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Low Energy Asymptotics of the Spectral Shift
Function for Pauli Operators with Nonconstant
Magnetic Fields

by

Georgi D. RAIKOV

Abstract

We consider the 3D Pauli operator with nonconstant magnetic field B of constant di-
rection, perturbed by a symmetric matrix-valued electric potential V' whose coefficients
decay fast enough at infinity. We investigate the low-energy asymptotics of the corre-
sponding spectral shift function. As a corollary, for generic negative V', we obtain a gen-
eralized Levinson formula, relating the low-energy asymptotics of the eigenvalue counting
function and of the scattering phase of the perturbed operator.
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§1. Introduction

Suppose that the magnetic field B : R? — R3 has a constant direction, say,
(1.1) B =(0,0,b).

By the Maxwell equation, divB = 0, we should then have 0b/0x5 = 0. Assume
that the function b : R2 — R is continuous and bounded. In Subsection 2.1] we
describe in more detail the class of admissible functions b. Let A € C1(R3;R?) be
a magnetic potential generating the magnetic field B, i.e. curl A = B. Introduce
the Pauli matrices
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Set 6 := ((3'1,(5'2,(}3). Let
(1.2) Hy := (6 - (—iV — A))?

be the unperturbed self-adjoint Pauli operator defined originally on C§°(R?; C?),
and then closed in L?(R3;C?). We have

(—iV — A2 —b 0 o 0 U
Hy = =: =H H.
0 < 0 (—iV — A2 +b 0 H 0 ©Ho

Further, let vj; € L>®(R3), j,k = 1,2. Assume that v1; and vey are real-valued,
and v1o = Ta1. Introduce the symmetric matrix

V(x):= (vu(x) le(X)), x € R3.
v21(X)  vo2(x)
On the domain of Hy define the operator
H:=Hy+ V.
Assume that
(1.3) (H —i)~' — (Ho — i)' € S1(L*(R?;C?))

where S1(X) denotes the trace class of linear operators acting in the Hilbert
space X. By the diamagnetic inequality and the boundedness of b, we find that

(1.3) holds true if
(1.4) kA=A +1)71 € So(LA(R?)), 4, k=1,2,
where S3(X) denotes the Hilbert—Schmidt class of linear operators acting in X.
In its turn, (1.4) holds true if and only if vj, € L' (R?).

By (1.3)), there exists a unique & = £(+; H, Hy) € L' (R; (1 + E?)~'dE) which
vanishes identically on (—oo,inf o(H)), such that the Lifshits—Krein trace formula

(1.5) Te(f(H) - f(Hy)) = / ¢(E: H, Hy) f'(E) dE

holds for each f € C§°(R) (see the original works [25], [22], or [33, Chapter 8]).
The function &(-; H, Hy) is called the spectral shift function (SSF) for the operator
pair (H, Hy). If E < 0 = inf o(Hy), then the spectrum of H below E could be at
most discrete, and for almost every F < 0 we have

(1.6) §(E; H,Ho) = —N(E; H)

where N(F; H) denotes the number of eigenvalues of H lying in the interval
(=00, E), and counted with their multiplicities. On the other hand, for almost
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every E € 0,.(Ho) = [0,00) (see Corollary 2.2)), the SSF &(E; H, Hy) is related to
the scattering determinant det S(E; H, Hy) for the pair (H, Hy) by the Birman—
Krein formula

(L.7) det S(E; H, Hy) = e~ 2mi¢(BiH . Ho)

(see the original work [8] or [33 Section 8.4]).

A priori, the SSF &(FE; H, Hy) is defined for almost every E € R. In this article,
if E € (—00,C) \ {0} where C > 0 is a constant defined in (2.13), we will identify
&(E; H, Hy) with a representative of its equivalence class, described explicitly in
Subsection under the assumption that the matrix V(x), x € R3, is positive- or
negative-semidefinite. Under our generic assumptions on V', we check that the SSF
&(+; H, Hp) is bounded on every compact subset of (—o0,C) \ {0}, and continuous
on (—o00,C)\ ({0}Uop,(H)) where oy, (H) denotes the set of eigenvalues of H (see
Proposition {4.1)).

The main results of the article concern the asymptotic behavior of the SSF
&(E;H,Hy) as E — 0 for perturbations V' of definite sign. We show that even
for certain V' of compact support, the SSF &(-; H, Hp) has a singularity at the
origin (see Theorems and . More precisely, we show that £(E; H, Hy) — oo
as E | 0 if the perturbation is positive, and &{(E; H, Hy) — —oc as E T 0 and
E | 0 if the perturbation is negative. The singularities of the SSF at the origin
are described in terms of effective Hamiltonians of Berezin—Toeplitz type; their
spectral properties have been studied, for instance, in [29], [31], and [30]. Assuming
that the perturbation admits a power-like or exponential decay at infinity, or that
it has a compact support, we obtain the first asymptotic term of £(E; H, Hy) as
E10and E | 0 (see Corollaries [3.6) and [3.7)). In particular, if the perturbation is
negative, we show that the limit

EL0 §(—E; H, Ho)

exists, is finite and positive; it depends only on the decay rate of V' at infinity (see
Corollary .

Similar results concerning the singularities at the Landau levels of the SSF
in the case where the unperturbed operator is the 3D Schrodinger operator with
constant magnetic field, and the perturbation is a scalar potential of constant sign
which decays fast enough at infinity, were obtained in [I5]. The relation between
these singularities and the possible accumulation of resonances at the Landau
levels was considered in [10].

