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On Hansen’s Version of Spectral Theory and
the Moyal Product

By

Mark A. HENNINGS* and Daniel A. DUBIN**

§1. Introduction
81.1. A brief history of the Moyal product

The story of the Moyal product begins in 1927 with Weyl’s introduc-
tion of the unitary operators! associated with position and momentum in the
Schrédinger representation, and more particularly with the collection of unitary
operators W (a,b) = expi(aP +bQ) (a,b € R) [27, 28]. If f € L1(E) is an inte-
grable function on phase space E = R?, the operator W(f) = [ f(z)W (z) d*x
can be defined. In [18, 19] von Neumann gave an explicit formula for the prod-
uct f o g defined by a W(fog) = W(f)W(g) for f,g € L*(E). This product
f o g is now known as the twisted convolution of f and g. Then the formula

Alf] = 5=W(FS)

defines the Weyl quantization of the function f (here F denotes the Fourier
transform). Associated with Weyl quantization is the Moyal product f xg =
%ff o Fg, so that A[f x g] = A[f]Alg].

This formalism was further developed by Wigner in 1932, [29], who in-
troduced what is known as the Wigner transform. Inter alia, this transform

permits a more rigorous handling of the formalisms of Weyl quantization. The
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next important development was due to Moyal in 1949, [17]. While exploring
the statistical aspects of quantum mechanics, he introduced the Moyal bracket
{f*g} in operator form. However he did not connect his bracket with the com-
mutator expression fxg— g* f. Nor did he notice that the Weyl quantization
of {f x g} was equal to the operator commutator of A[f] and Alg].

Thus the basic structure for considering the phase space correlate of quan-
tum mechanics was known, but much detail was lacking. In particular there
was no concern for the precise classes of functions and distributions to which
the formalism held, nor a mathematically rigorous analysis of the semi-classical
regime, nor any development of the geometry inherent in this structure.

Some more detailed analysis was provided by Pool, [20], who showed (with
appropriate structure and complete rigour) that Weyl quantization provides
a unitary correspondence between the space L?(E) and the space of Hilbert-
Schmidt operators on Hilbert space. Once this was available, the way was
open to embed the Pool structure into distribution theory? (once this became
generally available after 1959, [23]) and hence to begin to consider a wider class
of operators, in particular, unbounded operators.

The fundamental problem extending the Moyal product to distributions
is that it cannot be defined on all distributions. Various classes of distribu-
tions were considered. For example, Antonets, [2], considered the *-algebra W
of *-multipliers of the test functions (we shall denote this space as N N N in
this paper). These are the distributions whose Weyl quantizations are (con-
tinuous) endomorphisms of Schwartz space with adjoints which are also such
endomorphisms. In a different direction, Daubechies, [3], considered the class
Dy of distributions whose Weyl quantizations are bounded, and also the class of
distributions with trace-class quantizations. Of course, D; contains the whole
space L?(E) studied by Pool, but there are several interesting distributions on
phase space (such as position and momentum!) which are not bounded. On the
other hand, N NN is a large space of distributions containing many important
distributions. Moreover, there is a considerable overlap between NN N and Dy,
[7], but N N N still does not contain the whole of L?(E). For other work ap-
plying functional analysis to the phase space formalism, see [26, 12, 13, 21, 24].

This is a typical obstruction in the theory: whenever one improves one
property, something else is spoiled. In this paper, for example, we shall extend
both spaces N NN and Dj to a larger space Q N @ on which it is possible
to define a Moyal product; the downside is that with respect to this Moyal

2Throughout this article, distributions will be tempered, and so test functions will be
S-class.



SPECTRAL THEORY AND THE MOYAL PRrRODUCT 1043

product @ N Q is only a partial *-algebra, [1].

There have been other approaches to the Moyal product to the one we
intend to consider. The reason for our focusing on the above formalism lies in
our wanting to consider the possibility of a spectral theory associated with the
Moyal product. In spectral theory, properties such as (essential) self-adjointness
are key. For that reason, the Kohn-Nirenberg calculus [11, 14, 16] of pseudo-
differential operators (while producing a phase space product similar to the
Moyal product) will not be considered in detail. Nor shall we be concerned
with the deformation approach to quantization, [8, 15, 21], although much
interesting mathematics and physics can be derived from it. This formulates
the formulae of quantum mechanics as series expansions in Planck’s constant
h, and derives important information by considering asymptotic expansions
as h — 0. In this sense, the Moyal product is seen as a deformation of the
pointwise product in phase space, while the Moyal bracket is a deformation of
the Poisson bracket.

The main burden of this paper is concerned with previous work by Hansen,
[9], who proposed a method for transforming spectral theory from operators on
Hilbert space to the distributions on phase space themselves. This is a new
departure from the work of earlier authors, but a very interesting one, since
the key idea of the Moyal product is to encapsulate the structure of quantum
mechanics within phase space. Consequently, it should be possible to under-
stand the spectral theory of the Weyl quantization of a distribution in terms of
properties of that distribution itself. Whether a distribution’s quantization is
essentially self-adjoint should be a question that can be answered within distri-
bution theory, and the resolvent of a self-adjoint operator should be expressible
in terms of suitable distributions.

Now the phase space formalism will be effective in this regard only when
the Moyal product is extended to products of distributions. It is both evident
and provable that it is only extendible to pairs of distributions belonging to
certain classes, for example Hérmander’s ng& class [10]. It was Hansen’s sug-
gestion that it was possible to extend the Moyal product sufficiently so that
one could effectively determine a spectral representation for a symmetric, but
not necessarily self adjoint, operator (and other classes of operators as well).

This would be a serious short-cut in spectral theory, certainly a consider-
able advance, but as we shall show below, Hansen’s work assumed an unjusti-
fied associativity for a certain partial *-algebra. At the expense of considerable
technical analysis, we push Hansen’s programme on, without the associativity
assumption. But we do not obtain any short-cut in spectral theory. If anything,
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the resulting analysis is considerably less practicable. Nonetheless there is hope
that better designed classes of distributions might move things forward. In any
event, in our opinion the work of Hansen is sufficiently original that it deserves
working through without the associativity assumption, even at the expense of
the length of this paper.

81.2. Technical preview

The structure of the Moyal product on S (R2d) is such that there is a
subspace isomorphic to & (Rd) which is invariant under multipliers®. Thus any
multiplier on & (R2d) can be regarded as an operator on S (Rd), and so we
have a system whereby functions and distributions on phase space R?¢ can be
regarded as operators on S(Rd). It is claimed by Hansen, [9], that operators
of this type which are symmetric possess a distribution-valued resolvent map
which permits an associated spectral resolution. As noted above, there are
technical problems with this statement that need to be resolved, and it is the
purpose of this paper to discuss them.

The method in question first uses the Moyal product to define a twisted
convolution on Schwartz space S (de), and then introduces a familiar and
usual extension whereby the twisted convolution of a tempered distribution
in 8'(R??) and an element of Schwartz space S(R??) can be defined (as a
continuous product). The resulting quantity is, in general, a tempered dis-
tribution, but it is possible to restrict attention to those elements of S’ (R2d)
whose convolution with a Schwartz function is always a Schwartz function?.
This is (almost) the Wy, space of Antonets, [2]. Such tempered distributions
then generate (continuous) endomorphisms of S(R??) which act as multipliers,
and hence (by restriction) continuous endomorphisms of S(R?). Composing
the endomorphisms (either of S(R?*?) or of S(R?)) corresponding to two of
these distributions results in another such endomorphism, which can then be
associated with a tempered distribution. If this final distribution is called the
Moyal product of the two original distributions, then the Moyal product on
S (RQd) has been extended to define a structure of an associative algebra on
this class of tempered distributions. Moreover, it is possible to define a suitable
involution on this algebra, and it is sensible to restrict out attention to those
distributions which correspond to endomorphisms of & (RQd) whose adjoints
are also endomorphisms of S (R2d). In other words, we choose to consider only

3The terms multiplier and product will refer to the Moyal product unless otherwise spec-
ified.
4S(R2‘i) is naturally a subspace of S’ (R2d).
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those tempered distributions which correspond to elements of £ (S (R2d)) (or,
by restriction, to £ (S (Rd))). So far as this goes, there is no problem.

However, this class of distributions is not large enough to support the study
of the spectral properties of the associated operators. Thus we are forced to
work with distributions whose twisted convolution with a Schwartz function is
no longer a Schwartz function, and this means that we cannot always form the
Moyal product of two distributions. What we have is a partial *-algebra of
distributions, with all the problems of non-associativity of the product (when
it exists) that entails. Some of the stronger claims to be found in [9] seem to
arise from assumptions of associativity for this partial *-algebra.

Our technique thus extends the work of Antonets, but must be made com-
patible with that of Daubechies (and Pool). To that end we study how the
bounded distributions in the space Dj studied by Daubechies can be brought
into the formalism of this extended product. Happily, they can be fully incor-
porated into the new product, so that this new formalism extends both that
of Antonets and that of Daubechies. Thus armed, we are able to consider the
details of the claims of Hansen’s proposals.

Since the methods for defining these various products are quite individual,
care must be taken when considering combinations of the definitions. In this
paper we shall exhibit an approach which provides a unified way of defining
a partial algebra structure on the space of tempered distributions, consistent
with both of the above definitions. Therefore our single approach can deal
with the delicate issues of combining the two approaches, and investigating the
properties of the operators of interest. We shall then use our formalism to
discover to what extent a spectral calculus can be pushed through. What we
achieve is a partial answer to that question, and it is still a moot point as to
how adapted the Weyl correspondence is to operator spectral theory.

§2. Basics

In this section we shall establish the working definitions for the Moyal
product on which the rest of our calculations are based. Mainly these are the
ones set out in Hansen [9], but with some simplification of notation and of
various calculations. The greatest change is that we will work with a one-
dimensional quantum configuration space, so that d = 1. Hence phase space is
E = R? (Hansen’s choice of notation).

There are two principal references cited in this paper. The first is Hansen’s
original paper, citation [9], and the second is to the book Mathematical Aspects
of Weyl Quantization and Phase by the present authors and T. B. Smith, [5].
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To save writing, Hansen’s paper will sometimes be referred to simply as [H]
and our book as [DHS)].

While Hansen’s paper involves a number of technical complications, this
paper requires considerably more. For example, we introduce several Moyal-
type products, including different left and right products thereby denying asso-
ciativity, several resolvent candidates, none of them analytic in the resolvent,
and so on. In point of fact, it is the necessity of these that impelled this work.

Now for the most part, Hansen works with an abstract form of the Moyal
product and what is the analogue of the special Hermite functions, and it was
tempting to revert to the usual functions and mappings. But we have resisted
this temptation as the abstract form subsumes the usual formulation, and by
remaining with Hansen’s setup we guarantee that our analysis is necessary
no matter which formulation is used. To enable the reader to make contact
with the usual formulation we have provided an appendix which is mainly a
translation dictionary. There we have listed the symbols in [DHS] next to their
equivalents in Hansen’s notation. We have also shown how Hansen’s abstract
form of the special Hermite functions maps to the usual realization as functions
on R2. We have then used these connections to compare certain expressions
that appear here with their [DHS] counterparts.

