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An Overdetermined Problem for an
Elliptic Equation

by

Robert DALMASSO

Abstract

We consider the following overdetermined boundary value problem: Au + Au + g = 0 in
Q, u =0 on 992 and du/On = c on IN, where ¢ # 0, A and p are real constants and
Q C R? is a smooth bounded convex open set. We first show that it may happen that
the problem has no solution. Then we study the existence of solutions for a wide class of
domains.
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81. Introduction

Let Q C R? be a smooth bounded simply-connected open set. We consider solutions
of the following overdetermined elliptic boundary value problem:

(1.1) Au+du+p=0 inQ,
(1.2) u=0 on 09,
(1.3) g—z =c¢ on0Q,

where A, p and ¢ are real constants and 9/9n is the outward normal derivative.
If c =0 and g # 0 (or equivalently p = 1) we get as a special case Schiffer’s
problem (Yau [I8, p. 688, problem 80]). If x = 0 and ¢ # 0 the problem was posed
by Berenstein [].
In 1981 Williams [16] proved that if 9§ is Lipschitz and (1.1)—(1.3) has a
solution for ¢ = 0 and p = 1, then 0N is real analytic. In 2002 Williams [17]
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proved that if 9Q is C! and (1.1)-(1.3) has a nonconstant solution u € C%(Q),
then 0f2 is real analytic. In both cases the result holds in any dimension.
The following conjecture is stated in [I7] (see also [10]):

Conjecture. Assume that 02 is Lipschitz. If (1.1)—(1.3) has a nonconstant solu-
tion for some real constants A\, p and c, then Q is a disk.

Assume that € is the unit disk. Let J, denote the z-th Bessel function. For
any A > 0 such that v/X is not a zero of J; we define the function

_ Bz = (V)
VALV

ux(x) lz] < 1.

For A < 0 we define the function
ux () = _Z.Jo(iv —Alz]) = Jo(iv—A)
A NSV

We recall that J; has only real zeros [14], pp. 482-483]. We easily verify that uy is

lz| < 1.

a solution of (1.1)—(1.3) with ¢ = —1 and pu = py given by

VAJo(VA)
7J1(ﬂ) ; A >0,
iV Ao (iv/ =)

J(ivV=r)

The functions uy have a removable singularity at A = 0 and the corresponding

Hx =
A <0.

solution is )
uo(x) = 5(1 — |Jc|2)7 |z| < 1.

Therefore, when € is the unit disk, there is a continuum of coefficient pairs (A, uy)
and wy which solve (1.1)—(1.3) with ¢ # 0. Notice that when X > 0 is such that
Jo(ﬁ) = 0 we have puy = 0. Then the corresponding Dirichlet problem has in-
finitely many solutions giving rise to the same constant normal derivative on the
boundary. Berenstein [I] proved the following converse.

Proposition 1.1. Let Q be a simply-connected bounded open subset of R? with
C?¢ boundary (¢ > 0). Assume that (1.1)—(1.3) with u = 0 and ¢ # 0 has a
solution for infinitely many \. Then Q is a disk.

A smooth bounded simply-connected open set 2 C R? is said to have the
Schiffer property if (for any A) the only solution to (1.1)-(1.3) with ¢ = 0 is the
trivial solution u = 0 (corresponding to p = 0). It is well known that disks do not
have the Schiffer property. Indeed, let A > 0 be such that J;(v/X) = 0. Then the
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function

_ 1L D(VAz])
o) =5 A ), el <,

satisfies (1.1)—(1.3) with 4 = 1 and ¢ = 0 when 2 is the unit disk. Berenstein [I]
proved the following converse.

Proposition 1.2. Let Q be a simply-connected bounded open subset of R? with
C?¢ boundary (¢ > 0). Assume that (1.1)—(1.3) with u = 1 and ¢ = 0 has a
solution for infinitely many X. Then Q is a disk.