The paper is organized as follows. In Section [2| we discuss the class of admis-
sible magnetic fields, describe the basic spectral properties of the operator Hy,
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and introduce the Berezin—Toeplitz operators we need. In Section [| we formulate
our main results as well as some corollaries. Section [] is devoted to auxiliary
material such as the representation of the SSF' due to A. Pushnitski, and estimates
of appropriate sandwiched resolvents. Finally, Section [5] contains the proofs of
Theorems [3.1] and

82. Admissible magnetic fields and effective Hamiltonians

§2.1. Admissible magnetic fields

Let B have the form (T.I). Assume that b = by 4+ b where by > 0 is a constant,
while the function b : R? — R is such that the Poisson equation

(2.1) Ap=b

admits a solution ¢ : R? — R, continuous and bounded together with its deriva-
tives up to the second order. Slightly abusing the terminology, we will say that b
is an admissible magnetic field. Also, we will call the constant by the mean value
of b, and b the background of b. In our leading example, the admissible background
b has the form

(2.2) b(z) = / e dy()), x€R?
R2
where v is a Borel charge (i.e. a complex-valued measure) defined on R? which
satisfies
(2.3) IVI(R?) < oo,
(2.4) v(0) = v(=9)

for each Borel set § C R?,

(2.5) v({0}) =0,

and
(2.6) / A2 dly|(\) < oo,
R2
If b satisfies (2.2), then the Poisson equation ([2.1)) admits a solution
(2.7) o(x) == —/ N2 du()),  xeR?
R2

which possesses all the prescribed properties.
Let us give two further examples of admissible backgrounds b of the form

2.
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(i) Let A, € R*\{0}, b, € C, n € N. Assume that > [bn|(14|An]72) < c0.
Then the almost periodic function b(z) := 3, . bpe*»*%, 2 € R?, is an admissible
background, provided that it is real-valued. In this case the charge v in is
singular with respect to the Lebesgue measure in R?. Evidently, the real-valued
periodic functions with zero mean value and absolutely convergent series of Fourier
coefficients belong to the above defined class of admissible backgrounds.

(i) Let f : R? — C be a Lebesgue measurable function which satisfies f()\) =
F(=N), A € R% and [,,(1 + [A[72)|f(A\)|dX\ < oo. Then b(z) := [, e f(X)dA
is again an admissible background. In this case the charge v in is absolutely
continuous with respect to the Lebesgue measure in R2.

For (z1,72) € R? set ¢g := bo(x? + x3)/4 and

(2.8) @ = o+ ¢,
¢ being introduced in (2.1)). Then Ayy = by and Ap = b. Put A := (A;, Ag, As)
with

Op Op
Ayi=———, Ayi=—
1 81'2, 2 81'17

The magnetic potential A = (A;, As, A3) € C}(R3,R3) generates the magnetic
field B = curl A = (0,0,b). Changing the gauge if necessary, we will assume that
the magnetic potential A in ([1.2)) is given by (2.9)).

§2.2. Spectral properties of the operator H

(2.9) A =0.

Introduce the the annihilation and the creation operators
0 0
a=a(b):= —Qie_“”%ew, a* =a(b)* = —2ieW$e_‘”,
the function ¢ being defined in (2.8)), and z := z1 + iz2, Z := 1 — ix3. The
operators a and a* defined initially on C§°(R?), and then closed in L?(R?), are
mutually adjoint. Set

H =H_(b):=a%a, Hf =H{():=aad",
H 0

HJ_:HJ_<b)::(O H+
4

>:HL®HI

Then we have

u=ge ¥ 89—0},

KerH =Kera = {u € L*(R?) ' %
z

(2.10) 56

U ge k) az }’

(2.11) Ker H| = {u= (uj,uz) | us € Ker H|, us € Ker H|}.

Ker Hf = Kera* = {u € L*(R?)
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Note that Ker H| (respectively, Ker HI) is a weighted holomorphic (respectively,
antiholomorphic) space of Fock—Segal-Bargmann type (see e.g. [I8 Section 2 and
Subsection 3.2]). Since we have chosen by > 0, and ¢ is supposed to be bounded,
we find that dim Ker H| = oo while dim Ker HI =0.

Proposition 2.1 ([30, Proposition 1.2]). Let b be an admissible magnetic field
with by > 0. Then 0 = inf o(H ) is an isolated eigenvalue of infinite multiplicity.
More precisely,

(2.12) dimKer H, = oo,
and

(0,C) cCR\o(H,)
with

(2.13) C := 2bg exp(—2o0sc @),
where 0S¢ @ 1= SUP,cre P(r) — inf ere ¢(2).

Remarks. (i) Relation (2.12) holds true also for more general backgrounds b. For
example, it is sufficient that b is bounded, and the solution ¢ € C?%(R?) of the
Poisson equation (2.1)) satisfies only

(2.14) ¢(x) = o(|z]*),  |z| — oo.
If b is of the form (2.2), and relations ([2.3)~(2.5) (but not necessarily (2.6)) hold,

then -
ox) = / (- J;) / (1 —s)e**dsdv()), x€R?
re A2 Jo

is in C?(R?), and satisfies and (2.14). However, some of our further results,
in particular, Lemma [2.3] below, may not be true for such more general magnetic
fields.

(ii) If b is a periodic magnetic field, the fact that the origin is an isolated
eigenvalue of H, was already mentioned in [I4], and was proved in [6]. A far-

reaching extension of the results of [I4], concerning the existence of a strictly
positive isolated eigenvalue of H of infinite multiplicity, can be found in [26].