One question has been avoided so far: is there any advantage in using
Hansen’s formulation other than making direct contact with his results? Per-
haps not, as any other representation of the structures will be equivalent to the
usual one. But since Hansen has pioneered this work on a distribution-based
approach to spectral theory, it seems best to us to keep to his formulation. The
appendix will then provide a path through [DHS] to satisfy those who want to
see Laguerre and Hermite functions explicitly, [6, 25].

Thus we shall let D = S(E), H = L*(E,dv), where (|)2 is the inner
product and || - ||, the norm in H, and assume the existence of a jointly contin-
uous associative bilinear map x : H x H — H such that

(2.1) ||s*n||2§%||s||2-||nu2, Exn=TxE, EneH.

The measure v on E has been normalized, being equal to QL times the Lebesgue
measure. For more information concerning the measure and the exact nature
of the product x see the Appendix.

The use of lower case Greek letters for vectors in H will be adhered to
generally, as will the use of lower case Roman letters for ‘test functions’ in D.
Tempered distributions in D’ will be denoted by the upper case Roman letters
S, T, R, ..., and operators by the other upper case Roman letters identified
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as such at their introduction. The pairing between a distribution R and a test
function f will be written [R, f].

The x-product has the property that D is stable under it, and when re-
stricted to D is jointly continuous. The set {f *xg : f,g € D} spans D, and
the important integral identity

(2.2) /[Eﬁ*n=//E§-77, &EneH

holds. Here £ - i indicates the pointwise product.

Many properties of phase space quantization depend on the projective
properties of the Gaussian. Our abstract version begins by positing the exis-
tence of an element Q = Q € D such that

(2:3) 12, = v2,

with projection properties

(2.4) QxQ=Q, QxEx Q=13 (]2, £eH,
relative to the x-product. Then

(2.5) Ho = {(€H : (xQ =¢} = {xQ: (€ H}
is a closed linear subspace of the Hilbert space H, while

(2.6) Do ={feD: f«xQ=f} ={f*xQ: feD}

is a closed linear subspace of the Fréchet space D. Moreover Dq is dense in
Hgq.

The following lemma is a key result showing the interplay between the %
product and the inner product.

Lemma 2.1.  If f,g,u,v € Hq, then
(2.7) (F*gluxi)e = 5(7ws(v]g) .
Proof.
(teglusaf= [[@ed)- o) = [[ @ehstusn
://Eg*(}*u)w = %(f|u)2//Eg*Q*5
=5t [[ gx7 = St [[ 07

= S Tu)a(v]9)



1048 MARK A. HENNINGS AND DANIEL A. DUBIN

completing the calculation. O

The abstract form of the special Hermite functions is based on the existence
of a sequence {an tn > 0} C Dqg such that:

1. CLQ:Q7

o

—a, @ n >0, is an orthonormal basis for Hg,
{20} :
3. {a, : n >0} is a Schauder basis for Dg,

4. the map from the sequence space s of rapidly decreasing sequences to Dq
given by

(2.8) (mn)nzo — Z T Gy

n>0

is a topological linear isomorphism, so the topology on D may be defined
by the family {pi : k > 0} of seminorms, where

(2.9) pr(f) = >+ D) |znl,  f=) ana,

n>0 n>0
For any m,n > 0, we define the element a,,,, = @, x @, € D. Then
1. amo = an, for all m >0,
2. Qmn = Qpap for all m,n >0,

3' Amn * arpq - 571[) amq fOI‘ all m,n,p,q 2 O,

1
4. {E Amn, © My T > O} is an orthonormal basis for H,

5. {amn : m,n >0} is a Schauder basis for D,

6. if we consider the space s?) of rapidly decreasing double sequences, then
the map from s(? to D given by

(2.10) (@mn) pynso = D TmnGmn

m,n>0

is a topological isomorphism, so the topology on D can be defined by the
family of seminorms {pkl k> O}, where

m,n>0 m,n>0
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7. if f € D, then f € Dq if and only if z,,,,, = 0 whenever n > 1, and moreover

All the results listed above can be found in Hansen, §3 ibid., and demonstrate
how we can find the closed linear subspace Hq within H which is essentially iso-
morphic to the Hilbert space L? (R) and how, with respect to this isomorphism,
the subspace Dg of D N Hg, is isomorphic to the Schwartz space S (R).

What are these functions a,, ,? In the Appendix we give a realization
of the a, , as particular functions on phase space. The functions a,, can
be identified with the special Hermite function ¢,, ,,, used in [DHS], and this
means that the functions a,, are to be identified with the functions ¢ ,,. In
[DHS] it is shown that there is a unitary map L?(R) — Hgq which maps v/27h,,
to Og.m, Where hy, is the m™ Hermite-Gauss function. Thus the functions a,,
are disguised versions of the Hermite-Gauss functions.

In this regard we note that the matrix multiplication in item 3 is straight-
forward in the special Hermite function representation, equation (A.7.d) infra.
To prove it in the abstract form used above is more difficult, and requires use
of equations (2.2) and (2.4).

§3. Bounded Distributions

In this section we shall see how bounded linear operators on the Hilbert
space Hq can be related to certain types of bounded linear operators on the
full Hilbert space H (which enjoy certain properties with respect to the Moyal
product), and we shall also see how these bounded operators on Hg can be
related to a certain class of tempered distributions in D’, the so-called bounded
distributions, denoted Dj;. The bounded distributions then have a natural
structure of a C*-algebra inherited from the C*-algebra B (HQ)

83.1. Preliminaries

For any g € D we define the operator R, € B(H) of right x»-multiplication
by setting

(3.1) Ry(§) = Exg,  E€H,

noting that R,(D) C D. We can consider the norm-closed subalgebra B, (H)
of B(H) given by

(3.2) B.(H) = {Xe€B(H): [X,R,] =0 VgeD}.
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We note that (D, *) is a non-unital *-algebra and R is a *-representation (see
just below for involution). Then B, (H) is the commutator of R(D).

Lemma 3.1. (Rg)* = Rg for any g € D.
Using the integral identity (2.2), the proof is a routine calculation.

Proposition 3.1. If X € B.(H) then X(Hq) C Hq. Moreover the re-
striction map J: B.(H) — B(HQ) is an isometric isomorphism of C*-algebras.

Proof. Let X € B,(H) and £ € Hg. Then £ = Rof and X& = RaXE€ €
Hgq. Therefore, J : B.(H) — B(Hgq) is a well-defined linear map, which is
clearly norm-decreasing.

We want to construct K: B(Hq) — B,(H), the linear inverse to J. We
do this by a limiting process as follows.

Let Y € B(Hq) and £ = Zm’n>0 Emn @mn € H. For any N > 0 define

Z Emn Yam) *ay, Z Y (Z §mnam> * U -

m,n=0

We claim that (£y) is a Cauchy sequence in H, which we shall prove in detail.
Letting M > N > 0 and using Lemma 2.1 to go from the first to the second
line,

| €ar — & |12

M M M
< Z fmnam> *Un + Z Y(Z gmnam>*a
m=0

m=N-+1 n=N+1
M M
Y < Z €mn am> Y (Z Emn amn)
m=0

m=N-+1

N M M M
§2||Y||2<Z Yoo laml+ Y Zmﬁ)

n=0 m=N+1 n=N+1 m=0

M N
2||Y||2<Z |&mn® = 3 '5”‘"'2)

m,n=0 m,n=0

2

2
2

2 M
+ 2

2 n=N+1

2

so limp Nooo || €0 — En ||§ = 0. Thus (fN)N>o converges to some element
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K(Y)¢ € H. Since

2 2

N N N N
e 2= zy(z smnam)*a s Y(z smnam)
n=0 m=0 2 n=0 m=0 2
N
2 2 2 2
<2V D 1wl < HYIPIENS
m,n=0

for all N > 0, we deduce that || K(Y)¢||, < [|[Y| |€]l,. Summarizing, we
have defined a linear map K(Y') € B(H) with | K(Y) | < ||Y || such that

(3.3) KY)amn = (Yam)*ay, m,n > 0.

To prove that Kis the inverse of J we must first show that K(Y') € B.(H), and
to do that we need K(Y)(£*n). Now

K(Y)(@mn * apq) = 0np K(Y)amq = Onp (Yam) x g = (Yan *an) * (ap * aq)

=0
= (K(Y)amn) * apq
for any m,n,p,q > 0, so we deduce that
K({Y)(Exn) = (K(Y)¢) %, &neH.
This enables us to take the commutator of K(Y) with R,:
(34)  [KO)R,J(©) = K(Y)(€xg) = (KXV)E)*g = [RgK(Y)](6),

for ¢ € H, g € D, so that [K(Y), Ry] = 0 for all g € D. This proves that
K(Y) € B.(H). Thus K : B(Hq) — B.(H) is a norm-decreasing linear map.

Next we show that K and J are isometric linear inverses. In one direction,
let X € B,(H). Then

K(J(X))amn = (J(X)am) *an = (Xam)*a, = Rz X am
=X Rg;am = X(am*ﬁ) = Xamn

for any m,n > 0, so that K(J(X)) = X. Conversely, suppose Y € B(Hg).
Then

JK(Y))am = KXY )am = K(Y)amo = Yam)*ag = (Yan)*xQ = Yan,

for m > 0, so that J(K(Y)) = Y. Thus J : B.(H) — B(Hg) is an isometric
linear bijection with inverse K.
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For the next step in the proof we must prove that J is an algebra homomor-
phism, and at the same time that B.(H) is an algebra. So let X,Y € B.(H).
Then XYR, = XR,)Y = RyXY for ¢ € D, from which it follows that
XY € B.(H) and J(XY) = J(X)J(Y). Thus, as required, B.(H) is an
algebra and J is an algebra homomorphism.

In fact, B.(H) is a *-algebra and J a *-homomorphism. To see this,
consider X € B,(H). Then

X*Ry = X*(Rg)" = (RgX)" = (XRg)" = (Rg) X" = RyX"
for all g € D, so that X* € B,(H) and
E[7Xm), = (€] X™m), = (X¢|n), = (J(X)E[n), = (¢]J(X)n),

for £,m € Hq. Thus B.(H) is a C*-subalgebra of B(H), and J : B.(H) —
B(Hgq) is a C*-algebra homomorphism. The isometry of J now completes the
proof. O

In passing we note that we have the standard embeddings D C H C D',
and that the map T +— T on D’ given by

(3.5) [T, f] =T, f], TeD  feD,

is an involution on D’ which extends the normal involution of complex conju-
gation on H.

§3.2. Properties of bounded distributions

As previously stated, there is a class of tempered distributions on E that
plays a central role in the x-multiplication theory.

Definition 3.1. A distribution 7' € D’ is bounded if the set

(3.6.a) {IT. 9] : f.9€D, [[flly:llgll, <1}

is a bounded subset of C. If T is a bounded distribution, we define its norm to
be

(3.6.b) 1T = sup{[[T, f*xg]l: f.geD, I fl,.llgl, <1}

Let Dj denote the collection of all bounded distributions.
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Lemma 3.2.  The pair (D;,|-||) is a normed space such that

T, fxg 1l < ITI-Ifllz-llglly . TeDy, fgeD,

and, moreover, H C Dy with

||5H§%||£II2, ceH.