Remark 1. An elementary proof of Propositions 1.1 and 1.2 is given in [B] in the
particular case where 2 is a convex set with positive curvature.

The Schiffer conjecture asserts that disks are the only smooth bounded simply-
connected open sets for which (1.1)—(1.3) with g = 1 and ¢ = 0 has a solution for
even a single value of \. Williams [I5] established that for smooth bounded simply-
connected open sets the Schiffer property is equivalent to the Pompeiu property.
We shall not define the latter, instead we refer the reader to the bibliographic
survey of the Pompeiu problem ([I9]). Wide classes of smooth bounded simply-
connected open sets in R? having the Schiffer property were studied in [9] and the
references therein. In [3] and [4] we gave some elementary results allowing us to
exhibit very simple examples of planar domains having the Schiffer property. How-
ever, when ¢ # 0, we do not know of any example supporting the above conjecture,
even in the particular case studied by Berenstein. We first examine this problem.

Proposition 1.3. There exist smooth bounded simply-connected open sets Q) C R?
such that, for any fized constant ¢ # 0, (1.1)—(1.3) has no solution.

The width of a convex planar domain in a given direction is the distance
between two parallel supporting lines perpendicular to that direction. A set of
constant width has the same width in all directions. Clearly disks have constant
width. However there are plenty of smooth domains which have constant width
but which are not disks: see [2], [5], [11] and [13].

Now we can state our main result.

Theorem 1.1. Let Q C R? be a bounded convex open set satisfying the following
conditions:

(i) O is a C™ curve with positive curvature;
(ii) Q has the Schiffer property;

(iii) Q is not of constant width.
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Let ¢ be a nonzero constant. Then there exist at most finitely many different pairs
of coefficients (Am, ftm) € R? such that the Cauchy problem

Aut+Apu+ py, =0 nQ, u=0 and %:c on 09,
n

has a solution.

Remark 2. A true ellipse satisfies the conditions of Theorem 1.1. Indeed, it is well
known that a true ellipse has the Schiffer property: a very simple proof is given
in [6].

§82. Preliminaries

We assume first that Q@ C R? is a bounded simply-connected open set with C'>
boundary 0. Let z = x(s) = (z1(s),2z2(s)), s € [0, L], be a parametrization of
O by arc length. We denote by 7(s) = (71(s), 72(s)) the tangent to 9Q at x(s)
and by v(s) = (v1(s), va(s)) the exterior normal to 9 at x(s). We have

7‘1(3) = xll(s)’ 7—2(8) = x/Q(S)a s € [OaL]v
and

v1(s) = 25(s), wa(s) = —2i(s), s€](0,L].
The Frenet formulas are

o(s) = —k(s)v(s),  V'(s) = rK(s)a'(s), s€[0,L],

where k = k(s) is the curvature.

Now suppose that there exists u € C*°(Q) satisfying (1.1)—(1.3). We shall use
some formulas established in a more general situation [7, Lemma 2.5 p. 101 and
Lemma 2.6 p. 104] (see also [5]).

Lemma 2.1.

(1) We have
L
(Ac? + /ﬂ)/ (x1v9 — zo11) (V1 +ive)?ds + Ap+ B =0,
0
where A and B are independent of X and . Moreover

L
A= 22'0/ (26(x - v+ i(zive — zo11)) — 1) (v + iv2)% ds,
0

L
B= —22'02/ k(k(x - v +i(zive — 2o11)) — 1) (11 + ivo)* ds.
0
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(2) Let k = 2p with p > 2. We have
L
0= (=1)PAPI (A + qu)/ (z1vn — zo11) (V1 + i) ¥ ds
0
P ‘ P o A
e ZAj,k)\pij + MZBj,kApij + ch,kAP*J,

j=2 j=1 j=1

where A, Bjr and C; . are independent of X and p. Moreover

L
By = (—1)”ikc/ (k(22 - v + ik(z1vs — xo11)) — 1) (1 +i12)"* ds.
0

Lemma 2.2.

