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Abstract

In [BK], Brundan and Kleshchev showed that some parts of the representation theory of
the affine Hecke—Clifford superalgebras and its finite-dimensional “cyclotomic” quotients
are controlled by the Lie theory of type A(;) when the quantum parameter ¢ is a primitive
(20 4 1)-th root of unity. We show that similar theorems hold when g is a primitive 4/-th
root, of unity by replacing the Lie theory of type A;? with that of type DZ(Q).
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81. Introduction

It is known that we can sometimes describe the representation theory of “Hecke
algebra” by “Lie theory”. In this paper, we use the terminology “Lie theory” as
a general term for objects related to or arising from Lie algebra, such as highest
weight representations, quantum groups, Kashiwara’s crystals, etc.

A famous example is Lascoux—Leclerc—-Thibon’s interpretation [LLT] of
Kleshchev’s modular branching rule [KIi]. It asserts that the modular branch-
ing graph of the symmetric groups in characteristic p coincides with Kashiwara’s
crystal associated with the level 1 integrable highest weight representation of the
quantum group U, (g(Aéljl)). Brundan’s modular branching rule for the Iwahori-
Hecke algebras of type A at the quantum parameter ¢ = v/1 over C is a similar
result and can be regarded as a g-analogue of the above example [Brl].
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Another beautiful example is Ariki’s theorem [Ari] generalizing Lascoux—
Leclerc-Thibon’s conjecture for the Iwahori-Hecke algebras of type A [LLT]. It
relates the decomposition numbers of the Ariki-Koike algebras at ¢ = v/1 over C
and Kashiwara—Lusztig’s canonical basis of an integrable highest weight represen-
tation of U, (g(Al(i)l)). Varagnolo—Vasserot’s generalization of Ariki’s theorem to
g-Schur algebras [VV] and Yvonne’s conjectural generalization for cyclotomic g-
Schur algebras [Yvo] are also examples of connections between Hecke algebras and
Lie theory.

However, all the Lie theory involved so far is only that of type Ag). Subse-
quently, based on the work of Grojnowski [Gro] and Grojnowski—Vazirani [GV],
Brundan and Kleshchev showed that some parts of the representation theory of
the affine Hecke—Clifford superalgebras introduced by Jones and Nazarov [IN]
and their finite-dimensional “cyclotomic” quotientsﬂ introduced by Brundan and
Kleshchev [BK], §3,84-b] are controlled by the Lie theory of type Ag) when the
quantum parameter ¢ is a primitive (2] + 1)-th root of unity. Let H,, be the affine
Hecke—Clifford superalgebra (see Definition over an algebraically closed field
F' of characteristic different from 2 and let ¢ be a (2{+ 1)-th primitive root of unity
for { > 1. Their main results are as follows.

(1) The direct sum of the Grothendieck groups K(oco) = @, -, Ko(RepH,) of
the categories Rep H,, of integral H,-supermodules has a natural structure of
a commutative graded Hopf Z-algebra under induction and restriction [BK]
Theorem 7.1], and the restricted dual K(oco)* is isomorphic to the positive
part of the Kostant Z-form of the universal enveloping algebra of g(Ag)) IBK],
Theorem 7.17).

(2) The disjoint union B(oo) = | |,~ Irr(Rep™Hy,) of the isomorphism classes of
irreducible integral 'Hn—supermoaules has a natural crystal structure in the
sense of Kashiwara and it is isomorphic to Kashiwara’s crystal associated with
U, (g(Ag))) [BKl, Theorem 8.10].

(3) For each positive integral weight A of Ag), one can define a finite-dimensional
quotient superalgebra H;\ of H,, called the cyclotomic Hecke-Clifford super-
algebra [BK| §3, §4-Db].

(4) Consider the direct sums K(X) = €P,~, Ko(H,-smod) of the Grothendieck
groups of the categories H)-smod of finite-dimensional H)-supermodules and
K(\)* = @,,>0 Ko(ProjH;) of the categories ProjH; of finite-dimensional
projective H}-supermodules. Then K()\)g = Q ®z K()) is naturally identi-

1As a special case they include the Hecke-Clifford superalgebras introduced by Olshan-
ski [Ols].
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ﬁecﬂ with the integrable highest weight Ug-module of highest weight A where
Up stands for the Q-form of the universal enveloping algebra of g(AS)) [BK
Theorem 7.16(i)]. Moreover, the Cartan map K(A)* — K (A) is injective [BK]
Theorem 7.10] and K (A\)* C K(A) are dual lattices in K (\)g under the Shapo-
valov form [BK| Theorem 7.16(iii)].

(5) The disjoint union B(A) = |,>, Irr(H-smod) is isomorphic to Kashiwara’s

crystal associated with the integrable Uv(g(A(;)))—module of highest weight
A [BK|, Theorem 8.11].

Analogous results for the degenerate affine Sergeev superalgebras of Nazarov
[Naz] and their cyclotomic quotients [BKl §4-i] over an algebraically closed field
F of char F = 2] + 1 are also established in [BK] parallel to those for the affine

#%/1 over an

Hecke—Clifford superalgebras and their cyclotomic quotients at g =
algebraically closed field F' of char F' # 2. As a very special corollary of the results
for the degenerate superalgebras, they beautifully obtain a modular branching rule
of the spin symmetric groups @n. This may be the reason why they deal only with
the case ¢ = *'*V/1 for the affine Hecke—Clifford superalgebras in [BK].

Note that exactly the same results hold when ¢ is a primitive 2(2] + 1)-th root
of unity for I > 1. This follows from the fact that —¢ is a primitive (2] + 1)-th root
of unity and from the superalgebra isomorphism between the affine Hecke—Clifford

superalgebras (see Definition H,(q) and H,(—q) given by
Xi— X, GG, Ty T

for 1 <i<nand1 < j < n. However, the case when the multiplicative order of ¢
is divisible by 4 is yet untouched.

The purpose of this paper is to show that Brundan—Kleshchev’s method is
still applicable to the case when ¢ is a primitive 4I-th root of unity for any [ > 2.

)

In this case we have very similar results by replacing Ag) with Dl(2 in the above

summary. Roughly speaking, we prove the following four statements (for the precise

statements, see Corollary Corollary Theorem and Theorem [6.14)).

Theorem 1.1. Let F be an algebraically closed field of characteristic different
from 2 and let q be a primitive 41-th root of unity for | > 2. For each positive
integral weight \ of DZ(Q), we can define a finite-dimensional quotient superalgebra
H) of H, (see Deﬁnition so that the following hold.

21t is not proved so far but expected that the weight space decomposition of K (X)q coincides
with the block decomposition of {Hj},>0 under this identification. In fact, it is settled in
the analogous situation when 'H,){ is replaced by the Ariki-Koike algebra [LM]|, the degenerate
Ariki-Koike algebra [Br2] or the odd level cyclotomic quotient of the degenerate affine Sergeev
superalgebra [Rul]. See also [BK'} §2].
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(i) The graded dual of K(oc) = @, >, Ko(RepH,) is isomorphic to U, as a
graded Z-Hopf algebra (see Theorm;z.

(ii) K(\)g = D,,50Q ® Ko(H)-smod) has a left Ug-module structure which is
isomorphic to the integrable highest weight Ug-module of highest weight A
(see Theorem for details).

(ili) B(oo) = |,,>olrr(Rep™H,,) is isomorphic to Kashiwara’s crystal associated

with U, (g(Dl@))) (see Corollary .

(iv) B(A) = U,>o Irr(H\-smod) is isomorphic to Kashiwara’s crystal associated
with the integrable U, (g(Dl(Q)))—module of highest weight A (see Corollary ) .

Here Ug s the positive part of the Kostant Z-form of the universal enveloping
algebra of g(Dl(2)) and Ug is the Q-subalgebra of the universal enveloping algebra
of g(Dl@)) generated by the Chevalley generators (see ﬁj

A difference between our paper and [BK] is the consideration of representa-
tions of low rank affine Hecke—Clifford superalgebras, treated at length in

Let us explain a reason behind our searching the “missing” connection between
Hecke algebra and Lie theory of type Dfizl. It is well known that the level 1 crystal
B(Ao) associated with U, (ASS)) or Uv(Agi)) is described by partitions [MM] [Kan].
It is interesting that some of the combinatorics appearing in their descriptions
had already been studied in the representation theory of the (spin) symmetric
groups [Jaml, Morl [MY], and such combinatorics controls modular branching of
the (spin) symmetric groups [KI1} [KI2| [BK]. Thus, it is natural to ask which level
1 crystal has such a combinatorial realization, i.e., its underlying set is a subset of
the set of partitions.

This problem is related to the Kyoto path model [KMNZ, [KMN3] or its com-
binatorial counterpart, Kang’s Young wall [Kan|. The key tool underlying their
realizations is a notion of perfect crystal [KMN3, Definition 1.1.1] which is intro-
duced in [KMN?| to compute one-point functions of vertex models in statistical
mechanics. As seen in [Kan], in order to realize B(Ag) as a subset of the set of
partitions, we need a perfect crystal of level 1 which has no branching pointE| As
shown in [KMN3], such a perfect crystal of level 1 exists in types AS),AQ and

D,(i)_l. Conversely, we can show that a pair of affine type and its perfect crystal of

3Let G = (V, E) be a directed graph, meaning that V is the set of vertices and E C V x V
is the adjacency relation: (v,w) € F if and only if there exists a directed arrow from v to w. We
say that a vertex w is a branching point of G if there exist u and v such that u # v, u # w,
v#w, (w,u) € E and (w,v) € E.
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level 1 which has no branching point is one of the followingﬁ
1
(A7, B, (A, (B, (AR, B (n>2),
(Agll)’Bn,l) (n>2), (A(2) Bl,l) (n>1), (D7(12_~)_1,Bl’1) (n>2)

2n

if we assume the conjecture that any perfect crystal is a finite number of ten-
sor products of Kirillov—Reshetikhin perfect crystals B™*® as stated in the first
paragraph of the introduction of [KNO] and also assume the conjectural proper-
ties [HKOTY], Conjecture 2.1], [HKOTT], Conjecture 2.1] of Kirillov-Reshetikhin
modules WS(T).

This crystal-theoretic fact distinguishes types A%l),A(zi) and Dfﬁl from the
other affine types and it is a reason behind our searching the “missing” connection
between Hecke algebra and Lie theory of type Dfﬁl.

Recently, Rouquier [Rou] and Khovanov and Lauda [KIJ] independently in-
troduced a new family of “quiver Hecke algebras” which categorifies the negative
part of the quantized enveloping algebra associated with a symmetrizable Kac—
Moody Lie algebra. Subsequently, Brundan and Kleshchev established algebra iso-
morphisms between blocks of the Ariki-Koike algebras and blocks of cyclotomic
quotients of quiver Hecke algebras of cyclic type [BK2]. Thus, it is reasonable to
expect that there is a connection such as Morita equivalence between blocks of
cyclotomic quotients of the appropriate quiver Hecke algebras and blocks of the
cyclotomic quotients of the affine Hecke—Clifford superalgebras.

Organization of the paper. The paper is organized as follows. In we recall
our conventions and necessary facts for superalgebras, supermodules and Kashi-
wara’s crystal theory. In §3| (resp. §4)), we define the affine Hecke—Clifford super-
algebras (resp. the cyclotomic Hecke—Clifford superalgebras) and review funda-
mental theorems for them from [BK]. In §5| we give some preparatory character
calculations concerning the behavior of representations of low rank affine Hecke—
Clifford superalgebras Ho, Hs and H4 which are responsible for the appearance of

Lie theory of type DI(Q). Finally, in §6[ we prove Theorem

§2. Preliminaries

§2.1. Superalgebras and supermodules

We briefly recall our conventions and notations for superalgebras and supermod-
ules following [BK] §2-b] (see also the references therein). In the rest of the paper,
we always assume that our field F' is algebraically closed with char F' # 2.

4(A(11), (B11)®2) can be interpreted formally as the n = 1 case of (D)

n+1’Blyl)'
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By a vector superspace, we mean a Z/2Z-graded vector space V = V5 & V7
over F' and we denote the parity of a homogeneous vector v € V by 7 € Z/2Z.
Given two vector superspaces V and W, an F-linear map f : V — W is called
homogeneous if there exists p € Z/2Z such that f(V;) C Wy, for i € Z/2Z. In
this case we call p the parity of f and denote it by f.