Proof. That Dj is a normed space, and that the norm satisfies the indi-
cated inequality, is trivial. If £ € H, then

_ - — — 1
1€ 551 = | €1 D] < Ul 1F 5Tl < T5NE N1l gl
for any f,g € D, which implies the remaining result. a

The terminology ‘bounded distribution’ is justified by the fact that Dj
may be identified as a subset of B(H). The map # of the next proposition is
central to what follows.

Proposition 3.2.  Any bounded distribution T € D; defines a map
T(T) € B.(H) with || #(T) || < || T|| by setting

(3.7) (gl #(T)f)2 = [T, f*g], f9eD.

Moreover, 7 : Dy — B.(H) is norm-decreasing.

Proof. Let T € Dj;. We need only show that #(T") commutes with every
Ry, g€ D. Let f, h € D, then

(FI#(T)Ry )2 = (FI7(T)(hxg))e = [T, (hxg)xf] = [T, hx(gf)]
[T, hx(fxg)] = (Frgl7(T)h)2 = ((Rg)" f|7(T)h)2
= (f| Ryt (T)h)s -

Thus [#(T), Ry] = 0 for all g € D, completing the proof. O
Corollary 3.1.  The definition
(3.8) T = J7.

determines a norm-decreasing linear map m @ D} — B(HQ)
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See the remark at the end of the appendix for a reference to a proof that
fr| ; of H is unitarily equivalent to Weyl quantization. Granting this, there is
no need continually to refer to Weyl quantization in what follows.

The space of bounded distributions and the associated maps 7 and g,

behave well with respect to the involution in D’.

Lemma 3.3. IfT € D} then T € D} and #(T) = #(T)*, mo(T) =
7T()(T)*.

Proof. Let T € Dy andf, g € D. Since
[T, £+31| = (17, 95T < IT1-1f 1Nl

it follows that T € D} with HTH < ||T|l. To prove equality we note that
T = T implies ||T|| = || T||. From the definition of 7,

(f17@D)g)2e=[T, g+ f1 = [T, fxg] = (g|#(T)f)2
=@M flg)2 = (FI7(T)9)2,

showing that #(T) = #(T)*. As J is a *-homomorphism it is immediate that
mo(T) = mo(T)". 0

It has now been shown that the bounded distributions may be represented
as bounded operators on Hg. More is true: under the map 7y they comprise
all the bounded operators.

Proposition 3.3.  The maps #t : D}, — B.(H) andmy : D; — B(Hg)
are tsometric linear bijections.

Proof. We want to construct a norm-decreasing map L : B (HQ) — Dj
inverse to mg. To begin, let Y € B(HQ). Then

[(an|Yam)o| < [|Yamlly-[lanll, < 2[ Y]]

for all m,n > 0, By continuous linear extension we can use this to define the
element L(Y) € D’ by setting

[[L(Y)7 f]] = Z fmn (an ‘ Yam)Za f= Z fmn Gmn € D,

m,n>0 m,n>0

with
I[LY), f1I < 21Y | poo(f),  fe€D.
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The mapping L can be related to the mapping K, the inverse of J,

[L(Y), amn * apg] = 6np [L(Y), amg] = Onp (ag|Yam)2
= (aq| (Yam) *an xap)2 = (aq| Ra, [(Yam) *@n))2
= (Rg,(aq) | (Yam) x@n)2 = (ag*ap [ K(Y)amn)2
= (apq | K(Y)amn)2

for m,n,p,q > 0, so that by linearity and continuity,

[L(Y), fxg] = (9] K(XY)[)2, f9eD.

This result can be used to show that L(Y") is a bounded distribution:

L), frg Il < IEX)flly-Tglly < TEQ)N-1F1y- Mgl < 1Y

for all f,g € D with || f|l,,]lgll, < 1, implying that L(Y) € D;, with
|L(Y)|| < |Y|l. The map L : B(Hn) — Dj has now been constructed
and shown to be norm-decreasing.

We claim that mo(L(+)) is the identity map on B(Hg). Let Y € B(Hg).
Then

(gl7(LOY)) 2 = [LY), fxg] = (g1 K(Y)f)

for all f,g € D, and hence #(L(Y)) = K(Y). This in turn implies that
mo(L(Y)) = Y, proving the claim.

Conversely we claim that L(mo(-)) is the identity on D;. Let T € Dj. Then

[L(7o(T)); amn ] = (an | mo(T)am)2 = (an |[#(T)am)s
=[T,am*an] = [T, @mn]

for all m,n > 0, so that L(’lT()(X)) = T, as required.

Hence we deduce that mg : Dg — B (HQ) is an isometric linear bijection
with inverse L, and moreover that 7 : D} — B,(H) is also an isometric linear
bijection with inverse L x J. O

Thus we can use the algebraic structure of B(H Q) to deduce an algebraic
structure on Dj;. We can define an associative algebraic product %, on Dj by
the formulae:

(3.9.a) (S T)=7(S)7(T), S, T e Dy,
(39b) Wo(S*bT):Wo(S) 7T0(T), S,TED;)
With this product and complex conjugation as involution, (D,’,, -1 *p ,T)

becomes a C*-algebra, and the three maps 7 : D; — B.(H), J : B.(H) —
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B(HQ), and my : D) — B(HQ), are C*-algebra isomorphisms such that 7y =
J 7. Thus the bounded distributions Dj correspond precisely with the bounded
multipliers on H, and with the bounded operators on Hg. An obvious first task
is to identify some of the elements of D;. We have already seen that H C Dj,
and elementary calculations show that

(3.10) 76y = Exn, &neH.

However, the properties of the operators corresponding to elements of H can
be more precisely specified than this. The result is fairly straightforward and,
in view of the results of Pool, [20], not surprising.

Proposition 3.4. 7m(H) = H8(Hq) is the set of Hilbert-Schmidt op-
erators on Hq, with

170(€) llas = % lell,, teH.

Proof. 'We begin by showing that mo(€) is left *-multiplication by & on
Hg for all £ € H. Since Hg is a proper subset of H, this action of 7y is not an
extension of R, with g € D, strictly speaking.

Let £ € H and f,g € Dg. Then

(Hmf©a) = 169571 = [[ etoe) = [[ (€207 = (Flean.

so that mo(§)g = £* g for g € Dg, and so by continuous extension, m(&)n =
Exnforne Hq.

With this characterization we can now show the Hilbert-Schmidt property.
If¢ = Zm7n20 Emn Gmn € H, then

mo(§)ag = Exag = > Emgam -

m>0

Taking norms,
2 2 9
el | suaonl} = 23 1600
m>0 m>0

and then summing over ¢,

S lm©agly =2 D 1mel® = l€ll5-

q>0 m,q>0



SPECTRAL THEORY AND THE MOYAL PRrRODUCT 1057

Since {a,/v2 : ¢ > 0} is an orthonormal basis for Hg, it follows that mo(€) is
a Hilbert-Schmidt operator on Hq, with 2| 7 (&) ”ifS = ¢ ||§, as required.
On the other hand, if T' € Dj is such that mo(T") € H8(Hq), then

Y T P =1 Y Hanlmo@an) P = 53 lI7o(Tan 3

m,n>0 m,n>0 m>0
2
=Imo(T) ll3¢s »

so the two-index sequence ([[T s Qmn ]])
& € H by setting

>0 belongs to ¢3. Thus we can define

m,n

m,n>0

observing that

1612 = 3 3 172 amal P = 2imo(D) s

m,n>0
Now since
Elapg) = (apg1€)2 = (agp|&)2 = [T, apq]
for all p,q > 0, it is clear that T' = £ € H. |

The similarity to the expansion by means of a resolution of the identity in
the definition of £ will not be lost on the reader.

Thus the bounded distributions can be characterized as those elements of
D’ which correspond to bounded multipliers of H, or equivalently to bounded
operators on Hq, while elements of H, considered as elements of Dj, correspond
to Hilbert-Schmidt operators on Hg. For £ € H C D’ we see that

(3.11.a) AE)n=&x*n, neH,
(3.11.b) mo(E)n==E%*n, n € Hq,

and, while the restrictions of #(£) to D and of 7o(€) to Dg are endomorphisms
of D and of Dq respectively when £ € D, these identifications are not true
when ¢ is a general element of H. Thus the algebra structure of Dj is obtained
by looking from the operators acting on the whole Hilbert space H (or Hg),
and not by acting on the Fréchet subspaces D and Dgq. In the next section,
we shall consider classes of distributions for which partial algebra structures
based upon on the Moyal product can be defined through concentrating on
these Fréchet subspaces.
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84. Extending the Product to Tempered Distributions

In this section, we shall start the process of extending the Moyal product
so that it can be applied to tempered distributions, and not just functions. One
way of doing this is as follows: given a function g € D, the right-multiplication
map Ry : D — D can be extended to yield a map T +— T * g from D’ to
itself. Similarly, the analogously defined left-multiplication map L, on D can
be extended to yield a map T — g T from D’ to itself. Although these two
constructions are similar, there are enough subtle distinctions between them
that it is easy to make mistakes if the two are not distinguished, so we are
forced to introduce different notations for the two products.

This is complicated enough, but we want more. In particular, we want to
be able to extend x in some way so that the product of two distributions is
possible, not just the product of a distribution and a function. It will not be
possible to define such a product on all distributions, so a judgment has to be
made about the choice of distributions on which to define this extended product.
In this section we consider a number of possible spaces of distributions. The
first two, which we have denoted N and N, are such that the extended product
turns them into associative algebras. Unfortunately, they suffer from certain
defects. While they are both large sets containing D they have a large overlap
with D} but do not contain it, [7]. Nor even do they contain H. Thus while
Hansen has proved an associativity result for his Moyal product (his equation
(5.16)) valid for the triple N x D} x H, the fact that this result only holds when
the three elements belong to very particular spaces, N, H, and D, makes this
result of limited utility, since the circumstances under which it can be used are
comparatively limited, compared with what might be desired.

The second two spaces, which we have called Q and Q, both contain D;.
It is not possible to extend * to either of them, but we can define the product
of an element of Q with an element of Q. Thus we can define a product on
QN Q. However, this product is not associative, so we do not have an algebra.

Thus there are two natural ways of extending the original Moyal product
* : Dx D — D to give bilinear maps, D x D’ — D’ and D' x D — D’, and
each of these can be used to obtain a partial algebra structure [1] on D’. After
defining the two products, our first aim is to see to what extent they agree with
each other.

The results in this section are not new — except perhaps for the results
relating the two products (see for example Kammerer [12]). Although the
proofs are not difficult, they are included for the purposes of completeness.
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Definition 4.1.  Since x: D x D — D is a continuous bilinear map, we
can define bilinear maps x, : D’ x D — D’ and %, : D x D' — D’ by setting

(4.1.a) [Tx f,9]=1T, fxgl TeD, fgeD,
(41b)  [fxT,g]=[T,9*f] TeD, fgeD.

Previously proved properties of x allows us to obtain some elementary
properties of these new maps.

