — ToT1g1 = b1(x0 — T0XT)

where by = (to—ty ") /(1—z5 ') and by = {(t1 — ;') + (t1- — t1- "Dy '} /(1-
$1_2). Since the first and second formulas are proved by the same computations
as (7.1.6) and (7.1.8), the remaining problem is the proof of the third formula.
By (H2-2), gor1gor1 = ox? is a central element. Therefore we have

g1%To — xoﬁgl = (g1 — x%lef)xu
By the first formula for ¢ = 1, we have

wigray =2i(x7 g + by —ayh))m
=x191271 + by (2] — 27)
=1 (z7 g1 + bz — 271)) + b (2] — a?)
= g1 +bai(z] - 1).

Thus we have the formula. O

7.2. Proof of Proposition 5.2.2. The goal of this subsection is to prove the
following formula:

=z 1zt for az,a; € Ty.

It is enough to prove it in the following three cases: (a) a;,o; € I'yge, (b)
a; € Ty and a; € Ty \ Tiga, (€) oy, 05 € T \ Tha.

Case (a); If a; and «a; are not connected, the statement is trivial by the
deﬁnil‘gion. Therefore it is enough to show the formula for ¢ and j such that
@io—s—o @ (1 = 1,2% 00). If 1 = o0, the statement is automatically satisfied
by the defining relation (H2-4). For the case p = 1,2%!, we have the formula
by the similar computation as (7.1.5).
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Case (b); if a; = o™, the formula is nothing but (7.1.2). Assume o; #
"™ and a; € T(Ay,). Let us denote o = o™, We remark that the formula
x;xy = T, is already proved in case (a). Since there is no vertex in I'(A4;,)
which is connected to «;, the statement is trivial by the definition.

Case (c); if o; and a;; belong to the same connected component of I'y\I'ynqz,
the formula is nothing but (7.1.2). Otherwise, it is trivial by the definition.

So the proof of Proposition 5.2.2 is completed.

7.3. Proof of Proposition 5.2.3.
To prove Proposition 5.2.3, it is enough to show the following formula:
(7.3.1) gasyt =T, (o1y9ai = Pltaistariz )@y —a, (41) (0< 4,5 < n).

a;

For simplicity we denote g; = ga,, s = 2+ and b; = b(ta“ta;;x;fl).

By using the method of the proof of (7.1.6), we have the formula for i = j
and a; € ['ge-

Assume i # j. As same as the proof of Proposition 5.2.2, let us consider
the following three cases: (a) a;,a; € Ipaz, (b) @ € Tiag and o € T \Tinaas
(C) Qg O[j S Fa \ anw-

Case (a); If o; is not connected to o in the elliptic Dynkin diagram,
the statement is clear by (H1-1). Assume «; is connected to «;. By the
classification theorem of elliptic Dynkin diagrams, there are the following three

cases;
Qil o0
oz:o Oa; (xfo - Oa; afo Oa;
| | | | | |
. I I .. I I I I
(i) I I (i) I I (iii) I I
I I I I I I
a,l |a~ avl lozv a-l |a~
i O—0O % i O—>—0% i O——0O %

For the case (i), (7.3.1) can be written as
gi.’lﬁj - .’Eil‘jgi = bi(l'j — .Z'il‘j), gjl'i — l‘il'jgj = ]Z)j(l'z — SL‘Z‘.’E]').

Since g;7;9; = g;Tig; = T;T;, we have the statement by the similar computation
of the proof of (7.1.8).

For the case (i), we may assume «; is b-side. In such case, (7.3.1) can be
written as

2 2
gilj —X;X5G9; = bz‘(xj - xﬂfj)’ gjTi — ;X595 = bj(xi - xiﬂfj)-
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Since g;r;9; = x;x;, we have the second formula by the same way as the case
(i).

Let us prove the first formula. We remark that there is the following
subdiagram.

Then the first formula is proved by the similar method as the proof of
(7.1.9).
For the case (iii), (7.3.1) can be written as

2 2. _ ) 2
gixj — x? sx;9; = bi(x; —xixj), g — Txg; = b;(x; — xl:cj).
Since x;x; is a central element, we have g;z;x; = x;x;9; and g;x;%; = ©;%;g;.

Therefore we have the statement as same as the proof of (7.1.9).

Case (b); If a; = "™ we already proved the formula in Lemma 7.1.2
and Lemma 7.1.3. Assume o; # a?””ﬁ Then «; and a; live in the following

positions:

a: O‘Z — (a;er'm)*
N Hﬂ\w\\
I [ a1 o +
N N o—o0o—-—————0 Hk=12"
I | I |

I [
O—fff

i = at(’rnl

Since o and a; are not connected, (7.3.1) can be written as
(7.3.2) girj =xj9; and g;T; = x;g;.

The second formula is clear by the definition. If «; is not connected to ay =
04;6””, the first formula is also trivial. From now on we assume «; is connected
to aj and, in the following, we will give the proof of the first one for the case
that o; = ;. In the other cases, it is proved by the similar computation.

We remark that, in such case, both «; and «aj belong to I';,., and are con-
nected by a bond such that u = 1. Therefore we already proved the following
formula in the case (a): g;xx — x;2k9; = b;(xr — x;x). Then we have the first
formula of (7.3.2) by the similar method of the proof of (7.1.11).
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Case (c); If both «; and ¢ are in the same connected component of T'; \
Taz, (7.3.1) is already proved in Lemma 7.1.2. Otherwise, «; is not connected
to a;. Therefore (7.3.1) can be written as g;z; = z;¢; and g;z; = x,;g;. Firstly
assume " = af"™. Then «; and «; live in the following positions:

M
| o’ = 1,251 351,

[
I
@i Il O @i
I
|

Here we denote ay, = ™ = /™. By (H2-1), (H3-1) and (H3-2), we have
JiTrGiTr = Trg;Trg; for any p and p'. On the other hand we have

Tk9i9iThYi = GiTkJigiTk & gjgil’kgix;;l = xlzlgixkgigj-

by (H4). Therefore we have
gjx; = gjgixkgixlzl = x;;lgifﬂkgigj = gzmkgixlzlgj = Zigj.

