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Uniform Resolvent Estimates for Magnetic
Schrodinger Operators and Smoothing
Effects for Related Evolution Equations

by

Kiyoshi MOCHIZUKI

Abstract

We prove uniform resolvent estimates for the magnetic Schrodinger operator in an exterior
domain under smallness conditions on the magnetic fields and the scalar potential. The
results are then used to obtain smoothing effects for the corresponding Schrodinger and
Klein—Gordon evolution equations.
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81. Introduction and results

Let Q be an exterior domain in R"™ (n > 3) with star-shaped complement with
respect to the origin 0 and smooth boundary 92 (the case 2 = R™ is not excluded).
In this paper we consider in ) the magnetic Schrodinger equation

(1) - Z{aj +ib; (2)Yu + c(z)u — K*u = f(x), x€Q,
j=1

with Dirichlet boundary condition
(2) u(z,k) =0, x €.

Here 8; = 9/0x; (j=1,...,n),i=+-1,k€elly ={k =0 +ic € C; +o >0,
e > 0} and f € L? = L?(Q); bj(x) are real-valued C'-functions of z € R™ and
¢(x) is a real-valued continuous function of z € R™\ {0}; b(x) = (b1(z), ..., bn(x))
represents a magnetic potential. Thus the magnetic field is defined by its rotation
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V x b(x). The external potential c(x) may have a singularity like O(|x|~2) at x = 0.
In this case we assume c(z) > —(3/4|z|?, 8 < (n — 2)%. Throughout this paper, we
further require that max{|V x b(z)|,|c(x)|} decays sufficiently fast as |z| — oo.

Notation. Let a-b and a x b respectively denote the inner product and the exterior
product of a,b € R™. More generally, we put

V-v(z) =0wi(z)+ -+ 0hvn(z), V xov(r)=(0ur(r) — 0kv;(T))1<j<k<n

for V.= (01,...,0,) and v(z) = (vi1(x),...,v,(x)). We also put r = |z|, T = x/r
and 0, = 0/0r = ¥ - V. The inner product and norm of L? are denoted by

(f:9) = | f(@)g(z)dz and ||f|| =/ (], ])-

Here [ dz indicates integration over the domain Q. Moreover, for p > 0 we put
Q,={ze€Q;|z|<p}and S, = {z € Q; |z| = p} (A =QUIN). We are thus able
to consider pr do = [/ Js, dSdo.

Now, putting V, = V+ib(z) and A, = V, -V}, we define in the Hilbert space
L? the operator L as follows:

Lu = —Apyu+c(r)u for u € D(L),
3) {

D(L) = {u e L>NH_(Q\{0}); —Apu+cu € L?, Vyu € [L?]", u|pn = 0}.

loc

Here HY = H(Q) (j = 1,2,...) is the usual Sobolev space on  and HZ,_(Q2\ {0})
is the space of H? functions on each compact subset of Q\ {0}.
Note that the Hardy inequality is easily modified as

_ 0\2
(4) /%de §/\:E~Vbu|2d:17.

Then, as the Friedrichs extension of a lower semi-bounded symmetric operator
—Ayp + c initially defined on C§°(Q \ {0}), L forms a selfadjoint operator in L?
with essential spectrum contained in the half line [0, 00) (see, e.g., Mochizuki [12]
and Kalf et al. [7]). Hence, the resolvent R(x?) = (L — x?)~! of L can be defined
for each k € I14..

The main purpose of this paper is to show the following theorem.

Theorem 1. Let u be the solution of the problem (1), (2).
(i) Assume that

(A1) max{|V x b(z)],|c(z)|} < u(r) inQ,
where p = p(r) is a smooth function of r > 0 satisfying

(5) p>0, <0, peL'(Ry).
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Then
2 2 m—1 9
p(IVul? + [wuf?) — p *—Juf?  da
2r
< 4|p)7 /u’1(5|f(x)\2 + 4max{|V x b], [e[}ul?) dz

for each k € Ty and f satisfying (1 + u(r)~Y2)f € L2. Here ||pulr =
fooo p(o) do.
(ii) Assume that

(A2) max{|V x b(z)], |c(x)|} < er 2 inQ,

where 0 < €9 < 1/4\/5. Then

1, 2 £12 32
—- dx < d [
/T2|u| m*C1/T |f|*dx, C4 T

for each k € I+ and f satisfying (1 +r)f € L?.
(iii) Assume that

(A3) max{|V x b(z)], |c(x)|} < eomin{u(r),r 2} in Q.

