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Abstract

Using the well-known recognition and structural theorem(s) for root-graded Lie algebras
and their universal coverings, we give a finite presentation for the universal covering
algebra of a centerless Lie torus of type X # A, C, BC'. We follow a unified approach for
the types under consideration.
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81. Introduction

The notion of a Lie torus arises in the study of extended affine Lie algebras which
are natural generalizations of finite-dimensional simple Lie algebras and affine
Lie algebras. Extended affine Lie algebras and Lie tori have been under intensive
investigation in recent years.

It is well understood that the study of an extended affine Lie algebra, in any
aspect, somehow relates to the study of its core modulo the center, called the
centerless core. Here is the place where the notion of Lie tori arises; the centerless
core of an extended affine Lie algebra is a centerless Lie torus and conversely any
centerless Lie torus is the centerless core of an extended affine Lie algebra ([Yos]).

Communicated by M. Kashiwara, Received July 15, 2009. Revised December 1, 2009.

S. Azam: School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O.
Box 19395-5746, Tehran, Iran, and Department of Mathematics, University of Isfahan, P.O. Box
81745-163, Isfahan, Iran;

e-mail: azam@sci.ui.ac.ir

H. Yamane: Department of Pure and Applied Mathematics, Graduate School of Information
Science and Technology, Osaka University, Toyonaka, Osaka, 560-0043, Japan;

e-mail: yamane@ist.osaka-u.ac. jp

M. Yousofzadeh: Department of Mathematics, University of Isfahan, P.O. Box 81745-163, Isfahan,
Iran;

e-mail: ma.yousofzadeh@sci.ui.ac.ir

© 2010 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



508 S. Azam, H. YAMANE AND M. YOUSOFZADEH

Lie tori as well as extended affine Lie algebras are defined axiomatically ([Yos],
[AABGP]), and their structures are well studied. In particular, it is known that a
Lie torus is a root graded Lie algebra, a notion which turns out to be essential in
the structure theory of extended affine Lie algebras and Lie tori.

The structure of root graded Lie algebras of reduced types is determined up
to central isogeny in [BM] and [BZ]. Namely a root graded Lie algebra is cen-
trally isogenous to a Lie algebra having a prescribed structure coming from some
known algebra constructions, including the so called generalized Tits construction
(see Section 2). We refer to these results as Recognition Theorem(s) (see Theo-
rem [2.1)). The Recognition Theorem together with several theorems from [ABG],
BZ], [AG] and [BGK] enables us to decompose the universal covering algebra 2
of the centerless core of an extended affine Lie algebra of type X = B, (¢ > 3),
Dy (¢ > 4), Es, E;, Es, Fy and G as

(%) A=GA) (Ve A™) ®&D

where G is a finite-dimensional simple Lie algebra of type X, V is an irreducible
G-module whose highest weight is the highest short root of G, A is the algebra of
Laurent polynomials in several variables, A" is the direct sum of m copies of A,
and D is a known subalgebra of 2 related to the inner derivations of the so called
coordinate algebra of 2. We do not consider type Bs in this work as the structure
theory of a root graded Lie algebra of type Bs = Cs in [BZ] and [AG] is studied
within Cy (¢ > 2)-graded algebras. A similar presentation for type C' (and also
type A) will be considered in a separate work.

In this work, we use decomposition (*) to give a nullity-free finite presenta-
tion for the universal covering of the centerless core of a Lie torus of type X #
Ay, Cy, BCy. Since the ingredients appearing in (%) and their algebra structures are
completely known (see Theorems and [2.2)), we are able to select a (finite) set
of generators for 2 and deduce a certain (finite) set of relations among them. This
then motivates the generators and defining relations of our presented Lie algebra.

There have been several attempts to present a Lie torus (up to center) by a
(finite) set of generators and relations. Historically, we may name the works of [Ka
and [MRY] for toroidal Lie algebras; [SY] and [Yam] for elliptic Lie algebras (2-
extended affine Lie algebras); and [You| for Lie tori of type By, (¢ > 3). It is worth
mentioning that the universal covering of the centerless core of a finite-dimensional
simple Lie algebra or an affine Kac-Moody Lie algebra is just itself or its derived
algebra, respectively. Therefore, for the finite or affine case the well-known Serre-
type presentation is in fact given for the universal covering of the centerless core.
This might justify why we are considering the universal covering instead of a Lie
torus itself.
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The paper is arranged as follows. In Section 2, we record some necessary back-
ground and results needed for describing the universal covering of the centerless
core of a Lie torus in the form (x). In brief, we establish some minor results re-
garding finite root systems and irreducible modules of finite-dimensional simple
Lie algebras (Lemmas 2.1}2.2)). The generalized Tits construction and basic prop-
erties of root graded Lie algebras are reviewed. The Recognition Theorem(s) from
[BM] and [BZ] regarding the structure of root graded Lie algebras are recalled,
and some results from [BGK], [AG] and [ABG] regarding the universal covering
algebras of root graded Lie algebras and Lie tori are restated. Altogether, these
enable us to deduce the decomposition (). We end the section by obtaining from
(*) a finite set of generators and a certain set of relations for 2.

In Section 3, we introduce the generators and defining relations of our pre-
sented Lie algebra £, associated to a Lie torus of type X # Ay, Cy, BCy, and deduce
certain immediate consequences, which will be essential for the proof of our main
theorem (Theorem [4.1)). For the convenience of the reader, we have shifted the
proofs of some of these results containing complicated technicalities to Section 5.
Section 4 is devoted to the proof of our Main Theorem (Theorem [4.1)): the univer-
sal covering algebra of the centerless Lie torus under consideration is isomorphic
to its corresponding presented Lie algebra L. The proof is in several steps. In step
1, we prove that L is root graded and we obtain some information regarding its
center. In the remaining steps we complete the proof for simply laced types, Fj
and G, respectively. For type By (¢ > 3), we refer the reader to [Youl, though
the proof for this type can also be deduced from our setting. This work continues
the line of research started in [You] for type B, (¢ > 3); here we have enlarged
our setting in order to have a unified approach for the types under consideration.
Needless to say, in both works the defining generators and relations of the relevant
presented Lie algebras are inspired from the algebra structures of the ingredients
involved in the decomposition ().

For non-simply laced types, our presentation depends on certain crucial re-
lations (see (2.13)—(2.15)) among some structural data which are obtained using
several Mathematica programs. These data arise from the Lie algebra structure on
ingredients in (*) (see (2.16))). For the convenience of the reader we have posted a
longer version of this paper at arXiv:math.QA /0906.0158; it contains an appendix
furnishing the detailed information about the data mentioned above.

§2. Terminology and prerequisites

Throughout this paper we suppose that R is an irreducible reduced finite root
system of type G5 or of rank greater than or equal 3 which is not of type A, C.



510 S. Azam, H. YAMANE AND M. YOUSOFZADEH

By R*, we mean R\ {0}. All vector spaces and tensor products are taken over the
field of complex numbers C. For an algebra A which is not a Lie algebra, by [a, ],
a,b € A, we mean ab — ba. If a, 8 are two elements of a unital algebra A which
is associative, alternative or Jordan, we denote by D, g the inner derivation of A
based on «, 3; we also use D4 4 to denote the subspace spanc{D, 3 | o, 8 € A}
of derivations of A [Sc.

For a positive integer v, we denote by A[,) the commutative associative algebra

of Laurent polynomials in v variables ¢1,...,¢, and we use A[Tl’j‘], for a positive
integer m, to denote the direct sum of m copies of Aj,. Also by A?y] we mean
the trivial vector space. For o = (n1,...,n,) € Z” we denote " ...t" by t°.
We also make a convention that for elements x,x1, ..., %,y of a Lie algebra, by
[Z1,. .., Zm,y] we always mean [z1, - [Tm—1, [Tm,y]] - -] In this case if m =0 we
interpret [z1, ..., Zm, y] as y; also by [z™, y] we mean [z, ..., z,y] with « appearing
m times.

In a vector space, we define Y " | --- to be zero if m = 0. For simplicity of
notation we denote the set {1,...,k} be Ji, k a positive integer. For a Lie algebra
L, by Z(L) we mean the center of £, and by a centerless Lie algebra we mean a
Lie algebra with trivial center. We start the paper by recalling some (in general)
non-associative algebra constructions and some related theorems which are of use
throughout this work.

82.1. General facts

Suppose that G is a finite-dimensional simple Lie algebra over C of type X # A,C
and of rank ¢, and R is the corresponding irreducible finite root system with a
root base A. Let R, R} [Rq] and ng [Rig] be the set of positive roots, the set
of positive short roots [the set of short roots], and the set of positive long roots
[the set of long roots], respectively. If X is simply laced we assume by convention
that ng = (. Also assume that n is the number of positive roots. We arrange the
set of positive roots as follows:

RENA R} R\A

(2.1) Oy e ey Oy Qg Ly e vy Oy e ey Oy Qg 1y - vy Oy -

Clearly if there is no long root (n, = 0), then n = n,. We may assume that «,,, is
the highest short root and a, is the highest root. For ¢ € J,,, we fix e; € G,, and
ft € G_q, such that (e, hy := [eq, fi], fi) is an sly-triple.

Using the finite-dimensional theory, one can prove the following lemma:

Lemma 2.1. (i) If Rz # 0, then Ry, C Rig + Rn.
(ii) For o € Rih, there is 0 € th such that o+ 3 € R.
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Lemma 2.2. Let W be an irreducible finite-dimensional G-module.

(i) Suppose that the highest weight of W is A € R and take II to be the set of
weights of W. Then for p € 11\ {0}, there are o, ,...,a;, € Rt such that

N

-1
Wy = g_% G, Wh o with a, #* :i:(x\ - ozir>.
1

.
(ii) Suppose that the set of weights of W coincides with the set of short weights
and consider the weight space decomposition W = Wy @ Z?;WH Cwy, in
which for ng +1 < i < ng, wi; s a weight vector of weight +ay;. Then for

ng+1 <1 < ng,
e fi-wi=2w;, € fi-firwi=2fi-w;, Ce w_;=Cfi w;
and Wy is spanned by f; - w;, ng +1 < i < /L.

Proof. (i) We use a simple argument from the finite-dimensional theory.
(ii) We first note that if 5 € II'\ {0}, then dim(W3) = 1, and if § € II and
a € R are such that o + 8 € II, then G, - Wg = Wei. Now let U(N ™) be the

universal enveloping algebra of N~ := ) _G,. Then if w is a highest vector, we
have U(N~) - w = W. Also for each 3 € R™ we have
(2.2) G_s=1G-5,,...,G-p,] for some 3; € A.

Combining these facts and using the module action yields the required expres-
sion for W, with p € R*. Note that the claim concerning «;,’s is automatically
satisfied.

Next let y € —R*. Then there is A € RT such that either y — A\ € RT or
p+ A € RY. Moreover if 4 € R, then A can be chosen as an element of R, such
that 4+ X € R. We have

W — g_(,\_,_u)'W_M if \+pu€RT,
: Grop Gu - Wyuon if\—peRT.

Now we replace W,, or W,,_ by an expression obtained from the previous step
to get the required expression for W,. Note that from the way we found this
expression for W,, it becomes clear that the claim concerning o, ’s holds. O

2.1.1. Generalized Tits construction. Let A be a unital commutative asso-
ciative algebra and assume that X is a unital algebra over A. A normalized trace
on X is an A-linear map T : X — A satisfying, for z,2’,2" € X,

T(1) =1, T(zz')=T(z'z), T((xz")z")=T(z(2'z")).
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If T is a normalized trace, the maps ¢ and * defined by

t: X x X — A; (z,y) — T(zy),

(2.3)
* 0 X XXHX) (xay) nyit(zvy)zh

are called, respectively, the trace form and the *-operator with respect to T. We
use the same symbols T', ¢ and * to denote the normalized trace, the trace form and
the corresponding *-operator for different algebras. We also have X = Al @ X,
where Xo := {z € X | T(z) = 0}. Let Der%(X) be the Lie subalgebra of the
A-derivations of X which send X to Xo. Let D be a Lie subalgebra of Der% (X)
and assume there is an A-bilinear transformation o : Xy x Xg — D which is
skew-symmetric.