The formula g;z; = x;g; is also proved by the similar method.

Secondly assume of*"™ # %™ In such case, by (HI-1), g; commutes
with @ (gterm)i. Moreover a; is not connected to the connected component of
Iy \ T'nae which contains «;. Therefore we have g;x; = x;9;. The formula
9iT; = x;9; can be proved by the similar way.

So the proof of Proposition 5.2.3 is completed.

7.4. Proof of Proposition 5.3.2 I (Hecke relations and Coxeter relations).
In this and next subsection we will show the well-definedness of the map ®. For
this purpose, in this subsection, we will show that Hecke relations and usual
Coxeter relations hold in H(R, G).

For simplicity we denote ¢; = to,, §i = Ja;, Ti = %+ for a; € T'y and

*
mazx*

_ Ao a-la
tje =tar, §j= = Ja, Ty foraj €T

*
max’

Lemma 7.4.1.  Foranyaj €T we have (G~ —t;+) (G — tj_*l) =0.

Proof. By (H’3) we have

gity — a5 gy =by(d; — &),

Here we denote b; = b(t;, t;-;4; ") = {(t; — ;1) + (t;» —t;.)a; '}/ (1 — ;7).
Therefore the right hand side is equal to (t; — tj_l)fcj + (tj» — tj_*l). By (H’0)
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and the above equality we have

9y ey ={g; — (t; —t; )}
=5 + (e — ).

Therefore we have

(35 '25)% ={&; 195 + (b — ;)05 ' 25
—I\~A—1~
=1+ (t;» —t;.1)g; '35

Hence we have the statement. O

The following statement is trivial by the definition.

Lemma 7.4.2.  Assume aj« is not connected to o; (resp. oy+) in T'(R,
G), then gj«Gi = Gigj~ (resp. gj»gir = Gi»gj»)-

+1
n
From now on we assume «; € 'y, aj € I'ypyqq such that @io——o @ for p =

1,2,3. Moreover we assume «; is the b-side for ;1 = 2,3. By the classification
theorem of elliptic Dynkin diagram and the definition of the coordinate ring A
we have the following:

(a) If p =1 then t; =t;« in A.

(b) Assume p = 2. If the vertex a;+ appears in I' then ¢; = ¢;+ and t; # ¢;+ in
A. On the other hand, if o+ does not appear in I' then ¢; = t;-.

(c) If 4 =3 then «;+ does not appear in I" and ¢; = ¢;«.

Lemma 7.4.3.  Let us denote § = i or j. Under the above assumption
we have the following. (1) If sq, (aa;rera;) = aa;r+ba;r-, then Qﬁigj? = geg@g.gn.
(2) If ty = ty- in A and saﬁ(aaz—i—ba;) = aaz—l—ba;—i—ag, then gy @05y = 29853

Proof. The first statement is trivial by the definition. Let us show the
second one. By (H’3) we have

Since ty = ty~, we have Bﬁ = (ty — t;l)/(l - ;%;1) Therefore the right hand
side is equal to —(ty — tﬁ_l)i'fzi ’Z4. By the Hecke relation for gy, we have the
statement. U

Lemma 7.4.4. Let a; € I'y, 05 € I'yyqq be as same as in Lemma 7.4.3.
Moreover assume t; = t;« in A. Then the corresponding Cozeter relation for
gi and Gj- holds.
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Proof. Firstly we assume p = 1. In this case, the corresponding Coxeter
relation is

(7.4.1) 9i95+Gi = 9j* 9ig;*

and we claim that the condition t; = t;- is automatically satisfied. By the
definition of g;- and the Coxeter relation for g; and g;, one can easily see that
(7.4.1) is equivalent to the following formula (as same as in the proof of (7.1.7)):

(7.4.2) 9jTigj = &iT;.

But this formula holds from Lemma 7.4.3 (2) because s, (a;r) = oz;f + a}.
Secondly assume p = 2. Then the corresponding Coxeter relation is

(7.4.3) 9i9j*9i95 = G5+ Gi9;* Gi-

By Lemma 7.4.3 we have

(7.4.4) 0iTi0s =TT,  GjTid; = T:2;G5.

By using the above formulas and the Coxeter relation for g; and g;, it is easy
to see that (7.4.3) is equivalent to the following formula:

(7.4.5) Gidids = &2

L1

Indeed, since ;- = §; " Z;,

(7.4.3) @ﬁz‘gj_lffjfhﬁj_lfj = f]j_lffjfhgj_lfjgi
& 0ig; 07 (959035 25 = 05 197 (9:259:); 59
@ﬁjﬁiﬁflﬁi_lifz‘fjﬁ;lfj = Qi_lfﬂiijgj_lfjgi
0,97 Gigikidg; By = g Rk gy 250

& 05 gikid] = gy ' Rid30

A a A2 N A2 A
@gixixj = XT3 G-

This is nothing but (7.4.5). Since sq, (04;t + 20[}) = aj + 204;-, (7.4.5) holds by
Lemma 7.4.3 (1).
Finally assume p = 3. Then the corresponding Coxeter relation is
(7.4.6) 9i95* 9195+ 9i95+ = 95+ 9i9:9;+ 95+ Gi
and the condition ¢; = ¢;- is automatically satisfied. By Lemma 7.4.3 we have

AAA 2 _

Gi%jgi = TiZj, GiTiTj; = TiT
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Therefore we have

995 9i95*9i95+ = 9i9; £;G:9; xjéz-gj &
Al a—1nr =

=0id; 0y ' 2id07 ' 850i0; ' &
=0ig; 19 147 gy .87 919] z]

Zgiﬁfli“- 136- 003 0i8:2307 ' 25

gj gzg] glgj i = I .Z' gjglg]glg]glxl
By the Coxeter relation for g; and g; we have the statement. O

Lemma 7.4.5.  Let oy, a5 € I'ypar be as same as in Lemma 7.4.3 with
= 1. Then we have g G;=Gix = ;= Gi= G5~ -

Proof. By Lemma 7.4.3 we have

By a similar computation we have
o lin s —AflAilA.A.A.A.A.
95> 9i=Gjx = Ty Ty GjGigjTilj.