Then

-1
J e ey < " de < € [t P,
Oy = 4(5 + 4€,C1) [l 11,
for each k € Tl and f satisfying max{pu(r)~*/2,1 +r}f € L.

(i) shows that the multiplication operator +/p(r) is locally L-smooth near
k = oo. The notion of the smooth perturbation introduced by Kato [8] and the
local smoothness condition were used in Mochizuki [I1] for non-small complex
potentials. (ii) shows the L-smoothness of r~1. Note that (ii) and (iii) generalize
the corresponding results of Kato—Yajima [9] (see also Kuroda [I0] and Watanabe
[15]), where the operator in question is the Laplace operator in R™ (n > 3). The
Fourier transformation method employed there is not applicable in our case. In
this paper our arguments are based on the partial integration method widely used
to show the principle of limiting absorption. The weight functions introduced in
Mochizuki [I2] will play an important role. (i) is a result of precise examination
of previous results (see, e.g., [I2]-[14]). On the other hand, to show (ii) and (iii)
it is necessary to introduce yet another identity (see Lemma 3 of §3). The weight
function of [12] is especially effective in this argument.
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Remark 1. Assertion (ii) can be generalized to the potential ¢(z) = ¢ (x) +co(x),
where ¢; () is a small function satisfying (A2), and ¢(z) is a bounded nonnegative

function satisfying
co(x) < Or~2  for some C > 0.

In this case, to ensure the solvability of an integral equation corresponding to (1),
we further require that 0 is not a resonance of L.

As a corollary of Theorem 1, we are able to obtain space-time weighted esti-
mates (smoothing effects) for the Schrodinger evolution equation

(6) z’%—Lu:O, u(0) = f € L?,

and the relativistic Schrédinger evolution equation

(7) i%—\/L—FmQUZO, u(0) = f e L?,

with m > 0. Note that the smoothing effects for (7) give those for the Klein—
Gordon (m > 0) or the wave equation (m = 0) in the energy space.

Theorem 2. (i) Assume (A2). Then for f € L? we have
Foo )
| e ] <2V
0
(i) Assume (A3). Then for f € L? we have
+oo
[ i e 2 | < 4/ Gl
0

(iii) Assume that b(x) =0 and c(x) = 0. Then L reduces to the usual Laplacian
Lo=—-A, D(Lg)=H?*NH,.

In this case, we have

+o0
\ / ||\/u<r>e““f°f||2dt' < 8vBllullua £

Similar results have been obtained by many authors in connection with local
smoothing properties (see, e.g., Ben Artzi-Klainerman [I], Yajima [16], Cuccagna—
Schirmer [2], D’Ancona—Fanelli [3], Erdogan-Goldberg—Schlag [4] and Georgiev—
Stefanov—Tarulli [5]). Note that these works are restricted to the initial value
problem and the vector potential b(z) itself is required to be small and to decay
sufficiently fast. No such requirement is imposed in our case. The decay conditions
similar to (A1) on the magnetic field V xb(z) have been used in Tkebe-Uchiyama [6]
to show growth estimates of generalized eigenfunctions corresponding to each pos-
itive spectrum.
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As for the Schrodinger equation (6), we can have the following more general
results.

Theorem 3. (i) Assume (A2). Then for h(t) satisfying r—1h(t) € L*(R x Q) we

have
+oo +oo
/ / |rh(t)|2dt‘.
0 0

(ii) Assume (A3). Then for h(t) satisfying max{\/u( r}h € LR x Q) we
have

[ it [
/Oioo Hmax{\/i YRt ||2dt‘,

The rest of the paper will be organized as follows. In the next section we

t 2
Tﬁl/ eii(th)Lh(T) dr dt‘ <
0

g

S max{01 s CQ}

prepare two identities related to the solution of (1), (2). They are used in §3 to
prove Theorem 1. Finally, Theorems 2 and 3 are proved in §4 based on Theorem 1.

82. Functional identities for solutions

In this section we prepare two functional identities related to the solution of

(1), 2).

We first multiply both sides of (1) by —iku to obtain
(8) V A (Vyw)iru} — iw{|Vyul® + c(z)|u]® — k?*|u]*} = — f iru.

Integrating the real part of this equation over Q, (p > 0), by using the boundary
condition (2) we obtain

Re/ V- {(Vyu)iku} dx = Re/ (7 - Vyu)iku dS
Q, S,
1
_ 5/ (—|Vyu — irdul® + [Voul® + [xul?} dS,
Sp
and it follows that

1
5/ {—|Vyu —ikul® + |Vyul|® + [kul*} dS
Sp

+ Imﬁ/ (|Voul® + clul® + |kul?) de = —Re/ fikudx.
Qp

P
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The following proposition is a direct consequence of this identity multiplied
by p(p) and integrated over (0, c0).

