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Gelfand—Zetlin Basis, Whittaker Vectors and a
Bosonic Formula for the sl,,; Principal Subspace

by

B. FEIGIN, M. JIMBO and T. MiwaA

Abstract

We derive a bosonic formula for the character of the principal space in the level k£ vacuum
module for sl,, 41, starting from a known fermionic formula for it. In our previous work, the
latter was written as a sum consisting of Shapovalov scalar products of Whittaker vectors
for U,+1(gl,.41)- In this paper we compute these scalar products in bosonic form, using
the decomposition of Whittaker vectors in the Gelfand—Zetlin basis. We show further
that the bosonic formula obtained in this way is the quasi-classical decomposition of the
fermionic formula.
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81. Introduction

One of the central results in the theory of Kac-Moody algebras is the Weyl formula
for the characters of irreducible representations. This formula can be interpreted
“quasi-classically”. This means the following. Let L, be an integrable representa-
tion with highest weight x. In L, there are some special vectors called extremal
vectors. They are labeled by the Weyl group and have the form w - v, where v, is
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a highest weight vector, w is an element of the Weyl group and w - v denotes the
projective action. The Weyl formula reads

ChLX = Z CU’(X)?

weWw

where Cy,(x) is interpreted as the character of L, in the vicinity of the extremal
vector w - vy. In this interpretation we suppose x is “big”, so that the extremal
vector w - vy is well-separated from other extremal vectors. To be more precise,
this means that, when x — oo, generically the character L, in the vicinity of
w - vy stabilizes and gives Cy,(x). The Weyl formula states that the quasi-classical
decomposition is exact for finite x. One important point in the decomposition
is that each term C,,(x) is, up to a simple monomial, the inverse of a (possibly
infinite) product of simple factors.

Now suppose that § is an affine Kac-Moody algebra, and let Ly, be the vacuum
representation of level k& with highest weight vector vg. Let g = ni ®hdn_ be the
Cartan decomposition, and let i, = ny ®C[t,t71] C g be the nilpotent subalgebra.
Set

VE=U(fy) v C Ly,
and call it the principal subspace in L. The quasi-classical formula for the char-
acter of V¥ can also be written. For example, if g = sly, we have [FLJ
& km? zkm

k def —d_H/2 _ q
ChV - TrVk? q z - Z (q2m+1z)oo(q)m(q_2m+1z_1)m7

m=0

where d = t% is the scaling operator, H is the generator of the Cartan subalgebra,
and (2)m = [[1~,(1 — ¢""'2). In this formula the right hand side is understood
as a power series in z. The m = 0,1,2,... terms are the contributions from the

k

extremal vectors vy, e_lkvk, e_3 e_lkvk, e

In general
chVF = " C, (k)
yeQ+t

where Q is the root lattice, and the subset Q1 consists of linear combinations of
simple roots with nonnegative integer coeflicients.
In [FFIMMI], it was proved that for g = sl3,

oo
2 2 ~
(L1)  chVE= 3" MOFhrhib) b f e gy (g, ¢ 2, 7% N zy),
dq,d2=0
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where

1
721) 00 (422) 00 (q2122) 00
(q2’122)d1+d2
Q)d1 (Q)dz (qzl )d1 (qZQ)d2 (qleQ)dl (qleQ)dz

Jdl,dQ (Q7 Zflﬂ 251)7

jdl,dz(%zhzz) = (

Jd1,d2 (Q7 21, ZQ) = (

(The J4,.4,(q, 21, 22) in the present paper is different from Jyg, 4,(21,22) used in
[FEIMMI].)

The terms in this formula are still factorized but they have nontrivial factors
in the numerators. On the other hand, in [FEJMMI|, we have also derived an-
other expression for the same character, in which Jy, 4, (g, >3 7922, ¢?%2~%125) is
split into 12 terms, each of which is a simple power in q, z1, zo with a factorized
denominator. We call such a formula a “desingularization”. In general, C., (k) is
complicated and cannot be factorized. However, in this paper, we show that at
least a desingularization can be found for the character of the principal subspace
for the vacuum module where g = sl,, 1 (see Theorem and Proposition .
For g = sl3 we have

(1.2) Jdy,do(q, 21, 22)

min(dy,d2) 1
— (_Zl)mqu(dgfm)er(mfl)/Z
mz::o (@D m(@)dy—m (@) dy—m
» 1

(qzl)m(qzlzZ)m(q22)d27m(q7d2+mzl)m(q7d2+2m+lzl)d17m '

We call such a formula a bosonic formula. We note that in [FEJMMI] bosonic
formulas for more general modules over n are obtained in the case where g = sl3,
in which we used more terms than in the case of the vacuum module in this paper.

