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Abstract

Associated with the Cayley graph (I, G) of a cancellative monoid I" with a finite gen-
erating system G, we introduce two compact spaces: Q(I', G) consisting of pre-partition
functions and Q(Pr,¢) consisting of series opposite to the growth function Pr g(t) :=
> o fln - t" (where Iy, is the ball of radius n centered at the unit element in the Cay-
ley graph). Under mild assumptions on (I', G), we introduce a fibration 7 : Q(I', G) —
Q(Pr,c), which is equivariant with respect to a (7, 7)-action. The action is transitive if
it is of finite order. Then we express the finite sum of the pre-partition functions in each
fiber of w as a linear combination of the ratios of the residues of the two growth functions
Prg(t) and Pr.gM(t) := > 77  M(Tn)t" (where M(I',)/#T,, is the free energy of the
ball ') at the poles on the circle of their convergence radius.
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81. Introduction

Replacing the square lattice Z? in the classical Ising model ([Gi], [I], [O], [Ba]) by
the Cayley graph (I', G) of a cancellative monoid T" with a finite generating sys-
tem G, we introduce the space Q(T, G) of pre-partition functions. Here, the word
pre-partition function is used only in the present introduction in the following
sense. Namely, for any finite region T' of the Cayley graph, we define the free en-
ergy M(T) /4T to be the quotient of the logarithm M(T') := log(A(T)) of the sum
A(T) of all finite subconfigurations in 7" divided by the number T of vertices of
T ((5.1.5) and (6.1.1)). Then the space Q(T', G) is introduced as the accumulation
points set (in a suitable topological setting) of the sequence {M(T',,)/t trez-,
of free energies of balls T',, of radius n centered at the unit element in (F,C_?)
(11.1 Definition). In the case of I' = Z?, Q(T', G) consists of a single element. By
inputting the data of Boltzmann weights to it, we get the most classical partition
function: an elliptic function dependent on the parameters involved in the Boltz-
mann weights. This fact inspired the author to use the pre-partition functions to
construct functions on the moduli of T ([Sal, 3]).

In our new setting, the space Q(I',G) is no longer a single element set in
general but a compact Hausdorff space. Under mild assumptions on (T, G), we
construct a fibration mq : Q(I', G) — Q(Pr ¢) (11.2.12), where Q(Pr ) is another
newly introduced compact space, consisting of opposite sequences of the growth
function Pr ¢(t) (11.2.3). The fibration is equivariant with respect to actions 7o
and 7o (§11.2, Theorems 1-4). If the actions are of finite order, then they are
transitive and the sum of the pre-partition functions in a fiber of 7q is given by
a linear combination of the ratios of the residues of the two series Pr g M(t) :=
S0t g M(Ty,)-t" and Pr g (t) == > o2 T, -¢" at their poles on the circle [t| = rr ¢
of convergence radius rp ¢ (§11.5, Theorem 6). We publish these results in the
present paper, even though our original goal is not achieved.

The paper is divided into two parts. In the first part §§2-10, we develop a
general framework on a topological Hopf algebra R[Conf] called the configuration
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algebra, where necessary concepts such as configuration sums, free energies (called
equally dividing points) etc. are introduced. The algebra is equipped with two
(one adic and the other classical) topologies in order to discuss carefully the limit
process in it. Then, inside its subspace Lg o of Lie-like elements at infinity,
the compact set 0o := log(EDP)_ of all accumulation points of free energies
is introduced. In the second half, §§11-12, we consider the Cayley graph (I, G)
of a monoid. Then, the set of pre-partition functions Q(T', G) is defined as the
subset of Q, consisting of all accumulation points of the sequence of free energies
of the balls T',, of radius n € Z>¢ in (I',G). We also introduce another limit set
Q(Pr.¢) C R[s], called the space of opposite sequences, depending only on the
Poincaré series Pr ¢(t) of (I', G) (see (11.2.1-4) and (11.2.6)). The space Q(Pr,¢)
is the key to relating the space Q(T', G) with the singularities of the Poincaré series
Pr () on the circle [t| = rp ¢ of convergence (§11.2-4, Theorems 1-5). Then,
comparing the two limit spaces Q(I",G) and Q(Pr ), we arrive at the goal: a
residual presentation of pre-partition functions (§11.5, Theorem 6).

Let us explain the contents of the present paper in more detail.

The isomorphism class of a colored oriented finite graph is called a configura-
tion. The set of all configurations with fixed bounds of valency and colors, denoted
by Conf, has an additive monoid structure (with disjoint union as product) gener-
ated by Confy, the isomorphism classes of connected graphs, and a partial ordering
structure (§2.3). In §2.4, we introduce the basic invariant (Sl"é'sm) € Z> for
S1,...,8m and S € Conf, called a covering coefficient. We denote by A[Conf] the
completion of the semigroup ring A-Conf with respect to the grading deg(S) := 9,
called the configuration algebra (§3), where A is the ring (commutative with unit)
of coefficients. The algebra A[Conf] carries a topological Hopf algebra structure
by taking the covering coefficients as structure constants (§4).

For a configuration S € Conf, let A(S) be the element of A - Conf given by
the sum of all its subgraphs. We put M(S) := log(.A(S)). Then {M(S)}seccont,
forms a basis of the Lie-like space of the non-complete bi-algebra A - Conf (§§5-6).
However, this is not a topological basis of the Lie-like space £, of the algebra
A[Conf]. Therefore, we introduce a topological basis, denoted by {©(S)}secont,-
The coefficients of the transformation matrix between the bases {M(S)}secont,
and {¢(9)}secont, are described by kabi coefficients, introduced in §7. The base
change induces a linear map, called the kabi map, from L4 to a formal module
spanned by {M(S)}seccont,- The kernel of the kabi map is denoted by L o and
is called the Lie-like space at infinity (§8).

The group-like elements &z fnite 0f the configuration algebra Z[Conf] are
isomorphic to the fractional group of the monoid Conf via the correspondence
A(S) < S (§9). Thus, it contains a positive cone spanned by Conf. We are
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interested in equal division points A(S)'/#S (S € Conf) of the lattice points in the
positive cone, and the set EDP of their accumulation points with respect to the
classical topology by specializing the coefficients A to R. In §10, by taking their
logarithms we define their accumulation set © := log(EDP) in Lg. The set 2
decomposes into a join of the infinite simplex spanned by the vertices M(S)/#S
for S € Confy and Q. := log(EDP)__ contained in Lg o (§10).

From §11 on, we fix a monoid I" with a finite generating system G. The
sequence of the logarithmic equal division points M(T",,) /T, for the sequence of
balls I';, of radius n € Z>¢ in the Cayley graph accumulates to a compact set
in Lg o0, which we denote by Q(T',G) and call the space of limit elements for
(T, G). This is the main object of interest of the present article. If I is a group
of polynomial growth, then due to results of Gromov [Grl] and Pansu [P], for any
generating system G, (I', G) is simple accumulating, i.e. Q(I", G) = 1.

In order to study the multi-accumulating cases, we introduce in §11 (11.2.3)
another compact accumulation set Q(Pr ¢): the space of opposite series of the
growth series Pr (t) := > 2 (4, - t". Under mild Assumptions 1 in §11.1 and
2 in §11.2 on (T, G), we show that there exists a natural proper surjective map
wq : QT,G) — Q(Pr ) equivariant with respect to the (7,7) action (see 11.2
Theorems 1-4), where (i) mq is a forgetful map which remembers only the por-
tion limy, oo A(Tp—k, n) /80 (here A(T,—x,Ty) := #{subgraphs of T';, isomor-
phic to I';,_x}) and (ii) the action Tq is defined by: the limit of a subsequence
{"m}mez~, — the limit of the subsequence {nmy, — 1}mez-,. Importantly this
%Q—action: up to an initial constant factor, has an interpretétion by the fattening
action on Conf(I',G): S +— STy (here, ST is the equivalence class of S-I'; for
a representative S of S) on the level of Q(T", G), and interpretation by the degree
shift action ¢ — t"! on the level of Q(Pr ).

Subsections 11.3 and 11.4 are devoted to the study of the space of opposite
sequences Q(P) for a power series P(t) (11.2.1) in general with a loose constraint
on the growth of coefficients. The main concern is to clarify a certain duality
between the set 2(P) and the set of singularities of P(t) on the boundary of the
convergence disc of radius r. It requires intricate analysis, and, in the present
paper, we clarify only when Q(P) is a finite set. Actually, if Q(P) is finite, then
the Z>¢-action 7 becomes a cyclic Z/hZ and simply-transitive action. We can
determine Q(P) explicitly as a set of rational functions in the variable s of a
particular form. In particular, their common denominator A%’ (s), which is a
factor of 1 — (rs)", has the degree equal to the rank of the space RQ(P) spanned
by Q(P). If, further, P(¢) is meromorphic in a neighborhood of the convergence

'The logarithm log(A(S)'/#5) = M(S)/4S, which we call the logarithmic equal dividing
point, is called the (Helmholtz) free energy in statistical mechanics ([Gi], [I], [O], [Bal).
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disc, then the top part ASP(t) of the denominator of P(t) on the convergence
circle of radius r (see (11.4.1)) and the opposite denominator AP (s) are related
by the opposite transformation st =1 (11.4 Theorem 5).

If Q(T, G) is finite, then again the Zx>g-action 7o on Q(I', G) becomes a cyclic
Z/ EF’GZ and simply-transitive action for some multiple in_’G € Z~g of the period
hr,c of the Z>o-action on Q(Pr ). Therefore, the map g is equivalent to the
Galois covering map Z/ﬁngZ — Z/hr ¢Z. Let us call the kernel of the homomor-
phism the inertia group and the sum of elements in Q(T', G) of an orbit of the inertia
group a trace element. As the goal of the present paper, we express the trace ele-
ments as linear combinations of the ratios % ., of the residues of the mero-
morphic functions Pp g M(t) := > 07 M(Tp)t" and Pra(t) = Y. ,— o (T,)t" at
the roots = of ASP(t) = 0 (11.5 Theorem 6). In the proof, we essentially use the
duality theory of 11.4.

Finally, in §12, we give a few concluding remarks. Since we are only at
the start of the study of the limit space Q(I',G), the questions point in various
directions, of general and of specific nature.

As an immediate generalization of our final Theorem 6 to the cases when
Q(T, G) is not finite, in Problem 1.1, we ask for a measure-theoretic approach to
the duality between Q(P) and Sing(P), and give a conjectural formula.

Another important generalization of Theorem 6 is the globalization in the
following sense: in many important examples, the growth function Pr ¢(t) analyt-
ically extends to a meromorphic function in covering regions of C (and the same

for Pr,cM(t)). Let = be a pole of order d of such a meromorphic function; then

( d' Pr.gM(t)
dz* Pr g(t)

belongs to L¢,« (even though it is no longer a limit element). Theorem 6 treats

)|t:I for 0 < i < d (which we call a higher residue of order i at x)

only the extremal case || = r and ¢ = 0. Therefore, the problem is to study
all higher residues at all possible poles together with a possible action of a Galois
group; in particular, to clarify the meaning of the (higher) residues at x = 1.

We conjecture that hyperbolic groups and some groups of geometric signifi-
cance (surface groups, mapping class groups and Artin groups for suitable choices
of generators) are finite accumulating, i.e. fQ(T', G) < 0.

82. Colored graphs and covering coefficients

An isomorphism class of finite graphs with a fixed color set and a bounded number
of edges (valency) at each vertex is called a configuration. The set of all configura-
tions carries the structure of an abelian monoid with a partial ordering. The goal
of the present section is to introduce a numerical invariant, called the covering
coefficient, and to show some of its basic properties.
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82.1. Colored graphs

We first give the definition of colored graph which is used in the present paper.

Definition. 1. A pair (I', B) is called a graph if I is a set and B is a subset of
I'xI'\ A with o(B) = B, where o is the involution o(«, ) := (8, a) and A is the
diagonal. An element of I' is called a wvertex and a o-orbit in B is called an edge.
A graph is called finite if §I" < co. We sometimes denote a graph by I" and the set
of its vertices by |T'|.

2. Two graphs are isomorphic if there is a bijection of vertices inducing a
bijection of edges. Any subset S of |T'| carries a graph structure by taking BN(SxS)
as the set of edges for S. The set S equipped with this graph structure is called
a subgraph (or a full subgraph) of T' and is denoted by the same S. In the present
paper, the word “subgraph” shall be used only in this sense, and the notation
S C T shall mean also that S is a subgraph of I' associated to the subset. Hence,
we have the bijection: {subgraphs of I'} ~ {subsets of |I'|}.

3. A pair (G, 0¢) of aset G and an involution o on G (i.e.amap og : G — G
with 02 = idg) is called a color set. For a graph (I', B), amap c¢: B — G is called
a (G, og)-coloring, or G-coloring, if ¢ is equivariant with respect to the involutions:
coo = oggoc. The pair consisting of a graph and a G-coloring is called a G-colored
graph. Two G-colored graphs are called G-isomorphic if there is an isomorphism
of the graphs compatible with the colorings. Subgraphs of a G-colored graph are
naturally G-colored.

If all points of G are fixed by o¢, then the graph is called unoriented. If G
consists of one orbit of o, then the graph is called uncolored.

The isomorphism class of a G-colored graph S is denoted by [S]. Sometimes
we will write S instead of [S] (for instance, we put §[S] := §S, and call [S] connected
if S is topologically connected as a simplicial complex).

Example (Colored Cayley graph of a monoid with cancellation conditions). Let
I" be a monoid satisfying the left and right cancellation conditions: if axb = ayb
in I for a,b,z,y € T" then x = y in I'. In other words, for any a,b € T, if there
exists g € ' such that a = bg (resp. a = gb) then g is uniquely determined from a
and b, and we shall denote it by b~ la (resp. ab~!). Let G be a finite generating
system of I with e ¢ G. Then we equip I' with a graph structure by taking
B :={(a,8) e T xT' | a B or B7la € G} as the set of edges. Due to the left
cancellation condition, it becomes a colored graph by taking G U G~ 'as the color
set and by putting c(a, 8) = a=13 for (o, ) € B, where G~! is a formally defined
set consisting of symbols a~! for o € G and identifying o~ ! with 3 € Gifaf =e
in T (such a 8 may not always exist). Due to the right cancellation condition, for
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any vertex x and any a € G, the vertex connected with z by an edge of color o
(i.e. y € T such that yo = x) is unique. Let us call this graph, denoted by (T', G)
or I for simplicity, the colored Cayley graph of the monoid I with respect to the
generating system G. The left action of ¢ € " on I' is a color preserving graph
embedding map from (T, G) to itself.

If G = G7%, then T is a group and the above definition coincides with the
usual definition of the Cayley graph of a group.

§2.2. Configuration

For the remainder of the paper, we fix a finite color set (G,oq) (i.e. G < )
and a non-negative integer q € Z>q, and consider only the G-colored graphs such
that the number of edges ending at any vertex (called valency) is at most q. The
isomorphism class [S] of such a graph S is called a (G, q)-configuration (or, a
configuration). The set of all (connected) configurations is defined by:

(2.2.1)  Conf := {G-isomorphism classes of G-colored graphs such that the
number of edges ending at any given vertex is at most ¢},

(2.2.2) Confy := {S € Conf | S is connected}.

The isomorphism class [(}] of an empty graph is contained in Conf but not in
Confy. Sometimes it is convenient to exclude [(}] from Conf. So put

(2.2.3) Conf; := Conf \{[0]}.

Remark. To be exact, the set of configurations should have been denoted
by Conf%9. If there is a map G — G’ between two color sets compatible with
their involutions and an inequality ¢ < ¢/, then there is a natural map Conf®? —
Conf®"4" Thus, for any inductive system (G, ¢n)nez-, (i-e. Gn — Gpi1 and
Gn < qni1 for n), we get the inductive limit lim,_, Conf®m i In [Sa2], we
used such a limit set. However, in this paper, we fix G and ¢, since the key limit
processes (3.2.2) and ([10.1.1]) can be carried out for fixed G and q.

§2.3. Semigroup structure and partial ordering structure on Conf

We introduce the following two structures on Conf.
1. The set Conf has a natural abelian semigroup structure by putting
[S]-[T]:=[SuT] for [S],[T] € Conf,

where SU T is the disjoint union of graphs S and T representing the isomorphism
classes [S] and [T]. The empty class [@] plays the role of the unit and is denoted
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by 1. It is clear that Conf is freely generated by Confy. The power S* or [S]*
(k > 0) denotes the class of the disjoint union SU---U'S of k copies of S.

2. The set Conf is partially ordered, where we define, for S,T € Conf,

S <T & there exist graphs S and T with S =[S], T'=[T] and S C T.

The unit 1 = [0] is the unique minimal element in Conf for this ordering.

8§2.4. Covering coefficients

For Si,...,5, and S € Conf, we introduce a non-negative integer
(2.4.1) (Slv-é’sﬂ = ﬁ(sl"'s’s’”) € Zso

and call it the covering coefficient, where (Sl"‘S"Sm) is defined by the following:

(i) Fix any G-graph S with [S] = S.
(ii) Define

(2.4.2) (sl,..S.,sm) = {(S1,...,Sm) | i CS, [Si] =S
(i=1,...,m)and U, [S;| = [S|}.

(iii) Show an isomorphism S ~ S’ induces a bijection (Sl*'é’sm ) ~ (Sl """ Srm ).
Remark. In the definition (2.4.2)), one should notice that:

(i) Each S; in (2.4.2) should be a full subgraph of S (see Def. 2).
(ii) The union of the edges of S; (i = 1,..., k) does not have to cover all edges

of S.
(iii) The sets of vertices [S;| (i = 1,..., k) may overlap in the set [S|.

Example. Let X;, Xs be elements of Confy with $X; = ¢ for ¢« = 1,2. Then
("xot) =0and () =2

The covering coefficients are the most basic tool in the present paper. We shall
give their elementary properties in [2.5 and the two basic rules: the composition
rule in 2.6 and the decomposition rule in [2.7]

§2.5. Elementary properties of covering coefficients

Some elementary properties of covering coeflicients, as immediate consequences of
the definition, are listed below. They will be used in the study of the Hopf algebra
structure on the configuration algebra in §4.

(i) (Sl"é’s’“) =0 unless S; < S fori=1,...,m and > 45; > 4S.
(ii) (") is invariant under permutations of S;’s.
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(iii) For 1 < i < m, one has an elimination rule:

S1,...,8-1,[00,Si+1,---,Sm\ _ (S1,---,5i—1,Si+1,---,Sm
(2.5.1) ( p ) - ( : )

(iv) For the case m = 0, the covering coefficients are given by

(2.5.2) ([g]) _ {(1) if S =10,

otherwise,

(v) For the case m = 1, the covering coefficients are given by

(2.5.3) (g) _ {1 if S=T,

0 otherwise,

(vi) For the case S = [0], the covering coefficients are given by

(2.5.4) (Slv'['@jvsm) _ {1 if USi=0,

0 otherwise.

§2.6. Composition rule
Assertion. For S1,...,Sm,T1,...,T,,S € Conf (m,n € Z>q), one has
Sty s Sm\ (U, Tty T\ (S1yeeeySmyThy e T
o () ) = (),
UecConf

Proof. If m = 0, then the formula reduces to (iii) and (iv). Assume m > 1
and consider the map

St1yeeesSmyT1,...,Th UTy,...,Tn
(gt m) = L (™)
UcConf

Sty s SmsThy e ) (GSZ-,TI,...JPH).
=1

Here, |J!~, S; means the subgraph of S whose vertices are the union of the vertices
of the S; (i =1,...,m) (cf. Def. 2) and the class [|J!~, S;] is denoted by U.

The fiber over a point (U, Ty,...,T,) is bijective to the set (Sl"ﬁj’sm) so that
one has the bijection

S1yeo Sy Th T\ S1,...,S8m\ (UT1,...,Th
(oot e Y () (™)

UeConf

Note. The LHS of (2.6.1) is a finite sum, since the only positive summands arise
with U < S due to (i).
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§2.7. Decomposition rule
Assertion. Let m € Z>g. For Si,...,5,,U and V € Conf, one has

(2.7.1) (Sl’U"."’/Sm) = Z . Z (Rl, . .U.,Rm) (T1,..V.,Tm)_

R,,Th€Conf R, , Ty, €Conf
51:R1-T1 Sm:Rm‘Tm

Here R;,T; € Conf run over all possible decompositions of S; in Conf.

Proof. If m = 0, this is (2.5.2). Consider the map

(SLH.J."‘,/Sm) R U U (Rh.tj,Rm) 5 (Tl,..v,Tm>’

S1:R1'T1 SVY‘L:R7Y‘L'TM
(S1,-.,Spm) — ($1NT,...,S,,NU) x ($1NV,....S, NV).

One checks easily that the map is bijective. O

Note. The RHS of (2.7.1)) is a finite sum, since the only positive summands arise
when R; < U and T; < V.

