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Existence and Nonexistence of Traveling Waves
for a Nonlocal Monostable Equation

By

Hiroki YAGISITA*

Abstract

We consider the nonlocal analogue of the Fisher-KPP equation
we = e =t (),

where p is a Borel-measure on R with u(R) = 1 and f satisfies f(0) = f(1) = 0 and
f>0in (0,1). We do not assume that p is absolutely continuous with respect to the
Lebesgue measure. The equation may have a standing wave solution whose profile
is a monotone but discontinuous function. We show that there is a constant ¢, such
that it has a traveling wave solution with speed ¢ when ¢ > ¢, while no traveling
wave solution with speed ¢ when ¢ < ¢, provided nyR eiAydu(y) < 400 for some
positive constant A. In order to prove it, we modify a recursive method for abstract
monotone discrete dynamical systems by Weinberger. We note that the monotone
semiflow generated by the equation is not compact with respect to the compact-open
topology. We also show that it has no traveling wave solution, provided f'(0) > 0
and fyeR e~ du(y) = 4oo for all positive constants .

81. Introduction

In 1930, Fisher [8] introduced the reaction-diffusion equation u; = uz, +
u(1 — u) as a model for the spread of an advantageous form (allele) of a single
gene in a population of diploid individuals. He [9] found that there is a constant
¢ such that the equation has a traveling wave solution with speed ¢ when ¢ > ¢,
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while it has no such solution when ¢ < ¢,. Kolmogorov, Petrovsky and Piskunov
[16] obtained the same conclusion for a monostable equation u; = Uy, + f(u)
with a more general nonlinearity f, and investigated long-time behavior in
the model. Since the pioneering works, there have been extensive studies on
traveling waves and long-time behavior for monostable evolution systems.

In this paper, we consider the following nonlocal analogue of the Fisher-
KPP equation:

(1.1) u=pxu—u+ fu).

Here, u is a Borel-measure on R with p(R) = 1 and the convolution is defined
by

w*umwﬁi/%um—ymmw

for a bounded and Borel-measurable function u on R. The nonlinearity f
is a Lipschitz continuous function on R with f(0) = f(1) = 0 and f > 0
in (0,1). Then, G(u) := p*u —u+ f(u) is a map from the Banach space
L>(R) into L*>*(R) and it is Lipschitz continuous. (We note that u(z — y) is
a Borel-measurable function on R?, and ||u| e ®) = 0 implies ||p * ul[ 11 ®) <
fyeR(fweR lu(z — y)|dz)du(y)=0.) So, because the standard theory of ordinary
differential equations works, we have well-posedness of the equation (1.1) and
it generates a flow in L>°(R).

For the nonlocal monostable equation, Atkinson and Reuter [1] first studied
existence and nonexistence of traveling wave solutions. Schumacher [21, 22]
showed that there is the minimal speed ¢, of traveling wave solutions and it has
a traveling wave solution with speed ¢ when ¢ > ¢, provided the extra condition
fw) < f'(0)u and some little ones. Here, we say that the solution u(t, ) is a
traveling wave solution with profile ¢ and speed ¢, if u(t,z) = ¥(xr — xp + ct)
holds for some constant zp with 0 < ¢ < 1, ¥(—oc0) = 0 and ) (4o00) = 1.
Further, Coville, Davila and Martinez [6] proved the following theorem:

Theorem ([6]).  Suppose the nonlinearity f € C1(R) satisfies f'(1) < 0
and the Borel-measure v has a density function J € C(R) with

l/<m+fww@@<+m
yeR

for some positive constant . Then, there exists a constant c, such that the
equation (1.1) has a traveling wave solution with monotone profile and speed ¢
when ¢ > ¢, while it has no such solution when ¢ < c,.
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Recently, the author [29] also obtained the following:

Theorem ([29]). Suppose there ezists a positive constant A such that

/ Mldp(y) < +o0o
yeR

holds. Then, there exists a constant c, such that the equation (1.1) has a
traveling wave solution with monotone profile and speed ¢ when ¢ > ¢, while it
has no periodic traveling wave solution with average speed ¢ when ¢ < c¢y.

Here, a solution {u(t,z)}ter C L™®(R) to (1.1) is said to be a periodic
traveling wave solution with average speed c, if there exists a positive constant T
such that w(t+7,z) = u(t,x+c7) holds for allt and x € R with 0 < u(t,z) <1,
limg 4 oo u(t,z) = 1 and ||u(t,z) — 1| oo w) # 0.

The goal of this paper is to improve this result of [29], and the following
two theorems are the main results:

Theorem 1. Suppose there exists a positive constant A such that
/ e Mdu(y) < +o0
yeR

holds. Then, there exists a constant c, such that the equation (1.1) has a
traveling wave solution with monotone profile and speed ¢ when ¢ > c, while it
has no periodic traveling wave solution with average speed ¢ when ¢ < c,.

Here, a solution {u(t,x)}ier C L®(R) to (1.1) is said to be a traveling
wave solution with monotone profile and speed c, if there exists a monotone
nondecreasing function ¥ on R with ¥(—o0) = 0 and ¥(4+00) = 1 such that
u(t,x) = ¥(x + ct) holds. Also, a solution {u(t,z)}rer C L=°(R) to (1.1) is
said to be a periodic traveling wave solution with average speed c, if there exists
a positive constant T such that u(t + 7,x) = u(t,x + 1) holds for all t and
r € R with 0 <wu(t,r) <1, limy 1o u(t,z) =1 and ||u(t,z) — 1| ®) # 0.

Remark. If a solution is a traveling wave with speed ¢, then it is a
periodic traveling wave with average speed c¢. The converse may not hold.
In fact, if ©(Z) = 1 holds and there exists a positive constant A such that
ny]R e~ Mdu(y) < 400 holds, then there exists a solution u to (1.1) such that u
is not a traveling wave but u is a periodic traveling wave with monotone profile.
Here, we represent the idea of the proof. By Theorem 1, there exist a positive
constant ¢ and a sequence {uy(t)}nez C C*(R) such that

dc%(t) = (Z u({m})un—m(t)) — U (t) + flun(t)),

mEZ
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Up(t) < Upyr(t), Hm w,(t) =0, lim wu,(t)=1

n——oo n—-+oo

and
1
Unp, (t + Z) = Up+1 (t)

hold. Then, the function u(t, ) := u,(t) is a periodic traveling wave with the
minimal period 2, where [-] is Gauss’ symbol.

Theorem 2. Suppose the measure p satisfies

/ e Mdu(y) = +o0
yeR

for all positive constants . Suppose the nonlinearity f € C1(R) satisfies
1'(0) > 0.
Then, the equation (1.1) has no periodic traveling wave solution.