(1) We have
L
(A 4 p?) / (1 + i) ds +au+b =0,
0
where a and b are independent of A and p. Moreover
L , L
a= 78c/ k(v +ive)dds  and b= 402/ K2 (v1 + )3 ds.
0 0

(2) Let k =2p+ 1 with p > 2. We have

L
0= (—1)PAPr(\? + /12)/0 (v1 +ivo)* ds

p p p
F D AT Y BT Y AP,

=2 j=1 j=1

where a; ., Bjr and v are independent of A and p. Moreover
2 t k
za = (<175 o= Dplp+ Dp-+2) [ 20 +iv) ds,
0
L
/617k = (—1)p_1(1f2 — 1)0/ K/(Vl + iV2>kd87
0
2 t K
Yk = (fl)pgp(p +1)(P*+p+ 1)02/ K2 (v1 + ivo)F ds,
0

L
Bo,5 = —160/ w3 (v + i1/2)5 ds,
0

L L
V2,5 = —16¢2 (2 / k(1 +ivn)® ds + / K2 (v + )P ds).
0 0

595
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Remark 3. In [7], B, (2,5 and 72 5 are not given explicitly, but they can be easily
obtained from the proof.

Lemma 2.3. Assume that Q has the Schiffer property. Given any ¢ € R\{0} and
A € R, there exists at most one p € R such that the Cauchy problem

0
Av+dv+pu=0 mQ, v=0 and a—U:c on 012,
n

has a solution.

Proof. Suppose there exist ¢ € R\{0} and A € R for which the above problem has a
solution for two different values p; and po. We denote by v1 and vy two solutions
corresponding to p1 and po respectively. The function u = (v1 — va) /(1 — p2)
satisfies (1.1)—(1.3) with g =1 and ¢ = 0 and we reach a contradiction.

Assume moreover that 92 has positive curvature and that 0 € 2. Since the
curve 99 turns continuously, to each point z = z(s) € 9 we can associate a
unique 6 (modulo 27r) and 6 describes a complete circuit 0 < 0 <27 as 0 < s < L.
For each angle 6, 0 < 0 < 2, let h(6) denote the distance from the origin to the
supporting line of Q with outward normal v = (cos €, sin §). We have

h(f) =z v,

and h has period 27. From the Serret—Frenet formulas we can derive the following
second order ordinary differential equation involving the support function h and
the radius of curvature p:

h(0) + 1" (0) = p(0).

When 0 ¢ €2, the support function is defined in the following way. By translation
there exists a = (a1, az) € R? such that 0 € Q = a + Q. If h denotes the support
function of Q we have

h(0) = —a; cos O — ag sin 6 + h(6).

We refer the reader to Flanders [§] and the references therein for a detailed

discussion.

For any f : [0,27] — C such that f € L?[0, 2] we denote by
1 2 )
ca(f) =5 | f(O)e™dO, neL,
2T 0

the Fourier coefficients.
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83. Proof of Proposition 1.3
Let r > 32. Define

h(0) =r+cos30 + cosbl, 0<6<2nm.
Then h is of class C*° and has period 27. Since
p(0) =r —8cos30 —24cosh0 >0, 0<6<2m,

h must be the support function of a convex set €.

Lemma 3.1. Let Q be as above. Assume that there exist ¢ # 0, \,up € R and
u € C(Q) satisfying (1.1)—(1.3). With the notations of Lemmas 2.1 and 2.2, b/c?
and B/c* depend only on r and we have