83. Configuration algebra

We complete the semigroup ring A - Conf, where A is a commutative associative
unitary algebra, by use of the adic topology with respect to the grading deg(S) :=
85, and call the completion the configuration algebra. It is a formal power series
ring of infinitely many variables S € Confy,. We discuss several basic properties of
the algebra, including topological tensor products.

§3.1. The polynomial type configuration algebra Z - Conf
The free abelian group generated by Conf,

(3.1.1) Z - Conf,

naturally carries the structure of an algebra by the use of the semigroup struc-
ture on Conf (recall 2.3)), where [0)] = 1 plays the role of the unit element. It
is isomorphic to the free polynomial algebra generated by Confy, and hence is
called the polynomial type configuration algebra. The algebra is graded by taking
deg(S) :=4S for S € Conf, since one has additivity:

(3.1.2) 4(S - T) = £S + ¢T.

§3.2. The completed configuration algebra Z[Conf]

The polynomial type algebra (3.1.1]) is not sufficiently large for our purposes, since
it does not contain certain limit elements which we want to investigate (cf. 4.6



LiMITS IN THE CONFIGURATION ALGEBRA 47

Remark 3 and 6.4 Remark 2). Therefore, we localize the algebra by the completion
with respect to the grading given in [31]
For n > 0, let us define an ideal in Z - Conf by

(3.2.1) Jn = the ideal generated by {S € Conf | {5 > n}.

Taking 7, as a fundamental system of neighborhoods of 0 € Z - Conf, we define
the adic topology on Z - Conf (see Remark below). The completion

(3.2.2) Z[Conf] := liLnZ - Conf /T,

will be called the completed configuration algebra, or, simply, the configuration
algebra. More generally, for any commutative algebra A with unit, we put

(3.2.3) A[Conf] := lim A - Conf /AT,

and call it the configuration algebra over A, or, simply, the configuration algebra.
The augmentation ideal of the algebra is defined as

A[Conf]; := the closed ideal generated by Conf ;.
= the closure of [J; with respect to the adic topology.

Let us give an explicit expression of an element of the configuration algebra
by an infinite series. The quotient A - Conf /AJ,, is naturally bijective to the free
module HSEQOD& ps<ntd S of finite rank. Taking the inverse limit of the bijection,
we obtain

AlConf] ~ ] A-s.
SeConf
In other words, any element f of the configuration algebra is uniquely expressed
by an infinite series

(3.2.4) f= > S-fs

SeConf
for some constants fs € A for S € Conf. The coefficient fig) of the unit element is
called the constant term of f. The augmentation ideal is nothing but the collection
of those f having vanishing constant term.

Remark. The topology on A[Conf] (except for the case ¢ = 0) defined above is
not equal to the topology defined by taking the powers of the augmentation ideal
as the fundamental system of neighborhoods of 0. More precisely, for n > 1 and
q # 0, the image of the product map

(3.2.5) (A[Conf] )™ — AT,
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(cf. (3.5.4) and (3.5.5)) does not generate (topologically) the target ideal on the
RHS (= the closure in A[Conf] of the ideal AJZ,, = {f € A[Conf] | deg.S > n for
fs # 0}), since there exists a connected configuration S with deg S = n, but S, as

an element in J,,, cannot be expressed as a function of elements of 7,,, for m < n.
In this sense, the name “adic topology” is misused here.

The notation A[Conf] should not be mistaken for the algebra of formal power
series in Conf. In fact, it is the set of formal series in Confy.

83.3. Finite type elements in the configuration algebra

The support for the series f (3.2.4)) is defined as

(3.3.1) Supp(f) := {S € Conf | fg # 0}.

Definition. An element f of a configuration algebra is said to be of finite type if
Supp(f) is contained in a finitely generated semigroup in Conf. Note that f being
of finite type does not mean that f is a finite sum, but that it is expressed by a
finite number of “variables”. The subset of A[Conf] consisting of all elements of
finite type is denoted by A[Conf]gnite. The polynomial type configuration algebra
A - Conf is a subalgebra of AJConf]gnite.

83.4. Saturated subalgebras of the configuration algebra

The configuration algebra is sometimes a bit too large. For later applications, we
introduce a class of its subalgebras, called saturated subalgebras.

A subset P C Conlf is called saturated if for S € P, any T' € Confy with T < S
belongs to P. For a saturated set P, let us define a subalgebra

(3.4.1)  A[P] := {f € A[Conf] | Supp(f) C the semigroup generated by P}.

We shall call a subalgebra of the configuration algebra of the form for some
saturated P a saturated subalgebra. A saturated algebra R is characterized by the
properties: (i) R is a closed subalgebra under the adic topology of the configuration
algebra, and (ii) if S € Supp(f) for f € R then any connected component of S (as
a monomial) belongs to R. We call the set

(3.4.2) Supp(R) := | J Supp(f)
fER

the support of R. Obviously, Supp(R) is the saturated subsemigroup of Conf
generated by P. The algebra R is determined Supp(R).

It is clear that if R is a saturated subalgebra of A[Conf] then RN (A - Conf)
is a dense subalgebra of R and that R is naturally isomorphic to the completion
of RN (A - Conf) with respect to the induced adic topology.
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Example. We give two typical examples of saturated sets.

1. For any S € Conf, we define its saturation by
(3.4.3) (S) :={T € Conf | T < S}.

2. Let (I',G) be the Cayley graph of an infinite monoid T" with respect to
a finite generating system G. Then, by choosing G U G~! as the color set and
q = #(GUG™1) as the bound of valence, we define a saturated subset of Conf by

(3.4.4) (T, G) := {isomorphism classes of finite subgraphs of (I, G)}.

Obviously, the saturated subalgebra A[(S)] consists of finite type elements only,
whereas the algebra A[(T", G)] contains non-finite type elements. This makes the
latter algebra interesting when we study limit elements in §11.

83.5. Completed tensor product of the configuration algebra

The tensor product over A of m copies of A-Conf for m € Z> is denoted by @™ (A-
Conf). In this section, we describe the completed tensor product & (A[Conf]) of
the completed configuration algebra,

Definition. Let A be a commutative algebra with unit. For m € Zx, the com-
pleted m-tensor product & A[Conf] of the configuration algebra A[Conf] is de-
fined by the inverse limit

(3.5.1) ®" A[Conf] := lim @™ (A - Conf) /(@™ AT )n,

n

where (®™AJ ), is the ideal in @ (A - Conf) given by

(3.5.2) (@A )= >, AT @ @AT,,,

niteng >n
where & A[Conf] = A and &' A[Conf] = A[Conf].
We list some basic properties of @ A[Conf] (proofs are left to the reader).
(i) Since M, —o(AT®™),, = {0}, we have the natural inclusion map
(3.5.3) @™ (A - Conf) ¢ " (A[Conf])

whose image is a dense subalgebra with respect to the (3.5.2))-adic topology.
(ii) There is a natural algebra homomorphism

(3.5.4) ®™(A[Conf]) — & (A[Conf])
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with a suitable universal property. The image of an element f;®---® f,, is denoted
by fi @+ ® fy. We also denote it by f1 ® - ® f, if f; € A-Conf (i =1,...,m)
because of (i).

(iii) If ¥; : @™ (A - Conf) — ®™ (A - Conf) (i = 1,...,1) are continuous
homomorphisms, then one has the completed homomorphism

~1 AZLl m; "Zrl'zl n;
(3.5.5) ®;1P; ¢ @ (AJConf]) — @~ (AJConf])
with some natural characterizing properties.

§3.6. Exponential and logarithmic maps

Let p(t) = .07 o @nt™ € A[t] be a formal power series in the indeterminate ¢.
Then the substitution for ¢ of an element f of A[Conf] to get p(f) := > o0 pnf"
€ A[Conf] defines a map ¢ : A[Conf]; — A[Conf] (cf. (3.2.5)). The map is
equivariant with respect to any continuous endomorphism of the configuration
algebra. The map can be restricted to any closed subalgebra of the configuration
algebra to itself. If f is of finite type, then o(f) is also of finite type.

In particular, if A contains QQ, then we define the exponential, logarithmic and
power (with an exponent ¢ € A) maps as follows:

(3.6.1) exp(f) = Z %f” for f € A[Conf],
n=0 :
- (_1)11—1 n
(362) log(l + f) = T'f fOI' f & A[[Confﬂ_,_,
n=1
(3.6.3) A+p=> cle=1): nfc D e o e A[Conf 4.
n=0 :

They satisfy the standard functional relations: exp(f + g) = exp(f) - exp(g),
log((1+ f)(1 +g)) = log(1+ f) +log(1 +g), (1 + ) - (1L+ )= = (1+ f)i™
and log((1 + f)°) = c¢-log(1 + f).

Fact. Let A =73 gcoonr, S+ As and M =3 gccone, S+ Ms € A[Conf] be related
by A =exp(M) (& M =1log(A)). Then their coefficients are related by

- 1 k1 k
(3.64) As=3 Dy gMs Mg
m=081,...,S,€Confy m:
S= fl...sfnm
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and
(3.6.5)
o0
(kl 4+ km _ 1)!(_1)k1+~~+km71 X .
MS:Z Z Bl K Ag) - Agl
m=0S4,...,8m €Conf
S=Sy1--Spm
Here the summation is over all decompositions of S':
(3.6.6) S =S Spm
or patrwise distinct S; € Confy (i =1,...,m) (which may not be connected) and
+

for positive integers k; € Z~o. Two decompositions Sy* --- Skm and T{* - Tl are
regarded as the same if m = n and there is a permutation o € &,, such that k; =
oy and S; = T,y fori=1,...,m. The RHS’s of (3.6.4)) and (3.6.5) are finite
sums, since the S;’s and k;’s are bounded by S.

We omit the proof since it is a straightforward calculation of formal power
series in the infinite generating system Confy.

Corollary. Let A and M € A[Conf] be related as above. Then
(367) As = Mg VS € Confy.

84. The Hopf algebra structure

We construct a topological commutative Hopf algebra structure on the configura-
tion algebra A[Conf]. More precisely, we construct in a sequence of coproducts
®,, (n € Z>¢) by the use of the covering coefficients and, in the antipode ¢,
which together satisfy the axioms of a topological Hopf algebra.

§4.1. Coproduct ®,, for m € Z>g

For a non-negative integer m € Z>( and U € Conf, define an element

(4.1.1) Ou(U) = > > (Sl’”U"S’”)&@m@Sm

S1€Conf S €Conf

in the tensor product ® (Z-Conf) of m copies of the polynomial type configuration
algebra. Due to (v), one has

(4.1.2) S, ([0]) =[0] (=1).
The map ®,, is multiplicative, that is, for U,V € Conf,
(4.1.3) B (U-V) =0 (U) - B (V).
This follows from the decomposition rule (2.7.1]).
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Thus, the linear extension of ®,, induces an algebra homomorphism from
Z - Conf to its m-tensor product ®™(Z - Conf), which we denote by the same
®,, and call the mth coproduct. The coproduct ®,, can be further extended to a
coproduct on the completed configuration algebra.

Assertion. 1. The mth coproduct ®,, (m € Z>q) on the polynomial type con-
figuration algebra is continuous with respect to the adic topology. The induced
homomorphism is denoted again by ®,, and called the mth coproduct:

(4.1.4) ®,, : A[Conf] — & A[Conf] := A[Conf] & - - - & A[Conf]
2. The completed homomorphism ®,, is mulitiplicative:

(415) ‘I)m(f : g) = (I’m(f) . q>m(9)
for any f,g € A[Conf],

3. Any saturated subalgebra R of A[Conf] is preserved by ®,,:
(4.1.6) ®,,(R) C &"R.

Proof. 1. Recall the fundamental system (®™AJ), (3.5.2) of neighborhoods of
the m-tensor algebra @™ (Z - Conf). Let us show the inclusion

(4.1.7) ®,,(AT,) C (@MAT )

for any m,n € Z>o. The ideal 7, is generated by U € Conf with deg(U) :=
gU > n, and ®,,(U) is a sum of monomials S1 ® - -- ® Sy, for S; € Conf such that
(Sl"i}’s’”) # 0. We have #51 + - -- + 45, > U > n because of (i), implying
,,(U) € (™T )n.-

2. The multiplicativity of the monomials (4.1.3]) implies the multiplicativity
of the configuration algebra of polynomial type. This extends to multiplicativity
on infinite series because of the continuity of the product with respect to
the adic topology.

3. Let f € Rand f =) ¢ Sfs be its expansion. Then ®,,(f) is a series of
the form » ¢ 51 ®- - '®Sm(sl"é’5m )fs. Thus, (Sl"‘s;’s’” )fs # 0 implies each factor
S; satisfies S; < .S and S € Supp(f) C Supp(R). By the definition of saturation,
S; € Supp(R) and ®,,(f) € ®"R. O

Cocommutativity of the coproduct ®,,. The symmetric group &,,, acts nat-
urally on the m-tensors by permuting the tensor factors. The image of
®,, lies in the subalgebra consisting of &,,-invariant elements, because of (ii):
®,,(A[Conf]) C (" A[Conf])®m. We shall call this property the cocommutativity
of the coproduct ®,,.
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84.2. Coassociativity

Assertion. For m,n € Z>q, one has the formula

(4.2.1) (1®--®1 ®Pp,) 0 Ppy1 = Pppn-
Proof. This follows immediately from the composition rule (2.6.1]). O

Using the cocommutativity of @5, ®3 can be expressed in two different ways:
(Py®1) 0Dy = (1 Dy) 0 By.

This equality is the coassociativity of the coproduct ®,. More generally, ®,, is
expressed by a composition of m — 1 copies of ®5’s in any order.

84.3. The augmentation map @
The augmentation map for the algebra is defined by @y (recall ):
(4.3.1) aug := &g : A[Conf] — A, S € Conf, — 0, [0] — 1.
Assertion. The map aug is the counit with respect to the coproduct @,
(4.3.2) (aug ®id) o @y = idzgcont]-

Proof. This is the case m = 0 and n = 1 of the formula (4.2.1)). Alternatively, for
any S € Conf, using [2.5| (iii) and (iv), one calculates:
g T,U _ T, [0\ _
(aug ®id) o ®o(S) = Z ( S)T'aug(U)— Z ( 5U>7S. O
T,UeConf TeConf
84.4. The antipodal map ¢

The coproduct and the counit exist both on the polynomial type and the completed
configuration algebras. The coinverse (or antipode), which we construct in the
present section, exists only on the localized configuration algebra.

Assertion. There exists an A-algebra endomorphism
(4.4.1) ¢ : A[Conf] — A[Conf]
with the following properties:

(i) ¢ is an involutive automorphism. That is, 1? = ida[conf] -
(ii) ¢ is the coinverse map with respect to the coproduct ®o, that is,

(4.4.2) Mo (1 ®id) o ®y = aug,

where M is the product defined on the completed tensor product (recall.
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(iil) ¢ is continuous with respect to the adic topology. More precisely,
(4.4.3) U(Tn) C Tn
for n € Z>q, where J, is the closure of the ideal 7, (3.2.1)).

(iv) ¢ leaves any saturated subalgebra of A[Cont] invariant.
(v) Any A-endomorphism of A[Conf] satisfying (ii) and (iii) is equal to ¢.

Proof. The proof is divided into two parts. In Part 1, we construct an endomor-
phism ¢ of the algebra A[Conf], satisfying (i)—(iv). In Part 2, we show that any
endomorphism 1 of A[Conf] satisfying (ii) and (iii) coincides with ¢.

Part 1. Fix a bijection i € Z>, — S; € Confy such that if S; < S; then 7 < j
(such a linearization exists since one can linearize the partial order structure on
the finite set of configurations for a fixed number of vertices). Note that this
condition implies that the set {S1,...,S;} for i € Z~ is saturated in the sense of
Consider the increasing sequence Ry := A, R; := A[S1,...,S:] (i € Zso) of
saturated subalgebras of A[Conf]. Let us show:

Claim. There erists a sequence {@i}iezzo of continuous endomorphisms p; :
R; — R; satisfying the following relations:

(a) 7 =idg, fori€ Z>o.

(b) <P1|RL L =@i—1 fori € Z>y.

(c) Mo (p;-id) o ®y|g, = aug|gr, fori € Zxo.

(d) ¢i(Tn NRi) C Tu N Ry fori€ Zsq and n € L.

(e) wi(Sk) € Z[(SK)] for 1<k <i (see (3 and for notation).

Proof of Claim. We construct the sequence ¢; inductively. Put ¢g := idy. For
J € Z>p, suppose that ¢, ..., ; satisfying (a)—(e) for i < j are given.

For any given element X € Z[(S;41)] N Jis,., define an endomorphism ¢ x
of Rj[Sj+1] by ¢¥x|R; = ¢; and ¥x(Sj31) = X. Since X € Jis,,,, we have
¥x(Jn N R;[S]) C Jy, for all n € Z. Hence the endomorphism is continuous in
the adic topology and extends to an endomorphism of R;1 = R;[S]. We denote
the extended homomorphism again by ¥ x. Let us show that ¢;11 := ¥x for a
suitable choice of X satisfies (a)—(e) for i = j + 1. Actually, (b), (d) and (e) are
already satisfied by the construction. In order to satisfy (a) and (c), we have only
to solve the following two equations on X:

(a)" Y% (Sj+1) = Sjt1 and (¢)" Mo (¢Yx ®1) o0 Py(S;41) = 0.

In the following, we show the existence of a simultaneous solution of (a)* and (c)*.
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(¢)* Let us write down the equation (c)* explicitly by using (4.1.1)):

Mo (x ®id)o @a(Sj) = > (&1 )ox(v)-V =0,
U,VeConf

The summation index (U,V) runs over the finite set (Sj11) x (Sj+1) (2.9 (1)).
Decompose the set into three pieces: {Sj+1} X (Sj+1), ((Sj+1) \{Sj+1}) x ({Sj+1)\

{Sj41}) and ((Sj11) \ {Sj+1}) x {Sj41}. Since (Sj41) \ {41} C (51,...,5;), on
which ¥ x coincides with ¢;, the equation consists of three parts:

(4.4.4) X - A(Sj11) + B(Sj11) + 95 (A(Sj41) = Sjt1) - Sj1 =0,
where
Sj41,V
(4.4.5) A= > (),
VeE(Sjt1)
(4.4.5)* B(Sjt+1) = (SU;X)%'(U) V.
U, VE(Sj+1)\{Sj+1}

We have the following facts concerning the equation (4.4.4)).

(i) By (4.4.5)), each term of A(Sj41) — S;41 is an element (Sj1) \ {Sj41}, Le.
is a monomial in Sy’s for 1 < k < j. Therefore, by the induction hypothesis (e),
@i (A(Sj41) — Sjt1) € R;. o

(ii) By the hypothesis (d) for ¢;, ¢;(U) belongs to Jyv N Z[{U)] for all
U < 841 with U # S;41. Hence, in view of 2.5 (i), (5]:’1) £ 0 implies o; (U)-V €
Jis,41, and, therefore (4.5.5)* implies B(S;11) € Jis,., NZ[(Sj41)].

(iii) By (4.4.5), A(S;+1) — 1 belongs to the augmentation ideal. Hence, in
view of the map (3.2.5), the sum >~ o(1— A(S;41))™ converges in Z[(S;11)] to
the inverse A(Sj41) "t

Therefore the equation (4.4.4) for X has a unique solution in Z[{S;+1)]:

-1
(4.4.6) X = m(B(Sj+l) + ¢ (A(Sj1) = Sj1) - Sj1)-

As a consequence of the above facts (i) and (ii), we have

(x) The right hand side of (4.4.6)) belongs to Jys,,, NZ[(S;+1)].

This is what we have required of X at the beginning. Thus, (c)* is solved.

(a)* We need to show 9% (S;+1) = Sj4+1 under the choice (4.4.6). Apply ¥x
to the equality (4.4.4). Using the induction hypothesis (a) and (b), one gets

() X (S541) (95 (A(Sj41) — Sjt1)
+9x(Sj41)) + 9iB(Sj+1) + (A(Sj41) — Sj+1) X =
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Here, we have ¢;B(S) = B(S), by applying the symmetry (ii) and the induction
hypothesis (a) to the expression (4.4.5)*. Subtract (4.4.4) from (skx):

(V% (Sj4+1) = Sj1)(0i (A(Sj41) — Sj1) + ¥x (Sj1)) = 0.

Since .A(Sj_H) —1€ 77 and ©; (.A(Sj.;,_l) — Sj+1) +x (Sj-i-l) —1 € J1, we see that
©;(A(Sj41) — Sjx1) + x(Sj41) is invertible in the algebra R;i;. This implies
3% (Sj41) — Sj+1 = 0. That is, ¢x for X as in satisfies (a)*.

Thus, by the choice ¢;11 := ¥ x, the induction step is achieved. O

We define the endomorphism ¢ of the subalgebra R := ;= R; by ¢|R; == ¢;
for i € Z>o. Here, we note that R consists of exactly the finite type elements, i.e.
R = A[Conf]fnite, which is dense in the configuration algebra. Then (d) implies
continuity of ¢ on R, and therefore ¢ extends to the full configuration algebra.
The extended homomorphism, denoted by ¢ again, is involutive since it is so on
the dense subalgebra R. This implies ¢ is invertible.