A superalgebra A is a vector superspace which is a unital associative F-algebra
such that A;A; C A;4; for i,j € Z/2Z. By an A-supermodule, we mean a vector
superspace M which is a left A-module such that A;M; C M, fori,j € Z/2Z. In
the rest of the paper, we only deal with finite-dimensional A-supermodules. Given
two A-supermodules V and W, an A-homomorphism f : V — W is an F-linear

flav) = (=1)"%af(v)
for a € A and v € V. We denote the set of A-homomorphisms from V' to W by
Hom 4 (V, W). We can thus form a superadditive category A-smod whose hom-set

map such that

is a vector superspace in a way that is compatible with composition. However,
we adopt a slightly different definition of isomorphisms from the categorical 0neE|
Two A-supermodules V' and W are called evenly isomorphic (denoted V ~ W)
if there exists an even A-homomorphism f : V' — W which is an F-vector space
isomorphism. They are called isomorphic (denoted V= W) if V.~ W or V ~ IIW.
Here for an A-supermodule M, IIM is the A-supermodule defined by (IIM); =
M, for i € Z/27 and a new action given as follows from the old one:

G new T = (*1)611 ‘old M.
We denote the isomorphism class of an A-supermodule M by [M] and denote the

set of isomorphism classes of irreducible A-supermodules by Irr(A-smod).
Given two superalgebras A and B, A ® B with multiplication defined by

(a1 @ by)(az ® ba) = (—1)" % (ayaz) ® (b1bo)

for a; € A, b; € B is again a superalgebra. Let V' be an A-supermodule and let W
be a B-supermodule. Their tensor product V@ W is an A ® B-supermodule by
the action given by

(a®b)(v@w) = (-1)"(av) ® (bw)

forae A,be B,v e V,w e W. Let us assume that V and W are both irreducible.
We say that V is type Q if V ~ I1V; otherwise V is type M. If V" and W are both

5Note that for irreducible A-supermodules V and W, the following statements are equivalent.
(i) There exist f € Homu4 (V, W) and g € Hom 4 (W, V) such that fog=idy and go f =idy.
(ii) There exist f € Hom(V, W) and g € Hom 4 (W, V') which are both homogeneous and satisfy
fog=idw,go f=idy.
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of type Q, then there exists a unique (up to odd isomorphism) irreducible A ® B-
supermodule X of type M such that

VeoW~XaglX

as A ® B-supermodules. We denote X by V @ W. Otherwise V ® W is irreducible
but we also write it as V ® W. Note that V @ W is defined only up to isomorphism
in general and V ® W is of type M if and only if V' and W are of the same type.

We extend the operation ® as follows. Let A and B be superalgebras, and let
V be an A-supermodule and W a B-supermodule. Consider a pair (V, 6y ) where
0y is either an odd involution of V' or 6y = idy, and also consider a similar pair
(W, 0w). If 0y = idy or Oy = idy, then we define (V,0y) ® (W, 0y ) =V @ W. If
Ay and Oy are both odd involutions, then

Oy @0 : VOW - VoW, veww— (—-1)"0y(v)® w(w),

is an even A ® B-supermodule homomorphism such that (fy ® 0y)? = — idygw.
Thus, V @ W decomposes into ++/—1-eigenspaces X ,—. Note that X, 7 and
X _ /=1 are oddly isomorphic since

(Ov @idw) (X, =1) = (idv @0w ) (X, /=7) = X¢ /=7

Now we define (V,0v) ® (W, 0w ) = X . Of course, we can pick the other sum-
mand, but this specification makes arguments simpler when we consider functori-
ality.

We also introduce a Hom version of the above operation. Assume further
that B is a subsuperalgebra of A. If 8y = idy or Oy = idy, then we define
Homp (W, 0w ), (V,0y)) = Hompg (W, V), which can be regarded as a supermodule
over C(A,B) = {a € A | ab=(—1)"ba for all b € B} by means of the action
(cf)(v) = e(f(v)) for ¢ € C(A, B) and f € Homp(W, V). If 0y and 0y are both
odd involutions, then

© : Homp(W, V) — Homp(W, V),  f — (8(f)(v) = (1) 6y (f(6w (v)),

is an even C(A, B)-supermodule homomorphism such that ©% = idHom s (W,V)-
Thus, Homp(W, V) decomposes into +1-eigenspaces X11. Similarly, we see that
X417 ~ [IX41, and we define Hompg (W, 0w ), (V,0v)) = X41.

For a superalgebra A, we define the Grothendieck group Kg(A-smod) to be the
quotient of the Z-module freely generated by all finite-dimensional A-supermodules
by the Z-submodule generated by

o Vi — V5 + V3 for every short exact sequence 0 — V4 — Vo — Va3 — 0 in A-smodg.
e M —IIM for every A-supermodule M.
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Here A-smodg is the abelian subcategory of A-smod whose objects are the same but
morphisms are even A-homomorphisms. Clearly, Ko(A-smod) is a free Z-module
with basis Irr(A-smod). The importance of the operation ® lies in the fact that it
gives an isomorphism

(1) Ko(A-smod) ®z Ko(B-smod) — Ko(A ® B-smod), [V]® [W]+— [V ® W],

for two superalgebras A and B.

Finally, we make some remarks on projective supermodules. Let A be a su-
peralgebra. A projective A-supermodule is, by definition, a projective object in
A-smod; equivalently, it is a projective object in A-smodg since there are canonical
isomorphisms

HomA—smod(‘/a W)ﬁ = HomA—smoda(‘/y W)7
HomA—smod(K W)T = HomA—smodﬁ(‘/a HW) (g HomA—smodﬁ(HV: W))

We denote by Proj A the full subcategory of A-smod consisting of all the projective
A-supermodules.

Let us assume further that A is finite-dimensional. Then, as in the usual
finite-dimensional algebras, every A-supermodule X has a (unique up to even
isomorphism) projective cover Px in A-smodg. If X is irreducible, then Px is
(evenly) isomorphic to a projective indecomposable A-supermodule. From this,
we easily see that M = N if and only if Py = Py for M, N € Irr(A-smod). Thus,
Ko(Proj A) is identified with Ko(A-smod)* := Homyz(Ko(A-smod),Z) through the
non-degenerate canonical pairing

(,)a : Ko(Proj A) x Ko(A-smod) — Z,

dim Hom 4 (P, N) if type M = M,

Py, [N]) =
([ M] [ ]) {%dimHOmA(PM7N) if type M = Q,

for all M € lrr(A-smod) and N € A-smod. Note that the right hand side is nothing
but the composition multiplicity [V : M]. We also reserve the symbol

wa : Ko(Proj A) — Ko(A-smod)
for the natural Cartan map.

§2.2. Lie theory

We review the Lie theory we need. Note that all the Lie-theoretic objects are
considered over C as usual although we are considering representations of “Hecke
superalgebra” over F.
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Let A = (ai;)i jer be a symmetrizable generalized Cartan matrix and let g be
the corresponding Kac-Moody Lie algebra. We denote the weight lattice by P, the
set of simple roots by {«; | 7 € I'} and the set of simple coroots by {h; | i € I}, etc.
as usual. We denote by Ug the Q-subalgebra of the universal enveloping algebra
of g generated by the Chevalley generators {e;, f;, h; | ¢ € I'}. In other words, Ugp
is a Q-subalgebra generated by {e;, fi, h; | i € I} with the following relations:

[hiyhj]l =0, [hi,e5] = aije;,  [hq, fi] = —aijfj,
lei, ;] = 0ijhi,  (ade;)' ™% (ey) = (ad fi)'~“*(fy) =0,
for all 4,7,k € I with i # k. We also denote by U, (resp. U, ) the positive (resp.
negative) part of the Kostant Z-form of Ug, i.e., U, (resp. U, ) is the subalgebra of

Ug generated by the divided powers {el(-n) =-e/n!|n > 1} (resp. {fi(") |n>1}).
Next, we recall the notion of Kashiwara’s crystal following [Kas|.

(2)

Definition 2.1. A g-crystal is a 6-tuple (B, wt, {€; }ier, {©i tier, {€i }iers {ﬁ}ig),
where
wt:B— P, &0 :B—ZU{-x}, &,fi:BU{0}— BU{0},

which satisfies the following axioms:

(i) For all ¢ € I, we have €,0 = fio=0.

(ii) For all b € B and i € I, we have ¢;(b) = ;(b) + wt(b)(h;).

(iii) Forallb € B and i € I, €;b # 0 implies €;(€;b) = ;(b) — 1, p;(€;b) = ;(b) +1
and wt(e;b) = wt(b) + «;.

(iv) Forallb € B andi € I, fib # 0 implies &;(fib) = &;(b) + 1, pi(fib) = @;s(b) — 1
and wt(f;b) = wt(b) — .

(v) Forall b,/ € Band i€ I,V = f;b is equivalent to b = &b/

(vi) For all b€ B and i € I, p;(b) = —oo implies &b = f;b = 0.

Definition 2.2. Let B be a g-crystal. The crystal graph associated with B (and

usually denoted by the same symbol B) is an I-colored directed graph whose

vertices are the elements of B and there is an i-colored directed edge from b to o’
if and only if ¥’ = f;b for b,b' € B and i € I.

Definition 2.3. Let B and B’ be g-crystals. Their tensor product crystal B @ B’
is a g-crystal defined as follows:
B® B =Bx B,
gi(b®b') = max(g;(b),g;(b") — wt(b)(hs)),
pi(b @ V') = max(p;(b) + wt(b') (hi), i (b)),
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eb@ b if p;(b) > g(b'),
Fe?((b@bl): € (?i IQD() 6()

boedb if (pl(b) < Ei(b/),
- fib@ b if pi(b) > & (b)),

wt(b @) = wt(b) + wt(b').
Here we regard b® 0 and 0 ® b as 0.

Definition 2.4. Let B and B’ be g-crystals. A crystal morphism g : B — B’ is a
map g : BU{0} — B’ U {0} such that

(i) 9(0) = 0.
(ii) If b € B and g(b) € B’, then we have wt(g(b)) = wt(b), ;(g(b)) = £;(b) and
©0i(g(d)) = @i(b) for all i € I.
(iii) For b € B and i € I, we have g(e;b) = €;9(b) if g(b) € B’ and g(€;b) € B'.
(iv) For b € B and ¢ € I, we have g(fib) = ﬁg(b) if g(b) € B’ and g(ﬁb) € B
If g commutes with all & (resp. f;), then we call it an e-strict (vesp. f-strict)
morphism. We call it a crystal embedding if it is injective, e-strict and f-strict.

Example 2.5. For each A € PT, we denote by Ty = {t,} the g-crystal defined
by
wt(ty) = A, @i(ta) = ei(ty) = —o0, ety = fitA = 0.

Example 2.6. For each i € I, we denote by B; = {b;(n) | n € Z} the g-crystal
defined by wt(b;(n)) = na; and

—n  ifj=1 n ifj=1
q(bi(n)):{_oo N %(bi(n)):{_oo i

bin 1 lfz, ~ bi -1 lf:Z,
'e}(bz-(n)):{o( R j<bi<n>>={0(" L

These pathological g-crystals are utilized in the following characterizations
IKS| Proposition 3.2.3], [Sail Proposition 2.3.1].

Proposition 2.7. Denote by B(co) the associated g-crystal with the crystal base
of U, (g). Let B be a g-crystal and by an element of B with wt(by) = 0. If the
following conditions hold, then B is isomorphic to B(oc0):

(i) wt(B) € 3 es Z<ovi-

(i) bo is a unique element of B such that wt(by) = 0.
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(iii) €;(bo) =0 for every i € I.

(iv) @i(b) €Z for anybe B andi € 1.

(v) For everyi € ILthere ezists a crystal embedding ¥; : B — B ® B; such that
Wi(B) C B x {f16,(0) [ n > 0}.

(vi) For anyb € B such that b # by, there exists i € I such that ¥;(b) = b’®]§”bi(0)
with n > 0.

Proposition 2.8. Denote by B(\) the associated g-crystal with the crystal base of
the integrable highest U, (g)-module of highest weight X € P*. Let B be a g-crystal
and by an element of B with wt(by) = \. If the following conditions hold, then B
is isomorphic to B(X\):

(i) by is a unique element of B such that wt(by) = .

(ii) There is an f-strict crystal morphism ® : B(co)@T\ — B such that ®(by®t))
= by and Im® = B U {0}. Here by is the unique element of B(oco) with
wt(bo) = 0.

(iii) The sets {b € B(co) @ Ty | ®(b) # 0} and B are isomorphic through ®.

(iv) For any b € B and i € I, £;(b) = max{k > 0 | eF(b) # 0} and p;(b) =
max{k > 0| f¥(b) # 0}.

83. Affine Hecke—Clifford superalgebras of Jones and Nazarov

§3.1. Definition and vector superspace structure

From now on, we fix a non-zero quantum parameter ¢ € F* and set £ = ¢ — g~!

for convenience. Let us define our main ingredient H,,, the affine Hecke—Clifford
superalgebra [JN| §3]. Although Jones and Nazarov introduced it under the name
of affine Sergeev algebra, we call it the affine Hecke—Clifford superalgebra follow-
ing [BK| §2-d].

Definition 3.1. Let n > 0 be an integer. The affine Hecke—Clifford superalgebra
‘H,, is defined by even generators de, oo, XFL Ty, ... T, and odd generators
Cq,...,C, with the following relations:

() XX, '=X'X; =1, X;X; = X;X; forall 1 <i,j <n.
(i) C? =1, CiC;+C;Cy=0foralll1 <i#j<n.
(iil) T? = €T + 1, T,T; = T;T;, TiTp1 T = Tpy1TiThyr for all 1 < k < n —2
and 1 <i,j <n—1with |¢ — j| > 2.
(iv) CXF' = X0y, O X = X' Cifor all 1 < i j <.
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(V) T,C; = Ci+1Ti, (Tz +§C’,CZ+1)X1T, =X foralll1 <i<n-—1.

