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Gauss Hypergeometric Functions, Multiple
Polylogarithms, and Multiple Zeta Values

By

Shu Or1*

Abstract

In this article, we express solutions of the Gauss hypergeometric equation as a
series of the multiple polylogarithms by using iterated integral. This representation
is the most simple case of a semisimple representation of solutions of the formal KZ
equation. Moreover, combining this representation with the connection relations of
solutions of the Gauss hypergeometric equation, we obtain various relations of the
multiple polylogarithms of one variable and the multiple zeta values.

81. Introduction

In this decade, algebraic theory of the formal Knizhnik-Zamolodchikov
(KZ, for short) equation and the multiple polylogarithms has been explored
with development of study on the multiple zeta values [D], [Go], [MPH], [OU].
However, application of the theory to specific differential equations does not
seem to be studied so far. In this article, we study the Gauss hypergeometric
equation, as a representation of the formal K7 equation. As a consequence,
we obtain an analytic iterated integral expression of the Gauss hypergeometric
functions. As a result, we express the generating function of the multiple
polylogarithms of one variable of fixed weight, depth and height by iterated
integrals, which firstly appears in the work of Ohno-Zagier [OZ].

Solutions to the Gauss hypergeometric equation have integral expression
of the Euler type or the Barnes type and thereby the connection formulas of the
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solutions are classically known ([WW]). Combining these connection formulas
with the above results, we have various functional equations of the multiple
polylogarithms of one variable. These functional equations obtained involves
Euler’s inversion formula for polylogarithms and other interested examples.

The contents of this article is as follows. Firstly, we express the hyperge-
ometric functions as series of exponent parameters whose coefficients involve
multiple polylogarithms of one variable. For the purpose, we regard the hyper-
geometric equation as a representation of the formal KZ equation and compute
a representation of the fundamental solution to the formal KZ equation which
satisfies certain asymptotic behavior at z = 0, 1. Furthermore we show that this
series is absolutely convergent on any compact subset of the universal covering
space of P —{0,1, c}.

Secondly, applying this presentation to the connection formula of the hy-
pergeometric function, we obtain functional equations of the multiple polylog-
arithms of one variable. Making specialization of z = 1 therein, we get various
relations of the multiple zeta values.

The contents of this article is the first step of an investigation of the for-
mal KZ equation and its representations. In the future, we will consider higher
dimensional representations and representations of generalized formal KZ equa-
tions of many-variables and derive various relations of multiple polylogarithms
of many variables, in this context.

This article is organized as follows: In rest of this section, we recall the
fundamental properties and known results on the shuffle algebra, the multi-
ple polylogarithms, the formal KZ equation and the Gauss hypergeometric
equation. In Section 2, we consider the analytic continuation of the multiple
polylogarithms of one variable to the universal covering space of P* —{0, 1, 00}
as an analytic function.

In Section 3, we give an expression of the Gauss hypergeometric function
by the multiple polylogarithms of one variable. This is one of the main results
in this article.

In Section 4, we derive various functional relations among the multiple
polylogarithms of one variable by comparing the result of Section 3 and the
regular part of the connection formulas of the Gauss hypergeometric function.
In Section 5, we obtain some interesting functional equation of the multiple
polylogarithms of one variable and relations of the multiple zeta values by com-
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paring the expansion of solution with respect to the logarithms of parameters.
These relations are also the main results in this article.

81.1. The shuffle algebra and the multiple polylogarithms
of one variable

The multiple polylogarithms of one variable are many-valued analytic func-
tions on P! —{0,1, 00} and play the essential role in study on the multiple zeta
values or the formal KZ equation. We briefly review their algebraic aspects
according to [OU].

The shuffle algebra
Let h = C{x,y) be a non-commutative polynomial algebra in letters x, y over
C and let h* and h° be the subalgebras C + hy and C + xhy of b, respectively.
Following [R], we introduce the shuffle product w on h inductively as

(1) lww=wwl=w,

(2) a 1wy W aswy = a1 (wy W asws) + ag(ajwy wws),

where a1 and ao stand for letters either x or y, and the notations w; and
wy stand for words of h. Then the shuffle algebra (h,w) is a commutative and
associative algebra over C ([R]), and subspaces h* and h° are shuffle subalgebras

of h. We note that b is regarded as a polynomial algebra of x over h' under
”w” multiplication, and a polynomial algebra of z,y over h°. Namely,

(3) b=y wa " (=p'[z])
(4) = P v°wam wy (= b°z,y)).
m,n=0

By this isomorphism, we define the regularization map reg’(i = 0,1) : h — b?
as follows;

(5) reg! (w) = the constant term of w in the decomposition (3),

(6) reg” (w) = the constant term of w in the decomposition (4).

The regularization map reg' satisfies the following properties;
n
(7) wa" = Zregl (wr™ Y wa’l  for w e b,
7=0

(8) reg' (wyz™) = (=1)"(wwz™)y forn > 0,w € h.
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The multiple polylogarithms of one variable
For the word w = 2**~1y ... 2" 1y in h', the multiple polylogarithm of one
variable (MPL for short) Li(wj; z) is defined by
Zm1

(9) Li(w; 2) = Lig, .. k. (2) := Z ki kn

mi>ma>->m,>0 101 Mt
Li(1;2) := 1.