Lemma 4.1.  The maps x, and %, possess the following properties: for
all f,ge D, € H, and T € D',

1. Ex,9 = Exg, gx & = g*&;
2. (T* f)xg = Tx (fxg);

3. fr (g T) = (f*g)x T}

4. Tx f = fxT;

5. fra(Txig) = (fxT) > g;

6. 1x, f = fx1 =,
where 1 € D’ is the tempered distribution

(4.2) n.s= [ r

Proof. The first result follows since
(x) = [[ €0t = Lexa. 1.
lgxt, f1=1€, Fxg] o) = [[ exng

// (€*f) /[E(g*ﬁ)-f=[[g*£,f]],

for f € D. The second follows since
[(TH f)*ig, h]=[T* f,gxh] = [T, fx(g*h)]
Z[[T,(f*g)*h]] = [[T*l(f*g)7h]]

for h € D, while the fourth is true since

[[T*l f,g]]:[[T*l f,§]] = [[T7 (f*g)]]

=[T,9xf] =[f*%T,g]

[Exig, f1=18, 9% f]

I Il
==
78 7a
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for g € D. The third result is then an immediate consequence of the second
and the fourth. Since

[[f*z(T*lg)vh]] = [[Tvg*(h*f)ﬂ = [[Ta(g*h)*f]] = [[(f*2T)*lg7hﬂ

for h € D, we deduce the fifth result, and the last follows since

(efool = [[ fra =101 = [[ axs = 1510l

for all f,g € D. O

The particular classes of distributions mentioned at the beginning of this
section are specified by restricting attention to those distributions T' € D’ whose
products with elements of D are functions, and not more general distributions.
More specifically, we look at distributions whose products with elements of D
either belong to D or to H. Thus we are led to the following subspaces of D'

N:{TeD’:T*lfeD erD},
N={TeD : fx,T€eD VfeD},
4.3.c) Q={TeD :Tx feH VfeD},
4.3.d) Q={TeD : fx,T€eH VYfeD}.
The first two spaces are, essentially, those used by Hansen [9], but the second
two are new, and closely resemble the space of quasi-observables discussed in
DHS [5]. Out first task is to investigate the set-theoretic relations between these

four spaces and the space Dj of bounded observables. The first few results are
elementary.

Lemma 4.2.  The following results can be established:
1. T e N if and only if T € N,
2. TeQ ifand only if T € Q,

3. if T € Dy then

(44.8) T f = #D)f, fxT = #(D)f, feD,

(4.4b) T f = 7o(T)f ,fx T = mo(T)f , feDq.

4. Dj+N C Q.
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Proof. Since ?*2 T =Tx f for any T € D" and f € D, the first and
second results are evident. If T' € Dy then

[T f,9] = [T, fxgl = @I*(T)f2 = [#(T)f, g]

for f,g € D, so that T, f = #(T)f for f € D. The formula for f *, T is
obtained from this first by conjugation. The formulae for f € Dq simply follow
from these two by restriction.

It is clear that D C @ NQ, and that N C Q, and so certainly D,+N C
Q. O

Corollary 4.1.  For any T € Q, we define a map 7(T) € Hom(D, H)
by setting

(4.5) m(T)f = Tx [, feb,

noting that ©(T') € End(D) if T € N. Moreover, the restriction of m(T') to Dq
is a homomorphism from Dq to Hq for T € @, and an endomorphism of Dq
when T € N.

Proof. Comparing the definition of 7(7T") with (4.3.a) and (4.3.c) shows it
to be a homomorphism from D to H if T € @ and from D to D if T € N.

The results about the restriction of 7 (7T") follow from the fact that 7 (T")
acts on the left in a x-pair:

T(T)(f*xg) = Tx (fxg) = Tx f)xg = (Tx f)xg = (W(T)f)*g

for all f,g € D. Thus, if f € Dq, we have that

T(D)(f) = T (f5Q) = (x(D)f) %9

belongs to Hg. That is, 7(T) maps Dgq into Hg. A similar argument yields
the result for T' € N.
a

So far we have only considered the algebraic structure of these maps, but
it can be shown that all the maps defined above are continuous when D car-
ries its Fréchet topology. In addition, it is also possible to begin to see the
connection between the two definitions of an algebra structure for the bounded
distributions.

Lemma 4.3.  As usual, we write L (E, F) for the set of continuous lin-

ear maps from E to F, where E and F are topological linear spaces, and
L(E,E) = L(E). With this notation, the following results can be obtained:
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1. If T € Q then n(T) € L(D,H) and its restriction to Dgq belongs to
£(D97HQ)7

2. If T € N then n(T) € L(D) and its restriction to Dg belongs to L(Dq),

3. If T € Dj then n(T) < 7(T) and 71'(T)‘Dﬂ < 7o(T), where < indicates
extenston.

Proof.

1. Let T € Q. We will use the closed graph theorem to prove this result, so
suppose that f € D, (fn)n C D, and £ € H are such that f,, — f in D and
w(T)fn — € in H. Then

(b m(D)f)2=1T* f. 0] = [T, fxh] = lim [T, fuxh]
= lim [T fu, h] = lim (h|7(T)fa)2 = (h|€):

n—oo

for all h € D, so that 7(T)f = £. Thus n(T) € Hom(D, H) has a closed
graph, and so is continuous. We conclude that =(T") € £(D, H), and the
result about its restriction is now automatic.

2. Now let T € N, and suppose that f,g € D and (f,), C D are such that
fo— fin D and n(T)f, — g in D. Then
(A m(D)f)2=1T* f, 1] = [T, fxh] = lim [T, fuxh]
= lim (h|(T)f)2 = (h]9):

for all h € D, so that n(T)f = g. Using the Closed Graph Theorem again,
we deduce that 7(T) € £(D), which implies the result about the restriction.

3. Now suppose that T' € D;. Since n(T)f =T, f = @(T) f for all f € D, we
see that m(T") < #(T). Since mo(T) = 7Ar(T)|HQ, we have 7T(T)|DQ < mo(T)

as well.

O

There is no particular need to distinguish between a map 7 (T) and its
restriction to Dg, and hence we shall use the symbol 7(T') to refer to either
map. Context should make clear which map we mean at any particular time.
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85. The Moyal Product of Two Distributions

In this section we shall investigate a new x-product, * , one which allows
us to take the Moyal product of many (but not all) pairs of distributions in D’.
To date we have considered a variety of products — x, xp, , *,, x, — defined on a
variety of spaces — D, H, Dy, N, N, @, Q — and this new product * attempts
to bring all of these definitions together under a single umbrella (so far as this
is possible). We shall determine the relationship between this product and the
more obvious products that already exist between two bounded distributions
or between two elements of N as discussed in [9].

Proposition 5.1.  The equation
(51)  [S*T,fxg] = (SxiglTx ). f.geD.

determines a bilinear mapping * : Q x Q — D'.

Proof. If T € @, then n(T) € L(Dq, Hq), and so we can find A > 0 and
k > 0 such that

(5-2) [x(T)flly < Api(f) f€Dq,
and hence
1T % anlly = [7(T)anll, < Api(an) = An+1)", n=0.
Thus, if S € @ and T € @, we can find A, B > 0 and k,[ > 0 such that
HE*lan S Am+DY [ Tranl, < B+1), n>0,

which implies that
’(g*la”T*lam)Q‘ < AB(m+ 1Dl (n+ 1), m,n > 0.
Thus we can define a distribution S % 7' € D’ such that

[S*T, amn] = (g*lan}T*lam) m,n>0,

2 )

noting that |[S * T, f]| < ABpi(f) for any f € D. Now

[S*T, amn*apg [=[S*T, Gmn*agp] = Ong[S*T, amp]

[
6nq(§*1 ap | T *, )2 = (§ *1 Gy | (T ) Q) % Gy, * Gg)2

(S %1 ap) % aq | (T 4, am) * @)z

o~ o~ o~

S %, (apxag) | T %y (@ * an))2
S *

1 Qpq | T x amn)Q
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for all m,n,p,q > 0, from which we deduce that
(5:3) [S*T, fxg] = (Sxig|Tx f)2, f.9€D.
O

Complex conjugation maps @ to Q and conversely, so we should investigate
the behaviour of * under complex conjugation,

Lemma 5.1. IfSeQandTe€Q ,then S*T =T % S.

Proof. For all f,g € D,

[S*xT, fxg]=(S*T)(gxf) = (S* f|T+ g)2
=(TH g|Sx fla = [T*S, fxg],

which establishes the result. O

The next lemma shows that * is indeed a product which extends the
previous products that we have considered:

Lemma 5.2.  The following statements are true:
1. If S, T € Dy, then S*T = Sx T,
2. If¢,ne H then&xn = Exm,
3. IfTeQand feD thenT* f = Tx, f,
4. IfTeQ and f € D then f *T = f*, T,
5. IfSeQand T € N then [S*T, f] =[S, T f] forall f € D,

6. IfSSTe NNN then ST € NN N.

Proof.

1. Since

[S*xT, frgl=(

for all f,g € D, we see that S

%>
N
Il
n
&y
~
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. We see that

T(E*xmg = 7(Exng = T(EF(n)g = Ex(nrg) = 7(Exn)g
for all g € D, so that £ *xn = £« n.
Since

[T*f,gxh]=(Txh|frxgs=[Txh,gxf]
:[[T7h*(§*?)]] = [[Tv (f*g)*ﬁﬂ
=[T, fx(gxh)] = [T+ f,g*h]

for all g,h € D, the result follows.
This result follows from conjugating the preceding one.

Since

(Sx,h|Tx g)a = [Sxih,Tx g

I
[[E, hox (T %, g)]] = [[57 (T %, g)*ﬁ]]
[S,Tx* (g*ﬁ)}]

[S*%T,gxh]

for all g,h € D, we see that [S* T, f] =[S, T, f] for all f e D.

Now

[(SXT)* f,g]=[S*T, fxg] =[S, T (f*g)]
[S, (T f)xg] = [S* (T* [f), 9]

for f,g € D,so (S*T)x f = S* (T'x, f) € D for all f € D, which
implies that S * T € N. Moreover S*T =T xS € N,so S*T € N as

well.

O

The distribution 1 € D’ will now be shown to be a left and right identity

~

* .

Lemma 5.3. The distributl'on 1 =1 belongs to DiNN,and1*%T =T,
1=SforalT € Q, S € Q. Morever #(1) = idy, mo(l) = idg,,
= idp.
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Proof. Tt is clear that 14, f = fx,1 = fforall f € D, and hence 1 = 1
belongs to NN N. If T € @, then

[1*xT, fxgl = @IT*x flz2 = [T* f,9] =T, frg]

for all f,g € D, and hence 1 *T =T for all T € Q. That S %1 = S for all
S € @ follows by conjugation. It is now immediate that (1) = idp.

Since | [1, £ x5 11 = (g1 /2] < I £l g, < 1forall f,g € D with
1 fllas lglly < 1, we deduce that 1 € Dy with |[1] < 1. Since 7(1) < 7(1),
we deduce that 7(1) = idgy and mo(1) = idg,,. O

It is crucial to remain aware that the % -product is not associative in
general, but it is in certain limited cases.

Lemma 5.4.  The following are true:

1.LIfFSeN, Te NadRe QNnQ then S¥R e Q, R*T € Q, and
(S*R)%T = S%(R*T).

