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Existence of Traveling Wave Solutions
for a Nonlocal Bistable Equation:
An Abstract Approach

By

Hiroki YAGISITA™

Abstract

We consider traveling fronts to the nonlocal bistable equation
ur =pxu—u+ f(u),

where p is a Borel-measure on R with u(R) = 1 and f satisfies f(0) = f(1) =0, f <0
in (0,a) and f > 0 in (a, 1) for some constant a € (0,1). We do not assume that p is
absolutely continuous with respect to the Lebesgue measure. We show that there are
a constant ¢ and a monotone function ¢ with ¢(—o00) = 0 and ¢(+00) = 1 such that
u(t, ) := ¢(x+ct) is a solution to the equation, provided f’'(«) > 0. In order to prove
this result, we would develop a recursive method for abstract monotone dynamical
systems and apply it to the equation.

81. Introduction

This paper is a sequel to [18], where the author has considered a non-
local analogue of monostable reaction-diffusion equations. In this paper, we
would consider the following nonlocal analogue of bistable reaction-diffusion
equations:

(1.1) up = pxu—u+ flu).
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Here, p is a Borel-measure on R with p(R) = 1 and the convolution is defined
by

() () = / = 9)duty)

for a bounded and Borel-measurable function v on R. The nonlinearity f is
a Lipschitz continuous function on R and satisfies f(0) = f(a) = f(1) = 0,
f<0in (0,) and f > 0 in (a, 1) for some constant o € (0,1). Then, G(u) :=
wxu—u+ f(u) is a map from the Banach space L>°(R) into L*°(R) and it is
Lipschitz continuous. (We note that u(x —y) is a Borel-measurable function on
R2, and [[u] o (z) = O implies ||t ull s ) < [, ([ lu(x — 9)lda)dn(y)=0.)
So, because the standard theory of ordinary differential equations works, we
have well-posedness of the equation (1.1) and it generates a flow in L (R).

In this paper, we would show that there exists a traveling wave solution.
The main result is the following:

Theorem 1. Suppose the bistable nonlinearity f € C1(R) satisfies
f(a) >0,

where « is the unique zero of f in (0,1). Then, there exist a constant ¢ and
a monotone function ¢ on R with ¢(—o0) = 0 and ¢(+o00) = 1 such that
u(t,x) := ¢(x + ct) is a solution to (1.1).

In this result, we do not assume that the measure p is absolutely continuous
with respect to the Lebesgue measure. For example, Theorem 1 can be applied
to not only the integro-differential equation

ou

E(t,x) = /0 u(t,x —y)dy — u(t, ) — du(t, z)(u(t, ) — a)(u(t,x) — 1)

but also the discrete equation

%(t,x) =u(t,z — 1) —u(t,z) — Au(t, z)(u(t,z) — a)(u(t,z) — 1)

for all positive constants A. In order to prove Theorem 1, we would develop
a recursive method for abstract monotone dynamical systems and apply it to
the semiflow generated by (1.1). It might be a generalization of the method of
Remark 5.2 (4) in Chen [6].

For the nonlocal bistable equation (1.1), Bates, Fife, Ren and Wang [5]
obtained existence of traveling wave solutions, when the measure p has a density
function J € CY(R) with J(y) = J(—y) and other little conditions for y and
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f hold. Chen [6] showed existence of traveling wave solutions, when it has a
density function J € C'(R) and f’(u) < 1 and other little conditions hold.
Recently, Coville [12] proved existence of traveling wave solutions, when it has
a density function J € C(R) and other little conditions hold.

Bates, Fife, Ren and Wang [5] and Chen [6] studied uniqueness and sta-
bility of traveling wave solutions. Coville studied uniqueness and monotonicity
of profiles of traveling waves in [11] and uniqueness of speeds [12]. Further, we
note that the studies of [11, 12] are not limited when the nonlinearity is bistable
but reach ignition, while our study is limited to bistable. In fact, his method of
[12] is rather different from ours. See [10] on traveling wave solutions in bistable
maps, [2] time-periodic nonlocal bistable equations, [1] time-periodic bistable
reaction-diffusion equations, e.g., [3, 4, 7, 9, 15] discrete bistable equations,
[8] nonlocal Burgers equations and [13, 14, 16] multistable reaction-diffusion
equations.

This paper is a sequel to [18], and we shall refer several known results
from [18]. In Section 2, we give abstract conditions and state that there exists
a traveling wave solution provided the conditions. This result might generalize
the method of Remark 5.2 (4) in Chen [6]. In Section 3, we prove abstract
theorems mentioned in Section 2. In Section 4, we show that the semiflow
generated by (1.1) satisfies the conditions given in Section 2 when f/'(a) > 0
and p({0}) # 1 hold to prove Theorem 1.

82. Abstract Theorems for Monotone Semiflows

In this section, we would state some abstract results for existence
of traveling waves in monotone semiflows. The results might generalize the
method of Remark 5.2 (4) in Chen [6]. In the abstract, we would treat a
bistable evolution system. Put a set of functions on R;

M := {u|u is a monotone nondecreasing
and left continuous function on R with 0 < u < 1}.

The followings are our basic conditions for discrete dynamical systems:

Hypotheses 2. Let Qo be a map from M into M.

(i) Qo is continuous in the following sense: If a sequence {uy}tren C M
converges to u € M uniformly on every bounded interval, then the sequence
{Qoluk]}ken converges to Qolu] almost everywhere.