Therefore we have the statement by the Coxeter relation for g; and g;. (]

Qil
Assume «;, a; € I'yee such that @io———o0 <% and «; is the b-side.

Namely we consider the following situation:

a:o—V—Oaj

| I

|1 |1

|1 |1

|1 |1

ai'O—»—Olaj
2:(:1

In this case we recall that t; = ¢;« and ¢; # t;+ in A.
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The remaining problems are: (i) The Coxeter relation for §; and §g;-, (ii)
That for §;- and g, (iii) That for g;+ and g§;-.

We have (i) by the same computation as the proof of (7.4.3).

Let us prove (ii). By Lemma 7.4.3 we have

gixjgi = $¢l’j, and gjxi:cj = xixjgj-
Therefore we have

950950 = 0;0; " :0;97 &

by the similar way. Therefore we have §;§i-GjGi» = §i=§;9i~G; by the Coxeter
relation for g; and g;.

Finally, we shall prove §;=g;Gj=gix = §i=Gj=giGj=. By the similar compu-
tation as the proof of (ii), we have

Aoa A A Al a—la—1a—1a—14r 2243
93+ 9= 9j=9ix = &7 Ty gy 9; 95 9ati®y  and
A A A A oa—1la—1s a—1a—1,—12243
9i* 9= 9i= 93+ = &7 ;005 9; 95 i

By the Coxeter relation for g; and g; we have the statement.

Thus, we have proved all Hecke and Coxeter relations.

7.5. Proof of Proposition 5.3.2 II (elliptic Coxeter relations). Firstly
let us prove elliptic Coxeter relations (H2-1) ~ (H4) except for (H2-2) and
(H2-4).

(H2-1) Since sg(8") = af + B and t5 = tg, we have gaiqids = ZotZgr by
Lemma 7.4.3. Therefore the formula comes from (H’2).

(H2-3) The formulas are already proved in Lemma 7.4.3 (2).

(H3-1) The formula comes from Lemma 7.4.3 (1). Indeed, it is equivalent to
Gaut@pr = ZoiZpida. Since a is b-side, so(al + 47) = (—af) + 2af +
Bt = al + pt. Therefore we have the formula.
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(H3-2) The first equality is proved by the same argument as (H2-1). The second
one is equivalent to ifﬂ:fsm = JaZatTptda. As we already mentioned
in the last subsection, t, = t,-. Moreover so(af + 37) = 2at + gf.
Therefore we have the second equality by Lemma 7.4.3 (2).

(H3-3) Since « is b-side, t3 = tg« and sg(al) = af + gf. Thus we have the
formula form Lemma 7.4.3 (2).
+1

(H4) Since a is not belong to I'y,q4, for the bond Go—r—o B ,w=1or p=
2,3 and 3 is b-side. Therefore we have o2t Jo = Tot2gt. Therefore
the formula is reduced to ZgtgyZotZgt = TgtLtgyTar. Since a and v
are not connected, g,Z,t = T4t G- Thus we have a statement.

Let us prove (H2-2). This diagram only appears in of type Agl’l)*. (a=m
and 8 = ap.) In this case, so(aT) = ag + aJ{ and ty = tg+. Then we have the
first formula by the similar argument as (H2-1).

We remark that go#1go#1 = Zo3. Since sﬁ(ag—i—%ﬂ;) = ag+2a]{ (t=0,1),
we have gy #02%7 = 20413y by the similar computations as Lemma 7.4.3 (1). Since

= gflcﬁl, g1+ also commutes with Z¢2?.

Finally we shall prove (H2-4). This diagram only appears in of type Agl’l).
(¢ = ap and 8 = «3.) The first equality is nothing but one of the defining re-
lations. Since su(ag +al) = 04:5 +al (#=0,1), we can show that Zd; is a
central element by the similar argument as the proof of (H2-2).

So we have all elliptic Coxeter relations.

7.6. Proof of Proposition 5.3.2 ITI. Let us prove Proposition 5.3.2. From
7.3 and 7.4, we already know the map ® : H(R, G) — H(R, Q) defined by
Jo; 7 Ja; (0 €T,) and Jar — g;_-ljaf (af €T5,00)

max

is a well-defined algebra homomorphism.
Let us consider ¥ : H(R, G) — H(R, G) defined by
Ja; ¥ ga; and i'oj = Tt

for a; € T'y. By Proposition 5.2.2 and 5.2.3, the map ¥ is also a well-defined
algebra homomorphism. Since

\Il o (p(ga1) - \I/(ga,) = ga,i (O[l 6 Fa)7
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Vo d(gar) = U(Ja, T01) = gor (0 €T70,),
U o ® is the identity map of H(R, G).