(vi) T,C; = C;T;, T, X;' = X' Ty forall 1 < i <n—1and 1< j < n with
j A+ 1.
Note that the relations in Definition [3.1] imply the following for 1 <i <n—1:

TiCit1 = CiT; — £(Ci — Ciya),
TiXi = XinTi — §(Xip1 + CiCip1 X5),

TX; ' = X2 AT+ X7+ X5 CiCis).

e
[S2 BTSN JU)
= = =

We define the Clifford superalgebra C,, by odd generators Cfi,...,C,, with
relation and also define the Iwahori-Hecke (super)algebra HYY of type A by
(even) generators Ti,...,T,_1 with relations . By [BKl Theorem 2.2], the
natural superalgebra homomorphisms

aA:F[Xlil,...,X?fl]HHn, ag :Cp — Hy, ac:’HQNHHn
are all injective and we have the following isomorphism of vector superspaces:
6) FXH,. . XMeC,oHW S H, z@c@t— as(z)as(c)ac(t).

In what follows, we identify f € F[X{!,..., XF!] with a,(f) € H,, and omit a,
etc. By (@, we easily see that the natural superalgebra homomorphisms

H0—>H1—>H2—>"'

are all injective and they form a tower of superalgebras. We also see that for each

composition p = (ft1,...,1a) of n, the parabolic subsuperalgebra H,, generated
by
a—1
(Lot <i<npu T i+ e <G <+ -+ g}
k=1

in H,, is isomorphic to H,, ® --- ® H,,, as a superalgebra.

§3.2. Automorphism and antiautomorphism

It is easily checked that there exist an automorphism o of H,, and an antiauto-
morphism 7 of H,, defined by

o: Ti— —T,_;+€, Ci= Cnpry,  Xj—= Xongry,
7 Ty — T + £CCiq1, CjHij Xj—X;

for1<i<n-—1and1<j<n [BKl §2-i].
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Let M be an H,-supermodule. The dual space M* has again an H,-super-
module structure by (hf)(m) = f(r(h)m) for f € M*, m € M and h € H,,. We
denote this H,,-supermodule by M™. We also denote by M? the H,-supermodule
obtained by twisting the action of H,, through . Then we have the following [BK]
Lemma 2.9, Theorem 2.14].

Lemma 3.2. Let M be an H,,-supermodule and let N be an H,-supermodule.
Then

(i) (Indjg"** M ® N)? 2 Ind;y" " N? @ M?.
(i) (Indje™*" M ® N)T 2 Indjg™" N™ @ M.
Moreover, if M and N are both irreducible, the same holds for ® in place of ®.

§3.3. Cartan subsuperalgebra A,

The subsuperalgebra
A = (XE, C)i<icn (S Hp)

plays the role of a “Cartan subalgebra” in the rest of the paper.
Definition 3.3. For each integer i € Z, we define
it 4 g~ (i)

q(4) :2.W7 bi(i) = —= =+

and choose a subset I, C Z such that the map I, — {q(i) | i € Z}, i — q(1), gives
a bijection. An A, -supermodule M is called integral if the set of eigenvalues of
X; + X;l is a subset of {q(¢) | i € I;} for all 1 < j < n (equivalently, the set of
eigenvalues of X; + X; ! is a subset of {q(i) | i € I,} by [BK, Lemma 4.4]). Let
1 be a composition of n. An H,-supermodule M is called integral if Resﬁ’: M is
integral. /

We denote the full subcategory of A,-smod (resp. H,-smod) consisting of
integral representations by Rep.A, (resp. RepH,). We also denote by ch, the
Z-linear homomorphism induced by the restriction functor ResZ:

ch,, : Ko(RepH,,) — Ko(Rep A,)

between the Grothendieck groups. We always write ch instead of ch,, and call ch M
the formal character of the H,,-supermodule M.
We recall a special case of covering modules [BK] §4-h].

Definition 3.4. Let m > 1 and let ¢ € I;. We define a 2m-dimensional H;-super-
module LE (i) with an even basis {wy,...,w,,} and an odd basis {w}, ..., w/},}
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and the following matrix representations of actions of generators with respect to

this basis:
NERGED) 0 (0 Eu
Xl'( 0 J(bi(n;m)—l)’ Cl'(Em 0>'

Here J(o;m) := (; joo + 65 j+1)1<i,j<m stands for the Jordan matrix of size m.
We also define, for m > 1, H;-homomorphisms g L,ﬂfLH(i) — LE (i) by
wr f1<k<m, , wy, fl1<k<m,
wy, wy,
0 ifk=m+1, 0 ifk=m+1.

Here wy, and wj, on the left hand side are those of Lt 41(2) whereas wy, and wjy, on
the right hand side are those of Lt (i). Note that there is an odd isomorphism g2, :
L (i) = L, (i) since J(by(i);m) and J(b_(i);m)~! are similar. For convenience,
we abbreviate L (i) (resp. L (7)) to Ly, (i) (resp. L(i)) and g to gm.
Definition 3.5. For i € I, we define an H;-supermodule R,, (i) = H1/N (i) where
N (i) is the two-sided ideal generated by

£ = {<X1 + X7 =g if q(i) # +2
(X1~ ba (i)™ (= (X —b_(i)™) if q(i) = £2.
As in [BKL §4-h] (or by elementary linear algebra), we have the following.
Lemma 3.6. Letic I,.
(i) If q(i) # +2, then there ewists an even isomorphism Ry, (i) ~ L} (i) & L, (%)
for m > 1 which commutes with the obvious surjection Ry, (i) « Rpyy1(4).

Ry (i) Ry(7) R3(4)
(7)

¢ l l

L(6) ® TILy () 2 Lo (i) @ Lo (1) 222 Lo () @ TLL (6) ~— - --

(ii) If q(i) = £2, then R, (i) ~ L}, (i) = L,,(i) and there exist odd involutions g;
for k > 1 that make the following diagram commute:

Ry (i) Ry(7) R3(i)

l

Ly (3) J
ST
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In virtue of A, = AY™ and , we have the following (see [BKl, Lemma 4.8]).

Lemma 3.7. We have Irr(Rep Ay,) = {L(i1) ®- - ® L(in) | (i1,...,1n) € [J'}. For
(i1y---yin) € I}, L(i1) ® - ® L(i,) is of type Q if and only if #{1 < k < n |
q(ix) = £2} is odd.

83.4. Block decomposition

The (super)center Z(H,) of H, is naturally identified with the algebra of sym-
metric polynomials of X; + X;*,..., X,, + X' [JN Proposition 3.2(b)], [BK|
Theorem 2.3] via

FIXi+ X7 X, + X1 =5 Z(H,), [ f

Thus, H,, is a finite Z(H,,)-module and this implies that all irreducible H,,-super-
modules are finite-dimensional. For any M € RepH,,, we have a decomposition

M =@, crm/s, M| with
My = {m € M |Vf € Z(Hn), IN € Lo, (f = x-(£))¥m = 0}
in RepH,,. Here x, is a central character attached to v = [(71,...,7s)] by
Xyt Z(Ha) = F, f(Xo+ X7 X+ X0 = fla(n), - a(m).-
Note that if v; # 72 in I}} /&y, then x4, # X-s,-

Definition 3.8. Let M € Irr(Rep,). Then there exists a unique v € I'/&,
such that M = M[~]. In this case, we say that M belongs to the block ~.

We remark that this terminology coincides with the usual notion of block. This
follows from a general result of Miiller [BG, I11.9.2] for an algebra which is finite
over its center and the fact that the set {x, | v € I}'/&,} exhausts the possible
central characters arising from Rep H,. In fact, for any v = [(y1,..., )] € I}}/Gp,
all the composition factors of Indﬁ: L(y1) ® - - - ® L(7yy,) belong to v since

chind’i" L(iy) ® -+ ® L(in) = Y [Liw) @ ® Lliwm)]-
weS,

This identity [BKl Lemma 4.10] follows from the Mackey theorem [BK|, Theo-
rem 2.8].

83.5. Kashiwara operators
Recall the Kato supermodules L(i") := Indz;f: L(:)®™ [BK], §4-g]. Using them, we
can introduce Kashiwara operators ¢; and fz that send an irreducible supermod-

ule to another one (if defined). We first recall a fundamental property of Kato’s
modules [BK|, Theorem 4.16(i)].
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Theorem 3.9. For i € I, and n > 1, L(i") is irreducible of the same type as
L(1)®™ and it is the only irreducible supermodule in its block of Rep H.,.

Definition 3.10. For i € I;, 0 <m < n and M &€ RepH,, we denote by A;m M
the simultaneous generalized ¢(%)-eigenspace of the commuting operators Xy +X, !
for all n—m < k < n. Note that A;m M is an H,,_, m-supermodule. We also define
g;(M) =max{m > 0| A;m M # 0}.

By [BKl §5-a], we have the following [BK|, Lemma 5.5, Theorem 5.6, Corol-
lary 5.8].

Theorem 3.11. Leti € I, m >0 and M € Irr(RepH,,).

(i) N := Cosoc Indf{::" M & L(i™) is irreducible with €;(N) = ;,(M) + m, and
any other irreducible composition factor L of Indzzt:' M ® L(i™) satisfies
gi(L) < &g;(M) +n.

(ii) Assume that 0 < m < e;(M). There exists (up to isomorphism) an irreducible
Hp—m-supermodule L such that type L = type M, ¢;,(L) = ¢;,(M) — m and
SocApm M = L& L(i™).

(iii) Assume that ;(M) > 0. Then

Soc ResZ:j’l A;(M) ~

LoTIL iftype M = Q or q(i) # £2,
L if type M =M and q(i) = £2,

for some irreducible H,,—1-module L of the same type as M if q(i) # £2 and
of the opposite type to M if q(i) = £2.

Definition 3.12. Let us write B(c0) := ||, Irr(RepH,,). For i € I, we define
maps &, f; : B(co) U {0} — B(co) {0} as follows:

e 0= f,0=0.

e For M € Irr(RepH,,), we set f; M = Cosoclndzx1 M @& L(37).

e For M € Irr(Rep™H,,), we set ;M = 0 if g;,(M) = 0, otherwise e;,M = L for a
unique L € Irr(RepH,,—1) with Soc A;M =2 L & L(3).

Note that €;(M) = max{m > 0| (€)™ M # 0} for M € lrr(RepH,,) and
i € I; by Theorem . By [BK, Lemma 5.10], €; and f; satisfy one of the
axioms of Kashiwara’s crystal (see Definition [2.1{[v])):

Lemma 3.13. For M,N € B(c0) andi € I, sz = N s equivalent toe; N = M.
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Definition 3.14. For i = (iy,...,i,) € I, we define L(3) = fi, fi,_, -+~ fi, fi, 1.
Here 1 is the trivial representation of Hy = F'.

Note that L(i) for ¢ = (i,...,7) coincides with the Kato supermodule L(i")
by Theorem [3.9 By an inductive use of Lemma we have the following [BK|
§5-d, Lemma 5.15].

Corollary 3.15. For any L € Irr(RepHy,) there exists i € I} such that L = L(1).
Resj: L(%) has a submodule isomorphic to L(i1) ® -+ & L(iy).

Also a repeated use of Theorem implies the following [BK| Lemma
5.14).

Corollary 3.16. Let M € Irr(RepH,,) and let pu be a composition of n. For any
irreducible composition factor N of Res%: M, we have type M = type N.

83.6. Root operators
We shall define root operators e; as direct summands of ResZ::’l A;. Note that

for any M € RepH,, and i € I;, we have a natural identification

(9) Respe" ™ A M = lim Homyy, (R (i), M).

m

Here H} stands for a subsuperalgebra in H,, generated by {X*!,C,} isomorphic

to H;. Considering or 7 we can chose a summand of ResZ::’l A; M appro-

priately as follows.
Definition 3.17. For M € Irr(RepH,,) and ¢ € I;, we define

e;M = li_n>1HomH/1((Lm(i),921), (M,0x)) (€ RepHy—1).
Here the 6’s are defined as follows.
e 0, =idp, ) if q(i) # £2, and 0}, = g;,, otherwise.

e Oy =idyy if type M = M, and 6, is an odd involution of M otherwise.

Thus, by Theorem , we have

e;M if type M = M and ¢(i) = £2,

ResZ”’i’1 A (M) ~
o eiM @ Tle; M if type M = Q or ¢(i) # £2.

By the commutativity of Res%;i1 and 7-duality, we obtain the following [BK]
Lemma 6.6(i)].
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Corollary 3.18. Let M € lrr(RepH,) and i € I,. Then e;M is non-zero if and
only if ;M is non-zero, in which case e;M is a self-dual indecomposable module
with irreducible socle and cosocle isomorphic to e; M.

Also, as seen in [BK] §6-d], we have the following [BK| Theorem 6.11].

Theorem 3.19. Let M € Irr(RepH,,) and i € 1.

(i) In Ko(RepH,,), we have [e;M] = e;(M)[e;M] + > ca[Na] where N, are irre-
ducibles with €;(N,) < e;(M) — 1.

(ii) If q(i) # £2, then g;(M) is the mazimal size of a Jordan block of X, + X,; !
on M with eigenvalue q(3).

(i) If q(i) = £2, then ;(M) is the mazimal size of a Jordan block of X, on M
with eigenvalue by (i) = b_(1).

(iv) Endy, ,(e;M) ~ Endy, , (€;M)®5(M) a5 vector superspaces.

§3.7. Kashiwara’s crystal structure

In this subsection, let A = (a;;);jes, be an arbitrary symmetrizable general-
ized Cartan matrix indexed by I,. We identify I}'/&,, and I, := {Eidq kio; €
2icr, L0 | 3 icq, ki =n} by

n
bA:I;L/GnL)FTH [(717"'a7n)]'_>za%'
k=1

For M € Irr(Rep’H,,) belonging to a block v € I}'/&,, and i € I, we define
wt(M) = =ba(v),  @i(M) =¢&;(M) + (hi, wt(M)).
By Theorem and Lemma we can check the following [BKl Lemma 8.5].