Now note that
(2.15) HY =Hf @I+ 1. ® H,

where I and I, are the identity operators in L*(R) and L?(R?) respectively, and
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is the self-adjoint operator, originally defined on C§°(R), and then closed in L?(R).
Since o(H|) coincides with [0,00), and is purely absolutely continuous, while
info(H]) =0, we find that combined with, say, the arguments of [2, Sub-
section 8.2.3] implies

Corollary 2.2. Assume that b is an admissible magnetic field. Then the spectrum
o(Hp) coincides with [0,00), and is purely absolutely continuous.

§2.3. Berezin—Toeplitz operators

Denote by p = p(b) the orthogonal projection onto Ker H (b) (see (2.10)). It is
well known that p admits a continuous integral kernel Py (z,y), =,y € R? (see e.g.
[18, Theorem 2.3]).

Lemma 2.3. Assume that the magnetic field b is admissible. Then
(2.16) b—oe_%sc“‘3 < Py(z,x) < b—oem’sc“ﬁ, r € R2.
21 - 27

Proof. Introduce the functions

bo (bo\"? k
(2.17) br(z) = ,/ﬁ (2) (z1 +ize) e @ EeZ,, xeR?

which constitute a basis of Ker H] (by) = Kera(by), orthonormal in L?*(R?) (see
e.g. [31]). Let v : [*(Z+) — 12(Z+) be the operator given in the canonical basis
by the matrix {g;x};7_o With gjr == [p» e 2 ¢pidrdx, j,k € Zy. It is easy to see
that ~ is self-adjoint, bounded, and
(2.18) inf e=2?W) <info(y) < supo(y) < sup e 2P,

y€ER? yER2
Set p :=~1/2. Let {rjk}szo be the matrix of p in the canonical basis of [2(Z. ).
Put

1/}](1') = e*(ﬁ(fﬁ) erk¢k($)7 S RQ, j S Z+.
k=0

Then {4;}2, is a basis of Kera(b), orthonormal in L*(R?), and

oo

(2.19) Pola,z) =Y | (@) = e >*D|pd(@) oz,

j=0
where ¢(z) := {¢r(z)} ey € 1*(Z+), x € R? being fixed (see [I8, Theorem 2.4]).
Making use of (2.18]) and the spectral theorem, we find that (2.19)) and the obvious
equality Y o |ox(@)]? = g—;’r, valid for each z € R?, imply (2.16). O
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The Berezin—Toeplitz operators, necessary for the formulation of our main re-
sults, have the form p(b)Up(b) where U : R? — R. In Lemmabelow we describe
a class of compact operators of this type (admitting also complex-valued U).

Let X be a separable Hilbert space. In coherence with our previous notations
S1(X) and S2(X), we denote by S,(X), ¢ € [1,00), the Schatten-von Neumann

class of compact linear operators T for which the norm ||T||, := (Tr |T\‘1)l/q is
finite.
Lemma 2.4. Let U € LI(R?), q € [1,00). Assume that b is an admissible mag-

netic field. Then p(b)Up(b) € S,(L?(R?)), and

(220) IpG)UPB)3 < 22U,

Proof. If U € L>(R?), then

(2.21) [p(@)Up(B)|| < |U][Le~

If U € LY(R?), then by p(b)Up(b) = p(b)|U|"/2e? &V |U|1/2p(b) and (2.16)), we have
le e [U1 2 p(b) 3 = [[p(®)IUV2 )5 = /R2 Py, ) |U ()| dr < %e%sc“‘;ll(]llu-

Therefore,

b osc @
(2.22) [p(O)Up ()1 < ieQ Uz

Interpolating between and -, we get (2.20] - O
For further references, introduce the orthogonal projections
P=Pb):=paI, Q=Q0b) :=I-P,

acting in L?(R3), and the orthogonal projections

(2.23) P:P(b)::(lg 8) Q:Q(b)::I—P:(? ?)

acting in L?(R3;C?). Here I and I are the identity operators in L?(R3) and
L?(R3; C?) respectively.
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83. Main results

§3.1. Statement of the main results
For x = (z1,22,23) € R3 we denote by = (21, 72) the variables on the plane
perpendicular to the magnetic field. Suppose that the matrix V satisfies
(31) vk €CR?),  Juju(x)| < Cofa) ™™+ (x3) ™™,

X = (l’,xg) € Rga .77k = 1327
with Cy > 0, my > 2, mz > 1, and (y) := (1 + [y|*)"/?, y € R?, d > 1. Our main
results will be formulated under a more restrictive assumption than (3.1)), namely
(3.2) vir € C(R?),  |ujp(x)| < Co(x)™™, x€R? j k=12,

with m > 3. Note that (3.2)) implies (3.1) with any m3 € (0, m) and m, = m—ms.
In what follows we will assume that the perturbation of the operator Hy is of
definite sign. For notational convenience, we will suppose that

(3.3) V(x) >0, xeR?

and will consider the operators Hy +V or Hy — V.
Assume that (3.1) with m, > 2, mz > 1 and (3.3)) hold true. Set

(3.4) W(x) := / vi1(x, x3) drs, € R2
R

If, moreover, V satisfies (3.2)), then

(3.5) 0 < W(x) <Ci{x) ™™, =z eR?

where C} = Cg [ (x) "™ dx. For E > 0 introduce the operator

1
(3.6) w(F) = 2\/Ep
Evidently, w(E) is self-adjoint and nonnegative in L?(R?). If b is an admissible
magnetic field, £ > 0, and V satisfies with m; > 2 and ms > 1, then
Lemma [2.4] with U = W implies w(E) € Si.