The power series in the right hand side is absolutely convergent for |z| < 1.
Fi=ly ... gkr=1y belongs to h° (namely k; > 1), the corre-
sponding MPL converges at z = 1 and gives the multiple zeta value (MZV for

short);

If the word w = z

(10) C(w) = C(ki,... k)= lim Li(w;z) = 3 _E;L_F,

z—1—0 Py S S, >0 ml e mnn
We extend the map Li(e;2) : b — C to b by
log’ =
4!

(11) Li(wz";z) = ZLi(regl(wx"_j); z)
3=0

for a word w € h'. Then Li(e; 2) is a w-homomorphism from b to C, namely one

has Li(w w w'; z) = Li(w; z) Li(w’; 2) for w,w’ € h. Furthermore the extended

MPLs satisfy the following differential recursive relations ([O]);

dLi(zw;z) 1 _,
12 o\ — - Lilw:
(12) P02 _ L L),
dLi(yw; z) 1 .
1 = Li(w; 2).
(13) e T i(w; 2)

By virtue of these differential relation, one can check that MPL has an
iterated integral representation as follows;

= dt dt dt dt dt dt
14)  Li(zMty. . ab—ly; 2) = —o0:.-0—o0 0o—o0---0—0
(14) - Litz™ "y vE =3 t 1 1°7F t %1 ¢
~—_——— —_————
k1—1 times ko—1 times
dt dt dt
0+++0—0:+++0—O0 ,
t t 11—t
—_———

k,—1 times

where / wi(t) ows(t) o« ow.(t) (each w;(t) is a 1—form of ¢) stands for an
0

z

t1 tr—1
iterated integral / wl(tl)/ wa(ta) - / wy(t;). The representation yields
0 0 0
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an analytic continuation of MPL on P! — {0,1, 00} as a many-valued analytic
function.

The weight, depth, height of words
For a word w in b, we define the weight |w|, the depth d(w) and the height
h(w) of w by the following;

(15) |w| := the number of letters in w,
(16) d(w) := the number of y which appears in w,
(17) h(w) :

Denote by g;(k,n,s) (i = 0,1) the sum of all words in h? with fixed weight
k, depth n and height s; namely

(18) gi(k,mn,s) = Z w.
weh’
lw|=k, d(w)=n
h(w)=s

(the number of yx which appears in w) + 1.

Set go(k,n,s;2) =0if k <n+s,n<sork,n,seZc,and g1(k,n,s;2) =0
ifk <n+s—-1,n < sorkn,s € Zcyg. We note that, if a word w =
P11y .. gk =1y belongs to h°, we have h(w) = #{ilk; > 2}. This is the
original definition of the height given in [OZ]. Hence one obtains the expression

ki—1 ko—1 kn—1
(19) go(k,n,s) = > Ty Tyt Ty,
Fat Ak =k
k122, kay...kin 1
#{i|k;>2}=s

Following [OZ], we denote by G;(k, n, s; z) the sum of the MPLs associated
to g;i(k,n,s);

weh’
|w|=k, d(w)=n
h(w)=s

Especially, we get the following formula;

(21) Go(k,n,s;2) = > Lig, . 1, (2).

kit-+kn=Fk
k122, ka,....kn2>1

#{ilki>2}=s

Now the equation (12) implies the following differential relation;

(22) zdiGo(k:,n,s;z) =Gk —1,n,s;2).
z
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81.2. The formal KZ equation

The theory of the formal KZ equation was introduced by Drinfel’d ([D]).
Here, as well as the previous subsection, we explain the relations between the
formal KZ equation and the multiple polylogarithms of one variable after [OU].

The formal KZ equation

Let $§ = C((X,Y)) be an algebra of non-commutative formal power series
over C in letters X,Y. Then h and $ are dual Hopf algebra structures to each
other. Let Hy(z) be a $-valued analytic function defined by

(23) Hy(z) ==Y Li(w; 2)W,

where the summation in w runs over the set of words in h and W stands for
the word of capital letters X and Y corresponding to w. The function Hy(z)
is the unique solution of the the formal KZ equation;

dG X Y
24 (24 V@
(24) dz ( P z) ’
which satisfies the asymptotic property: Ho(z)z=X — 1 (2 € Ry, z — +0).
Furthermore one can write the inverse of Hy(z) by

(25) Ho(2)™" = 3 Li(S (w); 2) W,

where S is the anti-automorphism on f defined by S(z) = —x and S(y) = —y.
We note that the anti-automorphism S is the antipode of  as a Hopf algebra.

Representations of the formal KZ equation

Let ' = C(X,Y) be an algebra of non-commutative polynomial over C in
letters X, Y (that is, 9 is a completion of §'). For a given representation p of
5, p:H — M(n,C), the equation

(26) a6 _ (@ N p(Y)) G

dz z 1—=z

is called the representation of the formal KZ equation by p and the formal sum
(27) p(Ho(2)) = 3 Li(w; 2)p(W)
w

is called the representation of the fundamental solution Hy(z). In general
p(Ho(z)) is not an M (n, C)-valued analytic function, however, if it is analytic
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(that is, the formal sum (27) converges absolutely), the function (27) gives a so-
lution to the equation (26). Then the function (27) can be viewed as a solution
to the equation (26) obtained by iterated integral over the segment [0, z].

81.3. The Gauss hypergeometric equation and its solutions

Let o, and v be a complex parameters and py : § — M(2,C) be a
representation defined by

(28) po(X) = <8 167) » polY) = (2 a+ﬂ0+1’y> '

Then the representation of the formal K7 equation by pg is the Gauss hyper-
geometric equation;

(29) z(l—z)d—;+(’y—(a+ﬂ+l)z)%faﬂw:().