Lemma 3.20. The 6-tuple (B(c0),wt, {Ei}ie]q,{@i}ie[q,{gi}iejq,{ﬁ}iejq) 5 a
g(A)-crystal.

Finally, we introduce the o-version of the above operations for M € B(c0)
and 7 € I

EM = &(M)7,  FrM = (M), ei(M)=e,(MO).

K2

Of course, we have £ (M) = max{k > 0 | (€;)*M # 0}. However, ¢} (M) has
another description as follows by Theorem [3.19(ii) & ({ii).
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Lemma 3.21. Leti € I, and M € Irr(RepH,,).

o Ifq(i) # £2, then ef (M) is the mazimal size of a Jordan block of X, —&—Xfl on
M with eigenvalue q(2).

o Ifq(i) = £2, then el (M) is the mazimal size of a Jordan block of X1 on M with
eigenvalue by (1) = b_ (7).

We also quote results [BK] Lemmas 8.1, 8.2, 8.4] concerning the commutativity
of ¢; and f7.

Lemma 3.22. Let M € Irr(RepH,,) and i,j € 1.

(i) ei(f7 M) = ei(M) or &i(f; M) = (M) +1.

(ii) Ifi # j, then 61( M) =¢;(M).

(iii Ifez(f* ) =ei(M) (denoted by €), then egf*M f* es M.
Ifei(ffM) = &;(M) + 1, then & ff M = M.

- L L

(iv

§3.8. Hopf algebra structure
Consider the graded Z-free module

K(OO) = @ KO(ReP Hn)

n>0
with natural basis B(oco) and define Z-linear maps

Ind Hm4n

<>Tn,n : KO(ReP Hm) & KO(RepHn) ;) KO(RepHm,n) T KO(ReP Hm+n)7

S”"m+n
Hm,n

Am n - Ko(RepHm+n)

Ko(Rep Hin.n) — Ko(Rep Him) @ Ko(Rep H.y),
Z Omn K (00) @ K(00) — K(00), L:Z;Ko(RepHo)ﬂK(oo),

m,n>0
proj

> ApniK(0) = K(00) @ K(0), e:K(c0) — Ko(RepHo) — Z.

m,n>0

Note that o, , is well-defined since for any M € RepH,, ,, we have Indz:’tz" M €
Rep Hpmin by [BK, Lemma 4.6]. '
Transitivity of induction and restriction makes (K(c0),¢,t) a graded Z-al-
gebra and (K (c0), A, e) a graded Z-coalgebra. Injectivity of the formal character
map ch : Ko(RepH,,) — Ko(RepA,,) [BK, Theorem 5.12] implies L = L" for all
L € B(oo) [BK| Corollary 5.13]. Combining this with Lemma [3.2)[i), we see that
the multiplication of (K(00),,¢) is commutative. By the Mackey theorem [BK]
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Theorem 2.8], we see that (K(00),¢, A, ¢,¢) is a graded Z—bialgebraﬂ Since a con-
nected (non-negatively) graded bialgebra is a Hopf algebra [Swe, p. 238], we get
the following [BK| Theorem 7.1].

Theorem 3.23. (K(00),0,A,t,¢) is a commutative graded Hopf algebra over Z.
Thus, K(c0)* is a cocommutative graded Hopf algebra over Z.

Here K(o0)* is a graded dual of K(c0), i.e
K(c0)* = @ Homg (Ko(Rep M), Z).
n>0

K (00)* has a natural Z-free basis {05 | M € B(c0)} defined by dp([M]) =1 and
dam([N]) =0 for all [N] € B(co) with N 2 M.

§3.9. Left K(0c0)*-module structure on K (o0)

By [Swel, Proposition 2.1.1], for a coalgebra C and a right C-comodule w : M —
M ® C, M is turned into a left C*-module by

idar®¢,)
—

CroM 28 v g Mo 2P, e creC M®Z " M.

This implies that each coalgebra C is naturally regarded as a left C*-module. It
is easily seen that if C' is a connected (non-negatively) graded coalgebra then the
left action of C* is faithful. Thus, K (co0) has a natural faithful left K (co)*-module
structure and it coincides with the root operators e; in the following sense [BK],
Lemmas 7.2 and 7.4].

Lemma 3.24. Fori € I;,r > 1 and M € K(00), we have dp(;ry - M = eE”M.

Note that e'” is a priori an operator on K (c0)g := Q@K (c0), however as scen
in Lemmait is a well-defined operator on K (00). We can prove this directly by

(r) -

defining a divided power root operator e; ’ in a module-theoretic way [BK] §6-c].

84. Cyclotomic Hecke—Clifford superalgebra

84.1. Definition and vector superspace structure

Definition 4.1. Let n > 1 and assume that R = agX{ + - 4+ ap € F[X{]
(C H,) satisfies C1R = aoX] *RC; (equivalently, the coefficients {a;}%, of R

6In checking the details, we need the commutativity of the following diagrams for m > k and
n > I, which follows from Corollary

Ko(Rep Him,n) — Ko(Rep Hm) ® Ko(Rep Hn) Ko(Rep Him,n) — Ko(Rep Him) @ Ko(Rep Hy)

Hm,n H H Hm,n Hom H
\LResHM \LRes ™ @Resytn ,?lnde,L q\de:@lndH;

Ko(RepHy 1) —— Ko(RepHy) ® Ko(Rep Hl) Ko(RepHy.1) —— Ko(RepHy) ® Ko(RepH;)
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satisfy ag = 1 and a; = agaq—; for all 0 < ¢ < d). We define the cyclotomic
Hecke—Clifford superalgebra HE = H,,/(R) for n > 1 and set H{! = F.

Note that the antiautomorphism 7 of H,, induces an antiautomorphism of H?
also denoted by 7. As in the affine case, for an H*-supermodule M we write M7
for the dual space M* with HE-supermodule structure induced by 7.

By [BK| Theorem 3.6], H is a finite-dimensional superalgebra whose basis
is the canonical image of the elements

{Xer.. XM OOy |0 < ap < d, B € Z)2L, w € S}
Thus, we have the following commutativity between towers of superalgebras:

H, ¢ H, C H,y C

T

R C R C R C
H() Hl H2

It makes it possible to define inductions and restrictions for {H?}, 5o as well as
M7™ and we have the following [BKL Theorem 3.9, Corollary 3.15].

Theorem 4.2. Let M be an HE-supermodule.

(i) There is a natural isomorphism of HE-modules

H§+1 H§+1 d HT}? Hf
Resy i Indy ™ M =~ (MaeTIM)* @ Ind?—tfj’;l Resﬂg;1 M.

R R
(ii) The functors Res:}?l and Ind:}?l are left and right adjoint to each other.

. ) ) HE HE
(iii) There is a natural isomorphism IndH%“(MT) ~ (IndH:,%+1 M)T of HE. -

modules.

We also define two natural functors (note that prf? is a left adjoint to inflff)
pr . H,-smod — HE-smod, M — M/(R)M,
infl® : H2-smod — H,-smod, M — Res;ﬁ M.

In the following, we assume that the functor infl® factors through the forgetful
functor Rep H,, — H,-smod. By [BKl Lemma 4.4], this is equivalent to assuming
that the set of roots of R is a subset of {b4 (i) | ¢ € I;}. Thus, in the following,
every HE-module M is automatically integral and has a decomposition M =
D.crr/e, pr((infl™ M)[y]) as an HE-module.
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84.2. Kashiwara operators

Kashiwara operators for cyclotomic superalgebras are defined using those defined
for affine superalgebras as follows. By Lemma , el and fE clearly satisfy

Definition [2.1{[v]).

Definition 4.3. Let us write B(R) := | ], Irr(HE-smod). For i € I, we define

maps &, fE . B(R) U {0} — B(R) LU {0} as follows:

e R0 = fRo=0.

e For M € Irr(HE-smod), we set e#M = (prf o ¢; o infl™)M and fEM = (prf o
fi oinflf) M.

We also define, for M € B(R) and ¢ € I,

eR(M) = max{k > 0| E)H(M) # 0} (= e,(infl" M),

K3

pf (M) = max({k > 0| (f)* (M) # 0} U {+oc}).

Note that although ¢ (M) might take the value +oo, it always takes a finite value
as seen in Lemma [4.9|(ii) below.

84.3. Root operators

Definition 4.4. For M € HI-smod such that infl M belongs to a block v €
I3} /6, with ba(y) = Zielq kicy;, we define

R((infIR pacHn (0 _ o e
Resh M — prit((infl Res%{&1 M)[by (v — ap)]) if k; >0,
0 if k; =0,
R
Indf* M = pr((infi Ind;gi™* M)[b3" (v + 1)))-
In general, for M € HE-smod we define Reis M (resp. Indf% M) by applying Resf‘
(resp. Ind?) for each summand of M = @761;/&1 pr((infl® M)[4]).

By Theorem and central character considerations, we get the follow-
ing [BK], Lemma 6.1].

Corollary 4.5. Leti € I,.

(i) Res? and Ind® are left and right adjoint to each other.

(ii) For each M € HE-smod there are natural isomorphisms

Ind®(M7™) ~ (Ind® M)™,  Res®(MT™) ~ (Res’* M)".
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Note that Res? is nothing but prt o Resx"’i’l o Ajoinfl® and it can be de-

scribed as follows (see also @) Replacing eac}: operator with its left adjoint and
checking the well-definedness, we have the following [BK], Lemma 6.2].

Lemma 4.6. Let M € HE-smod and i € I,. There are natural isomorphisms

Res;* M =~ lim pr” Homyy, Ry, (i), infl™ M),

m

Indf M = lim prf® Indj¢" £y ((infi M) @ R ().

m

Here both sequences stabilize after finitely many terms.

As in the affine case, we can choose a suitable summand of Res!® M and Ind® M

using @ or .

Definition 4.7. Let M € Irr(HF-smod). We define

el X = lim pr® Homyy, ((Lm (i), 0,), (infl™ X, infl" 6x)),

m

FEX =Timprf Ind}y" s, (infl™ X,infl" 0x) ® (L, (1), 65,)

m

for each X = M or X = P := Py and i € I,;. Here ’s are defined as follows:

o 07 =idp, ) if q(i) # £2, and 0}, = g;, otherwise.
idys if type M = M, and ), is an odd involution of M otherwise.

o Oy

e Op =idp if type M = M, and fp is an odd involution of P whose existence is
guaranteed by [KI2l Lemma 12.2.16][] otherwise.

Note that for a projective indecomposable P and ¢ € I, elRP and fiRP
are again projectives since they are summands of ResZR and IndZR respectively
(see also Corollary . Thus, we define operators el and ff' on K(R) :=
D,.>0 Ko(HE-smod) and K(R)* = @, .., Ko(Proj H}}).

Lemma 4.8. For any projective indecomposable HE-supermodule P and i € I,
we have in Ko(HE_,-smod) and Ko(HE, ,-smod) respectively
([el*P)), [l (wnn[P]) = wyn_ ([f{FP]).

ef(wrn[P]) = wyn

"In [BK] §6-c], the authors claim that for type M = Q a lift p which is also an odd involution
of the odd involution 6p; is unique. However, this is not true in general. Note that any odd
involution of P works in the rest of this paper since our aim is to halve ReslR P or Indf"‘ P in the
same way as Resf M or Indf M to obtain Lemma
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Proof. Let A and B be superalgebras and consider an (even) exact functor X :
A-smod — B-smod which sends every projective to a projective. Then for any
projective indecomposable projective A-supermodule P, we easily see X (wa[P]) =
wp([XP]) in Ko(B-smod). By Corollary [4.5(i), this implies that

Res!"(wn[P)) = wyen, (Rest Pl), Indf(wyen[P]) = wyer_ ([Ind" P)).

We shall only show eZ(wyr[P]) = (.L)HR_I([GRP]) in Ko(HE_;-smod) because the

n—1

other is similar. By , , Lemma and Definition we have
P [Resi* P]  if q(i) = +2 and type Cosoc P = M,
ei ==
%[Resé12 P] otherwise

in Ko(ProjHE ). Similarly, for M € Irr(HE_ -smod) we have

n—1 n—1"

[Res? M]  if q(i) = £2 and type M = M,

z [Res! M]  otherwise

tan - {

in Ko(HE_;-smod). Thus, it is enough to show that for each irreducible factor N of
P we have type N = type Cosoc P. Take a unique v € I’ /&,, such that P = P[y]. It
is clear that N also belongs to the block . By Corollary [3.16] type IV is determined
by its central character. O

Since el = prRoe; oinfl® and et = priiog; oinfl?, Corollary and Theorem

i
hold for M € RepH[ and i € I, by replacing e;, €; and e; appearing there
with e, €® and el respectively. We quote the corresponding properties of fft, f2

and ¢ [BK| Theorem 6.6(ii), Lemma 6.18, Corollary 6.24].

Lemma 4.9. Let M € Irr(HE-smod) and i € I,.

(i) ff*M is non-zero if and only if fiP”M 18 non-zero, in which case it is a self-
dual indecomposable module with irreducible socle and cosocle isomorphic to
JiM.