To finish Part 1, let us show that ¢ satisfies (iv).

We remark that, for any S € Conf, one has ¢(S) € Z[(S)] (apply (e) to
each connected component of S). Let R be any saturated subalgebra of the con-
figuration algebra. For any f = > ¢ Sfs € R, by applying the above consider-

ations, one has Supp(¢(f)) C Uy, .0 Supp(¢(S)) € Uy, o (semigroup generated
by (S)) C Supp(R). That is, (f) € R and ¢(R) C R.

Part 2. Uniqueness of ¢. Let 1) be any endomorphism of the configuration algebra
satisfying (ii) and (iii) of the Assertion. Let Si,Ss3,... be the linear ordering of
Confy used in Part 1. We show that 1(S;) = ¢(S;) by induction on j € Z>;. Let
J € Zxp, and assume ¢(S;) = ¥(S5;) for 1 <14 < j (there is no assumption if j = 0).
By (ii), ¥(S;+1) should satisfy the same equation for X, where, by the
induction hypothesis, one has the equality ¢(A(S;1+1)—Sj+1) = Y(A(Sj+1)—Sj+1).
The uniqueness of the solution implies ¥(S;) = (S;). This implies the
coincidence of ¢ and ¢ on Z - Conf. Then, by the continuity (iii), we have the
coincidence of ¢ and v on the completed configuration algebra. O

Equation (4.4.4) for n = 1 implies that ¢ preserves the augmentation ideal of
A[Conf]. Hence, we have

(4.4.7) aug o ¢ = aug.
Let us state an important consequence of our construction.

Assertion. Any saturated subalgebra of the configuration algebra is a topological
Hopf algebra. In particular, for any monoid I' with a finite generating system G
and commutative ring A with a unit, A[(T, G)] is a Hopf algebra.
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Proof. We need only remember that ®,, (m > 0) and ¢ preserve any saturated
subalgebra (4.1 Assertion 3 and 4.4 Assertion (iv)). O

84.5. Some remarks on ¢

Remark. 1. In §5, the functions A(S) (S € Conf) will be re-introduced and
investigated. In particular, we shall show the equality

(4.5.1) L(A(S)) - A(S) =1

for S € Conf (5.4.1)). This can also be shown directly by use of (2.7.1)) and (4.2.1)).
This relation gives a more natural definition of ¢.

2. The polynomial ring A - Conf for any A is not closed under the map ¢. For
example, let X (resp. Y') be a graph of one (resp. two) vertices. Then

X -Y +2X2+ XY

X)) =—1x ad V) =g ax vy

3. Because of the above Remark 2, the localization (Z- Conf)sn = {f/g | f €
Z - Conf, g € M} with respect to the multiplicative set 9 := {A(S) | S € Conf}
is the smallest necessary extension of the algebra Z - Conf to define ¢. However,
the space (Z - Conf)gy is still too small for our later applications (see [6.3| Remark).
4. There is another coalgebra structure studied in combinatorics ([JR]).

85. Growth functions for configurations

For any S € Conf, the sum of the isomorphism classes of all subgraphs of a graph
representing S is denoted by A(S). It is a group-like element in the Hopf algebra
A[Conf] and will play a fundamental role in what follows. We shall call it a growth
function (not to be confused with the same terminology in [M]).

85.1. Growth functions

For S, T € Conf, we introduce a numerical invariant
(5.1.1) A(S,T) :=fA(S,T),
by the following steps (i)—(iii).

(i) Fix a graph T with [T] =T.
(ii) Put

(5.1.2) A(S,T) :=t#{S | S is a subgraph of T such that [S] = S}.

(iii) Show that A(S,T) ~ A(S,T’) if [T] = [T’]. (The proof is omitted.)
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We shall call A(S,T) the growth coefficient of T at S € Conf. We have

(5.1.3) A([0],T)=1 for T € Conf,
(5.1.4) A(S,T)#0 if and only if S € (T).

Let us introduce the generating polynomial of the growth coefficients:

(5.1.5) AT):== Y S-A(S.T),

SeConf

and call it the growth function of T'. In fact, this is a finite sum and A(T) € Z-Conf.
The definition of A(T) can be reformulated as

(5.1.6) AT) = >8],

Se2T

where 2T denotes the set of all subgraphs of T (cf. Definition 2).
The following multiplicativity follows immediately from the expression (|5.1.6]):
for Ty, T, € Conf,

(5.1.7) A(Ty - Ty) = A(T1)A(Ty).

Remark. 1. By comparing the definition (5.1.1)) with (2.4.1), we see immediately

that A(S,T) = (TTS) for S,T € Conf. Hence the two definitions (4.4.5) and

(5.1.5)) for A(T) coincide.
2. By definition (5.1.1)), we have additivity:

(5.1.8) A(S, Ty - Ty) = A(S,Th) + A(S, T2)
for S € Confy and T; € Conf.

85.2. A numerical bound of the growth coefficients

In our later study on the existence of limit elements in §10, the following estimates
on the growth rates of growth coefficients play a crucial role.

Lemma. For S,T € Conf, we have

1

(5.2.1) A(S,T) <

< TR AT L (g —1)FS (),

Here n(S) := t{connected components of S}, q is the upper bound of the number
of edges at each vertex of T (recall, and Aut(S) is the isomorphism class of
Aut(S) for a representative S of S and we put § Aut(S) := g Aut(S).

Note. In the original version [Sa2|, the factor ¢ — 1 in (5.2.1]) was ¢. The author
is grateful to the readers for pointing out this improvement.
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Proof. Let S and T be representatives of the G-colored graphs .S and T respectively.
We divide the proof into three steps.

(i) Assume S is connected. Then

1
5.2.2 A(S,T) € ———=HT - (g — 1)L,
Proof. Let Sy,...,S, be an increasing sequence of connected subgraphs of S such

that §S; =i (1 = 1,...,a = §S). Put Emb(S;,T) := {¢ : S; — T | embedding as
a G-colored graph}. Then, for i > 2, the natural restriction map Emb(S;, T) —
Emb(S;_1,T) has at most ¢ — 1 points in its fiber. Hence § Emb(S;, T) < (¢ —1) -
fEmb(S,—1,T) (i =2,...,a). On the other hand, since

A(S,T) = tEmb(S, T)/t Aut(S),
one has the inequality
A(S,T) =  Emb(S,, T)/4 Aut(Sa)
< (¢—1)*"" - 4Emb(S;, T)/f Aut(S,) = (¢ — )7 - §T/¢ Aut(S). O

(i) Assume that S decomposes as S = S¥* U ---U Skm for pairwise distinct
S; € Confy (i =1,...,m) so that Y ;- k; =n(S). Then

1 s _
' ™ i=1

Proof. For 1 < i < m, the subgraph of S € A(S,T) corresponding to the factor
Sk denoted by S[g#. , defines an off-diagonal element of (IT" A(S;, T))/Sp, where
Gy, is the symmetfic group of k; elements acting freely on the set of off-diagonal
elements. Then the assignment S — (S| Sf)ﬁl defines an embedding A(S,T) —

T, ((TT% A(S;, T))/64,) into the off-diagonal part. O

(iii) Let S be as in (ii). Then Aut(S) = [[/", Aut(SF") and each factor
Aut(SF%) is a wreath direct product of Aut(S;) and &y,. Then (5.2.1) is a conse-
quence of a combination of ((5.2.2)) and ([5.2.3)).

This completes the proof of the lemma. O

85.3. Product-expansion formula for growth coefficients

The coeflicients of a growth function of T' are not algebraically independent.

Lemma. Let Sy,...,S, (m >0) and T € Conf be given. Then

(5.3.1) ﬁA(Si,T) > (Sl"é’Sm>A(S,T).

SeConf
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Proof. Let T be a graph representing T'. For m € Zxg, consider the map

(St1,--,Sm) € [JA(S:,T) = 8= S €27,
i=1 i=1

whose fiber over S is (Sl’“s"sm)

so that one has the decomposition

ﬁA(Si,T): U (Slwg-’sm).

i=1 SeaT
By counting the cardinality of both sides, one obtains the formula. O
Remark. The formula ([5.3.1) is trivial for m € {0,1}, and can be reduced to the

case m = 2 for m > 2 by induction on m as follows.
Multiply (5.3.1)) by A(Sp+1,T) and apply the formula for m = 2:

m—+1
[T A= > (595 )AS D)A(S ., T)
i=1 SeConf
S1y.--5Sm S, Sm
_ Z (17 S7 ) Z ( U+1)A(U,T)
SeConf UeConf

By the composition rule (2.6.1)), this is equal to

3 (Sl""[}s’”“)A(U, 7).

UeConf
8§5.4. Group-like property of the growth function
An element g € A[Conf] is called group-like if it satisfies

~

(5.4.1) D(g) =92y
N—_——

m

for all m € Z>¢. This in particular implies the conditions ®o(g) = 1 and t(g) = g~ *

(cf. (4.3.1)) and (4.4.2))). For any group-like elements g and h, the power product
g®h® for a,b € A (cf. (3.6.3)) is also group-like. We put

(5.4.2) &, := {the group-like elements in A[Conf]},
(5.4.3) G4 finite ‘= {9 € By | g is of finite type}.

Lemma. The generating polynomial A(T) for any T € Conf is group-like. That
is, for any m € Z>o and T' € Conf, we have

(5.4.4) AT)® - ® A(T) = Oy (A(T)).
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Proof. By the definition of A(T - the m-fold tensor product
(*) AT)® - & A(T)
can be expanded into a sum of m variables S1,...,S,:

() oo 51®~~®5m(ﬁ,4(5i,:r)).
i=1

S1€Conf Sm EConf

By use of the product-expansion formula (5.3.1)), this is equal to

Z Z 51®...®5m( Z (Sl’“é;’Sm)A(S,T)).

S1€Conf Sm €Conf SeConf
Recalling the definition of the map ®,, (4.1.4), this is equal to
() 3 2,(9)-AS,T) = ( Y 5-A(S.T) ) =0, AT). O
SeConf SeConf

85.5. A characterization of the antipode
Equation (5.4.4]) provides the formulae

(5.5.1) (A(T)A(T) =1 for T € Conf,
(5.5.2) Dpot=01® - ®1)od,, formeZLsg.
Proof of (5.5.1] - Apply - to (¢+1) 0 @o(T) = aug(T) (4.4.2). O

Proof of (5.5.2)). It is enough to consider the case m = 2 due to (4.2.1). Apply
@, to (5.5.1). Recalling ([5.4.1), one obtains the relation

Dy («(A(T))) - (A(T) © A(T)) =
Multiply by ¢(A(T))(A(T)) and apply again to obtain
Do(L(A(T))) = «(A(T)) @ L(A(T)) = (. © ) (A(T) ® A(T))

= (¢t ®1)@2(A(T)).
Thus (5.5.2)) is true for A(T) (T' € Conf). Since these elements span A - Conf,
which is dense in the whole algebra, (5.5.2) holds on A[Conf]. O

86. The logarithmic growth function

The growth coefficients A(S,T) for S € (T) were bounded from above in (5.2.1)).
However, we also need to bound its lower terms. This is achieved by introducing
a logarithmic growth coefficient M (S,T) € Q for S € (T'), and showing the linear

relations (6.2.2)) below.
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86.1. The logarithmic growth coefficient
For T' € Conf, define the logarithm of the growth function

(6.1.1) M(T) :=log(A(T))

in Q(T)] (cf. (5.1.5) and (3.6.2))). Expand M(T) in a series

(6.1.2) M(T)= > S-M(S,T).
SeConf

The coefficient M (S,T) is the logarithmic growth coefficient for S € (T).
By definition, M(T") does not have a constant term, i.e.

(6.1.3) M([0],T):=0 for T € Conf.

For later applications, we write the explicit relations among growth functions
and logarithmic growth functions (cf. (3.6.4) and (3.6.5)):

1
(6.1.4) A(S,T) = > mM(sl,T)kl o M (S, T)Fm
S=8M1u...uskm
Z (ky 4+ kpy — DI(=1)Frtthm—1
kil k!

(6.1.5) M(S,T) =
S=81u..uskm

x A(Sy, T)*r - A(S,,, T)Fm.
Remark. 1. From the formula, we see that for a connected S € Confy,
(6.1.6) A(S,T) = M(S,T).

That is, the logarithmic growth coefficients coincide with the growth coefficients for
connected configurations. This elementary fact will be used repeatedly.
2. The multiplicativity of A(T') (5.1.7) implies the additivity

(6.1.7) M(Ty - Ty) = M(Ty) + M(T2)
for T; € Conf and hence the additivity
(6.1.7)* M(S,Ty - Ty) = M(S,T\) + M(S,T>) for S € Conf.
3. The invertibility implies
(6.1.8) (M(T)) = —M(T).
§6.2. Linear dependence relations on the coefficients

Lemma. The polynomial relation (5.4.4) implies the linear relation
m ith

(6.2.1) Y1 R1LOMT)B1E -8 1= (M(T)),

i=1

for the logarithmic growth function for T' € Conf and m € Z>y.
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R R R ith R N R
Proof. Put M;(T) =1®@ - @13MT)R®1®---®1 so that exp(M;(T)) =
1 1AT)R1®---® 1. Thencan be rewritten as
() exp(M1(T)) - - - exp(Mup (T')) = P (exp(M(T)))

where the left hand side is equal to exp(M;(T) + -+ - + M, (T)) due to the com-
mutativity of the M;’s and the addition rule for exp. The right hand side of (x)
can be rewritten as

oo
1
o, (exp(/\/l =P, (Z M > Z *' n
= exp(®, (M(T)))-
By taking the logarithm of both sides, we obtain (6.2.1]). O

Corollary. Let m > 2. For Si,...,5,, € Confy and T € Conf,
(6.2.2) 3 (sl, "S"Sm)M(S, T)=0.
SeConf

Proof. Expand both sides of in a series of the variables S; = 1® ... ®
18, ®1®...@1 (i =1,...,m). Since the left hand side of does not
have a mixed term S; ® --- ® S,, for S; € Conf, and m > 2, the corresponding
coefficients on the right hand side vanish. By (4.1.1)) and (6.1.2), this implies the

formula (6.2.2)). O

Remark. 1. The formula (6.2.2]) is reduced to the case m = 2 with S; # 0
(i = 1,2) by induction on m. Recalling the composition rule (2.6),

5 (e = (8 () () s

S S UeConf
=2, O Giren)
+<sl,... )(g(@gm) )
=04+0=0.

2. The linear dependence relations among M (S,T)’s for S € Conf are
the key facts of the present paper. The Hopf algebra structure was introduced
only to deduce this relation. We shall solve this relation in by use of kabi
coefficients, which we introduce in §7.

86.3. Lie-like elements
An element M satisfying (6.2.1)) has a name in Hopf algebra theory [9].
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Definition. Let A be a commutative algebra with a unit. An element M of
A[Conf] is called Lie-like if it satisfies the relation

m ith
(6.3.1) Cp(M)=Y 18- B1EMB1E-- &1
=1

for all m € Zso. This, in particular, implies the conditions ®o(M) = 0 and
(M) + M =0 (cf. (4.3.1) and (4.4.2))). Linear combinations (over A) of Lie-like
elements are also Lie-like. We put

(6.3.2) Ly := {all Lie-like elements in A[Conf]},
and
(6.3.3) La finite '= {M € La | M is of finite type}.

In this terminology, Lemma can be rewritten as: if Q C A, then M(T) €
L finite for T € Conf.

Remark. We shall see in that Lg is essentially an extension of Lg fnite by
a space Lr oo, which is the main objective of the present paper. On the other
hand, one has £, N (A - Conf)on C La finite (actually equality holds, see §8), since
(A - Conf)gn consists of finite type elements only.

87. Kabi coefficients

We describe the inverse of the infinite matrix A := (A(S,T))s,7ecCons, explicitly
in terms of kabi coefficients introduced in below. The construction shows that
the inverse matrix has only a bounded number of nonzero entries . This fact
leads to the comparison of the two topologies on L4 fnite, Which plays a key role
in the construction of the infinite space L .

§7.1. The unipotency of A

The matrix A is unipotent in the sense that (i) A(S,S) =1 and (ii) A(S,T) =0
for S & T (5.1.5). Then the matrix A~ := E + A* + A*? + A*3 4+ ... where
E := (8(U,V))vu.vecont, is the identity matrix (cf. lemma below) and A* := E—A,
is well defined. Precisely,

0 for S £ T,
for S=T,

k
Z(_l)k Z HA(Si—1, S;) for S <T.

k>0 S=S80<---<Sp=T i=1

ATHS,T) =
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The matrix A~! is unipotent in the same sense as A, and hence the products
A7'. Aand A- A1 are well defined and are equal to E.

§7.2. Kabi coefficients
Definition. 1. A graph U is said to be kabi over its subgraph S if for all € U\ S,
there exists y € S such that (z,y) is an edge.

2. Let U € Confj and let U be a graph with [U] = U. For S € Confy, put
(7.2.1) K(S,U) := {S|S C U such that [S] =S and U is kabi over S},
(7.2.2) K(S,U) == K(S,U).

We call K(S,U) a kabi coefficient. The definition of the coefficient does not depend

on the choice of U. If K(S,U) # 0, we say that U has a kabi structure over S or
simply U is kabi over S.

Directly from the definition, we have

(7.2.3) K(S,U)=0 forS<U,
(7.2.4) K(S,8)=1 for S e Confy.

Note. The word “kabi” means “mold” in Japanese.

§7.3. Kabi inversion formula

Lemma. For S € Confy and T € Conf, one has the formula

(7.3.1) > (CD)YTREK(S,U) - AU,T) = 6(S,T),
UeConfy

where 6(S,T) means the number of connected components of T isomorphic to S.

Proof. The summation index U on the left hand side runs over the range S < U <
T (otherwise K(S,U) - A(U,T) = 0). Hence if S £ T, then the sum equals 0. If
S =T, the only term in the sum is K (S, S)A(S, S), which equals 1.

Let S € Confy and T' € Conf. Assume S < T and S # T. Let T be a
G-colored graph with T = [T]. Applying the definition of K(S,U) and A(U,T)
(cf. (5-1.1))), we can rewrite the left hand side of as

Y. ()RR (S,U) - $AU,T)
UeConfy

= > ()" K(S,U)-#{U| U C T such that [U] = U}
UeConfy

_1)iU—tSs ScUCT such that
Ue; f =) ﬁ{(S,U) ‘ [S]= 5, [U] =U and U is kabi over S|["
onfg
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Now resummation by fixing the subgraph S in T yields
_ Z Z (_l)ﬁU—ﬁsﬁ U ScUCT such that
N ST \UCTm [U] = U and U is kabi over S| -
€ s onfg

For a fixed subgraph S of T, let Upy.x be the maximal subgraph of T such that
Umax is a kabi over S, i.e. Uy,ax consists of the vertices of T which are either in S
or connected to S by an edge. Then a subgraph U of T becomes a kabi over S if
and only if it is a subgraph of Uy, containing S. Hence the sum is equal to

POINGED DRNC ) RN DIN (I DI C i ¢
SEA(S,T) SCUCUmax SEA(S,T)  WCUmax\S

where the last summation index W runs over all subsets of Upax \ S. Hence the
sum in the parenthesis becomes 1 or 0 according to whether Upax \ S is () or not.
It is clear that Upax \ S = () is equivalent to S being a connected component of T.
Hence the sum is equal to §(S,T). O

87.4. Corollaries to the inversion formula

The left inverse matrix of A := (A(S,T))s,recont, 1S given by
(7.4.1) A7 = ()T K (S, T))s.1eCont, -

Since the left inverse matrix of A coincides with the right inverse, one has

(7.4.2) > ()TYASU) - K(U,T) = 6(S,T)

UeConfy
for S € Confy. Specializing S in (7.4.2)) to pt := [one-point graph], one gets,
(7.4.3) > ()YU - KU, T) = (-1)75(pt, T).

UeConfy

87.5. Boundedness of non-zero entries of K

One of the most important consequences of is the boundedness of the non-
zero entries of the matrix A=, as follows.

Suppose K(S,T) # 0. Then, by definition, T must have at least one structure
of kabi over S. This implies that for each fixed S and ¢ > 0, there are only a finite
number of T € Confy with K(S,T) # 0. Precisely:

Assertion. For S € Confg, K(S,T) =0 unless T < $S-(¢—1) + 2.

Proof. Let T be kabi over S. Every vertex of S is connected to at most ¢ points
of T. Since S is connected, it has at least 5 — 1 edges. Hence, T — S < £ {edges
connecting S and T\ S} < ¢-#5 —2- (45 — 1). This implies the assertion. O
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Remark. The above boundedness implies that K induces a continuous map be-
tween the two differently completed modules of L4 fnite (cf. [3.4)).

§8. Lie-like elements L,

Under the assumption Q C A, we introduce two basis systems {M(T')}recont,
and {¢(S)}secont, for the module of Lie-like elements Ly finite, Where the base
change between them is given by the kabi coefficients. The basis {¢(S)}secont, 1S
compatible with the adic topology and gives a topological basis of Lg.