2. IfS€Q,T€QandRec D) thenSxR€ Q, R*T € Qand (S*R) *T =
Sk (R*T).
Proof.
1. Since
[R*T, frg] = (R%g|T* f)
[Rx3, T+ f] = [R,g%(T* f)]
[R, (T* f)*xg] = [Rx (T [), 9]

for f,g € D, we see that (R*T)*, f = R* (T %, f) € H for all f € D,
which implies that RxT € Q). By conjugation, we deduce that S * R € @
as well. In addition

H(R;T)*lfag]]

’ﬂ

[S*(R*T), fxgl=(Sxg|(R*T)% f)2 = (Sx g| R (Tx: f))2
’ (Tx f), Sx1g] = [R, (TH f)*(S* 9)]
(S*lg)*(T*lf)]] [[R*l(S*lg) T %, ]]

=1
=1
=1
=1

for any f,g € D, which shows that S % (R*T) = (S % R) % T, as required.
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2. Since

= (r(R)g|m(T)f)2 =
=(g|7#(BR)7(T)f)2 =
for any f,g € D, wesee that (R * T)*, f = #(R)n(T)f € H forany f € D,

and hence that R % T' € Q. By conjugation, we deduce that S % R € Q as
well. Moreover

[(R*T)# f,gl=[R*T, fxg]l = (R*xg|T* f)2
(
[

[S*x(R*T), fxg]= §hg|(f_?*T)*1fz = ( @gli( )T (T)f)2
T(R)m(S)g|n(T)f)2 = (R(R)m(S)g|m(T)f)2

( )
( )

= (R#*S) % g|Tx f)2 = (S*R) % g| T )
[ 9]

3

O

Thus we know that, with respect to this product * , the space of bounded
distributions Dj is a unital associative *-algebra (indeed, it is a C*-algebra).
The results above show us that the same is true of the space N N N. On the
other hand, while the space Q N Q is *-invariant, and it is possible to define a
bilinear map * : (Q ﬂ@) x(Q ﬂ@) — D', it is not true that the image of this
map is a subspace of Q N @, nor is it the case that this product is associative,
even when the product of three distributions can be calculated in both ways.

However, bearing these concerns about associativity in mind, we now have
enough structure to study the arguments in [9] concerning the spectral proper-
ties of maps obtained using this product. We shall not need to restrict attention
to the “easy” space N NN — our analysis works well in Qﬂ@. Note that a dis-
tribution 7' € Q N Q corresponds to an unbounded linear operator m(T) on Hq
with domain Dg which is adjointable and which possesses an adjoint whose
domain contains Dgq. In other words, distributions in @ N 6 correspond to
unbounded linear operators belonging to the op-*-algebra LT (Dq, Hq), [4, 22].

§6. Distribution-Valued Spectral Theory

In [9], attempts are made to define resolvent distributions, and hence de-
rive a spectral calculus, for “real” distributions T'= T € N N N. However,
these calculations seem to be based on some mistaken assumptions concerning
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the associativity of the product *. In the following section we shall clarify
the situation. Our approach will be the same as that in [9], so that a gen-
eral “real” distribution will be approximated by a sequence of bounded “real”
distributions.

For the remainder of the paper we shall reserve the symbol T for an arbi-
trarily chosen, but then fixed “real” element of QN Q. It is clear from previous
analysis that «(T) is a symmetric element of L7 (Dq, Hg). We shall also re-
serve the symbol y for a freely chosen nonzero real number. For any self-adjoint
operator, iy belongs to its resolvent set.

We begin by defining a sequence of distributions that are central to the
construction of sequences converging to candidate resolvents for 7" acting as an
operator.

Lemma 6.1.  For any k > 0, define

k
(6.1) Pp = ann.
n=0

Then Py has the following properties.

1. P, = P, = Py Py is an element of D;

2. for any & = mezo Emnlmn € H,

k
(6.2.a) Pork&=Y > Lmntmn

m=0n>0

k

m>0n=0
k
(62C) Py *5 * P, = Z gmnamn ;

m,n=0

with P, *f*Pk e D.

3. Each sequence (Py*&)k, (§xPy)ik, (Pxx&* Py converges in H, as k — oo,
to & for any £ € H,

4. Each sequence (Pixx f)i, (f*xPi)k, (Pxxf*Pg)g converges in D, as k — oo,
to f for any f € D.
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5. The vectors

k k
PokT=PoxT =Y an*(Txay,) = Y apxm(T)ay
n=0 n=0

k k
T*Pe=T P = Y (Txan)xa, = Y _ w(T)an*a,

n=0 n=0

belong to H for any k > 0.

Due to the above results, particularly the last item, we can act on Py and
Py % T with 7 to obtain bounded operators on H.

Lemma 6.2. The operators
Iy, = #(Py)

belong to B.(H) for any k > 0.
The following properties result from these definitions. For any k > 0,

(6.4.a) I, =0} = I}
(6.4.b) w=7(T * P)
(6.4.c) A} = Al
(6.4.d) LA = Ag
(6.4.¢) AR, = A
(6.4.f) M A Ay = A AR, = ApAj
k

(6.4.9) Ap A= 7 (m(T)an) 7 (7(T)an)”

n=0

Proposition 6.1.  (a) There exists a “real” element R, = Rr.,, in D}

such that the limit
(yQI + A;Ak)_l k—> 7?(fRT7y)

holds in the strong operator topology.
(b) The positivity property
(6.5) 0< ﬁ(RT,y) <y’

holds, ensuring that

(6.6) [ Rry |l <y~
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(¢) Both Ry, % T and T * Rr,, belong to Dy, with
(6.7) | Ry % T 1T % Ry || < 1y
(d) The limit
(PT+ALA) AL — 7 (Rry #T)
holds in the strong operator topology, while the limit

AT+ AfA) ™ — 7 (T % Re,y)

k—oo

holds in the weak operator topology.

Proof. (a) Now ((y*I + A;Ak))k>0
so that ((y*I + A;Ak)*l)k>0 is a decreasing sequence in B, (H),, with 0 <
(y?I + AfAy)~' < y=2I for all k > 0. This proves the existence of Ry ,, and
(b) is immediate.

(¢) Since

[Rry * T, fxg]=(7(Rry)g|T* f), = kh—>nolo (W°1+ AxA) g | T 5 f),
= kliigO ((y2I+ AZAk)*lg ‘ T x, (P *f))2
= lim ((y*1+ ALA) g [ (Tx Po) % f),

= lim (g (y*1 + Az Ax) " ALS),

is an increasing sequence in B, (H )y,

for any f,g € D, and || (y?I + AfAp) L Af ||, < |y|™" for all k > 0, it follows
that
[Rey T, 551 < 1y 151 gl

for all f,g € D. Thus Ry, * T € D}, with | Ry, % T|| < |y|™". In addition
T%Rpy = Rpy % T, 50 T % Ry € D}, with || T % Ry, || < y| ™"
(d) Since we have just shown that

(917(Rey % T)f)z = i (9] (W°I + A7 AT ALS),

for any f,g € D, a density argument shows that (y*I + A}Ay)"'A; o

— 00

fr(iRny * T) in the weak operator topology. Since
12T + Az AR) AL f = 7 (Rey * T) f]
<P T+ARAR) T (AL =T 51 N+ [P T+ AT AR ™ =7 (R ) (T
|y Im(D)Pex £ = o + || [T + A5 AR) ™" = #(Rey) [ (T = ) |,
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for any k > 0 and f € D. This implies that (y*I + AfAg) 'ALf 7

fr(fRTﬂ * T) f in H for any f € D. By another density argument, (y2I +
ArAp) L A; P ﬁ(RTﬁy * T) in the strong operator topology.

Given the above strong convergence result, it is immediate that
Ap (YT + A Ay)~? o (R % T)" = #(T % Rry)
— 00
in the weak operator topology. O

The observation that one of these sequences converges in the strong oper-
ator topology, while the second appears only to converge in the weak operator
topology, (while being consistent with the known fact that adjunction is not
strong operator continuous) begins to show the difficulties that will follow.
That there is a difference between these two sequences is, in part, a conse-
quence of the lack of symmetry in the manner of defining Ay from 7. This
sort of asymmetry will have major implications. Some sequences will converge
in certain topologies, while other similar sequences will not. Some operators
will commute with the projection operators I, while other similar operators
will not. The difficulties that these differences cause can be associated with
the lack of associativity of the Moyal product. In order to attempt to create
a spectral theory for unbounded symmetric distributions, we need to push the
domain of the Moyal product to its limit, perhaps beyond in some sense, and
hence difficulties of this type are to be expected.

On the basis of our procedures earlier, we expect that in order to proceed
we will have to define a second resolvent candidate to associate with left * -
multiplication by T'. But note carefully, the defining sequence for it converges
in the weak operator topology only: we cannot improve this to strong operator
convergence with the second resolvent candidate.

Proposition 6.2.  There exists a “real” distribution Ry, = jo’y in Dy,
such that

WP+ ApAp) ™" — 7 (Rey)

k—o0

in the weak operator topology. Moreover

(6.8.a) |T* (R, *T)|| <1,
(6.8.b) 1Ry | <1917,
(6.8.c) YRy +T % (R *T)=1.
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Proof. Since Ap(y*I + AfAr) ™! = (y*I + AgA}) "1 Ay for any k > 0, we
see that
V(T + ApAR) T+ AP 4+ AR AR) AL = T

for k > 0, yielding positive bounded maps (y*I + AxA;)~! < y=2I and
Ap(yPI + A3 Ag) ' Ar < I for all k > 0. Then

(g|Ak(y2I+A2Ak)71AZ )2
= (Ag| WP+ AjA) T ALS), = (T (Pexg) | (T + A Ax) M ALS),
— (T g|#(Rpy * T)f)y = (Tx 9| (Rey *T) % f),

k—o0

= [T%(IRT,y%T),f*g]]

for all f,g € D. This implies that T % (RT,y * T) = (T * RT,y) * T belongs to
Dy, and that

Ap(y°T + AL AL) AL o #(T * (R * T))
— 00
in the weak operator topology. Thus we deduce that (y2I+ A A;) ™! converges,
as k — oo, in the weak operator topology to #(Rr,) for some well-defined
bounded distribution Rz ,. The rest of this corollary is now immediate. O

When proving the existence of Rr,, it was possible to appeal to the in-
creasing nature of the sequence (A;Ak)k to derive the strong operator con-
vergence of ((y2I + AZAk)*l)k to 7?(fRT7y). Since, on the other hand, the
sequence (AkAZ)k is not increasing, no such argument is possible, and hence
the argument establishing the existence of IJAQT,y is more indirect, and yields
weak operator convergence only. This is another (and key) example of the way
in which small differences in the formalism will have a substantial impact on
the analysis. The sequence ((yQI + A;Ak)*l) ., converges in the strong opera-
tor topology, but its elements do not commute with II;. On the other hand,
the sequence ((yzl + AkAZ)*l)k only seems to converge in the weak operator
topology, but its elements commute with II;. Life would be much simpler if
both properties were satisfied by both sequences! It is worth noting that some
of the problems that arise in [9] are due to the fact that the distributions Rr
and ﬁ%ny have not there been recognized as being different.