Proposition 1. Let u € D(L) satisfy (1), (2) with x € Iy and f € L?. Then
for v satisfying (5) we have
1

5 /,u {~IVyu — ikZul® + |Vyul® + |kul*} do

i [ o) dp [ (Viul? -l + euf?) do
0 ¢

P

oo
= —Re/ w(p) dp/ firkudx.
0 Q,
Next, we put v = e #p=1/2y g = e=irp(n=1/2f and rewrite (1) as
follows:
1 ~1)(n-3
(9) -V - Vv + (—Qili—Fn)i"Vzﬂ}-ﬁ- (W—FC)’U:Q.
r 4r
Let ¢ = ¢(r) be a positive increasing function of r» > 0 such that
o'(r) _ 1
10 p(r)=0(r) and < -,
(10) (1) =00) wmd 4 <

and let ¢ = ¢(r) = e~ 2mrrp=ntly(r). We multiply both sides of (9) by ¢ 7 - Vv
to obtain

~ReV (V)T Vit + |- Vil + (1930l — |7 Tiof?)

+ %v - (BE|Vy]?) — (‘g + ¢>"2_Tl> V)2
—Re¢{(Z x Vyv) - (V x ib)v} + ¢(21m1<; + n;l) |7 - Vyo|?
+ chb(w + c) vE - Vv = Re{dgz - Vo).

We integrate this over €2,. Then noting

o) = o) ~2mmw - "1 4 £ )

r ¥
and
—1 -3 1 -1 -3
Reg " 4)71(2" )y3 Viv = 5V {¢:z(" 4):;’ )02}
—l—(b(Imn—;;) (n_14):2,”_3)|’U|2+¢(n_14):;1_3)|U‘2,

we obtain the following proposition.
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Proposition 2. Let v satisfy (9) with boundary condition v|gq = 0. Then

- 1 1(n—1)(n—23)
5. 2 - 2 A S P P/
/Sp ¢>{ 7 Vol + 5190 + 5 = ul? bas

—l—/ ¢{—(V—va)(9~c-vbv)+;(V~;%)|va2}d5
oan{lxz|<p}

+ /Q ¢>{ C - :00') (vm? iVl + WIUIQ)

+ (Imm " ;’;) (va|2 kL |U|2)

+Re[—(Z x Vo) - (V x ib)v + v - va]} de = Re/ 097 - Vyvdx.
Qp

where v = v(x) is the outer unit normal to the boundary OS).

83. Proof of Theorem 1
We shall show Theorem 1 by a series of lemmas.
Lemma 1. Assume c(z) > —(n — 2)%/4r%. Then for pu satisfying (5) we have

1 1 -1
- /{uImnT|u|2 - //%WP + M(|Vbu‘2 =+ |/$u2)} dx

2
1 -1 -3
< [u(ior+ TG do e [ 150wl

=2

where

Proof. Note that

1 — 1 —
p|Vyu — ikiul? = — V- {i‘un " |u2} + u(|9|2 + (n)(n?))u|2>

2 42

n—1 n—1
+M'7|U|2 —plmek Jul?
and
N n — 2)2
IVyul? + clu]?* > |7 - Vyul* — %W\Q
—2 ? —2
:£~Vbu+n U V~<in u|2>.
2r
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in Proposition 1. Then since

-1
1iminf/ un |u|?>dS = 0,
S 2r
f

p— 00
we have

1 (oo}
- §/M\Vbu—imi‘u\2dac+lmﬁ/ M(p)d,o/Q (IVpul? + clu|?) dz
0 2

1 s (n=1)(n-3), , =1, n—1 ,
—Z RS S Z - —ul
5 /{MOQ + 102 [ul” ) + p o |ul* — pImk " |u|® p dz

o -2
+Imﬁ/ w(p) dp/ -V (;Tcn u|2> dx
0 [e) 2r

P

1 -1 — -1 1
/{M<|92+W|u|2) ot u|2—uImn|u|2}dx,
4r 2r r

Y

and the desired inequality. O

Lemma 2. For ¢(r) satisfying (10) we have

oo ) )
< [ S0P + a1V = b, el ) de
> QOI )

Proof. In the identity of Proposition 2, the Dirichlet condition (2) implies that
7 - Vv = 0 for any tangential vector 7 to the boundary. On the other hand, since
the starshapedness of the boundary implies v - & < 0, it follows that