§8.1. The splitting map 0

First, we introduce a useful but somewhat technical map 9. One reason for its
usefulness can be seen from the formula (9.3.6). For S € Confy, let us define an
A-linear map Jg : A[Conf] — A by associating to a series f its coefficient at S,

ie. dsf := fs € A for f given by (3.2.4). Using it, we define

(8.1.1) 9:AlConf] » [ A-es, fr D> (9sf)-es.

SeConfg SeConfg

Here, the range is an abstract direct product module of rank one modules A - eg
with the base eg for S € Confy. Let us verify that the map is well-defined. First,
define the map 0 from the polynomial ring A - Conf to ®secont, A - €. Since
O(Tn) C PseConty, 45>n A - g, the map is continuous with respect to the adic
topology (3.2) on the LHS and the direct product topology on the RHS. Then 9
is obtained by completing this polynomial map.

We note that the restriction of 9 induces a map

8 : A[[Confﬂﬁnite — D A €s,
SeConf

even though the domain of this map is not a polynomial ring but the ring of
elements of finite type (recall the definition in .

§8.2. Bases {QO(S)}SEConfO of £A7ﬁnite and ﬁA
Lemma. Let A be a commutative algebra containing Q.
(i) The system (M(T'))recont, s an A-free basis for La finite-

(8.2.1) Lafinite =~ © A M(9).
SeConfy

(ii) The map 0 (8.1.1)) induces a bijection of A-modules:

(8.2.2) 8‘£’A,ﬁnitc : EA,ﬁnite ~ Seg?)nfoA - €5.



68 K. SaiTo

Put ¢(S) := 3|Zi o (€s) for S € Confy so that {¢(S)}secont, is another A-free

basis of Ly finite-

(i) The two basis systems {M(S)}secont, and {¢(S)}secont, for La finite

are related by the following formula:

(8.2.3) M(T)= > (S)-A(S,T),
SeConfg

(8.2.4) e(S)= > M) (-1 K(T,S).
TeConfy

(iv) La ginite s dense in L with respect to the adic topology on the configura-

tion algebra (cf. 3.2).
(v) The map O induces an isomorphism of topological A-modules:

(8.2.5) Lo~ [ A-e.
SeConfy
This means that any M € Ly is expressed uniquely as an infinite sum

(8.2.6) M= > o(S)-as

SeConfy
foras € A (S € Confy). That is, (¢(S))secont, IS a topological basis of Ly.
shall sometimes call ag the coefficient of M at S € Conf.

Proof. That M(T') € L finite for T € Conf is shown in 6.2 Lemma.
In (a), (b) and (c) below, we prove (i)—(iii) simultaneously.

(a) The restriction of the map O of (8.1.1)) to Ly is injective.
Proof. T M =3 gccons S - Ms € A[Conf], is Lie-like (6.3), then one has

(8.2.7) 3 (Slv-é’SM)MS -0

SeConf
for any S1,...,Sm # 0 and m > 2 (the proof is the same as that for (6.2.2))).

We

have to prove that 0M = 0 implies Mg = 0 for all S € Conf. This will be done by

induction on n(S) = #{connected components of S} as follows. The case n(S)

=1

follows from the assumption M = 0. Let n(S) > 1 and S = S U --- U S
be an irreducible decomposition of S (so S; € Confy (i = 1,...,1) are pairwise

distinct). Apply (8.2.7) for m =k +--- + k; (= n(9)) and take Sy,...,5
times), ..., S, ..., S (k times) for Sq,...,S,, to get

(%) MlkIMs+ S Slv-f’SM)MTzo.

TeConf
n(T)<n(S)

By the induction hypothesis, the second term in (xx) is 0, and hence Mg = 0.

(k1

O
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(b) For T € Conf, one has the formula

(8.2.8) OM(T) = D es-A(ST).

SeConfy

Proof. Recall that M(T') = log(A(T)) and the coefficients of M(T') and A(T) at a
connected S € Conf coincide ((3.6.7)) and (6.1.6])). That is, d(M(T)) = I(A(T)).
By definition, d(A(T)) = RHS of (8.2.8). O

(¢c) The map (8.2.2) is surjective, and hence bijective.

Proof. It was shown in 7.1 that the infinite matrix (A(S,T))s recont, is invertible
as a unipotent matrix. Then implies surjectivity.

Using again (8.2.8)), we see that the system {M(T)}recont, is A-linearly in-
dependent and spans L finite, i-¢. (i) holds. The formula can be rewritten
as (8:2.3). Then follows from (8.2.3)) and (7.4.2)). O

The proof of (iv) and (v) is done in (d), (e) and (f) below.

(d) L is closed in A[Conf] with respect to the adic topology, since the co-
product ®,,, is continuous Assertion). Thus: (LA,ﬁnitC)Clos‘“e C La.

(e) The map (8.2.2) is homeomorphic with respect to the induced adic topology
on the LHS and the restriction of the direct product topology on the RHS. To show
this, it is enough to show the bijection

(8.2.9) 0: (£A7ﬁnite) NI~ @& A-eg,
SeConfg
15>n

since the sets on the RHS for n € Z>o can be chosen as a system of fundamental
neighborhoods for the direct product topology on ®seccont, A - €s-

Proof of . Due to the definition of the ideal 7,,, the J-image of the
left hand side is contained in the right hand side of . Thus, one only has
to show surjectivity. For S € Confy, let ¢(S) be the base of L4 finite such that
9(p(S)) = es as introduced in (ii). It is enough to show that if £5 > n and
S € Confy, then ¢(S) belongs to J,. Expand ¢(S) = >_U - ¢y. We show that
wu # 0 implies that U is contained in the semigroup generated by (S) such that
fU > n. More precisely, we show (Ul"é’U’") # 0, where U = Uy U---UU,, is
an irreducible decomposition of U (cf. 2.5 (i)). The proof is by induction on
m = n(U). For n(U) =1, oy # 0 if and only if U = S by the definition of ¢(S5),
and hence this is trivial. If n(U) > 1, then apply similarly to (xx) for the
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irreducible decomposition of U. We get

(***) kil k! ou + Z Ul"'z;’Um)ng:O.

TeConf
n(T)<n(U)

The fact that ¢y # 0 implies @7 - (Ul"%U’") # 0 for some T'. Since pr # 0 with

n(T) < n(U), we apply the induction hypothesis to T, i.e. (Tl"g’TP) # 0 for an
irreducible decomposition T = Ty U --- U T,. Since (YY) # 0, by composing
the maps U — T — S, we conclude (Ul"é’U’") # 0. In particular, U; € (S) and

fU = > _fU; > #T > 4S. This completes the proof of (e). 0

(f) By completing the map , one sees that the composition of the two
injective maps (L finite) W C Ly — Tl)npﬂ [Tsccont, A - €s is bijective. This
shows that all the maps are bijective. Hence, L4 gnite is dense in £, and
holds. The formula is another expression of .

This completes the proof of the lemma. O
Remark. 1. It was shown in the above proof that for S € Confy,
(8.2.10) ©(S) € Z[(S)] N Fys-

In particular, (U, S) = 6(U, S) for U € Conf).

2. It was shown that the map 9|, ;... (8.2.2) is a homeomorphism. But one
should note that is not a homeomorphism.

3. In general, an element of L4 cannot be expressed by an infinite sum of
M(T) (T € Confy) (cf. 9.4).

4. The set of Lie-like elements of the localization A[Conf]gy (cf. 4.6 Remark 4)
is equal to L4 finite- This is insufficient for our later application in §10, so we
employed the other localization .

§8.3. An explicit formula for ¢(S)
Let us expand ¢(S) for S € Confj in the series:
(8.3.1) e(S)= Y U-¢(U,S)
UeConf
for (U, S) € Q. The formula (8.2.3) can be rewritten as a matrix relation

(8.3.2) MUT)= > @U,S)-A(S,T).
SeConfg

We remark that (8.2.3)) and (8.3.2) are valid not only for T' € Confy but for all
T € Conf, since both sides are additive with respect to T.
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Formula. An explicit formula for the coefficient ¢(U, S) is

D=1 k1w Hls| (UL, Uy Ums - Un
kil k! ! v

U=Uftu--uUkm

m

V eConf, WeConfg
x AV, W)K(W, S).
Here the summation index runs over all decompositions U = UF* - . Ukm of U in
the same manner explained at (3.6.6)), where |k| = k1 + -+ + k.-

Proof. By use of (6.1.5]), rewrite the left hand side of (8.2.3)* into a polynomial of
A(U;, T). Then apply the product expansion formula ([5.3.1]) to each monomial so
that the left hand side is expressed linearly by A(S,T)’s. Using the invertibility

of {A(S,T)}srecont (7-4.2), one deduces ({8.3.3). O

Remark. As an application of , we can explicitly determine the coefficients
{Muy}vecont of any Lie-like element M = ;U - My from the subsystem
{Ms}secont, via the relation My = 3 gcconr, (U, S)- Ms. Here, the summation
index S runs only over the finite set with 45 < fU.

§8.4. Lie-like elements L, ., at infinity

We introduce the space L o of Lie-like elements at infinity for use after §10.
Recall that the kabi coefficients relate the two basis systems of L4 finite:

{p(S)}secont, and {M(T)}recons, (cf. Lemma). The map
K : L4 finite — LA fnites

> e(Sas— Y, MT) D (1) FK(T,S)as,

SeContfy TeContfg SeConfg
is the identity homomorphism. We define topologies on the modules of both sides:
the fundamental system of neighborhoods of 0 consists of the linear subspaces
spanned by all bases except for finite ones. Actually, the topology on the LHS
coincides with the adic topology, which we have been studying (8.2| Lemma). The
map K is continuous with respect to the topologies, since for any base M (T,
there are only a finite number of bases ¢(S) whose image K (¢(S)) contains the
term M(T), namely K(T,S) # 0 only for S satisfying T > q_%(]jS - 2) 1
Assertion). Let us denote by K the map between the completed modules and call
it the kabi map,

(8.4.1) K:Ly, — [[ A -Mm@D).

We consider the set of Lie-like elements which are annihilated by the kabi map:

(8.4.2) La 0o = ker(K),
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and call it the space of Lie-like elements at infinity. In fact, L4 o does not contain
a non-trivial finite type element, i.e. L fnite N L4,00 = {0}. However, the direct
sum L finite ® L4, 00 is a small submodule of L, and one looks for a submodule, say
L', of Ly containing La finite, With a splitting L4 = L' & L . However, there is
some difficulty in finding such £’ for general A: an infinite sum Y pccone, a7 M(T)
€ Im(K) never converges in £’ (~ Im(K)) with respect to the adic topology. We
shall come back to this problem in for the case A = R, where the classical

topology plays a crucial role.

89. Group-like elements &,

We determine the groups &, and G, ginite of group-like elements in A[Conf] and
A[Conf]anite, respectively, if A is Z-torsion free. In particular, if A = Z, the group
&2 finite 1S, via the correspondence A(S) < S, isomorphic to (Conf) = the abelian
group associated to the semigroup Conf, and it forms a “lattice in the continuous
group” &g. Then we introduce the set EDP of equal division points inside the
positive cone in g spanned by the basis {M(S)}.

89.1. B4 finite and &, for the case Q C A

We start with a general fact: Assume Q C A. Then one has isomorphisms
(9.1.1) exp: Lo =&y, exp: Ly finite = G4 finite-

Proof. Since aug(g) = 1, log(g) is well defined for Q C A. That g is
group-like implies that log(g) is Lie-like and belongs to La (cf. proof of 6.2
Lemma). Then g is of finite type if and only if log(g) is (cf. 3.6). Thus (9.1.1)) is
shown. The homeomorphism follows from that of exp (see 3.6). O

89.2. Generators of &, gnite and &, for a Z-torsion free A

Lemma. Let A be a commutative Z-torsion free algebra with unit.

(i) Any element g of G finite 15 uniquely expressed as

(9.2.1) g =TT A"

iel
for S; € Confy and ¢; € A (i € I) with $I < oco. That is, one has an isomorphism
(922) <COIlf> X7 A~ QSAﬁnite, S A(S) 5

where (Conf) is the group associated to the semigroup Conf.
(i) B4 finite 15 dense in &4 with respect to the adic topology.
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(iii) We have the natural inclusion
(9.2.3) {exp(go(S)) | S e CODfo} C &7 finite-

The set {exp(©(S))}secont, S a topological free generating system of &u. This
means that any element g of G, is uniquely expressed as an infinite product

(9.2.4) [ ewe(s) as):= lim ] exp(e(s)-as)
SeConfg Sggonfo
<n

for some as € A (S € Confy).

Proof. If Q C A, then due to the isomorphisms (9.1.1) and (6.1.1)), the lemma is
reduced to the corresponding statements for £ and L4 finite in Lemma, where,

due to (8.2.4)), (8.2.10) and the integrality of kabi K, we have

_1\#T—tS
exp(p(8) = [ A@EYTTETS) € 67 gnive N {1 + Fis)
TcConfy

where we note A(T) € &z ginite (cf. (5.1.6) and (5.4.4))).
Assume Q ¢ A and let A be the localization of A with respect to Z\{0}. Since
A is torsion free, one has an inclusion A C A, which induces inclusions &, C & i

and G4 gnite C ®A,ﬁnite’ and the lemma is true for Qﬁ&ﬁnite and &;.

(i) Let us express an element g € &4 finite as [[;c; A(Si)%, where ¢; € A for
i € I and 41 < oo. We need to show that ¢; € A for ¢ € I. Suppose not. Put
L :={ieI|c¢ ¢ A} andlet S; be a maximal element of {S; | ¢ € I;} with respect
to the partial ordering <. Put g1 := [[;c7,\ (17 A(S:) and g2 == [[;cp 7, A(S)
Then g1 A(S)) =g-g;" € S finite- On the left hand side, g1 does not contain
the term Sy, whereas A(S7)* contains the term c¢;S;. Hence, the left hand side
contains the term ¢ 5.

(ii) Let any g € &4 be given. For a fixed integer n € Z>¢, we calculate

log(g) = Z ©(S)-ag forage A (cf. (8:2.6))

SeConfy

= Y M) crn+ R,

TecConfy

(%) =y (DTTEK(T,S)as €A (cf (B:24)),
Sggonfo
<n
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Here we notice that cr, # 0 implies 7" < n, since K (T, S) # 0 implies T < S by
(7.2.3)), and R,, € Ty, since £S > n implies p(S) € J,, by (8.2.10). Therefore

g= > AT -exp(Ry)= > AT modJ,.
TeConfg TeConfg
1T <n tT<n

Let us show that ¢y, € A for all T' € Confy. Suppose not, and let 77 be a maximal
element of {T' € Conf, | fT < n and ¢r,, ¢ A}. Then similar to the proof of (i),
the coeflicient of g at 71 = c¢r, , mod A # 0 mod A. This is a contradiction.
Therefore, cr,, € A for all T' and hence, g € &4 finite mod Jp,.

(iii) Applying (|7.4.2)) to the relation (*) in the proof of (ii), one gets

as = Z A(S,T) - crp

TeConfg
fT<n

for S < n. Here the right hand side belongs to A due to the proof of (ii). On the
other hand, the left hand side (= ag) does not depend on n. Hence, by varying
n € Z>o, one has proven that ag € A for all S € Confy. O

§9.3. Additive characters on &,

Definition. An additive character on &, is an additive homomorphism
(9.3.1) X By — A

which is continuous with respect to the adic topology on &, such that

for all g € &, and a € A. The continuity of X is equivalent to the statement that
there exists n > 0 such that X (exp(¢(S5))) = X(1) =0 for S € J,, N Confy. Hence
it is equivalent to #{S € Confy | X (exp(¢(S))) # 0} < oo.

The set of all additive characters will be denoted by

(9.3.2) Homy (&4, A).

Assertion. 1. For any fired U € Confy, the correspondence

(9.3.3) Xu : A(S) € Bz finite — A(U,S) € Z

extends uniquely to an additive A-character on &, denoted by Xy. Then

(9.3.4) Xu(exp(¢(9))) =6(U,S) for U,S € Confy.
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2. There is a natural isomorphism

HomA((’5A,A) o~ ® A- Ay,
(9.3.5) UeConfy
X ZUGConfo XU (eXp(gO(S))) : XU-

3. If Q C A, then for any M € Ly and U € Confy one has
(9.3.6) Xy (exp(M)) = Oy M.

Proof. 1. First we note that A(U,S) for fixed U € Confy is additive in S (5.1.8]),
so that Xy naturally extends to an additive homomorphism on &y fnite. For
continuity (i.e. the finiteness of S with Xy (exp(¢(S))) # 0), it is enough to show

([©:3.4). Recalling (8.2.4) and (7.4.2), this proceeds as:
Xu(exp(p(9)) = Xy (exp( Y. MT) (=17 K(T,9)))

TeConfg
= Y Au(ep(M(T) - (~)F KT, S)
TeConfy
= > A ()T K(T,S)
TeConfg
= > AUT) - (-)HK(T,S) = 6(U, ).
TeConfg

2. The continuity of Xy implies the sum in the target space is finite.
3. Both sides of (9.3.6) take the same values for the basis (¢(S5))seccont,- O

§9.4. Equal division points of &z fnite

Recalling (Conf) ~ &z gnite (9.2.2)), we regard (Conf) as a “lattice” in Bg finite. In
the positive rational cone &g finite N HSEConfo A(S)]Rzo7 we consider a particular
point, which we call the equal division point for S € Conf:

(9.4.1) A(S)Y/4S,

Here, the exponent 1/4S is chosen so that we get the normalization
(9.4.2) Xpi (A(S)1/45) = 1.

The set of all equal division points is denoted by

(9.4.3) EDP := {A(S)/*% | S € Conf}.

The definition (9.4.1)) is inspired by the free energy of Helmholtz in statistical
mechanics. Instead of treating equal division points in the form (9.4.1) in &g, we
shall treat their logarithms in Lk in the next sections.
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89.5. A digression on £, with Q ¢ A

We have determined the generators of &4 fnite and &, without assuming Q C
A but assuming only Z-torsion freeness of A. The following assertion seems to
suggest that the Lie-like elements behave differently from the group-like elements.
However, we do not pursue this subject any further in the present paper.

Assertion. Let A be a commutative algebra with unit. If there exists a prime
number p such that A is p-torsion free and 1/p ¢ A, then Ly is divisible by p (i.e.
Ly =pLy). In particular, if A is noetherian, then L, = {0}.

Sketch of proof. Consider an element M =3, .. U-My € La. As an element
of L, it can be expressed as ) g conr, P(5) - as where ag = 9sM = Mg € A for
S € Confy. Recall the expression for (U, S) (U € Conf) and the remark
following it. We see that My is expressed as

_ Ui,...,U1,...,Un,...,.Un
Z (_1)\E\ 1+\W|+\S|(|E‘ (YU
kol k) k1 K
" 1%

U:Ufl U---UU:;”"
V eConf, WeConfy
SeConfy
x A(V,W)K(W, S)as.

Apply this formula for U = TP for a fixed T' € Confy. The summation index
st is {(k1, k2, ...) € (Z20)%>' | p= Y5 i+ ki}, as explained in[3.6] Example. Ex-
cept for the case k; = p and k; = 0 (¢ > 1), the denominator k;!--- k! is a prod-

Ut,...U,...,Un,...Un
————

uct of prime numbers smaller than p. The coefficient o P

14
for this case (i.e. k1 = p, k; = 0 (i > 1) and for V = [V] is equal to the car-
dinality of the set {(Ui,...,U,) | U; is a subgraph of V such that [U;] = T
and Ule U; = V}. Since the cyclic permutation of Uy,...,U, acts on that set,
and the action has no fixed points except for V' = T, we see that the cover-
ing coefficient is divisible by p except for the case V. = T € Confy. In that
case >y ccont, (— DI IHISIA(T, W)K (W, S) = §(T, 5). Therefore ((—1)?/p)ar =
0 mod A, where A} is the localization of the algebra A with respect to the prime
numbers smaller than p. Hence ar € pAj,c N A = pA. O

8§10. Accumulation set of logarithmic equal division points

We consider the space of Lie-like elements Lg over the real number field R which
is equipped with the classical topology. The set in Lr of accumulation points
of the logarithm of EDP (9.4), denoted by Q := log(EDP), becomes a compact
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convex set. We decompose € into a join of the finite (absolutely convergent) part
Qaps 1= log(EDP), . and the infinite part Qo := log(EDP)__.

§10.1. The classical topology on Ly

We equip the R-vector space

(10.1.1) Lr = liﬂlﬁm/jnﬂﬁ]g

n
with the classical topology defined by the projective limit of the classical topology
on the finite-dimensional quotient R-vector spaces. Since the quotient spaces are

Lr/Tn N LR =~ @ R - ¢(S) =~ LR finite/ Tn N LR finite
SeConfy, 1S<n
we see that (1) Lg is homeomorphic to the direct product [[gccon, R - ¢(S)
(recall )7 and (2) Lg finite =~ Psecont,R - ¢(S) is dense in Lr with respect
to the classical topology. That is, the classical topology on Lg is the topology of
coefficientwise convergence with respect to the basis {o(S)}sccont,- It is weaker
than the adic topology.
Similarly, we equip R[Conf] with the classical topology defined by

(10.1.2) R[Conf] = limR - Conf /7, = [] R-S.
n SeConf

So, the classical topology on R[Conf] is the same as the topology of coefficientwise
convergence with respect to the basis {S}seccont- The relation (ii) below between
the two topologies (10.1.1)) and ((10.1.2)) is a consequence of (|8.3.3]).