(ii) Qo is order preserving; i.e.,

uy < up = Qolu1] < Qolus]
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for all wy and uy € M. Here, w < v means that u(x) < v(x) holds for all
z € R.
(iil) Qo is translation invariant; i.e.,

Txo QO = QOTIO

for all xg € R. Here, Ty, is the translation operator defined by (Ty,[u])(-) :=
u(- — xo).
(iv) Qo is bistable; i.e., there exists o € (0, 1) with Qola] = « such that

0<y<a= Qo] <~y

and
a<y<l=7<Q]

hold for all constant functions -y.

Remark.  If Qq satisfies Hypothesis 2 (iii), then Qg maps constant func-
tions to constant functions.

The following condition for discrete dynamical systems might be a little gener-
alization of the condition in Remark 5.2 (4) of Chen [6]:

Hypothesis 3. Let Qg be a map from M into M. If two constants c_
and ¢y and two functions ¢_ and ¢4 € M satisfy (Qolp—])(x —c-) = ¢_(x),
b (=00) = 0, ¢_(+o0) = a, (Qolé+])(@ — c4) = 6 (x), ¢4 (~o0) = a and
¢4 (+00) =1, then the inequality c— < ¢4 holds.

The following states that existence of suitable sub and super-solutions im-
plies existence of traveling wave solutions with an estimate of the speeds in the
discrete dynamical systems on M:

Theorem 4. Let a map Qo : M — M satisfy Hypotheses 2 and 3.
Suppose a constant ¢ and a function 1 € M with 1(0) = 0 and 1 (+00) € (a, 1]
satisfy ¥(x) < (Qo[¥])(x — ¢). Suppose a constant ¢ and a function 1 € M
with P(—o0) € [0,a) and ¥(0) = 1 satisfy (Qo[Y])(x — ) < (). Then,
there exist ¢ € [c,¢] and ¢ € M with ¢(—oc0) = 0 and ¢(+00) = 1 such that
(Qo[¢])(z = ¢) = ¢(x) holds.

Corollary 5. Let a map Qp : M — M satisfy Hypotheses 2 and 3.
Then, there exist ¢ € R and ¢ € M with ¢$(—o0) =0 and ¢(4+00) =1 such that
(Qol9])(xz — ¢) = ¢p(x) holds.
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Figure 1. Typical profiles of the functions ¢ and 1) in Theorems 4 and 8

We add the following conditions to Hypotheses 2 for continuous dynamical
systems on M:

Hypotheses 6. Let Q == {Q"}eo,400) be a family of maps from M
to M.

(i) Q is a semigroup; i.e., Q' o Q* = Q' for all t and s € [0, +00).

(il) @ is continuous in the following sense: Suppose a sequence {tx}ren C
[0, +00) converges to 0, and u € M. Then, the sequence {Q [u]}ren converges
to u almost everywhere.

Instead of Hypothesis 3, we consider the following condition for continuous
dynamical systems. It might also be a little generalization of the condition in
Remark 5.2 (4) of Chen [6]:

Hypothesis 7. Let Q := {Q"}iecj0,40) be a family of maps from M
to M. If two constants c— and cy and two functions ¢_ and ¢4 € M
with ¢_(—o0) = 0, ¢_(+00) = «, dr(—00) = a and ¢ (+00) = 1 satisfy
Qo) (z —c—t) = ¢_(x) and (Q[p+])(x — c4t) = ¢4 () for allt € [0,400),
then the inequality c— < cy holds.

Remark. In [13, 14, 16], we could found similar hypotheses as Hypo-
thesis 7 for existence of traveling waves to reaction-diffusion equations with
triple stable equilibria.
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As we would have Theorem 4 for the discrete dynamical systems, we would
have the following for the continuous dynamical systems:

Theorem 8. Let Qt be a map from M to M fort € [0, +0cc). Suppose
the map Q! satisfies Hypotheses 2 for all t € (0,400), and the family Q =
{Q"}ejo,400) Hypotheses 6 and 7. Then, the following holds:

Suppose a constant ¢ and a function 1 € M with 1(0) = 0 and ¥(+00) €
(o0, 1] satisfy P (x) < (Q'[Y])(x — ct) for all t € [0,400). Suppose a constant ¢
and a function ¥ € M with ¥(—o0) € [0,a) and (0) = 1 satisfy (Q'[¢])(z —
¢t) < (x) for all t € [0,400). Then, there exist ¢ € [c,¢] and ¢ € M with
d(—00) = 0 and ¢(+o0) = 1 such that (Q[d])(xz — ct) = ¢(x) holds for all
t € 0,+00).

83. Proof of the Abstract Theorems

In this section, we prove the theorems stated in Section 2. In the proof,
we shall refer some known results from Sections 2 and 3 of [18].

Proof of Theorem 4.

[Step 0] In this step, we would give an intuitive explanation of our ideas.
If you want to advance to exact proof at once, the step is recommended to be
skipped.

Because the map @y : M — M is translation invariant, it is difficult to
construct traveling sub and super-solutions with the same speed directly. So, we
introduce a sequence of perturbed maps @,, : M — M to break the translation
invariance but to preserve the order. Then, we might construct sub and super-
solutions %n and v, to the perturbed problem Q,[u] = u and also obtain
a solution ¢, (i.e., Qn[dn] = on, dn(—00) = 0 and ¢, (+o00) = 1) by order
preserving property. In virtue of Hypothesis 3, we expect that the limit of a
suitable subsequence of (T_5, [¢n])(+) := ¢ (- +xy) solves the original problem.