Indeed one can rewrite the equation to the system;

d (v (1({0 8 1 (o 0 v
(30) %(1)2)_(;(0 1—7>+1—2<0z oz—|—ﬂ+1—'y>> <v2>7

where v; = w and vy = %zi—zj.

The Gauss hypergeometric equation is a Fuchsian equation of the second
order with three regular singular points 0,1 and oo in P!.

In what follows, we assume that the parameters o, 3,y and v — o — 0 are
not integers. Under this assumption, the fundamental solution matrices ®; of
the equation (30) in the neighborhood of z = ¢ (i = 0, 1, 00) are given as follows
((WW]).

(1) (2)
Yo $1
(31) ®; = i L
C\peket Fedel
;z)(z) (i =0,1,00, j = 0,1) stand for the solutions in
ze€R|0<z<eh, {ze€R|1-e<2<1}, {zeR|z> 1) with respect to
€
1 = 0,1, co defined by

where the functions ¢

(82) %W@=FW@%@=§:%%%¥w’
n=0 nie

(33) eV =2"TF(a+1—7,8+1-7,2—72),
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(34) {wél)(Z):F(a7ﬂ,a+ﬁ+1—v;l—2),

(35) wgl)(z) =(1 —z)y_“_ﬁF('y—a,'y—ﬁ,v—a—ﬁ—i— 1;1—2),
(36) gpéoo)(z)z(%)QF(a,a—Fl—*y,a—ﬁ—l-l;%),

B
(37) A0 =(3) Fas+1-mp-aril),

where we define the branch of these complex power by the principal values.
One can continue these solutions analytically to P* —{0, 1,00} as many-valued
function. The connection matrices of these fundamental solution matrices are
given by the following formula via the Euler or Barnes integral expression of
hypergeometric function;

(38)
F(A/)F(v)—(a - g) F(2(— W)F)v(— a E)ﬁ)
&1, — O .— FE’y—aP’y— ; 't —o)'(1 -
PP =CT = M+ f-q) _TE-Natp—) |
L(a)I'(B) Fla+1-7)I(B+1-7)
(39)
e*ﬂiar(v)r(ﬁ — Oé) eTri(v a—1) ( F(ﬁ )
-1y — (0% T = o) T(B+1 —wr(l -
> ef‘n'iBF ’Y)F(OJ — ﬁ eﬂ'i(’}/fﬁ* ) F(Q V)F(
INCIINCTE)) a+1-7)(1-5)
In what follows, the hypergeometric equation (function, series, ...) simply
means the Gauss hypergeometric equation (function, series, ..., respectively).

82. Analytic Properties of the MPLs

In this section, we discuss analytic continuation of the multiple polyloga-
rithms of one variable to the universal covering space of P! —{0, 1, 00} to prove
the analytic property of the solution of the representation by pg.

Proposition 2.1. Let i be the universal covering space of P1—{0,1, 00}
and K be a compact subset of M. There exists a constant My depending only
on K such that, for any word w € b,

(40) |Li(w; 2)| < Mg Vz € K.

A basic idea to prove this proposition is due to Lappo-Danilevsky. We try
to modify the theory on [LD] p.159-163.

Let 7 : 4 — P1—{0,1, 00} be the canonical projection and the real interval
J be a simply-connected subset of 4 such that arg(z) = arg(l1—2) =0on J
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Thus, for all word w in h* and z € J, Li(w; 2) has an expansion (9) and log z has
an expansion logz = — Y | % We note that, if z € J, Li(w; z) converges
to 0 as z tends to 0 and log z converges to 0 as z tends to 1.

Let z,p be points of 4 and C} be a path on U from p to z. For any word
w € b, we define the MPLs with prescribing an initial point and a path by an
inductive way such as
= Lipc;(w;2)

(41) Lip ¢z (zw; z) = / dz,

p.Cz z
z  Liy o= (w; 2
(42) Lip,c: (yw; z) = / Lip o (0;2)

p,C} ==

(43) Lip,c: (1;2) =1.
These MPLs satisfy the following properties.

Lemma 2.1 ([LD]).

1. For any word w € ) and points p, z € 4, the value of Lip7c; (w; 2z) does not
depend on choice of a path C; on il

2. Let § be the distance between w(C?) and {0,1};

(44) 0 =dist(w(C%),{0,1}) = inf |z1 — 29/,
z1€m(CYT)
ZQE{O,l}

and o be the length of the path w(C7). Then we have

. 1 /soylwl
(45) ipc; (w2 < (o (5)

The next lemma, which is also due to [LD], follows from the coproduct
structure of b as a Hopf algebra.

Lemma 2.2. Letw = ajas - - a, be a word in b, where each a; denotes
the letter x ory (i = 1,...,7, a, = y), and C} be a path from p to z on 4.
Choosing a point q on Cj, we dwide the path C; as C; = C} x C7. Then
Lip,cz (w; 2) satisfies

(46) Lip c: (w; 2) = Z Ligcz (a1 -+ ai; 2) Li, ga(@ipr -+ - ariq).
i=0

Here we use a convention such as Lig c=(ay---a;;2) =1 fori=0 and
q,C )
Lip ca(aiv1---ar;q) =1 fori=r.
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Clearly, for a word w € h* and p € J, the MPL Li(w;2) defined in §1
satisfies

(47) Li(w; z) = lir% Lic [ pj+c= (w; 2),
e— p
e€d

where [, p] stands for the path from ¢ to p on the interval J.
One can prove the following lemma by induction on the length of the word.