Suppose now that 2 is another unital commutative associative algebra over C
and Y, Yy, D’ are similarly defined for 2(. Assume 3 : Yy x Yy — D’ is an U-bilinear
transformation which is skew-symmetric. Suppose that

[d,a(x,2')] = a(dz, ') + a(w,dz’) and [, B(y,y)] = B(dy,y') + By, d'y’)
for all z,z' € Xy, v,y € Yy, d € D and d' € D’. Then the vector space
T(X/AY/U) = (DA @ (Xo®Y)® (A D')
is an algebra over C with the anticommutative multiplication given by

[di ®ba®d]] =0, [d®b,dy®b]=][dy,ds] @bV,
[a®di,d ®dy] =ad @[d,dS),
(24) [di®bz@yl=dzrby=—[z®y,d b,
a@d,z@yl=ar®dy=—[zQy,ad],
[rey.2’ @y]=alz,2)@t(y,y) + (@x2") @ (y*y) + t(z,2") ® By,y)

for dy,dy € D, b,V € A, a,d’ € A, dy,d, € D', z,2' € Xy and y,y € Y.
This is called a generalized Tits construction. If X, Y are suitably chosen, then
T(X/A,Y/) will be a Lie algebra [BZl, Proposition 3.9].

2.1.2. Root graded Lie algebras. The main purpose of this work is to give
a finite presentation for the universal covering algebra of a Lie torus. Lie tori
are centerless cores of extended affine Lie algebras [Yos|. In [AG] and [BGK], the
authors classify the Lie tori under consideration, using the so called recognition
theorems for root graded Lie algebras. We recall here these theorems and some
related topics which will be of use in the proof of our main theorem. In what follows
we denote the 8-dimensional octonion (Cayley) algebra by €. We consider the usual
normalized trace on € and denote by € its subspace of trace zero elements. The
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algebra of inner derivations of € is known to be a finite-dimensional simple Lie
algebra of type G5. Also we denote by J the exceptional simple Jordan algebra
whose inner derivations form a finite-dimensional simple algebra of type Fy. In fact
if €343 is the algebra of 3 x 3 matrices with entries from the octonion algebra €,
then J is its subspace of self-adjoint elements, under transpose-conjugate involution
x — T, with the product z-y := (zy+yz)/2. We also consider the usual normalized
trace on J and denote the subspace of trace zero elements of J by Jo-

Definition 2.1. Suppose that G is a finite-dimensional simple Lie algebra over C
with a Cartan subalgebra H and root system R so that G has a root space de-
composition G = @HGR G, with H = Gy. An R-graded Lie algebra £ over C with
grading pair (G, H) is a Lie algebra satisfying the following conditions:

(i) £ contains G as a subalgebra,
(i) £=&D,cr Ly, where L, :={x € L] [h,z] = p(h)z for all h € H},
(iif) Lo = >, crx [Lus Lpl-

For a positive integer v, an R-graded Lie algebra £ with grading pair (G, H)
is called (R,Z")-graded if L = @,y L7 is a Z"-graded Lie algebra such that
G C LY and supp(L) := {0 € Z" | L7 # {0} } generates Z. Since G C L£°, L7 is an
H-module for o € Z" and so we have £ = D ,c g D, ez £, Where L], := LT N L,
for o € Z¥ and € R. An (R, Z")-graded Lie algebra L is called division (R,Z")-
graded if for each p € R*, 0 € Z" and 0 # z € L], there exists y € LZ] such
that modulo Z(L), [z,y] equals the unique element of H representing p through
the induced form on the dual of H. A division (R, Z")-graded Lie algebra £ with
dimg(£L]) < 1 for all 0 € Z¥ and p € R* is called a Lie v-torus or simply a Lie
torus. In this case the set {a + 0 | a € R, 0 € Z¥, L # {0}} C spang R & Z" is
called the root system of L. For p € R*, define S, := {0 € Z" | L], # {0}}; by
[Yos, Theorem 1.5], S, = S, if p and v have the same length. If two root lengths
occur, we set S := S, for any choice of a short root ;1 and L := S, for any choice
of a long root v and call (S, L) the corresponding pair of L.

Definition 2.2. Let B be a unital commutative associative algebra, YW be a B-
module and g : Wx W — B be a symmetric B-bilinear form on W. Then J(W) :=
B1 ® W with the multiplication, for w,w’ € W, b,b’ € B,

(b1 +w) - (M1 +w') =bb'1 + g(w,w' )1 + bw' + bw
is a Jordan algebra called the Clifford Jordan algebra of g.

Definition 2.3. Two perfect Lie algebras are said to be centrally isogenous if they
have the same universal covering algebra, up to isomorphism.
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Theorem 2.1 (Recognition Theorem). Let £ be an R-graded Lie algebra with

grading pair (G, H).

(i)
(i)

(iii)

(BBM]) If R is simply laced, there is a commutative associative unital algebra
A such that L is centrally isogenous with G @ A.

(IBZ)) If R is of type By, £ > 3, there exists a unital commutative associative
algebra A and a unital A-module B with a symmetric A-bilinear form (-,-) :
B x B — A such that L is centrally isogenous with

T(J(V)/C,J(B)/A) = (G A)® (V& B)® Ds).in)

where V is the (20+1)-dimensional vector space equipped with a non-degenerate
symmetric bilinear form with respect to which the set of skew-symmetric en-
domorphisms of V is isomorphic to G.

(IBZ)) If R is of type Ga, then there is a unital commutative associative algebra
A and a unital Jordan algebra J over A having a normalized trace T satisfying
the identity

chs(y) == y* 3T (»)y*+ (3T (y)* = 3T(*)y+(T(y*) - 5T (") T (y)+3T(y)*)1 = 0

(iv)

such that L is centrally isogenous with
T(¢/C,J/A) = (G A) @ (€@ Jy) @ Dy y

where €y and Jy are the trace zero elements of the octonion algebra € and J
respectively.

(IBZ)) If R is of type Fy, there exists a unital commutative associative algebra
A and a unital alternative algebra A over A having a normalized trace T
satisfying the identity

cha(y) := y* = 2T (y)y + (2T (y)* — T(y*))1 = 0
such that L is centrally isogenous with

T(J/C,A/A) = (G® A) & (Jo® Ay) ® Daa,
where Ag is the subspace of trace zero elements of A.

Let £ be any R-graded Lie algebra. By the Recognition Theorem (and its

proof), we know that £ has a decomposition as

GeA)e(VeB) @D

so that G®1 is identified with G of Definition[2.1(i), where V is the irreducible finite-
dimensional G-module whose highest weight is the highest short root, equipped
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with a normalized trace, and D is a subalgebra of L. Also A, B are two vector
spaces, with B = 0 in simply laced cases, such that a := A® B is an algebra which
we refer to as the coordinate algebra of L (see [BGKN]|, [BM]). It is noticeable that
using (2.4), one can see that Z(£) C D, and £L/Z(L) is centerless as L is perfect.

Theorem 2.2 (JABG| Theorem 4.13]). Let L = (GR A) (V@ B) ® Dy q be a
centerless R-graded Lie algebra where a = A @ B is the coordinate algebra of L.
Take s to be the subspace of a ® a spanned by the elements of the form

(a@pf)+(Bea), (Be7)+ @)+ (ya®p), a®b
forae A, be B, a,(,y € a. Consider the factor space
{a,a} :=(a®a)/s

and for o, B8 € a, let {a, B} denote (a« ® B) + s in {a,a}. Set L= GeA)o (Ve
B) @ {a,a}. Define a multiplication on L by
[t ®a,z’ ®d]=[r,2'] ®ad + k(z,2"){a,d’},
[T®a,v@b=2v®ab=—[v®b,z® d],
(2.5) [z @a,{e,a'}] =0=-[{a,0'},z®ad],
' [0 @b, v @] = Dy @t(b,b) + (vx0") @ (b*b") + t(v,0"){b, '},
Ha,d'}v®b] =v® Dy b= —[v®b,{a,a'}],
{a,a'}, {8, 8"} = {Da,a 8, 8"} + {B, Dav,ar '},
forx,x' € G, a,a € A, v,v' €V, bb € B and a,a’, 3,5 € a where k denotes the
Killing form of G. Also consider the map 7 : L—L given by rt®a — rQ®a; u®b —
u®b; {a,a'} — Dgy o . Then (L, #) is the universal covering algebra of L.

To state the next theorem, we need to recall some algebras from [BGKN] and
[AABGP]. For 1 < p < 3 with p < v, take Ag to be Ap,) and

.Ap = .Ap_1 D .Ap_1$L‘p

to be the algebra obtained from A,_; using the Cayley—Dickson process with

The last one is called the Cayley torus (or octonion torus). We mention that
the Cayley torus is alternative but not associative; the center and the nucleus
of this algebra coincide with Ap,;. We know that A, is a subalgebra of A, for
1 < p < 3. Moreover these four algebras are algebras over A, in fact they are free
Ap-modules. Next note that for 1 < < 8, there exist unique s1, 52,53 € {0,1}
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such that ¢ = 1 + s1 + 259 + 4s3. Take w; := (z7'25?)x5®. Then {w; | 1 <i < 2P}
is an Ajp,j-basis for Ay, 0 < p < 3. We consider the normalized trace

op
(2.6) T: Ap — A[u]§ Zriwi =T,

i=1
on A,, 0 <p <3, and define ¢ and * to be as before.

Next take Jp := A},), J1 to be the commutative associative algebra over Ay,
with generator x; subject to the relation x? = t1, and J> to be the plus algebra
of the associative algebra over A, generated by 1,2 subject to the relations
23 =ty 23 = to, ;119 = 2™ 3xoxy. Let T3 := Jo © (Jo - 23) ® (Jo - 22) be the
Jordan algebra obtained from J»> using Tits’ first Jordan algebra construction [J}
Chapter IX] with 23 = t3. We mention that whenever we use Ip, 1 <p <3, we
assume p < v.

One sees that for 1 < ¢ < 27, there exist unique si, 52,83 € {0,1,2} such
that ¢ = 1+ s1 + 3s2 + 9s3. Take w; := (z* - x3?) - x5, Then {w; | 1 < i < 3P}
is an Ap,-basis for J,, 0 < p < 3. Define the following normalized trace on 7,
0<p<3:

317
(2.7 T:Tp— App; Zriwi — T

i=1
Theorem 2.3. Let L be the centerless core of an extended affine Lie algebra of
type R. Taking G to be a finite-dimensional simple Lie algebra of type R, L is
isomorphic to one of the following:

(i) (IBGK]) G ® A, if R is simply laced.

(ii) ([AG]) T(J(V)/C,J(A])/Aw) if R is of type By (€ > 3), where V is the
20 + 1-dimensional vector space having a symmetric non-degenerate bilinear
form with respect to which the set of skew-symmetric endomorphisms of V is

isomorphic to G and J(AF;‘]) 1s the Clifford Jordan algebra with respect to the
symmetric Ap,-bilinear form on AE}] given by

g: AEZ] X A’E’Z] — A[V],

m m m
g( Z Ay Wy, Z brwr) = Z arbt™
r=1 r=1 r=1

where 1o, ..., Tm € Z¥ satisfy 1o = 0 and 7.%#7s (mod 2Z") for 0 < s £ r < m.
Moreover the root system of L is of the form (S +S)U (Rsn +5) U (Rig +2Z")
where S = ;o (22" + 7;). (Here {wy, ..., wn} is the standard basis of Ap,
as a free Ap,j-module.)