We shall explain more in detail but extremely inexactly. Let n € N. We
put p,(z) = (1+ S£)(z — £°). Then, the map u — Qy[u] := Qolu o p,]
breaks the translation invariance but preserves the order. So, we may have a
solution ¢y, to Qpnldn] = Pn, Pn(—00) = 0 and ¢, (+00) = 1. We take y,, and
zn, such that y, < z, and 0 < ¢, (yn) < a < Pp(2,) < 1 hold.

When a constant ¢ and a sequence z, satisfy the equality ¢ = <€ —

c—c(7: Tp
7 (limy, o0 =), we see

lim (pp(z+ ) —zp) =2 —c
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and, so,

lim (T_y, 0 QnoTy,)[u] = lim T, [Qo[(T%,[u]) o pnl]

n—oo n—o0

= lim Qo1 [(T,[u]) o pn] = Qo [nh_{go Tz, [(T, [u]) o pnl]

= Qo[Te[u]] = (Qo o Te)[ul,
where (T,[u])(:) := u(- — z). We might take a subsequence n(k) such that

there exist the limits ¢_ := limg_, oo T o [¢n] Oq = limg oo T2, [0n], c— =
CJ;C — SE(limg oo £2) and cy := % — S (limg oo 22).

Therefore7 we could expect that the two equalities
(Qoo T, )[p-]= RILH;O(T—yn °0QnoTy,)[¢-] = kh_{go(T—yn °© Qn)[én]

= kh—>nolo Ty, [Qnlon]] = kh—{go Ty, [n] = &

and

(QooTe,)[o4] = o4

hold. In virtue of Hypothesis 3, the pair (¢_,c_) or (¢4, cy) might solve the
original problem, as we obtained ¢; < c¢_ and 0 < ¢_(0) < a < ¢4(0) < 1.
[Step 1] We show the inequality:

(3.1) c<z

Suppose ¢ < c¢. Then, there exists N € N such that ¢( 2EN)
< a < Y(+5EN) holds. Hence, because (Qo™ [¢])(z —2N) < ¢( ) and ¢b(x) <
(Qo™ [4]) (2 —¢N') hold by Hypotheses 2 (i) and (iil), we have (Qo” [7])(~ 55V

<a < (QV [ N(— chCN) It is a contradiction with Hypothesis 2 (ii). There-
fore, (3.1) holds.
[Step 2] We put a sequence {p, }nen of affine functions on R defined by

(3.2) pulz) = <1+ EQHQ> <x 9?).

We define two sequences {A,, }nen and {@Qp, }nen of maps from M to M by

Aplu] :=wuop,

and

Qn:=Qoo Ap.
Then, the map @,, satisfies Hypothesis 2 (ii) for all n € N.
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[Step 3] We show the following: Suppose a sequence {ug}reny C M con-
verges to u € M almost everywhere. Then, limy_, oo (Qn[uk])(z) = (Qnlu])(z)
holds for all n € N and continuous points x € R of Qy[u].

Let n € N. Then, the sequence {A,[ug]}ren C M converges to A,[u] €
M almost everywhere. Hence, by Proposition 9 of [18], we have limg_,(Qo
[An[ug]]) (@) = (Qo[An[u]])(z) for all continuous points z € R of QoA [u]].

[Step 4] We take two sequences {¢ }nen and {4, }nen € M as

)
P, () = (x+ (n+ E%)) )

Then, we show ¥ < Q"¢ | < Q.""'[¢ | < @.""'[¥,] < @."[¥,] < ¥,

for all k = 0,1,2,---. By (3.1) and (3.2), 4+n < z — < implies 2 — ¢ =

_ _ 2 _
(x—g'gc)+cgg < pn(x) and gn(m—g) < (An@n})(x) So, because x—% < +n

implies ¢ (z —c) = ¢(z — % —n) <P(0) =

and

(33) b (5 0) < (Ault, (@)

holds. Because x — %E < —n implies p,(z) < (z — Q;FE) - E%Q =z —¢by (3.1)
and (3.2), we also see

(3-4) (Anlihn]) (@) < V(2 =)

From (3.9, (5.0) ., < v v ,(0) < (@l a—0) <l I
< (Qu[@a])(@) < Qo[ )@ —7) <V (2). Asy < Qu"[¥,] < Qn k“@ ] <
Q"] < WAS%J@@¢ <@ﬂg5Qﬁ“w1<Qk“@}s
Q" (Y] <

g W 1<Qn W 1< w also holds. So, we have
< 1 < Qu T ] < QuFT ) < QY] <9,
for all n € Nand k= 0,1,2,---. We put ¢, := limg .00 Qu"[¢) ] € M. Then,
(3.5) Y < én <,

holds for all n € N. By Step 3, we also have

for all n € N.
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[Step 5] We take Ny € N such that
(3.7) 0 <WP(—No) <a<¢(+Ng) <1

holds. Then, because ¢, (—(n+55<+Ny)) < 1(—No) and 1(+No) < én(+(n+
55+ No)) hold from (3.5), for any n € N, there exist constants y,, and z, such
that

(=N,
¢n(yn) < 7;[}( 20) ta < hlig_loﬁbn(yn + h)a
+ P (+N )
O (2n) < Oz_f(o) < hlirfo ¢n(zn + h)
and
(3.8) (n+529+No>§yn§zn§+<n+E9+No)
hold. As we put functions
¢—,n( ) = ¢n( +yn) eM
and
ox n( ) = (bn( + Zn) eEM,
we have
¥(—No) + ,
(3.9) 6-a(0) < DL < ()
and
(3.10) ¢+n(0) < —=—— < i) G+n(h).