Let T = T*. Denote by Ps(T) the spectral projection of T associated with
the Borel set § C R. Suppose that T is compact and put

(0)Wp(b).

ni(s;T) :=rank P oy (£T), s> 0.

Our first theorem concerns the asymptotic behavior of the SSF {(FE; H, Hy) as the
energy approaches the origin from below.
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Theorem 3.1. Let (3.2) with m > 3 and (3.3) hold true. Assume that b is an
admissible magnetic field. Then for each € € (0,1) we have

(37 —n((Q—e)w(k)) +0(Q1) < &(—E;Ho -V, Ho)
< -—ny((l4e)w(E)+0(), E]|O.
Remark. By , if holds true, then £(—F; Hy+V, Hy) = 0 for each E > 0.

Suppose again that the potential V satisfies (3.1)) with m; > 2, mg > 1, and
(3.3). For E > 0 define the matrix-valued function

_ (wi(x) wizz) v e R
(3.9) Wi (z) = <w21($) w22(x)>7 €R?,

where
w1 (T /v11 (z,x3) cos (\Fxg)dxg,
waa(z / (z,x3)sin? (\/El'g)dl'g,
wiz(x) = wey (x / (z,23) cos(fxg)sm(\ﬁxd)dxd.
Set
(39) QE) = ——p(t)Wen(h).

Evidently, Q(E) is self-adjoint in L?(R?;C?), and Q(E) > 0. Since w(E) € S, it
is easy to check that Q(FE) € S; as well.

Our second theorem concerns the asymptotic behavior of the SSF ¢(FE; H, Hy)
as the energy approaches zero from above.

Theorem 3.2. Let (3.2) with m > 3 and (3.3) hold true. Assume that b is an
admissible magnetic field. Then for each € € (0,1) we have

(3.10) j:% Trarctan((1+¢)"'Q(E)) + O(1)

<¢(E;Hy £V, Hy) < j:% Trarctan((1 F¢)'Q(E)) +0(1), E|O0.

Remark. The privileged role of the entry vi; of the matrix V' which occurs in
the operators w(E) and Q(E), is determined by our assumption that by > 0, and
hence, the kernel of H | consists of elements with spin-up polarization (see (2.11).
In particular, we have

0 0
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The proofs of Theorems[3.1]and 3.2 can be found in Section 4. In the following
subsection we will describe explicitly the asymptotics of £(—FE; Hy — V, Hy) and
&(E; Hy £V Hp) as E | 0, under generic assumptions about the behavior of W (x)
as |z| — oo.

83.2. Corollaries

By and , we can reduce the analysis of the behavior as £ — 0 of
&(E; Hy £V, Hy) to the investigation of the eigenvalue asymptotics of compact
Berezin—Toeplitz operators p(b)Up(b), discussed in the following three lemmas.

The first one treats the case where the decay of U at infinity is power-like.
It involves the concept of an integrated density of states (IDS) for the operator
H7 (b). Let xq be the characteristic function of the square @ C R?, and let |Q|
denote its area. We recall that the nonincreasing function g, : R — [0, 00) is called
an IDS for the operator H | (b) if it satisfies

(3.11) Qb(E)Z‘Ql‘lm Q™ Tr(xQP(—co,m) (HT (b)) xq)

at its continuity points E € R (see e.g. [20, 13]). If b = by, i.e. if b =0, we have
bo
(3.12) oy (B) = 5~ Z_% —2byq), E€R,

where

0 ift<O
Ot) = ’
*) {1 if t >0,

is the Heaviside function.

Lemma 3.3 ([30, Proposition 3.5]). Let U € C'(R?) satisfy
0<U(x) <Ci{x)~®, |VU(z)| <Cilz)" >t 2 cR?

for a >0 and Cy > 0. Assume, moreover, that:

o U(x) =ug(x/|z])x]~*(1+0(1)) as |x| — oo, where ug is a continuous function
on St which does not vanish identically;

e b is an admissible magnetic field;

e there exists an IDS oy for the operator H (b).

Then

(313)  nu(spOURD) = 2o l{x € B | Ux) > s}|(1 +0(1)
= U, (s;u0,b0)(1 +0(1)), s]0,
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where, as above, |- | denotes the Lebesgue measure, and
b

(3.14) W, (s) = W (s;u0,bo) i= s*Q/QZO/ uo(0)?/%d9, s> 0.
™ Jst

Remarks. (i) In [30, Proposition 3.5] we considered only the example of almost
periodic admissible magnetic fields, and proved explicitly the existence of the IDS
for the operator H| (b). In Lemma above the existence of the IDS is just a
hypothesis. For this reason we summarize here the main ingredients of the proof
of [30, Proposition 3.5] which do not concern the existence of the IDS:

e Applying variational and commutator techniques developed, in particular, in
[12] 2], we show that for each E € (0,C),

(315) ny(s:p(B)Up(b) = n_(s/EsUM(HT — E)"'UM2)(1+0(1)), s | 0.

e Using the Birman—Schwinger principle, as well as the methods of [T, 23, [19]
concerning the strong-electric-field asymptotics of the discrete spectrum of the
operator H | (b) 4+ gU lying in the gap (0,C) of o(H | (b)), we obtain

(3.16) lim g~ 2/°n_(g~ % UI/Z(HI — E)"'UY?)
g—00

E
:/ {2 € R? | ug(z/|a])|z|~* > E — t}| doy(t)

—00
_ E-W@/ w(0)2/"ds, E e (0,0),
2 St
where J(b) is the jump of the IDS g, at the origin.
e We check that the family H (by + sb), s € [0,1], is continuous in the norm
resolvent sense, and, utilizing a gap-labelling theorem due to J. Bellissard [5]
Proposition 4.2.5], we find that the jump J(by + sb) is independent of s € [0, 1].