(2.8)
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(iii) ([AG]) T(3/C,C/A,)) if R is of type Fy, where C = A, for some 0 < p < 3.
Moreover, if C = A,, 0 < p < 3, then the root system of L is Z U (Rsn + 2" )U
(Rig + (2ZP @ ZV77)).

(iv) ([AG]) T(¢/C,T/Ay,) if R is of type G, where T = J,, for some 0 < p < 3.
Moreover, if T = Jp, 0 < p < 3, then the root system of L is Z" U (Rsn +2Z")U
(Rig + (322 & 277)).

Remark. Using the same notation as before, if a = A@® B is the coordinate algebra
of a Lie torus £ with the universal covering algebra 2, one sees from [BZ] that A is
a subset of the associative center of a and so implies that {4, A} = {{a,d'} |
a,a’ € A} C Z(A).

§2.2. Induced relations

As before we assume that R is a finite irreducible reduced root system of type
X # A,C. Let L be a centerless Lie v-torus of type R and 2 be its universal
covering algebra. Using [Yos, Theorem 7.3], we identify £ with the centerless core
of an extended affine Lie algebra and so by Theorems and we may write

(2.9) A=(GeAy)e (Ve Ay)&D

for some non-negative integer m, where G is a finite-dimensional simple Lie algebra
of type X, V is an irreducible G-module whose highest weight is the highest short
root of G, and D is a known subalgebra of 2. We remark that if X is simply laced,
we have by convention m = 0 and so the middle part in vanishes. Since the
ingredients appearing in and their algebra structures are completely known
(see [BGK], [AG] and [ABG]), we are able to select a set of generators for 2 and
deduce certain relations among them which in turn motivate the generators and
defining relations of a presented Lie algebra (isomorphic to 2() which we define in
the next section.

EA=> cr%a, G =2 1crGaand V= (3 cr Va)® W, are the corre-
sponding weight space decompositions of 2, G and V respectively, then

ga ® A[l/] if o € ng7
(2.10) Ao = (Ga @A) & Va @ AfY) if a € R,
ZﬁeRx[ng,Ql_ﬁ] if a =0.

It is known that if X is not simply laced, then G is the set of inner derivations of
an algebra equipped with a normalized trace T', and that V is the set of zeros of this
trace. We fix a highest weight vector v := v, of V. Next using Proposition i),
we ﬁxj{,...,jf“,ki,...,k;; € Jy, ng +1 <t < ng, such that

(211) Ut 1= [fj{,"'afjitav] and v—t:[fkﬁv"'afk;,vv]
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are non-zero elements of V,, and V_,, respectively. Then

Ns

v=( P cvu)ow,

t=ne+1

where V) is the corresponding zero weight space. We recall the trace form ¢ as in
(2.3) and ask the reader to check that

(2.12) t(Vn,,v+i) =0  (ng+1<i<ng—1).

Now consider the coordinate algebra a = Ap,) @ Afﬁ] of L. Using Theorem
we find that A?VL is the kernel of a normalized trace T' of a. We recall the trace
form #(-,-) : a x a — Ap), t(z,y) := T(zy), and the operator * : a x a — Ap,
defined by z xy := zy — t(z,y)1. Let {w, | 1 < r < m} be the standard basis for
the Ap,j-module A’[Z]. Then one observes that for 1 < r,s < m, there are unique
constants a,s,a, ; € C, t, s € J,, and unique v-tuples o, 5,0, ; € Z¥ with

Or,s = Os,ry tr,s = ts,r7 Ar s = —Qgr for type F4a
(2.13) ars = as, for type B, Ga,
(1= 60 )y Opstins =0 and (1= b,y + Gyl 0

satisfying
(2.14) t(wy, ws) = a;,,st":“’s and  wy * wy = ap 7wy, .

We set

/ /
DC = {a’l“,svarﬁsva-’l“,svo-rﬁ?tr,s ‘ T,S € Jm}

We consider ©, as a data-set for the coordinate algebra a of L. In fact, as {w; |
i € Jm} is an Ap)-basis for AE’,}], and also the x-operator and (-, -) are Ap,j-bilinear,
the data in D, completely describe the structure of a = Ap,; ® A’[”’;‘].

Next for ny+1 <1 < ng—1, define ¢/, € J,, and ny +1 < t; < n, as follows.
If v, £ «; is a root, take t,; to be such that a,, £ a; = Qi and n otherwise.
Also if a;,, — a4 is a short root, take ¢; to be such that o, — a; = ay,, and n,
otherwise. One observes that there are my,;, m/,; € C with m/_;, =0 and my,;, =0
if aupp, = @ is not a root or a short root respectively such that

/
(2.15) Ao, ve: = My, and vy, * Vg = MV,

We set
@m = {t;:iati7mii7m/j:i | g + 1 S i S Ns — 1}

We draw the attention of the reader to the fact that the data appearing in ©,,, are
derived from the structure of the G-module V. We next take C' to be the Cartan
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matrix of R with respect to A and call
(2.16) D :=(C, D, Do)

the structural data associated to L.
Now let z1,...,z, € H and ¥i,...,y, be some non-zero root vectors of G.
- - o __ %1 +1 :
Let ji,...,jp € Jo and set ¢7 = ¢ ---;'. Then it follows from (2.5) that, for
1<i<m,

+1

+1
q ]
1 ®1,...,9y ®@Lz1 @t ..., 1t en ®1]

(2.17) =[Y1, 1 Yq, T1, ..., Tp, €n| L7,
11 ®1,...,y,® 1,11 ®ti17...,xp®til,vns ® w;]

o
=Y1.YgT1 . TpUn, @ L7 w;.

Next suppose that {e;, fi,h; | ¢ € Jo} is a set of Chevalley generators for G.
We claim that

(2.18) {e:®1,f;®@1L,h@1Lh; @t v w | i€y, j €y t€Jn}

is a generating set for 2 (recall that v = v, ). Indeed, using , it is enough
to show that (G ® Ap)) ® (V ® Ap)) is generated by this set. We show V ® Af,
is generated by the set ; a similar argument works for G ® Aj,). Consider a
generating element v ® t7w; of the vector space V ® AFZ] where i € J,, and 0 € Z"

with t¢ = tjill . .til for some ji,...,j, € J,. It is known that v can be written as
a linear combination of elements of the form f;, ... f; vy, for some iy,...,i4 € Jy.
So without loss of generality, we assume iy,...,i, € Jp and v = f;, ... fi Un,.

Next we take z1,...,2, € H such that an, (1) #0,...,a,,(zp) # 0, so there is
r € C\ {0} such that v,, =7rz1...2pv,,. So by (2.17), we have

v tTwi = fi, ... fi,Un, @tTwi =1fi o fi T TpUn, @ T W4

:T[fh ®17--~7fiq ®1,$1®tji11,,..,.1‘p®tjipl7vns ®wi]-

This proves the claim.
For ng+1 <i<ns,—landr,s € Jy, take 0, 5,0, o € Z¥, My, mly;, ar 5,0, €

TS

C,thy; € Jn, trs € Iy e +1 < t; <ngand my,m/y; € Casin (2.14) and (2.15).
Using (2.5 and (2.12]), one sees that

(219)  [vn, ® wr,vii @ ws] = (M0, ey, © t7rs) + (i vy, ® t7Trwy, ).

Following [You], we call this kind of relations basic short part relations.
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Next let @ € R*, 8 € Ran, To € Go and vg € V3. Then (2.5) implies that for
i,7 € Jy, j € J, and s € J,,, the following relations are satisfied in 2, the universal
covering algebra of L:

[a(he) (hi @ £71) = a(hy) (hy @ E1), 20 ® 1] = 0,
[B(he)(hi @ 571) = B(hi) (hy @ £571), 05 @ ws] = 0,

to which we refer as quasi-diagonal relations, and also

[hr @ tj,h; @ tj_l,x ® 1] = alh)a(h )z @1,
[hr ®tj7 hl ® t;17y ®w8] = 5(h1)/8(h7“)y ®U}5,

that we refer to as canceling relations.

83. A generic presentation

From now on we fix a centerless Lie torus £ of type X # A, C, BC and we let 2
be its universal covering algebra. Let © be the structural data associated to L.
In this section, starting from ®, we introduce a presented Lie algebra L= Z(@),
called the presented Lie algebra associated to L (or ©). The main objective of this
work is to show that £ is isomorphic to .

We use the same notation as in Section [2l In particular, we let G be the
finite-dimensional simple Lie algebra of rank ¢ corresponding to the Cartan matrix
C = (c¢;,5). Let H be a fixed Cartan subalgebra of G and (-, -) be the Killing form
of G. We recall that R is the root system of G and A is a base of R. Also V is
an irreducible G-module whose highest weight is the highest short root. We keep
the same arrangement for roots as in . Throughout this work, by («a, 3), for
roots «, 8 € R with 8 # 0, we mean 2(«, 3)/(8,5). Let m be a non-negative
integer which we take to be zero if R is simply laced. Whenever we use expressions
containing a letter with subscripts going through {1,...,m}, we understand that
we are in the case m # 0. Now for a non-negative integer v, let £ be the Lie
algebra defined by 3¢ + m + fv generators

(3.1) {ei,fi,hi,hi v i€ Jy, 1 € I, a € J,Y

2,47

subject to the following relations (we collect our relations, depending on their
nature, in groups (R1)-(R9) below and give a name to some of these groups,
based on the role which they play):

Serre’s relations:
(hishi] =0, leq, fj] = 0ijhi,  [hisej] = cjies,  [his fi] = —c¢jifj,

(B1) (ade;) "l (e;) =0, (adfi)" " (f) =0; i,5€ Jo
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Highest short weight relations:
e, v"] =0, [hs,v"] = (am,, ai)v",

[f_(o‘ns’ai>+1),u7'] — O7 Z c Jé, r e ]m

K2

(R2)

Since {e;, fi, hi}i_, satisfies Serre’s relations, the subalgebra of L generated
by the 3¢ elements {e;, fi, hi | ¢ € Jp} is a finite-dimensional simple Lie algebra of
the same type as R [H, Theorem 18.3]. So we identify this subalgebra with the Lie
algebra G as in Subsection 2.1 with Cartan subalgebra H = EBier Ch;, and the
corresponding root system R. This then also allows us to identify the 3¢ generators
€i, fis hi, © € Jy, here with the corresponding elements in Subsection 2.1. Next let
/+1<4i<n and use Lemma (1) to fix ji,...,jn, € Jp such that

(32) €; = [fjl’ ceey fj”i , en]
is a non-zero element of G,,. For a € J,, define
(3.3) €5y =i s fi i en].

Next we set
H:= span(c{hfa i€ Jy,acd},
(3.4) Zn = spanc{[h;,, hiy] | 1,5 € Jo, a,b € T},
Sg = spanc{ei,fi,hi,hfa,vr lieJy,acd,rednt
We also note that using (R2), one concludes that, for r € J,,,, the G-submodule V"

of £ generated by v" is an irreducible G-module whose highest weight is the highest
short root a,_, of R (see [H, Theorem 21.4]). Considering (2.11]), we set

(3.5) v = [fye, o fi 0" and Wl = (i Ji, U]

Now we have the weight space decomposition

ns

V' = @ (i) eV,

t=ng+1

where V) is the corresponding zero weight space.
For h = Zle r;h; € H and a € J,, take

0
(3.6) hi=Y rh¥,
=1

and for £ +1 <t <n, set
hi, = (he)E.
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Let o = (my,...,my) € Z. We call |o| := Y_;_, |my| the normof 5. Let o # 0
and 1 <4y <--- <1, <wbealli; € J, for which m;; # 0. Then |o| = >70_, |m;,|.
For 1 <t < n, we set

n(m;, ) n(m;,) sgn(m;,,) sgn(m;, )
(3.7) b = (hes VL by Vo he )
[may | [m, |
where sgn(m) for m € Z is the sign of m. In fact by = (b1,...,b],) where for
ke J‘U|,

bt L h?,_ia if m;, > O7
"l h, ifmg, <O,

tia

in which a is the unique element of {1,...,p} with

a—1 a
LD lme | i<y Imgl.
j=1 j=1

We also set b := (hy1,h). We call b, := b7 the norm-tuple of o.