By Helly’s theorem and (3.8), there exist a subsequence {n(k)}reny C N, two
functions ¢_, ¢4, two constants £_ and £ such that the two equalities

(3.11) ¢—(x) = lm ¢ (z) € M

and
¢+(x) = lm dp nay(z) € M

hold almost everywhere in « and the two equalities

(3.12) £ = lim 220

= Jm € [-1,+1]
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and

. Zn(k)
=1
S = i k)

hold. From (3.9), (3.10) and (3.8), we have

€ [-1,+1]

P(—No) + <

(3.13) 6-0) < LS < i o),
(4N,

(3.14) 610 < D i)

and

(3.15) 1<é <Ep <AL

[Step 6] We show the following: The two equalities

(3.16) (Qolp-)(@ —c-) = o_(z)
and
(3.17) (Qold+])(x — ) = ¢ ()

hold, where c_ and cy are the constants defined by

c+¢ c¢c—c

c_ = 5 5 &
and _
c+c cCc— QE
cy o= — .
+ 5 5 &
Further, the inequality
(3.18) c<ecy <c_<c

holds.
From (3.2) and (3.12), we see

kh_{go(pn(k) ($ + yn(k)) - yn(k)) =T —C-

for all x € R. Hence, by Lemma 12 of [18], (3.11) and (A, [¢n]))(z + yn) =
Gn(pn(x +Yn)) = d— n(pn(z + yn) — Yn), we have

(3.19) m (Ap i) [Dn) (@ + Ynry) = d—(x —c)

li
k—o0
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for all continuous points € R of ¢_(z — ¢_). From (3.6),
(3.20) - () = Gn(T + yn) = (Quldn])(z + yn)

= (Qo[An[¢n]]) (@ + yn) = (Qo[(An[Pn])(- + yn)])(2)

holds for all n € N and = € R. By Proposition 9 of [18], (3.19), (3.20) and
(3.11), we obtain

(Qolp-)(z —c) = (Qo[p—(- — c-)])(z)
= klgﬂo(Qo[(An(k) [Dn)D) -+ Ynay)]) (@)
= lm o) (2) = ¢ (2).

Almost similarly as (3.16), we also obtain (3.17). Further, (3.18) follows from
(3.1) and (3.15).
[Step 7] By Proposition 9 of [18] and (3.16), we have

Qul6-(—00)] = (Qo[6—(—2)])(0) = lim (Qolé—(- ~ K)])(0)
= lim (@o[6-])(—) = (Qo[6-])(~00) = 6 (~00).

Almost similarly, we also have Qo[¢— (+00)]=¢_(+00), Qo[p+(—00)] = (—00)
and Qo[¢+(+00)] = ¢4 (+00) by Proposition 9 of [18], (3.16) and (3.17). From
(3.7), (3.13) and (3.14), we see 0 < ¢_(—0) < a, 0 < ¢_(400) < 1,0 <
¢1(—0) < 1 and a < ¢y (+00) < 1. Therefore, because {y € R|0 < v <
1,Qo[v] = v} = {0, , 1} holds from Hypothesis 2 (iv), we obtain

(3.21) b (~o0) =0,
(3.22) ¢_(+00) = aorl,
(3.23) ¢4 (—00) = 0or «
and

(3.24) ¢4 (+00) = 1.

[Step 8] We show that ¢_(+00) # «a or ¢4 (—00) # a holds. Suppose that
¢_(+00) = @ and ¢4 (—00) = « hold. Then, from Hypothesis 3, (3.16), (3.17),
3.21) and (3.24), we have c_ < ¢4. It is a contradiction with (3.18). So, we
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see that ¢_(+00) # a or ¢4(—o00) # a holds. Hence, from (3.22) and (3.23),
we also see that

¢ (F00) =1 or ¢4 (-00) =0

holds. When ¢_(400) = 1, we obtain the conclusion of Theorem 4 with ¢ := c_
and ¢ = ¢_ because of (3.18), (3.21) and (3.16). When ¢4 (—o0) = 0, we
obtain it with ¢:= ¢y and ¢ := ¢4 because of (3.18), (3.24) and (3.17).

O

Proof of Corollary 5.
We put functions 3 and €M as

P(x) =0 (z<0), P(x) = —— (0<2)

and
(z<-1), P@)=1 (1<)

o MR

Then, by Proposition 9 of [18] and Hypothesis 2 (iv), we have

(Qol])(+00) = lim (Qo[])(k) = lim (Qo[(- + K)])(0)
= (Qo[(+20)])(0) = Qoli(+00)] > ¥(+o0).

Almost similarly, we also have (Qo[¢)])(—o0) < ¥(—oc). Hence, there exist
constants ¢ and ¢ such that ¥(+00) < (Qo[¢])(—¢) and (Qo[¥])(~1 —¢) <
1(—00) hold. So, because P(x) < (Qo[Y])(x — ¢) and (Qo[Y))(x —©) < (=)

also hold for all x € R, in virtue of Theorem 4, we obtain the conclusion of
Corollary 5. O

The following lemma follows from Theorem 5 of [18]:

Lemma 9. Let Q be a map from M to M for t € [0,+00). Suppose
the map Q! satisfies Hypotheses 2 for all t € (0,400), and the family Q =
{Q"}iejo,+00) Hypotheses 6. Then, the following two hold:

(i) Let 7 € (0,400) and c— € R. Suppose there exists ¢_ € M with
Q7o) (x—c_T) = d_(x), p_(—00) = 0 and ¢p_(+00) = a. Then, there exists
o € M with p_(—00) =0 and p_(+00) = a such that (Q*[p_])(z — c_t) =
w_(z) holds for all t € [0, +00).