Lemma 2.3.  For any z € (0, %] C R and any word w € b, we have
(48) | Li(w; z)] < 1.

Using these lemmas, we now prove the proposition.

Proof of Proposition 2.1.
Let p(K) and I[(K) be constants depending only on K such as

(49) p(K) = min {dist(w(K), {0,1}), %} ,

50 UK) = inf length(mw(C
(50) (BY =B | o oSk to 5 on o SPEBTEOD)
dist(7(C),{0,1})>p(K)

In the right hand side of (50), we identify the number p(K) € (0,1) with a
point in J C il
By virtue of (46) and (47), for any word w = ajas - - - a, € h! we obtain

(51) Li(w; z) = ;Lip(K),C;(K) (a1---ai;2) Li(aity - - ar; p(K)).

Consequently, by Lemma 2.1 and (48), we have

(52)  |Li(ws2)l < 3 [Lirycsp, (@1 a.2) || Liai g - ags p(K))|

i=0

"1 (Z(K))i (Z(K))

< = | —= <exp|—— ).
27 o) p(K)
Furthermore, for any word w € b,
- . oy log 2l
(53) | Li(wa™; 2)] < | Li(reg" (wz"7); 2)| 5
Jj=0 '

L
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(K
Thus the estimation (40) holds for M = exp (]% + max | log z>

|

83. Representation of the Hypergeometric Function by the MPLs

In this section, we give a concrete form of po(Hp(z)) the representation of
the solution to the formal KZ equation and expand the hypergeometric function
as a series of the multiple polylogarithms of one variable.

§3.1. Main result

Theorem 3.1.  Assume that |1 — 7|, |la+1—7,|6+1—7] and
la+B+1—7~| < 3. Then we have the expression of (péo)(z), the hypergeometric
function, as follows;

(54) gpéo)(z) =1+ag Z Go(k,n,s; z)
k,n,s>0
k>n+s
n>s

X A=) @+ B =) ((a+ 1 =)(B+1-7))

The series in the right hand side converges absolutely and uniformly on any
compact subset K of the universal covering space L.

We prove this theorem in the following. Weset p =1—~v,¢g = a+8+1—7.

Remark. By using analytic properties of the Gauss hypergeometric equa-
tion and its solutions, we can deduce the convergence of the right hand side
of the series (54) automatically. However, in this article, we prove the con-
vergence of the representation of Hy(z), which is a solution of the formal KZ
equation, by pg without use of the fact that the representation of the formal
KZ equation by pg is the Gauss hypergeometric equation. This is because we
will apply this method to general representations not only the case of the Gauss
hypergeometric equation.

83.2. The image of word in $ by the representation pg

We consider the representation pg : 5 — M (2, C) given by (28);

(55) po(X) = (8 g) po(Y) = (g 2)
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The representation of the formal KZ equation (24) by po

(56) de (pOiX) + —’10(_2)) G

is nothing but the hypergeometric equation (30) and the representation of the
solution Hy(z)

(57) po(Ho(2)) = Y Li(w; 2)po(W)

gives, if it converges absolutely, the fundamental solution matrix which has the
asymptotic property po(Hg)z PX) — I (2 — 0). In order to compute the
series of the right hand side of (57) and to show its convergence, we prepare
the following lemma.

Lemma 3.1.  For any word Win 9, we define the weight |W|, the depth
d(W) and the height h(W) of W in a similar fashion as in b;

|W| := the number of letters in W,
d(W) := the number of Y which appears in W,
h(W) := (the number of Y X which appears in W) + 1.

Then for any non-empty word W € ), the representation po(W) is given by

(58) po(W) = plWI= W= gd =2V (08 4 pg) W)=,

where

ah ﬁq) (if W € X5HY)
ap pq

( > (fWe¥YnHYorW =Y)
ap pq

(59) M =
0 Bq .
(if WeXHXorW =X)
0 pg
( > (if WeY9HX).
0 pgq
Proof. This is proved by straightforward computation. O

By putting ¢ = max(|afS|, |ap|, |Bql, |pg|, 1), we obtain the following corol-
laries.
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Corollary 3.1.  For any word W € ), there exists a constant 6 depend-
ing only on a, B,p,q such that

(60) oo (W] < ofp| ™ I=AMI=HI g IR o 5 - pg MWD,

where ||A|| denotes the mazimal norm of a matrix A = (a;;)1<i j<2, namely
Al = max; j [aq;|-

Corollary 3.2. If [1—~|,|a+1—7|,[8+1—7| |a+B+1—7| < 3, the
representation po(Ho(z)) converges absolutely and uniformly on any compact
subset K of the universal covering i of P — {0,1,00}.

Proof. Let K be a compact subset of 4. By using Proposition 2.1 and
the fact that the number of words in h with fixed weight k is 2¥, we can show
that there exists a constant Mg depending only on K such that

(61) Z |Li(w; 2)| < 2°My  Vz€K.
weh: word, |w|=k
d(w)=n, h(w)=s

By Corollary 3.1 we have

(62)
llpo(Ho(2))I] = 11 Li(w; 2)po (W)

<146 > |Li(ws2)|p|"Im A=A =AW [0 5 4 pg MW=

w
k,n,s wl =k

d(w)=n
h(w)=s
< 1 —|—(5MK Z Qk‘p|k—n—s|q‘n—s|aﬁ+pq|s—1

k,n,s

<1+46Mx > QL= Qe+ B+ 1—4)" "

k,n,s>0
k>n+s

n2s x (Cla+1=AD@IB+1-7D)""

Hence the series po(Hp(z)) converges absolutely and uniformly on K if
|1—7|,|a—|—1—7|,|ﬁ—|—1—7|,|a—|—ﬁ+1—7|<% 0
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§3.3. The asymptotic properties of po(Hp) and Dy

From the discussion above, it follows that the representation po(Ho(2)) is
the fundamental solution matrix of the hypergeometric equation on 4. Hence
there exists a linear relation between po(Hp(z)) and ®¢, which is also a fun-
damental solution matrix in the neighborhood of z = 0 defined by (31), as
follows.