Convention 3.1. For o € Z", we denote the norm-tuple of o by b, = (b7,...,b7 )
and by (by,...,b|) if there is no confusion. For h € H, if i € .J|,|, define h"? to
be ht (see (3.6)) if by = hia for some a € J,. Also with an abuse of notation we
write

[rbL, z] == [rb},... beﬂ,x] (teJ,, zel, reC).

We now introduce some more relations:

(R3)  [ef, fil=hiy; i€y ac,.

(R4)  [H,/H]={0}, [Sy, Zn] = {0}.

(R5) [<ata04j>hfa - <04t,061'>hji,a,@€t +Cfi]=0; a€cd,, i,j€JyteJy.

Canceling relations:

(R6) (i s et = (an, ai){on, ag)er,  [hi g bl g, fil = (o, ai){ow, ) fis
a€ Jy,i,5,te J,.

We consider to define our next two sets of relations:

RT)  [an, a)h¥, — (o, 0n)h¥,, CoL,] = 0
acJ,,re€dn,1,) €Jy,ne+1<t<ng.
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Canceling module relations:

(RS) [hi_,avhj:avvrit] = <at’ai><at7aj>v?tt;
ac€Jy, i, €dp,r €dm, e+ 1<t < ng.

Finally we recall (2.19) and (3.7) to state our last set of relations:

Basic short part relations:

tr,s]
b

’
r .8 / / 1t 1t
(Rg) [U ) Uii] = miiar,s[Ebg;_: ; et’ii} + miiar,s[§ b(;,m y Ut
s € JJp,np+1<i<n;—1.

Remark. Tt is known that (o, oj) = ay(h;) for i,5 € J,, so we may use relations
(R1)—(R9) with c;(h;) instead of (a;, a;).

Definition 3.1. Starting from a centerless Lie torus £ with the structural data ®,
we call the Lie algebra £ defined by generators (3.1)) and relations (R1)-(R9) the
presented Lie algebra associated to L (or D).

We are now ready to state our main theorem.

Main Theorem. Let L be a centerless Lie torus of type X # A,C, BC with the
universal covering A, and associated presented Lie algebra L. Then £ = 2A. In
particular A is a finitely presented Lie algebra.

In the remaining part of this section we establish several results which are
needed prior to the proof of the main theorem. The proof proper will be presented
in Section {4} An outline of the proof is as follows. We first show that £ as a G-
module (G is a subalgebra of £) is a direct sum of irreducible G-modules whose
highest weights belong to R. We then use this to show that £ is an R-graded Lie
algebra. Using the fact that both £ and 2 are R-graded Lie algebras and invoking
the structure of R-graded Lie algebras, we prove that L is a central extension of 2,
and finally we prove that 2 is isomorphic to £.

We recall that 2 is generated by and so one can easily deduce from
Subsection 2.2 that there exists a Lie algebra epimorphism v : £ — 2 as follows:

ei—e®1,  firm fi®l, him—h®1,

(3.8)
hfa »—>hi®taﬂ, v Uy, @ Wy

a€ Jy, i€y, € Jp.
We shall prove 1 is an isomorphism. From now on we fix o = (mq,...,m,) € Z”
and associate to o the following elements of L:

(3.9) s = [3bs,en], V) :i=[bs,v"]; 7€ Jy (see Convention [3.1)).

o
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Using (R6) and (R8), we have
eo =e, and vj=7v".
Now considering £ as a G-module, we set
(3.10) G, := the G-submodule ofL: generated by e,
V7 := the G-submodule of £ generated by v,.

Proposition 3.1. For a« € R*, set
E() - ga + Z:ﬂnzl V(; ZfO[ € Rshv
@ Ga ifa € ng.
(i) Recall (3.6) and let a € J,, z,y € H and t € J,,. Then

[oe(@)ya — ae(y)zy, Lq,] = {0}
in particular if x € H is such that ay(x) = 0, then [zF, iat] = {0}.

(ii) Let p € Z°°, ay,...,ap € J,, and t € J,, and suppose that z;,y; € H are
such that a(y;) # 0 for j € J,. Then for e € ‘C(:)tau we have

(213, ( H (@) /ay)ly)a;s - Wp)a, €]

with the same sign in (mj)fj and (yj)aj forj e Jp.

(iii) Let p,q € Z”Y, Sap, b, by € Jy, and t,t' € J, with t # t', and
suppose that mJ,yj € H Jj € Jp, are such that oy (y;) # 0 and oy (y;) = 0.
Then for z; € H with cy(z;) =0, j € Jy, e € Eia and f € Eia ., we have

[[(21)i7 AR (zq)i>f]’ [(‘Tl)fﬂ AR (xp)tfy 6]]
= H(at(xj)/at(yj))[(m)i,~--a(Zq)biqv W)ays- s (Wp)a s L e]]

with the same sign in (x;)E a, and (y E a, for j € Jp.

Proof. (i) The first expression is immediate using (R5) and (R7). For the second
expression, we note that as a; # 0, one finds y € H such that a;(y) # 0. Now the
statement holds by considering the first expression.

(ii) Using (i), we have for all j € J,,,

[z €] = (o) /e (y;) (), - €]-

Now we are done using the Jacobi identity together with (R4).
(iii) Using (i), we deduce that for all i € J, and j € Jg, [(y:)E,f] = 0
and [(zj)bij,e] = 0. Now (R4) together with the Jacobi identity implies that
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[[(zl)i,...,(zq)i,f],(yi)i} = 0 for all ¢ € J,. Also using (ii), we can replace
(z0)Z...., (xp)fztp, e] with an expression as on the right hand side of the display

appearing in (ii). Now we are done using these together with the Jacobi iden-
tity. 0

The following proposition determines, up to isomorphism, the modules G, and

V7 appearing in (3.10).

Proposition 3.2. (i) G, is an irreducible finite-dimensional G-module with high-
est pair (eqg, ap). In fact, G, =2 G as G-modules.

(ii) Forr € Jp, V7 is an irreducible finite-dimensional G-module with highest pair
(v, an,). In fact, VI =V as G-modules.

Proof. (i) From (3.8)), one can see that ¢(e,) = e, ® t7 # 0. Therefore e, # 0.
Thus by [H, Theorem 21.4], it is enough to show that, for all i € J,

(3.11) iy €] = an(hi)es, leies] =0,  [f2")F e ] = 0.

K3

Fix ¢ € J;,. We first note that the equalities in hold for ¢ = 0 as e, is
a maximal vector in the G-module G. Now let ¢ be non-zero with norm-tuple
by = (b1,...,b)4). Considering Convention one deduces from (R4) together
with (an iterated use of) the Jacobi identity that

[hi, eq] = [P, [%ba,en]] = 7[%bg, [en, hi]] = an(h;)es.

To prove the next two equalities in (3.11)), we use induction on |o|. Assume
0 # o is non-zero with [e;,e,] =0 = [f" M e,]. We are done if we show that
for ag € J,,

eol] = 0= [ff T LRt el

[ei’ [%hi i 2'""n,a0’

n,aqp’
Since v, and «; are not proportional, there exists x € H such that «,(z) # 0 and
() = 0. Therefore using (R4) and Proposition [3.1](i), we have

[lhi 60] S (C[-Tfoa ea] and [x(:ztoaei] =0.

2'"n,aq?
Now using these together with the Jacobi identity and the induction hypothesis,

we get

(€3, [3Pir a0 €01] € Cles, [23,, eal] = Cllzg, €], e0] = 0 = [[25;, fil, o]

2'"n,a9’ ag? ap?
and

T R gvea] € CLE M 0 eo] = Cla, £ eg] = 0.

1 » 2'"n,a0? 1 yag

(ii) Use an argument analogous to the one in (i). O
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Using Proposition i), one concludes that there exists a G-module isomor-
phism ¢, : G — G, mapping e, to e,. Therefore G, admits a weight space de-
composition Go =3 (Gs)y, Where (G5)y = ¢5(Gy), v € R. For a € J,,, we set

(3.12) oy :=(0,...,0, £1,0,...,0) and @F = +.

a-th

From we have pF(e,) = gt = [k, en]. Now considering , and

(R3) we have, for i € Jp and a € J,,
(3.13) efa = gof(ei) and hii’a = goai(hl)
Next set, fort € J,,a € J, and £ +1 < j <m,

€to ‘= @U(et% ft,o = Wa(ft)a ht,a = @o(ht)v
(314) + + + + +
ft,a = $q (ft)? ej,a = Pa (ej)7 hj,a =P (hj)
and finally set

(3.15) Z = spanc{|[hi o, hir) | i € Jy, 0,7 € Z"}.

We next note that as ¢,, o € Z¥, is a G-module isomorphism and [e;, f;] = 0; jhs,
i,j € Jy, we get, for a € J, and i,j € Jy,

(3.16) [€io, 5] = —[fi,or€5] = 0i jhio.

Now let r € J,,,. Then Proposition ii) guarantees the existence of a G-
module isomorphism

(3.17) Yy 2V — V. such that v =wv,_ — v, (see (3.9)).
Set 1, == 1§. Since ¢, (v) = 0", (2.11)) and (3.5) imply that
(3.18) Vi, =Ur(vae); me+ 1<t <mn,

Also as V] is an irreducible finite-dimensional G-module of highest weight a,_, we
have

Ns

Vo=W5)o® @ (VI)4¢ where
(3.19) —

Vo)t = Vo)sa, = Cug 4y Vg ay = Pp(ve); ne+ 1<t <.

Proposition 3.3. Lett € J, and a = tay. Suppose for j € Jo|, v; € H is such
that a(z;) # 0. For j € J),), recall Convention and set cj := (z;)7°. Then for



A FINITE PRESENTATION OF UNIVERSAL COVERINGS OF LIE TORI 527
e € LY (see Proposition , we have

1 [C c 6] — 300'(6) Zf@ € gOé’
H\U\ (a(z;)) Lo el Yr(e) ife€ V. for somer € Jp,.

Proof. Using Proposition (ii) it is enough to show that the right hand side of
|o],o

the expression equals [yi’a, Yl e] for some y1,...,y, € H with a(y;) =1,
1€ J‘U‘. Take

vi=e, and A:=q, ifecG,,
v:=2" and X :=ay,_ if e € V] for some r € Jp,.