(ii) Let 7 € (0,+00) and cy € R. Suppose there exists ¢, € M with
Q[P+ (x—cyT) = dp(x), p4(—00) = o and ¢ (+00) = 1. Then, there exists
o+ € M with ¢ (—00) = a and ¢4 (+00) =1 such that (Q'[p4])(z — cit) =
o+ () holds for all t € [0, 400).
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Proof. We show (i). Put a set as
M_ := {u|u is a monotone nondecreasing

and left continuous function on R with 0 < u < a}.

Put twomaps R_.: M —- M_and S_: M_ — M as

(R-[u))(x) i= a(1 - lim u(—z +h)

and

(S u- (&) 5= ==l w2+ 1)) + 1.

So, the maps R_ and S_ are inverse in each other. In virtue of Hypotheses 2
(ii) and (iv), we can define a map Q' : M — M by

QL :=S5_o0Q'oR_

for ¢t € [0,400). Then, in virtue of Hypotheses 2 and 6, Q_ := {Q" }ic[0,4)
satisfies the assumption of Theorem 5 of [18]. Hence, Theorem 5 of [18] works
for the semiflow Q_. Let ¢_ := S_[¢_] € M. Then, (Q"[¢_])(z —c_7) =
¢_(x), p_(—o0) = 0 and ¢_(+00) = 1 hold. Therefore, by Theorem 5 of
[18], there exists p— € M with ¢_(—oc0) = 0 and @_(+00) = 1 such that
(QL[p-])(x — c_t) = ¢_(x) holds for all ¢t € [0,+00). So, as we put p_ =
R_[p_] € M_, we obtain the conclusion of (i).
We show (ii). Put a set as

M :={u|u is a monotone nondecreasing
and left continuous function on R with o < u < 1}.
Put two maps Ry : M — M, and Sy : My — M as
(Rilul)(z) = (1 - a)u(z) + a
and

1
Y

(S [ug]) (@) :

Then, almost similarly as (i), we can obtain the conclusion of (ii). O

(up (2) - ).

Proof of Theorem 8.

[Step 1] First, we show that the map Q7 satisfies Hypothesis 3 for all
7 € (0,+00). Let a positive constant 7, two constants ¢_ and ¢y and two
functions ¢_ and ¢, € M satisty (Q7[¢p-])(z — c~) = ¢_(x), p_(—o0) = 0,
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¢—(+00) = a, (Q7[¢4])(x — ¢t) = ¢1(2), p4(—00) = a and ¢ (+o0) = 1.
Then, by Lemma 9, there exist ¢_ and ¢ € M with p_(—00) =0, ¢_(400) =
@, p4(—00) = a and ¢4 (+00) = 1 such that (Q'[p_])(z — =t) = ¢_(z) and
(Q'[p+])(x — &t) = ¢4 (x) hold for all t € [0,+00). Hence, in virtue of
Hypothesis 7, we see Cf < % and so c_ < c;. Therefore, the map Q! satisfies
Hypothesis 3 for all ¢ € (0, +00).

Then, by Theorem 4, for any n € N, there exist ¢, € [¢,¢] and ¢, € M
with ¢, (—00) = 0 and ¢,(+00) = 1 such that (Qz"[¢,])(x — ) = dp(x)
holds. Then, for any n € N, there exist constants y,, and z, such that

and

hold. As we put functions

(bfm(') = ¢n( + yn) eM

and
¢+,n(') = ¢n( + Zn) eM,

we have
(3.25) (QF o)) (2= 52 ) = 6-mla),

(QF [p4a) (2= 5% ) = 640 (@),
(3.26) 6-n(0) < 5 < Jim o ()
and

1

(3.27) G4n(0) < “0= < lim b (h).

By Helly’s theorem, there exist a subsequence {n(k)}reny C N, two functions
¢—_, ¢4+ and a constant ¢ such that the two equalities

(3.28) b (x) = lim 6_,qp)(x) € M

and
¢+(2) = lim ¢ () € M
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hold almost everywhere in x and the equality
(3.29) c= khm Cn(k) € e, 7]

holds. From (3.26) and (3.27), we have

«

(3.30) 6-(0)< 3 < lim o (1)
and
a+1 .
(3.31) ¢+(0) < —— < hlﬁlo ¢4(h).
[Step 2] We show the following: The two equalities

(3.32) (Q'[o-])(z — ct) = ¢_()
and

(3.33) (Q'[¢+])(z — ct) = d(x)

hold for all t € [0, +00).
Let ng € N and mg € N. As k € N is sufficiently large,

Q7 [6— (i) <$ ~ Cn(k) mo)

9no

1 m n(k)—mn Cn(k n _n
= ((Qzr( )mo? R ) (ﬂf - 22&,3 m2" %) ") = ¢ k) ()

holds because of n(k) > ng and (3.25). Hence, by (3.28), (3.29), Lemma 12 of
[18] and Proposition 9 of [18], we obtain

(3.34) Q¥ [p-]) (2= e ) = o- (@)

for all ng € N and mg € N.

Let t € [0,400). Then, by (3.34), there exists a sequence {t;}ren C
[0, +00) with limg_. tx = 0 such that (Q'"*[¢p_])(z —c(t+tx)) = ¢_(x) holds
for all k € N. So, by (Q*[(Q*[¢-])( —ct)])(w —cti) = (Q"*[p-]) (2 —c(t +1x))
and Lemma 14 of [18], we obtain (Q'[¢_])(z — ct) = ¢_(x).