Assertion. (i) The product and coproduct on R[Conf] are continuous with respect
to the classical topology.

(ii) The classical topology on Ly is homeomorphic to the topology induced from
that on R[Conf].

(iii) Let us equip &g with the classical topology induced from that on R[Conf].
Then exp : Lr — Bg is a homeomorphism.

Proof. (i) The product and coproduct are continuous with respect to the adic
topology (cf. and , which implies the statement.

(i) For a sequence in Lg, we need to show the equivalence of convergence in
L and in R[Conf]. This is true due to (8.3.3).

(iii) The maps exp and log are bijective (cf. Assertion) and homeomorphic
with respect to the adic topology, which implies the statement. O



78 K. SaiTo

810.2. Absolutely convergent sums in Ly

Recall the problem posed in @ find a subspace of L, containing L4 fnite Which
is complementary to the subspace at infinity L o . In the present section,
we answer this problem for the case A = R by introducing a sufficiently large
submodule Lg a1s, which contains Lg ginite but does not intersect Lr oo so that we
obtain a splitting submodule Lg abs ® Lr,c0 Of Lr.

Definition. We say a formal sum > rcconr, a7 M(T) € [lrccons, R - M(T) is
absolutely convergent if, for any S € Conf, the sum > oo, arM (S, T) of its
coefficients at S is absolutely convergent, i.e. > rcoonr, lar|M(S,T) < oo for
all S € Conf. Then any series y .-, ar, M(T;) defined by any linear ordering
Ty < Ty < --- of the index set Confy converges in Ly to the same element with
respect to the classical topology. We denote the limit by Z;"bESConfo arM(T).
Define the space of absolutely convergent elements:

(10.2.1) LR qps = {absolutely convergent sums E;bESConfo arM(T)}.

By definition, Lg abs is an R-linear subspace of Lg such that Lg abs N Lr,co = {0}
and Lr.abs O Lr fnite- Hence, the restriction ?MR,W of the kabi map is
injective. We give a criterion for the absolute convergence, which guarantees that
LR abs Will be large enough for our purpose .

Assertion. A formal sum Y - cong, a7 M(T) is absolutely convergent if and only
if the sum ) rcoong, laT |81 is convergent. Lg ans is a Banach space with respect

b
to the norm | 3352 coneo a7 M(T)| = Y recont, lar 4T

Proof. The coeflicient of M(T) at [one-point graph] is equal to 7. So absolute
convergence implies the convergence of > 7o, lar|iT-

Conversely, under this assumption, let us show the absolute convergence of
the sum  ;cconp, arM(S,T) for any S € Conf. We prove this by induction on
n(S), the number of connected components of S. If S is connected (i.e. n(S) = 1),
then A(S,T) = M(S,T) and by the use of (5.2.1)), we have

(q— 1
> larlM(8,T) < (3 larkT) S

TeConfg TeConfg

which converges absolutely. If S is not connected, decompose it into connected
components as S = [[;~, S; and apply . Since (Sl"S',’Sm> # 0 implies
either n(S") < n(S) or S’ =5, M(S,T) is expressed as a finite linear combination
of M(S',T) for n(S") < n(S) (independent of T). We are now done by the
induction hypothesis. O
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§10.3. Accumulation set Q2 := log(EDP)

Recall that an equal division point in &g (9.4.1) is, by definition, an element of the
form A(S)Y/*% for a S € Conf. Let us consider the set in Lg of their logarithms
(by use of the homeomorphism in Assertion (iii)):

(10.3.1) log(EDP) := {M(T)/4T | T € Conf,}

and its closure 2 := log(EDP) in Lg with respect to the classical topology. So,
any element w € () has an expression

M(T)

10.3.2 = lim "

( ) w Jim® i,

for a sequence {T},}nez., in Conf,, where we denote by lim® the limit with
respect to the classical topology. Recalling that the topology on Ly is defined
by coefficientwise convergence with respect to the basis {¢(S)}secont, and using

(82.3), one has w =} g onp, P(S) - as where ag = lim, 00 A(S, T5,) /4T,

Assertion. 1. The set Q = log(EDP) is compact and conve.
2. Ezpand any element w € Q as Y gccong, P(S) - as. Then

(i) 0 < as < (¢ — 1"/t Aut(S) for S € Confy,
(i) (¢ — 1) ag > ag for S' < S. In particular, if ag # 0 then ag # 0.

Proof. 1. Compactness: it is enough to show that the range of coefficients ag for
w € log(EDP) is bounded for each S € Confy. Recalling the expansion formula
(8:2.3), this is equivalent to the statement that {A(S,T)/4T | T € Confo} is
bounded for any S € Conf(y. Applying the inequality , we have

0 < ASTAT < (¢— 1% /5 Aut(S),

which clearly gives a universal bound for A(S,T)/4T independent of T'.
Convexity: for any T, T" (# [0]) and r € Q with 0 < r < 1, one can find
positive integers p and g such that for 7" := TP - T'? one has

MIT")HT" = (p- M(T) +q- M(T"))/(p 4T + q - £T")
=7 - M(T)/{T + (1 —7) - M(T")/4T".
2. (i) This is already shown in 1.
(ii) If S’ < S and S € Confy, then for any T' € Conf one has the inequality

(q—1)¥~15"A(S",T) > A(S, T). (This can be easily seen by fixing representatives
of S and S’ as in the proof of (5.2.2).) Therefore (¢ — 1)¥5#5a5 > ag. O

Remark. The condition (9.4.2) on EDP implies ap; = 1 for any element w € 2 =
log(EDP). In particular, this implies 0 ¢ 2.
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§10.4. Join decomposition Q = log(EDP),, . * log(EDP)__

We show that log(EDP) is embedded in Lg abs® LR, o0, and, accordingly, decompose
log(EDP) into the join of a finite part and an infinite part, where the finite part
is an infinite simplex with vertex set {M(T')/#T }Teccont,-

Definition. Define the finite part and the infinite part of log(EDP) by

(10.4.1) log(EDP),, . := log(EDP) N LR abs;
(10.4.2) log(EDP)_, := log(EDP) N LR, oo.

Lemma. 1. log(EDP) is the join of the finite part and the infinite part:

(10.4.3) log(EDP) = log(EDP),, . * log(EDP) _.
Here, the join of subsets A and B in real vector spaces V. and W is defined by
AxB:={dp+1-ANgeVeW|pecA qe B, xel0,1]}.

2. The finite part is the infinite simplex of the vertex set {M(S)/#S}secont,

R — abs M(S)
log(EDP),,, = { > T ‘ ps €Rso and Y pg = 1}-
SeConfgy SeConfy
Proof. We prove 1 and 2 simultaneously in two steps A and B. We show only the
inclusion LHS C RHS since the opposite inclusion is trivial due to the compactness
and convexity of log(EDP) (10.3| Assertion 1).

A. Finite part. Let w € log(EDP) have expression ((10.3.2). For S € Confy,
recall that §(S,T;,) is the number of connected components of T}, isomorphic to S.
Let us show that

0(S, Ty,
is a finite real number such that
(10.4.5) 0< Y ps<lL
SeConfy

Note that the kabi map K (8.4.1) is also continuous with respect to
the classical topology. So, it commutes with the classical limiting process
lim® __ M(T,,)/¢T,. Recalling the kabi inversion formula (7.3.1), we calculate

n— o0

=y~ pa MT)Y g KM(TL) §(5,Tn)
K(w) = K( lim T) = nlingo T, = nlirréo Se%):nfo i, M(S).
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Here, the convergence on the RHS is the coeflicientwise convergence with respect
to the basis M(S) for S € Confy. This implies the convergence of ((10.4.4)).
Let C be any finite subset of Confy. For any n € Z>, one has

Y (T T,) 4T < T,

TeC

since the LHS is equal to the number of vertices of the union of the connected
components of T}, which are isomorphic to an element of C'. Dividing both sides
by #7,, and taking the limit n — oo, one has .

Define the finite part of w to be the absolutely convergent sum

M(S)
£S

abs
(10.4.6) Whnite 1= s
SeConfg

(apply Assertion to (10.4.5)). We remark that the coefficients pg are uniquely
determined from w and are independent of the sequence {7, }nez.,, due to the
formula

(10.4.7) Kw= > MSA/;gS ).

SeConfg

B. Infinite part. Put jico :=1 =3 gccons, Hs- Let us show that

(1) if poo =0, then w = wanite, and (i) if poo > 0, then there exists a unique
element woo € LR oo such that w = [locWoo + Whnite-

For any S € Confy, let us denote by T,,(.5) the isomorphism class of the union
of the connected components of T;, isomorphic to S € Confy. Thus, #7,,(S) =
0(S, TS and #7,(S) /4T, — ps as n — oo. For any finite subset C' of Confy,
put T;(C¢) :=Tp \ Ugee Tn(S) so that

ML) _ MTE(C) | 3 0(S, Tp)tS  M(S)

*) T, - ih Tn 1S

SeC

For the given C and for € > 0, there exists n(C, ) such that

(a) Z |IU'S - ﬁTn(S)/ﬁTn| <e

SeC

for n > n(C,¢e). This implies

oo —ATHC AT <+ Y us.
SeConfo \C



82 K. SaiTo

Let {em }mez-, be any sequence of positive real numbers with ¢,,, | 0. Choose
an increasing sequence {Cy, }mez.., of finite subsets of Confy satisfying

(b) J Cm=Confy and > ps<em

meZxo SeConfo \Chp,

Put n(m) := n(Cp,em). Then, by definition of i and by (a) and (b), one has

() ltoo = 4T3 (my (Cr) /T n(my| < 28m.

Replacing n and C in () by n(m) and Cy,, respectively, we obtain a sequence
of equalities indexed by m € Z>(. Let us prove:

(i) the second term of the RHS of (x) absolutely converges to wenite-
(ii) If poo = 0, then the first term of the RHS of (%) converges to 0.
(ili) If pos # 0, then Ty, = Ty, (CF,) # 0 for large m and M(T},) /4Ty,

converges to an element weo € log(EDP) N L oo.

Proof of (i). For m € Z>y, the difference of wgnite and the second term of the
RHS of (%) 18 > gccont, csM(S)/HTS where cs := ps — (S, Tyy(m) )8/ 4T (m) for
S € Cy, and cg := ug for S € Confy \C,,. Therefore, using (a) and the inequality
of (b), one sees that the sum > g couf, Ics| is bounded by 2e,,. Then, due to a
criterion in Assertion, the difference tends to 0 absolutely as m T oo. O]

Proof of (ii). Recall (c) [4T};,,)(Cy)/ETn(m)| < 2€m. The first term of the RHS
(%) is given by

M(T:;(m)(cm)) N Z A(Sv T:(m) (Cm))

SeConfg

where the coefficient of ¢(.9) is either 0 if T (Cm) = 0, or else is equal to

m)
BT ) (Cr) A(S, T, (Cim))
ﬁTn(m) ﬁTn(m) (Cm) ’

which is bounded by 2¢,,¢*5~1/t Aut(S). So it converges to 0 as m | occ. O

Proof of (iii). The first term of the RHS of (%) converges to w — whnite, Since
the LHS of (%) and the second term of the RHS of (x) converge to w and wenite,
respectively. On the other hand, due to (c), one has ﬂT;(m)(Cfn)/ﬁTn(m) > Yoo —
2e,, for sufficiently large m, and hence T;(m) (C&,) # 0. The first term decomposes

as

MT50(C5)) T (Ch) M(TS 0 (C5)

ﬁTn(m) B ﬁTn(m) ﬁT;(m) (Cfn) ’
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whose first factor converges to pe # 0 due to (¢). Therefore, the second factor
converges to Some weo 1= (W—Whnite )/ foo, Which belongs to log(EDP) by definition.
Since K (w) = K (wso), Weo belongs to ker(K). O

These complete the proof of the lemma. O

§10.5. Extremal points in Q. = log(EDP)__

A point w in a subset A in a real vector space is called an extremal point of A if
whenever an interval I contained in A contains w then w is a terminal point of 1.

Assertion. FEach extremal point of log(EDP) is one of the following:

(i) M(S)/8S for an element S € Conf,
(i) lim¢! M(T,) /8T, for a sequence T, € Confy with §T,, — oo (n — o0).

n—0o0

Proof. For w € log(EDP), if ps # 0,1, then, due to Lemma 1 of §10.4, w cannot
be extremal. If po, = 0, then, due to Lemma 2, the only possibility for w to
be extremal is when it is of the form M(S)/#S for an element S € Confy. In
fact, using the uniqueness of the expression (10.4.6) (see the remark following the
formula), M(S)/#S can be shown to be extremal.

Suppose fio, = 1. For any fixed S € Confy and real € > 0, let T, (S5,¢)
(resp. T, (S,€)) be the subgraph of T;, consisting of the components T" such that
A(S,T)/4T > as + ¢ (resp. < ag —€). Let us show that lim,, $75(S, ) /4T;, = 0.
If not, then there exists a subsequence {fi} such that lims 475 (S, €) /475 = A > 0.
Due to the compactness of log(EDP) Assertion 1), we can choose a subse-
quence such that M(TZ (S, €)) /4T (S, ¢) and M(Tx \ T (S, ) /4(Ta \ TZ (S, €))
converge to some Y e cong, P(1) b and > rcaong, (1) - er, respectively, so that

w=X Y @M br+(1=X > @T)-er.
T&Conf, TeConfo
In particular, the coefficient of ¢(S) has the relation ag = A - bg + (1 — A) - cg.
Since |bg — ag| > €, A cannot be 1. This contradicts the extremity of w.

For any finite subset C' of Confo, put T;(C,e) := T,, \ Ugec (T7 (S,¢) U
T,7(S,£)). Then T} (C,e) # 0 for sufficiently large n, since lim,, .o 177 (C, ) /4T,
= 1 due to the above fact. Let {Cy,}mez., be an increasing sequence of finite
subsets of Confy such that UmEZ>U C,, = Confy and 1et{sm}mezzo be a sequence
of real numbers with €,,, | 0. For each m € Z>q, choose any connected component
of T (Crm,y em), say Ty, for large n, and put wy, := M(T},) /8T, = > gecont, P(S)

agn). By definition |ag — afgm)\ < & for S € C,,, which implies w = limf,ll_)oo W
There are two cases to consider: (i) Suppose there is a subsequence {m} such that

#T% is bounded. Since ${T" € Confy | 7' < ¢} for any constant c is finite, there
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exists T € Conf which appears in {7} },, infinitely often. So w = M(T)/#T and
K(w) = M(T)/4T # 0. (ii) Suppose #T7¥, — oo. Then the formula (10.4.4)) and
(10.4.7) imply K (w) = 0. O

§10.6. Function value representation of elements of Q. = log(EDP)_

The coefficients ag at S € Conf of the sequential limit w = im& __ M(T,) /4T
are usually hard to calculate. However, in certain good cases, we can
represent the coefficient as a special value of a function in one variable ¢.

Given an expression of the form of w € log(EDP)__ and an increasing
sequence of integers {n.,}>2,, we consider the following two formal power series

in t:

(10.6.1) P(t) := i 4T, - 1" € Z[t],
m=0

(10.6.2) PM(t) == f: M(Ty) -t € Lolt] = Lopg,
m=0

where, using the basis expansion (8.2.3)), the series PM(t) can be expanded as
PM(t) =3 sccont, P(S)PM(S,t), whose coefficients at S € Confy are given by

(10.6.3) PM(S,t) = dsPM(t) = i A(S, T - t" € Q[t] .

m=0

Since T,, € Conf, one has P(t) # 0 and its radius of convergence is at most 1.

Lemma. Suppose that the series P(t) has a positive radius of convergence r.
Then, for any S € Confy (cf. Remark below), we have:

(i) The series PM(S,t) converges at least in the radius r for P(t). The radius
of convergence of PM(S,t) coincides with r if ag := limy,— o M (S, Tn)/iTm # 0.
(ii) The following two limits in the LHS and RHS give the same value:
. PM(S,1) - M(S,T;)
10.6.4 lim —~ = lim ———~=.
(10-6:4) ir P(t) nine #T,
Here t T r means that the real variable t tends to v from below.
(iii) The proportion PM(t)/P(t) fort T r converges to w ((10.3.2):
a PM() PM(S,t)

(10.6.5) w =l s :SE%:MO@(S)QTI;I 20

Proof. Before proceeding to the proof, we recall two general properties of power
series:
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(A) The radius of convergence of P(t) is r := 1/limsup,, .. ~~iTm (Ha-
damard).

(B) Since the coefficients #7T;,, of P(t) are non-negative real numbers, P(t) is
an increasing positive real function on the interval (0,r) and limy;, P(t) = +o0.

We now turn to the proof. Due to the linear relations among M (S, T,,) for
S € Conf (8.3.2)), it is sufficient to show the lemma only for S € Confy.
(i) Let us show that PM(S,t) for S € Confy has radius of convergence r.

Since M (S, T,,) = A(S, Tpn) Remark 1), using (5.2.1)), we have

limsup "\/M(S,T,,) < limsup "\/iT}, ""\/q*5~1/f Aut(S) = 1/r.

m—00 m— 00

This proves the first half of (i). The other half is shown in (ii) below.

(ii) We show that the convergence of the sequence A(S,T,,)/tT,, to some
as € R implies the convergence of the values of the function PM(S,t)/P(t) to as
as t T r. The assumption implies that for any € > 0, there exists N > 0 such that
|A(S, T0) /8T — ag| < € for all m > N. Therefore,

‘PM(S, t) ‘ QN () + 3N (A(S, Tn) — as - 4T )t"™ |
Pty " Pt)

_ QN () —e X o #Tnt™|
B P(t)

+e€

where Qn(t) := >, - n(A(S, Trn) — as - §T5,)t"™ is a polynomial in ¢. Due to
statement (B) above, the first term of the last line tends to 0 as ¢ T r. Hence,
|PM(S,t)/P(t) — ag| < 2¢ for t sufficiently close to r. This proves (10.6.4).

If ag # 0, then lim;;, PM(S,t) = oo since limyq, P(t) = co. Thus, the radius
of convergence of PM (S, t) is less than or equal to r. This proves the last statement
of (i).

(iii) We have only to recall that the classical topology on Lg is the topology
of coefficientwise convergence with respect to the basis {¢©(S)}secont, - O

Corollary. If P(t) and PM(S,t) (S € Confy) extend to meromorphic functions
at t =r, then PM(S,t)/P(t) is reqular at t = r, and

(10.6.6) w=Y W(S)FMPE;S;’”
SeConfg

t=r

Proof. We have to show that PM(S,t)/P(t) becomes holomorphic at ¢t = r under
the assumption. If it were not holomorphic, it would have a pole at ¢ = r and
hence lim¢y, PM(S,t)/P(t) diverges. On the other hand, in view of (5.2.2), one
has the inequality 0 < PM(S,t) < P(t) - ¢*~1/f Aut(S) for t € (0,7). Then the
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positivity of P(t) implies the boundedness 0 < PM(S,t)/P(t) < ¢*~1/# Aut(S)
for t € (0,r). This is a contradiction. O

We sometimes call (10.6.6)) a residual expression of w, since the coefficients
are given by proportions of residues of meromorphic functions.

Remark. 1. The equality gives the following important replacement.
Namely, the RHS, which is a sequential limit of rational numbers and is hard
to determine in general, is replaced by the LHS, which is the limit value of a func-
tion in the variable ¢ at the special point ¢ = r where r is often a real algebraic
number whose defining equation is easily calculable.

2. The convergence of the sequence lim%l_)OO M(S,T,)/tT,, does not imply the
convergence of the series PM (S, t) and P(t) in a positive radius. Conversely, the
convergence of the series PM(S,t) and P(t) in a positive radius does not imply

the convergence of the sequence im®___ M (S, T,,)/tT,.

n—oo

§11. The limit space Q(T',G) for a finitely generated monoid

We apply the space L o to the study of finitely generated monoids.

For a pair (I, G) of a monoid I' and a finite generating system G with As-
sumptions 1, 2, we introduce (1) the limit space Q(I", G) as a subset of L 0, (2)
another limit space Q(Pr ) associated with the Poincaré series Pr ¢(t) of (I', G),
and (3) a proper surjective map mq : Q(I',G) — Q(Pr ) (see 11.2 Theorem).

The main result of the present paper is given in 11.5 Theorem, where the
sum of the elements of a fiber of 7 is expressed by a linear combination of the
proportions of residues of the Poincaré series Pr ¢(t) and Pr ¢ M(t) at the poles
on the circle of the radius of convergence.