Lemma 3.2.

w3

(63) Bo(2) = po(Ho(2)) (3 1) |

Proof. Let D be a domain in C defined by D = {z € C| |z| < 1} = {fz <
0,32 = 0} and specify branches of all MPLs, which appears in po(Hp(z)), in D
by the expansion (9) and a branch of log z by the principal value (that is, D is
a domain in Y which includes the interval J and 7(D) is simply-connected). It
is enough to prove that both sides of (63) have the same asymptotic property
as z tends to 0 in D.

By virtue of §1.2, clearly po(Ho(z))z?°X) — I as z — 0 holds. On the
other hand, because of the formula

(64) ,—Po(X) (1 g(z_f o 1)> 7

0 z P

we get

A1) o _  Fool2) 5 (For(2) — Foo(2)) .
%()(o §> ' <%2F50<z> LpFn(s) + 2 (2) — 2Fo(2))

as z — 0, where Fyp and Fp; are regular functions on |z| < 1 introduced through
@éo) = Fyo, @50) = 2177 Fy;. Hence ®q and po(Hp(z)) are the same solution to

the hypergeometric equation. ]

83.4. Proof of Theorem 3.1

Now we prove Theorem 3.1 by using the preceding lemmas.
Proof of Theorem 3.1.

From Corollary 3.2, if |1 —y|,|a+1—7],[8+1—7|,Ja+8+1—9| < 1,
any matrix element of po(Hp(z)) converges absolutely and uniformly on any
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11
compact subset K of 4[. Hence we see that cp(o)( ) = ( (Ho(2)) (O §>>
11
satisfies the same property. Here A;; stands for the (4, j) element of a matrix

A. This is computed as follows;

65) @ (z)=1+aB > Golk,n,s2)p" " *¢"*(af +pg)*~
k,n,s>0
k>n+s
n>s

=1+af > Golkn,sz)(1—7)"""*(at+f+1-7)""

k,n,s>0
k>n+s

e < (@t 1= (@F+1-7)"

In the discussion above, we have assumed that 1 — ~, a, 5 # 0. However,
the formula (65) makes sense even if 1 — v — 0, — 0 and 8 — 0.
O

Corollary 3.3.  The solution wgo)(z) to the hypergeometric equation,

which has the exponent 1 —~ at z =0, is given as follows;

66) @) =14 @+ 1) +1-7) 3 Gulbnsia)

k,n,s
< (7= DF (ot Bt 1 —7)”—S<ams—1).

Remark.  This corollary is proved immediately by using of Theorem 3.1

and the formula <p( )( )= 2"""F(a+1—7,3+1—7,2—7; z). However one can
11

also prove this as an algebraic way to compute ga( )( )= <p0(H0(z)) < ) > .

12

b
03

84. The Connection Relation between the Regular Solutions
at z=0and z=1

In this section, we investigate various functional relations of the multiple
polylogarithms of one variable considering the (1,1)-element of the relation
formula (38), and the relations of the multiple zeta values known as Ohno-
Zagier relation ([OZ]) by taking the limit as z — 1.

For the purpose, we first express the inverse of ®; (31) as a series of the
MPLs, and expand the gamma functions which appear in the connection matrix
CO (38) as a series of the zeta values. It is too difficult to calculate the whole
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of the latter series, so that we consider its degenerate form by specializing the

parameters.

84.1. The inverse of the fundamental solution matrix
in the neighborhood of z =1

Let G be a solution to the hypergeometric equation (56), then !G~! satis-
fies

it -1 _ ‘oY) | po(X)\ 4 a
(67) dtG —< " + 11 G,

where t =1 — z. So define a representation p; : " — M (2, C) such as

(68)  pu(X)="po(Y) = (8 j) p1(Y) = po(X) = (g 2)

1

Then the matrix-valued function ‘@] " is a fundamental solution matrix of the

representation of the formal KZ equation (24) by p;

d ,_(p(X) p(Y)

On the other hand, the representation p;(H(t)) is also a fundamental solution
matrix of (69). This representation is nothing but po(Ho(z)) up to changing
the variable z — t and the parameters («, 5, p,q) — (5, @, ¢, p). Similarly as in
Lemma 3.2, we obtain the linear relation

12
(70) ot = pi(Ho(1)) ( (“Wf”)“’) :
at+B—y

Therefore the (1,1) and (2, 1)-elements of ‘@ * lead to the following propo-
sition.

Proposition 4.1.  Assume that |1 —~|,|a+1—7],|8+1—~]| and
la+B+1—79] < i The (1,1) and (1,2)-elements of ;" are expressed as
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follows;

(1) (@)1 =1+0aB > Go(kk—n,s1-2)

k,n,s>0
k>n+s
n>s

X (L= " a4+ B+1-9)" ((a+1-7)(B+1-7)""",
(72) (27")12=12 Z Gi(k—1,k—n,s;1—2z)

k,n,s>0
k>n+s
n>s

(1= " at+B+1-9)"((a+1=7)(B+1-7)""

The series of the right hand sides converge absolutely and uniformly on any
compact subset K of il

84.2. The expansion of the connection matrix as a series
of the zeta values

To compare both sides of the connection relation (38), we expand the
(1,1)-element of the connection matrix (C%');; = W as a series of
the zeta values. Weset p=1—v,q = a+f+1—vandr = (a+1—7)(6+1—7).