Proposition 6.3.  The following properties of Ry, and IJAQT,y can be es-
tablished:

L.T*Rry = Rpy%T and T % Ry = Ry % T,
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Ry *T) % T = 1—y*Repy,

. (jo’y * T)) *T =1-— y2jQT’y,

PRy T * (R % T) = 1,

TR Ry | Ry # T < 17

. The distribution T % (j{Ty *T) = (T* jQTy) * T belongs to Dy, with
|7% (@ # 7)< 1

Proof.

. Since

[T%Rey, f%g]

= (T %, g| Ry %, f)a = Jim (T g | (4°1 + AcAD) ™),

= lim (P (T g) | (T + AxA}) '),

= lim (Awg| (°T + AxAD '),

= lim (| AL(PT+ AxAD) T S), = lim (9] (47T + A3 Aw) 1 ALS),
( \ (Rry ¥ T)f)y = [Rry % T, f*g]

for all f,g € D, we see that T" % JA%T,y = Rry * T. Conjugation then gives
us that T % RT,y = fRTﬁy *T.

. Since

=

(Rpy *T) % T, f5g]
— ((Rpy % T) x| T f), = (7#(Rry *T) g | T f),
=(g|#(Rpy * T)(T %, f))2 = Jim (9] T + AfAR) AT *, ),
= lm (g (y*1 + AzAx) " ALALS),
= lim (g| (7 —y*(v*T + Az A) 7)),
=(g|f =97 (Rry)f), = [1—y"Rey, f*g]
for all f,g € D, it follows that (R, * T) * T = 1 — y*Ry,,,.

3. Rry *xT) % T = (T Rpy) % T = T % (Rpy % T) = 1 — y>Re .
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4. This follows since

YRy +T % (Rpy * T) =y* Ry + (T % Rpy) *

T
— Ry + (Rpy #T) T = 1.

%>

5. This is immediate from the first part, and the known properties of the
distribution Ry ,,.

6. Since
Th Ry *T) = (T*Rpy) %T = (Rpy *T) % T = 1—*Rpy

we see that the distribution X =T % (jQTy * T) belongs to Dy, and that
0 < #(X) < I, which certainly implies that || X || < 1.

|

In summary, then, we have found two similar but (as we shall see) distinct
distributions. Note that the particular distributions Rz ; and fJAQTyl can be seen
as corresponding to what is written as (1 +72)~! in [9].

Each of these two distributions can be used to define candidate resolvent
operators, and so we define the tempered distribution-valued functions 8 and
$ as follows:

9.&) ST)y = fRT)y ;\1 (T + iyl) y
81y =Rry % (T +iyl).
Proposition 6.4.  Both 87, and STJJ are bounded one-sided inverses

for T — iyl, in that HSTyH , ||STy|| < 2|y|_1, and 87, * (T — iyl) =
Sry * (T —iyl) = 1.

Proof. Since 81, = Ry * T + iyRy,, it is clear that 87, € Dj with
norm bounded by 2|y|~'. We observe that

ST,y * (T — Zy].) = 8T7y * T — inT,y
= [Ryy * (T +iyl)] * T — iyReyy * (T +iyl)
=(Rry *T) % T +iyRyy % T —iyRyy % T+ y* Ry,
=1.

The results for ST,y are proved similarly. O
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In general, neither of these distributions is a two-sided inverse for T — iy1,
which complicates matters. However, we can combine them to find a two-sided
inverse. Define

1 .
(6.10) Zry = g[ST,y +81y] -

IA

Proposition 6.5.  The distribution Zr, is bounded, with || Zp, ||
2|y|~". Moreover 27,y 15 a two-sided inverse for T —iyl. Finally Zr, =

27—y

Proof. 1t is clear that Zr, € Dj with the given norm bound, and it is
also immediate that
ZT,y * (T - iyl) = 1.
Now 1
ZT,y = B [RT,y * T + :RT’y * T+ iyjo’y + iyjo’y] ,

which implies that
5 L. g . A
ZT’y = 5 [T * :RT,y +T % RT’y — ’LyfRTyy — nyRTyy]

1.~ R - . A
= 5 [RT’y *T + RT’y * T — ’LyfRTyy — nyRTyy]
= Z’T,—y )

since Ry, = Ry, and Ry, = Rp,,. Then we deduce that Zp,  (T+iyl) =
1 and hence, taking conjugates, that (I" — iyl) * Zp, = 1. O

We now have two distributions which are something like (y*1+772)~!, and
three further distributions which seem to behave like distributional resolvents.
It is important to understand the relationship between these distributions and
the spectral properties of the unbounded symmetric operator 7(7"). We start
this process with the following technical result. It should be noted that this
result is another special case where the product * is associative, but it is the
only result we have where a distribution as general as T is the middle term.

Lemma 6.3. If S € D} is such that S % T € D}, then (S % T) % Ry, =
S (T * Rry).

Proof. Suppose f € D is such that f = Pyx f = f % P, for some ¢ > 0.
Such elements are dense in D. These elements have been used in Gayral et al,
[7]. For any k > ¢, define

fo = WP+ A A} f
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Since [Hk,AkA,’;] = 0 and Il f = f for all k£ > ¢, we see that Il; fr = fi for
all k > €. Also f x P, = fj for all k> £, and hence f; € D for all kK >/, and

fk - ﬁ(jo,y)f

weakly, while

T fro = Tx (pfr) = Apfr = W1+ AjAR) T ALS
— #(Rpy % T)f = #(T % Ry ) f

k—oo
in the norm of H. Thus we deduce that
[S*(T%Rry), f*5]
=(S*g|(T* jzT,y) * f)2 = (#(S) g #(T * Rry) f)2
|7 (

= lim (7(S)"g| T fr)o = lim (g]7(S)(T % fr))
= I (g[F(S*T)fr)2 = lim (7(S*T)"g] fi)2

=((S*T) % g7 (Rry) 2 = (S*T) % g Ry %1 f)o
=[(S*T) % Rpy, fxg]

and the result now follows from standard density arguments. O

We now obtain our first result connecting the distributions we have been
studying and the associated spectral theory.

Lemma 6.4.  The domain of the unbounded linear operator w(T)* is

equal to
D(n(T)") = {¢pcH|T*pcH}

with ©7(T)*¢ = T % ¢ for all ¢ € D(x(T)*). Moreover, the map m(T)* — iyl :
D(w(T)*) — H is surjective.
Proof. If ¢ € H and f,g € D then

(m(T)(f*g)[@)2=(Tx (fx9)[¢)2 = (T* f)*gl)2 = (Rg(T % [)[9)2
=(Tx f|Rgp)2 = (T'x flo*g)2 = [[T‘;(bag*?]]

so that

(M(T)f1¢)2 = [T, f] feD,¢eH
Thus, if ¢ € D(n(T)*), then (f|#(T)*¢)s = [T * o, f] for all f € D, so

that T * ¢ = #(T)*¢ € H. Conversely, if T * ¢ € H then (n(T)f|¢)s =
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(f|T * ¢)s for all f € D, so that ¢ does belong to D(W(T)*), with #(T)*¢ =
T * ¢.
Now, if £ € H, then
(r(T)f | #(20)€), = (7(Zr) (T 1]9), = (7(2r,) (T 1) |€),
= (7 (2r—y *T)f[€), = (F(1—iyZry)f|€),
=(f1€2 +ay(f|7(2ry)E),

for all f € D, so that #(2r,)¢ € D(x(T)*) with

#(T)* (7(21y)€) = €+ iy (2ry)E

which says that £ = [7(T)* —iyl| (#(2r,)€) belongs to the range of m(T)* —
iyl. Hence the map 7(T)* — iyl is surjective. O

Corollary 6.1.  #(Rp,) = (y21+7r(T)*7r(T))_1.

Proof. Suppose that g € D is such that we can find ¢ > 0 for which
g = Pixg = g% Py. As before, if we define

g = (VPI+AA) g
then g = Pr*xgr = g *x Pr € D for all K >/, and
g = #(Rry)g

weakly, while

T %, 9k kjooﬁ-(:RT’y * T)g = 7AT(T * :RT;y)g

Moreover
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This implies that fr(jQT,y)g belongs to D(x(T)*n(T)), with
(yZI + 7T(T)*7T(T)) (ﬁ(j{T,y)g) =g
which implies that fr(jQT,y)g = (y* I+ W(T)*W(T))ilg. O

The proper description of the distribution Rz, is not so straightforward.
There is an interesting relationship between Rr, and fJAQT,y, and the ‘amount
by which Rr, differs from jQT,y’ turns out, in effect, to be the ‘amount by
which 7(T') fails to be essentially self-adjoint’. To establish this result requires
another technical lemma.

Lemma 6.5.  The distribution Ry, satisfies the following:

1.0 < Ry, < Ry as elements of the C*-algebra Dy,

2. Y { Ry * (T*Rpy) — (Rpy %*T) % Ry} = T % Ry — Ry % T
Proof. Since

[T % Ry % [T % Rery] = [Rey % T)* [T %Ry, = Ry * [T (T % Rey)]

Rey — V* Ry * Rery

[T % Ry % [T % Ry = [(T* Rpy) % T] % Ry = Ry — * Ry % Ry

we deduce that
[T * :RTyy] * {T * (RT,y - j{Ty)} = _yzjoyy * [RT,y - jo,y]
Similarly
[T%R7, | % [T*Rr ] = [Ryy % T] % [Ryy % T] = [(Repy *xT) *Rep )| % T
= [Ryy % (T %Ry )| % T = Ry % [(T* R ) %7
= RT)y — y2fRT)yi'fRT’y
[T%Rp )% [T*Rr | = [(T*Rpy) % T) %Ry = Ry — v* Ry %Ry,
so that
(T3 Ry, ${T% (Rry~Rry)} = [Rey = Rey] =9 Rey % [Rey — Rey ]
Thus
fRT)y — jQT)y = y2 [:RT7y — j%;ny] ;(' [fRT)y — jQT)y]
- {T * [:RTJJ - joy]} * {T * [RTJJ - joy]}
=y’ [:RTW - joy] * [fRT,y - jo,y]
+ {T * [RT,y - joy]} * {T * [RT,y - joy]}
>0
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which shows that 0 < jQTﬂJ < Rr,y. Moreover, since

[1—y*Ryy] % (T * Rpy)

=[T* (T *Rpy)] * (T *Rpy) = T* [(T*Rpy) * (T * Ryy)]

* (Rry — PRy * Rpy) = T Ry — y?>T % (Rpy * Rey)
Rry — (T * Rey) * Reyy = T Rpy — 4> (R * T) % Rey

T
T

%>

we deduce that
Y Rry * (T % Rpy) — (Rey % T) % Ry} =T % [Rpyy — Ry ]
=T %Rpy—Rpy % T
0

We now have enough machinery to introduce the following important dis-
tribution. Define

(6.11.a) ery = [Rry — Rry] +iyT * [Rry — Rery]
(6.11.b) = [Rry — Rey] —iy[Rey — Ry ] * T
(6.11.c) = —iy[Rey — Rry] * (T +iy)

(6.11.d) = —iy[87y — 87,4]

Proposition 6.6. We have Ery = Ery = Ery * Ery. Moreover,
Er,y € Dy, and has the positivity property 0 < €, < 1, and (T+iy) * Epy =
ET,y * (T - Zy) = 0.