Let us prove ® o ¥ is the identity map of H(R, G). The following formulas

are obvious:
(I)O\Il(gai) :gai (ai € Fa)v

(I)O\I’(.i'af> :.'f}a’r (aj € Fmaa:)-
J J
For a; € T'y \ T'aq, recall that §y = a?”m € I'jaz and B := «; live in the
following positions in the elliptic Dynkin diagram:
BS — (ajer7n)*

I H
I
I
|
|

;

s e
P p=1,2% 3%

<

— term
Bo = o

Since all Hecke, Coxeter and elliptic Coxeter relations hold in H(R, G), we have
- - P a1
Tt = 9Bmin gt 9Ly 0<m<Ii-1).

Since [y = a?”m € I'paz, we have @ o \I/(:f:ﬁf) = zfcﬁf. By induction on m, we
0 0
have

Po \Il(‘%gin_'_l) =do \Ij(gﬁm,+15%5;‘ngﬁm+15%;£)

- P A1
= gﬂm+1x,@Lgﬂm+1xﬂIﬂ
= xﬁjwrl'

Therefore ® o ¥(2 1) = &+ for all a; € I'y. Namely, ® o ¥ is the identity map
of H(R, G) and the proof of Proposition 5.3.2 is completed.

Appendix A. A List of Reduced Affine Root Systems

We will present a complete list of reduced affine root systems. In this arti-
cle, we use Macdonald’s notations for the types of reduced affine root systems.
(See [M5].) In this list, €1, €2, -+ is a sequence of orthonormal vectors in a real
vector space.

For each root system, we shall exhibit the Dynkin diagram and
(a) the name of that type, in Kac’s notation;

(b) roots of that type;
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(c) a basis.
ag
S(A) /O\ (n=2) o—0 (n=1)
“—O0—————0—0 a % a
a an
(a) AY.
(b) x(ei—¢gj)+rce(1<i<ji<n+1l, re2).
(C) ag=—€1+e,+c¢, a;=¢& —&11 (1§z§n)
o
2
S5(Bn) i::ooo—»o (n>3)
Q2 Olp—1 (e 7%
a1
(a) By
(b) *e;+rc(1<i<n,reZ); +ete;+rce(1<i<ji<n,relk).
(C) ag = —€1 —€&2+¢ ai:5i_5i+1(1§i§n—1), Ay = En.
oo
2
S(Bn)" i:>o——o—————o—eo (n>2)
Q2 Qlp—1 Qp
a1

(a) AS) ..
(b) £2e;+2rc(1<i<n,r€Z); =zxexe;j+rc(1<i<ji<n,reZ).

(¢) ap=—€1—¢e2+¢, a;=¢;—¢€i41 (1 <i<n-—-1), a,=2¢e,.
2 2
5(Cn) O—>—O0—0——-———0—20 (n>2)
@ [¢3] Qp—1 an
(a) Y.

(b) *2e5+rc(1<i<n,reZ); =zetej+rc(1<i<ji<n,rel).
() av=—-2e1+¢c, a,=¢c;i—egiy1 1<i<n—1), a,=2e,.
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(a) D2y
(b) tei+4re(1<i<n, reZ); +etej+re(1<i<j<n,reli).

(c) aoz—q—i—%c7 ai=¢;—¢eiy1 (1<i<n—=1), a,=c¢y,.
2 2 4
S(BC,) O——O0—O0——--——0—>0n>2) 0—0 (n=
[e70] Qg Qp—1 Qn [670] Qg
(a) Aj).

(b) e +rc(1<i<n, reZ); £25+2r+1)c(1<i<n, reZ)
te, e +re(1<i<j<n, rel).
(¢) ap=—-2e1+¢, a;=¢;—¢€i+1 (1 <i<n-—-1), a,=¢cp.

[e70] Qp—1
S(Dy) O\o—o———— " (n>4)
O/a2 an_z\o
(a) DV.
(b) #eitej+re(1<i<j<n, reZ).
() ap=—-e1—e2+¢, ay=¢ci—¢cip1 (1<i<n—1), ay,=c¢en_1+en.

In the following three cases, let

1
wi=¢;—=(e14+--+e) (1<i<9).

9
Qg as
S(Ee) O—0—=C
aq g asz O\ - -
ag ag

889
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(b) f(wi—wj)+rc(1<i<j<6, recli)
Fwitwjtwp)+re(1<i<j<k<6,reZ);
t(witwas+ - Fwg)+re(rez).

(C) apg = 7(0)14" . ~+w6)+c, A; = W; —Wi41 (1 S ) S 5), ag = W4 +ws+wsg.
31 a2 [e'%:} Qg as [e75] [e70]
O O O O

a7

(a) B,

(b) +(w; —wj) +re(1<i<j<T7, re);
+(witwjtwp)+re(1<i<j<k<T7,rez);
Fw+ @i+ tws) Fre (1 <i <7, 1 €Z).

() ap=—(wi+ - twr)+e, a;=wi—wit1 (1 <i<6), ar=ws+wstwr.

(%) (6 %:1 g [o%4
O ) ) )
N\ N4 AN

O O O
S(Es) l

g

() B,

(b) H(w; —wj)+rc(1<i<j<9, rei);
twitwjtwp)+re(1<i<j<k<9, reZ);

(C) aoz(wl—wQ)—i—c, A = Wit1 — Wit2 (1SZS7), ag = wy + wg + wg.

S(Fy) O O

(a) FyY.

(b) Fei+rc(1<i<4, reZ); Zfexej+rc(1<i<yj<4, rel)
1(key + teo + teg + tey) +re (r € Z).

(¢) ap=—€1—¢e9+c, a; =e9—¢€3, ay==¢E3—¢E4, a3 = ¢y,
a4:%(61*€2*€3*64).
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S(Fy)V O—O—O0——0—0

(a) Eg”.

(b) £2e;,+2rc(1<i<4, re€Z);, =zetej+rc(1<i<ji<4, rel)
+e1 + teg + es + teq + 2re (r € Z).