The following formula for the gamma function is well known classically

(WW));

1 = ((n n
(73) m = exp <—cz - z;%)z ) ,

where ¢ :=lim,, oo (3p_; + — logn) is the Euler constant.

For a sequence of complex numbers @ = (aj,as,...) and a non-negative
integer n, we introduce the Schur polynomial P, (a) through the following gen-
erating function;

(74) exp() anz") =Y Pu(a)z",
n=1 n=0

that is

(75) B akt bz ke
Ple) = 2 ik Y
k1+2k2+3k3z+---=n
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We also define the integers Ni(,?) as

(i<0orj<0),

N™ =
1‘7]
0 .
(76) NO(O)Zl (’LZJZO),
a” + bt = Z N; n) (a+ b)'(ab)? (otherwise).

Since a™+b" is a symmetric polynomial of a and b, this definition is well-defined
— N(Z+2J).

and we have NZ-(’?) =01if i +2j # n. We denote by N; ; = N;
Under these notations, one can show the following lemma and proposition

Lemma 4.1.  In the algebra of formal power series C|[a, b]],

& 00 oo l
(77) (ZAWZ) (ZAin) = Z <ZAiA2l+k—iNk,l—i> (a + b)k(ab).
i=0 i=0 -

k=0 \i=0

Proposition 4.2.  For the sequence { = (0 ,%, %, %, -++) and the
=(a+1=-7)(B+1-7),

compler numbers p=1—~v,q=a+0+1—~ andr
we obtain the following expansion;

P — a— )
) T - TG =)

= Z ZZZ ( )Pk (C)P—;(Q)Pu(—C)Pitjrom—p(—C)Nitjm—p

k,l,m=0 \ i=037=0u=0
X pkqlrm

Proof.
TNM(y—a=pf) TA-p)T(l-q) elletl=)  ccll=(@+1=)
T eci=n) =0 T(1—(a+1-7)T1—(B+1—n)

Ly = a)l'(y = B)

=exp(y <)y exp() %qn)
cexp(= Y2 a1 -3 g1y
=D PulOp" D Pa(Q)q" Y Pu(—O(a+1=9)" > Pu(=)(B+1-7)
n=0 n=0
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Here by making use of Lemma 4.1, we have

P(Y)(y —a—f)
Py —a)l'(y—B)

= Z Pn(C)pn Z Pn(C)q
n=0 =
X Z (k + l> (Z Pu Pk'+l+2m—u(_C)Nk—&-l,m—;L) pkqlrm

k,l,m

= the right hand side of (78).

§4.3. Functional relations obtained from the (1,1)-element
of the connection relation (38)

Expanding the (1, 1)-element of (38)

(79) (@7 11(Po) 11 + (P17 H12(Po)2r = (COM) 11

to series in p, ¢, r, and comparing coefficients of p*¢'r™ in both sides, we obtain
the following theorem.

Theorem 4.1.  Put G;(k,n,s;z) = Gi(k,n,s;2) — Gi(k,n, s+ 1;2)
(i=0,1). Then we have

(80)

Golk +1+2m,l+m,m;2) + Go(k +1+2m, k+m,m;1 — 2)

+ Z ( (K'+1U+2m/ '+ m/,m'; 2)Go(K"+ "+ 2m" K"+ m" ,m";1 — 2)
K+ =k
V4=l

m’+m”:m

+ G*l(k’+l’+2m’—1, U+m/,m'; 2)G(K"+1"+2m"+ 1, k"+m"+1, m"+1;1 — z))

l m
v+
- Z 5 (77 ) P OP AP0 Petstm =Nt
=0 pu=0
Since lim,_.1 Go(k, n,s;2) = Go(k,n,s;1), lim,_1 Go(k,n,s;1 — 2) = 0,
and lim,_,1 G1(k,n,s; 2)G1(k',n’,s’;1 — z) = 0, the limit of the equation (80)
as z — 1 implies the following corollary, which was originally shown by [OZ].



1000 SHU O1

Corollary 4.1.

(81) Go(k+1+2m,l+m,m;1) = Go(k+1+2m,k+m,m;1)

kIl m it
- Z Z Z < i ]>Pk—i(C)Pl—j(C)PH(_C)Pi+j+2m—u(_C)Ni+j,m—u~

84.4. Various examples of functional relations of the MPLs

In what follows, computing the formula (80) for some lower [ and m, or by
specializing the parameters, we show various concrete relations of the multiple
polylogarithms of one variable.

4.4.1. Thecaseof m=0and [ =1
By easy calculation we have

(82)

(the left hand side of (80))‘ =011

= —Lipy1(2) — Lig1, 1(1—2) Zle YLip 1 (1 — 2).
\,./ v

k—1 times k—i+1 times

On the other hand,

(83)
(the right hand side of (80))|m:0_l:1
ko1 | k
=33 () RO O P (-6 = Y+ DR Pa(-0)
i=0 7=0 =0

= the coefficient of z" in exp(ng2 o F )— exp( Z—z )

= the coefficient of 2* in — Z C(i)z !
i=2
—C(k+1).