Proof. The first of the two equivalent expressions for 7, show clearly
that &p, = Er,. Since

Ery * Ey

= 94 [RTW _jQTﬁU:I * [:RTJJ _jomv] _92 (T; [RT,y _jomv] ) * (T;‘ [RT,y _jomv] )
%93 {[RTW *ﬁzT,y] * (T‘; [RT,y *ﬁzT,y] ) + (T’A* [:RTJJ *ﬁTvy] ) * [:RTJJ *jzﬂy}}

=y?[Rry — Rry] +iy* {Rry * (T % Rry) — (Rry % T) % Ry}

=2 [Rry — Rry] +iyT * [Rry — Ry = €y

we deduce that 7, is also idempotent. Hence €7, is a self-adjoint idempotent
in the C*-algebra Dz/;» so0 < &r,y < 1 follows. It is clear that

Ery * (T —iyl) = —iy[8ry —8r,y] % (T —iyl) = —iy[l —1] = 0
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and we deduce that (T +iyl) * Er, = Epy * (T —iyl) = 0 as well. O

We observed previously that 87, and ST’y were one-sided inverses for
T —4yl. This new distribution 7, measures the amount by which they are
not two-sided inverses.

Corollary 6.2. We have the identities
(T —iyl) % 87y = 1+ Epy, (T —iyl) %87, = 1— &,
Proof. We have
=T % (Ryy % T) —iyRyy % T+ iyT * Ryy + y* Ry,
=1 + y2 [CRTy — jQTﬁy} + ’LyT ;' [:RT#J - j%T,y]
=1+ ST’y
Since (T —iyl) * Zr, = 1, the other equation is immediate. O
We can now characterize the distribution €7, in terms of one of the defi-
ciency spaces for 7(T)*.
Proposition 6.7. ﬁ(Eny) € B.(H) is the orthogonal projection onto
the deficiency space Ker(ﬁ(T)* + in).
Proof. 1f ¢ € H then Ep 4y * ¢ € H as well and
(T+iyl) % (Ery * @) = [(T+iyl) % Epy] % = 0%k ¢ = 0
soT* (Ery * @) = —iyEr,y * ¢ belongs to H. Thus Er, * ¢ € D(m(T)*),
with
(m(T)* +iyl) (Ery * @) = 0.
Thus we deduce that fr(ST,y)d) = &1y * ¢ belongs to the deficiency space
Ker(m(T)* + iyl).
Conversely, if ¢ € Ker(ﬂ(T)* + in) then (T +iyl) * ¢ = 0, so

Sry k¢ = [Rey % (T+iyl)]| %6 = Ry & [(T+iyl) 5¢] = 0

and hence
p—Eryko=(1—Ery) %o = [(T—iyl) *8r,] * o
= (T —iyl) % [S7, % ¢] = 0
which tells us that #(E7,,)¢ = Ery * ¢ = 6. O

We can now describe the distribution Ry, exactly in terms of = (T').
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Corollary 6.3.  Since
RTﬁg = j\zT)y + 2_;2{8T7y + 8T>7y} )

we see that the opemto ( y) B.(H) can be described as a linear com-
bination of (y*I + (T)*n(T
deficiency subspaces Ker( (T

) and the orthogonal projections onto the two
)* +iyl) and Ker(m(T)* —iyl).

A related spectral result we can prove at this point is the identification of
the Cayley transform of w(7"). The next result represents an extension of the
arguments used in Corollary 6.1.

Lemma 6.6. If ¢ € H then #(87.-1)¢ € D(x(T)).

Proof. For any k € N define

ap=(I+ A;Ap) YA —il)¢
B = (I + ApAp) ™! (Ax — il)¢
= ((I + AkAZ)il(Ak — ZHk)d)) * P, = Py x0r* Py

noting that |lag|l, |8kl < 2|/ ¢ || for all k € N. Clearly v, € D for all k € N,
and since

‘(T/J | 7(87,-1) o — Vi), ’ <\ |7(8r,-1)d — 51@)2’ + ‘(1/) | B — Pi * Br *Pk)z‘
#(81-1)0 = )| + | (¥ = Poxvox B[ B1)
#(87,-1)6 = Bu), | + 208lla- 10 = Puxvox il

for any ¥ € H, and since the sequence (ﬂk) converges to fr(ST,_l)gb weakly,

E
we deduce that (%) . converges to ﬁ(ST’,l)QS weakly.

Moreover
T(T)ve = (AjBr) * P = ((I+ AjAp) " A (A — D)) * Py
=(¢p— (I +AfAr) "I +i45)p) * P = (¢ — o) * Py
so we see that
I (T)vk = ¢ + 7 (S7.-1) 8

< ||¢—d* Pu,+ |7 (87,-1) ¢— (#(87,-1)9) * P |,
<|l¢—dx*Py ”2 + 7A"(ST,—l)Qﬁ - (7AT(ST7_1)¢)) *PkHZ

(7(87,—1)p—ar) * P,
(ST,—1)¢—O%H2
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so that fact that (ak)k converges strongly to 7%(81_1)(;5 tells us that (W(T)’}/k)k
converges strongly to ¢ — 7 (ST,,l)qS. Thus we deduce that ﬁ(ST’,l)QS belongs
to the domain D(T((T)), as required, and also that

()i (87,-1)p = ¢ — i (S1.-1)¢

Consider the distribution U € Dj defined by the formula
(6.12) U= (T—il)%x8_1 = (T —il) % (Rp1 % (T —i1))

Proposition 6.8.  The operator 7(U) is equal to the Cayley transform

U of the closed symmetric operator w(T).
Proof. 1f ¢ € Ker(w(T)* — iI) then

St k= (Re 1 ¥ (T—il)) k¢ = Ry 1 % (T —i1) % ¢)
=Ry 1 % (7(T)* —il)¢) = 0
and hence
Ukx¢ = (T—il)% (Sp—1%¢) =0 = U
On the other hand, if ¢ € Ker(w(T)* — iI)J' then, since 7%(81_1) is the orthog-
onal projection onto Ker(ﬂ(T)* - iI), it follows that

o= -#(Er))¢ = (1-Er) %o
[(T + Z].) * ST ,1} * (;5 (T + Zl) [ST7,1 * ¢]
= (7(T)* +I) [ST _1 % 9]

and so, in fact, 871 % ¢ is that element ¢ of D(m(T )) for which ¢ = (7 (T) +
iI)1. But then
Uko=(T—il)% (81 %¢) = (T —il) % ¢
=(r(D)* =)y = (x(T)—il)yY
=Ud

Thus we have shown that U * ¢ = U¢ for all ¢ € H, as required. O

We end this section with a theorem which establishes a series of necessary
and sufficient conditions for the operator 7(7T') to be essentially self-adjoint. It
is important to note that [9] contains a (small) number of errors, effectively
assuming identities (3) and (4), which means that the later results of spec-
tral theory are not surprising, since they are simply those results that can be
achieved, as ever, for essentially self-adjoint operators.
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Theorem 6.1.  The following are equivalent:

1. The operator m(T) : D — H is essentially self-adjoint,

2. Ry, = Rey,

SO A

Proof.

(2) = (3):
3) = (2):

T%Rp, = R, % T,
Ry % (T 5 Rpy) = (Rey % T) % Ry,
Y2 [Rry — ﬁ%Ty] is idempotent,

€1y = Er_y = 0.

If Rpy = Ry, then Tk Rpyy = Rpy ¥ T = Rpyy % T
IfT * fRTyy = RT’y * T, then
1= y*Rpy = (Rpy % T) % T = (T*Rpy) *%T = 1—y*Rp,

and hence R7y = R7 .

: See Lemma 6.5.

: Writing P = ¢?2 [iRTyy — UAQT’y], we showed in the proof of Lemma

6.5 that
P—P? = *[T% (Rpy — joy)] * [T % (Rey — j{Ty)]

and hence (5) is equivalent to the statement that

[T % (R — joy)] * [T % (Rey — ﬁzTy)] =0

which is equivalent to T' % (IRT,y — jQTy) = 0, which is equivalent
to (3).

: If fRTyy = j{T,y, then

Ery = (WP1EiyT) % (Ryy — jQT»y) =0

: If ET,y = 8T77y =0 then

2y2 [:RT,y _jo,y] = 8T,y+8T,fy =0

and hence Rp, = Ry .

: This is standard, given our characterization of €7, and &7 _, in

terms of the deficiency subspaces.

|
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87. Aiming for a Spectral Calculus

We have shown that some of the key results in [9] are suspect, except in
the simple case that (T is essentially self-adjoint. The root problem would
seem to be Theorem 7.5 of that paper, which introduces (1+72)~!, and claims
that it commutes with 7. As we have seen, this statement fails to distinguish
between R ; and IJAQT’l.

The question remains whether it is still possible to retrieve some of the
results in that paper by constructing a spectral calculus, even when 7(T') is not
essentially self-adjoint. To do this, we need to be able to create a distribution-
valued resolvent function which has “good” properties, analyticity for example.
Unfortunately, we can show that this is not possible, at least with the distri-
butions we have identified so far.

Let us continue to work with a fixed “real” distribution T = T € Q N Q.
For any complex number z € C\R (so that we can write z = z + iy where
z,y € R and y is nonzero), we shall introduce the notation:

(7 1) 9}2 = jQwal,y %z = §T7x17y ez = ngwl,y
S SfoLy Z’z = Z'wal,y

Using this notation, we can summarize some of the key results of previous
sections as follows:

e S. =R.%(T—z1)and $, = R, % (T —z1),
e S. % (T—21) =8, % (T—21) = 1,
e (T—21)%8. =1+¢&,,and (T —21) %8, = 1—¢,,

2. % (T —21) = (T—21) % 2. = 1, while 2, = Z,

All of these distributions belong to D}, with

K

1
[Tmz|

(= 18- 18- 11 1121 <

" 1
Rell < Gz le-] < 1

e &, = E_Z =&, %¢&,,and fT(EZ) is the orthogonal projection onto the space
Ker(m(T)* — 2I).

In order to implement some form of spectral calculus, we will need some
variant of the usual resolvent formula, since the latter does not hold here. We
shall show some of the formulae that are possible in this general framework.
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We already have three candidate resolvent functions: 8, $ and 2. Of these,
the last is the most attractive since it is a full-blooded two-sided resolvent
function, while the other two are only one-sided.

The following technical lemmata are crucial in what follows:

Lemma 7.1.  For any z,w € C\R, we have the following identities:

1. Suk&. = (Z—w)Ry * €.

3. ZZ*EZ = mgz,

Proof. We first note that

Sw k&, = @w;uxﬂm];@::iw;ﬁT_mU;eJ::@_wmw;@

and so, in particular, S, %¢&, = 0. Since 8, = 8§, —|— 8Z, we deduce that

& 7

S, xE, = 8§, *xE, +—E,%x¢&, =
Imz Imz

1 .
as required. The last result follows since Z, = 5 . 1

Lemma 7.2. If X € D} is such that X * (T' — z1) = 0, then X

X xE,.