() ap=—e1—ea+e¢, a)=¢eg—¢e3, Gy =¢E3—¢E4, Q3= 2e4,
aqg — &1 — &9 —E3 —&4.

(a) G,

(b) *(ei— 3(e1+ea+es)+rec(1<i<3, rel)
te;—¢gj)+re(1<i<j<3, rek).

(¢) ap=¢€1—¢ea+e¢, a3 =eg—e3, CL2:€37%(51+52+53).

S(Ga)Y O—0—=0

(a) D

(b) +(3e;—(e1+ea+e3))+3rc(1<i<3, relZ)
t(e—gj)+re(1<i<j<3, rei).

() ap=¢e1—ea+ec, ay=¢ez—c3, ay=23c3— (61 +ez+e3).

Appendix B. Non-Reduced Affine Root System of Type (CY,C,)

The non-reduced affine root system of type (C/,C,,) (n > 1) is realized as
follows:

roots: 4e; + %rc, 2+ rc(1<i<n, re€Z),
te,tej+re(1<i<j<n, rel).

basis: ap = —e1+ 3¢, a;=¢ —€ip1 (1<i<n—1), a,=c¢n.

Dynkin diagram:
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Appendix C. A List of Marked Eliptic Root Systems

In this paragraph, we will present a complete list of marked elliptic root
systems (R, G) with the following assumption,

both R, = R/G and Ry = R/radl are reduced.

As we mentioned before, they are classified by their elliptic Dynkin diagrams.
In the following list, the names of marked elliptic root systems X (*1:%2) are
taken form . For each type, we shall exhibit the elliptic Dynkin diagram and
(a) {ka, }i=0,- n5 {Miti=0, i,

(b) all roots,

(c) the explicit form of ag, -+, ap,

(d) Rf? as (R, G)a,

(e) the dual marked elliptic root system (RY,G) of (R, G).

o @y
11 N
Ag ) 1 1
J !
@ o0 (631
(a) ko, =1;m;=1(i=0,1).
(b) £(2e1) 4+ 161 + 502 (1,5 € Z).
(C) ag = —2e1 + g, @ = 2¢e7.
(d) Ry= A, R,=S(A1), (R,G) = S(Ar).
(e) (Agl’l))v = Agl’l) (self-dual).

(a‘) kabzlamzzl(OSZS'ﬂ)
(b) :t(&i—&‘j)—FT(Sl—f—S(SQ (1§i<j§n+1, T,SEZ).
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() ap=—c1+en+082, ap=c;i—eip1 (1<i<n).
(d) Ry =An Ra=S5(An), (R,G)a = S(An).
(&) (ALY = ALY (self-dual).

N

g
——
[
=
=
*
Q

8
g/
Q , —

() koo =2, kay =1;mg=1/2, m; = 1.

(b) ey + 1761 + 02 (r,s € Z such that rs = 0 mod 2).
(¢) agp=—e1+3d2, a=c¢.

(d) Ry = A1, Ry =5(41), (R,G)s = S(A1).

(e) (A = ALY (self-dual).

*

N
@o Qg Xp—1

B i

(a) ko, =10<i<n);mg=2,m;=2,m;=4(2<i<n-1),
m, = 2.
(b) +e; + 1rdy + sdo (1§i§n+1, T,SEZ),
te, e +ré1+80 (1<i<ji<n+1, rseZ).
(C) Qg = —€1 — €9 + 03, aiZEi—€i+1(1§i§n—1), Oy = Epy-
(d) Ry =By, Ry =5(By), (R,G)s = 5(By)".
(e) (B =P,

@o 5] X1 n

B G X0 G R (23
oF—F—O0—---—0—=0
[e%% a2 Qn—1 2 Qn

(a) ko, =20<i<n—1),ky, =1imo=1,m =1,m;=2(2<i<n).
(b) Le;+rd1+sd (1<i<n+1, rsecZ),
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te, ke +2r61+80 (1<i<j<n+1, rseZ).

(¢) ap=—€1—e3+02, a;=¢6;—¢6;41 1<i<n-1), a,=c¢,.

(d) Ry =B,, R, = S(Bn), (R,G)q = S(By)-

(&) (BI)Y =,

pen TINAN T AT sy
PN R

(a) ko, =1(0<i<n);mey=1,m;=2(1<i<n-1),m,=1

(b) e, +1rd1+802 (1<i<n+1, r,seZ),
te,tej+161+280 (1<i<j<n+1, rseZ).

(¢) ap=—€14+062, a=¢;—€;41 (1<i<n-1), a,=¢y,.

(d) Ry =By, Ry =S5(C)Y, (R,G)a =S(Ch).

(e) (BZY) =it

(&%) g A1 o

Br® i X X X =2
F—F—0—---—F—=0
a4} 2 [e%% Qn—1 2 [e2%)

(a) koo =1k, =2(1<i<n—-1),k,, =1;m;=1(0<i<n).
(b) +e;+716 +85 (1<i<n+1, r,seZ),

te, ke +2r61 +2s02 (1<i<j<n+1, r,seZ).
(¢) ap=—e1+82, ay=¢;—¢i11 (1<i<n-—-1), a,=c¢p.
(d) Ry = By, Ry = S(Cn>v7 (R, G)o = S<Cn)v
(e) (B =citY.