(ii) pl*(M) is the smallest m > 1 (thus, takes a finite value by Lemma such
that fEM = prfindi"ch, (infl® M,infl® 0pr) @ (L, (i), 65,) if fRM # 0. If
fEM =0 then oF(M) = 0.

(i) In Ko(RepH,), we have [fEM] = oB(M)[f;M] + 3" ca[Na| where N, are
irreducibles with ef(N,) < e®(M) + 1.

(iv) EndHfil(fﬁM) ~ EndHfil(ﬁRM)@‘P?(M) as vector superspaces.

Corollary 4.10. For any M € lrr(HE-smod) andi € 1, we have (ef)sf(M)H[M]
_ (fZR)sa?(M)-H[M] =0 in K(R).
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Proof. The equality (eZR)ElR (M)F1[0f] = 0 follows from Theorem [3.19{(i). To prove
(fiR)“"?(M)H[M] =0, it is enough to show that (f*)™[M]#0 implies (ff)™M #0
for any m > 0. By the definition, (f{*)™[M] # 0 is equivalent to [(Indf)™M] # 0.

By Corollary |4.5(f), we have
(10) HomH5+m((|ndﬁ)mM, N) = Homgr (M, (Res/)™N)
= Homyy, (infl M, Resyy™ Agm inflft N)

for any N € H[, , -smod. Since (Ind}*)™ M #0, there exists an N € Irr(H%, -smod)
such that is non-zero. Take any irreducible sub-H,,-supermodule X = inflft M
of Resy"™ Ajm infl® N and consider the H, m-supermodule X’ := H, X where
H!, stands for the subsuperalgebra in H,, ., generated by {X;tl, Ce,Ti | n<k<
n+m, n < I < n+m} isomorphic to Hy,. Then ch,, ) X' = ¢-[X®L(i™)] for some
¢ € Z>1 by Theorem Comparing with Soc Agm infl N 22 (&7 infl® N) ® L(i™)
by Theorem (see also [BK| Lemma 5.9(i)]), we see that (infl® M =) X =
eminfl® N, which implies (fF)™M = N # 0. O

As proved in [BK| Lemma 7.14], [ResZB‘ Indf M] - [Indf‘ ResZR M] is a multiple
of [M] for any M € Irr(HE-smod). By Theorem and Lemma [4.9(iii), this

implies the following.

Corollary 4.11. For any M € Irr(Hfi-smod) and i, j € I;, we have ef(f*[M]) —
Fi(eff[M]) = 0;;(of (M) — ef (M) - [M] in K(R).

By Schur’s lemma, Theorem [4.2{[i), Theorem , Lemma and
Lemma [4.9f(iv]), we have the following. See also [BK| Lemma 6.20].

Corollary 4.12. For any M € Irr(H-smod), we have
D 2= 6 )0 @) (@ (M) —f{(M)) = d.
i€l
§4.4. Left K(0c0)*-module structure on K(R)
Clearly, infl induces an injection K(R) < K(oc) and a map AF : K(R) —
K(R) ® K(oo) with the following commutative diagram:

K (00) —2> K(00) ® K (00)

inﬂRj jinflR ® id 5 (o0)
AR

K(R)—— K(R) ® K()
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Thus, K(R) is a subcomodule of the right regular K (co)-comodule. This implies
that K(R) is a K(0o0)*-submodule of a left K (oo)*-module K (co) in where
an operator (ef)(") acts as dr,(;) by Lemma for i € I, and r > 1.

K2
84.5. Injectivity of the Cartan map

The purpose of this subsection is to show the injectivity of the Cartan map wyr
of HF [BK|, Theorem 7.10]. It is essentially the same as [BK] §7-c] but arguments
are slightly different because we do not define divided power operators egr), (eZR)(’“)
and (f#)(") in a module-theoretic way as [BK] §6-c].

We first recall the following formula [BK|, Lemma 7.6] which follows from the
definitions that e and f7 are suitable summands of ResZR and IndZR respectively.

Lemma 4.13. For any x € Ko(Proj HE) and y+ € Ko(HE,,-smod), we have

<65$, y—>’H§'_

LT <1’7sz3/—>715§7 <ff’17y+>H§+1 = <1'761Ry+>7-£§-

Since (ef)(") is a well-defined operator on K (R), we have the following. See
also [BKl, Corollary 7.7].

Corollary 4.14. (fF)") is a well-defined operator on K(R)* for any i € 1, and
r > 1. More precisely, if

(ef)[M] = Z ann[N], (£ [M] = Z bar, N[NV]
Nelrr(HE_ -smod) Nelrr(HE,  -smod)

in Ko(HE_,-smod) and Q ® Ko(HE, ,-smod) respectively, then

GRHOP = S aww(Pul
MElrr(HfL"'JrT-smod)
(e [Py] = > b, N [Pl

MEelrr(HE | -smod)

n—r

in Ko(Proj HE ) and Q ® Ko(ProjHE_ ) respectively.

n—r

Lemma 4.15. Let M € Irr(HE-smod) and i € I,. For m < e :=¢ef(M), we have

(11) (e5)™ [Py = > br [PL]
Lelrr(HE_, -smod)

eB(L)>e—m
in Ko(ProjHE _, ). Moreover, in case m = ¢, we have

e+ @f'(M)
E

() [Par] = s!< )[P@)EM] LY

Lelrr(HE__-smod)
eR(L)>0
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Proof. By Corollary by, is the coefficient of [M] in (fF)™[L] in Ko(H-smod).
By Lemma [4.9)(iii]), we have

(f™IL] € > Z>o[N].
Nelrr(HE-smod)
eB(N)<m+el(L)
This implies ¢ < m + eF(L) if b, # 0 and completes the proof of .
Suppose by, # 0 and (L) = 0. Again, by Lemma 4.9((iii), we have (ER)EL =
M and by, = !(#* ). Thus, L = (e%)°M and by, = e! (F7#7 M),

Theorem 4.16. wyr : Ko(Proj H}Y) — Ko(HE-smod) is injective for all n > 0.

Proof. We argue by induction on n. The case n = 0 is clear.
Suppose n > 0 and wyr is injective for all smaller n' < n. We show that if

(12) wa( 3 aM[PM])zo

M Elrr(HE-smod)

for ap; € Z, then apr = 0 for all M € Irr(HE-smod). To prove this, it is enough
to show that for each i € I, we have apy = 0 for all M € Irr(HE-smod) with
elf(M) > 0. This is because there exists some i € I, such that (M) > 0 for any
M € Irr(HE-smod) if n > 0.

For each i € I, we use induction on e®(M) > 0. Suppose that for a given M
with € := e®(M) > 0 we have ay = 0 for all N with 0 < ¢®(N) < e. Applying

(ef*) to (12), we have

R
o= > (T oy (e + g ()

n—e
Lelr(HE-smod)
e (L)=¢

where X € ZL' € Irr(HE__-smod) with (L") > 0 Z[PL/] by Lemmas and By
the induction hypothesis, we have ap; = 0. O

§4.6. Symmetric non-degenerate bilinear form on K(R)g
By Theorem @50 Ko(Proj Hf) = K(R)* C K(R) are two integral lattices of
K(R)g = Q®K(R). Thus, by tensoring with Q, B,,5((; )xr : K(R)"xK(R) — Z
induces a non-degenerate bilinear form on K (R)g which we denote by (,)g.

Lemma 4.17. Let M € Irr(HE-smod) and i € I,. Then

[Pr] = (FF) ) [Panyend] - > ap[Pr]
Lelrr(HE -smod)
eB(L)>e

for e = eB(M) in Ko(ProjHE).

i
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Proof. Write (f*) € [Peryear) = 32 1 cive(-smod) 0L [P1] in Ko(Proj HJf). By Corol-
lary by, is the coefficient of [(€f*)M] of (ef)®)[L] in Ko(HE_.-smod). Thus,
br, # 0 implies el*(L) > e. Finally, suppose by, # 0 and (L) = . By Theorem
B.19()), we have by, = 1 and (eF)°L = (ef)°M, i.e., L = M. O

A repeated use of Lemma implies the following [BK] Theorem 7.9].

Theorem 4.18. We have P,,~, Ko(Proj HE) = U, [1g] where 1R is the trivial
supermodule of H = F.

Proof. We prove [Py] € Uy, [1g] for all M € B(R). Suppose for contradiction that
there exists an M € Irr(HE-smod) such that [Py] & U, [1r]. We take such an
M with minimum n. Since n > 0, there exists an i € I, with e?(M) > 0. We
take N with maximum eZ(N) (> (M) > 0) in {N € Irr(HE-smod) | [Pn] &
U, [1gr]} (# 0). However, [Py] € U, [1g] by the choice of N and Lemma a
contradiction. O

Using Lemma inductively together with the equality Ko(HZ L 1-smod)g =
Yiel, f Ko(HE-smod)g by Theorem , we get the following result [BK| The-
orem 7.11].

Corollary 4.19. The non-degenerate bilinear form (,)r on K(R)q is symmetric.

85. Character calculations

The purpose of this section is to give preparatory character calculations concerning
the behavior of representations of low rank affine Hecke—Clifford superalgebras
‘Hs, Hs and Hy for Since they are responsible for the appearance of Lie theory

of type Dl(2) and omitte in [BK], we give detailed and self-contained calculations.

§5.1. Preparations

We note that if a given M € Irr(RepH,,) has a formal character of the form
chM = ¢ [L(i;) ® --- ® L(iy)] for some ¢ € Z>; then M = L(i1,...,i,) by
Corollary We also recall the shuffle lemma [BKl Lemma 4.11] to compute the
formal characters.

Lemma 5.1. For M € Irr(RepH,,) and N € Irr(RepH,,) with

chM =3 ailL(i) @ @ L(im)] and chN = 3" bj[L(j1) ® - ® L(ja),

ielm jely

8For degenerate affine Sergeev superalgebras, detailed character calculations can be found
in [KI2, Chapter 18].
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we have
chind;™ " M &N =Y aibj( Y ke ® L(km+n)]>.
i€l kerytm
jerr

Here we sum over k € I;"*" satisfying the following condition: there exist
1<y < - < up <m+nandl < vy < -+ < v, < m-+n such that
(Kuyyeoosku,) = (1o yim);, (kuyyeeosko,) = (J1y---3dn) and {ug,...,um} U
{vi,...,on} ={1,...,m+n}.

We also need the following [BKl, Lemma 4.3], which is proved by direct cal-
culation.

Lemma 5.2. Let a,b € F* with a +a~! = q(i) and b+ b~' = q(j) for some
i,j€l,. If |i — j| <1, then
a=2(ab—1)%*(ab! —1)?
(a2 (ab—1)2%(ab™' = 1)? = a" v (ab — 1)? — a " b(ab™! = 1)%) = 0.
Corollary 5.3. For any i,j € Z with |i — j| =1 and q(j) # q(i), we have
62
S (q(i)q(j) — 4) = 1.
(GG —ayz 11 Y
Proof. We take a and b satisfying a + a=! = ¢(i) and b+ b~ = ¢(j). We have
a ?(ab—1)*(ab™t = 1)?> = (@ v ab— 1)* +a " b(ab™t = 1)?) =0
by Lemma and ¢(i) # q(j). A direct calculation shows that the left hand side
is equal to (¢(i) — ¢(4))* — £%(a(i)a(j) — 4). [

In the rest of this section, for each i € I, we write the basis elements w; and
wy of L(i) (= L{ (i) in Definition 3.4 as v5 and vl respectively. Recall that the
irreducible H;-supermodule L(i) = Ful® Fv} is given by the grading L(i); = Fvj
for j € Z/2Z and the following action:

Xliz% = bi(i)v%, Xliv% =bs (i)v%, Clz% = v%, Clv% = z%.
§5.2. On the block [(i,7)] with |[i —j| =1
Lemma 5.4. For any i,j € Z such that
li—jl=1, q(j) #q(i), (typeL(i),typeL(j)) # (Q,Q),

define an Ho-supermodule M and an As-supermodule N as follows:

M :=1Indj? L(j) @ L(i), N:=(Xo+ X, "' —q(i))M CRes;? M.



452 S. TSUCHIOKA

Then:
(i) N is Ty-invariant, i.e., N is an Ha-supermodule.

(i) ch N = [L(i) @ L(j)].

Proof. Note that chy1 N = [L(i) ® L(j)] because 0 ¢ N C M and chM =

[L(i) ® L(5)] + [L(j) ® L(i)] by Lemma [5.1] and ch Cosoc(M) = ch L(ji) contains

a term [L(j) ® L(i)] by Corollary [3.15] Thus, it is enough to show that TyN C N.
By and , we have

(Xo + X5 ' —q(i)) Ty = To (X1 + X' — q(i))
+ (X2 4+ 010X, — X! = X571 C10o).
From this, we see that X and Y defined below form a basis of Ng:
X = (X2 4+ X5 = qi)Ti @) @ v
= (a(j) = a())T1 ® vj @ vg
+E((b4+ (1) = b- (1)1 @ vl @ v — (by (1) — by ()1 @ vd @),
Y= (Xo+ X5 —q(i)Th ®v%®v%
=(q(j) —q()Th ® v%@ vt
FE((0- (1) = b ()N @ vl @ vl + (b_(i) — by ()1 @ VI @ vh).