Almost similarly as (3.32), we also obtain (3.33).

[Step 3] By Proposition 9 of [18] and (3.32), we have

Qo (—o0)] = (@[ (—o0))(0) = lim (Q'[6 (- W])(0)
= lim (Q'6-1)(—K) = (Q'[6-])(~00) = 6 (~o0).

k—o0
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Almost similarly, we also have Q*[¢_ (+00)]=¢_ (+0), Q¢4 (—00)] = d4 (—0)
and Q¢+ (+00)] = ¢+ (+00) by Proposition 9 of [18], (3.32) and (3.33). From
(3.30) and (3.31), we see 0 < ¢p_(—00) < a, 0 < p_(400) < 1,0 < ¢y (—00) <
1 and a < ¢4 (400) < 1. Therefore, from Hypothesis 2 (iv), we obtain

(3.35) ¢_(~00) = 0,
(3.36) ¢_(+00) = aorl,
(3.37) p4(—o0)= Oor«
and

(3.38) ¢4 (+00) = 1.

[Step 4] We show that ¢_(+00) # «a or ¢ (—o0) # « holds. Suppose
that ¢_(+00) = a and ¢4 (—o0) = a hold. Then, from Hypothesis 3, (3.32),
(3.33), (3.35) and (3.38), we have the contradiction ¢ < c¢. So, we see that
¢_(+00) # a or ¢ (—00) # a holds. Hence, from (3.36) and (3.37), we also
see that

¢_(+00) =1 or ¢ (—00)=0

holds. When ¢_(+00) = 1, we obtain the conclusion of Theorem 8 with ¢ :=
¢—. When ¢4 (—oc0) =0, we obtain it with ¢ := ¢. d

84. Proof of Theorem 1

We recall that p is a Borel-measure on R with u(R) = 1, f is a Lipschitz
continuous function on R and satisfies f(0) = f(«) = f(1) =0, f <01in (0, )
and f > 01in («, 1) for some constant o € (0,1) and the set M has been defined
at the beginning of Section 2. Then, in virtue of Lemma 15 of [18], Lemma
16 of [18] and Proposition 18 of [18], @ (¢ € (0,+00)) satisfies Hypotheses 2
and @@ Hypotheses 6 for the semiflow Q = {Qt}te[o)ﬂo) on M generated by
(1.1). So, if we would confirm that this semiflow on M satisfies Hypothesis 7,
then we could make Theorem 8 of Section 2 work. In this section, we confirm
it when f’(a) > 0 and p({0}) # 1 hold and construct sub and super-solutions
to prove Theorem 1.

First, we consider the linear equation

(4.1) vy = [i * .
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It generates a flow on the Banach space BC(R) when ji(R) < +oo. Here,
BC(R) denote the set of bounded and continuous functions on R. We have the
following for this flow on BC(R):

Proposition 10. Let [i be a Borel-measure on R with i(R) < 4o0.
Let P: BC(R) — BC(R) be the time 1 map of the flow on BC(R) generated
by the linear equation (4.1). Then, there exists a Borel-measure U on R with
P(R) < 400 such that
Pl =0 xwv

holds for all v € BC(R). Further, the equality

(4.2) log [ Mdiy) = [ My
yER yER
holds for all A € R.

Proof. From Lemma 24 of [18], there exists a Borel-measure © on R with
P(R) < 400 such that

(4.3) Pll=v=x*v

holds for all v € BC(R). Further, from Lemma 24 of [18], if v is a nonnegative,
bounded and continuous function on R, then the inequality

fxv<D*xwv

holds. So, because

/ eMdji(y) = lim / min{e*, n}dji(y) = lim (i * min{e ", n})(0)
yER n—oo | cp n— 00

< lim (¢ * min{e **,n})(0) = lim min{e™, n}di(y) = / eMdi(y)
n—oo n—oo yER yeR

holds, nyR eMdi(y) = +oo implies fyeR eMdi(y) = 4oo. Therefore, it is
sufficient if we show that the equality (4.2) holds when

(4.4) /ER eMdfi(y) < +oo.

Let A € R. Suppose (4.4).

Let X denote the set of continuous functions v on R with sup,cg 1&‘6@& <

+00. Then, X is a Banach space with the norm ||u|| x, = sup,cp l'jg”fl'z. Let
u € X. Then, for any x and y € R, we have

sup |u((z + h) —y) — u(z —y)|
he[—1,+1]
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<lullx, sup (14 METV) 4 (14 e AE70)))
he[—1,+1]

< Jullx, ( sup  ((1+e AE) 4 (14 e72)))(1+ M),
he[—1,+1]
Hence, from (4.4), the function fi * u is continuous. Because
|(* u) ()| /‘ u(z — y)|

< 14 M) dji
ilelg 14eAe = ilelg yer 1+ e—*(x—y)( +e)diy)

- ( / L +ew>dﬂ<y>) Jullx,

also holds, the map v — f[i*u is a bounded and linear operator in the Banach
space X . Let PA : X\ — X be the time 1 map of the flow on X generated
by the linear equation (4.1).