(o oy Qg «
ot X X0 X 22)
F>—F—0—-——-—F—=0
Qo 2 ag QAp—1 2 an

(a) ko, =1(0<i<n);m;=2(0<:<n).
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(b) £2e; 4716 +80s (1<i<n+1, r,se€Z),
te,tej+ro1+s0 (1<i<j<n+1, rseZ).
(¢) ag=—-2e1+4+02, a=¢;—¢€i+1 (1<i<n-—-1), «a,=2¢,.
(d) Ry=0Cp, R,=5(Cp), (R,G)a=S(Cpn)".
(e) (CV)Y =BRY.
aj ay_4
) O T
() ko =2,ka, =1 (1<i<n—1),ky, =2
mo=1,m;=21<i<n-1), m,=1.
(b) £2e;+2rd1+sdy (1<i<n+1, r,s€Z),
te, e +ré1+s0 (1<i<ji<n+1, rselZ).
() ap=-2e1+4+02, a;=¢;i—¢€it1 (1<i<n—-1), a,=2¢,.
(d) Ry =0Cy, Ro=S5(Cp), (R,G)o =5(Chr).
(e) (CS")Y =B&Y.
@0 az an_q ay
o X X (=3
v ~ | ( )
-
71 (6%} Qn—1 2 Qn
(a) ko, =10<i<n);mg=1,m;=1,m;=2(2<i<n).
(b) +2e;+1rd1+285y (1<i<n+1, rseZ),
te;tej+101+s02 (1<i<j<n+1, rseclZ).
() ag=—2e1+68, aj=¢c;—¢ci11 (1<i<n-—1), a,=2¢,.
(d) Ry=Cy, Ry =5(Bn)Y, (R,G)a=S(By).
(e) (CR)Y =B

o e o (n=3)
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(a) ko, =1(0<i<n-—-1),k,, =2
mo=1,m =1m;=212<i<n-1),m,=1.
(b) £2e;+2rd1 +2802 (1<i<n+1, r,s€Z),
te,tej+réi+sd (1<i<j<n+1, rsel).
(¢) ap=-2e14+062, a=¢;—€i11 (1<i<n-—-1), a,=2¢,.
(d) Rf =Cy, R, = S(Bn)va (Rv G)a = S(Bn)v'
(e) () =B,

1 X1 n

BrP A i X R (22
DR NSNS (S
(63} an—12 Qn

(a) ko, =20<i<n—1),ky, =1,my=1/2,m;=1(1<i<n).
(b) +e;+71d61+ 502 (1 <i<n+1, r,s € Zsuch that rs = 0 mod 2),
te,+e; +2r61 +2802 (1<i<j<n+1, rseZ).

() ag=—e14+0s, ai=gi—ei1 (1<i<n—1), a,=e,.

(d) Rf = Bp, R, = S(Cn)va (R7 G)a = S(BCTL)

(e) (B7(12,2)*)\/ _ 07(11,1)*.

v oINS e
P N NN

(a) koo =2,ka, =1 (1<i<n);mo=1,m; =2(1<i<n).

(b) +£2e;+ 7161+ 802 (1 <i<n+1, r,s€Zsuch that rs = 0 mod 2),
te;tej+101+502 (1<i<j<n+1, rselZ).

(¢) ap=—-2e1+08, a;=¢;—ci11 1<i<n-—1), a,=2e,.

(d) Ry =0Cy, Ry =5(C), (R,G)q = S(BC,).

() (COVe)yY — g2+
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ag ol oy «

DY DIV ERS (n>4)
o—0——O0— X 0——=0
(e %1 [ Qn—1 QAn

(a) kq, =1(0<1i<n);
m0:17m1:1,mi:2(2§i§n—1),mn,1:1,mn:1.

(b) Heitej+ror+sd (1<i<ji<n+1,rseZ).
() ag=—e1—e3+d, a=¢c;—g;i11 (1<i<n-—-1), a,=¢ep_1+¢n.
(d) Ry=D,, R, = S(Dr), (R,G)o = S(Dy).
) (DY) = DY (self-dual).
g Qo aq
1,1 O
BV o—a_ ;
[e73) Qg |
[07%:3 [e %} (075

(a) ko, =1(0<1i<6);

mo=1,my =1, me=2,mg=3, myg=2,ms=1, mg=2.
(b) *(w; —wj)+7rd +sd2 (1<i<j<6,rsecl),
Hwi+wj+wg)+rd+80 (1<i<j<k<6, rselZ),
+(wy +wa+ - +ws) + 761 + 802 (1,8 € Z),
ag = —(w1+ - +we)+d2, o =wi—wip1 (1 <0 <5), ap = wytws+ws.
Ry = Eg, Ry = S(Es), (R, G)q = S(Es).

S
EZ

(e) (Eél’l))v = Eél’l) (self-dual).
o as [e%5 Qo
O O
TN o0
(a7} [07%:3 a9 Qg

(a) ko, =1(0<i<T7);

mo=1,m; =1 me=2 mg=3 my =4, ms=3, mg=2, my=2.
(b) £(wi—wj)+ré1+sd (1<i<j<T7 rsel),

Hw, +wj+wg)+1d+80 1<i<j<k<T rseZ),

twi+ O+ twr) o +80e (1<i<j<T7, rseZ),
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(C) Qo = 7(W1+' . ~+w6)+52, O = Wi —Wi+1 (1 S ) S 6), a7 = Ws+wg+wry.
(d) Rf = F7, R, = S(E7)7 (Ra G)a = S(E7)
() (B8 = BMY (self-dual).

Qg [e71 [e %} a2 aq @o
) ) O
N
[
1,1
BV o‘/:c><
asg |
as (o7 ar

(a) ko, =1(0<1i<8);
mo=1,m;1 =2, mg=3,mg=4, my =5, ms =06, mg =4, my; =2,
mg = 3.

(b) +(wi—wj)+rd1+sd (1<i<ji<9, rselZ),
Fwitwjtwy)+rdi+s0 (1<i<ji<k<L9, rseZ),

() ap=wi —wy+0d2, o =wip1 —wig2 (1<i<T7), ag=wr +ws +wo.
(d) Ry =FEg, R, =S(Eg), (R,G), = S(Es).
(&) (ESMY)Y = EMY (self-dual).
Rty o—o/o\o—o
ag QMQB [e 71

(a) ko, =1(0<i<4);mog=2,m3 =4, mg=6,mg=4,my=2.