In particular, (3.12)) implies
bo

(3.17) Tb) = T (bo) = 3.

Putting together (3.15)—(3.17)), we obtain (3.13)). As a by-product of (3.11)) with
any E € (0,C), and (3.17), we obtain the formula
bo

ﬂv

lim |Q|—1/ Py, ) d =
|Q|—o00 Q

valid if b is an admissible magnetic field, and there exists an IDS g for the operator
H(b). )

(ii) In the case b = by (i.e. b = 0) a variant of Lemma [3.3| was proved in [29]
with the help of pseudo-differential techniques. In the case of general admissible
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backgrounds b, the methods of [29] are not directly applicable: due to the factor
exp(—¢) whose derivatives generically do not decay at infinity, we do not obtain
suitable symbols of pseudo-differential operators.

The following two lemmas concern respectively the cases where U decays expo-
nentially at infinity, or has a compact support. First note that, by [30, Proposition
3.2], we have

(3.18) n+ (exp(2osc g)s; p(bo)Up(bo)) < n(s;p(b)Up(b))
< ny(exp (—2o0scp)s; p(bo)Up(bo)),

provided that s > 0, U : R? — [0, 0), and the operator U(—A + 1)~! is compact
in L?(R?).

Combining with the results of [31I, Proposition 3.1 with ¢ = 0] and of
[31, Proposition 3.2], we obtain

Lemma 3.4. Let 0 < U € L*(R?). Assume that
InU(z) = —nlz|*(1 4+ o(1)), |z| — oo,
for some B,m € (0,00). Let b be an admissible magnetic field. Then

ni(s;p(b)Up(b)) = Pp(s)(1+0(1)), s10,

where
(3.19)  Pp5(s) = Pp(sin, bo)
b
27710/B|1ns\1/5 if0<B<1,
1

= m“ﬂﬂ if B=1, s€(0,e7h).

/Bf 1(ln|lns\)_1|lns| if 1< <00,
Similarly, the combination of (3.18)) with [31 Proposition 3.2 with ¢ = 0] and
[31, Proposition 3.2] implies

Lemma 3.5. Let 0 < U € L*(R?). Assume that the support of U is compact,
and that there exists a constant C' > 0 such that U > C' on an open nonempty
subset of R?. Let b be an admissible magnetic field. Then

ny (s;p(D)Up(b)) = Poo(s)(L+0(1)), 510,
where

(3.20) Poo(s) := (In[lns|)ns|, se(0,et).
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Employing now Lemma or we find that (3.7) immediately entails
Corollary 3.6. Let (3.2) with m > 3 and (3.3) hold true.

(i) Assume that the hypotheses of Lemma hold with U = W and o = m — 1.
Then

(3:21) §(=E;Hy —V,Ho) = *%I{z €R* [ W(z) > 2VE}(1 +o(1))
= —V,,_1(2VE;u0,bo)(1 +0(1)), E |0,

the function U, being defined in (3.14)).
(i) Assume that the hypotheses of Lemmal[3.4] hold with U = W. Then

§(=E; Ho =V, Ho) = —@5(2VE;,b0) (1 4+ 0(1)),  E 10, B € (0,00),

the function ®g being defined in (3.19).
(iii) Assume that the hypotheses of Lemma hold with U = W. Then

§(—E;Ho — V,Hy) = —®(2VE)(1 +0(1)), E |0,

the function @, being defined in (3.20)).

Remark. By , the results of Corollary as well those of Theorem con-
cern the asymptotic distribution near the origin of the (negative) discrete spectrum
of the operator Hy — V. Results related to Corollary i), concerning perturba-
tions V' of power-like decay, can be found in [21I] where, similarly to the present
article, magnetic fields B = (0,0, b) of constant direction are considered. More-
over, in [2], the perturbation V is not obliged to be asymptotically homogeneous,
the decay rate m is allowed to be any positive number, and two distinct types
of asymptotic formulae concerning the case m € (0,2) and m € (2,00) are de-
duced, the latter being similar to . On the other hand, in [2I] the function
b is assumed to be positive, its derivative is supposed to decay at infinity, and
the perturbation V' is scalar. Results which extend Lemma [3.5] and are related to
Corollary [3.6{iii), are contained in [16].

Next, the combination of Theorem [3.2] with Lemmas [3.3 yields

Corollary 3.7. (i) Let (3.2) with m > 3 and (3.3) hold true. Assume that the
hypotheses of Lemma are fulfilled for U =W and o = m — 1. Then

f(E;HOiV,HO)zi;—OQ/ arctan((2VE) " W (2)) dz (1 + o(1))
iy R2

1
:iZCos(ﬂ-/(m—1))‘117”’1(2\/@;”07[’0)(1+0(1))7 E 0.
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i) Let (3.2) withm > 3 an . old true. Suppose in addition that V' satisfies

ii) Let (3.2)) with 3 and (3.3)) hold S dd hat V i
(13.1) for some my > 2 and mgz > 2. Finally, assume that the hypotheses of
Lemma[34] are fulfilled for U = W. Then

E(: Ho % V, Ho) = £525(2Een,bo) (1 +0(1)), B 10, € (0,00).