Suppose A > 0. Let A € (0,\). Then, we see

(4.5) Tim || minfe™,n} — e x,
e
< lim sup —
n—o00 ze(—oo,—% logn) 1 + e
< lim sup ANz =,
n—oo

;ce(—oo,—% logn)

The function v(t,x) = eWyer ™ BWIAT 1o o solution to (4.1) in the phase
space X . Hence, by (4.3) and (4.5),

/ Mdp(y) = lim [ min{e, n}di(y)
yeR yeR

= nh_)rréo(ﬁ * min{e_’_\x, n})(0) = nlLH;O(P[min{e_X”, n}])(0)
= lim (Pyfmin{e™,n}])(0) = (Pl ])(0) = ehven 40

holds for all A € (0,)). So, we have

/ eMdi(y) = lim eNdi(y) = lim elver VW) — of,cn @A),
yeR A Jyer ATA

When A < 0, we could also prove it almost similarly as A > 0.
Because eJver 1AW i o solution to (4.1), from (4.3), we see

/ 1div(y) = (9 % 1)(0) = (P[1])(0) = eJue= 147W),
yeR
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So, the equality (4.2) also holds when A = 0. |

In Section 6 of [18], the author has recalled a method to estimate the
spreading speeds in monostable systems by Weinberger [17]. Combining Propo-
sition 10 with the method, we have the following:

Lemma 11. Suppose a constant o satisfies 0 < o < f'(«). Then, the
following two hold:
(i) Let c— € R. Let ¢_ be a monotone function on R with ¢_(—oc) =0
and ¢_(+00) = . Suppose u_(t,x) := ¢_(x + c_t) is a solution to (1.1).
Then,
inf ny]R e Vdu(y) —1+o
A_>0 A

< —c_

holds.
(ii) Let cx € R. Let ¢4 be a monotone function on R with ¢4 (—0c0) = «
and ¢4 (+00) = 1. Suppose uy(t,x) := ¢y (x + cyt) is a solution to (1.1).
Then,
/, cr e MYdu(y) —1+o
inf 2 <ecy
AL >0 )\J,_

holds.

Proof. [Step 1] In this step, we show (i).

We put a Borel-measure f := p and a Lipschitz continuous function
f(u) == =1 f(—a(u—1)). Then, we see f(0) = f(1) =0, f > 0in (0,1)
and

(4.6) 0<o< f(a)=f1(0).

Further, we put a monotone function ¢(z) := —=¢_(z) + 1 with $(—o0) = 1
and ¢(+00) = 0. Then, the function u(t, z) := ¢(z + c_t) is a solution to

(4.7) up = fixu—u+ f(u).

Let P : BC(R) — BC(R) be the time 1 map of the flow on BC(R)
generated by the linear equation (4.1). Then, by Proposition 10, there exists a
Borel-measure 7 on R with 7(R) < 400 such that

(4.8) Pl =0 *v

holds for all v € BC(R). Further, the equality

(49) o |  eoly) = / i)
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holds for all A € R. Let P: BC(R) — BC(R) be the time 1 map of the flow
on BC(R) generated by the linear equation

V= [ %V —0 4+ 0ov.
Then, from (4.8) and (4.9), as ¥ is the Borel-measure on R defined by

vi=e 1,

(4.10) Plv] =vxw

holds for all v € BC(R) and
(4.11) log/ eMdi(y) = / eMdi(y) —1+ 0
yeER yER

holds for all A\ € R. Because 7(R) = (7 % 1)(0) = (P[1])(0) = ¢ holds from
(4.10) and (R) = 1, we also have
(4.12) 1 < (R) < +o0.

Let Qo : B — B be the time 1 map of the semiflow on B generated by the
equation (4.7), where B is the set defined by

B := {u|u is a continuous function on R with 0 < u < 1}.

Then, from Lemma 25 of [18], (4.6) and (4.10), there exists a positive constant
¢ such that the inequality

vxu= Plu] < Qolu]

holds for all w € B with u < e. Therefore, by Proposition 23 of [18] and (4.12),
we obtain the inequality

1
inf —1 Mdp(y) < —c_.
inf og/yeRe v(y) < —c

So, from (4.11), we obtain

eMdi(y) — 140
(4.13) inf Jyer @7 4Y) < —c_.
A>0 A

[Step 2] We show (ii). Let i be the Borel-measure on R such that

(4.14) fi((=00,9)) = u((=y, +00))
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holds for all y € R. We put a Lipschitz continuous function f (u) :== = f((1—

11—«
@)u+ a) and a monotone function ¢(z) := = (¢4+(—2) — @) with P(—o0) =1
and ¢(+00) = 0. Then, the function u(t,z) := ¢(z — c,t) is a solution to

wp = fixu—u+ f(u).
So, almost similarly as (4.13), we also obtain

nyR eMdj(y) —1+0

jnf ) =
Hence, the conclusion of (ii) follows from (4.14). O

Lemma 12. Suppose u({0}) # 1. Then,

Jyer(€Y = )du(y) + o i Jer(e™0 = D)du(y) + o
A Ay>0 At

(4.15) 0< inf
AZ>0
holds for all o € (0, +00).

Proof. Because inf,_sq fyGR e*=Ydu(y) # +oo implies
fyemz A =Ydu(y)—1+o

limy_ |40 nyR eAYdu(y) = fyGR 1dp(y) =1, we see limy_ |49 —
Ler—Yd, —
= +4o0. Hence, if inf)_<q Juene A_“(y) e # +00 holds, then there exists a

positive constant ¢ such that

eAYdu(y) —1+o eAvdu(y) —1+o -1 1
inf fyeR ) = inf fyeR ) > inf —=——
A_>0 A A_>e A A_>e A €

fyemz e Ydu(y)~1+o

holds. So, we see infy_<q —

# —oo. Similarly, we also see

. yer € Hldu(y)—1+ o Co
infy, >0 Jyer© X py) 1o # —oo. Therefore, it is sufficient if we show that

n
the inequality (4.15) holds when
Jyer € Ydu(y) =1+ 0

(4.16) A1_n>f0 o # +00
and

. nyR eiA*—yd:U'(y) —1l+o
(4.17) /\1+n>f0 N # +oo

hold. Suppose (4.16) and (4.17) hold. Then, infy ¢ ny]R e*Ydu(y) # +oo
and infy, > nyR e~ MYdu(y) # +oo hold. Hence, because there exist positive
constants A_ and Ay such that fyeR(e)‘*y +e ¥)du(y) < 400 holds, we have
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(4.18) /ﬂwwmw<+m.