Following some geometrical ideas from [BrFi], one naturally expects that in
the desingularization of the sl,, ;1 formula the terms are labeled by some basis in the
Verma modules of U,(gl,,,,) where ¢ = v?, actually by the Gelfand—Zetlin basis.
Our proof goes as follows. In [FEJMM?2], we managed to rewrite the fermionic for-
mula [F'S] for ch V¥ in terms of the eigenfunctions of the quantum difference Toda
Hamiltonian. Such eigenfunctions were written by using the Whittaker vectors in
the Verma modules for U, (gl,, ;). In this paper, we decompose the Whittaker vec-
tors in the Gelfand—Zetlin basis. This decomposition produces the decomposition
of the coefficients of the eigenfunctions. Moreover, each term of this decomposition
has a factorized form. As a by-product we get some interesting fermionic formulas
and their quasi-classical decompositions.
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Fermionic formulas are statistical sums over configurations of particles with
color and weight. A configuration of particles is determined by a set of nonnegative
integers m = (m;¢)(;+)es Which represents the number of particles with color i
and weight ¢. Given a function B(m), the fermionic sum is of the form

qB(m)

F(8,B) = .
o H(i,t)GS(q)WLi,t

See for the case we study in this paper. Let us discuss the fermionic formula
for the character ch V¥ for g = sl3. In this case we take 8 = {1,2} x [1, k] for 8.
In [FEJMM?2] we have shown that the quasi-classical decomposition is valid in the
following sense. Fix (mq, ma,n1,ne) € Z§07 and consider the above sum with the

E m; ¢ = My, E m;t = Ny.

1<t<k 1<t<k

restriction that

In the limit k£ — oo this sum approaches some rational function F ,(mq, me,ny, na).
In [FFJMM2] we have shown that for finite & > 0, we have the equality

F(S$k,B)= Y Fip(my,mg,ni,ny).
mi,mz,ni,N2
We call this equality the quasi-classical decomposition. In this paper we consider
the case where we take
S ={(i,8) | 1 <t < kb1 + K2}

In the limit 1 < k' < k, we have a similar decomposition:

F(8k 1, B) = Z Fy g w(ma, ma, ni, no, by).

mi,ma,n1,n2,l

The restriction for the sum for Fy y (m1, ma, n1,n2,11) is such that

g Mt = My, E mi ¢+ E my = ni,

1<tk 1<t<k’ K<tk

E Mat = Na, E my = ly.

1<t <k’ k'<t<k

There are two remarkable features. First, the decomposition is exact for finite
k > k' > 1. Therefore, if k = k', it gives another formula for ch V*. Second, each
summand in this decomposition is factorized. In fact, summing up over my, mo we
obtain , . We will derive such a decomposition for general g = sl,,11 by
using Drinfeld Casimir elements of smaller rank.



BosoNIC FORMULA FOR THE sl 41 PRINCIPAL SUBSPACE 539

Finally, we note that our paper is inspired by [BrFi]. Actually we study the
structure of the singular points on some moduli spaces by using the equivalent
language from the representation theory of affine Lie algebras.

§2. Whittaker vectors for gl

In this section we recall some known facts about Whittaker vectors for gl
and their Shapovalov scalar product, including the Toda recursion and fermionic
formulas. We give explicit formulas for them using the Gelfand—Zetlin basis of
Verma modules.

§2.1. Gelfand—Zetlin basis

Throughout, we consider the complex Lie algebra gl,, . Let €, ..., ¢, be a basis
of the Cartan subalgebra orthonormal with respect to the invariant scalar product
(, ). The simple roots and fundamental weights are expressed as a; = ;-1 — €;,
wi =€+ +e-1,1 <i<n Weset Q=P Za;, P =D._Ze;, and
p=2ig Wi

Let U,(gl, ;) be the corresponding quantum group over K = C(v), with
generators {F;, Fi}1<i<n, {v¥%}o<icn, and standard defining relations. We set
K; =v%-17% For A = Y1  \ie; € P, let V* be the Verma module over U, (gl,, 1)
generated by the highest weight vector 1* with defining relations

E1*=0 (1<i<n), ov91*=2%1" (0<i<n).