To show T1'N C N, it is enough to show 171N C Ng. For this purpose, it is
enough to show the following equalities which follow from Corollary

TlX:§<1+b+(i)_b_(j)>X_§l”r(i)_b+(j)y

q(j) — q(i) q(j) —q(i)
()~ b_(j) b_(i) — b (j)
Y =& =) X“(H 4G) — () )Y' -

Corollary 5.5. For any i,j € Z such that
i—jl=1, q()#a(@), (typeL(i) typeL(j)) # (Q,Q),

we have:
(i) ch L(ij) = [L(i) ® L(j)].

(i) There exists a basis {X,Y} of L(ij)g such that the matriz representations of
L(ij) with respect to the basis {X,Y,C1X,C1Y} are as follows:

bi(i) 0 0 0 bi(j) 0 0 0
x| O bs(®) O 0 AL bx(j) O 0
1o 0 bi(i) 0 |’ 20 o 0  bi(j) 0

0 0 0 be(d) 0 0 0 be(4)
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0010 0 00 —1
000 1 0 01 0
Sl o0 ol o 10 ol
010 0 100 0
by(j) —b-(i) b_(i) —b_(j) 0 0
T - 3 by(j) —b(i) b-(j) —by(9) 0 0
q(j) — q(i) 0 0 by(j) —by(i) b-(j) —by(9)
0 0 b(i) —by(j) b-(j) —b-(7)

§5.3. On the block [(i,14, )] with |i —j| =1
Lemma 5.6. For any i,j € Z such that
li—jl=1 q(G)#q(i), (typeL(i), type L(j)) = (M, M),
define an Hsz-supermodule M and an Hsa 1-supermodule N as follows:
M :=Ind;? L(ij) ® L(i), N :=(Xs+X5"' —q(i))M C Resji® M.
If q(i)q(5) + q(j)*> — 8 # 0, then ToN € N and M is irreducible.

Proof. Since ch Cosoc M = L(iji) contains a term [L(7) ® L(j) ® L(i)] by Corollary
and chM = [L(i) ® L(j) ® L(i)] + 2[L(i)®*? @ L(j)] by Lemma if M
is reducible then M has a unique irreducible submodule M’ with Res%;1 M =~

L(i*) ® L(j) by Theorem |3.9, Thus, if M is reducible then ResH3 M’ = N. This
implies that if ToN € N then M is irreducible.

In the rest of the proof, we show that ToN ¢ N if q(i)q(j) + q(j)®> — 8 # 0.
We take a basis (a1, a0, a3, a4) := (X, Y, C1 X, C1Y) of L(ij) as in Corollary [5.5]
Then a basis of M is given by

{(Xpri=F@ar®v | B€{1,Ta, NTo}, k€ {1,2,3,4}, 1 € Z/2Z}
and a basis of Np is given by {Y%, Z; | 1 < k < 4} where
Vi o= (Xa+ X3 ' —q(i) Xy p), i o= (Xs+ X5 ' —q(0) Xy e, p ) (= T2 Y0)

for k =1,2,3,4 and f(1) = f(2) =0 and f(3) = f(4) = 1. More explicitly,

= (q(j) — Q(Z))T2®041 ® vg
+E((b1 (1) = b- () @ a1 @ v+ (b4 (4) = by (j))1 @ as @ v}),
= (q(j) — q(i))T> ® a2 ® v
+E((04 (1) = by (N @ ag @ v§ + (b-(4) = b4 (1)1 ® az @ v}),
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Y3 = (q(j) — q()) Tz @ az @ v}

FEO-() ~ b (1@ a5 @0k + (b (i) ~ b (7)1 © a2 @ 0f),
Yi=(q(j) — q()) Tz ® s @ v}

+&((b-() = b+ (N1 ® @ v} + (b-(7) = b-())1 ® a1 @ vy),
Zy = (q(j) — 4T T2 ® a1 © v§

s (04 0) = b () () -1 @ o 9

(0 (0) — b () (b4 () — by ()1 © 0 @ v}

(01 (0) ~ b () (b-() — b4 ()1 © 3@ 0]

(1 0) = b ())(b- () — b ()1 © 0 @ 0],
Zy = (q(j) — ()11 T2 ® a2 ® v

2

+ s () = by )= () - ()L S 9

0 0) = b (B-() ~ b4 (D1 © 0z © v

£ (0-() — b () (b4 () — by ()1 © 03 @ v}

F(0-() — b)) b ()1 © @y @ 2d)

To prove 1> Ny € Ny it is enough to show 1>7; ¢ Ng. Note that
ToZ1 = &((b+(§) = b- (D)) 1 T2 @ ar @ v+ (b4 (4) — by ()T To © a @ vg) + A

for a suitable A € span{Xr, ;| 1 <k < 4,1 € Z/2Z}. Thus, if ToZ; € Ng, then

we must have

b)) =b(), el = bali)
Lo = 2 =)
¢ -
+ e (B = b ()b () b ()Y,

+ (04 (1) = 0-(4)) (b4 (J)*b+(i))y2
+ (b+(1) = b1 (7) (0= (7) — b4 () Y3 + (b4 (i) — b+ (7)) (b—(5) — b—(i))Ya).

In particular, the coefficient of 1 ® oy ® 1% on the right hand side must be 0. This
gives us

¢ . v
m(m@) = b-(2))(q(9)q(j) + a(j)” — 8) = 0.

Thus, we have T»Z; ¢ Ny if q(i)q(j) + q(j)* — 8 # 0. O
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Corollary 5.7. Assume q is a primitive 41-th root of unity for 1 > 3 and assume
i,J € Z satisfy

li—jl=1, q(j)#q(i), (typeL(i),typeL(j)) = (M,M).
Then:
(i) L(iji) = L(iij) = Ind3 , L(ij) ® L(i).
(i) ch L(iji) = ch L(iij) = 2[L(:)®? ® L(5)] + [L(i) ® L(j) ® L(4)].
(iti) ch L(jii) = 2[L(j) ® L(1)®*] + [L(i) ® L(j) ® L(1)].

4i+3+3 4i4+1£3

Proof. q(i)q(j) + q(j)? — 8 = 0 is equivalent to q =1lorgq = 1 since

(g% & q72(j+1))2 + (B q72(i+1))(q2j+1 i q72(j+1)) (g +qh)?
_ (q2(ii1)+1 + q72((ii1)+1))2 + (¥ q—2(i+1))(q2(ii1)+1 + q72((ii1)+1))

—2(¢+q ')
_ (q + qfl)(q2z+1.5i1.5 _ q7(21+1.5i1.5))(q2z+0.5i1.5 _ q7(27]+0‘5i1.5)).

Since type L(i) =M, we have [ >3 and 1 <i <[] —2. Thus 2<4i —2 < 4i+6 <
4] — 2 and we see that ¢*T3+3 £ 1 and ¢%+1%3 £ 1.

By Lemmau L(iji) 2 M := Ind;l L(ij)®L(i). Thus, ch L(iji) = 2[L(i)*?®
L(j)]+[L(i)® L(j) ® L(i)] by Lemmal5.1] This implies A;M # 0 and ¢;M = L(i?)
by Theorem [3.9] Thus, we have M = L(iij).

Finally, consider the irreducible supermodule L(iij)?. It belongs to the same
block as L(iij) = L(iji), but it is not isomorphic to L(iij) = L(iji) in virtue of
their formal characters. Thus, we have L(iij)? = L(jii). O

Lemma 5.8. For any i,j € Z such that
li—jl=1, q(G) #aq(@), (typeL(i) type L(j)) = (Q,M),
define an Hsz-supermodule M and an Ha 1-supermodule N as follows:
M :=1Indj®  L(ij) ® L(i), N :=(Xsg+X5"' —q(i))M CResj® M.
Then:

(i) N is Ta-invariant, i.e., N is an Hsz-supermodule.
(ii) ch N = 2[L(i)®? & L(j)] and ch M/N = [L(i) ® L(j) ® L(i)].

Proof. As in the first paragraph of the proof of Lemma [5.6] if N is Th-invariant
then ch N = 2[L(i)®?® L(j)] and ch M/N = [L(i)® L(j )®L( )]. Thus, it is enough
to show that N is Th-invariant.
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In the rest of the proof, we write a instead of b4 (i) = b_ (i) and take a basis
{X,Y,C1X,C1Y} of L(ij) as in Corollary

We can take a realization of L(ij) ® L(¢) as an Hg j-submodule W of L(ij) ®
L(7) given as follows because a direct calculation shows that W is Hs ;-invariant:

WI: Wﬁ@WT, WGZ: FX/@FY/, WT = F(ClXI)@F(Clyl),
X' =X ®1%—|— V-=1(C1 X) ®v;¥, Y = Y®v%— V—=1(C1Y) ®v;¥.

More precisely, we can check that the matrix representations with respect to the
basis {X', Y’ C1 X', C1Y’} are given as follows.

a 000 bi(j) O 0 0 a 000
+1 [0 a 00 +1 0 bx(j) O 0 £1 [0 a 00
X looao| X2 0 0 bi(j) O X5 004 0]
000 a 0 0 0 bx(y) 000 a
0010 0 00 —1 0 0 V=1 0
looo1 0 01 0 0 0 0 —v—-1
Cr: 1000} Cz 0 10 0] Cs —v=1 o0 0 0 ’
0100 -1 00 O 0 V=1 0 0
by(j)—a a—b_(j) 0 0
T, - § by(j)—a b_(j)—a 0 0
q(j) — q(i) 0 0 bi(j) —a b_(j)—a
0 0 a—bi(j) b_(j)—a

Hereafter, we put (a1, a9, as,a4) = (X', Y',C1X’,C1Y’). Then a basis of M is
given by {Xg =@y | B € {1, T, ThT>}, k € {1,2,3,4}}. It is enough to show
that ToNg € Ngy. We can choose

(Vi o= (X + X3 = q(0) X s Ve = (X3 + X5' = q(i)) Xy | 1 <k < 2}
as a basis of Nj. More explicitly, we have

= (q(j) —q())Te @ a1 +£((a —b- ()1 @ a1 + vV—1(a — by (§)1 @ az),
=(q(j) = q() T2 ® az + E(V=1(a = b_ ()1 ® a1 + (a — by (j))1 ® aa),
=(q(j) —q() T2 @

+ L(lu(j) —a)a—b_(MN(1-V-D1®a; +(1+vV-1)1®az),

SO X

OR0)
Yy = (q(j) — q(@))ThiT> @ an
() - a)a— b))~ VDI @ + (14 VD) @ ).

q(j) — q(3)
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Now we can check the following relations using Corollary [5.3}

br(j) —a (a—b+(j))\/jly

[ R AT T
= e U e

e S,
R R

£(0:) -

)-aa-b (), | _
WG —g@p (VYA (Vo).

Corollary 5.9. For any i,j € Z such that

li=Jjl=1, q(G) #q(0), (typeL(),type L(j)) = (Q,M),
setting a = by (i) = b_(i), we have:
(i) ch L(iij) = 2[L()®? ® L(j)] and ch L(iji) = [L(i) ® L(j) ® L(3)].
(ii) There exists a basis {Y1,Y5,Ys,Ys} of L(iij)g such that
Ys=T1Y1, Yi=T1Ys,
X3 =0 (Y1, X3'Ya = b:()Ye,
X35 =be()Ys,  X3'Ya=bs(5)Ya,
oY, = M(Yi — V1Y), ThY, = f(a'—i_b,

q(j) —qli q(j) — q(4)

T,Y — W(n +Y3)

ettt o
ToY, = W(Yg -Yy)

n 52(b+g)<]; i)((;(li)—)f(j)) (1 4+ V-1V + (1 +V-1)Yz),

C3Y1 = — ChYe, Cs3Yy = (1Y,
Cs5Ys = V—-1(C1Yy) — £(1+ V-1)(C1Y2),
C3Yy = V—1(C1Y3) 4+ £(1 — V/=1)(C1 7).

457
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Proof. 1t is enough to show the last four relations. Direct calculations using
give us

C1Y1 = (q(5) = ¢() T2 ® a3 + &((a — b-(j))1 ® az + v=1(a — by.(j))1 ® au),
C1Yz = (q(j) — ¢(D) T2 ® as + E(V=1(a = b_(j)1 ® a3 + (a — b1.(j))1 ® o),
C1Ys = —vV=1(q(j) — ¢ Te ® az + (a(j) — q(0))6(L + V-1)Tr ® as + Ay,

2

C1Ys = V=1(q(j) —a(@))ThT2 ® as + (q(j) — a(i))§(1 = V-1)To @ g + A,
C3Y, = ( ( ) (Z))T2 ® ( 044) + Az = —C1Ys,
C3Ys = ( ( ) (l))TQ ® az + Ay = C1Y7,

C3Yz = —(q(j) = q(i)) N2 @ as + Ay = V=1(C1Ya) — V=1£(1 = V=1)(C1Y2),
CsYy = (q(j) — q(i))Th T ® a3 + Ag = V—=1(C1Y3) — V=1¢(1 + V1) (C111).
Here Ay, ..., Ag are suitable elements in span{l @ oy | 1 < k <4} (C M). O
§5.4. On the block [(i,4,1,7)] with |i — j| =1 and
(type L(i), type L(j)) = (Q, M)
Lemma 5.10. For any 1,j € Z such that
i—gl=1, q(G) #q(i), (typeL(i), type L(j)) = (Q,M),
define an Hy-supermodule M and an Hsz 1-supermodule N as follows:
M :=Ind}f L(iij) ® L(i), N :=(X4+ X;" —q(i))M CResji* M.
If q(j) +2q(i) # 0, then TsN € N and M is irreducible.