Remark.  When nyR e~du(y) = +oo holds for all positive constants A
and f’(0) = 0 holds, we do not know whether there exists a (periodic) traveling
wave. In Section 5 below, we only see Theorem 19 and Lemma 20.

In these results, we do not assume that the measure p is absolutely continuous
with respect to the Lebesgue measure. For example, not only the integro-
differential equation

ou

E(t’ x) = /0 u(t,x —y)dy — u(t,z) + f(u(t,z))

but also the discrete equation

ou
E(ta CE) - U(t,l‘ - 1) - u(ta CE) + f(u(t,x))

satisfies the assumption of Theorem 1 for the measure p. In order to prove these
results, we employ the recursive method for monotone dynamical systems by
Weinberger [25] and Li, Weinberger and Lewis [17]. We note that the semiflow
generated by the equation (1.1) is not compact with respect to the compact-
open topology. See Propositions 16 and 17 of [29] for a simple condition for the
profile of a standing wave solution (i.e., a traveling wave solution with speed
0) to be a discontinuous function.

Schumacher [21, 22], Carr and Chmaj [3] and Coville, Davila and Martinez
[6] also studied uniqueness of traveling wave solutions. In [6], we could see an
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interesting example of nonuniqueness, where the equation (1.1) admits infinitely
many monotone profiles for standing wave solutions but it admits no continuous
one. See, e.g., [5, 7,10, 11, 12, 13, 14, 15, 18, 19, 23, 24, 26, 27, 28] on traveling
waves and long-time behavior in various monostable evolution systems, [2, 4,
30] nonlocal bistable equations and [20] Euler equation.

In Section 2, we recall abstract results for monotone semiflows from [29].
The results give abstract conditions such that a semiflow satisfying the condi-
tions has a traveling wave solution with speed ¢ when ¢ > ¢, while it has no
periodic traveling wave solution with average speed ¢ when ¢ < ¢,. In Section
3, we also repeat the proof given in [29] for reader’s convenience. In Section
4, we give basic facts for nonlocal equations in L*(R). In Section 5, we prove
Theorem 1. In Section 6, we recall a result on spreading speeds by Weinberger
[25]. In Section 7, we prove Theorem 2. In a sequel [30] to this paper, the
author shall refer several results from this paper.

§2. Abstract Results for Monotone Semiflows

In this section, we recall some abstract results for monotone semiflows
from [29]. (In Section 3 below, we would prove them for reader’s convenience.)
Put a set of functions on R;

M := {u]|u is a monotone nondecreasing

and left continuous function on R with 0 < u < 1}.

The followings are basic conditions for discrete dynamical systems on M:

Hypotheses 3. Let Qo be a map from M into M.

(i) Qo 1is continuous in the following sense: If a sequence {uytren C M
converges to u € M uniformly on every bounded interval, then the sequence
{Qo[ur]}ken converges to Qolu] almost everywhere.

(ii) Qg is order preserving; i.e.,

uy < uy = Qolu1] < Qolus]

for all uy and ug € M. Here, v < v means that u(x) < v(x) holds for all
rz € R.
(iii) Qo is translation invariant; i.e.,

Tro QO = QOTzO

for all zy € R. Here, Ty, is the translation operator defined by (Ty,[u])(-) =

u(- — xo)-
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(iv) Qo is monostable; i.e.,
0<y<1l=7<Q]
for all constant functions ~y.

Remark.  1°. If Qo satisfies Hypothesis 3 (iii), then Qo maps constant
functions to constant functions. 2°. The semiflow generated by a map Qg
satisfying Hypotheses 3 may not be compact with respect to the compact-open
topology.

We add the following conditions to Hypotheses 3 for continuous dynamical
systems on M:

Hypotheses 4. Let Q = {Q"}icio,+00) be a family of maps from M
to M.

(i) Q is a semigroup; i.e., Q' o Q° = Q'™* for allt and s € [0, +00).

(il) @ is continuous in the following sense: Suppose a sequence {tx}ren C
[0, +00) converges to 0, and u € M. Then, the sequence {Q [u]}ren converges
to u almost everywhere.

From [29], we recall the following two results for continuous dynamical
systems on M:

Theorem 5. Let Q' be a map from M to M for t € [0,+00). Sup-
pose Q' satisfies Hypotheses 3 for all t € (0,400), and Q = {Q"}icj0,400)
Hypotheses 4. Then, the following holds:

Let ¢ € R. Suppose there exist 7 € (0,+00) and ¢ € M with (Q"[¢])(z —
er) < @p(x), 9 £0 and ¢ £ 1. Then, there exists b € M with p(—o0) =0 and
P(400) =1 such that (Q*[Y])(z — ct) = 1(x) holds for all t € [0, +00).

Theorem 6. Let Q' be a map from M to M for t € [0,+00). Sup-
pose Q" satisfies Hypotheses 3 for all t € (0,+00), and Q = {Q"}ic(0,100)
Hypotheses 4. Then, there exists c. € (—00,400| such that the following holds:

Let ¢ € R. Then, there exists ¥ € M with ¢(—o0) = 0 and (+o00) =1
such that (Q'[)])(x — ct) = (x) holds for all t € [0, +00) if and only if ¢ > c,.

Remark. For Theorem 6, we note that there do not exist a constant ¢
and ¢ € M with ¢(—oc0) = 0 and 1)(+00) = 1 such that (Q*[¢)])(z — ct) = ¥(x)
holds for all ¢ € [0, +o0) if and only if ¢, = +o0.
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83. Proof of the Abstract Theorems

In Section 3 of [29], the author already proved Theorems 5 and 6. He
modified the recursive method introduced by Weinberger [25] and Li, Wein-
berger and Lewis [17]. In this section, we would repeat the proof for reader’s
convenience. Some results stated in this section would be also useful to a sequel
[30].

Lemma 7. Let a sequence {uy tren of monotone nondecreasing func-
tions on R converge to a continuous function u on R almost everywhere. Then,
{ur }ren converges to u uniformly on every bounded interval.

Proof. Let C € (0,+00) and € € (0, +00). Then, there exists § € (0, +00)
such that, for any y; and yo € [-C — 1,4C + 1], |y2 — y1| < & implies
lu(y2) — u(y1)| < /4. We take N € N and a sequence {z,})_; such that
limg oo ug(zn) = w(zy), —C -1 < 27 < =C, 2y < Tpy1 < T, + 0 and
+C < 2y < +C+1 hold.