Proof. We have

X-X%¢&,

=X*[1-¢&] = X*[(T-21)%8.]

=X % [(T—21) % (R % (T —%1))] = X % :

= [X & ((T—=21)%R)] % (T -71) = [(X % (T —21)) %R
0

carefully using the available results on associativity of the product * . O

Putting these results together, we deduce that there is a further interesting

relationship between these resolvent functions.
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Proposition 7.1.  For any z € C\R we have

N ) o 1
8: = 2.+ 2Imz82 Sz = Zs QImZEZ

Proof. Certainly (2. —8.) % (T —z1) = 1—1 = 0, and hence we deduce
that

& _ 8y 2 _ A i
2,-8, = (Z,-8,) % &, = 2, %&, = —QIngz
1 .
as required. The second identity follows since Z, = 3 [SZ + 82]. O

We can now establish the nearest thing that we have to the resolvent
formula for Z

Theorem 7.1.  For any z,w € C\R, we have
o 524 T=E g s
Zw—2; = (W—2)2y *Z, + AT Tmw Ew *x €&,

and

Suw—8. = (W—2)8, %8, + (Z—wW)Ry * &,
Proof. If we write X = Z,, — Z, — (w — 2)Z,, * Z, it is easy to see that
X % (T — 2z1) = 0, and hence

X:X%Sz:(l—m)zw?u‘lz €.

7
2Imz ~ 2Imz

However, in addition (T'—wl) * X = 0, and hence

X = & %X = (pw)eﬁ;zw;sz*%e@;ez

2Imz Imz
Since Zg * € = ,Lgm we deduce that
2Imw
_ i _i(w—z))_A i e _ wW—Z o =
X = 2Imw (1 2Imz o * & 2Imz bw* €. = 4Imz Imw Ea * &

as required. Similarly, if we write Y = Sw—8, — (w— z)gw * SZ, then we have
Y % (T — 2z1) = 0, and hence

Y = Y#&, =8,%8. = @G—w)Ry * &,
as required. |

Thus Z, and $ satisfy extended resolvent formulae, with the deficiency dis-
tributions €, again recording the amount by which they fail to satisfy standard
resolvent identities.
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Proposition 7.2.  As functions from C\R to D;, the maps R, f]AQ, S, S,
Z and & are all norm-continuous.

Proof. From the resolvent formulae of the previous result, we see that

sz—ZzHS\w—z\( 4 i 1 )

[Imw Imz| 4] Imw Imz |

& & 4 1
10 =82 < w — =] ( [ Imw Imz | + (Imw)Q)

for all w, z € C\R, and hence we deduce that both Z and $ are norm-continuous.
Since both 8§ and € can be expressed easily in terms of Z and g, we deduce that
8 and & are also norm-continuous.

Since Rz = R, we deduce that

Sz =Rz *x(T—21) =R, *(T—-21) =8,—(2—2)R,

which implies that

___t g _g
R = 2Imz [SZ Sz]
and, similarly,
~ _ Z ~ B A7
R. = 2Imz [SZ SZ]
and these identities show that R and R are also norm-continuous. O

We can obtain more detailed information about the norm-continuity of
each of these distributions, for example by deriving inequalities such as

2() Imw | 4+ | Imz |)
(Imw Imz)

1R = R ]| < |z~ w]

for all z,w € C\R, but the calculations are lengthy and do not provide addi-

tional information of use to us.

Proposition 7.3.  As a function from C\R — Dj, Z and $ are both
partially norm-differentiable, with

ad - 1 .
8:cZZ =2, %2, + I(Tm2)? Ex* &,
0 - i s
8_yZZ =42, * Z, — 4(Im2)282 * &,
98 8. %8, —R. %€,

ox

9
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Proof. Special cases of the extended resolvent formula tell us that
~ — X ~
Zeviy — Laviy = (§ — ) Letiy * Latiy + 64786—1'11 * Eatiy

. o i(n— -
Z’JC'H?? - Zx+iy = 2(77 - y)z’x+in * Zx-‘,—iy - (Znyy) 833""”] * €x+iy

which, together with the norm-continuity of Z and &, tell us that Z is partially
norm-differentiable, with the partial derivatives as indicated. The derivatives
of 8 are obtained similarly. O

This shows definitely that Z and § are not norm-analytic, since

9 oV . 1 . .
(7.2.2) (% * Z@)ZZ ~ 2(Imz)? Lz X &
9 Ve _ on =

additionally, since § = 2Z — S, we can show that

(7.2.¢) (% +z‘(%)sz = [+ meg] e, = [2m.- msz re.
and again notice that § is not analytic.

Although Z is, at first sight, the best candidate for the resolvent function,
and we have now seen that Z does not have the required analyticity property,
it is still possible that we have not yet found the right resolvent function. Any
distribution of the form

S7 = 2. +&%Z%¢&,, 2e€C\R,

where Z = Z € Dj, would be a valid two-sided resolvent function for 7' with
SZ = 87

z
S% was an analytic function. To investigate this, we need to determine the

and it is possible that a distribution Z could be found for which

differentiability properties of &.
Proposition 7.4.  For any w, z € C\R we have

Ew—Cu k& =(w—2)&, %8,
Cw—C.=(w—2)8u %8, + (W—2)8, % &,

%>

Proof. Tfwewrite X = &,—&,—(w—2)&, * SZ, it is clear that X * (T'—
z1) = 0, and hence

X =X*x€E, =E&,%E, -8,
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Simplifying this equation we obtain

Hence

as required. O

As a consequence of these results, we obtain the following. The proof is
similar to previous ones.

Proposition 7.5.  The function & is partially norm-differentiable from
C\R to Dj, and

O —e.%8.48.%¢.
oz -
D e %8, —i8. %€,
0y

As a consequence we deduce that

0 , ;0 _ 58 2
8 9 V\e oo sa

and this implies that, in order to find a working resolvent function SZ, we need
to find an operator Z = Z € Dj such that

o) .0\ oz _ 1 . o .5 & = u
(%+z@)sz = s € F 2R (238, 485 7) ke

for all z € C\R, a task that seems moderately unlikely!
In conclusion, therefore, we must conclude that the distribution-valued
approach to spectral theory does not provide us with any new spectral calculus

for operators for which one did not already exist, which is a pity.
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88. Conclusions

Were the Hansen approach to spectral theory to deliver a resolvent-based
spectral theory for symmetric operators (and not just for essentially self-adjoint
ones), the complications detailed above would be wholly justified. As it stands,
however, this has not happened. There is, however, the possibility that classes
of more appropriate distributions do exist and could be discovered. Until that
time, it seems that the non-self-adjoint operators are better considered by
means of positive operator-valued measures. Since these are the outcome of
an operational approach to quantum mechanics they emerge from the theory
of measurements quite naturally.

Nonetheless we reiterate something we said in the introduction: the ideas of
Hansen are original and interesting. It seems as if nature is providing us with
a new insight into the connection between classical and quantum mechanics
known as Weyl quantization, an insight but faintly discerned, and clothed in
formidable technical formalism. But as mathematics is the science that draws
necessary conclusions, the search for effective distribution classes should not be
abandoned.

Appendix

Here we list the correspondences between the conventions of Hansen’s pa-
per, [9], and those used in our book on quantization, DHS [5]. In what follows,
Hansen’s notation is in the left-hand column, and ours is on the right.

Hansen uses the symbol E to denote phase space, as opposed to IT in DHS,
and there are different conventions for the measure on phase space. In DHS
the standard Lebesgue measure A is used, while Hansen normalizes the Haar
measure to obtain v = —ﬂ_A. The following equations set out the identifications
between Hansen’s notation and that of DHS.

(A1a) //E fdv o %//ﬂ F(z) dA(z)

(A.1b) (flo & 5=/ 0)
(ALe) 17, e A=l

(A.1.d) L*(E,dv)=H Al

In this paper, an integral without an explicit measure is understood to be using
the normalized measure dv.
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The symbol for the Moyal product here has been chosen so that it coincides
with that of DHS. The notation is now more or less standard.®:

(A.2) o = *

Unfortunately, these maps are not identical, since different conventions have
been used. To complete the connection, we define the map R: L*(E,dv) —
L%(E,dv) by setting (Rf)(x) = f(v/2x), for then
(A.3) R(fog)=Rf Ry

and now the inequalities

1
A9 N Fosly < 5Ufllgl & Ifxall < =l 1l

demonstrating the joint continuity of the Moyal products are consistent.

It is now possible to make the necessary identifications between the se-
quences of special functions (am’n) and the special Hermite functions (q)mm)
used in DHS. The fundamental identification is

(A.5) Ramn = Ppm

which leads to the following correspondences concerning the function :
(A.6.a) Q= ay = agp & $o.o

(A.6.b) 12, = v2 & |doof = vor

(A6.c) QofoQd= %(Q | £)29 ~ Po,o* fr oo = %@0,07 f) ®o0

(A.6.d) Qo0 =0 =20 < $oo*Poo = Poo = oo

s

(A.6.e) Io( or Hy) & H

(A.6.1) fog = %(f|9)29 & fxg= %U, 9)%Po.0

More general correspondences between these special functions can be seen

Nnow:

(A7a) (amm | ajvk)z = 25mj5nk < <(bm7n7 ij,k:> - 27T6mj5"k
(A7b) Qm,p = Qm O [ < Cb'm,n = (bO,m * (bO,n
(A7C) Amn = Anm -~ Cbm;n = (bmm

(A?d) Qmn © G5k = 6n)jam,k = (bm’n * (bj7k = 6m,k(pj,n

5Hansen uses the symbol o here, but we will retain the now-standard form. The twisted
convolution is not explicitly used here, but we note that Hansen uses the symbol X for
it while the symbol o is used in DHS.
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In this paper, we have chosen to use the notation of Hansen (so that the
results we obtain are most readily comparable with those in [9]) with one key
exception. Hansen’s choice of the symbol o to represent the Moyal product is
not the accepted standard notation, and hence we have replaced that symbol
by the star symbol x. This does mean, however, that the operator x of this
paper and the operator x in DHS [5] are not the same (although, as we see,
closely connected through elementary changes of convention in the matter of
inner products and so forth).

Remark.  Weyl quantization is only mentioned in passing in Hansen’s
paper, but it is certainly there. Were it not, the spectral theory in phase space
would not be of interest for the spectral theory of the Schrodinger represen-
tation. It can be extracted as follows. We refer particularly to subsection
13.2.3, Quantization in Phase Space, of [5]. There we introduce the left regu-
lar representation R, Theorem 13.10, and show that it is a *-representation of
(L2 (I0), =, —) which is unitarily equivalent to Weyl quantization via the map V,
see equation (13.2.13a). It follows that the representation 7?| 5 of H is unitarily
equivalent to Weyl quantization.

We also note that the connection to Weyl quantization is implicit in Section
2.3 of Folland, [6]. The equivalence of 7 to a Schrodinger representation of D
into L2(R), of infinite multiplicity, is found in Theorem 2 of Vérilly and Gracia-
Bondjia, [26].
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