Using Lemma i), we may suppose e = [fiy>-++» fiy,v] where p € N, iy,... 4,
€ J, and for q € Jp, o, # £(A Zr 1 L),

For1<g< < P, i, #F (A~ Zq 1 @i,), 80 there is -, € H such that o, (24) =0
and (A — > azr)(mq) = 1. Now we recall Convention and note that Propo-
sition 3.1(i) implies that [fiq,xf]*g] = 0, 7 € Jjs|. So invoking Proposition ii)
together with the Jacobi identity, we get

[fiqvfr'é’aw"7x‘(la"gvfiq717"'7fi1av] = ['T’é’gv"'? ‘J"J’fiq’fiqfw"'7f’i1av]

if g# 1,
]ip[xqflv"' 1101717fiq7fiq—15"'7fi17v}'

Using this repeatedly, one has

[x;’”, o 796‘;" el = [a: T ,$L0|’07fip7 ey figs 0]
1,
[flp> "7fi17x10-7' x‘lo-l ,’U]
[f1p7"'7fi1360] ifeegcu
(fiys-- s fin,vp] if e € V] for some r € Jp,.
Now we are done as ¢, and v are G-module homomorphisms. O

Recall from Section [2] that we have fixed a specific order for (simple) roots, in
terms of their lengths. Accordingly, for type Fy, we consider the following funda-
mental system:

(3.20) {on =ey —e3,00 =3 — 4,03 = 4,04 = (1 — €2 — €3 — €4)},

where as usual €;’s are the standard orthogonal basis for R*. Using the module

theory for type Fy, we may find complex numbers a, b, a’, V', a¥, by, alj, b}j satisfying
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(afal + Vja)b = ~(ad! +¥{b)a,  (ala’ + Bla)t' = —(a¥/ + VD),
t(a' f3-vs+afs-va, b f3-v3+bfs-vg) =1,
(a'f3-v3+afy-vy)*x (V' fs-v3s+b, fa-v4) =0,
ei- (fz-v3) = aé’ui, e (fa-va) = bé”Uia
where 3 < ¢ < 4 and t is the trace form introduced in Section [2l We then define

TS . [al[ffi, ’U;,3} + a[f47 02,4]7 b/[f3, Ui,:i} + b[f47 Uf—,4” for type Fy,
T [[féa 7};7@]7 [f47 Uig]] Otherwise,

where r, s € J,, and 0,7 € Z”. Now set

(3.21)

(3.22) D :=spanc{Dy5 | 1,5 € Jmm, 0,7 € Z"}.

In Propositions and below, we prove several crucial relations among
the elements of £, which reveal the algebra structure between parts G, VI, D and

Z (see , (3.15) and (3.22)) of L. Since the proofs of these two propositions

are quite technical and a bit long, we postpone them until Section [5

Proposition 3.4. Letr € J,,,a € J,,i#j € Jy ando, 7 € Z¥. Set 7+ = 740,.
Then considering (3.14), we have

( ) [62 75 €4, a] 0= [fi,'rvfi,a]a

(11) [ez,a ] = az(hj)ei,a+7' and [fi,aa hj,r] = ai(hj)fi,o+7'a

111) [h T z a] [hzia7 el,"’] = 2€Z TEa and [hi,Ta z%za] = [hii’a, i’-,—} == _2fi,7—iaa
(iv) [ o] = (i(hy)/2)[hE 0 hio),

(V) [eziaa fZ T] - [hlia’ hz 7-] + h»i’,,—ia,

(vi) [o" ] = —ay, (hi)vh, in particular

[hi,0'7 hi,T) 'UT] = [hi,Ta hi,07 ’UT]-

Proposition 3.5. For a € H*\ {0}, 0 € Z” and r € J,,, define (Gy)o and (V5)4
to be zero if a is mot a root or a short root respectively. Let o, 7 € Z¥, r,s € Jp,
and t € J,. Then we have:

) [H,i > (Go)ia| € Z 3" (Go)ta,-

t'=10€z t'=10€Z”
(ii) [v", (Go)xa] € (V5)tartan, and [v7,(Gs)o] S (V5)an,-
(iii) [H, (V7)ol = {0}
) B v e > v
p=16€zv p=16€2¥
(v) [v,00] =0.
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(vi) For a € Ry U {0} \ {xa,}, we have

[v*, (V5)a] © Z (Gs)atan, + Z Z (V(Zs))aJranS'

SELY 1<p<m b€z~

Moreover only the first [second]| summation on the right hand side occurs if
r=s[r#s.
(vi)) [v', 05, 1S Y (Gsho+ D D> (Vo +D.

sezv 1<k<m §€Z¥

(viii) (", D] C YD V5.
k=13€z”
(ix) [H,D] = {0}.
(x) D is a trivial G-module.

(xi) Considering (3.15), we have Z C Z(L).

8§4. Main theorem

In this section we state and prove the main theorem of this work. The notation
and terminology will be as in the previous sections.

Theorem 4.1 (Main Theorem). Let £ be a centerless Lie torus of type X #
A, C, BC with the universal covering 2, and associated presented Lie algebra L.
Then v : L— 2 (see 1] is an isomorphism. In particular 2 is a finitely pre-
sented Lie algebra.

Proof. We proceed in a few steps.

Step 1. Considering (3.13)) and Propositionsiv) together with Proposition
and using the same argument as in [You, Theorem 2.2 and Proposition 2.11],
we find that

L= G,+> > Vi+D+Z and Z(L)CD+2Z.

oELY OELY r€EJm
and that £ is an R-graded Lie algebra. Moreover £ = Docr L., where

> G+ >, > Vio+D+Z ifa=0,
led<y/d o€ red,

Ea — Z (ga)a + Z Z (V;-)a ifae Rsh7
led<y/d o€l re€Jy,
Z (Go)a if @ € Ryg.
ocL”
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Now we note that as £ is an R-graded Lie algebra, so is £/Z(L), and as Z(L) C
D + Z, one can identify £/Z(L) as

(4.1) LIZ(L)= Go+ > > Vi+D where D :=D/Z(L).

A</ o€LY r€Jm

We shall keep the same notation for the images of e;, fi,hi,hf and v" in
L/Z(L) and use [-,-]” for the Lie bracket on £/Z(L). Now using (3.8), (2.9) and
Theorem [2.3] we have an epimorphism
W L)Z(L) = A/Z(A) = (G® Ay) & (V® A7) @ Dag ams

v’

(4.2)
eim e ®L fim i@l himhi @1, 0 - h @, 0" vp, @ wy

forie Jy,je J,and r € J,,. Next let o, B,a+ 3 € R*, v,a+~ € Rg,, 0,7 € Z¥

and 1 € J,,. It follows using Proposition [3.3| and (2.5]) that ¢'((Gy)a) = Ga ® t°
and ¢¥'((V%)y) = Vy ® t°w,. Therefore, by (2.5)), we have

w/([(ga)m (gf)ﬁ]_) = [wl((ga)a)ﬂp/((gf)ﬂ)} = ga+ﬁ Q7T # {0}7
([(Go)ar VD)4]17) = [¥'((Go)a)s ¥'(V1)7)] = Vet @ t7FTw, # {0},

(4.3) ( 0
(Ve VD7) = [0 (Vo) ' (VD)) = Vg © tws, Vr @ ).

1)[}/
wl
Step 2 (Simply laced types). We define a Z"-grading on £ as follows. Recalling
(3.12)), we set

deg(e;) = deg(f;) = deg(h;) :== 0, deg(hfa) = +20,

and note that this defines a Z"-grading on the free Lie algebra generated by the
set {ehfi?hi,hfa | i € Ji, a € J,}. As the relations (R1)—(R9) are generated by
homogeneous elements, the above grading induces a grading on L which naturally
defines a grading on £/Z(L). We set

(4.4) (L/Z(L))G = (L/Z(L))a N (L/Z(L))7; a€R, 0,
(4.5) (L)Z(L£))% = (Gs)a; «@ER,oc€l’.

We next note that as £/Z(L) is a centerless R-graded Lie algebra, by the
Recognition Theorem there exists a unital commutative associative algebra A such
that as a Lie algebra £/Z(L) can be identified with G ® A. Considering this iden-
tification we have

(£)Z(L))a =Ga ®A; o€ R*.
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Using the same argument as in [Youl, Subsection 2.6], one can identify A with A, in
such a way that hfa is identified with h;®@t 1. This in particular implies that ' (see
.2)) is an isomorphism from £/Z(L) to A/Z(2A). Now taking 7, : L — L/Z(L)
and m : A — A/Z(2A) to be the natural projection maps and considering (3.8)),
we see that ¢/~ oy 019) = 7. We conclude that 1 : £ — 2 is a central extension
of 2, but L is perfect, so by IMPL, Proposition 1.9.3], we conclude that 1 : L—2A
is an isomorphism and so £ = .
Step 3 (Type G2). We recall that for type Ga, there is 0 < p < 3 such that
the corresponding pair of the R-graded Lie algebra 2A/Z(2() is (S, L) where S :=
2o1®- - ®Loy, L :=3%01D - ®3L0opDLopy1®---®Zo,, and that m = 3P — 1.
For r € J,,,, define

P P
(4.6) o= Zsiai where r = ZSi_lsi for s1, 89,83 € {0,1,2}.

i=1 i=1
Let 0 = (n1,...,n,) € Z¥, for 1 < i < p, suppose that m;,r; € Z are such that
r; € {0,1,2} and n; = 3m; + r;, and set

P

P v
i—1
Ty :=E 37, O, ::E m;o; + E n;o;,
i=1

(4.7) i=1 i=p+1

p
00 = 60 +o = 50 + ZT@O’{,.

i=1
Note that d, = 6, if o € L. Now we would like to define a Z"-grading on L. For
this, we recall (3.12)), (4.7) and set, fori € Jy,a € Jp, p+1<b<vandr € J,,
deg(e;) = deg(f;) = deg(h;) := 0, deg(hfa) = £30,,
deg(hfb) = top, deg(v”):=o".

This defines a Z”-grading on the free Lie algebra generated by
{€i7fiahi7h7:;‘7:avvr | 1 S J@a a e Jua e Jm}

As before relations (R1)—(R9) are generated by homogeneous elements, so this
grading is naturally transferred to £ and also to £/Z(L). Next we note that if
o= (ni,...,n,) €Z" and r € J,, with 6" =>"Y_, s,0;, then

p v
G, is homogeneous of degree Z 3n;o; + Z n;0;,

(4.8) i=1 i=p+1

p v
V! is homogeneous of degree 2(37% + s;)o; + Z n;0;.
i=1 i=p+1
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As before set
(L/Z(L))3 = (L/Z(L)a N (L/Z(L)); a€R,0€L"

Since £ is a Go-graded Lie algebra, the Recognition Theorem states that there
are a unital commutative associative algebra A and a unital Jordan algebra J
over A having a normalized trace satisfying the chsz-identity (see Theorem [2.1)
such that £ is centrally isogenous with

GeAaVeal) ®Dss

where V = € (see §2.1.2). Next set B := Jy and note that Dy 5 = D, 7,. Now
we have

(Ga®A)® (Vo ® B) if a € Ry,

(4.9) (L/Z(L))a = {ga @ A if o € Ryg.

On the other hand, using (4.1)), (4.8]), (4.6) and , we have, for 0 € Z" and

a € R*,

B o (Vg:)a if o € Ry, and 0 € S\ L,
(4.10) (L/Z(L))g = {(géa)a fae R* and o € L.

Next let @ € Rj; and ¢ € L. Then using (4.9) and the one-dimensionality of
(£/Z(L))% and G, we find that there is a one-dimensional subspace A% of A such
that

(L)Z(L))5 = Go @ Ale.
Using the same argument as for simply laced types, we see that A%r = Ag" for all
o, € Rz and o € L. Set
A% := A%  for ¢ € L and any choice of & € Ryg.

Now let o € L and « be a short root, and take 3 to be a long root such that
a — 3 € R*. Then recalling (2.5, we have

(L/Z(L))5 = (Gs,)a = ¢s,([Ga—p:95]) = [Gap, s, (Gp)]

=(Ga—5,(Gs,)5) = [Ga—p:(G5,)3] ™ = [Ga—p,Gs @ A%]|™ = G, @ A,
Therefore
(4.11) (L)Z(L))% =Go® A%; a€R*, o€ L.