Let k € N be sufficiently large. Then, max{|uy(z,) — u(z,)|}Y_; < /4
holds. Let # € [—C,+C]. There exists n such that x, < x < x,4; holds. So,
we get |ug(2) —u(z)| < fup(zn) —w(@)|+|up(zn1) —u(@)] < Jup(zn) —ulzn) |+
[0(n) — (&) + [y (1) — W(Enpr)] + [(Ener) — u(z)| < e. 0

The set of discontinuous points of a monotone function on R is at most
countable. So, if a sequence {uy }ren of monotone functions on R converges to
a monotone function u on R at every continuous point of u, then it converges
to u almost everywhere. The converse also holds:

Lemma 8. Let a sequence {uy}ren of monotone nondecreasing func-
tions on R converge to a monotone nondecreasing function u on R almost ev-
erywhere. Then, limy_,oo ug(x) = u(x) holds for all continuous points x € R of
u.

Proof. For n € N, we take z,, € (x — 27", 2] and T,, € [x,x +27") sat-
isfying limg 00 up(z,,) = u(z,) and limg_,o0 uk(Tpn) = w(Ty). Then, u(z,) <
liminfy_, o0 ug(z) < limsup_, ., ur(x) < u(Z,) holds. Hence, we have limg_,
ug(x) = u(x) as x is a continuous point of u. O

Hypotheses 3 imply more strong continuity than Hypothesis 3 (i):
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Proposition 9. Let a map Qo : M — M satisfy Hypotheses 3 (i),
(ii) and (iii). Suppose a sequence {up}treny C M converges to u € M almost
everywhere. Then, limy_ o (Qolur])(x) = (Qolu])(x) holds for all continuous
points x € R of Qolul.

Proof.  We take a cutoff function p € C*°(R) with
[ > 1/2 = p(z) =0,

|z] <1/2 = p(x) >0

/LGR p(x)dx = 1.

For n € N, we put smooth functions

and

u" () = (pp ¥ u)(- — 27"Y)

and

Then, we obtain
u(-—27") < w() < ul) ST() < ul-+277).

The sequence {min{ug,u"}}ren converges to u™ almost everywhere, and
{max{uk,@"}} ren also @™ Hence, by Lemma 7, the sequence {min{u, u"} }xen
converges to u" uniformly on every bounded interval, and {max{ux,@"}}ren
also @". Then, by Hypothesis 3 (i), the sequence {Qo[min{ug,u"}|}ren con-
verges to Qolu™] almost everywhere, and {Qo[max{uk,u"}|}ren also Qol[a"].
From Hypothesis 3 (ii), Qo[min{uy,u"}] < Qolur] < Qo[max{ux,u™}] holds.
Therefore, Qou"] < liminfy o Qolug] < limsup,_, . Qolur] < Qolu™] holds
almost everywhere. So, by Hypotheses 3 (ii) and (iii), Qolu](- —27") <
liminfy oo Qolur](-) < limsup,_, . Qolurl(:) < Qolu](- +27™") holds almost
everywhere. Hence, limy_,oc Qolux](:) = Qo[u](+) holds almost everywhere, be-
cause limy, 00 Qolu](- —27™) = limy, 00 Qolu](- +27") = Qolu](+) holds almost
everywhere. So, from Lemma 8, limy_, o (Qo[ux])(z) = (Qo[u])(x) holds for all
continuous points x € R of Qq[u]. O
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Combining Proposition 9 with Helly’s theorem, we can make the argument
of Weinberger [25] and Li, Weinberger and Lewis [17] work to obtain the fol-
lowing proposition. It states that existence of suitable super-solutions of the
form {v,(z + cn)}52, implies existence of traveling wave solutions with speed
¢ in the discrete dynamical systems on M:

Proposition 10. Let a map Qo : M — M satisfy Hypotheses 3, and
¢ € R. Suppose there exists a sequence {v,}5L, C M with (Qolvn])(z — ¢) <
Upt1(z), infr—01,2,... vn(z) Z 0 and liminf, o v,(x) #£ 1. Then, there exists

P € M with (Qo[¢])(x — ¢) = (), ¥(—00) = 0 and (+o0) = 1.

Proof.  We put w(-) := limp 4o infy—0,1,2,... vn(- — h), and ulg =27k €
M for k € N. We also take functions u¥ € M such that

3.1) up () = max{Qo[uy, _1)(- — ), 27 w()}

holds for k and n € N.
We show ul < uF ;. We have uf < uf. As uf_, < uk holds, we get
Qoluf_1] < Qoluf] and uk < ul ;. So, we have

(3.2) ul <k .

In virtue of (3.2), we put u”* := lim,, o u® € M. Then, by (3.1) and Proposi-
tion 9,

(3.3) u*(-) = max{Qo[u"](- - ¢), 27 w()}

holds. Because lim,, .o, Qo[u®(- +m)] = Qo[u*(4+00)] holds from Proposition
9, we have
uF(+00) = lim max{Qo[u*](m — ¢), 27 w(m)}

m—0o0

= lim max{Qo[u*(- + m)](—c),2 Fw(m)}

= max{Qo[u*(+00)], 2w (+00)}.

Hence, u*(+00) > Qo[u*(+o0)] and u*(+00) > 27*w(+00) > 0 hold. So,
because {y e R|0 <~y <1, v > Qo[y]} C{0,1} holds from Hypothesis 3 (iv),
we obtain

(3.4) uF (400) = 1.
‘We show ufl < wv,. We get ulg <w<wy. As uﬁ71 < v,_1 holds, we have

Qoluy 1](- = ¢) < Qofvn—1](- =€) < wal)
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and ufl < v, because of 27Fw < w < v,. So, we have
(3.5) uf <w,.
From (3.5), we see

(3.6) uF(—o00) < lim liminf v, (—m) < 1.

m—o0 N—oo
Also, lim,, 00 Qo[u*(- — m)] = Qo[u*(—0c0)] holds from Proposition 9. Hence,
by (3.3), we have

uF(—00) = lim max{Qo[u*](=m — ¢),2 *w(—m)} > Qo[u*(—o0)].

m—00

So, from Hypothesis 3 (iv) and (3.6), we obtain
(3.7) uF(—o0) = 0.