Proof. By the same reasoning as in Lemma[5.6] if 73N € N then M is irreducible.
In the rest of the proof, we show that if ¢(j) + 2¢(¢) # 0 then T3N € N.

We write a for by (i) = b_ (i) as in the proof of Lemma 5.8 and we take a basis
{¥1,Y2,Y3, Y4} of L(iij)g as in Corollary [5.91 Thus, we can choose

{Zsk —5®Yk®UO,Wﬁk =R C1Yx ®U |
/6 S {1,T3,T2T3,T1T2T3}, ke {1,2,3,4}}
as a basis of My and

Zl = (X4 + X—1 q(i)Z,
Bk BR N B e [Ty, ToTs, TV To T3}, k }
. 3,4243,4142L37, € 1a25374
tis e S w7 bRethzad
as a basis of Nj. More explicitly, we have

Zipy 1 = (q(i) — q(0)Ts @ Y1 ® v
+E((a—b-()1 @Y ®vE+ (a—bi(5)1 ® C1Yz @ vl),
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Z/Tg,z =(q(j) —q()) T3 @Y ® vi
+&((a—by(IR® Yo @l + (b_(j) —a)l @ C1Y; @),
Zp, 3= (q(j) —q(0)) T3 @ Ys @ v5 + &((a — b_(4))1 ® Y3 @ v}
+ V=1 (b4 () — )1 @ C1 Y3 @ v — £(1+V=1) (b1 (j) — a)1 ® C1 Y5 @ vl),
Zpya=(q() —q(@)T3 @ Yy @ vh+ &((a — by (4))1 @ Yy @ vf
VI (j) — a)l @ C1 Y3 @ vt + £(1 — V=1)(b_(j) — a)1 @ C1 YV ® v,
Wr,1 = (a(j) — o
F&(a—b_(NIRC1Y1 @ vk + (a— by ())1 @ Y2 @ vh),
Wil“g,z (q(j) — ())T3®C'1Y2®U,
+&((a= by ()1 ®C1Y2 @ vh+ (b—(j) — a)1 ® Y1 @ v),
Wi, 5 = (a(j) — a(1)) T3 ® C1Y3 @ vi + £((a — b_(j))1 ® C1Y3 ® vt
+ V104 () — @)1 @ Ys ®vi0 — 1+ V=1)(b4(j) — )1 ® Y2 @ vy 0),
Wi, 4 = (q(j) — q(i))T3 ® C1Yy @ vt + &((a — by (j))1 ® C1Yy @ vh
VI () — )l @Y @ vl 4+ £(1 — V=1)(b_(j) —a)l ® Vi @ vi),
Ziryryp = ToZiy g, = (4(G) —a() T3 @ Vi @ v+ A (1 <k <4),
Wi,y g = TaWry i = (q(4) — q(0)ToTs © C1 Y @ vp + Apps (1 <k <4).

q Z))Tg QR C1Y1 ® ’Ui

Here each A,, for 1 < m < 8 is a suitable element in span{l ® C{Y;, @ v! | k €
{1,2,3,4}, d € {0,1}, e € Z/2Z} (C M). We write Az = Y, Pl ® Y}, @ vl +
Zi:l Qrl ® C1Y, ® v% with suitable coefficients. We define €,,,, Q7 and Qwx
to be the coefficients of 1 ® Y1 @ vl in Ay, Z7, , and Wy, . respectively. Now
T3Z1,7, 3 is expanded as follows:

£+ (j) — a)(ToT3 ® Y3 @ vh + ToT3 ® Yy ® vl)
L €0.0)—a)a—b_())
q(j) — q(i)

4 4
+ZPkT3®Yk ®U%+ZQ]€T3®C1Y]€®U%
k=1 k=1

(1-V=-1)1T3 @Y1 @ vi+ (1+V-1)T2T5 ® Y2 ® v)

Thus, if T3Z7,1, 5 € Ng, then we must have
£(0+(9) — a) ~ Pz, g+ QWi
q(j) —q(u — q(j) —a(i)

)
E0) - )a=b-G) (| 11 iy
+ (q(j) — q(i )) (1 ﬁ)ZT2T3,1 +(1+ \/71)ZT2T3’2).

TSZ%2T373 = (Z%2T373 + Z&‘QT374) +
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In particular, the coeflicient of 1 ® a; ® v; o on the right hand side must be 0, in
other words

_ §0+() —a) PpQz ke + QrQwk
=0 - a0 (s +0a) +kz::1 q(j) — ad)

£ (by () — a)(a = b_(4))
(q(5) —q(3))?

Note that Qz2 = Qz3 = Qz4 = Qw1 = Qw,s = 0 and the necessary data are

4

(1 —=vV=1) + (1 +V-1)Q) = 0.

calculated as follows:

§2

0 = (0 b () (02) )
e A
0 = Y@= b a - b)),
S0y ()
Q3 (q(])iq(i))Q( b—(5))7(b+(j) — a)
3 _
Q= S0V e — b))

Qzi1=£0—b_(j), Qwa=¢£0-()—a), Qwa=E0—-V-1)(b_(j)—a),

g 0=V
P =Q3= (G = a2 3(a—b-(7)"(b+(j) — a),
—V-1¢? , .
Qs = qj)iq(z.)(bm)—a)(a—lL(J)),
CO+VDV=T o e
Qo= S ) @) - b))
EAHV=L) v Na b (i
4 G =) (0+(j) — a)(a —b-(j))-
Using them, we have
- =1

_fd=veh a— ' i) —a
= 0= q(i))g( b—(5))(b+(j) — a)
“(4(a = b-(7))(b+(5) — a) + (b+(j) — @)* + (a = b_(5))?).
Note that (a — b_(4))(b+(j) — a) = aq(j) — 2 # 0 since q(j) # £2. Thus, we have
4(a—b_(7))(b+(5) — @) + (b+(j) — @)* + (a = b-(4))* = (a(j) +4a)(q(j) — 2a) = 0.

Again, by q(j) # £2, we have q(j) + 4a = q(j) +2q(i) = 0 if T3Z7, 7, 3 € Ng. O
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Corollary 5.11. Assume q is a primitive 4l-th root of unity for1 > 3 andi,j € Z
satisfy

li—jl=1, a(j) #q(), (typeL(i),typeL(j)) = (Q,M).
Then:
(i) L(iiji) = L(iiij) = Indjg | L(iij) © L(i).
(ii) ch L(4iji) = ch L(iiij) = 6[L(:)®3 ® L(j)] 4+ 2[L(7)®? ® L(j) ® L(i)].
(i) ch L(jiii) = 6[L(j) ® L(i)®3] + 2[L(i) ® L(j) ® L(i)®2].
) )

6[L
(iv) ch L(ijii) = 2[L(i) ® L(j) ® L(i)®?] + 2[L(i)®? ® L(j) ® L(3)].

Proof. We only need to consider the cases (i,5) = (0,1), (I — 1,1 —2). In each case,
we see that ¢(4)+2¢(i) = 0 implies ¢® = 1. Thus, we have L(iiji) = Ind%;1 L(iij)®
L(4) by Lemma By the same reasoning as in Corollary we have L(iiij) &
L(iiji). Note that L(jiii) 2 L(ijii) since L(ji) 2 L(ij) by Corollary Since
€;(L(i1i7)7) = 3, we see that L(jiii) = L(iiij)°. Now it is easily seen that L(iiji) =
Ind}f! | L(iij) @ L(i). O

85.5. The case when ¢ is a primitive 8-th root of unity

Lemma 5.12. Let q be a primitive 8-th root of unity. There is a basis B =
{w1, w2} of L(01) such that wy is even and wy is odd and the matriz representa-
tions with respect to B are as follows:

10 -1 0 0 1 0 —¢? q 0
X+, XF . : : Ty : .
! (0 1)’ 2 o —1)°9 |1 o) 2 o7 o ¢

Proof. We can check by direct calculation that these matrices satisfy the defin-
ing relations of Hs. It is clearly irreducible and note that the whole space is a
simultaneous (2, —2) = (¢(0), ¢(1))-eigenspace of (X1 + X; ', Xo + X5 1). O

Corollary 5.13. We have ch L(01) = [L(0) ® L(1)] and ch L(10) = [L(1) ® L(0)].

Lemma 5.14. Let q be a primitive 8-th root of unity. We can take a basis B =
{w; | 1 <i <8} of L(001) such that w; is even and w14 is odd for 1 < i <4 and
the matriz representations with respect to B are as follows:

Myx.
X, | 0 . XFl:i—Es, X;':2Bs— Xy, X;':2Es— Xo,
O My,

o[ 0 M oL (M O
\-Me, 0 ) Uit \ 0 Mp )’
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Mp, O O O
.| © Mn O O
1o o0 My o |

0] O O My,
for1<i<2andl<j <3 where

1 0 -2 2 -1 —2¢! 0 0
0 1 29 —2¢° 2 3 0
MXI = 9 9 —1 a G ) MX2 = a 5
q 1 0 0 0 -1 2
27 —2¢° 0 1 0 0 —2¢~ ' 3
@? 0 2¢° 2¢°! 0 0 ¢ 0
0 ¢®> 2t -2 0 0 2¢t -1
MCI = 2 2 B MCz = 2 )
2q° 2q —q 0 g 0 0 0
29 2 0 —q? 2q 1 0 0
00 —1 0
0 0 0 ¢
M P pu—
Cs 1 0 o o’
0 ¢ 0 0
qs q2 —q3 -1
0 ¢¢ 0 ¢ e+q 1
M fr— M = .
n ¢ ¢ ¢ 1 = 1 0

Proof. We can check by direct calculation that these matrices satisfy the defining
relations of Hg and the whole space is a simultaneous (2,2, —2) = (¢(0), ¢(0), ¢(1))-
eigenspace of (X1 4+ X7 %, Xo + X5, X3 + X5 1). Since dim L(0?) ® L(1) = 8, by
Theorem this supermodule is irreducible. O

Corollary 5.15. Let q be a primitive 8-th root of unity. Then
ch L(001) = 2[L(0)®* ® L(1)],
ch L(010) = [L(0) ® L(1) ® L(0)],
ch L(100) = 2[L(1) ® L(0)®?].

Proof. Since ch L(001) = 2[L(0)®? ® L(1)], we have L(100) = L(001)°. Consider
M = Indgz L L(01) ® L(0). By Corollary and Lemma we have ch M =

[L(0) ® L(1) ® L(0)] + 2[L(0)®% ® L(1)]. Applying Theorem [3.11ff]), we see that
L(010) = Cosoc M with ch L(010) = [L(0) ® L(1) ® L(0)]. O

Corollary 5.16. Let ¢ be a primitive 8-th root of wunity. Then M :=
Indﬁ;L L L(001) ® L(0) is an irreducible H-supermodule.
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Proof. Take a basis {w; | 1 <4 < 8} as in Lemma Consider the following
linear transformations with respect to this basis:

0O -FE
Xj:l IEg, C42 (—E4 O4> .

We can check that the matrix representations of {Xiil, CiT; 11 <i<4,1<j
< 3} satisfy the defining relations of Hs 1. Thus, they are also matrix representa-
tions of L(001) ® L(0).

To prove that M is irreducible, it is enough to show that the Hs ;-supermodule
N := (X4+X; ' —q(0))M is not Ts-invariant as in the proof of Lemma Thus,
it is enough to show that T3Z # (Z — W)/2 where

Z = (Xu+ X, - 2T @ w) = —4T3 @ wy + 26(wy + ws),
W= (X4 + X471 - 2)T3 ® w3z = 4T3 ® ws + 25(’11)3 —wy),
TgZZ*Zf(Tg@U)l *T3®w3)*4'1®w1~
This follows from 2§ # —4. O

Corollary 5.17. Let q be a primitive 8-th root of unity. Then:

@
(ii

(iii

) L(0010) = L(0001) = Ind}*  L(001) ® L(0).

) ¢h L(0010) = ch L(0001) = 6[L(0)®* & L(1)] + 2[L(0)®? & L(1) ® L(0)].
) ch L(1000) = 6[L(1) ® L(0)®3] + 2[L(0) ® L(1) ® L(0)®?].

(iv) ch L(0100) = 2[L(0) ® L(1) ® L(0)®2] + 2[L(0)®? @ L(1) ® L(0)].

Proof. Same as the proof of Corollary O

86. Hecke—Clifford superalgebras and crystals of type Dl(2)

Recall that F'is an algebraically closed field of characteristic different from 2. From
now on, we assume that ¢ is a primitive 4/-th root of unity for [ > 2 and choose
{0,1,...,1—1} as I,. Note that ¢(0) =2 and ¢(I — 1) = —2.

; (2)
§6.1. Lie theory of type D,

Consider the Dynkin diagram and the affine Cartan matrix indexed by I, of type
Dl(z) as followsé

9 According to Kac’s notation [Kac, Table Aff 1-3], Déz) should be regarded as Agl).
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2 -2 0 0 0 0

P WS S S PG RS-t N B R R
0 1 0 0 0 2 -1 0

1=2 =0 0 0 0 12 -1
0 0 0 0o -2 2

In the rest of this section, let g be the corresponding Kac-Moody Lie algebra
and apply definitions in for A = Dl(z).