(b) +e;+76 +852 (1<i<4, r,se€),
te;tej+101+500 (1<i<j<4, rsel),
%(igl + teg + teg + tey) + 161 + 802 (1,8 € Z).

(C) Oé0251—52+52, ] = &9 — €3, Qg =E&3— &4, Q3 =¢&4—0, x4y = 0,
where o = (g1 + &2 + £3 + €4).

(d) Ry = Fy, Ra = S(Fy), (R, G)a = S(Fy).

() (Fy"Y)Y = F(?.
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£ o—o—a ! o
ao a; 0‘2\2\'0'/&4
asg
(a) kao =2, kal =2, kag =2, kag =1, ka4 =1

m0:17m1:2,m2:37m3:4,m4:2.

(b) e, +1rd1 + 802 (1 <i<4, rseZ),

te; £, +2r01+500 (1<i<j<4, rsel),

%(igl + teo + tez + tey) + 161 + 802 (1,5 € Z).
() ay=¢e1—e2+02, a1 =6e2—¢€3, Qp=¢€3—¢€4, Q3=¢E4—0,
(d) Ry = Fu, Ry = S(Fy), (R,G)q = S(Fy).
(e) (P = Fi.

o
Y o—o—o/ioi\o
4 ap i a%/om
as

(a) ko, =1(0<i<4);mog=1,m1 =2, mg=3, m3=4,my=2.
(b) 2, +1rd1 + 2893 (1 <i <4, r,s€Z),

te, e +161 480 (1<i<j<4, rsel),

+e1 + teg + +eg + teg + 101 + 2805 (1,8 € Z).
() ag=¢€1—€e2+02, a1 =¢€3—¢3, Qp=¢€3—¢€4, Q3=2ey,

g = —€1 — &9 — &3 —&4.
(d) Rf@:l)F47 R, zg(ﬁ)va (R, G)a = S(Fy).
(e) (Fy,~7)V =F;7.

o
) o—o/o\o—o
4 o awas ay
Q2

(@) koo =1, kay =1, kay =1, kay =2, ko, = 2;

mozl,m1:2,m2:3,m3:2,m4:1.
(b) :|:2€Z‘+27'(51+2552 (1§Z§4, T,SEZ),

899

Qg = 0.
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te,tej+réi+sd (1<i<j<4, rsel),
+e1 + teg + teg + tey + 2101 + 25805 (1,8 € Z).

(C) 040:5‘1*624*52, Q] = €9 — €3, Qg =E3 —Ey4, Q3= 2¢y,
gy = —E&1 — &9 —E3 — &4.

(d) Ry = Fy, Ry = S(Fy)", (R,G)a = S(Fy)".

() (Fy*)V =F.

"
ay

/I(J\
I

o o
awag
a1
(a) ko, =1(0<i<2);mog=3, m =6, mg=3.

—
=
~—
H_

(Ei— %(51 +52+€3))+T‘51+852 (1 <1<3,nrs GZ),
+(e;—¢gj)+ror+s6 (1<i<j<3, rsel).

Qg =—€1+e3+0, a3 =€ —eg, CYQZEQ_%(€1+52+€3).
(d) Ry =G R, =5(G2), (R,G)a = 5(G2)".

(e) (G") =ay.

—~
o
~

el o—a

(a) kag =3, kay =3, kay, =1;,mpg =1, my =2, mg =3.

(b) +(ei— 3(e1+e24e3)+rd +562 (1<i<3, r,s€Z),
+(ei—¢€j)+3rd1+s62 (1<i<j<3, rseZ).

ag = —€1 +e3+ 02, ap =e1 — €, 042282—%(61-‘1-82-1-63).
Ry = G2, Ry = S(G2), (R,G)a = S(Ga).

(G =65,

—~
el
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(a) ko, =1(0<i<2);mp=1,m3 =2, mg=3.

(b) £(3e;—(e1+ea+e3))+rd+3sd (1<i<3, rseZ),
:|:(€i7€j)+7’51+862 (1§Z<]§3, T,SEZ).

(¢) ap=—e1+e3+3d2, a1 =¢€1—€2, ay=—e1+ 2 —ecs.

(d) Ry =G R, =5(G2)Y, (R,G)q = S(G2).

(&) (GPY)Y =G5

aj
o» o

a1

(@) koo =1,kay =1, kay =3;mog=1,m3 =2, my=1.

(b) £(3e; — (61 +e2+e€3)) +3rd1 +3sd2 (1 <i<3, r,s€Z),
+(e;—¢gj)+ror+s6 (1<i<j<3, rsel).

() ap=—e1+e3+3d2, a1 =61 —¢€2, ay=—e1+ 22 —e¢s.

(d) Ry =Gy R, =5(G2)Y, (R,G)a = S(G2)".

(e) (GF")Y =ay.

Appendix D. The Triplet Associated with (R, G) and the
Corresponding Double Affine Hecke Algebra

We will present a list of the triplet associated with a marked elliptic root
system (R,G) and the corresponding double affine Hecke algebra. In the fol-
lowing table, we shall exhibit;

(a) the corresponding triplet and its type;
(b) the type of corresponding double affine Hecke algebra in the sense of [M5].

