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Counting Lines and Conics on a Surface

Dedicated to Professor Friedrich Hirzebruch on his 80th birthday

By
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§1. Main Results

This short note is a supplementary remark to the author’s article [7]. Our
main results are the following two propositions concerning the number of ra-
tional curves and elliptic curves on polarized complex algebraic surfaces:

h
Proposition A.  Let X C IP¢ ! be a K3 surface of degree h > 4 and let
rq = rq(X) denote the number of rational curves of degree d on X, d € Z~y.

24Nh
If h > 4N? for a positive integer N, then 1+ 2rg +--- 4+ Nry < AN

In

for h > 6 and ro <

for h > 18.
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particular, ry <

Proposition B. Let X C IP(ICV be a canonically embedded surface of
degree K2 and put o = co/K? > 1/3 (as usual, K and cy stand for the canonical
divisor and the topological Euler number of X). Let rq = rq(X) be the number
of rational curves of degree d on X and let s = s(X) € Z>o U {oo} denote the
sum Yy~ KC of the degrees of the elliptic curves C C X.

6
(1) Assume that 0 < 1+ — + — for some positive integer N. Then
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30 —1

(2) If o < 1, then s< . K2,

-0

Proof of Propositions A and B.  Let X be a smooth complex projective
surface of non-negative Kodaira dimension. Pick a rational number « € [0, 1]
and a finite sum C = ) C; of distinct irreducible curves C; C X of geomet-
ric genera g;. In [7], we defined an “orbibundle” &, attached to the triplet
(X,C,a) and showed the Miyaoka-Yau-Sakai inequality 3c¢2(E,) > c2(Ea) or,
more explicitly,

(1) %2(024-30[(—6(9—1))—2a(CK—3(g—1))—|—302—K220.

Here g — 1 is construed as the sum Y (g; — 1); see ibid., §1, Remark G.

Fix a very ample divisor H of degree h = H? on X. Assume that C;
is rational or elliptic (i.e., g — 1 = —1 or 0). The formula (f) involves four
parameters a, C?, CK and g—1 (= the number of rational curves with opposite
sign). Denoting by § the total degree CH = > C;H, we bound C? by 62/h
(the Hodge index theorem). This substitution simplifies (f) in two important
cases:

CASE A: (X, H) is a polarized K3 surface (K = 0) of degree h. Then

2
o2 (%_6(9_1)) +12a(g—1) +144 >0 for a € [0,1].

CASE B: X is a canonical surface (H = K). For «a € [0, 1], we have

52
o? (ﬁ+35—6(g—1)> —20(20 — 6 (g — 1)) + 6y — 2K% > 0.
We view the left hand sides of these two inequalities as quadratic functions
Q1(a), Q2(a) of a, which attain the minima at oy, as € [0,1] N Q. We readily
elicit Propositions A and B from the inequalities Q;(c;) > 0, ¢ =1, 2. |

Remarks. (1) A general projective K3 surface X is known to carry count-
ably many nodal rational curves [3] as well as a one-parameter family of nodal
elliptic curves [8]; i.e., > drq(X) = oo, s(X) = oo.

(2) The author has no idea how close to the best possible our estimates
are. Nor does he know if there are any precedent results, apart from a handful
of treatises that study either lines on surfaces in P3 [11], [12], [2], [1] or config-
urations of disjoint smooth rational curves [6], [9], [10]. As shown in §§2 and
3, the inequality (1) is optimal for countably many examples.
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(3) Unfortunately, (1) does not say anything about the classical problem of
counting lines on surfaces in }P’%. We are luckier when dealing with lines on com-
plete intersections of codimension two or more; elementary, but cumbersome,
calculation of explicit bounds is left to the reader.

§2. Two Examples

Take four points Pi, Py, Ps, Py in general position on P2. The line L;;
connecting P; and P; is defined by a linear form A;;, and the ratios \;; /Ay are
rational functions on P2. Fixing a positive integer n > 2, the n-th roots of these
ratios define a Kummer extension K,, of C(P?) with Galois group (Z/nZ)®®
(¢f. Hirzebruch [5]).

Let X; — P2 be the blowing up at the four points P;. X; is a del Pezzo
surface of degree five (unique up to isomorphisms). Denote by F; C X; the
exceptional curve over P; and let Zz’j C X1 be the strict transform of the line
L;j C P2. The reduced curve D = U?Zl E;,ulU;; Eij is the union of all the
(—1)-curves on X7 and linearly equivalent to —2Kx,. D has 15 double points
and its smooth part consists of 10 components, each of which isomorphic to P!
minus three points. The minimal model of the function field K, is realized as
a finite covering m,: X,, — X; with branch locus D of constant ramification
index n. Standard invariants of X,, are given by:

Kx, = (%—%) 7D, ca(X,) = n® (2—%0+%>.
Specifically, X5 is a ball quotient with K? = 5 x 9 = 3¢, (see ibid).