§11.1. The limit space Q(T', G)

Let I" be a monoid with left and right cancellation conditions and let G be its finite
generating system with e ¢ G. We denote by (T, G) the associated colored oriented
Cayley graph Example). In this and the next sections, we use G U G~! as
the color set and ¢ := §(G U G™') for the definition of Conf in (2.2.1)). The set
of all isomorphism classes of finite subgraphs of (T, G) is denoted by (I, G). Put
<F, G>0 = <F, G> N Confy.

The length of v € T with respect to G is defined by

(11.1.1)  lg(vy):=inf{n € Z>o|vy=g1- - gn forsome g; € G (i=1,...,n)}.

We remark that in (11.1.1)), we admit the expressions of v only in positive powers
of elements of G (except when G itself already contains the inverse). This means



LiMITS IN THE CONFIGURATION ALGEBRA 87

that we allow only edges whose “orientation” agrees with the orientation of the
path. In particular, /¢ (v) may not coincide with the distance of v from e in the
Cayley graphﬂ For n € Z>o, let us consider the “balls” of radius n of (T, G)
defined by

(11.1.2) Iy :={yel|lc(y) <n}

We shall denote I, := T, \I'n_1 for n € Z>¢. If there is no confusion, we shall
denote by T, its isomorphism class [I';] € Conf( also.

Definition. The set of limit elements for (', G) is defined by

(1113) Q(F7 G) = AC]R’oo N {M(Fn)/ﬁl“n | n 220}7
where A is the closure of a subset A C Lg with respect to the classical topology.
Fact. The limit space Q(T, G) is non-empty if and only if T is infinite.

Proof. Since {M(T',,)/tT,, | n € Z>o} C log(EDP) and log(EDP) is compact
, the sequence {M(T',)/8,, | n € Z>o} always has accumulation points.
Due to (10.4.4) and (10.4.7)), an accumulation point w belongs to Lg , i.e. it
satisfies the kabi condition K (w) = 0, if and only if #I",, — oco. O

Since log(EDP) is metrizable, any element w in Q(T', G) can be expressed as
a sequential limit. That is, there exists a subsequence n,, T oo of n T oo such that

L'
(11.1.4) w :nhgﬁ Né(rm) G i
m Nom S€<F,G>0 m

A(S, )
i,

where the coefficient of ¢(S) is convergent for all S.

Definition. We call a finitely generated monoid (T, G) simple (resp. finite) accu-
mulating if Q(T', G) consists of a single (resp. finite number of) element(s).

Assumption 1. From now on until the end of the present paper, we assume
that the monoid I' is embeddable into a group. That is, there exists an injective
homomorphism from I'" into a group I'. This is obviously satisfied if I is a group.

In the following Examples 1 and 2, we show that any polynomial growth group
and any free group are simple accumulating. We first state some general properties
of the set I',,, which are immediate consequences of the definition.

2The length ¢ coincides with the distance from e for the case G = G~! when T is a group.
Besides this case, there is an important class of monoids where both concepts coincide, namely,
when the monoid is defined by positive homogeneous relations [S-I].
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Fact. 1. For m,n € Zx>q, one has a natural surjection
(11.1.5) I x Ty = Dby, ¥ X 0 = 0.

2. For any S € Confy with S <Ty (k € Z>o) and for any n € Z>o,
(11.1.6) ik < gAut(S) - A(S,Ty) < T,

Proof. 1. Obvious by definition.

2. By the assumption on S, there exists a subgraph S C T’ such that S = [S].
Note that Aut(S) ~ Aut(S) = {g € T' | ¢S = S} is finite and its action is fized point
free. Consider the map p from I to the set of subgraphs of (I, G) defined by p(g) :=
¢S, and define an equivalence relation ~ on I' by “g ~ h < ¢S =hS < g~ 'h €
Aut(S)”. Then A(S,T',,) > f(Image(p|r,_,)) = 8(Tn—r/~) > T _x/F AutS. This
implies the first inequality.

Choose a point = € S. Consider the set P := {g € T, | gz~ 'S C T',,}. Then
the map p|poax=! : P — A(S,T,) is surjective and P is closed under the right
multiplication of x=! Aut(S)z. Hence A(S,T,,) = $P/fAut(S) < 4T,,/f Aut(S).
This implies the second inequality. O

n—k

Let (I', G) be a monoid such that lim,,_. o T, _ /i, = 1 for any k € Z>o.
Then, as a consequence of (11.1.6),

A8, 1
(11.1.7) AR T TAM(S)

Example. 1. IfT is a group of polynomial growth, then it is simple accumulating
for any generating system G and the limit element is given by

1
(11.1.8) wr,G 1= E MW(S).
Se(I',GYo

Proof. For a group (I', G) of polynomial growth (i.e. I" contains a finitely generated
nilpotent group of finite index, Wolf and Gromov [Grl]), there exist constants
¢,d € Z~g such that ', = cn? + o(n?) (Pansu [P]). O

2. Let Fy be a free group with the generating system G = {gfl, e 7g]jfl} for
f € Z>y. Then (Fy,G) is simple accumulating. The limit element is given by

o0

(1119 wre= 2 =D X @)+ Y @),

k=0 Se(,G)o Se(T,G)o
d(S)=2k d(S)=2k+1

where d(S) := max{d(z,y) | z,y € S} is the diameter of S € (T, G)g.
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Proof. The induction relation #I",,+1 — (2f — 1)4T",, = 2 with the initial condition
fl'g = 1 implies
fef-1y"-1

ﬁFn: f—].

forn € Zzo.

Then, for n > [d(S)/2],
f2f - 1)n7[d(5)/2] -1

if d(S) is even,

_ =1
A(Sa Fn) - (2f o 1)n7[d(S)/2] o 1
71 if d(S) is odd,
i A(S,T,) (2f —1)~1d(5)/2 if d(S) is even,
m — = =
n—oo 'y fHef — 1)~ if 4(S) is odd.

We only have to prove the first formula. Depending on whether d(S) is even or
odd, S has either one or two central points. Then it is easy to see the following one-
to-one correspondence: an embedding of S in I',, < an embedding of the central
point(s) of S in Ty, such that the distance from the point to the boundary of Ty, is
at least half of the diameter, [d(S)/2]. Taking this into account, we can directly
deduce the formula. O

§11.2. The space Q(Pr ) of opposite sequences

We introduce another accumulation set Q(P), called the space of opposite se-
quences, associated to certain real power series P(t). Under a suitable assumption
on (T, G), we have a fibration mq : Q(I',G) — Q(Pr.¢) for the growth function
Prg of (T',G). We construct semigroup Zsp-actions on Q(I',G) and Q(Pr ¢)
generated by 7o and Tq, respectively, such that 7q is equivariant.

We start with a general definition. Consider a power series in t,

(11.2.1) P(t) = i%t",
n=0

whose coefficients are real numbers. We assume that there exist positive real
numbers u, v (depending on P) such that u < y,_1/v, < v for all n € Z>1. This,
in particular, implies that P is convergent of radius r with u < r < v.

Example. If the sequence {7, }nez., is increasing and semi-multiplicative, ¥, +r
< YmYn, we may choose u = 1/v; and v = 1. For example, let v, := T, (n € Z>0)
in the setting of 11.1; then implies semi-multiplicativity.

Associated to P, consider a sequence {X,(P)}nez., of polynomials

(11.2.2) X, (P) =Y Thk =01,
Yn
k=0

in the space R[s] of formal power series, where R[s] is equipped with the formal
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classical topology, i.e. the product topology of convergence of every coefficient
in the classical topology. Since each coefficient of X,,(P) is bounded, i.e. u* <
Yr—k/¥n < V¥, the sequence accumulates to a non-empty compact set:

(11.2.3) Q(P) := the set of accumulation points of the sequence (11.2.2)).

An element a(s) = > po  ars® of Q(P) is called an opposite series. The sequence
{ar}32, of coefficients, called an opposite sequence, satisfies uf < ap < vF. We
call a; the initial of the opposite series a, denoted by t(a). Let us introduce the
space of initials:

(11.2.4) Q1 (P) := the set of accumulation points of {v,—1/Vn}nez=,,

which is a compact subset of the positive interval [u,v]. The projection map
a € Q(P) — 1(a) € Q1(P) is a continuous surjective map.

Assertion. 1. If a sequence { Xy, (P)}mez., converges to an opposite sequence a,
then { Xy, —1(P)}mezs, also converges to an opposite sequence, denoted by To(a).
We have

(11.2.5) Ta(a) = (a—1)/(c(a)s).
2. Consider the map
(11.2.5)* 7:Q(P) - RQ(P), ar ila)ra(a),

where RQ(P) is the closed R-linear subspace of R[[s] generated by Q(P). Then T
naturally extends to an endomorphism of RQ(P).

Proof. 1. By definition, the sequence {7, —1/7n,, }m converges to the non-zero
initial ¢(a) # 0. Then, for any fixed & > 0, the (k — 1)th coefficient of 7q(a) is
given by the limit of the sequence {7y, —k/Vn,,—1}m converging to ax/a;.

2. Let >, ciai(s) = 0 be a linear relation among opposite sequences a;(s)
(i € I) with §I < oo. Then we also have a linear relation ), _; c;a;17a(a;i(s)) = 0,
since, using , this follows from the original relation Y .-, ¢;a;(s) = 0 and
another one Y .° ¢; = 0, which is obtained by substituting s = 0 in the first
relation. This implies that 7 extends to a linear map RQ(P) — RQ(P). On the
other hand, a(s) € R[s] — (a(s) — a(0))/s € R[s] is a well-defined continuous
map, so it induces a map in Endg (RQ(P)). O

We return to the setting of and consider a Cayley graph (T', G). For the
sequence {I'; }nez., (11.1.2), we consider two series (10.6.1)) and ([10.6.2)):

(11.2.6) Prg(t) =Y 4T, -t",
n=0
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(11.2.7) PreM(t) =Y M(Ty,)-t".
n=0

Here (11.2.6) is well known [M] as the growth (or Poincaré) series for (I', G), and
(11.2.7)) is the series which we study in the present paper. Due to (11.1.5)), it is
well known that the growth series converges with positive radius:

(11.2.8) rr =1/ lim /4T, > 1/4T;.

Due to Lemma (i), the series Pr,gM(t) converges in the same radius as
Pr (). This fact can be directly confirmed by using (11.1.6]) for S < [I';] as

lim (" %/40_r) ™%/ < lim 3/fAut(S)- A(S,T,,) < lim 3/fT,.

n—oo n—oo n—oo

Let us consider the continuous linear projection map

(11.2.9) m: Lr(T,G) — R[s], Z o(S) - as — Zapksk.
S€Confo k=0
In order that the map 7 induces the map 7 in (11.2.12)) below, we consider the
next two conditions S and I on the graph (T', G).
First, let us reformulate the concept of dead element (cf. [Bo], [El]) for
< ta(g

)

monoids: an element g € T is called dead with respect to G if lg(gx) < Lo

for all z € GE| We denote by D(T', G) the set of dead elements in T'.

e S: The portion (T, N D(T', G)) /4T, tends to 0 as n — oo.

e I: For any connected subgraph S of (T', G) and any element g € I, the equality
SI'y = ¢ST'y implies S = ¢S, where SI'y := [J, g 1.

Assumption 2. From now on until the end of the present paper, we assume the
conditions S and I hold for (I', G).

Remark. 1. Bogopol’skii ([Bol Question (2)]) asked whether S holds for an ar-
bitrary finite generating system G of a group I'. We ask the same question for a
monoid I' satisfying Assumption 1 and any finite generating system G.

2. Since Aut(S) is a finite subgroup of I for S € (I', G)o, it is trivial if T is
torsion free. Then I holds automatically for each finite generating system.

3. If T has a torsion element g of order d > 1, define a new generating system
G = Ujj_.io(giFlgj) \ {e} for a given G. Then the new unit ball I'} := G’ U {e}
satisfies '] = gI'}. That is, the condition I fails for S := {e}. This suggests that
in order to satisfy I, G should be small relative to torsion elements. It is an open

3The author is grateful to Takefumi Kondo for the information on some works on the subject.
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question whether, for any finitely generated infinite group I', there always exists a
generating system G satisfying I.

Notation. We define the fattening STy for S € (I, G)o to be the isomorphism
class [ST'y] for any representative S of S (the isomorphism class [ST';] does not
depend on the choice of S due to the embeddability of I' into a group).

We regard Lg(T', G) as an R[[s]-module by letting s act on the basis by ¢(S) —
©(ST1) and extending the action formally to R[s]. However, the map =
is not an R[s]-homomorphism (ST; = T'x41 does not imply S = T').

Let us state some important consequences of the assumptions S and I. Recall

the notation (5.1.1)) and (5.1.2).

Assertion. For any S € (I', G)q, one has the inequalities
(11.2.10) 0 < A(ST1,T) — A(S, 1) < £5 - 4(I' 1 D(T, G).

Proof. Consider the map S € A(S,T',,—1) — SI'; € A(ST1,T,). It is injective by
the condition I. This implies the first inequality. Any element of A(ST,T,) is
expressed as ST’y for a unique S C T, with [S] = S. If ST’y is not in the image of
the above map (i.e. S ¢ I',_1), then SNT, # 0 is a subset of D(I", G). Thus, such
an S is of the form ds~ 'Sy for some d € I',, N D(T, G) and some s € Sy for a fixed
So with [Sg] = S. Thus the number of such ST is at most S - #(I",, N D(T', G)).
This implies the second inequality. O

Corollary. Forn,k € Z>o with n — k > 0, one has the inequalities
(11.2.11) 0 < ATy, Ty) — Tk < iT%—1 - 8T N DT, G)).

Proof. We argue by induction on k, the case k = 0 being trivial (put §I'_; := 0).
Assume the assertion holds for k—1. Let n > k. Applying for S =Ty,
one has 0 < ATy, T'y) — A(Tg—1, 1) < %1 - ﬂ(Fn N D(T,G)). This together
with the induction hypothesis implies . O

Under Assumptions 1 and 2, we show the main result of the present section:
the map 7 (11.2.9) induces a fibration map mq : Q(I',G) — Q(Pr.q).

Theorem. 1. If a sequence M (T, ) /8Ty, (m =1,2,...) converges to an element
w € UT, G) with respect to the classical topology, then the sequence X, (Pr.q)
converges to the element w(w) € R[s] with respect to the classical topology. We
denote by

(11.2.12) mo : UL, G) — UPr.g)

the induced map. The map mq := T|or,q) 15 surjective and continuous.
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2. If a sequence {M(T'y,,,) /0, }mez~, converges to an element w € QT', G),
then {M(Ty,,—1)/8ln,,~1}mez-, also converges to an element, depending only
on w, denoted by To(w). For w =73 gc g, asp(S) € AL, G), one has

1
(11.2.13) fow)=——= Y .asr,(9).
Ume(W)) o T e,
Using the notation Jg and Osr, for S € (I',G)o (see 8.1), (11.2.13) is equivalent
to

(11.2.13)* 85(7‘9&)) = 1 ))5sr1 (w)

(ra(w
Then mq (11.2.12)) is equivariant with respect to the actions Tq and Tq.

3. Denote by RQ(T',G) the closed R-linear subspace of Lgr o generated by
Q(T',G). Define a map 7 from Q(T,G) to RQ(T, G) by

(11.2.14) T(w) = t(ma(w))To(w).

Then 7 naturally extends to an R-linear endomorphism of RQ(T, G).
4. The restriction of w (11.2.9) (= the R-linear extension of wq)

(11.2.15) 7 : RO, G) — RQ(Prg)
18 equivariant with respect to the endomorphisms 7 and T, i.e. Tom =T o T.

Proof. 1. Using (8.2.3), (L1.2.2) and (11.2.6), we see that the difference

7(M(T,,)/tT,) — Xn(Pr.g) is a polynomial in s of degree < n whose kth coef-
ficient is (A(Tx,T) — f00—k)/E0n. Put n = n,, and let m — oco. Applying
and the assumption S, we see that this tends to 0. That is, the kth co-
efficient of X, (Pr,c) tends to the coeflicient ar, at I'y, of w. That is, X,,, (Pr,¢)
converge to the m-image of w. Thus the map mg is defined. To show
its surjectivity, for any subsequence {X,, (Pr ¢)}m converging to an opposite se-
quence, we choose a convergent sub-subsequence {M(I'y,, )/El,, }i due to the
compactness of log(EDP) (10.3).

2. For S € (I', G) and n € Z>1, one has
A(S, 1) (A(Sl"hl"n) _A(ST, Ty) — A(S, Fn1)> -1
ﬁrn—l ﬁrn ﬁrn tu_‘n .

Let the sequence M(T',,, )/#Ty,, associated to a subsequence {nm, }mez., of Z>o

(%)

converge to an element w = Y gcip gy, ase(S) € UL, G). Put n = ny, in ()
and let m — oo. The first (resp. second) term in the brackets on the RHS of (x)
converges to asr, (resp. 0 due to and the assumption S). The denom-
inator of the RHS of (x) converges to the initial ¢(7(w)) (11.2.4). Consequently,
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the RHS of (%) converges to masr‘l for all S. This implies the convergence of

(x
lim$, .o M(Ty,, —1)/y, —1 and the formulae (11.2.13]) and (11.2.13)*.
Let a = mo(w) (= Y peyar,s”). Comparing the formulae (I1.2.5) and
(11.2.13)), one calculates

oo

7o (T = ! 3 a sk = # 3 ar, s
a(Ta(w) Z INS ] (w(w)) kZ:O Tit1 (@) ; I

=0

= () m( o(w)).

This implies that the map mq is equivariant with respect to the (7q, 7q)-action.

3. Let (r): ) ;c;ciwi = 0 be a linear relation for w; € Q(I',G) and ¢; € R
(i € I) with I < co. Let us show the linear relation (s): >, ;ciT(w;) = 0. Let
us expand w; = Y gag;¢(S). Then the relation (r) is expressed as the relations
> icrCias,; = 0 among coefficients for all S € (T',G)o. Then the relation (s) is
expressed as ) ;; ciasr,; = 0 for all S € (I',G)o, which is a part of the former
relations among the coefficients and is automatically satisfied.

This implies that 7 extends to a linear map RQ(T', G) — RQ(T, G). On the
other hand, the correspondence } g 1 oy as@(S) = Y ger.) @sr,¢(S) defines a
continuous linear map from a closed subspace of Lr to itself, which induces the
endomorphism 7 € Endg(RQ(T, G)).

4. Let the notation be as in 1. Comparing (11.2.5)* and (| m7 one cal-
culates: m(7(w)) = 7((r(w))Fa(@)) = (@) (Fa(w)) = (@) m(ra(w)) =

v(m(w))rq(a) = 7(a) = 7(7w(w)), which proves the equivariance of 7. O

The map 7o is conjecturally a finite map. In that case, the sum of
the elements in a fiber is called a trace; in 11.5, we represent the traces by suitable
“residue values” of the functions and (11.2.7). The key to understanding
this formula is the “duality” between the limit space QU(Pr ) and the space of
singularities Sing(Pr,¢) of the series Pr ¢ (t) on the circle of the convergence radius
rr,g. In the next sections 11.3 and 11.4, we study the “duality” in case Q(Pr g)
is finite (see 11.4 Theorem and ((11.4.3)) and (11.4.4)).

In the following, we give an example of (I', G), where Q(Pr ) consists of two

elements al% and am, and 7o acts on Q(Pr ) as their transposition. However, we
note that 72 # id and det(t -id —7) = t* — 1/2.

Example ((Machi)). Let I' := Z/27Z % Z,/3Z and G := {a,b*'} where a, b are the
generators of Z/27 and Z/3Z, respectively. Machi has shown
oo
14+6)(1+ 2t
S = L0020

Prc(t) = S (=22)(1—t)’

k=0
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so that #Tox = 7-2% — 6 and #o 1 = 10-2% — 6 for k € Z>p. Then

. r n— 5 ﬁFQn 7
0 (Pro) = d 0@y = tim 201 0 gty -
1( F,G) {L(a ) nLHgO ﬁr2n 7 & L((l ) nLH;Oﬁ 2n+1 10 ’

and hence hr ¢ = 2. In fact, Q(Pr ) consists of two opposite series:

0] k2% D Nk §2k — 1+ 55 7+5f = 5\[
a™(s) := 27+ —s 27 =
(s) kZ:O - Z 1—32/2 1— s/\f 1+s/\f
oo 7 oo 1+ 78 10+7\f 10—72
1] o k 2k —k 2k _ 10° _ 20
att(s) := 2- + —s 2 + .
() kzzo 10 Z C1-s2/2 s/\f 1+s/v2

§11.3. Finite rational accumulation

We introduce the concept of a finite rational accumulation, and study the series
P(t) (11.2.1) from that viewpoint. First, we start with preliminary definitions.

Definition. 1. A subset U of Z> is called a rational subset if the sum U(t) :=
> neu t" is the Taylor expansion at 0 of a rational function in ¢.