L L
/ (z1vy — xov1) (11 + i) ds = 16im, / (1 +iv)dds = -8, A=a=0,
0 0

and

B 2°.7ir 1 b 2 1
672__ 7‘2 +O’["72 5 *2—7‘724—071*3 s as r — +00.
Proof. We have

L 2
/ (v1 + i) ds = / p(@)ezw df = —8m,
0 0

L 2m
/ (z1v0 — Tov1) (V1 + i) ds = 7/ ' (0)p(8)e* b,
0 0

and

2m 2m
- / R (8)p(6)e*? db = / (3sin 30 + 55in 50) (1 — 8(cos 360 + 3 cos 56))e*? dh
0 0
27 )
= —2%.3? / %" sin 30 cos 56 df
0
2m )
—-2%.5 / ¢ sin 50 cos 30 df = 16i,
0
2w N
a:—8c/ 30 do =0,
0
2 )
A = 2ic / (2(h(0) — il (8)) — p(6))e2® do = 0.
0

Next as r — +o0o we have

c2
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2i 8" [T
= ——er—n/ (r + cos 30 4 cos 58 + 3isin 36 + 5isin 56)
0

x (cos 36 + 3 cos 50)"e* df
24 "

— (22 - 13 cos 30 cos 50 + 3%i sin 36 cos 50
= Jo

- 1
+ 5i cos 30 sin 560) e db + 0(702)
26 . 7im 1
=TT tele)

b om0 48" [T 300
—:4/ df = — — cos 30 + 3 cos 50)" e db
c? o p0) r 7122:0 " Jo ( )

20 [ 1 2°7 1
=3 ; e’ Cos39d9+o(73):72+0(73>.

Now we can complete the proof of Proposition 1.3. Choose €2 as in Lemma
3.1 with r sufficiently large. Using Lemmas 2.1(1), 2.2(1) and 3.1 we get

2 2
p? 28 1\ P24 1\
>\+62_T’2+0<T2>_0 and )\—"_672_7”72—"_07"73 —0,

and we obtain a contradiction.

and

Remark 4. For any r > 32, Q has the Schiffer property and € is of constant
width. Indeed, if (1.1)—(1.3) has a nontrivial solution when ¢ = 0, then Lemma
2.2(1) implies that

L
/ (11 +ivp)3ds =0,
0

and we have a contradiction. On the other hand h(8)+h(0+m) = 2r for 6 € [0, 27],
hence €2 is of constant width.

Remark 5. Notice that in the case considered by Berenstein (1 = 0) we can easily
give examples of sets (2 satisfying the conclusion of Proposition 1.3 and such that:

(i) © have the Schiffer property;

(ii) © are not of constant width.

Indeed, let > 11 and define

h(#) =1+ cos20 + cos30, 6 € [0,27].
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Then h is of class C*° and has period 27. Since
p(0) =r—3cos20 —8cos30 >0, 0<6<2m,
h must be the support function of a convex set 2. As in Lemma 3.1 we have
L L
/ (x1v2 — mar ) (11 + iV2)2 ds = 2irm, / (v1 + il/g)B ds = —8m,
0 0

and

Then using Lemmas 2.1(1) and 2.2(1) we obtain

2 1 4 1

and we have a contradiction. On the other hand, since

I
o

L
/ (v1 +12)%ds #0 and  ca(h) # 0,
0

(i) and (ii) are satisfied.

In fact we could also treat the case p # 0. From Lemmas 2.1(1) and 2.2(1)
we get two equations for A, u/c and pu?/c?. Then Lemma 2.2(2) with p = 2 gives
a third equation:

2
arst + sy QD
c c ¢ ¢ c
However, to get a contradiction requires tedious calculations; we leave the details

=0.

to the reader.

84. Proof of Theorem 1.1

Let ¢ # 0 be a given constant. Assume that (1.1)—(1.3) has a solution corresponding
to a sequence of infinitely many different pairs (A, ptrn) € R%, m € N. Lemma
2.3 implies that infinitely many of the constants A, are different. Then we may
assume that all the constants ), are different. Now we have two cases to consider:

Case 1: There exists a subsequence of (A,,) that we still denote under (\,,) such
that \,,, — oo as m — oo.