In virtue of (3.4) and (3.7), there exists x; such that u*(—x;) < 1/2 <
limp,| 4o u*(—2% + h) for k € N. We put 9*(:) :== u*(- — 1) € M. Then, we
have

(3.8) ¥H(0) <1/2 < lim v ()
and
(3.9) $F () = max{Qo[Y*](- — ¢), 27 w(- — ax)}

from (3.3). By Helly’s theorem, there exist a subsequence {k(n)},en and ¥ €
M such that lim,,_, 1*) () = ¢(x) holds for all continuous points z € R of
¥. So, from (3.8), (3.9) and Proposition 9,

(3.10) U(0) < 1/2 < Jim 2i(h)
and
(3.11) Y(-) = Qo[Y](- — ¢)

holds. Because 1(—o0) = Qo[1p(—o0)] and 1(+00) = Qo[th(+00)] also hold by
(3.11) and Proposition 9, from Hypothesis 3 (iv) and (3.10), we have ¢)(—o0) =
0 and t(400) = 1. O

In the discrete dynamical system on M generated by a map Qg satisfying
Hypotheses 3, if there is a periodic traveling wave super-solution with average
speed c, then there is a traveling wave solution with speed c:
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Theorem 11. Let a map Qo : M — M satisfy Hypotheses 3, and
¢ € R. Suppose there exist T € N and ¢ € M with (Qo” [¢])(x — cT) < ¢(x),
¢ # 0 and ¢ £ 1. Then, there exists 1 € M with (Qo[¢])(x — ¢) = P(x),
Y(—00) =0 and P(+o00) = 1.

Proof.  We take functions v, € M for n =0,1,2,--- such that

Unt+mr = (QOn[(bD( - C’I”L)
holds for all n =0,1,2,--- ;7 —1 and m =0,1,2,---. Then, we see

(3.12) Un41(1) = Qolvn](- — ¢)

and

(3.13) liminfv, = inf v, = min Uy,
n—oo n=0,1,2,--- n=0,1,2,--- ,7—1

We show vy, (+00) > 0. We have vg(+00) > 0. As v,_1(4+00) > 0 holds, we get
Up(+00) > Qolvn—1(4+00)] > 0 by (3.12), Proposition 9, Hypotheses 3 (ii) and
(iv). So, we have v,(+00) > 0. Hence, because limy,, ..o min,—0 1.2 7—1 Un
(m) > 0holds, from (3.13), we see inf,,—0 1 2,... v, Z0. Because min,—¢ 12... r—1
v, < ¢ holds, by (3.13) and ¢(—o0) < 1, we have liminf,,_, o v, # 1. Therefore,
by Proposition 10, there exists ¢ € M with Qo[¢](- — ¢) = ¥(-), ¥(—o0) =0
and ¥ (+o0) = 1. O

Lemma 12. Let a sequence {uy }ren of monotone nondecreasing func-
tions on R converge to a monotone nondecreasing function u on R almost ev-
erywhere. Then, limy_,o ug(zx) = u(x) holds for all continuous points x € R
of u and sequences {x}reny C R with limg_, o0 2 = .

Proof.  We put hy := Supj_,, ,11.ni2... |7k — | for n € N. Then, up(- —
hn) < ugp(- + (2 — x)) < ug(- + hy,) holds when k& > n. Hence, u(- — hy,) <
liminfy oo ug(- + (2 — 2)) < limsupy_,o, ur(- + (2 — z)) < u(- + hy) holds
almost everywhere. So, limy_, oo ur(-+ (2 —2)) = u(-) holds almost everywhere,
because lim,, oo u(- — hy) = lim,, o0 (- + hy) = u(-) holds almost everywhere.
Hence, from Lemma 8, limg oo up(xg) = limpoo ux(z + (2 — z)) = u(z)
holds. g

The infimum ¢, of the speeds of traveling wave solutions is not —oco, and
there is a traveling wave solution with speed ¢ when ¢ > c,:
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Theorem 13. Suppose a map Qg : M — M satisfies Hypotheses 3.
Then, there exists ¢, € (—oo,+00] such that the following holds:

Let ¢ € R. Then, there exists v € M with (Qo[¢])(x — c1) = ¢¥(z),
Y(—00) =0 and Y(4+00) = 1 if and only if ¢ > c..

Proof.  [Step 1] Let ¢, € [—00,+00] denote the infimum of ¢ € R such
that there exists ) € M with Qo[¢](- —¢) = ¥(+), ¥(—o00) = 0 and ¥ (+00) = 1.
Then, we have the following: Let ¢ € R. Then, there exists ¢ € M with
Qo[¥](- —¢) = ¥(-), ¥(—00) = 0 and ¢p(+00) = 1 only if ¢ > c..

[Step 2] In this step, we show the following: If ¢ € (¢4, +00), then there
exists Y € M with Qo[Y](- — ¢) = ¥(-), ¥(—o0) =0 and 1/1( ) =1.

There exist ¢y € (—o0,¢) and ¢ € M with Qo[@](- —co) = ¢(+), p(—00) =0
and ¢(+o00) = 1. Then, because we have Qq[¢](- — ¢) < ¢(-), by Theorem 11,
there exists ¥ € M with Qo[¢](- — ¢) = ¥(-), ¥(—o00) = 0 and P (+o00) = 1.

[Step 3] In this step, we show the following: If ¢, € R, then there exists
b € M with Qolp)(- — e2) = (), (~00) = 0 and (+00) = 1.

In virtue of Step 2, there exists 1, € M with Qo[vx](- — (cx +27F)) =
Yr(+), Yr(—o0) = 0 and 95 (+00) = 1 for k € N. We also take zj such that
Yr(—mx) < 1/2 < limp 10 ¥x(—zx + h), and put ¥*(-) = (- — 1) € M.
Then, we have

(3.14) ¥H(0) <1/2 < lim 4" (h)
and
(3.15) Qolt* (- = 27M)](- — o) = 4*().

By Helly’s theorem, there exist a subsequence {k(n)},en and ¢ € M such that
lim,, o0 %™ () = 1(z) holds for all continuous points 2 € R of 1. Also, by
Lemma 12, lim,, o ¢*) (2 — 27%()) = 4)(z) holds for all continuous points
x € R of . Therefore, from (3.14), (3.15) and Proposition 9,

(3.16) ¥(0) <1/2 < lim ()
and
(3.17) Qo[Y](- —ci) = ¥(")

holds. Because Qo[¢)(—o0)] = ¥ (—00) and Qo[1)(+00)] = 9(+00) also hold by
(3.17) and Proposition 9, from Hypothesis 3 (iv) and (3.16), we have ¢)(—o0) =
0 and ¢ (400) = 1.
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[Step 4] Finally, we show ¢, € (—o0, +00].

Suppose ¢, = —oo. Then, in virtue of Step 2, there exists ¢ € M with
Qo[ok](- + 2%) = ¢r(+), px(—00) = 0 and ¢x(+00) = 1 for k € N. We also
take xy, such that ¢p(—zx) < 1/2 < limp| 1o ¢r(—xk + h), and put ¢*() =
i (- — z1) € M. Then, we have

(3.18) ¢H(0) < 1/2 < lim ¢"(h)
and
(3.19) Qolo" (- +29)](-) = 6" ().