(iii) Let the assumptions of (i) be fulfilled, except that the hypotheses of Lemma
[3.4] are replaced by those of Lemma[3.5 Then

1
§(B; Ho £V, Ho) = £005 2VE) (1 +0(1)),  E L0,
The main ingredient of the proof of Corollary [3.7]is the estimate
(3.22)  Trarctan(s 'Q(F)) = Trarctan(s *Q(E))(1 + o(1)), E 10, s >0,

where

6E)i= ) () )oe) B0,

W being defined in . Estimate is obtained by using the Lifshits—Krein
trace formula with f(E) = arctan E, E € R. Since the argument of the proof
of Corollary is completely analogous to the one of [15] Corollary 3.2], we omit
the details.

Remark. By (L.7), Corollary as well as Theorem concern the low-energy
asymptotics of the scattering phase argdet S(Hy =V, Hp).

Putting together the results of Corollaries [3.6] and [3.7] for negative perturba-
tions, we obtain

Corollary 3.8. Under the assumptions of Corollary (1) we have

_ &B;Hy—-V,Hy) 1
(3.23) Lim €—E:Hy —V,Hy) 2cos(n/im 1) "~ 3,

while under the assumptions of Corollary B.7(ii)—(iii) we have

. &(EyHo—V,Hy) 1

.24 l = -

(3:24) BB E—E Hy— V. Hy) 2
Remark. Formulae (3.23)—(3.24) could be interpreted as generalized Levinson for-
mulae. We recall that the classical Levinson formula relates the (finite) limiting
values as F 70 and E | 0 of the SSF £(E; —A +V; —A) where A is the Laplacian

in R4 d>1,and V : R? — R is a scalar potential which decays fast enough at

infinity (see the original work [24] or the survey article [32]).
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84. Auxiliary results

84.1. A representation of the SSF

In this subsection we introduce a suitable representation of the SSF
¢&(E;Ho£V, Hy), E € (—00,C)\ {0}, based on a general abstract result of A. Push-
nitski [27].

Assume that V satisfies (3.3]) and (3.1]). Set
(4.1) L(x) = {ti(x)}; o = V(X2 xeR%.
Then for £ < 0 we have
(4.2) L(Hy — E)™Y% € S (L*(R?,C?)),
(4.3) L(Hy — E)~! € Sy(L*(R?;C?)).

For z € C; :={¢ € C|Im( > 0}, set T(2) := L(Hy — 2)"*L. By [7] (see also [27,
Lemma 4.1]), for almost every E € R the operator-norm limit

(4.4) T(E +10) := n-%i?ol T(E + id)
exists, and
(4.5) ImT(E +1i0) € ;.

For trivial reasons the limit in (4.4) exists and (4.5) holds for each E < 0 =
inf o(Hy). In Corollary [4.5 below we show that this is also true for each E € (0,C).
Hence, by [27, Lemma 2.1], the quantity

(4.6)  &(E;Ho+V, Hy)
:i/njF(l;ReT(E—i—iO)—i—tImT(E—&—iO))du(t), E e (=0,0)\ {0},
R

with &

du(t) i= ——~
is well defined. Arguing as in the proof of [I2, Proposition 2.5] (see also [I1l Propo-
sition 2.1]), and bearing in mind Proposition Corollary and Proposition
below, we easily prove the following

Proposition 4.1. Assume that V' satisfies withm_ > 2, mz > 1, and .
Suppose that b is an admissible magnetic filed. Then g(~;H0 + V, Hy) is bounded
on every compact subset of (—o0,C) \ {0}, and is continuous on (—o0,C) \ ({0} U
opp(H £ V).
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Since V satisfies (3.1)) with m > 2, mg > 1, relation (|1.3) holds true and the
SSF &(E; Hy =V, Hp) is well defined for almost every E € R. On the other hand,
by [27, Theorem 1.2] we have

E(B; Ho =V, Ho) = £(B; Ho £ V, Hy)
for almost every E € R. In this article we identify £(E; Hy + V, Hy) with é(E,
HytV, Ho) for £ € (—OO,C) \ {0}

Remark. The representation of the SSF described above admits a generalization
to non-sign-definite perturbations V' (see [I7, [28]). This generalization is based on
the concept of the index of orthogonal projections (see [4]).

We formulate our main results and their corollaries for the case of perturba-
tions of constant sign because certain key auxiliary facts are known to be true only
in this case.

84.2. Estimates of sandwiched resolvents

For z € C, define the operator R(z) := (—d?/dx3 — 2)~!, bounded in L?(R).
The operator R(z) admits the integral kernel R.(zs — z5) where R,(z) =
ie’VZ1*1 /(2,/Z), x € R, and the branch of /Z is chosen so that Im \/z > 0.

For z € C, introduce the operators

(4.7) T-(2):=LP(Hy — 2) 'L, Ts(2):=LQ(Hy—2) 'L,

bounded in L?(R?; C?) (see for the definition of the orthogonal projections
P and Q). Then we have T (2) = L((p ® R(z)) ® 0)L.

For E € R, E # 0, define R(F) to be the operator with the integral kernel
RE(xs — %) where

M <o
- ifE<O,
s ‘ . 2v/—-F
(4.8) Re(z) = l(slﬂleEﬂg(x) =\ uivEls) z eR.
if £ >0,

2VE
For E € R, E # 0, set

T-(E):=L(p® R(E))®0)L.