Next suppose that @« € Ry, and o € S\ L. Then the one-dimensionality
of (£/Z(L))% and V, together with (4.9) and (4.10) implies that there is a one-

e}
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dimensional subspace B% such that
(4.12) (L)Z(L))5 = Vo ® Bl
If c € S\ L and a, 8 € Ry, are such that & — 3 € R*, then we have
Vo ® Bl =(L/Z(£))% = V5 )a = ¥57(Ga—p - V5) = [Ga—p, V57 (Vp)]
= Ga—p, V57)s] = [Gap, Vs © BF']” = Ga—p - Vs @ By =Va ® By,

which implies that B = B} Use [AG] (5.11)] to conclude that Bj = B for
all a, 8 € Rgy and define

(4.13) BY% .= B%  for o € S\ L and any choice of a € Rg,.

Now take 0,7 € L and «, 3 € R such that a + 8 € RX. Then (4.3), (4.11)),
(2.5) and Remark imply that

0% [(L/Z(L£))5, (L) Z(£))5]™ C(L/Z(L£)71] = Gatp @ A%,
(L/Z(£)),(L/Z(L£))F]™ = [Ga ® A%, Gs @ A%]” C Gayp® A% A%

Alsoforo € L, 7 € S\ L, a € Rj; and § € Rg, such that a + 8 € R, ,
, , (2.5) and Remarkimply that
0 # [(L/Z(L£))%, (L/Z(L))E)™ € (L/Z(£))31h = Vars © B' = Vayg® BT,
[(£/Z(£))%, (L/Z(£))F]™ = [Ga ® A%, V5 ® B C Vayp ® A% - B

Therefore the one-dimensionality of the subspaces appearing on the right hand
sides implies that

(i) A% . A% = A%o+r — Adours  gre,

4.14
( ) (ii) A% . B = Bo+0r = Blotr. osecL,7€S\L.

One can see that there are short roots «, 8 such that a + 3 € Ry, and there
are x € V,, y € Vg such that
Dyy#0 and xzxy#0.
Now if 0,7 € S\ L, considering and using , and , we have
Vo ® t7w,,, Vs @ t71w, ] # 0

and so and imply that 0 # [(£/Z(£))2, (Z/Z(ﬁ))g]_ - (Z/Z(ﬁ))gig

and so the one-dimensionality of the subspaces implies that

(4.15) (£/Z(£))%, (L) Z(D))}] = (L) Z(£))T -
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This together with (4.10)—(4.13)) implies that

Vairs ® Bl ifo+~y€S\L,

V, @ B, B =
Va® B, Vs @ B7] {gaﬂ,@Aém ifo+~elL.

Now if 0 # a € B% and 0 # b € B%, then (£/Z(L))7, = Cx®a and (£/Z(L)); =
Cy ® b. Also using ([2.5)), we have

[t ®@a,y @b = Dyy @t(a,b) + (25 y) ® (axb) + (2, y) Da,p-

Therefore if ¢ +~ € L, we have 0 # t(a,b) € A%+ and a * b = 0, which yields
ab=axb+t(a,b) € A%+ = A%+ Alsoif o+~ € S\ L, then 0 # axb € B+
and t(a,b) = 0, which implies that ab = a * b + t(a,b) € B%++. Summarizing, we
have

Opin
(4.16) O S A
BY+v ifo+~ye€S\L.

Next set

70— A% ifoel,
" | BY% ifoecS\L.

Now as (£/Z(L))a = ZUEZV(E/Z(E))Z, a € R*, one can use and
to deduce that 7 = A® B = @aGZV J? is a graded Jordan algebra with one-
dimensional summands satisfying J° - J™ = J° 7. Therefore the same argument
as in [AG] Proposition 5.58] shows that A is graded isomorphic to Ay, and J is
graded isomorphic to J,. Considering the Remark in and using the same
argument as in [You, Subsection 2.6], we may identify A with Ap,) in such a way
that

(4.17) hi,=h@tF i€ Ja, jE .

Now let r € J,, = Jps_;1. Considering (4.7)) and (4.6)), one finds that ror =1

and d,r = 0, s0 V57" =V;7" = V" and ,r = o". Therefore using (4.10), (4.12),
(4.13) and (3.19), we have

(4.18) Vo = V57 Ine = V52 dn, = (L/Z(L))3,,, = Va,, @ B*
=V,, ®B7.

Thus considering (2.11)), for each r € J,,, one finds " € B such that v" =
v, ® B7. Since V, as a G-module, is generated by vy, (2.4) implies that

(4.19) Vi, = 0% ng+1<i<ng 1€y,
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Now one can see that there is ny+1 < i < ngy — 1 such that v, *v_; # 0 and
Dy, . w_; # 0. Using (R9), we find for r, s € J,,, that

t, ; tr,s
(4'20) [UT’ Us—z] = m/—ia;“,s[%ba’r s? et/—i] + m_iaT’s[%b?7‘,S ) U, ]
If ¢ := |o,5| and g2 := |0}, (|, then there are ji,...,Jq,,01,. .., € J, such that

1 +1 ! +1 +1 :
7 = £ and 197 = 51 £ Now (37), Convention[31} (4.17), (R4),

[E19), 23) and (Z15) imply that
i tr,s
(421) m_jap 565 v = mojap[She, @ G She @ v, @ 0]
=Mm_;Gr sVt ® tjj-:ll el t]iqi Joiat
=M_;Gr sVt @ tors Gt = Up, ¥ V_; ® ar,st”“sﬁt“s
and

(422)  ml a3y, e ) =ml il S @ tEL Y @t e 1]

i

N[

ro 1 ol
=m_;q, ey & = dvns,vfi ®ar,st e

—ilp € QU TG
Also f imply that
W0 =dy, o, ® a;,st”;,s + (Un, % V_i) ® @y 5t Fre.
On the other hand together with implies that
W7, vi] = [on, ® B7,0-; ® B°]
=dy, v LB, B%) + (vn, xv_i) @ (8" % B°) + dgr .
Altogether, these imply that

(4.23) t(p", p%) = a;’staﬁ,s and B x5 = ar’star,sﬁtr,s'

Now (2.14]) and (4.23]) imply that we can identify 8" with w, for r € J,,. Therefore
Y’ (see (4.2)) is an isomorphism from £/Z(L) to 2/Z(2). Now considering (3.8)
and using the same argument as for simply laced types, we conclude that v : L—A

is an isomorphism.

Step 3 (Type Fy). We recall that for type Fy, there is 0 < p < 3 such that
the corresponding pair of the R-graded Lie algebra 2A/Z(2() is (S, L) where S :=
Zo1®- - -®Zoy, and L := 22.01®- - -®220,DL0pt1 D - -DZLo,, and that m = 2P —1.
For r € J,,,, define

P P
(4.24) o’ = Zsiai where 7= 221'*1514 for sy, 52,53 € {0,1}.
i=1

i=1
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Let 0 = (n1,...,n,) € Z¥, for 1 < ¢ < p, suppose that m;,r; € Z are such that
r; € {0,1} and n; = 2m; + r;, and set

p P v
i—1
ro 1= E 27y, by = E m;o; + g n;o;,
i=1 i=1

(4.25) =

P
O, : =0, +0" = b5+ Zrim.
i=1
We mention that 6, = 6, if 0 € L. Now we would like to define a Z”-grading on L.
For this, we note that for i € Jy,a € Jp, p+1<b<vandr e J,,

deg(e;) = deg(f;) = deg(h;) := 0, deg(h?’[a) = 420,
deg(hfb) =0y, deg(v") =0,

define a Z"-grading on the free Lie algebra generated by {e;, f;, hi, hit

ZouT i e Jy,
a € J,,r € Jn}. As before relations (R1)-(R9) are generated by homogeneous
elements, so this grading is naturally transferred to £ and also to Z(£). Next we
note that if ¢ = (n1,...,n,) € Z*, and if i € J,, s; € {0,1} and r := >0, 207 s,

then

p v
G, is homogeneous of degree Z 2n;0; + Z n;0;,

(4.26) =l mp

p v
V! is homogeneous of degree Z(2m + 8;)o; + Z n;0;.
i=1 i=p+1
As before set

(L)Z(L))S = (L)Z(L))a N (L/Z(L))°; a€R,0cZ

Since £ is an F,-graded Lie algebra, the Recognition Theorem states that
there is a unital commutative associative algebra A and an alternative algebra C
over A having a normalized trace T satisfying the cho-identity (see Theorem [2.1)
such that £ is centrally isogenous with

(GoA)®(VC) D Dee
where V = Jo (see §2.1.2). Next set B := Cy and note that D¢ ¢ = Dg, c,- Now

we have
~ ~ o (ga®A)@(V¢X®B) ifOZERSh,
(4.27) (L/Z(L))a = {ga oA if a € Ryg.

Also for ¢ € Z” and « € R* by (4.26) and (4.1)), we have

~ A\\O (Vg:)(x ifaeRshandUES\L’
(4.28) (L/Z(L))7 = {(géa)a ifae R and o € L.
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Using the same argument as for type Gs, one finds one-dimensional sub-
spaces A% o € L,and B%, o € S\ L, of A and B respectively satisfying

(i) A% . A% = Adtor = Adotr. g 7€ L,
(ii) A% . B9 = Bot0r = Blotr.  sec L 7€ S\L,

Aborrif L L
(i) B . 3O — ) ?O',TES\ ,o0+T€EL,
BYo+r ifo,re S\L,o+7€S\L,

(4.29)

such that

Go® A% ifaeR* o€l,

Now for o € Z”, set

B% ifoe S\ L.

Then (4.16) implies that C := ;. C7 is a graded alternative algebra with one-
dimensional summands satisfying C° - C™ = C°*7. Therefore the same argument

o {AG« if o€ L,

as in [AGl Proposition 5.45] shows that A is graded isomorphic to Ap, and C is
graded isomorphic to A,. Hence as before we may identify A with A, such that

(4.31) hi,=hi @t i€ Ju, jE T,

Considering (3.8)) and using the same argument as for type Gs, one concludes that
¥ : L — 2 is an isomorphism.

85. Postponed proofs

In this section we present the proofs of Propositions[3.4] and For this, we first
need to prove the following claim about type Fj.

Claim. Suppose that R is of type Fy. For o,7 € 7V, 1 < r,s < m with r # s, we
have

(i) [v53: [fs,v7 5] = 0.