Put y € M such that y(z) =0 (2 < 0) and x(z) = 1/2(0 < x). Then, y < ¢*
holds from (3.18). Hence, by (3.18) and (3.19), we see Qo[x(- + 2¥)](0) < 1/2.
So, from limy_ X (- + 2%) = 1/2 and Proposition 9, we obtain Qo[1/2] < 1/2.
This is a contradiction with Hypothesis 3 (iv). g

Lemma 14. Let Q' be a map from M to M fort € [0,+0cc). Suppose
Q satisfies Hypothesis 4 (ii). Then, lim;_o(Q'[u])(x — ct) = u(x) holds for all
c€R, u e M and continuous points x € R of u.

Proof.  Let a sequence {t;}ren C [0,+00) converge to 0. Then, by Hy-
pothesis 4 (ii) and Lemma 12, limg o Q% [u](z — ctx) = u(x) holds for all
continuous points x € R of . a

Proof of Theorem 5. By Theorem 11, there exists ¥, € M with
Q2 [Yn](- — 57) = (), Yr(—00) = 0 and ¢p(+00) = 1 for k € N. We
also take zj such that ¢(—zr) < 1/2 < limpj40¥x(—2x + h), and put
YR (-) == Yr(- — 21) € M. Then, we have

(3.20) ¥H(0) <1/2 < lim v (h)
and
(3.21) QF(- - ) =00

By Helly’s theorem, there exist a subsequence {k(n)},en and ¥ € M such that
lim,, oo ¥*(™ (2) = 9(x) holds for all continuous points = € R of 1.
Let kp € N and mo € N. As n € N is sufficiently large,

moT moT
Qo [y ()] ( - c270>
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CT

— (QuFTT Ym0 W(m]( - 5 m02’“<”>—’“°> = F()

holds because of k(n) > ko and (3.21). Therefore, by Proposition 9, we obtain

(3.22) Q0 [y] ( - c’;‘f) = ().
From (3.20), we also see
(3.23) 9(0) < 1/2 < lim v(h).

Let t € [0,+00). Then, by (3.22), there exists a sequence {t;}ren C
[0, +00) with limg_, o ¢ = 0 such that Q' [¢](- — ¢(t + t)) = () holds for
all k € N. So, by Q" [Q'[¢](- —ct)](- — ctg) = QT[] (- — c(t +tx)) and Lemma
14, we obtain
Q'Y —et) = ().
Hence, because Q![t)(—o0)] = (—o00) and Q![1)(+00)] = 1(+00) hold by
Proposition 9, from (3.23), we see (—o0) = 0 and ¢ (+00) = 1. O

Proof of Theorem 6.  In virtue of Theorem 13, we take ¢, € (—o0, +00]
such that the following holds: Let ¢ € R. Then, there exists ¢ € M with

Qo) =) = ¢(+), p(—0) =0 and ¢(+00) = 1 if and only if ¢ > c..

Then, from Theorem 5, we have the conclusion of this theorem. O
§4. Basic Facts for Nonlocal Equations in L (R)
In this section, we give some basic facts for the equation
(4.1) ug = fixu+ g(u)

on the phase space L>°(R). We do not necessarily assume [i(R) = 1 or that the
nonlinearity (R)u+ g(u) is monostable. So, the equation (4.1) is more general
than (1.1). This slight generalization would be useful to a sequel [30].

First, we have the comparison theorem for (4.1) on L*>(R):

Lemma 15. Let i be a Borel-measure on R with i(R) < 4+o00. Let g
be a Lipschitz continuous function on R. Let T € (0,400), and two functions
ul and u? € C1([0,T], L°(R)). Suppose that for any t € [0,T], the inequality

ub = (e u + g(uh)) < u? — (s u? + g(u?))

holds almost everywhere in x. Then, the inequality u'(T,x) < u?(T,x) holds
almost everywhere in x if the inequality u'(0,x) < u?(0,z) holds almost every-
where in x.
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Proof. Put K € R by
g(u+h) —g(u)

(42) K== h>ior,17£elR a7
and v € C1([0,T], L>=(R)) by
(4.3) v(t) == Xt (u? —ub)(1).

Then, we have the ordinary differential equation

(4.4) & = F(t,0)

in L>°(R) with v(0) = (u? — u!)(0) as we define a map F : [0,T] x L>®(R) —
L®(R) by

Flt,w) = fisw+ Kuw+ X" (gu () + K 'w) — g(u' (1)) + X "a(t),
where
du? R du! ~
a = (% — (p*u® —|—g(u2))) - (% — (p*u' —I—g(ul))) )
For any ¢ € [0, T, we see the inequality
(4.5) a(t,z) >0

almost everywhere in z. Take the solution © € C''([0,77], L°(R)) to

(4.6) o(t) = v(0) +/ max{F(s,(s)),0}ds.
0

Then, for any ¢ € [0, 7], we have

(4.7) o(t,z) > v(0,z) = (u* —u)(0,z) >0

almost everywhere in z. By using (4.2), (4.5) and (4.7), for any t € [0,T], we
also have the inequality F(t,9(t)) > 0 almost everywhere in . Hence, from
(4.6), ©(t) is the solution to the same ordinary differential equation (4.4) in
L>(R) as v(¢t) with ©(0) = v(0). So, in virtue of (4.3) and (4.7),

(w? —u')(T,z) = e KTo(T,z) = e KTH(T,2) > 0

holds almost everywhere in . O

The following lemma gives a invariant set and some positively invariant
sets of the flow on L*°(R) generated by the equation (4.1):
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Lemma 16. Let ji be a Borel-measure on R with i(R) < 4+o00. Let g
be a Lipschitz continuous function on R. Then, the followings hold:

(i) For any ug € BC(R), there exists a solution {u(t)}terg C BC(R) to
(4.1) with w(0) = ug. Here, BC(R) denote the set of bounded and continuous
functions on R.

(ii) Suppose a constant v satisfies ya(R) + g(y) = 0. If up € L>®(R)
satisfies v < g, then there exists a solution {u(t)}icjo,+00) C L(R) to (4.1)
with w(0) = ug and v < u(t). If ug € L>°(R) satisfies ug < v, then there exists
a solution {u(t)}iej,+00) C L=(R) to (4.1) with u(0) = ug and u(t) < 7.

(iii) If ug is a bounded and monotone nondecreasing function on R, then
there exists a solution {u(t)}ico,4+00) C L(R) to (4.1) with u(0) = ug such
that u(t) is a bounded and monotone nondecreasing function on R for all t €
[0,400). If ug is a bounded and monotone nonincreasing function on R, then
there exists a solution {u(t)}icjo4+00) C L(R) to (4.1) with u(0) = ug such
that u(t) is a bounded and monotone nonincreasing function on R for all t €
[0, +00).

Proof.  We could see (i), because BC(R) is a closed sub-space of the
Banach space L*(R) and v € BC(R) implies { * u + g(u) € BC(R).