Since the problem is invariant under translation we can assume that ¢i(h) =
c_1(h) = 0. We have

(4.1) copri(p) =0 VpeLZ.
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Indeed, suppose the contrary. Then there exists p > 1 such that copy1(p) # 0.
Suppose first that c3(p) # 0. By Lemma 2.2(1) we have

27 55(7)

(4.2) implies that |u;,| — +o0o0 and A, — —oc0 as m — oo. Then using (4.2) and
Lemma 2.1 we get

(4.3) A=DBy =0 Vp>2.

Since

(4.4) A= —2mcey (W) = dimecy(h),

and

(4.5) By oy = (=1)P"12mc ey, (B) = (—1)Pdiprccapy(h),

we deduce that
(4.6) can(h) =0 Vn e Z\{0}.

But (4.6) implies that € is of constant width and we reach a contradiction. Now
if c3(p) = 0, there exists p > 2 such that

CQj—‘,—l(p) :O7 .] = la"'vp_17 and C2p+1(p) #O

By Lemma 2.2(2), p.,, satisfies a polynomial equation of degree 2 with coeflicients
depending on A,,. It is quite easy to see that |u,;,| — 400 as m — oco. Then we
deduce that

Am,
5 A+1—-0 asm— oo,
from which we derive
2 2 (=1 2
(47) )\mC + Moy =+ 271'07@(71)2p+1 —C a2,2p+1) —0
2p+1

as m — oo because (12441 = 0 for ¢ > 2. Using (4.7) and Lemma 2.1 we deduce
that (4.3) holds and we conclude as before. Thus (4.1) is proved.
Now we claim that there exists p € N\ {0} such that

L
/ (x1v9 — morn) (11 + il/z)Qp ds # 0.
0

Indeed, suppose the contrary. Then

L
/ (z1v9 — av1) (V1 +i2)*P ds = =21 cop('p) =0 Vp € Z.
0
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Using (4.1) and the fact that ¢, (p) = (1 — n?)e,(h) for n € Z, we can write

+oo
copy1(h'p) = Z Copy1-5(h)ei(p) = D cagpejy1(h)eai(p)
j=—00 j=—o0

=i Z (p = 3) + Dea—j)+1(h)c2;(p) =0

j=—00
for all p € Z (recall that ¢;(h) = c_1(h) = 0). Therefore we have
cn(h'p)=0 Vnez,

hence h'p = 0. Since p is positive we deduce that h is constant, contrary to (iii),
and our claim is proved.
Now assume that ca(h'p) # 0. Then Lemma 2.1(1) implies that

o) B

Yo — ———— =0 Ym€N.
ca(h'p) 2w ca (W p)

(4.8) Amc 4 12, +

Therefore |py,| — 400 as m — oo. Using (4.8), Lemma 2.1(2) and (4.5) we deduce
that

(b))

ca(h'p)
Clearly (4.9) also holds for p = 0, 1. Since cop+1(h’) = copt1(h'p) =0 for all p € Z,
we conclude that

(4.9) cop(h') = ——cop(h'p) Vp>2.

h)
h/ — C2 ( h/
ca(h'p)

It is quite elementary to see that (4.10) implies that p is constant, contradicting

(iii).

(4.10)

Now, as ca(h/p) = 0, there exists p > 2 such that
(4.11) coj(h'p)=0, j=1,...,p—1, and cg(h'p) #0.

By Lemma 2.1(2), p., satisfies a polynomial equation of degree 2 with coefficients
depending on A,. Clearly |py,| — 400 as m — co. Then we deduce that
Am

241 -0 asm — oo,
m

from which we derive

B —1)pt
i/},m + ( )7(01’217 — 02A2,2p) — 0
27 cop (R p) 27 cop (R p)

(4.12) A+ p2, + (=P
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as m — 00. Since |y, — 400, (4.11) and Lemma 2.1 imply that
A=0 and B1’4:--':Bl’2p,220 lpr?)
Then using (4.12), Lemma 2.1(2) and (4.5) we deduce that

h/)
4.1 " = 702;0( /p Vg >p+ 1.
( 3) C2q<h ) CZp(h/p) CQQ<h ) q=p

Since (4.13) also holds for ¢ =0, ..., p, we conclude as before.