Because of u({0}) # u(R), we see that u((—o0,0)) # 0 or u((0,400)) # 0
holds.

ey .
Suppose p((—00,0)) # 0. Then, limy, 4o Jyep(e T+ Dduly)t

= +o0

fyeug(e* +Y—1)du(y)+
At

holds. Hence, there exists N € N such that infy, g

e MY o
infy e, Juer +)\+1)du(y)+ holds. So, from (4.18), we have

Jyer (e = 1)du(y) + o

inf inf
A0 A + AlJrn>0 At

ag g ag
> inf du(y) + )+ inf (- du(y) + —) = —.
> |inf ( /y Y py) + ) A+ggo’m( /U ! 1(y) A+) N

When p((0,400)) # 0, we also have the inequality (4.15) almost similarly
as p((~o0,0)) # 0. 0

The following gives sub and super-solutions:

Lemma 13. Let a Lipschitz continuous function f on R satisfy
(4.19) f>0 (u<0), f=f (0<u<l), f<0 (1<u).
Let a function p € C*(R) satisfy p =0 in (—00,0], p =1 in [1,4+00) and p’ >0

n (0,1). Suppose a positive constant € is sufficiently small. Then, the function

u(t,x) == p(ex — L) — 152 is a sub-solution to the equation

(4.20) = pxu—u+ f(u)

and the function T(t,z) := p(ex + £ + 1) + $ is a super-solution to (4.20).
Proof. We put a positive constant § as

§ := min min Flu 7 min . .
{ue[l—a — ooy iz 1,1—7a]f( ) wel, 8]0t e 1 e ]( f( ))}

Then, there exists V € N such that

pR\ (=N, +N)) < ¢
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holds. We also put a positive constant C' as

. y . [l-a « L [l—a «
— e al o <1-— i O
C mm{p(z)mm{ S ,4}_/)(2)_1 mln{ 1 aS}}

Suppose a positive constant ¢ is small. Then, because

/ _ Plele =)+ S)duy) = plez + )

< [ lplela =)+ 5) = pleo -+ 5)ldu(w)
yeER
< / pe(@ — ) + 5) — plex + 8)ldu(y) + 1R\ (=N, +V))
(=N, +N)
< s |plz+h)— p(2)| + u(R\ (N, +N)) < &

he€(—eN,+eN), z€R

holds for all s and x € R, we have

(4.21) —(pru—u) <6

and

(4.22) wxu—u<d

for all t and z € R. We see that p(z) — 5% € [-152,1 — 159] implies 152 <
p(z) <1—15% and p/(2) > C. We also see that p(z) — 152 ¢ [—— - 1Ta]
implics p(z) — 15 € [ 159, ~ =] U[1 - 558 1~ 120] and f(p(z) - 15) > &

Therefore, we have

~ 1-— 1 o
0+ (s~ 150 2 min{gc b min ), 6} s
- -457]
2
for all z € R, as the positive constant ¢ is small. So,

(4.23) —uy + fu) >0

holds for all ¢ and = € R. Similarly, because we also have
W@ Foe+ ) zmimd o min (~fw). s} =9
c’ P 4) = e ue[2,1+2] U

for all z € R,

(4.24) u — f(w) > 6
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holds for all ¢t and = € R. From (4.21), (4.22), (4.23) and (4.24), we see

and

for all t and x € R. O

Proof of Theorem 1.

When p({0})=1, the conclusion of Theorem 1 is trivial. Suppose p({0})
1. Then, in virtue of Lemmas 11, 12 and f'(«) > 0, the semiflow {Q"}1c(0,+00)
on M generated by (1.1) satisfies Hypothesis 7. So, Theorem 8 can work.

We take a Lipschitz continuous function f on R with (4.19). Then, by
Lemma 13, there exist two constants ¢, ¢, two bounded, continuous ar}d mono-

tone functions @ and @ on R with @(O) € (—00,0), Y(+0) € (a,1), Y(—o0) €

(0,) and ﬁ(O) € (1,400) such that u(t,z) := @(x_Jr ct) is a sub-solution to
(4.20) and u(t, x) := ﬁ(m + ¢t) is a super-solution to (4.20).

We put ¢ := max{t,0} € M and ¢ := min{¢, 1} € M. Then, 1(0) = 0,
Y(+00) € (a,1), ¥(—00) € (0,) and ¥(0) = 1 hold. Further, (Q*[¢])(x) and
(Q'[¥])(x) are solutions to not only (1.1) but also (4.20) in ¢ € [0, +00). Hence,

because @ < % and E < E hold, we have

P(z + ct) = max{y(z + ct), 0} < (Q"[¥])(x)

and

(Q'[¥])(x) < min{y(x +72t),1} = (z +2t)
for all ¢t € [0, +00). Therefore, by Theorem 8, there exist ¢ € [¢,¢] and ¢ € M
with ¢(—oc0) = 0 and ¢(+00) = 1 such that (Q*[¢])(z — ct) = ¢(x) holds for all
t €[0,400). So, u(t,x) := ¢(x + ct) is a solution to (1.1). O
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