We could also see (ii) by using Lemma 15, because the constant v is a
solution to (4.1).

We show (iii). Suppose ug is a bounded and monotone nondecreasing
function on R. We take a solution {u(t)}icpo,+00) € L*(R) to (4.1) with
u(0) = ug. Let t € [0,+00) and h € [0,+0c0). Then, by Lemma 15, we
see u(t,z) < u(t,z + h) almost everywhere in z. We take a cutoff function
p € C*(R) with

2> 1/2 = p(z) =0,

|z] <1/2 = p(z) >0

/IER p(z)dr = 1.

wa) = [ 2@ = )t gy

and

As we put

for n € N, we see v,(x) < v,(z + h) for all x € R. Therefore, v, is smooth,
bounded and monotone nondecreasing. By Helly’s theorem, there exist a
subsequence nj and a bounded and monotone nondecreasing function @ on
R such that limg_,o0 vp, () = 9(x) holds for all x € R. Then, |u(t,z) —
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Y@ —osen Slmpoo([[ult, ©) = vn, (@) |21 ((—c4e+
|[vn,, () — 9 (2)| L1 ((—c,+c)y) = 0 holds for all C' € (0, +00). Hence, we obtain

|u(t, z) — ()| Lo ®) = 0. O

Lemma 17. Let {1 be a Borel-measure on R with [i(R) < +oo. Let
{u,}22, be a sequence of bounded and continuous functions on R with

sup  |un ()] < +oo.
neN,zeR

Suppose the sequence {un, 152, converges to 0 uniformly on every bounded inter-
val. Then, the sequence {[i*u, 5>, converges to 0 uniformly on every bounded
interval.

Proof. Let ¢ € (0,+00). We take a positive constant C' such that

(s (o)) @\ (-C40)) <

neN,zeR

holds. Then, because

(i ) (2) s/

fun(z — 9)ldA(y) + / lun(z — v)|dy)
ye(—C,+C)

yeR\(-C,+C)

< ( sup  fun(z — y)l) fi(R) + <sup un (2 — y)l) AR\ (=C, +0))
yE( R

-C,+0C) yE

holds, we have

x€[—1,+1] ye(—(I+C),+(I+C))

sup (1 x un)(z)| < ( sup Iun(y)|> i(R) + &

for all I € (0, +00). Hence, we obtain

limsup sup |(A*xu,)(z)| <e
n—oo ge[—I,+1]

for all T € (0, +00). O

Proposition 18. Let i be a Borel-measure on R with i(R) < +00, g a
Lipschitz continuous function on R, and T a positive constant. Let a sequence
{un}e2, € CH([0,T],L>*(R)) of solutions to the equation (4.1) satisfy

sup  |un(0,2) — up(0, )] < +o0.
neN,zeR
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Suppose

lim  sup |un(0,2) —up(0,2)|=0
=0 pe[—1,4+1)

holds for all positive constants I. Then,

lim sup |Jun(t, ) — uo(t, z)|| oo (= g,407) = O
n—00 4c0,7T]

holds for all positive constants J.

Proof. First, we take a sequence {w,}5°; of nonnegative, bounded and
continuous functions on R with

(4.8) sup |wy(z)| < o0
neN,zeR

such that {w,}52; converges to 0 uniformly on every bounded interval and
(4.9) |un (0, ) — uo(0, )| < wy(x)

holds for all n € N and z € R. Let A denote the bounded and linear operator
from the Banach space BC'(R) to BC(R) defined by

Aw = i xw.

From (4.8), we see SUp,,cy zcr |(AFw,)(x)| < +oo for all k = 0,1,2,---.
Hence, because of limy, o Sup,c(_r 4 [wn(x)] = 0 for all I € (0,+o0), by
Lemma 17, we have

(4.10) lim  sup |(AFw,)(z)| =0
=00 pe[—J,4J]

for all J € (0,+0c0) and k=0,1,2,---.
Let v denote the constant defined by
B) —
e SR —gl)
h>0,ucR h

Then, we consider the following two sequences {v,,}°°; and {v,}5°, C C*
([0,T], L>°(R)) defined by

v, (t, ) = ug(t,z) — e’ (eMw,)(z)

and

Tn(t, ) == ug(t, z) + et (eMw,) (z).
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Because (e"itwn)(x) is nonnegative for all n € N, ¢t € [0,400) and = € R, the
function v,, is a sub-solution to (4.1) and v, is a super-solution to (4.1) for all
n € N. So, by Lemma 15 and (4.9), for any n € N and ¢ € [0, 7],

(4.11) |tun (t, ) —ug(t, z)| < e”t(e“itwn)(x)

holds almost everywhere in .
Let € € (0, +00). We take N € N such that

(1+e7) (i (T|A|BC(§!)HBC(R))I€> ( sup |wn(:c)|> <e

=N neN,zeR

holds. Then, in virtue of (4.11), we see

lun(t ) = wo(t, )| Lo sy < sup |7 (eMw,)(2))]
z€[—J,+J]

1t —
ZE(A wy)(z) | + I;VEA wy | (2)

k=0

)

=et sup
z€[—J,+J]
N—1

" ;
< (147 (Z o ( s ](Akwn)(l")>> +e

k=0 —JtJ

for all J € (0,+00), n € Nand ¢ € [0,7]. So, by (4.10), we obtain

limsup sup |lun(t,2) — uo(t, @)|| oo (=g < €
n—oo te[0,T)

for all J € (0, +00). O

85. Proof of Theorem 1

In this section, we prove Theorem 1. The argument in this section is
almost similar as in [29]. First, we recall that u is a Borel-measure on R with
u(R) =1, f is a Lipschitz continuous function on R with f(0) = f(1) = 0 and
f>0in (0,1) and the set M has been defined at the beginning of Section 2.
Then, in virtue of Lemmas 15, 16 and Proposition 18, Q' (¢ € (0, 4+00)) satisfies
Hypotheses 3 and @ Hypotheses 4 for the semiflow @ = {Qt}te[07+oo) on M
generated by (1.1). So, Theorems 5 and 6 can work for this semiflow on M.

If the flow on L*(R) generated by (1.1) has a periodic traveling wave
solution with average speed ¢ (even if the profile is not a monotone function),
then it has a traveling wave solution with monotone profile and speed c:
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Theorem 19. Let c € R. Suppose there exist a positive constant T and
a solution {u(t,z)}ter C L=°(R) to (1.1) with 0 < u(t,z) < 1, limy_, 400 u(t,
x) =1 and |lu(t,x) — 1| oo (r) # O such that

u(t+71,2) =u(t,z + cr)

holds for all t and © € R. Then, there exists 1p € M with ¥(—oc0) = 0 and
P(+00) =1 such that {(x + ct) }rer s a solution to (1.1).