Consequently we obtain

(84) Lik+1()+L12,1, a(1=2) —|—ZL11 YLip,1 (1—2)=¢(k+1).
v

k— 1 times k—i+1 times
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This is known as Euler’s inversion formula for polylogarithms

4.4.2. The case of m =0 and [ =2

Similarly we have

(85)  (the left hand side of (80))‘m:0 1o
= —Lipt1,1(2) — Lis 1,1 (1 — 2) = Lit(2) Liz, 1,1 (1 — 2)
—~—
k—1 times k—1 times
k
— Y “Liza(2)Liy,..a (1 - 2),
i=1 ~
k—i+1 times
and

(86)  (the right hand side of (80))]

m=0,l=2

ko2 .
=33 (1) AP ©r-0
i=0 j=0
= the coefficient of 2* in %eXp(Z Mz )d; exp(— nz:; ?Zn)
=—wék+2 +;ZC1+1 (k—i+1).

Therefore, we have

(87) Lik+1’1(2) + le’ 1,...,1 (]. - Z) + Lll(Z) Lig7 1,...,1 (]. — Z)

k—1 times k—1 times

+ L11 L11 (1—2’)
Z w(2) i

k—i+1 times

Cli+ 1) C(k—i+1).
1

E

=M ) -

-1

l\.')lr—l

.
Il

Especially taking the limit as z tends to 1, we get the formula shown by
Euler([Z1));

E

1

(88) dk+1n—ﬁi£Qk+m+ " i+ 1)C(E—i+1) =0,
1

|~

.
I

1001
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4.4.3. The sum formula for the MPLs
By comparing the coefficients of ! in both sides of (79) as a series in
p=(1—%),¢d =(6+1—1), we obtain the following proposition;

Proposition 4.3.  For any positive integers k > n > 0,

ZGoknsz—l—ZGokk‘ —2)
+ > Zalk ' s's2) Yy Gi(k" K =", 8" 1~ 2) = ((k).

k +kl/ k S, S//
n +n”*n

Particularly, the limit of the formula (89) for z — 1 is the sum formula
with the multiple zeta values shown by Granville([Gr])-Zagier([Z2]);

(90) > Golk,n,s:1) = (k).

Proof of Proposition 4.3.
We have
(91)

%(the right hand side of (79))

a—0

== C(k+1)pF 4> CI+1)(B+1-7)"
k l

and

(92)
the coefficient of p*(3 + 1 —7)! in the left hand side of (79)
=Y Golk+1+1,1,m;z) = > Golk+1+1,1+1,m;2)

+> Golk+1+1Lk+1,ml—2)—> Golk+1+1kmil—2z)

+ Z ZGl(k'—l—l’—l,l’,m';z)Gl(k"—|—l”—|—1,k”—|—1,m”;1—z)

k/+kl/:k+1 m/
U+1"=l

= > D G U =1, m )G (R 1+ LE +1,m "1 - 2),

k/+k//=k‘ m’
U417 =1+1

Therefore, we obtain
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(93) ZGQ (k,n,s;z +ZG0 (k,k—mn,s;1—2)

+ 0y ZlenszZG (K" K" —n 8" 1 2)

k +k”*k‘ ry s’
n'Jrn”:n

:ZGo(k,nfl,s;z)+ZGo(k,kf(nfl),s;lfz)

+ > S Gk 552) Y Gu(k K s 51— 2)

k:/+k://:k s/ s//
n'4+n''=n—-1

(k>n,n>1)

(94) ZGOklserZGokk —2)
+ 0y Zle n', s’z ZG (K" K" —n" "1 = 2) = ((k).

Kk =k s
n'4+n'' =1
Thus we have the proposition. O

85. Functional Relations Derived from the Connection Relations
between Irregular Solutions

In this section, we consider functional equations of the multiple polyloga-
rithms of one variable derived from the connection relations between solutions
to the hypergeometric equation. The construction of solutions shown in §3 and
84 can be applied whether the solution is holomorphic or not. Then we can ob-
tain the functional relations with respect to the (1,2), (2,1) and (2, 2)-element
of the connection relation (38) between z = 0 and z = 1 and the connection
relation (39) between z = 0 and z = oo in a similar way as above. But, in
general, these relations are too complicated to be described explicitly.

In what follows, we give the functional relations derived from the limit of
the (1, 1)-element of (39) as [ tends to 0. The results include Euler’s inversion
formula between z = 0 and oo and the zeta values at even positive integers in
the limit as z — 1.
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85.1. The fundamental solution matrix in the neighborhood of
z =00

Let u = 1 be a complex coordinate of z = 0o and ps : ' — M(2,C) be

a representation defined by

a q

(95) pm(X)::deU-—po@Y)::<g afiﬂ>7 poel¥) = 01 = (0 0>.

One can rewrite the hypergeometric equation (56) as

(96) da_ (poo(X) N poo(Y)) G

du u 1—u

and get the fundamental solution po, (Ho(u)). Comparing the asymptotic prop-
erties, we have

(07) Doc = poc(Ho(w) (_1% ! ) .
Then we obtain
(98) q)o_ol = 8 ? a <_1% _11> pOO(HO(u))_l,

In (98), it is difficult to calculate poo (W) concretely, but one can see the
limit of poo (W) and peo (Ho(u)) ™t for 3 — 0 as follows.