2. A finite rational partition of Z>¢ is a finite collection {U, }4ecq of rational
subsets U, C Z>( indexed by a finite set {2 such that there is a finite subset D of
Zq so that one has the disjoint decomposition Z>o \ D = | |,co(Ua \ D).

Assertion. For any rational subset U of Z>¢, there exist a positive integer h, a
subset u C Z/hZ and a finite subset D C Zxo such that U\ D = e, Ulel\ D,
where [e] denotes the element of Z/hZ corresponding to e € 7 and where Ul .=
{n € Z>o|n=emodh}. We call Uy, Ulel the standard expression of U.

Proof. The fact that U(t) is rational implies that the function x : Z>g — {0,1}
(x(n) =1+« n € U) is recursive, i.e. there exist N € Z>; and numbers ay, ..., an
such that one has the recursive relation x(n)+x(n—1)a;+---+x(n—N)ay =0
for sufficiently large n > 0. Since the range of x is finite, there exist two large
numbers n > m such that x(n —i) = x(m — i) for ¢ = 0,...,N. Due to the
recursive relation, this means y is h := n — m-periodic after m. O

Corollary. Any finite rational partition of Z>o has a subdivision of the form
Uy, == {U[e]}[e]ez/hz for some h € Z~y, called a period of the partition. If h is the
minimal period, Uy, is called the standard subdivision of the partition.

Definition. A sequence {X,,},ez., in a Hausdorff space is finite rationally accu-
mulating if the sequence accumulates to a finite set, say €2, such that for a system
of open neighborhoods V, for a € Q with V, NV, = 0 if a # b, the system {U, }4cq
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for U, :=={n € Z>o | X, € V,} is a finite rational partition of Z>¢. We also say
that Q is a finite rational accumulation set of period h.

The next lemma and 11.5 Lemma are key facts, which justify the introduction
of the concept of “rational accumulation”. They are also the starting point of the
concept of periodicity which is the base of the whole study to follow.

Lemma. Let P(t) be a power series in t as given in (11.2.1). If Q(P) is finite,
then it is a finite rational accumulation set with respect to the standard partition
Uy of Z>o for some h > 0, and Tq acts transitively on Q(P) with period h.

Proof. Recall the 1q-action on the set (P) in 11.2. Since Q(P) is finite, there
exists a non-empty To-invariant subset of Q(P). More explicitly, there exists an
element a € Q(P) and a positive integer i € Zsq such that (10)"a = a # (10)" a
for 0 < A" < h. Put U, := {n € Zx>o | Xp(P) € Va} where {Va}acaep) is a
system of open neighborhoods of points of Q(P) such that V, NV, = ( for any
a # b € Q(P). By the definition of 7q, the relation (7q)"a = a implies that the
sequence {X,,_p(P)}ney, converges to a. That is, there exists a positive number
N such that for any n € U, with n > N, n — h is contained in U,. Consider
the set A := {[e] € Z/hZ | there are infinitely many elements of U, which are
congruent to [¢] modulo h}. Then U, is, up to a finite number of elements, equal
to the rational set U[e] cA Ulel. This implies A # 0. Furthermore, Ulrg)ia 1s also,
up to a finite number of elements, equal to the rational set U[e]eA Ule=i. Then the

union U?;()l Ulrg)ia already covers Z>o up to finitely many elements. Since there
should be no overlapping, A = 1, say A = {[0]}. If a subsequence {X,,  (P)}
converges to an element in Q(P), then there is at least one [e] € Z/hZ such that
$({nm }°_o N Ul) = 0o, so that it converges to (1q)"¢a. That is, Q(P) is equal
to the set {a,Tqa, ..., (7q)" ta}, which is a finite rational accumulating set with
the h-periodic action of 7q. O

In what follows, we analyze the finite accumulation set (P) in detail.

Assertion. Let P(t) be a power series in t as given in (11.2.1)).

1. Q(P) is a finite rational accumulation set of period h € Z>1 if and only if
01 (P) is. We then say P is finite rationally accumulating of period h.

2. Let P be finite rationally accumulating of period h € Z>,. Then the op-
posite series alel = Yoo af]sk in Q(P) associated to the rational subset U for
[e] € Z/hZ of the h-partition of Z>o converges to a rational function

¢ All(s)
(1131) a[‘](s) = m,
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where the numerator All(s) is a polynomial in s of degree h — 1 given by

h—1 j
(11.3.2) Al (s) .= Z(H a[leﬂﬂ])sj
j=0 =1
and
h=1
(11.3.3) =TT ol
=0

The hth positive root v > 0 of is the radius of convergence of P(t).

3. If the period h is minimal, then the opposite sequences al®l(s) for [e] € Z./hZ
are mutually distinct. That is, Q(P) ~ Z/hZ, all(s) « [e] and the standard
partition Uy, is the exact partition of Z>o for the opposite series Q(P).

Proof. 1. The necessity is obvious. To show sufficiency, assume {vn—1/7n}nez,
accumulates finite rationally of period h. Let the subsequence {7v,—1/Vn fneuy,, for
[e] € Z/hZ accumulate to a unique value a[le}.

For any k € Z>¢, one has the obvious relation

Yn—k _ TYn—1 Yn—2 L. Yn—k
Tn Tn Yn-1 VYn—k+1
For n € U = {n € Z>o | n = e mod h} with [e] € Z/hZ, we see that the RHS

converges to alJal’ ™. als ™" Then, for [e] € Z/hZ and k € Z(, by putting

(11.3.4) aE:] — CL[1€]a[16—1] o a[le—k+1]’

the sequence {X,,(P)}nev,, converges to alel . =32 agf]sk with a[f} = 1(ale]).

2. Define r" by (11.3.3]). Then the formula (11.3.4) implies the “periodicity”
aLel]thk = r’"hatl for m € Z>o. This implies (11.3.1)).
To show that r is the radius of convergence of P(t), it is sufficient to show:

Fact. Let P(t) be finite rationally accumulating of period h. Define r > 0 by
(11.3.3). There exist positive real constants c1 and co such that for any k € Zx
there exists n(k) € Zso such that for any integer n > n(k), one has cir® <
'Yn—k/'}/n < CQTk-

Proof. Choose c1,c2 € Ry satisfying ¢; < min{a&e]/ri | le] € Z/hZ, i € ZN
[0,h—1]} and co > max{age]/ri |le] €Z/RZ,i€ZN]0,h—1]}. O

3. Suppose al(s) = al/l(s) for some [e], [f] € Z/hZ. Then, by comparing the
coefficients of Al¥l(s) and AUl(s), we get a[fﬂ] = a[lfﬂ] for i =0,...,h — 1. This
means e — f is a period. The minimality of h implies [e — f] = 0. O
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Even if, as in the above assertion, the opposite series al¢)(s) for [¢] € Z/hZ are
mutually distinct for the minimal period h of P(t), they may be linearly dependent.
This phenomenon occurs at the zero locus of the determinant

(11.3.5) (a[l()]""’ " 1] det((H a[e zH])efe{oa h71}>.

Regarding a[10}7 . a[lh U as indeterminates, Dj, is an irreducible homogeneous

polynomial of degree h(h — 1)/2, which is neither symmetric nor anti-symmetric,
but anti-invariant under a cyclic permutation (depending on the parity of h). Let
us formulate more precise statements for an arbitrary field K.

Assertion. Let h € Z~o. For an h-tuple a = (a[10}7 ... 7(1[1]171]) € (K*)", define
polynomials All(s) ([e] € Z/hZ) and v" € K* by (11.3.2) and (11.3.3).

(i) In the ring K|[s], the greatest common divisors gcd(All(s), 1 —r"s") and
ged(Alel(s), Alett(s)) for all [e] € Z/hZ are the same up to factors in K*. Let
0a(s) be the common divisor whose constant term is normalized to 1. Put

(11.3.6) AP (s) := (1 —r"s") /64 (s).

(ii) For [e] € Z/hZ, let al?l(s) = blel(s) /AP (s) be the reduced expression (i.e.
blel(s) is a polynomzal of degree < deg(ASP) and ged(bll(s), AP (s)) = 1). Then
the polynomials blel(s) for [e] € Z/hZ span the space K|s 8] <deg(acry of polynomials
of degree less than deg(AZ¥). One has the equality

(11.3.7) rank((ﬁ a[le_i+1]> e,fE{O,l,...,hfl}) = deg(AZ").

(iii) Let K =R and a € (Rxo)". Then AL is divisible by 1 —rs. Conversely,
let A be a factor of 1 — s which is divisible by 1 — rs for r € Rso with
the constant term 1. Then there exists a smooth non-empty semialgebraic set
Chor C (Rso)" of dimension deg(A°P) — 1 such that AP = A for all @ € Cpop.

Proof. (i) By the definitions (11.3.3) and (11.3.4), we have the relations
(1138) a[16+1]8A[e](s) + (1 _ T’hsh) _ A[e+1] (S)

for [e] € Z/hZ. This implies ged(Alel(s),1 — rPs?) | ged(Alet(s),1 — ") for
[e] € Z/WZ so that one concludes that all the elements ged(Alf(s),1 — rPsh)
= ged(Aldl(s), Alett(s)) for [e] € Z/hZ are the same up to a constant factor.

(ii) Let us show that the images in K [s]/(A2P) of the polynomials All(s) /84 (s)
for [e] € Z/hZ span the entire space over K. Let V be the space spanned by
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the images. The relation implies that V is closed under multiplication
by s. On the other hand, Al¢l(s)/85(s) and A are relatively prime so that they
generate K[s] as a K[s]-module. That is, V contains the class [1] of 1, and, hence,
V contains the whole K|[s] - [1]. Since deg(Al°l(s)/da(s)) < deg(AZP), this means
that the polynomials Al¢l(s)/d5(s) for [e] € Z/hZ span the space of polynomials
of degree less than deg(A2’). In particular, rankyx V = deg(AgP).

By definition, rank(((l_[zf:1 a[f*iﬂ])e,fe{o’l,m’h,l})) is equal to the rank of
the space spanned by Al€l(s) for [e] € Z/hZ, which is equal to the rank of the
space spanned by Al€l(s)/64(s) for [e] € Z/hZ and is equal to deg(AZP).

(iii) If (1 —rs) § A%, then 1 —rs | 65 | Al¥l(s) and Al(1/r) = 0. This is
impossible since all coefficients of Al and 1 /1 are positive. Conversely, let A°P
be a factor of 1 — r"s” which is divisible by 1 — rh, whose degree is d > 0. Put
R[sla—1 = {c(s) € R[s] | deg(c(s)) =d — 1, ¢(0) = 1}. Consider the set

Caor := {c(s) € R[s]q_1 | all coefficients of ¢/(s) := ¢(s)(1 — r""s") /AP

are positive}.

Since C aop is defined by strict inequalities, it is an open subset of R[s]4_1. Further,
it is non-empty since it contains A°P/(1 — rs). For any c(s) € Caer, We note
that deg(c/(s)) = h — 1, and hence one can find a unique @ € (Rs)" satisfying
d(s) = AlV(s) ((T1-3:2) and (I1.3:3)). By this correspondence c(s) ~— @, we embed
Caor smoothly in a smooth semialgebraic subset of (Rxg)" of dimension d — 1.
If @ is the image of c(s) € Caor, then 8 := ged{c(s),1 — r"s"} is divisible by
(1—7rPsh)/A°P. That is, AP := (1—r"s") /65 is a factor of A°P. This implies that
c(s) is a point of the embedded image Caor — Cacr (defined by multiplication by
A°P/AZP). Define the semialgebraic set Caoe := Caor \ Jps Car, where A’ runs
over all factors of A° (over R) which are not equal to A°P and are divisible by
1—rs. Since dimg(Ca) = d—1 > dimg(Ca/), the difference Cn is non-empty. [

Suppose the characteristic of the field K is zero. Let K be the splitting field
of AP and AP = H?Zl(l —x;5) in K for d := deg(AZ"). Then one has the partial
fraction decomposition

Al 0l
(11.3.9) A€s) Z _Hai

1—rhsh  £=1_—g;s
i=1

for [e] € Z/hZ, where ulf] is a constant in K given by the residue

g A8 (1 — s 1 g, —
(11.3.10) Mgcj = % e = EA[ ](;UZ 1).
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[e]

Here, one has the equivariance o(ul) = pul¥

o(xq)

o € Gal(K, K). The matrix (ui])[ewi is of maximal rank d = deg(AZ").

with respect to the action of

Remark. The index z; in (11.3.10)) may run over all roots = of the equation
2" — 7P = 0. However, if z is not a root of A% (i.e. A% (x71) # 0), then wh =o.

We return to the series P(t) with positive radius r of convergence. If
P(t) is finite rationally accumulating of period h and a[f] = 1(al®) for [e] € Z/hZ
(recall (11.3.1)), then AZP(s) depends only on P but not on the choice of the
period h. Therefore, we shall denote it by A%’ (s). The previous Assertion (ii)
says that we have the R-isomorphism

(11.3.11) RQ(P) ~ R[s]/AP(s), al® — A% ald mod AP.

Since the action of 7 is invertible, we define an endomorphism o on RQ(P) by

1

a[le—i-l]

(11.3.12) o(al)y == 77 ald) = [e+1)

The isomorphism 1s equivariant with respect to the action of o on the LHS
and multiplication by s on the RHS. Hence, the linear dependence relations among
the generators al’! ([e] € Z/hZ) are obtained from the relations AY (o)all = 0 for
[e] € Z/hZ. However, one should note that the o-action on RQ(P) is not identified
with multiplication by s on the subspace R[s].

§11.4. Duality between A% (s) and A'SP(t)

Assuming that P(t) extends to a meromorphic function in a neighborhood of the
closure of its convergence disc, we show a duality between the poles of opposite
sequences of P(t) and the poles of P(t) on its convergence circle.

Definition. For a positive real number r, let us denote by C{t}, the space con-
sisting of the complex power series P(t) such that (i) P(t) converges (at least)
on the open disc centered at 0 of radius r, and (ii) P(¢) analytically continues
to a meromorphic function on a disc centered at 0 of radius > r. Let Ap(t) be
the monic polynomial in ¢ of minimal degree such that Ap(t)P(t) is holomorphic
in a neighborhood of the circle |[t| = r. Put Ap(t) = HlN:l(t — 2;)% where x;
(t=1,...,N, N € Z>¢) are mutually distinct complex numbers with |z;| = r and
di € Z~o (i=1,...,N). Define the equation for the set of poles of highest order:

(11.4.1) ABP(t) = H (t —x;) where d,, := max{d;} .
i;di:dnL
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Definition. Define an action Ty on C[t] for a rational set U C Zx>q by

(11.4.2) P = Z Ant™ = Ty P = Z Ant™.

TLGZZO nelU

One may regard Ty P as a product of P with the function U(¢) in the sense of
Hadamard [H]. The radius of convergence of Ty P is not less than that of P.

Fact 1. The action of Ty preserves the space C{t}, for any r € Rsy.

Proof. Let us expand the meromorphic function P(t) into partial fractions

(%) P(t)zzz tf; + Q)

where the coeflicients ¢; ; of the principal part are constant with c¢; 4, # 0 for
all i, and Q( ) is a holomorphic function on a disc of radius > r. Then Ty P =
> i Tu (t 7+ Ty Q where Ty Q@ is a holomorphic function on a disc of radius
> r. Tt is sufficient to show that, for any standard rational set Ul¢l := {n € Zs |
n = [e] mod h} of period h € Z~( and [e] € Z/hZ, one has

1 _ Biy(t)
(t—:) — (th —al))

Tyre)

where B; ;(t) is a polynomial in . We calculate this explicitly as follows. We use
the “semi-commutativity” Ty - 5 = % - Tyietu (the trivial proof is omitted).
Then

1 (1)t rd\’ " 1 (=)=t a7t 1
Ty ———— = Ty ——— = - aNt
R e N R T (dt) t—z; (G-I \at vy

_1)i-1 =l yr
:%(i) tht_g;h where f:=e+j—1—hl(e+j—1)/h]

This gives the required result. O

The following is the goal of the present subsection.

Theorem. 5. (Duality) Suppose P(t) (I1.2.1)) belongs to C{t}, forr = the radius
of convergence of P, and is finite accumulating. Then

(11.4.3) tAes@RIAR (1) = ARP(1),
(11.4.4) rank(RQ(P)) = deg(AY) = deg(AESp),

Proof. We first show some special case, and then the general case.
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Fact 2. If P(t), above, is simple accumulating (i.e. $Q(P) = 1), then AP =t—r.

Proof. That P(t) is simply accumulating means lim,, o, ¥,—1/7» = r and hence,
for any small € > 0, there exists ¢ > 0 such that v, > c(r+¢)~" for n € Z>¢. Let
0y, be the nth Taylor coefficient of @ in (x). By assumption on @, there exist ' > r
and a constant ¢ > 0 such that §,, < ¢/r'~" for n € Z>(. Therefore, choosing ¢
such that r 4+ ¢ < r/, we have §,, /v, — 0. Since the nth Taylor coefficient of the
principal part of (x) is given by ~,, — d,, the principal part, say P’, is also simply
accumulating. That is,

n N d; k—n—1 . .
Xn(P/) — z : Zl:lNZ]:{i’_c’del _n_<1n ka])/(] ) sk
P S DA ZjL:1 Ci,j Ty (n;j)/(G — 1!

converges to 1} = Z;’;O r¥s¥. Under this setting, we want to show that if

rs

Ci,d,, 7 0 then x; = r. For convenience in the proof, we may assume r = 1 and
hence |z;| =1 for all i.

Consider the sequence v, := Zfil Cia, ;"' inn € Zsg. Since |v,| <
> l¢id,.| is bounded, the sequence accumulates to a compact set in C. If the
sequence has a unique accumulating value, say vg, then the result is already true.

(Proof. Consider the mean sequence {(Zﬁi_ol Un)/M}arez.,- On the one hand,

it converges to vy by assumption. On the other hand, Zil ci,dm%
converges to c¢14,,, where we assume z; = 1. That is, the sequence v, :=
Zi]\; ci,dmx;”fl converges to 0. For a fixed ng € Zg, consider the relations
Vnoik = ZﬁiQ(cZ—_’dmx;"")x;kH for Kk = 1,...,N — 1. Regarding ¢;q, ;"™
(i = 2,...,N) as the unknown, we can solve the linear equation by the use of
the Vandermonde determinant for the matrix (.’E;k+1)izg’n_,N)k:l’”_nyl. So, we
obtain a linear approximation: |¢; 4, 2; ™| < ¢- max{\v;0+k|}£’=}1 (i=2,...,N)
for a constant ¢ > 0 which is independent of nyg. The RHS tends to zero as
ng — oo, whereas the LHS is unchanged. This implies |¢; 4., =0 (i =2,...,N).)

Next, consider the case that the sequence v,, has more than two accumulating
values. Suppose the subsequence {v,,,, }mez., converges to a non-zero value, say c.

Recall the assumption that ~,_1 /v, converges to 1. So, the subsequence

Ynpm—1  Un,,—1 + lower terms

Y, Uy, + lower terms

should also converge to 1 as m — oco. In the denominator, the first term tends
to ¢ # 0 and the second term tends to 0. Similarly, in the numerator, the sec-
ond term tends to 0. This implies that the first term in the numerator converges
to c. Repeating the same argument, we see that for any k € Z>¢, the subsequence
{vn,,—k }mez- -, converges to the same c. Then, for each fixed M € Z, the aver-
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age sequence {(Xp g U, —k)/MYmez. ., converges to ¢, whereas, for sufficiently
large M, the values are close to ¢; 4, . This implies ¢ = ¢; 4,,. In other words, the
sequences {v;, _;}tmez.., for any k > 0 converge to 0. Then an argument as in
the previous case implies |¢; q,,| =0 (1 =2,...,N).

This ends the proof of Fact 2. O

We return to the general case, where P is finite rational accumulating of
period h. For the standard partition {U¢ | [e] € Z/hZ}, put T¢) := T}y They
decompose the unity: Z[e]ez/hz T'¢l = 1. By the assumption, for each 0 < f < h,
the series TUI1P = ¢/ > o Vf+mhT™, considered as a series in T = th, is simple
accumulating. Then Fact 2 implies that the highest order poles of TP are only
at solutions = of the equation t" — r® = 0. In view of the fact that the highest
order of poles in t on the circle |t| = 7 of T/ P cannot exceed that of P (recall
the explicit expression in Fact 1), and the fact P = Z[e]ez/hz TP, the highest
order poles of P are also only at solutions x of the equation t" — r? = 0. That
is, ASP(t) is a factor of t" —r". For 0 < e, f < h and a root x of the equation

th —r we evaluate ((10.6.4)) for {n,, = e +mh}_, and {n,, = f + mh}_,)

TP = xf—e_ZZZ:O VymhT” = gf=¢ lim Emh
Tllp t=x Zm:O YetmhT™ T=xh=rh M= Yetmh

Then a similar argument to that for (11.3.4]) shows the formula

e /@af ety e < f,
— 1 lf e = f,

a:f_ea[f]a[f*l] ---a[lfH] ife> f.