Proof. Put two monotone nondecreasing functions ¢(z) := max{a €

R|a < u(0,y) holds almost everywhere in y € (x,400)} and ¢(x) := limy 4o
o(x — h). Then, ¢ € M, ¢(—o0) < 1 and ¢(+00) = 1 hold. We take a cutoff
function p € C*°(R) with

[z +1/2[ 2 1/2 = p(x) =0,

e +1/2|<1/2 = p(z) >0

and

/LGR p(x)dx = 1.

vn(z) = / 2002 =)0, )y

As we put

for n € N, we see ¢ < v,. Let N € N. Because of lim, o ||vn(2) —
u(0,2)|| L1 (= n,4+n7) = 0, there exists a subsequence ny such that limy oo vy, (z
= u(0,2) almost everywhere in € [—N,+N]. Therefore, we have ¢(z) <
u(0,x) almost everywhere in z € R. So, by Lemma 15, we obtain Q7 [¢](x —
er) < u(r,z — er) = u(0,2z) almost everywhere in x. Hence, because Q7 [¢)
(x —cr) < max{a € R|a < Q7[¢](y — c7) holds almost everywhere in y €
(z,4+00)} < p(x) holds, we get Q7 [¢](x — 1) = limp 40 Q7 [¢]((x — h) —cT) <
¢(z). Therefore, by Theorem 5, there exists ¢ € M with ¢¥(—o0) = 0 and
h(400) = 1 such that Q*[¢](x — ct) = (z) holds for all ¢ € [0, +00). O

The infimum ¢, of the speeds of traveling wave solutions is not —oo, and
there is a traveling wave solution with speed ¢ when ¢ > c,:

Lemma 20.  There exists ¢, € (—o0, +00] such that the following holds:
Let ¢ € R. Then, there exists ¥ € M with (—o0) = 0 and (+o00) =1
such that {¢Y(x + ct) }rer is a solution to (1.1) if and only if ¢ > c..
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Proof. 1t follows from Theorem 6. U

Proof of Theorem 1. Let ¢, denote the infimum of the speeds of traveling
wave solutions with monotone profile. Then, in virtue of Theorem 19 and
Lemma 20, it is sufficient if we show ¢, # +o0.

Take K € [0, +00) such that

K > max {/ e_’\yd,u(y),u(R)} —1+sup M
yEeR h>0 h

As we put ¢(x) := min{e** 1} € M, we see

(- 0)(o) < i { /. ) ) @) |

< e { / ) p(B) o).

So, eft¢(x) is a super-solution to (1.1), because of
eKt(M*(b) —€Kt¢+f(6Kt¢) < KeKt(b.

Hence, by Lemma 15, we obtain Q*[¢](z) < eXo(x) < M@+ %) and Qo] (x —
£) < ¢(x). Therefore, from Theorem 5, there exists ¢ € M with ¢)(—oc0) =0
and ¢ (+00) = 1 such that Q*[¢)](z — £¢) = ¢(z) holds for all ¢ € [0,400). So,
¢ < £ holds. O

8§6. A Result on Spreading Speeds by Weinberger

In this section, we recall a result by Weinberger [25]. In Section 7
below, we use it to prove Theorem 2. Put a set of functions on R;

B :={u|u is a continuous function on R with 0 < u < 1}.

Hypotheses 21. Let Qo be a map from B into B.

(i) Qo is continuous in the following sense: If a sequence {uy}ren C B
converges to u € B uniformly on every bounded interval, then the sequence
{(Qour])(x)}ren converges to (Qolu])(x) for all z € R.

(il) Qo 1is order preserving; i.e.,
u < up = Qolu1) < Qolus]

for all uy and ug € B. Here, u < v means that u(zx) < v(z) holds for all x € R.
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(iil) Qo is translation invariant; i.e.,
Txo QO = QOTQCQ

for all zg € R. Here, Ty, is the translation operator defined by (T, [u])(:) :=
u(- — xp). i
(iv) Qg is monostable; i.e.,

0<vy<l=>7<Qo]
for all constant functions ~y, and Qu[0] = 0.

Remark.  If Qq satisfies Hypotheses 21 (ii) and (iii), then Qo maps mono-
tone functions to monotone functions.

Theorem 22. Let a map Qo : B — B satisfy Hypotheses 21. Let a
continuous and monotone nonincreasing function ¢ on R with 0 < p(—o00) < 1
satisfy p(x) =0 for all x € [0, +00). For c € R, define the sequence {acn}2,
of continuous and monotone nonincreasing functions on R by the recursion

Aent1(T) 1= max{(@o[ac,n})(x +¢), p(2)}
with aco := ¢. Then, the inequality
0< Qeon < Qe n+1 <1

holds for all c € R and n = 0,1,2,---. For ¢ € R, define the bounded and
monotone nonincreasing function a. on R by

ac(z) = T}er;o aen ().

Let v be a Borel-measure on R with 1 < 0(R) < 4+00. Suppose there exists
a positive constant € such that the inequality

s u < Qolu]

holds for all uw € B with uw < e. Then, the inequality

1
inf — log/ eMdir(y) < sup{c € R|a.(4+00) =1}
A>0 yeR

holds.
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Proof. It follows from Lemma 5.4 and Theorem 6.4 in [25] with N :=1,
H:=R, mp:=0m =n, :=1, S¥"1:={£1} and & := +1. O

From Theorem 22, we have the following:

Proposition 23. Let fi be a Borel-measure on R with i(R) = 1. Let
co € R, and ¢ be a monotone nonincreasing function on R with ¥(—oc) = 1
and P(+00) = 0. Suppose {Pp(x — cot) hrer € L2(R) is a solution to

(6.1) up = fixu—u+ f(u).

Let Qo : B — B be the time 1 map of the semiflow on B generated by the
equation (6.1). Let v be a Borel-measure on R with 1 < (R) < 4o00. Suppose
there exists a positive constant € such that the inequality

vrxu< Qo[u]

holds for all u € B with u < e. Then, the inequality

1
inf flog/ eNdi(y) < ¢
A>0 yEeR

holds.

Proof. We take a continuous and monotone nonincreasing function ¢ on
R with 0 < ¢(—o0) < 1 and ¢(z) =0 for all z € [0, +00). For ¢ € R, we define
the sequence {ac , }22, of continuous and monotone nonincreasing functions on
R by the recursion

Aeni1(T) = max{(@o[ac,n])(x +¢),p(x)}
with a0 := ¢. We also take z¢ € R such that
p(z) < d(x — o)

holds for all z € R.