/gb{(V~va)(i~vbv)+1(V~5:)|va|2}dS1/ d(v-7)|v- V|2 dS > 0.
09 2 2 Joq

Moreover, since 1/r > ¢’ /o, [Vyv| > |Z - Vpv|, n > 3 and
|=(Z x Vo) - (V x ib)v + cvi - V| < [max{|V x b, |c[}v] [Vyv],
it follows that

/Q ¢<Im/€ + ;f;) <|va2 + WW) dx

1 N
< / o(lg] + |max{|V x b|,|c|}v|)|va|dx+§/ ¢|x-va|2dS.
Q, s,

If we let p — oo, then ¢(r) = O(r) leads to

p—00

liminf [ |- V|2 dS = liminf/ ©|E-0|*dS =0,
S, p=ooJs,

and we obtain the inequality of the lemma. O
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Proof of Theorem 1(i). We combine Lemmas 1 and 2 with ¢(r) = [ p(o)do. It
is obvious that this ¢ satisfies (10). Then since o(r) < ||ul| L, 1t follows that

I

< 4z /u’l(lfl2 + [max{|V x b, e }ul*) dz + | u] s / /] liru] dz.

-1
5 lul® + o (| Voul* + |/iu2)} dx

Thus, noting

luler [ 17 iwulde <l [ 07152 o+ 5 [ el dz,
we deduce the desired inequality. O
To complete the proof of (ii) and (iii), we need one more lemma.
Lemma 3. We have

1
/(21mmr+1)ﬁ\u|2daz < /(2Im/<ar+ )|z - 0 da.
r

Proof. We put ¢ = e~ ™% (2Im k7 + 1)'/2. Then we have
2Imkr 4+ 1)|E- 0] = r "2z - Vvl

Note that
2

V27 - Vo2 = |7 - Vy(yw) — p'v]* = Hx V(o) — %/v — gu} - ﬂv + &

2
/ 2 /
oo o{ (55 5)wr)

Vo(yv) — Sv—¢&v

ol o2 12
+(¢1”¢—e¢+fw)w2+2<w - )i+ |4

Lol of(2 )

#5507+ 0 - 260 - 22 )bl

2

&v

Z - Vp(yv) — %v —&w

where £ = £(r) is another weight function given later. By definition we have

I _ —2(Im,‘{)2r "o 12 1 /
v _wQImlm’Jrl <0 9=y +r(2Imnr+1)ww'
Then since
1 2 " _§ /2 1 71 / 1 / 1 /
51/} +v w727’b +{7“(2Imm“—i—1) T}TZN/JJFTQ/”/JZ?}/”/%
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we can now choose £ = 1/2r to obtain

1 L .
U 2 =28 > Tt = 26— 26 = 50

and it follows that

1,2 2 o1 1,12 P? 11,2
Y23 Vot > V-{:Tc(—w + 2T)T_"“L vl }+ @r_m“ lv|2.

Integrate both sides over {2,. Then since

Y’ LY —ona 2 o 2
/s <—2w+2r>r o] dS—O(p)/SP |u|*dS,

P

letting p — oo, we deduce the inequality of the lemma. O

Proof of Theorem 1(ii). We choose ¢ = r in Lemma 2. Then noting (A2), we have
/(2 Imekr+1)]0]2de < 8/(7“2|f|2 + ear?|ul?) da.
Combining this and Lemma 3, we obtain the inequality of (ii). O

Proof of Theorem 1(iii). (A3) and the inequality of (ii) imply that

/M_1|max{|v x b, |c|}ul® de < € /u_1|min{u,r_2}u|2dx < eCy /7“2\]"|2 dx.

Substituting this in the inequality of (i), we obtain the desired inequality. O

84. Proof of Theorems 2 and 3

First we shall summarize abstract results which allow us to employ the resolvent
estimate for a selfadjoint operator to show a space-time weighted estimate for the
associated evolution equation.

Let A be a selfadjoint operator in the Hilbert space H, and for z € C\ R let
R(z) be the resolvent of A. Suppose that A is a densely defined, closed operator
from H to another Hilbert space Hj.

Proposition 3. Assume that there exists C > 0 such that

(11) SggllAR(Z)A*me <VOIIf I,
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for f € D(A*). Then

+oo t 2 +o0
(12) / ’/ Ae DN A (1) dr dt’ < C’/ 1R(t) (13, dt‘,
0 0 Hq 0
t 2 +o0
(13) sup / eMATR(T)dr|| < 2\/5‘/ ||h(t)||3{1 dt‘
teERL 0 H 0

for each h € L*(R; D(A*)), and

+oco
(14) JA dt\ < 2T 11
0

for each f € H.