Tl p

(11.4.5) Tep

t=x

This implies that the order of poles of T!¢/P(t) at a solution 2 of the equation
t" — rh is independent of [e] € Z/hZ. On the other hand, (11.4.5)) implies

Tl p
P

_ 1
AFI(p 1)

(recall the Al°l(s) (T1.3:2)). Let = be a solution of t" — " = 0 but AP (z~1) # 0.
Then &,(z7 1) = 0 (see ) and All(z=1) = 0 for [¢] € Z/hZ (see 11.3
Assertion (i)). That is, T[;,P (t) has a pole at t = z. This implies that the pole of
P(t) at t = z is of order < d,, (otherwise, the pole at t = z of TI?P is of order
d,, at most and can be canceled by dividing by P). That is, AP (t) | t?A%(t1).

(11.4.6) (t)

t=x

Fact 3. Let P(t) (11.2.1) belong to C{t}, and be finitely accumulating. Then

(i) There exists a positive constant ¢ such that v, > cr~"n%m=1 for n.>> 0.
(ii) t’AP (1) | AR (D).
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Proof. (i) Consider the Taylor expansion of the function (x). Using the notation
v, of the proof of Fact 2, we have ~,, = fvn% + terms coming from
poles of order < d,, + terms coming from Q(t), where v, = 3. ¢, (xi/7)”
depends only on n mod h since z; is a root of the equation t" — r* = 0. Not
all of these are zero (otherwise ¢; 4,, = 0 for all 7). Let us show that none of

the v, are zero. Suppose the contrary and v, = 0 # vy. Then one observes

n—1

easily lim,,— .o Ye+mh/Vf+mh = 0. This contradicts the assumption Q4 (P) C [u,v]
(positivity of initials).

(ii) By definition, the fractional expansion of AP (¢)P(t) has poles of order
at most d,, — 1. This means that its (n — k)th Taylor coefficient satisfies

(**) Yrn—k * QO + Yn—k—1 - Q—1 + o+ Yrn—k—1* 1~ 0(<n _ k)dm—lr—(ﬂ—k))

asn—k — oo (k,n € Zsg) (here, AP(t) = t! + gt 1+ + ). Let 3, as* €
Q(P) be the limit of a subsequence { Xy, (P)}mez.o0 (11.2.2). Divide (x*) by v,.
Then, using part (i), one has

apog + apyp1op_1 + -+ agy =0

for any k > 0. Thus s'A'SP(1/s)a(s) is a polynomial in s of degree < I. Thus the

denominator A% (s) of a(s) divides s'A%SP(s~1). So, (ii) is shown. O
We showed (11.4.3). (11.4.4)) follows from (11.3.11)) and (11.4.3). O

Example. Recall Machi’s example for the modular group I'. We have

o0
1+ 5t2
PO = Yo = .

2t2)(1 — 12)
2t(2 + t?)
Z flopga " = o o,
o (1—22)(1—#2)
Then the transformation matrix is given by
LP(t) 1+ 5t oP(t) 22+ 1t%)
Pr ct)  (A+t)2Q+2t) |- PI‘ c(t)  (L+1)2(1+2t) -
2
LP(t) 1+ 5t2 oP(t) 22+ 1t%)
Pp ct)  (1+t)2(1+2t) =t Pp ct) (4121 +2t) =t
75v2—-7) 5

(10 — 7v/2)
—7(5v24+7) 5(10 + 7v/2)

whose determinant is equal to 5 - 7/ V2 #£0.
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8§11.5. The residual representation of trace elements

As the goal of the present paper, under further asummptions (i) (I, G) < oo and
(ii) Pr.¢ € C{t},, ,, weshow a trace formula, which states that the sum of the limit
elements in an orbit of the inertia group is expressed by a linear combination of the
proportions of residues of the Poincaré series Pr ¢(t) and Pr.gM(t) (11.2.6,7) at
the poles on the circle of their convergence radius, where the coefficients are given
by special values of the opposite polynomials All(s).

We first show the following basic consequence of the finiteness (T, G) < oco.

Lemma. Let (I, G) be the pair of a monoid and its finite generating system, which
satsfies Assumption 1 but not necessarily 2. If the limit space Q(T,G) is finite,
then it is finite rationally accumulating with respect to the standard partition U of
Z>q for some h> 0, and Tq acts transitively on Q(T', G) of period h. In particular,
Tq 1s invertible.

Proof. Recall the action 7 on Q(I', G) (11.2 Lemma). Then finiteness of Q(T', G)
implies that there exist w € Q(T',G) and h € Zs( such that (%Q)ﬁw = w and
(Fo)"'w # w for 0 < B/ < h. Consider the set U, := {n € Zso | M) /80, € Vo }
(here, V,, is an open neighborhood of w in Lg  such that V, N Q(T, G) = {w}).
Then the periodicity of the action of 7o on w implies (using an argument similar
to that found in the proof of 11.2 Lemma, replacing a € Q(P) by w € Q(T', G) and
h by iL) that U, is, up to a finite number of elements, equal to a rational set Ul
for some [¢] € Z/ hZ, and the following equality holds:

T, G) = {w, Faw, ..., ()" 'w}.
This implies the finite rationality of Q(T', G) and the periodicity of 7q. O

Let Q(T", G) be finite rationally accumulating of period iz, which consists of

(11.5.1) wily = limdw
mTee é+mh
for [€] € Z/hZ. Then Q(Pr ¢) is also finite rationally accumulating of period & such
that h | A (cf. 11.2 Lemma), since the sequence {m(M(T',)/4T) = X0 (Pr.c) }nevte
for the rational set Ul®l := {n € Zso | nmod h = [¢]} for any [¢] € Z/hZ is
convergent to ﬂ(w[; ]G). Let hr ¢ and hr ¢ be the minimal periods of (T, G) and
Q(Pr ), respectively. Then 7 is equivariant under the 7o-action on Q(T', G) and
the Tq-action on Q(Pr ) so that the subgroup hn(;Z/izF,Gz of Z/ﬁngZ ~ (7q),
called the inertia subgroup, acts simply transitively on the fibers of w. That is,
Q(F,G)/(hF7GZ/BF,GZ) ~ Q(Prg). We call mpg = ilng/hng the inertia of

(T, G) so that the inertia subgroup is isomorphic to Z/mrp ¢Z.
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Definition. The trace element for [e] € Z/hr ¢Z is the sum of the elements in
the fiber 75, (al’l) (= an orbit of the inertia group hr.gZ/hr ¢7Z):

mr,c

é é+ih

M52 Teare)= Y ufly = Y wlgteed
[Elez/hr o, [E]Cle] i=1

which belongs to the space RQ(T, G).

The periodicity of 7o implies the invertibility of 7 (11.2.14]). As its conse-
quence, let us introduce a G-action on the module RQ(T, G).

Definition. For any [¢] € Z/hr ¢7Z, put [¢] = [¢] mod hr g and define

~ - 1 ~
~ ~—1 +1
(11.5.3) G(wlly) =71 Wi, = mwﬁg I
ay
The endomorphism & is semisimple since Ghre — T?,Fécid@(r,c) (cf. (11.3.3)).
The R-linear map 7 ({11.2.15)) is equivariant with respect to the endomorphisms &
and o (11.3.12)). By the definition, we see that the &-action takes, up to a constant

factor, a trace element to the other trace element

(11.5.4) &(Tracel Q(I, G)) := Tracel* QI G)

1
a¥+ﬂ

for all [e] € Z/hr,gZ. In view of (11.3.3), this in particular implies
(11.5.5) (1 — (rr.g6)")(Tracel Q(I', G)) = 0.
With the results of 11.3 and 11.4, the next theorem is now straightforward.

Theorem. 6. Let (I',G) be a pair of a monoid and ils finite generating system
with 1 ¢ G, satisfying Assumptions 1 and 2. Suppose (i) Q(T,G) is finite, and
(ii) Pr.g € C{t}r. . Let hr.c and hr.c be the minimal periods of Q(T,G) and
Q(Pr.¢), respectively, and put mr ¢ = hr.c/hr.g. Then, for any [e] € Z/hr cZ,
the following equality holds

5 .
(11.5.6) hr.c Tracel® Qr.c— ( Z w) AP (5) Tracel® Qr.c

l—z5 ) fre
m*le\/(épryc)

1\ Pr.gM(t)
_ le] nW1ir,G
.G Z AT@™) Prc(t)

zEV(ALP ) t=z

where we put op. ,(0) = (1 — rhfvcéh“c)/A(}in (7) (cf. (11.3.6) and we denote
by V(P) the zero locus of the polynomial P.
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Proof. Let us call %L:x on the RHS of (11.5.6) a residue element, since
it is the ratio of the residues of Pr g M(t) and Pr ¢(t) at the point t = z. Let
us first express the residue element by a sum of trace elements. For this purpose,
consider the decomposition of unity:

Pr.aM(t) 3 TP o(t) TUIPr gM(1)

() Prol) Pra(t)  TUIPg(t)

[fl€Z/hr,cZ
where T = Ty (11.4.2) is the action of the rational set U of the standard
subdivision for Q(T', G) so that Zfez/ﬁp,cz T1 = 1. Let z be a root of A;;’Fpﬂ (t) =
0, and consider the evaluation of both sides of (x) at ¢ = z. The LHS gives,
by definition, the residue element at z. By a slight generalization of the formula
(T1.3.6)), the first factor on the RHS is given by 1/AVl(2=1) = 1/(mp - AVl (2~ 1))
(note that Alfl(z71) # 0 since dp. (z71) # 0), where [f] := [f] mod hr,g. The
second factor on the RHS is

Z;.)’(L):OM(F)‘T—&-m;LF,G)tf—&_mhF’G o Z;.::OM(ka—&-miLF,G)Em

Ym0 8 frmip gt T ime Do M frmie 7 i

where, on the RHS, t := thr.c is the new variable and 1.6 = 2.6 is the common
singular point of the two power series (the numerator and the denominator) in #
at the crossing of the positive real axis and the circle of the convergence radius (cf.
10.6 Lemma (i)). Then, since the coefficients of the series are non-negative, this
ratio of the residue values is equal to the limit of the ratio of the coefficients of

the series (cf. (10.6.4)) im® M ¢y i )/ Fimiy o Which is nothing but the
limit element w%ﬂc (11.5.1). Put f = f+ihrgfor0 < f <hprgand0<i<mrg.
Then the RHS turns into

mrycfl

1 1 [f+ihr c]
Z {1 Z “r.c
LG (f1ez/hr o A @) =

where the second sum gives the trace Tracel”) Q(I', G). That is,

Fr.aM(1) ! 1 £
(11.5.7) LV = > Tracel QT G).
PF’G(t) t=a mr.G [f1€Z/hr cZ Al (.’E )

For a fixed [e] € Z/hr,gZ, we multiply both sides of ((11.5.7)) All(z=1), and sum
over the index x running over the set V(AESF?G) of all roots of AESF?G (t) = 0,

whose LHS is equal to the RHS of (11.5.6]. Using (TT.4.6), one observes that
Alel(z=1) /A (z=1) is equal to the LHS of (T1.4.5). Replace the summation index
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“[f] € Z/hr cZ’ in (11.5.7) by “le+1i] for i =0,...,hr,g — 17 for fixed [e]. Using
the first line of the RHS of (11.4.5) and repeated application of (11.5.4)), the sum
on the RHS of (11.5.7) turns into

hr‘ aG— 1
1 A[e] )
} : § : le+1]
A 6+1] TI‘&CG QF,G

mr,c
Taev(agr ) =0
hr,g—1 ;
1 : 4 -
= e 5 le]
" mro Z _ a[e-i—z] [e+i—1] . [e+1] H ) Trace'” Qr ¢
T xev(apr ) =0
hr,c—1

= mi Z Z 75" Tracel® Qr a.

.G ;
zEV(A;OIPG) =0

hr.a—1 5~4 . 1— 5)'r.¢
Here, we note that the sum ) ;""" 2’6" is expressed as % and that

x € V(Azﬁfg) is equivalent to 1 € V(AR ) due to the duality (11.4.3). We
note further that the identity

Z 1-— (TF’Gs>hr’G

=h
1—uxs r.eG

z=1eV(1—(rp,qs)"TG)
holds (in the polynomial ring R[s]). Therefore, recalling (11.3.6]),

O (s) AR () =1 (rr,gs)""e,

Pr g

we calculate further the sum as follows:

1( > 1—(7“FGJ>"”’)Tme oo

mr,q o 1—x0
“leV(AZ Pr G)
1 . 5131",(;(6') o ~ e
= o <hF,G 'ld@(F,G) — Z T- 15 API;,G(U) Tracel ]QF,G'
’ a:_1€V(5pF,G)

This gives the LHS of (11.5.6]), and hence the theorem is proven. O
Remark. 1. The second term of the LHS of (|[11.5.6 belongs to the kernel of m,
since T(AR () Tracel Qr ¢) = mp GAPFG(J)a[e] = 0. Therefore, we ask
whether

AR (5) Tracel Qr ¢ = 0.

This is equivalent to the statement that the R[&]-module spanned by the trace
elements Tracel® Qp o is isomorphic to the R[o]-module RQ(Pr.q).
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2. One can directly calculate the following formula:
Pr GM(t) 1
11.5.8 : = .
( ) 7T< vag(t) 1—st

Specializing ¢t to a root z of Ap(t) = 0 in the formula gives the Cauchy kernel

1_1”. Therefore, the 7 image of (11.5.6 turns out to be the formula (11.3.9)).
3. If (T, G) is a group of polynomial growth, then Ap,. (t) = (1—t)'™ (where
I = rank(T) > 0) is never reduced. However, due to (10.6.4)), one sees directly the
. Pr,aM(t 5
conclusion of the theorem: %(t()) o1 = 2o8e(TGho n/fuﬁ (cf. (11.1.8)).
4. Due to D. Epstein [E2], we know that there is a wide class of groups

satisfying assumption (ii) in Theorem 6. See the remarks and problems in the
next section.

812. Concluding remarks and problems

We are only at the start of the study of the space Q(T', G) for discrete groups and
monoids. Here are some problems and conjectures for further study.
1. A formula similar to (11.5.6)) should be true without assuming the finiteness

of Q(T', G), where the formula should be rewritten as an integral formula.

Problem 1. Find measures v, on 7~ !(a) and p, on the set Sing(Pr ) of singu-
larities of the series on the circle of radius r so that the following holds:

(12.9) S dva / ProM(t)
fw—l(a)dya sing(Pr.c) Prc(t) li—s

for a € Q(Pr ), where wr ¢ is the tautological map from Q(T', G) to Lg co-

dita.o

2. It is known ([E2]) that, for a wide class of groups, the assumption (ii) in
Theorem 6 is satisfied in a stronger (global) form: the Poincaré series Pr ¢(t) and
the growth series Pr ¢ M(t) are rational functions, where the denominator polyno-
mial Ar ¢(¢) for the rational function Pr ¢(t) is also the universal denominator for
the rational functions Pr g M(t). More generally, Pr ¢(t) analytically continues
to a meromorphic function on a (branched) covering domain of C (in this case,
Ar (t) is defined only up to a unit factor).

We remark that the denominator polynomial Ap.  (t) for the Poincaré series
Prg(t) as an element of C{t},. . (see 11.4 Definition) is the factor of Ar (1)
involving the roots x with minimal |z| = rp ¢ (in the case of Pp ¢(t) defined on a
covering of C, whether |z| of a pole x makes sense or not is unclear).

Inspired by these observations, in order to get a global understanding of the
monoid (T', G), we propose studying the higher residues of Pr g M(t) at any root
of Ar (t), which are defined and shown to belong to L¢ o as follows.
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Definition. Let = be a root of Ap ¢(t) = 0 of multiplicity d, > 0. Then, for
0 <i < d,, we define the higher residue of depth i of the limit function Pr g M(t)
at x by the formula

d" PpaM(t)
(12.10) (dxi ;ch(t))

t=x

Assertion. The higher residues belong to the space Lc o at infinity.

Proof. By the definition (8.4.1),

— PF’GM(t) _ > tn
K( Prq(t) >_ZM(FH)PF,G(?5)’

n=0

where the coefficients ¢/ Pr (t) are rational functions divisible by Ar ¢ and have
zeros of order d,, at zeros x of Ar ¢. Since the kabi map K (8.4.1) is continuous
. . s s . T7((d* Pr.gMI(t) _
with respect to the classical topology, this implies K (( e ;ﬁﬂcic(t)) | t:w) = 0 for
0<i<dg. O

Using the higher residues for all roots of Ar ¢(t) = 0, we introduce the global
module of limit elements for (T, G):

(1211) £T,G) = @ , .
0<r<oco z: a root of 0<i<dg
Ar, g (t)=0with |z|=r

b
t=x

(arao )

which is doubly filtered: one filtration is given by the absolute values |z| of the
roots of Ar ¢(t) = 0, and the other by the order i of the depth of residues at z.

Theorem 6 in §11 states relationships between the 7"7.¢-invariant part of the
module RQ(T, G) with the filter at |z| = rr ¢ := inf{r} and the first residues part
of the module £(I', G). We ask about its generalization.

Problem 2. What is the relationship between the modules RQ(T,G), L(T',G)
and L¢ (I, G)? Find a generalization of the theorems in §11 and, in particular,

of (T1.4.3), (TT.4.4) and (T1.5.6) in this context.

3. Another important aspect of the higher residues is that the Poincaré series
Pr ¢ M(t) and Pr (t) are series, up to variables in Confy, defined over integers Z.
Therefore, in case Ar (t) is a polynomial in Z[t], they are rational functions
defined over Q, and hence the higher residue (12.10) is defined over the algebraic
number field Q(z) for a root x of Ar g(t) = 0. The action of an element o of
the Galois group of the splitting field of Ar () commutes with the kabi map K
(8.4.1), and seems to take the space spanned by the higher residues at = to that
at o(z), and hence induces an action on L£(T', G)g.
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Actually, in several interesting examples (surface groups of Cannon [Ca], Artin
monoids [Sab,6]), we observe that the denominator polynomial Ar () is, up to
the factor of a power of 1 — ¢, irreducible. In view of the above observation, the
limit space C - Q(T', G) studied in the present paper is not “isolated” but related
by the action of the Galois group to the residue modules at other places x with
|z| > rp,g. However, no concrete example is known yet.

On the other hand, the higher residue module at ¢t = 1 is “isolated” (with
respect to the Galois group action). There are a few examples of higher poles at
t =1 (see [Sa6]), but we do not yet understand their nature and role.

Example ([Sa2]). Consider the infinite cyclic group (Z,+1). Then, the growth
function is given by Py 11(t) = (11_%’5)2 and the principal part of the singularities of
Py, 11 M(t) is given by

oo

PraM(t) =Y (L) ((1_2t)2 - 1ﬂ + Rm>

m=0 —1
where I, is a linear graph of m vertices and R,, is a polynomial of degree <
[(m —1)/2] in t. Therefore, the two higher residues at t = 1 given by

Pa| _ 5~ o)

PZ,:tl t=1 m—0 e

d Py :I:lM) om—-1
P — - I ,
(dt )] = 2 e

span the space Lg oo (Z,£1), where the first one is the limit element in Q(Z, £1).
In view of these observations, we pose the following problems.

Problem 3. (i) Describe the action of the Galois group of the splitting field of
Ap,g(t) =0on L(T',G)g. Clarify the role of the classical part C- Q(T', G).

(ii) When is the denominator polynomial Ar ¢(¢), up to a factor of a power
of 1 —t, irreducible over Z?

(iii) What is the meaning of the residue module at ¢t = 1:

_ ' ProM(t)
LI, G = 0§1®<le (dti Prq(t)

t=1
4. Including Machi’s example, there are a number of examples where Q(Pr )

is finite. However, we do not know an example when Q(T', G) is finite except for
the simple accumulating cases (e.g. (11.1.9)). We conjecture the following.

Conjecture 4. For any hyperbolic group I with any finite generating system G,
the limit space Q(T", G) is finite accumulating.
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Evidence is provided by Coornaert [C]: if T' is hyperbolic, then there exist
positive real constants cq,cy such that 017’1?77(3 <tr, < czrﬁg. This implies that
the property in the Fact in the proof of 11.3 Assertion holds for hyperbolic groups
without assuming the finite rational accumulation of Q(Pr ). We further expect
that Coornaert’s arguments can be lifted to the level of A(S,T,).

5. The following groups are not hyperbolic. However, because of their geo-
metric significance, it is interesting to ask the following problems.

Problem 5.1. Are the limit spaces Q(T', G) for the following pair of a group and
a system of generators simple or finite?

1. Artin groups of finite type with the generating systems given in [BS], [Sad].
2. The fundamental groups of the complement of free divisors with respect
to the generating system defining a positive homogeneous monoid structure [S-I.

In these examples, G generates a positive homogeneous monoid I'; in I' such
that I' = (J,—, A™"I'y, where A is a fundamental element.

Problem 5.2. Clarify the relationships between (T, G), Q(Pr ), Q'+, G) and
Q(Pr, ) (see [Bal Chap. 13] for I'y = (Z4)?, and [Sah] for Artin monoids).
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