Let ¢ € [¢, +00). Then, we show a,,(z) < ) (x—x) for alln = 0,1,2, - - .
We have aco(z) = p(z) < Yoz — o). AS agp(x) < (x — x0) holds almost
everywhere in x,

et (x) < max{(Qolacn])(z + co), p(x)}

< max{¢(z — x0), p(2)} = Pz — o)
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also holds almost everywhere in z, because 1h(z — o — cot) is a solution to (6.1)
and 5o (Qolacn])(z) < U(x — 2o — ¢o) holds almost everywhere in z. So, for
any n =0,1,2,---, the inequality a.(z) < 1[1(:0 — o) holds almost everywhere

in z. Hence, because a.,, is continuous and 1 is monotone, we have

(6.2) ac,n(x) < 1,21(% - 330)

forall z € R, ¢ € [¢p,+00) and n = 0,1,2,---. Therefore, by Theorem 22, (6.2)
and ©(+00) = 0, the inequality

1
inf = log/ e)‘ydﬁ(y) <sup(R\ [co, +0)) = ¢o
A>0 yeR

holds. O

87. Proof of Theorem 2

In this section, we prove Theorem 2. First, we give a basic fact for the
linear equation

(7.1) v =L *v
on the phase space BC(R):

Lemma 24. Let i be a Borel-measure on R with i(R) < +oo. Let
P : BC(R) — BC(R) be the time 1 map of the flow on BC(R) generated
by the linear equation (7.1). Then, there exists a Borel-measure U on R with
(R) < 400 such that
Pl =0 xwv
holds for allv € BC(R). Further, if v is a nonnegative, bounded and continuous
function on R, then the inequality

v+ paxv < DUxv
holds.
Proof. Put a functional P: BC(R) — R as
Plv] := (P[v])(0).

Then, the functional P is linear, bounded and positive. Hence, there exists a
Borel-measure 7 on R with 7(R) < 400 such that if a continuous function v on
R satisfies lim|;| o v(x) = 0, then

(7.2 Puj= [ vwarty)
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holds.

Let v € BC(R). Then, there exists a sequence {v,}52; C BC(R) with
SUPpenzer [Un ()| < +oo and lim|, o va(z) = 0 for all n € N such that
v, — v as n — oo uniformly on every bounded interval. From Proposition 18,
(7.2) and P(R) < 400, we have

Plv] = lim P[v,] = lim /€R v (y)do(y) :/ v(y)do(y).

We take a Borel-measure # on R with #(R) < 400 such that
((=00,9)) = 7((=y; +0))

holds for all y € R. Then, for any v € BC(R), we have
(Pl])(z) = Plo(-+2)] = /GR v(y +z)dv(y) = (0 *v)(x).

Let v be a nonnegative, bounded and continuous function on R. Then, in
t € [0, 4+00), the function

u(t,z) == v(x) + t(i * v)(z)
is a sub-solution to (7.1), because of v(z) < u(t,x). Hence,
v+ kv < Pl
holds. g

Lemma 25. Let [i be a Borel-measure on R with i(R) < +o00. Suppose
a constant v and a Lipschitz continuous function g on R with g(0) = 0 satisfy
v < ¢'(0). Let P: BC(R) — BC(R) be the time 1 map of the flow on BC(R)
generated by the linear equation
(7.3) vy = fLx v+ Y.
Let Py: BC(R) — BC(R) be the time 1 map of the flow on BC(R) generated
by the equation
(7.4) v = *xv+ g(v).

Then, there exists a positive constant € such that the inequality

Plu] < Py[v]

holds for all v € BC(R) with 0 <wv < e.
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Proof. We take a positive constant € such that
(7.5) hel0,(1+ "™ — yh < g(h)

holds. Let a function v € BC(R) satisfy 0 < v < e. Then, we take the solution
o(t, ) to (7.3) with 9(0,2) = v(x). We see

0<d(t,z) < (BNt < (1+ eﬂ(R)""y)g

for all t € [0,1]. Hence, from (7.5), in t € [0,1], the function ¥(t,z) is a
sub-solution to (7.4). So, the inequality

(Pl))(2) = 0(1,2) < (Po[v])(x)

holds. O

We use Proposition 23, Lemmas 24 and 25 to show the following:

Lemma 26.  Let f'(0) > 0. Suppose there exist c € R and ¢ € M with
P(—o0) = 0 and P(+00) = 1 such that {¢(z + ct)}rer is a solution to (1.1).
Then, there exists a positive constant A such that

/ e Mdu(y) < +oo
yER
holds.

Proof. Let [i be the Borel-measure on R with i(R) = 1 such that

fi((—00,9)) = pu((~y, +00))

holds for all y € R. Let P : BC(R) — BC(R) be the time 1 map of the flow
on BC(R) generated by the linear equation (7.1). Then, by Lemma 24, there
exists a Borel-measure 7 on R with #(R) < +o00 such that for any v € BC(R),

(7.6) P =0x*v
holds and for any nonnegative, bounded and continuous function v on R,
(7.7) fxv<Dxwv

holds. Let P : BC(R) — BC(R) be the time 1 map of the flow on BC(R)
generated by the linear equation

Ve =¥V — 0+

o),
,
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Then, from (7.6) and (7.7), as & is the Borel-measure on R defined by

U= e*H@ﬁ,
we have
(7.8) Pv] = 0% v
for all v € BC(R) and
(7.9) fxv < el_@(f/*v)

for all nonnegative, bounded and continuous functions v on R. Because 7(R) =

(7% 1)(0) = (P[1])(0) = ™52 holds from (7.8), we also have

(7.10) 1 < #(R) < +oc.

Let Qo : B — B be the time 1 map of the semiflow on B generated by
the equation (6.1). Then, from Lemma 25 and (7.8), there exists a positive
constant e such that the inequality

7w u = Plu] < Qolu]

holds for all u € B with u < e. Further, ¢(x — ct) := ¢ (—(z — ct)) is a solution
to (6.1). Therefore, by Proposition 23 and (7.10), we obtain the inequality

o1 Ay -
- : < c.
}\r;fo)\log/yeRe dv(y) < ¢
So, there exists a positive constant A such that
/ MNdi(y) < Mt < 4o
y€eR
holds. Hence, from (7.9), the inequality
[ evaut) = [ Mdp) = im [ mingen}dity)
yER y€ER

n— oo yER

= lim (i * min{e~**,n})(0) < == lim (7 % min{e=**,n})(0)

n—oo n—oo
AC) . ~ _ 1o -
=e!"72 lim min{e, n}di(y) = e'= 2 / eMdir(y) < 4oo
N0 JyeR yER

holds. O

Proof of Theorem 2. It follows from Theorem 19 and Lemma 26. O
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