(ii) [U§,4a [f1, UT,4H =0.
(iii) [’chf,sv [f1, U:AH = _[U;,sv [f47vf-,4]]'
(iv) [v5.4:[f3s U:,?,]] = —[Ug,zp [fsavi,s]]~

Proof of the Claim. (i) Knowing that 1 — &4 is a positive long root, take i € J,
such that a; = 1 — 4. Now as —a; + ap,, = €4 = a3 (see (3.20)), we have
Clfi;vy] = Cuvj 5. Also as €1 — &4 is not a short root, [f3,v5] = 0, and as «a; is
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a long root, [fi, f3,v] 3] = 0. Therefore using the Jacobi identity together with
Propositions [3-1)(iii) and (R9), we have

[U§,37[f3;11:-,3]] € (C[[fla ] [f37 7'3” :C([fiavg'vf37vi,3] - [U;7fi7f37vr'3])
:C[fiavguf?nv:—ﬁ] [f27f37va‘7 7—3]
—C[fiaf37H7"'7H7U 7U3] =0.
lo|+|7

(ii) We know that ay = %(51 — g9 —e3 —&4). Take j,t € J, such that a; =
%(51 +e9 423 —e4) and oy = €5 + €3, which are positive roots. Now we have

oy ta;=a; =1 —¢e4 and o — oy = oy,

which are long roots, and so [ft,[es, V] _4]] = 0 and [e4,V} ;] = 0. Now the Jacobi
identity together with Propositions and iii) implies that

[0 [f4, 07 4l] € [v5 45 lea, VI _all = [[fe, V5 41, [ea, VI 4]
=[fe, V5 lea, VI )l + V55, fis lea, VI 4]
= [ft,[ g0 €als Vo _al + [fr,ea, Vi, V7 4l = [frea, V5 5, V] _4l
Clfe.ea, H, ...\ H,VEV ] =0
N

lo|+I7]

(iii) Consider Lemma and take i,j € J, such that a; = ¢; — &4 and
—aj = %(—51 —e9—e3+¢€4) = —a; + 4. Next we note that —ay + a3 is not a root
and a; + ay,, = €4 = az. Therefore [fy,v; 3] = 0 and f; - v,, = zv3 for some z € C,
which in turn implies that 2[f;,v5] = v} 3. We next note that as ay,, # «;, there
are hi,hy € H such that a,, (h1) =1 = a;(he) and ay,, (he) = 0 = a;(h1). We
take ¢; := (h1)"7, ¢ := (hg)?7 for (see Convention .
Also as ay,, + a4 is not a root, Propositions and [3.1(iii) together with (R9)

imply that [v5, v} 4] = 0. So the Jacobi identity and Proposition iii) imply that

[W;73,[f47’():_74]] [f4v Vg3,V 74]_Z[f4a[f’ta }7 7-4]
[f4afi7[vo-av7-,4]]_ [f47 g—af’ia 7,4}:_Z[f47vg7fi7v:,4]
:—Z[f4761,...,6‘0.‘70,1,...7CTT|,US,fZ‘,'UZ]~

Using (R4) together with the same argument as above, we conclude that

[UZ;,S’ [f4av-zs—,4]] = _Z[f4vcl7 .. 'aclalvcllv s 7CTT|7UT7f’WU§]'

But in type Fy, a,s = —as, (see (2.14)), so using (R9), we are done.
(iv) Use the same argument as in (i). O
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We are now ready to prove Propositions [3.4] and [3.5]

Proof of Proposition . (i) We prove the first equality, as the argument for the
second is similar. We use induction on |7|. If |7| = 0, then e; » = ¢;, and [e;, €, »] =
o ([eisei]) = 0. Now assume the result holds for all 7 with |7| = s. Let ¢/ =
(mq,...,m,) be such that |¢’| = s+ 1. Then there is a € J, such that m, # 0. Set
o ot Sen(ma) — sgn(ma) a1 —
T:=0' —04 and v := o+ 0, (see (3.12))). Then |7| = |0'| — 1 = s. Now
Proposition the Jacobi identity and (R4), (R6) together with the induction
hypothesis give

[[;hsgn(ma) 1 hsgn(ma) ;hsgn(ma)

[ei,o’v ei,U] 2% .a aei,‘r]v ei,o] = [§ ia 5 €7y ei,o] - [ei,n 2. 761’,0]

_ [1pEn(ma)

2/.a y €i,7y ei,a] - [ei,‘ra ei,'y] =0-0=0.

(ii) Since i # j, there are x,y € H such that
ij(x) =1, az($) =0, Oéj(y) =0, al(y) =1L
Now using (3.16), the Jacobi identity and Propositions[3.3|and [3.1[(iii), (i), we have

[ei,aa hj,r] = _[ei,oa fj7 ej,a] = [fj7ej,0'7 ei,o]
fja[x ’77" uxlT‘ﬂ—?ej]a[y 7--~»y‘0"07€i]]

_ [ 1,0
— [fj 1 z|a|,a 1,7 |7
~ [

’Ta €5, 61'}

71‘ A 7y ""7y

ol,o , 1,7 T|,7
fjvy 7"‘7y‘ " 7y’ 7"'ay| " 7€j7ei]
l,0 ol|,o 1,7 T|,T . . .
Yoy gty f e el

= —ozi(hj)[yl"’7 Cooylebe bt b ei] = —ai(hj)eirio-

1
Neg
Neg

Note that to get the last equality, we use (R6), (R4) (canceling relations). The

second assertion is proved similarly.
(iii) We first note that by (3.16)), the Jacobi identity and (i),

0
(5.1) [€i,rs hio| = [€irs (€60, fil]l = [fir€iros €irr] — €10y 0r fis €]l = (€10, Piyr]-

Therefore using Proposition [3.3] we have

[h“,ei = [hfa,e”] =2€; r+a-

i,a
The second claim is proved similarly.
(iv) For t € J|,|, using (R5), one finds that (ozi(hj)/Q)[hfa7 e [hfa, fi] and

(ozi(hj)/2)[hii’a7 e;] = [hE,, ei]. Also by Proposition we get

7,0

[(%hi)l7a7 R (%lhi)‘a"aa fz] = fi,o‘-
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Now these together with the Jacobi identity and (R4) imply that

[hzcmeﬂfi,tf] = [eivhji,avfiﬁ] + [[ j,a0 € eil, fio
[

= eiv(%lhi)lyar"7(771]7’1')'6'7 ’h;%a’fi] T [[ G © ] 5 U]
=@<[ei,<%hi>w,...,<%h>'”' Pisar i1+ [P € fio))
=ai(2hj)<[ez-,hz%a,fi,g]+[[ Foreils fio)) = (th)[h??aven i)

Now we are done as by (3.16), [e;, fi.o] = hio-
(v) Using Proposition together with the Jacobi identity and (3.16[), we
have

[€i50: fir]

[[2 i,a? ]fl‘r]:[g 1a7ez7fz‘r] [ewzhlia; zq—]

[1 hi h’ ] [eia fi,’ria] - [hi hl T] + hi,Tia .

2"",a0 %,a’

(vi) We first note that as «,,, # «;, there are x,y € H such that a,,_(y) =0,

a;(y) 1, an,(¥) = 1, aj(z) = 0 and so using Proposition .1fi), we have
[v", Y] = 0,14 € J|0| which together Wlth Proposwlonlmphes that [V, fio] =
[ybo, ... ylobo o7 £]. Now using this, (3 , the Jacobi identity, (R2), and Propo-
sitions [3.1] -(111 ) and we get
[Urahi,o]:[vraeiyfi,a] = [eiaUTyfi,o] = [xl,a"“’xkf y€iy U 7f1}
= —ap, (h)[z>7, ..., 2177 v = —a,, (hi)vl.

This completes the proof of the first assertion.
Now we have [v", hio,] = —ay, (hi)[zb?,... 2l°bo v and [v" k] =

—a, (hi)[z57, ..., 2!Th7 v"]. Next we note that using (3.16)), Propositions|3.3{and
i), the Jacobi identity and (R4), we find that [h; ., 277] =0, j € Jio|; SO

[hi;m hi,aa UT] = OfnS (hi)[xLUy .. axIULUa hi,Ta UT]
= (o, (R))[zb0, .. alobo gbr o b ]
Similarly [hi +, hi o, v"] = (an, (hi))?[z27, ... yalobe gt glThT 4T Now using
(R4), we are done. O

Proof of Proposition . (i) is immediate using Proposition together with
(R4), (R6).

(ii) We first suppose that ¢ # ns. Then there exists © € H such that a,, (z) =0
and a;(x) = 1. Recall Convention and set ¢; := 277 for j € J|,|. Then using
Propositions [3.3] and B.1}(i), we have

[UT7 (gﬂ')ioét} = [UT, Cly oy C|a|ag:|:at] = [Clv s 7C‘U|,’U7‘,giat}

c [Clv -5 Clo|s (VT)iat-&-ans] = (Vg)iat-&-ans-
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Next let ¢ = ng. Then as a; is not a simple root, there are 1 < j < ¢ and
1 <i < nsuch that oy — a; = a;. Now (Gs)a, = [€j, (Fs)a;] and so by (R2), the
Jacobi identity and the first part of the proof, we have

[Ura (gﬂ)at] = [Urvejv (gﬂ)aq‘,] = [ejvvra (gﬂ)ai] C [eja (V;)Oéri-ans] C (V;)at""ans'

Also as ay = ay,, is a short root, Lemma implies that there are i, j € J,, such
that oy + o = o, 50 (Go)—a, = [€j,(Gs)—a,). Now as before we have

[0, (Go)-a,) = [V, €5, (Go)—ai] = €, 0", (Go) o]
- [ej’ (Vg)—ai-i-ans] - (V;)—(Xt"r(xns :
Next using (R2), the Jacobi identity and the first part of the proof, we have

4

14
[vrv (gd)o] = Z[vTv €4, (gﬂ)*ai] = Z[ei’ S (gﬁ)*ai]
=1 =1
14
- Z[eiv (V;)faﬁocns] - (V;)ans'

Il
-

K2

(iii) Using Lemma (ii), one sees that (V)o is spanned by [f;, vy ;] for ng+1
<4 < (. So it is enough to show that there is a basis {z; € H | j € Jy} of H such
that [(x]):at, fi,vg,i] =0forallje Jyand a € J,. Fix ny+1 < i < /. By Lemma
i), a; = B+ where 3 is a short root and ~ is a long root. Take ¢,t" € J,, such
that 8 = a4 and v = £ay and set

e;:{ftl if’y:at/, f;:{ft ifﬁ:ah '[}::{’U{ ifﬁ:at,

ey ify=—ay, e; if B = —ay, v, i = —a.
Thenee G_,, f€G_g, e, f] € G_q, and v € (V)5 and so we have
(5.2) le,vg,1] € Cyg(v) and  [f,v7;] = 0.

Consider a basis {z; | 1 < i < £—1} for ker(a;). Also note that since ay # «,
there is xy € H such that ay(ap) = 0 and «;(a¢) # 0. Therefore {x; | 1 <4 < £} is
a basis for H. Now we note, using Proposition that v, € [H,...,H,v]] and

’ N———

]

|o| times
Yr(v) € [H,...,H,v]. Using the Jacobi identity together with Proposition |3.1|1),
|o| times

(R4) and (5.2), we have, for 1 < j' < ¢ -1,

[(xj’)i:>fiﬁvg,i] € C[fiv(xj’)zzzthv"'vH’Uﬂ c C[fi,H,...,H, (xj’):atavﬂ =0,

|o| times |o| times
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and

[(ml)f; fiv U(Tr,i] € (C[(:Eg)ai, [6, f]a vcrr,i} - (C[(l'l)fv [fv 1/1;(”)]]
C

CC([f, (x0)E, H, ..., H,]
———
|o| times
gC([f7H7~'~7H7 ('rf);tav] =0.
—_———
|o| times

This completes the proof of this part.

(iv) follows from (iii) together with Proposition [3.3] (R4) and (R7).

(v) Using Lemma i), one finds ¢,t" € J, such that ay is a short root, oy
is a long root and a,,, = +ay + a;. We note that v, is a weight vector of weight
an, and so vy € Clet,v) 4] Now using (R2), we have

[’Usa ,Ug] € (C[vsa [et7 'Ug,:tt/]] = [[eta vs}’ V;,:tt’] + [et’ v®, 'Ug,:l:t/] = [et7 v®, v;:rr,:tt’]'

Since t' # ng, there is h € H such that ay(h) = 1 and a,, (k) = 0. For
i € Jy set ¢; == h"? (Convention . Now using Proposition we have
Cvg 4y =Cler, ..., o, V4] and so by Proposition (i)7

[US,U;ﬁ,] € Clv*,cy. .o vy ] = Cler, ., ), 0%, vy ]

Ast’ # ng and 2a,,, is not a root, we are done using (R9) together with Proposition
B3

(vi) Suppose that « is a short root not equal to £a,_ . Then there is ng + 1
<t < ng — 1 such that & = *ay. Since a@ # «,_, there is h € H such that
a(h) =1 and «, (h) = 0. Now using Proposition one finds that (V))i,, =
C[n™7, ..., hl7he v%.] and so Proposition iii) implies that

[0, (VD) ta,] = Clo®, A1, .. BI7b wl ] = CAY, .. hloho s on ]

Hence we are done using (R9) together with Proposition Next suppose o = 0.
By Lemmaii)7 (V7)o is spanned by [e;, vy ], ne+1 < i < £ Fixng+1 <i < /.
Then we have

[Us7 [eia ’U;,iﬂ = [ei7 [’Us’ 'Ug,fz'”'

This together with the previous step completes the proof.
(vii) We first consider type Fy. Take i,j,t',p,q € J, such that
Q; = %(61 — &y — €3 — €4), o =gz +€E3, op = %(51 — &z — €3 +¢4),

ap:%(al +eg+e3—¢eq), aq:%(al +ea+e3+e4).