Case 2: The sequence (Ay,) is bounded.

Let (¢;) and (¢;), j € N, denote the eigenvalues and a complete orthonormal
system of real eigenvectors for —A with Dirichlet boundary conditions. For any
z € C\ {g;; j € N} we define v, as the solution of

Av, +zv,+1=0 inQ, wv,=0 on .

Since

v R 2
2 do(z) = J (/(pdm),
a0 871 () ZZ—EJ Q J

Jj=0

the function

ov,,

Z
o0 3n

do(x)

is meromorphic on C, nontrivial, and has a pole at ¢; if and only if the correspond-
ing eigenspace is not orthogonal to the constants. Now we define the function

B |09
faQ %1;5 do(x)

Lemma 4.1. In the above setting u is a meromorphic function on C and p(Ay,) =
Wm for every m € N such that A\, € R\ {e;; j € N}

(4.14) u(z)

Proof. i is clearly a meromorphic function on C. If w,, is a solution of (1.1)—(1.3)
corresponding to (Ap, fim), where X\, € R\ {e;;j € N}, then u,, = pnua,,.

Therefore
_ vy,
O
and we get pu(Am) = tm.
Now, by taking a subsequence if necessary, we may assume that A, € R\

{€;; j € N} for all m € N and that there exists A, € R such that

Am — Ay as m — oo.
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With the notations of Lemmas 2.1 and 2.2, for each p > 1 we define meromorphic
functions on C by setting

L
Fi(2) = (22 + u(2)?) / (z1v9 — zo11) (V1 +ivn)? ds + Ap(z) + B,
OL
G1(2) = (2 + u(2)?) / (v1 +ive)? ds + ap(z) + b,
’ L
Fy(2) = (—1)P2P7 (2 + u(z)Q)/O (z1v9 — 2o11) (V1 + ivp)?P ds

p p p
+u(2)? Y AjopaP T 4 pu(2) Y Biop T+ Y ClapaP
j=1 j=1

Jj=2

L
Gp(z) = (71)1)21771(6224»#(2)2)/0 (V1+iy2)2p+1 ds

P P P

+1(2)? D aap1? T u(2) D> Biapi T+ iapra T,
=2 j=1 j=1

if p > 2, where p is defined in (4.14). By Lemmas 2.1, 2.2 and 4.1, for every p > 1,

we have

F,(Am) =Gp(A) =0 VYmeN.
Notice that, for each p > 1, the poles of F,, and G,, are included in {¢;; j € N}.
Since a nontrivial meromorphic function defined on all of C except at its poles
cannot have a sequence of zeros with a finite limit point, we deduce that Fj, = 0
and G, =0 for all p > 1. Then there exists a sequence (S\m) increasing to +oo in

R\ {¢;; j € N} such that F,(Am) = Gp(Am) =0 for p > 1 and m € N. Now we
can argue as in Case 1.

85. Concluding remarks
The following theorem was proved in [13], Theorem 3.2 p. 1198].

Theorem 5.1. Let Q C R? be a bounded convex open set of class C3< (a € (0,1]).
Assume that  is not of constant width and that  has the Schiffer property. Let
Y € CH(IQ) be such that:

(i) ¥ is not identically constant;

(ii) ¥ has at most countably many zeros.

Then there exist at most finitely many different pairs of coefficients (A, fm) € R?
such that the Cauchy problem
0
Au+dpu+ iy =0 inQ, u=0 and 8—u: on 012,
n

has a solution.
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Using a completely different approach we proved the same theorem in [5l
Theorem 1.3 p. 774] under slightly different assumptions. However the conditions
there imply that  is not of constant width and that {2 has the Schiffer property.
On the other hand we only assume in [5] that ¢ € C°°(9Q) is not identically
constant. Theorem 1.1 shows that this assumption is not necessary.