As we proved in Section 6, for a triplet of type I or II, A, ®4 H(R,G)
is isomorphic to the small double affine Hecke algebra H(Z(R,G)); and, for a
triplet of type III, H(R, G) is isomorphic to H(Y (R, G)). In the following table,
x means that we do not consider the corresponding triplet.
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Type of (R, G) (a) (b)
E(R,G) = (A1;5(A1),Q(S(A1)))

1,1
AY

(type I or II)

(S(A1), 5(A1))

T(R,G) = (Al;s((tz;;)e#g)(fh) ;Q(S(A1))) (v, cn)
ALD x X
AR (n22) e :((:y‘;ési(ci"ff)Q(S(An))) (5. 54
B (n > 3) S e ) (S(Bn), S(Bn)")
P E(R,G) = (B&;SPSBISL), Q(5(Bn))) (S(Bn), S(Bn))
B2V (n>2) == (C?éfxff ?))V’Q(S(C"))) (S(Cn)Y, S(Cn))
B (n>2) S ety T isewsien)
TR 0= ST USO, QBT [ oy )
oD (> 2) =(R,G) = (C?t} spgg@(swrb)v)) (S(Cn), S(Cn)¥)
T(R,G) = (Cui S(fi;ﬁeﬂfff") RECIN | (ov.om
D (> 2) E(R,G) = (C&;yiiclsz),Q(S(Cn))) (S(Ch), S(C))
Pt (n>3) == (B?foff ?))V’Q(S(B"))) (S(Bn)Y, S(Bn))
cP? (n>3) == (B”&jff%))v’ QEEI (s(Ba). 5(B.1)")
B (n > 2) x
i (n>2) x
DY (n > 4) e EtyPe I(or I)I)Q(S(Dn))) (S(Dn), S(Dn))
BV (n=6,7,8) =6 = ((5;:3 I(c]inI)I)Q( e (5(En), 5(En))
P O e O | s sy
e Z(R,G) = (Izt;se(l;z)x)vQ(S(th))) (S(F1), S(Fy))
T ety 2O | steostr)
R SO ety I st
Gy S oy e (5(G2), 5(G2)Y)
o Z(R,G) = (G(z;;ié%z):@(s(%))) (S(Ga), S(G2))
G SO e f))v’Q(S(GQ))) (S(G2)¥, 5(Ga))
R E(R,G) = (G2;S(G2)7,Q(S(G2)")) (S(G2)V, 8(G2)Y)

(type II)
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Remark. TFor a finite root system Rg of type Ay, Dp, En, S(Ro)Y =
S(Rp). Therefore, for A%l’l), D,(ll’l)7 E,(Ll’l)7 we can regard the triplet Z(R, G)
as of type I or II.

Appendix E. A List of Unequal Parameters

We will present a list of unequal parameters for an elliptic Hecke algebra
H(R,G) and the corresponding double affine Hecke algebra H(Z(R,G)). We

remark that, for each case, Z(R, G) is a triplet of type I or II
We shall exhibit in the following table:

a) the number of unequal parameters in H(R, G),

)
b) independent variables in A,

(
(
(¢) the number of unequal parameters in H(Z(R, GF)),
(

d) independent variables in A.

Type of (R,G) | (a) (b) (c) (d)
Ang) 4 thtO*atla tl* 1 T=T0=T1
Ang)* 3 t07t17t1* X X
AN m>2) |1 b=t =t 1 TTh
" - (0<i<n) (0<i<n)
s
B (n>3) | 2 |t=to=ti=t; =t; | 2 Tno T =T
) (0<i<n-1)
2<i<n-1)
tnatn*a
Tny, T = Tq
B (n>3) | 3 |t=to=ti=t; =t; | 2 .
) (0<i<n-—1)
2<i<n-—1)
to,tn,t =1; = t;* T0O = Tp.T = T,
Br(LQ,l) > 9 3 05 tn, i i 2 0 %) i
(n=2) (1<i<n—1) (1<i<n—1)
tOvtO*atnvtn*v
B£L272) (n 2 2) 5 t = tz — tz* 2 T0 = jran =T
. 1<i<n-1)
(1<i<n-1)
t07t0*;tn7tn*7
TO=Tn,T = T;
¢ n>2) | 5 t=t; = t; 2 | 07
. (1<i<n-1)
(1<i<n-1)
01912) (n > 2) 3 tostn,t =1 = t;~ 9 TO=Tn,T=T;
- (1<i<n-1) (1<i<n-1)
tnatn*a
(2,1) > 4 g Tn, T = Ti
Cn (Tl_g) 3 t—to—-tl—tl tz 2 (O<Z<n71)
2<i<n-1) -
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Type of (R, G) (c) (d) (e) (f)
) —
c®? (n>3) 2 | t=to=ti=t; =ty | 2 T T =T

<1<n-—
2<i<n-1) 0<i<n-1)

B’I(LQ,Q)* (n 2 2) 4 tO) t’l’L; tn*7t = ti = tl* % %
(1<i<n—1)

oY (n>2) g | fobmles t =0 =t | x
(1<i<n-1)
t=1 = Ti
D’Sll,l) (77,24) 1 @ 1 T - I
(ael) (0<i<n)
t=t T=T
ECD (h—6~8) | 1 o 1 '
n ) (ael) (0<i<n)
D g | 0T TRERL L, TN
ts3 =14 T3 =T4
F4(1’2) 9 o =11 =12 =13 9 TO=T1 =T
:t3*’ t4 = T3, T4
to=t1 =ta =1 =N =
Ff’l) 5 0=t =ty =13 5 To=T1 =Tz
:t3*’ ty = T3, T4
F? P oTRERER, g OEm
I3 =14 T3 = T4
G(lvl) 2
5 tO:tlztl*a t2 2 TO = T1, T2
Gg1,3) ) to =t1, ty = to- 2 To = T1, T2
Gy 2 | to=t,ta=te | 2| T=7,7
GéS’B) 9 to=1t1 =t1-, ta 2 To = T1, T2

Remark.  For an elliptic root system of type Agl’l), B,(12’2) or 01(11,1) (n>
2), we consider another double affine Hecke algebra H(YT (R, G)). The explicit
forms of unequal parameters in H(Y (R, G)) were already given in 6.3.
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