Proposition 4.2. Let (3.1) with my > 2, ms > 1 and (3.3) hold true. Then the
operator-valued function C{\{0} 3 z — T-(z) € Sy is well defined and continuous.
Moreover,

(4.9) IT<(B)|: < Ci(1 + EY B2, EeR\ {0},
with Cy independent of E.
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Proof. The operator T<(z) admits the representation
(4.10) T-(2)=M(G®J(2)®0)M, ze€Ci\{0},

where M : L?(R3;C?) — L?(R?;C?) is multiplication by the matrix-valued func-
tion

(4.11) M (,23) = ()" (23)" P L(w,x3),  (x,23) € RY;
the operator G := (x)~"+/2p (x)~™+/% acts in L*(R?), while
J(2) = (wa) 2R () )
acts in L?(R). Evidently,
(4.12) IT<()ll < IMIPNGILIIT ()], = € T\ {0}

By (3.1)), the operator M is bounded. Further, |G|l; = [pUp|jy with U(z) =
(z)~™+, z € R Asm > 2 we have U € L'(R?), and Lemma 2.4 implies G € S;.
Moreover, M and G are independent of z. By [12, Subsection 4.1] the operator-
valued function C, \ {0} > z — J(z) € Sy is well defined and continuous, and
admits the estimate

(4.13) IJ(B): < Ci(1+ EYYHEI"V2,  EeR\{0},

with C] independent of E. Now the claim of the lemma follows from (4.10])—
@13). 0

For further reference we state the following obvious

Corollary 4.3. Let V satisfy the assumptions of Proposition [£.2] Let E € R,
E #0. Then InT(FE) > 0. Moreover, if E <0, then InT(FE) = 0.

Proposition 4.4. Let V satisfy the assumptions of Proposition [£.2| Then the
function C\ [C,00) 2 z+— Ts(2) € Sz is well defined and analytic. Moreover, for
E € (—o0,C) we have

(1.19) T.(B) = T.(B)"
and
(1.15) L R e

with Cy independent of E.
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Proof. We have
T(2) = L(QHy —2) )@ (Hf —2)")L, ze€C\[C,00).

The function C\ [C,00) 3 z +— T~ (z) € B (the class of bounded linear operators)
is well defined and analytic, and holds true for F € (—o0,(C), just because
C\[C, o0) is included in the resolvent sets of the operator H,, defined on QD(H ),
and of the operator Hy defined on D(H{ ). Further, set

F(z,x3) = (z) "™/ 2 (g5)7™/2 (z,23) € RS,
Note that L = FM, the matrix M being defined in (4.11)). Then we have
(4.16) 1T ()3 < 217 (1Q(Hy —2) 7 FI5 + [[(Hy — )7 FII3) | M]]*.

Applying the spectral theorem for bounded functions of self-adjoint operators, the
resolvent identity, and the diamagnetic inequality for Hilbert—Schmidt operators,
we get
(417)  |Q(Hy —2)7'Fll2 < C(2)||(Hy +1)7" Fla

<O+ (Hy + )70 GV + A2+ 1)7 F|l,

< CE)IL+ (Hy + D)7l [(-A+1) 7 Fl2

where .
C(z):= sup ot , z€C\|[C,0).
s€[C,00) s—=z
Similarly,
(4.18) [(Hy = 2) 7 Fll2 < C(2)|[1 = (Hy + 1) 70| (A + 1) 7 F s

Since [|(—A 4+ 1)7'F||; < oo, we find that (4.16)—(4.18) imply that 7 (z) € Ss if
z € C\[C,00), and that holds true.

The analyticity of 75 (z) in S follows from an appropriate estimate of the
Hilbert—Schmidt norm of the derivative d7 (z)/dz. O

Propositions [£.2] and [£.4] immediately entail

Corollary 4.5. Let V satisfy the assumptions of Proposition[d.2] Then for E =
(—00,C) \ {0} the operator-norm limit (4.4)) exists, and

(4.19) T(E+i0) =T (E)+T-(E).
Moreover,
(4.20) ReT(E +i0) = ReT<(E)+T-(E),

(4.21) ImT(E + i0) = Im T (E).
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85. Proofs of the main results

85.1. A preliminary estimate

This subsection contains a preliminary estimate (see below) which will be
used in the proofs of Theorems 3.1

The following lemma contains a suitable version of the Weyl inequalities for
the eigenvalues of compact operators.

Lemma 5.1 ([9, Chapter I, Eq. (1.32)]). Let T}, j = 1,2, be compact self-adjoint
operators acting in the same Hilbert space. Then

(5.1) nx(s1+ s2; 71 + To) < na(s1;11) + na(s2; 1)
for every s;1 > 0 and so > 0.

Proposition 5.2. Let (3.1) with m > 3 and (3.3) hold true. Let E =
(—00,C)\ {0}. Then the asymptotic estimates

(5.2) /Rni(l + e Re T (E) + tIm T (E)) du(t) + O(1)
< /Rni(l; ReT(E +1i0) + tImT(E + i0)) du(t)
< /Rni(l —&;ReT(E)+tImT(E))du(t) + O(1)
hold as E — 0 for each ¢ € (0,1).
Proof. By and , and the Weyl inequalities , we have
(5.3) /Rni(l +e&;ReT(E) +tImT(F)) du(t) — ne(e; Ts(E))
< /Rni(l; ReT(E +i0) + tIm T(E + i0)) du(t)
< [ nell = S ReT(B) +HTm Te(B) dult) + na (5 ().
Evidently, ni (g;7-(E)) < e 2| T~ (E)||3, which combined with yields
(5.4) nie(e;T5(E)) =0(1), E —0.

Now (j5.2)) follows from (5.3) and (5.4). -
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§5.2. Proof of Theorem

Throughout the subsection we assume the hypotheses of Theorem[3:1} By Corollary
[4.3]we have Im T (—E) = 0, and hence Re T (—E) = T<(—E) if E > 0. Therefore,

(5.5) /Rn+(s;ReT<(—E)+tImT<(—E))du(t)

=n,(s;T<(—FE)), E>0,5>0.