The proof of Theorem 1.1 in Case 1 shows that A,, — +o0o cannot occur.
Then the arguments in Case 2 easily lead to a contradiction.

We have seen in the proof of Theorem 1.1 that if (1.1)—(1.3) has a solution
corresponding to a sequence of infinitely many different pairs (A, pm) € R?,
m € N, and if there exists p > 1 such that copt1(p) # 0, then Q is of constant
width. A class of smooth bounded convex sets of constant width for which there
exist at most finitely many different pairs of coefficients (A, ftr) € R? such that
(1.1)-(1.3) has a solution is given in [7, Proposition 6.2 p. 118]. We have the
following stronger result, where we use the notations introduced in Section 2.

Theorem 5.2. Let Q C R? be a bounded convex open set satisfying the following
conditions:
(i) 9 is a C* curve with positive curvature;
(ii) Q has the Schiffer property;
(iil) Q has constant width;
(iv) {p € N\{0}; cops1(p) # 0} s finate.
Let ¢ be a nonzero constant. Then there exist at most finitely many different pairs
of coefficients (A, pim) € R? such that the Cauchy problem

0
Au+Apu+ =0 nQ, u=0 and a—u:c on 0L,
n

has a solution.

Proof. We shall need a simple lemma proved in [, Lemma 6.1 p. 118].

Lemma 5.1. In the setting of Theorem 5.2, for all p € N, there exists ¢ > p such
that 02q+1(1/p) 7& 0.

Now as in the proof of Theorem 1.1 we are led to Case 1. Assume first that
c3(p) # 0. Then (4.2) holds, hence |uy,| — +00 and A, — —00 as m — oco. Using
Lemma 2.2(2) we deduce that

O e

(Notice that (5.1) also holds for n = 1.) Then Lemma 5.1 and (iv) give a contra-
diction. Now if ¢3(p) = 0, as in the proof of Theorem 1.1 we arrive at (4.7). Since
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for all n > 2,

MNant1 = Cagan1 = (—1)"4mn(n + 1)c? cania(1/p),

using Lemma 2.2(2) we deduce that if cp;11(p) =0, j =1,...,p—1, and cop+1(p)
# 0, then

1\  pp+1) copii(1/p)
62 en(G) =R B

(clearly (5.2) also holds for n = p and in fact also for n = 1,...,p — 1), and

cant1(p) Vn>p+1

we conclude as before. The arguments in Case 2 are the same as in the proof of
Theorem 1.1.

Notice that the class B in [7, Definition 1.1 p. 94 and Proposition 6.2 p. 118]
is strictly contained in the class defined in Theorem 5.2. Indeed, if c3(p) # 0, then
Q has the Schiffer property: see Remark 4 or [7, Proposition 6.1 p. 117]. However
there are plenty of smooth domains of constant width having the Schiffer property
and such that c3(p) = 0. Let us give an example. Let r > 72 and define

h(0) = r + cos50 + cos 70, 0 € [0, 27].
Then h is of class C*° and has period 27. Since
p(0) =7 —24cosbf —48cos70 >0, 0<6 < 2m,

h must be the support function of a convex set 2. Clearly cs(p) = 0. Since h(8) +
h(0+m) = 2r, £ has constant width. Assume that (1.1)—(1.3) has a solution when
¢=0and p = 1. In Lemma 2.1(1) we have A = B = 0 and

L 2m
/ (z1v2 — x211) (V1 +iva)? ds = 7/ R (0)p(0)e** df = 36im # 0,
0 0

and we reach a contradiction.

Finally let u be a solution of (1.1)—(1.3). With the notations of Section 4, the
eigenvalue ¢ is simple and the eigenfunction (g is of constant sign. Integrating by
parts we obtain

ao/wpodm:—/uAapodw:—/<p0Aud33=)\/ugoodm—i—,u/apodx.
Q Q Q Q Q

If A = ep, we deduce that = 0. Then by the classical result of Serrin [12], Q is a
disk.
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