86.2. Representations of low rank affine Hecke—Clifford superalgebras

The purpose of this subsection is to show that [BKl Lemmas 5.19 and 5.20] still
hold in our setting, i.e., when ¢ is a primitive 4/-th root of unity for [ > 2. This
fact is responsible for the appearance of the Lie theory of type Dl(z).

Lemma 6.1. Let i,j € I, with |i — j| = 1. Then, for all a,b > 0 with a +b <
—(hs, ), there is a non-split short exact sequence

(13) 0= L(i**ji®") — Indyg=2  L(i%i") ® L(i) — L(i"ji**") — 0.

Moreover, for every a,b >0 with a +b < —(h;, o), we have
(14) ch L(i"§i®) = a!b![L()®* ® L(j) ® L(i)®").

Proof. is established in Corollaries and The existence of
a non-split short exact sequence follows from Lemma Theorem ,
Definition and the injectivity of the formal character map ch : Ko(RepH,,) —
Ko(Rep A,,) [BK| Theorem 5.12].

O

Lemma 6.2. Leti,j € I, with |[i—j| =1 and set n = 1—(h;, o). Then L(i"j) =
L(i"~1ji). Moreover, for every a,b > 0 with a +b = —(h;, o), we have

L(io§i*1) = |ndg;ﬁ1 L(i%i®) ® L(i) = |ndZy’:} L(i) ® L(i%ji®)
with character
al(b+ DILEH®* ® L(j) ® L(H)®D] + (o + D)WL ®T) @ L(j) ® L(i)®*].
Proof. Character formulas are established in Corollaries and The

rest of the reasoning is the same as the proof of Lemma (6.1 O

Corollary 6.3. The operators {e; : K(00) — K(oo) | i € I,} satisfy the Serre
relations, i.e.,

€;ej = €;€; Zf |Z —j| > 1,
(15) { eZe; +ej€? = 2eeje; if i—jl=1andi#0andi#1—1,
3

3e. e.e2 = 3e2¢c.e. . ]
e;e; + 3ejejef = 3efeje; +eje;  otherwise.
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Proof. By Lemma [3.24] and coassociativity of A, it is enough to check the same
relations on Ko(Rep Hz), Ko(Rep H3) and Ko (Rep H4) respectively. This is achieved
using the character formulas in Lemmas [6.1] and [6.2] O

The same argument using Lemmas [6.1| and [6.2] establishes the following [BK',
Lemma 5.23].

Lemma 6.4. Let M € Irr(RepH,,) and i,j € I, with i # j. Then the following
hold where k = —(h;, oj) and € = g;(M):

(i) There exists a unique pair (a,b) of non-negative integers with a +b =k such
that for every m > 0 we have e;(f* f;M) =m+¢e —a.
(ii) [CosocInd f;m_kM ® L(i%ji®) ﬁm]?]M] >0 form > k.
(iit) [CosocInd & ~™M @ L(i%ji®) : meEM] >0 for0<m<k<m+e.
Note that Lemma |D is equivalent to saying that
[Cosoc Ind(fE+™~*es M) @ L(i%i®) : fI"f;M] >0

for every m > 0 with k < m + €.
Keep the setting of Lemma Since there are surjections

IndeSM @ Lt %) — ferm=kgEn, Ind L(i%) @ L(ji®) — L(i%ji®)
by Theorem and Lemma respectively, we have
[CosocInd(& M @ L(i=t™ %) @ L(ji®)) : " f;M] > 0.
By Frobenius reciprocity there is a non-zero injective homomorphism

EM ® L") @ L(ji) < Resp, .y ypis [ 7M.

7

Thus, we also have a non-zero injective homomorphism

EM ® L5 70) < Resy, ..., [ f;M.
Again by Frobenius reciprocity, for every m > 0 with £ < m + ¢ we have
(16) [Resy, ... , " f; M : =t M] > 0.

86.3. Cyclotomic Hecke—Clifford superalgebra
Definition 6.5. For each positive integral weight A € P, we define a polynomial

-2
= (X1 = D200+ 100 T(XT — (i) Xy + )M,

i=1
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Note that since the canonical central element is ¢ = hg + hj_1 + Zi;? 2h;,
the degree of f* is A(c). It is clear that the set of roots of f* is a subset of
{bL(i) | i € I,} and we can easily check that f* satisfies the assumption in
Definition From now on, we apply all the constructions in §4 for R = f* and
abbreviate K (R), eZ, etc. to K()\), e}, etc. respectively.

As a corollary of Lemma we have the following characterization of
Im(infl* : B(\) — B(c0)) [BK, Corollary 6.13].

Corollary 6.6. Let A € Pt and M € B(co). We have pr* M = M if and only if
ef (M) < A(hy) for alli e I,.

Lemma 6.7. Leti,j € I, withi # j and M € lre(H-smod) such that ¢} (M) > 0.
Then @} (f}M) — ) (f}M) < 9} (M) — £} (M) — a5

Proof. Put e = e}(M) = a-:z-(inﬂA M). Apply Lemmato infi® M and take a pair
(a,b) as in Lemma H Since sj(ﬂAM) = sl(f; infl> M) = & — a, it is enough
to show that @f‘(f])‘M) < @MM) + b. Note that m > @} M) + b implies that
—a;j < m+ e since m + ¢ + a;; > ¢} (M) + (¢ — a). Thus, we have

eX(fI f;infiN M) > eX(Fm=Cinfi* M) > A(hy).

Here the first inequality follows from and the second inequality follows from

Corollary and the o-version of Lemma|3.22|(ii). Again by Corollary we have
pr i infl> M = 0 for each m > ©MM) +b, ie., gof‘(f]f\M) < pMM) +b. O

Theorem 6.8. For any M € Irr(H)-smod) and i € I, we have p} (M) —e}(M) =
(hi, X + wt(infl* M)).

Proof. By Corollary we have ¢ (1)) = A(h;). Combining this with the obvious
e}(1)) = 0 and Lemma we inductively have (M) — e}(M) < (h;, A +
wt(infI* M)). Thus, it is enough to show that

(0 (M) — g (M) + (911 (M) — &y (M) + Y 2(¢7 (M) — &} (M) = A(hi),
which is the same thing as Corollary O

Corollary 6.9. The 6-tuple (B(\), wt*, {e}}icr, . {©7 Yier,, {€) Yicr, {f{\}ie[q) 18
a g-crystal by defining wt*(M) = X + wt(infl* M) for M € B()).

§6.4. Lie-theoretic descriptions of B(co) and B())
Theorem 6.10. For each i € I, the map

Ui Boo) = B(oo) ® By, [M] = [(&7)7 M M] @ bi(—e7 (M),

2

is a crystal embedding.
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Proof. We prove \I/Z([EM}) = f]\I/Z([M]) for any ,j € I, and [M] € B(c0). In
case i # j, this follows from the o-versions of Lemma [3.22ii) & ().
Let us assume i = j and put a = £} (M). By Definition

Fqar) - {VEMI©b(a) (@) M) +a+ (i wi() > 0.
[(€5)*M] @ bi(—a—1) if &((€7)*M) +a+ (hi, wt(M)) < 0.
Comparing with the o-versions of Lemma &&, it is enough to show
*(fM) _Ja if ;((€5)*M) 4+ a+ (h;,wt(M)) > 0,
' a+1 ife((€)M) + a+ (hi,wt(M)) < 0.

Consider the case £;((€f)*M) + a + (h;,wt(M)) > 0 and take \; € P* such
that A1(h;) is large enough for any j # ¢ and A1(h;) = a. Note that M can be
regarded as an element of B(\;) by Corollary By Theorem we have

@ (prit M) = 3 (pr™t M) + (hiy A+ wt(M)) = &5(M) + a + (hi, wt(M))
> &i((€7)"M) + a+ (hi,wt(M)) > 1.

Thus, 5f(ﬁM) < Al(hi) = a by Corollary This implies &} (ﬁM) = a by the
o-version of Lemma [3.22((i).

Finally, consider the case €;((€7)*M) + a+ (h;,wt(M)) <0, i.e.,
€ ((€:)"M?) + a+ (hi, wt(M?)) = 7 ((€:)*M?) — a+ (hi, wt((€;)*M?)) < 0.

Take A\ € PT such that As(h;) is large enough for any j # i and Aa(h;) =
r+er((6)*M) for r = a—el((€;)* M) — (hi,wt((&;)*M?)) (> 0). Again (&;)* M
can be regarded as an element of B(A2) and we have

072 (pr2 ()" M7) = 32 (pr2 (€;) M) + (hy, Ao + wt((€)* M)
= (hi, A2 + wt((€;)*M7)) = a
by Theorem Combined with Corollary this implies
{exM) ef (M) = & (@) M?) < Aa(ha),
(fiM) = ef(fiM7) = ; (fF1 (@) M) > No(hi) + 1.

Thus, by Lemma [3.22)(i)), we have
61(M) = )\g(hz) =a— <hi,Wt((€i)aMU)> = —a— <hi,Wt(M)>.

Take A3 € P' such that A3(h;) is large enough for any j # i and A3(h;) = a.

Again M can be regarded as an element of B(A3) and we have

‘Pz (pr’\3 M) = 5 3 (pris M)+ (hi, Az + wt(M)) = &;,(M) + a + (h;,wt(M)) =0
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by Theorem Thus, &} (ﬁM ) > As(h;) = a by Corollary This implies
ef(fiM) = a + 1 by the o-version of Lemma 3.221(i). O

Corollary 6.11. The g-crystal B(oo) is isomorphic to B(oo).

Proof. Apply Proposition 2.7/to B = B(00) and by = [1]. O

Corollary 6.12. For each A\ € P, the g-crystal B()\) is isomorphic to B(\).

Proof. Apply Proposition 2.8 to B = B()), by = [1,] and the map
®:B(o)®Ty — B()\), [M] &ty [pr* M].

The latter is an f-strict crystal morphism since fi)‘ = prt ofi o infl* by Definition
and f; M # 0 for any M € B(oo) by Definition O

§6.5. Lie-theoretic descriptions of K(co0)p and K (\)g
Theorem 6.13. For each A\ € P*, we have the following.

(i) K(X)g has a left Ug(= (e;, fi, hi | >1-€Iq)—m0dule structure by
ei[M] = [e; M), filM] = [fM],  hi[M] = (hs, wt*(M))[M],

and it is isomorphic to the integrable highest weight Ug-module of highest
weight A with highest weight vector [1,].

(ii) The symmetric non-degenerate bilinear form (,)x on K(N)g from coin-
cides with the usual Shapovalov form satisfying ([1,],[1x])x = 1 under the
above identification.

(iif) ,,50 Ko(ProjH}) = K(X\)* C K () are two integral lattices of K(\)g con-
taining [1,] with K(\)* = U, [14] and K(X) being its dual under the Shapo-
valov form.

Proof. By and Corollary the operators {e} : K(A\) — K(\) | i € I}
satisfy the Serre relations . This implies that the operators {f : K(\)* —
K(N)* | i € I} satisfy the Serre relations by Lemma Thus, both operators
satisfy the Serre relations on K(\)g by Theorem By Corollary and
Theorem we have [e}', f] = &; jhs as operators on K (X)q. Since other relations
of (2) are immediately deduced from the definition of the action of h;, K(A)g has
a left Ug-module structure by the above actions. By Corollary e} and f are
both nilpotent operators on K (\)g. Since the action of {h; | ¢ € I,} is diagonalized
with finite-dimensional weight spaces by the definition, K ()\)g is an integrable
Ug-module. By Theorem K (Mg = Ug [1,] is a highest weight Ug-module of
highest weight A with highest weight vector [1,]. Now (ii) is a direct consequence
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of Lemma and Corollary 4.19] and (iii) is a restatement of Theorem and
Corollary [£.18] O

Theorem 6.14. There exists a graded Z-Hopf algebra isomorphism Ug =
K (0c0)* which takes elm to driry for each i € I and r > 0.

Proof. By and Corollary there exists a graded Z-algebra map 7 : Ug —
K (0c0)* which takes egr) to op,(r) for each @ € I, and r > 0. It is easily checked
that it is a graded Z-coalgebra map since dr,¢;) is mapped to d7,;) @1 +1®0(;) via
the comultiplication of K (co)*. Thus, 7 is a graded Z-Hopf algebra map by [Swe,
Lemma 4.0.4].

It is enough to show that 7 is an isomorphism of graded Z-modules. By Corol-
lary m we have a natural isomorphism lim, Ko(Hp-smod) — Ko(Rep H,,).
Combined with Theorem [£.18] this gives us

Homgz (Ko(RepHy,), Z) = lim Homgz (Ko (H;-smod), Z)

AeP+
= lim Ko(ProjHp) = lim (U;)u[12] <= (U )n,
AepP+ AepP+

where (U )5, is the set of homogeneous elements of U, of degree n via the principal
grading, i.e., deg fi(T) = r for all ¢ € I; and r > 0. The last isomorphism follows
easily from the fact (U; )n[1a] € K(N)o = Uy /> ic; Udfi)‘(h")'s_1 as shown in
Theorem [6.13] By tracing this isomorphism, we see that the graded Z-module

* AU

isomorphism K (co)* = U, is given by the composite
U, —Uf 5 K(c0)*

where U, = U, is the algebra anti-isomorphism given by f; — e; for all i € I,.
See also the proof of [BK| Theorem 7.17] in [BK’) §3]. O
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