For E > 0 define O(E) : L?(R?;C?) — L?(R?;C?) as the operator with matrix-
valued integral kernel

1
ﬁéjl((b,l‘g) Py(z, 2 V(2 xh), gk =1,2, (z,13), (2, 25) € R3.
Proposition 5.3. For each e € (0,1) and s > 0 we have
(56)  ne((1+¢)s;0(E)) +0(1) < ny(s;T<(—E))

< ny((1-e)5;0(E) +0(1),  E 10,
Proof. Fix s > 0 and ¢ € (0,1). By the Weyl inequalities (5.1),
ni((1+¢)s;O(E)) —n_(es; T<(—E) — O(E))
<ni($;T<(—E)) <ni((1—e)s;0(E)) + ny(es; T« (—E) — O(R)).

In order to get (5.6), it suffices to show that there exists a compact operator T
such that

(5.7) n-grl%(Tde) ~O(E)) =T.

Pick m’ € (3,m) and note that
T (=E) = O(B) = My (Gt @ Ty (E)) © 0) My
where Mmm/ is multiplication by the bounded matrix-valued function
(@) 2 )™ P L, w5),  (3,08) € R,
Gm—m : L*(R?) — L?(R?) is the operator with integral kernel
(@)~ (mmmOR2Py (2 ) (@) T2 el € R,
and J,,, (E), E >0, is the operator with integral kernel

1

S5 @) emVElma =l (af) =2 g af € R
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Set

(5.8) T = My (Gt @ Ty (0)) @ 0) Moy s

where J,,,/(0) : L?(R) — L?(R) is the operator with integral kernel
— g {s) ™ Pl — i), a7 € R,
Note that T admits a matrix-valued integral kernel
(5.9) —%Kﬂ(m, x3)|ws — 2| Py, ")y (2), %), j k= 1,2, (z,23), (2/, %) € R®.

Since m —m’ > 0, the operator Gy is compact by Lemma Since m’ > 3
we have jm/(E) € S; for E > 0. Bearing in mind that Mm’mr is bounded, we find
that the operator T is compact. Finally, limgo || Jp (E) — Jpms(0)||2 = 0, which
easily implies ([5.7)). O

Proposition 5.4. For each E > 0 and s > 0 we have
(5.10) 04 (5 0(E)) = n (s:w(E)),
the operator w(FE) being defined in (3.6)).

Proof. Define the operator K : L*(R3;C?) — L?(R?) by

(Ku)(z) := Z / /Pb(w,x’)flk(x’wg)uk(x',xé)dwédw', r € R?,
k=1,2/R* /R

where u = (") € L?(R3; C?). We have
U

O(E) = ﬁK*K, W(E) = ﬁm{*.

Since n (s; K*K) = ny(s; K K*) for each s > 0, we get ([5.10). O

Putting together (4.6), (5.2), (5.5), (5.6), and (5.10), we get (3.7), which
concludes the proof of Theorem

§5.3. Proof of Theorem
Throughout this subsection we assume the hypotheses of Theorem

Proposition 5.5. For each s > 0 we have

(5.11) ni(s;ReT-(E))=0(1), E|0.
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Proof. The operator Re T« (F) admits the matrix-valued integral kernel

sin (\/E|a:3 — x5|)
2VE

— L1 (2, w3) Py(z, a1y (2", 23),
G k=1,2, (z,23), (2, 2%) € R>.

Arguing as in the proof of Proposition we find that n-limg o ReT<(E) = T
(see (5.8)—(5.9))), which implies ([5.11]). O

Making use of Propositions and and Corollary as well as of the
Weyl inequalities (5.1]) and the evident identities

1
/ na (s;tT) du(t) = = Trarctan(s™'T), s> 0,
R ™

with T'=T* >0, T € S1, we obtain the following

Corollary 5.6. For each e € (0,1) and s > 0 we have

(5.12) %Trarctan((s(l +) 'ImT-(E)) + O(1)
< /Rni(s; ReT(E) +tImT(E))du(t)
< %Trarctan((s(l —e) 'ImT-(E))+0(1), E]|O0.
Proposition 5.7. For each E > 0 and s > 0 we have
(5.13) ny (s Im T (E)) = ny (s; QE)),
the operator Q(E) being defined in . Consequently,
(5.14) Trarctan(s ' Im T (E)) = Trarctan(s *Q(E)), E >0,s> 0.

Proof. The operator Im T (F) admits the matrix-valued integral kernel

cos (VE(z3 — z3))
2VE

Py(x, ')y (2, 25),

Lir(z,xs)
gk =1,2, (z,23), (2, 25) € R3.

Define the operator K : L?(R3; C?) — L?(R?;C?) by

Ku:=v= (’U]_) € LQ(R2;C2), u= <u1> S LQ(R3;C2)7

U2 U2
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where
vi(x) = Z / /Pb(x,z’) cos(VExy) by (2, ah)up (x', 24 dah da’,
k=127 R* /R
va(x) := / /Pb(x,x’) sin(VExy) b (2, xh)up (2, 25) dayda’, = e R2
k=127 R* /R
We have 1 1
T (E) = ——K*'K, QE)=——KK*.
Since n4 (s; K*K) = ny(s; KK*) for each s > 0, we get (5.13)). O

Now the combination of (4.6), (5.2), (5.12)), and (5.14)) yields (3.10).
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