A FINITE PRESENTATION OF UNIVERSAL COVERINGS OF LIE TORI 543

Recalling b,b" from , one observes that there are mnon-zero scalars
al,ag,ag,a4,y,zE(CSatlsfylng —zal 4 _ya # 0 and

azay

Hfj’ fi],'l}p} = al[f4av4]7 [’Unsyfns} = GQ[’Ug,fSL Up, = as[et,7vp]’
(5.3) [fers £ s U [ f3, 03] + b fa, va]] = yv_n,,
[fnsvb/[fIiaUS] + b[f47U4H = 2V_n,.

Now we recall that V* and V] are G-modules whose weights are short roots and
note that a, — o, ay + a4 are not short roots and o; + g = €1 = ay,,. So the
Jacobi identity together with (vi) implies that

(54) X = y[et/,vp,vo —Ng ] € C[et/7 paflv o,— q}
:(C([et’a[ p?fiL g"fq] [et’ fl?vpuvo- q])
——
0
:C[et’afh[ft/vvs]av;—q]
g (C[et’7fi7ft’avs7vg-’fq] +C[€t’7fi7vs7ft’;vg—’fq]
——

0

- [et’ Jis fers Z Z Z V) }
TELY 1<p<m T€EZL¥
S Gt D, D> (Ve
TELY 1<k<m TezZ¥

Next we note that a; + o; = ap = o, — o, so the Jacobi identity, Proposition

and (vi) imply that

(5:5) [[£5: fils v, (V5)ol € Clip, vy, (Vo )ol € Clips [fer, v°], (Vo]
=C([fp, frr, 0%, (Vo)ol = [fp: 0%, firs (Ve )ol)
=C([fp, frrsv°, (Vo)ol = [fp, 0% (V) —a])
c Z Glot+ Do D (Vo
ezv 1<k<m T€Z
Now set vo,1 := [f3,v} 3],v0,2 := [f1,v] 4]- As ¥® and ¢}, are G-module homomor-

phisms, (5.3) implies that
[[f]7fl]’vfz] = al[f47vi]a ’U:,S = a3[€t’7vls;]7 [ft'afj7fi7b/7]0,l +bU0,2] :yvzans'

Next we note that b'vo,1 +bvo2 € (V7)o, 50 [fj, fi,b'vo,1 +bvo2] € (V5)—a;—a, and
so [hy, fi, fi,b'vo,1 +bvo2] = [fj, fi, b'vo1 +bug 2] Also as aj and o + aj — oy are
not short roots, [es, f;, fi,b'vo,1 + bvo2] = 0 and [f;,V'vo,1 + bvg2] = 0. Together
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with (5.4) and (5.5), this implies that
a
(V% v ] = Zg[[et/, vsl, fir, fis fis b'vo,1 + buo 2]

as
= Z([etHUZa firy Fis fi, 001 +bvo o] = [vp, ewr, fur, £y, fis D'vo,1 + bug 2])

= %(X —[v3, her, £, fi, bvon +bvo 2] — V5, fus v, £, i, b'vo,1 + buo 2])
= %(X — vy, £, fis b'vo 1 4 bvo 2])

= %(X = oy, [f5, fil, b'vg 1+ bug 2] — [y, fir fis b'vo.1 + bug 2))

= %(X —[[vy, [f5, fill, b'vo,1 + buo 2] — [[f3, fil, vy, 0'vo .1 + bvo 2])

€ %(X t an[[fa, 03], Bvor + bvo o] — [[f5 il v5 (Vo))

D11y, 03], Voo +booa] (mod DG+ 3 DT (VE)o).

Yy TELY 1<k<m TeZ”

On the other hand, using (vi), we have [f,,,v®, b'vo,1 +bvo2] € > 70 (Gr)o+
Y i<hem 2orezr (VE)o, so the Jacobi identity implies that

1
[v°, U;,fns] = ;[Usv fn.,b'vo,1 + bug 2]

1 ) :
;([[057 fn.)s0'vo1 + bvo o] + [fn,, v, b'vo 1 + bug 2])

a , ‘
= ;2([[1137 f3],b'v0,1 + bug 2] + [fn,, v°, b'v0,1 + bvg 2))

921103, fs], b1 + buo.a)] (mod S (Gt S Z(vf)o).

ez 1<k<m T€Z¥

z
We have the following congruences modulo > 7. (Gr)o+> 1 <pcrm 2rezr (VE)o:

—za' ya —za' ya
(T2 0008, 1= 0 ] 0 )

= [a/[f?n Uﬂ + a[f47 ’U;], b/[f37 '113;73] + b[f4? UZ;AH eD.
For types other than Fy, we first note that C[f;, v]] = C[f,.,v*]. We have
(0% vg,—n,] € 0%, [fnss Vo)oll = Clv*, [fn.s [fe, vi5]]]

Hvs7 fns]? [f@ﬂ UZU]] + (c[fv US? [fb UZ,JH
[[fe, vz], [fe, v o)) + Clf o v, [fo vi o ]]-

N

C
C

N

Now we are done using (vi).
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(viii), (ix) Use the same argument as in [You, Lemma 2.5].
(x) We fix p,q € J,,, and 7,9 € Z and show that

We know that VP, Vi are G-modules, so for ny +1 < j < /¢, [f;,0} ;] € (V)o and
[f5,v3;] € (V§)o, therefore [e;, f;,vF ;] = 0 and [e;, fj,v5 ;] = 0 for 1 < i < ny,
which together with the Jacobi identity implies that

lei, DES] = [fi, DGl =0; 1 <i<ny.
Therefore it remains to prove that

We first consider type Fjy. In this case the only simple short roots appearing in
our fixed basis are as, aq. Therefore it is enough to show that [e;, DI'§] = 0 for
i = 3,4. Using the Jacobi identity, the Claim and (3.21]), we have

e, DY3] = [es, [a'[f3, 0] 5] + alfa, ] 4], 0'[f3, 05 5] + bl fa, 0] 4]]]
= (aza’ + bé'a)[vﬁ,s, V(3 02,3} + b[f1, Ug,4ﬂ
— (azb’ +b3b)[vd 5, d'[f3,05 5] + alfa, v5 ,]]
= (aza’ + b5a)b[v] 5, [fa, v§ ,]] — (a5 + b5b)alv] 5, [f1, 5 4]
=0.
Also

lea, DY'3] = [ea, [a'[f3, 0] 5] + alfa, 0 41,0 [f3, 05 5] + bl fa, v] 4]]]
= (aja +bja)[vh 4, 0'[fs,v] 5] + [ f1, 0] 4]
— (ajd" + bib) [Ugy,zp a'[fs, Uép,B] +alfs, U§,4H
= (aja’ +bja)b'[v] 4, [f3, 05 5]] = (afb’ + bib)a’[v] 4, [f3,v5 5]]]

=0.

Using (R9) together with (2.13)), we get
(56) [vpvvgl:j] = [’Uqa/uij]; Nyg41 < ] < Ns.

We note that in the cases under consideration, (V4)o is a one-dimensional subspace
of V,‘;. Let np +1 < i < /. Then there is x € C such that

x[fi7v?y,i] = [ffavg’f] and m[fﬁ”g,i] = [f€7v§,€]'
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Now using Propositions and (iii), and , we have [fy,,v5,vl;] =
[fr.,vd, vg’i]. This together with the Jacobi identity implies that
(5:7) e e 8 U2 1) = (s 081 e U 0201 = (Fns 2] e 1)
= x[[fn., v5) [ess [fi, 53] = @l fn s 0], L, Uiy 05
= a([fn., 03], [lei, fil, 0531 = 2llfn, 03], [leis il 05,]]
= 2$[[fnm”§]avg = 2x[[fns,vfﬂavfs),i]
= 22([fn., 05,05 ] = V5, fns 0] ]
= [fn.s m”&;] + [Ugafnsavép,i])
= 2(= (05, fn., 05 5] + [0, s 05,3))-

Now if ap — «; is not a short root then [fy,v5,;] = [fn,, v ;] = 0 and so we are
done, otherwise there are ny + 1 < k < ng and y € C such that

[fns’vép,i] = yvép,:l:k and [fnsavi,i] = yvz,ix«

This together with (5.7]), Propositions and iii), and (5.6) implies that
lei, Dz:g] € Cles, [fes Ug,é]a [fes Uz,g]] = (C(f[vépa vg,ik} + [ng U5p7ik]) =0.
Using the same argument as above, one can show that

(xi) Let i € Jy and ,0 € Z¥ and fix j € Jy, v € Jp, and a € J,. We need to
prove

(55 [iys Bl = [Fs [Py Bis]] = (B3 s iy hiss]) = [07, [y, Bs]] = 0.
Using the Jacobi identity together with Proposition ii), we have
(€5, [Pirys hisl) = [hiss, Piys €3] = [hisy, hiss 5] = g (ha)([Pis, €54] = [Py €).5))
= (aj(h)* (€45 — €jy4s) = 0.

The proof for the second term is similar and for the last one it is immediate using
Proposition vi). Now it remains to prove [hji’a, [hi,y s his]] = 0. For this we first
prove [h, hE, h;s] =0 for all b € J,. Fix b € J, and use Proposition v),(iii)

,a’'"i,b?
to get

[fisas iy B o]

2[f1 ,a’ [ 'Lb7fl ] hi75+’Yb ] - 2[f1 a’ [ ;‘?b’fiﬁ]] _4fi’6+ﬁf‘1i+’ybi
2[f1, 53 i, b’ fzia] - [61:»5), fi76’ fi:f:a] B 4fi75+7$+7$
Q[fz LX) Zb’fz a] 4fi,5+’ybi+’7ai'
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But again using Proposition v),(iil), we obtain

2fis ey, Sita )l = 2Ufiss [y fint ]l = Ui, i, D) + 20 fis By
= i Wiy Jis) = (Wi iy fis) + 40 o 45
+ +
= _Q[hi,aa i,6+7bi] + Q[hiyb’ i75+vai] + 4fia%i+“fji+5

=4 i 5ttt ~ st it T st re = Wint it ve
b b b b

Therefore
[fz%a’ hfb’ h’i75] =0
and so by (3.16]), the Jacobi identity and the first part of the proof, we have

[hi:aa hi:ba hi,(ﬂ = Heiv fz':f:a]v h;:b, hi,5]
- [eia fifaﬂhib’ hi,&] - [fi eiahfbvhiﬁ] =0-0=0.

i,a?

Now using Proposition (iv), the information obtained and the fact that (3.1)) is
a generating set for the Lie algebra, one can conclude that [hji,b, his) € Z(L) for
all b € J,. Similarly one can get [hjjfb, hi,] € Z(L). Therefore the Jacobi identity
implies that

15 a5 i s 61 = (i s [ i 61 = [his, B0 iy]] = O

J,a?

This completes the proof. O
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