The pullback of E; or Eij via m,: X,, — X; is divisible by n and supported
by n? disjoint curves, each of which being isomorphic to the Fermat curve
2" 4+ y" 4 2" = 0 of genus (n — 1)(n — 2)/2. The half of the ramification locus
H, = R, /2 =};D/(2n) turns out to be an integral, very ample divisor on X,,.
Thus i) (X, H,) is a polarized surface of degree 5n3, i) the ramification locus
R, of m,: X,, — X, consists of 10n? irreducible components, all isomorphic to
the Fermat curve of degree n, and iii) Kx, = (n — 2)H,. By choosing 2 and
3 as values of n, we obtain two examples for which our upper bound of rs in
Proposition A and that of s in Proposition B are respectively attained:

Example A. (X3, Hs) is a K3 surface of degree 40, with the effective

24 x 4
divisor Ry ~ 2H, consisting of 40 conics. Thus 79(X5) > 40 = 10 . 12-

Example B. (X3, H3) is a canonical surface with K2 = 3% x 5, c5 =
3% x 3 (i.e., 0 = 3/5). The divisor R3 is a union of 90 copies of the Fermat
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cubic curve, so that the total degree of the elliptic curves s(X3) is at least

30 —1
90 x3=-—"——"K
% 3(1-o0)

83. A Concluding Remark

The Hirzebruch proportionality principle explains why () turns into an
equality for the examples in the previous section.

Let B2 C C? denote the unit ball PU(1,2)/P (U(1,1) x U(1)) equipped
with the Bergmann metric. Let I'y € PU(1,2) be a discrete, torsion-free,
cocompact subgroup of the holomorphic isometries of B2. Consider a I'g-stable
curve A C B? with only normal crossing singularities (A may have countably
many irreducible components). Let I' € PU(1,2) be a subgroup which satisfies
the following four conditions:

1) T contains I'y as a normal subgroup with I'/Ty ~ (Z/mZ)®"

(1)

(2) X; = I'\B? is nonsingular.

(3) The action of T" preserves A.

(4) The projection 7: Y =T'g\B? — X; = I'\B? is a Kummer cover branching

along D = T'\A C X; with constant ramification index m.

Then D C X1 is necessarily a divisor with only normal crossings. The

fied with Q3 in thlS case, so that c? (51_ 1 ) = 3cy (51 ! ) by the Hirzebruch

“orbibundle” &, _ 1 on X constructed in [7] from the pair (X1, D) is identi-

proportionality theorem [4]. If there is another Kummer cover p,: X,, — X3
branching along the same divisor D, but with a smaller ramification index
n < m, then the same orbibundle gl*i on (Xi,D) can be viewed as the orbi-
bundle 51,% associated with (X, R,,), where R,, = p* D/n is the ramification
locus of X,, — X;. This is precisely the case in Examples A and B, where
(m,n) = (5,2) and (5,3). Recalling that the inequality (1) is essentially the
Miyaoka- Yau-Sakai inequality 3c(Eq) > ¢2(E,), we see that (1) is indeed an
equality when (X, C, a) = (Xn,Rn, m= ”)

m

The construction above produces countably many examples of (X, C, «)
to which the attached orbibundle &, satisfies 3¢2(Eq) = ¢2(E,). It is another
question, however, if we can find infinitely many such triples with C' being
a union of curves of small genera (a union of rational or elliptic curves, for
example).



(9]
(10]
(11]

(12]

COUNTING LINES AND CONICS ON A SURFACE 923

References

S. Boissiere and A. Sarti, Counting lines on surfaces, Ann. Sc. Norm. Super. Pisa Cl.
Sci. (5) 6 (2007), no. 1, 39-52.

L. Caporaso, J. Harris and B. Mazur, How many rational points can a curve have?, in
The moduli space of curves (Texel Island, 1994), 13-31, Progr. Math., 129, Birkh&auser,
Boston, Boston, MA, 1995.

X. Chen, Rational curves on K3 surfaces, J. Algebraic Geom. 8 (1999), no. 2, 245-278.
F. Hirzebruch, Automorphe Formen und der Satz von Riemann-Roch, in Symposium
internacional de topologia algebraica International symposium on algebraic topology,
129-144, Universidad Nacional Auténoma de México and UNESCO, Mexico City, 1958.
, Arrangements of lines and algebraic surfaces, in Arithmetic and geometry, Vol.
11, 113-140, Progr. Math., 36, Birkh&user, Boston, Mass, 1983.

Y. Miyaoka, The maximal number of quotient singularities on surfaces with given nu-
merical invariants, Math. Ann. 268 (1984), no. 2, 159-171.

, The orbibundle Miyaoka-Yau-Sakai inequality and an effective Bogomolov-
McQuillan theorem, Publ. Res. Inst. Math. Sci. 44 (2008), no. 2, 403-417.

S. Mori and S. Mukai, The uniruledness of the moduli space of curves of genus 11,
in Algebraic geometry (Tokyo/Kyoto, 1982), 334-353, Lecture Notes in Math., 1016,
Springer, Berlin, 1983.

S. Rams, Three-divisible families of skew lines on a smooth projective quintic, Trans.
Amer. Math. Soc. 354 (2002), no. 6, 2359-2367 (electronic).

, Projective surfaces with many skew lines, Proc. Amer. Math. Soc. 133 (2005),
no. 1, 11-13 (electronic).

B. Segre, The maximum number of lines lying on a quartic surface, Quart. J. Math.,
Oxford Ser. 14 (1943), 86-96.

, On arithmetical properties of quartic surfaces, Proc. London Math. Soc. (2) 49
(1947), 353-395.





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