Proof. To show (12) and (13), by the standard approximation procedure, we can
assume h € C3°(R; D(A*)).
We put v(t) = fot e~ "t=TA A*nh(7) dr, and consider its Laplace transform

+o0
(z) = :I:/ eu(t)dt, +Imz>0.
0

Then since #(z) = —iR(z)A*h(z), it follows from the Plancherel theorem and the
assumption (11) that

/:too e (Av(t), g(t))n, dt' = ’(%)1 /OO (AD(X £ i€), G *+i€)) 3, d)\‘

0 —0o0

< (2m) / JAR(A £ ie) A*R(A £ i) [, A & i) 2, AN

1/2

+oo +oo
< ’C/ e ()13, dt / 2| g(t)|[3,, dt
0 0

for any g € C§°(R; D(A*)). Letting € | 0, we obtain inequality (12).
Next, note that the Fubini theorem implies
t s
= / < / Ae™ =DM A p(7) dr, h(s)) ds
Hi 0 0 Ha

t T
+/ <h(7’),/ Ae TN A*p(s) ds> dr.
0 0 Hy

This and (12) show that (13) holds.
(14) is the dual assertion of (13). O

¢ 2
/e”AA*h(T)dT
0

Proof of Theorem 2(i) and Theorem 3(i). Set A=L, H="H; = L? and A =r~!
(multiplication operator). Then A* = A and R(z) = R(z), and if we let 2z = &2,
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then it follows from Theorem 1(ii) that

[AR(z)A" f|| = [r ' R(2)A" || < VCillr A f|| = V Cil f]-
Thus, the estimates (12) and (14) can be written as

+o0 t ) +o0
/ po1 / =i =DLR(r dr / ||rh(t)||2dt',
0 0 0

+oo
/ IIT"le‘”Lf|2dt‘ < 2/Gr 7.

as desired. 0

2

dt’ <’

Proof of Theorem 3(ii). Put A = min{+/u(r),7=1}. Then by Theorem 1(iii) we
have
AV, R\ + i) A*h(A £ i€)|| < /Ca|/h() £ i€)]|.

Thus, we can use the argument proving (12) to obtain the desired conclusion. [

To show Theorem 2(ii) we consider the Klein-Gordon equation

) 0 7
i0pu = Au, u(t) ={w(t),w(t)}, A= (—z’(L +m?) O) ’

in the energy space H = H} x L?, where H} is the completion of C§°(Q) in the
norm

1l = [V + (elo) + m2) AP} o
Then A with domain
D(A) = {f1 € H}; Apfr € L*} x {f2 € Hy N L*}

forms a selfadjoint operator in H, and its resolvent is given by

R(E) = (L4m? =) (—i(LiLmQ) ) '

Let A: H — H; = L? be defined by
Af =min{/u(r),r " WIL+m2 fi for f={fi, f} €H.
Then the adjoint operator A* is given by
Arg = {\/m_1 min{\/u(r), 7 1}g,0} for g € L2
Proof of Theorem 2(ii) and (iii). By definition
(15)  AR(2)A"g = min{/u(r), 7 }2(L +m® = 2%) " min{/u(r),r '}
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for g € D(A*). Then since

[ min (a2 s
< m2/7“_2|(L—|—m2 — 27 P de + /u\ —m? 4+ 22| (L +m? - 22) 71 f)? da,

using Theorem 1(ii) and (iii), we obtain

[AR(2)A%g|| < vm>Cy1 + Cajg]|.

We now return to Proposition 3. Then (14) shows that

+oo +oo
‘/ | Ae= A f|? dt’ - ’/ [min{/pu(r),r " 3V L +m2 w(t)|? dt
0 0
< 2v/m2Cy + Col|f |3,

Since .
w(t) =cos(tVL+m?)f1 + vV L+m2 sin(tv/ L+ m?2)fa,

this inequality implies (ii).

To show (iii) we have only to use Theorem 1(i) with b and ¢ identically equal
to 0. In fact, let Ay represent the operator A with L = Ly and m = 0, and let
Ro(z) be its resolvent. Then choosing

Aof =/ u(r)V/Lof1,

we have corresponding to (15)

AgRo(2)Ajg = v/ pu(r)z(Lo — 2) "'/ u(r)g,
and hence
[ AgRo(2) A5gll < 2v/5lpll L | g]l-

Thus, following the above argument leads us to the conclusion. O
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