Lemma 5.1.  For any word W in $), we have
W|—d awy—1 (00
alWl=d(w) (g 4 p)dW) N (W € HY)
(99) lim poc (W) = B
alWl=d(w) (g 4 pydW)—1 (W e HX).
a+pa+p

Proposition 5.1.  The following formula holds:

1 0
100 lim pog (Ho(u)) ™t = ,
(100) S p (Ho(u)) <H21 H22>
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where
(101)
> loghu . log" " u 4
Hgl ZZ(—l)k—O( + Z Lll .A.I(U)ia n(a+p)n
| e — |
k=1 k k2n>1 n times (k n)
kk_n_l k—n—1—iT - 1Ogl(u) k—n n
+p Y, (=DF Y (-1 Lik—n—it1, 1.1 () —7—a""(a +p)",
k>n>1 =0 n—1 times )
(102)
. log" ™" u —n n
Hyy = Z (71)]6]‘_4117_”71(11,)%0/6 (a+p)".
E>n>0 N (k —n)!

n times

§5.2. The functional relations derived from the (1,1)-element of
the connection relation between z =0 and oo

Multiplying both sides of the (1,1)-elements of the connection matrices
(39)

(103) (@2)11(P0) 11 + (250 )12(Po)21 = (C*) 13

by ’8770‘ and then taking the limit as 8 — 0, we obtain the following relations
as the coefficients of o™ (a4 1 —7)™.

Proposition 5.2.  For any positive integers m,n, and z € 34, we have
(104)
1Ogm % =y : m—i7; 1 1Ogi % m (27“;)7”
- ZO (lei(z) +(-1) lei(;)> = = ()" By
(105)
m—1 i1 m—1 i1
()™ L, (D)= + > (D)™ L 1,00 (2)—
: N~~~ < 12 : ~— < 2!
=0 n times i=0 n—1 times
m—1 n 7 . .
, 1 —i—1 —k
+ (~n™ L (9)Y (m o )
i=0 j=0 ~—~ % =0 m—1—

n—j times
i1
z

1
xZGl(m—i—l-j,k—l—l,s;z)O,—'

- X (ml *”1)(—1>m1Pm1+m(0&44)@%(—0,

mi+mao+ms=m
ni1+na=n
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where B, are the Bernoulli numbers, namely the real numbers introduced
t?n tet

through the generating function Y, By ‘s =

m! et—1"

Especially, if m is an even positive integer, we have

(2mi)™

(106) —20(m) = By ——

when z tends to 1 in (104). Furthermore, taking the limit in (105) in the case
of n =1 and 2, we obtain the following corollary.

Corollary 5.1.  The following relations among the MZVs holds.

(107)
(m+%dm+D=2+§:<U+Ud%) (m : odd),
ik>1
(108)  2¢(m,1) =m¢(m+1) -2 _%j C(i +1)¢(2k) (m : even),
Pyt
and
(109)

7T2 m m
(m+2)Cm +1,1) = " clm) + I 4y

— ) (4 1) +2)¢(2k)
i+2k=m,
i,k>1

— > G+ DCE+ G+ 1)C(2k) (e odd),

i+j+2k=m,
i,5,k>1

(m+2)(m+1)

2
(110)  2¢(m, 1,1) = —m¢(m +1,1) + -G (m) - )

+ D (4 1) +2)¢(2k)
i+2k=m,
ik>1

+ > (1) +1)C(2k)  (m: even).

i+j+2k=m,
i,5,k>1

¢(m+2)

Proof of Corollary 5.1. From the definition of MPLs and choice of the
branches of them on the interval J defined in §2, we have the following analytic
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continuation;

1 1
(111)  Liy..a(2) = - (Lix(2) + log z + mi)" (z€7),
N~~~ < n:

n times

. . 1 . .
(112) I%m 3L1k17k525>~7kn(;) = lim lekl,kQ,‘..,kn(’z) :C(kl,kg,...,kn)

z—1 on z—1 on
(k1 > 2).
Here we note that Li(w; z) logz — 0 as 2 — 1 on J for any word w in h. By

the analytic continuation of (105) and the algebraic relation Li(wy; 2)Li(ws; 2) =
Li(wy w ws; ), we obtain

(the left hand side of (105) at n = 1)
=, (W (D) m)C(m 4 1) 4 (1 4+ (=1)™)¢(m + 1) + (=1)"¢(m)7i,
(the left hand side of (105) at n = 2)

71.2
— (=1 = 1)¢(m, 1,1) + ((=1)"m = 1)¢(m + 1,1) + (=1)™5-¢(m)

z—1
1
+ (—1)m+1m(mf+)g(m +2) + (1) (m, D) + (—1)™mC (m + 1)
On the other hand, differentiating the (1,1)-element of C°° by (o + 1 — ),
taking the limit as (o + 1 — ) — 0 and applying the equation (106), we have

(the right hand side of (105) in n = 1)
= (=)™¢(m+1) =2 > (=1 + 1)¢2k) + (=1)"¢(m)m,

1+2k=m
ik>1
(the right hand side of (105) in n = 2)
— (=)™ )¢+ 2) + (—)™ (4 1,1)

— > DGR = D> (=D 1)+ 1)E(2k)

+ (—1)”%( i (i +1)C(m — i) + mC(m + 1))772'.

The real parts of these results yield the equations from (107) to (110). The
imaginary parts of them are nothing but the identity for n = 1 and for n = 2,
the relation (88) previously shown.

O



1008 SHU O1

According to [BBBL], the generating function of the MZVs of {(m, 1,...,1)
type can be expressed as a ratio of gamma functions. In this context, Corollary
5.1 partially gives the concrete expressions, and Proposition 5.2 is regarded as
a generalization of this claim in [BBBL] to the MPLs.
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