Recall that V* has a distinguished basis (known as the Gelfand—Zetlin basis)
relative to the tower of subalgebras

(21) Ag CAL C - CAp,

where Ay ~ U,(gly,1) (kK = 0,...,n) denotes the subalgebra of U,(gl, ;) gen-
erated by {E;, F;}1<i<x and {vF%}o<;<i. Each subspace of V* which is jointly
invariant under Ay’s is one-dimensional. Such subspaces are labeled by arrays of
numbers

>\O,n /\1,n e >\n—1,n )\n,n

/\O,n—l )\l,n—l e An—l,n—l

Ao,1 A1
0,0

)
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called Gelfand patterns. Here we set
(2.3) Akyi = Ak — Mk i,
and my,; are nonnegative integers satisfying

(24) 0= mME.n < mgn—1 < mgn—2 <--- < me,k (O <k< ’I’L)

In particular, we have
Ao = A
For economy of space we shall also write A as
A=A AO) N = Mg seo o Aie

By choosing an appropriate generator |A) = [A(™), ... A(©) of each subspace
corresponding to , the action of Chevalley generators can be described ex-
plicitly. For this purpose it is convenient to extend the base field from K to R
obtained by adjoining all elements of the form /f (f € K). We use the same
symbols U, (gl,,,1) (resp. V*) to denote R ®@xk U, (gl, ;) (resp. R®@x V). Then the
Chevalley generators act by the formula [J]

(2.5) Ve[ A) = oM =R )|y
1—1
(26) E1|A> = ch,i—l(Aﬂ)\fﬂil)),
k=0
1—1 ‘ .
(27) F,|)\> = Zckﬂ,_l(A@,zfl))|Ag€,zfl)>.
k=0

Here h;(A) = ZZ:O Aioiy and )\55,1'71) signifies the Gelfand pattern wherein Ay ;_1
is replaced by A ;—1 £ 1 while keeping all other A; ;’s unchanged. The coefficients
¢k,i—1(A) have the factorized form

B [o<icizalMi—2 = Aic1 = U+ k= U oo i[Nyi = Arim1 — 1+ K]

Ck i— A 2 =

ki=1(A) Hoggiqp\z,i—l — A1 — U+ E—1)[Nic1 — Agic1 — L+ E]
Hereafter, we use the symbols [m] = (v —v=™)/(v—v~1Y), [m]! = [m][m—1]---[1],
and [m] = [m]m+1]---[m + k — 1].

§2.2. Whittaker vectors

The Verma module carries an obvious grading V* = Dseo+ (V})5 where

(2.8) (V) = {w e V| Kjw = v Py (1 <i <n)}.
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A Whittaker vector 6* = > seo+ 92 is an element of a completion [[ 5.+ (V})g of
the Verma module. It is uniquely defined by the conditions that 3 = 1* and

1
1— 22

(2.9) EiK' 0 = P (1<i<n).

Let us give an explicit formula for #* in terms of the Gelfand-Zetlin basis. For

i=1,...,n and parameters pt = (o, ..., i), ¥ = (Vo, ..., vi—1) satisfying ux — vy
€ ZZO’ define
9 1
(2.10) Ai(p,v)* = e
ko ltr — vi!
1 1

H0§k<l§i71[l/k —v—k+i+ 1];%7% H0§k<l§i[Vk - —k+ l]ukﬂ/k '
Proposition 2.1. In the Gelfand—Zetlin basis [2.2)), the Whittaker vector 6* has
the following representation:

ht(X) n

(2.11) o :Z<1—1v2) [T c:(A@ 2G9N,
A

i=1

Here we have set

B = D> Ok — Ari)s

0<k<i<n—1

C;(AD Dy = Upi(A('i),/\("’l))A,()\(i) AG=D)y,

pi(A® AG=D) = (- 1) (Z/\;H 1(2/\;“ 172>\,“>

k=0
- E Aki—1Ai—1 + E )\k,i)\l,i)
0<k<I<i—1 0<k<l<i

i—1
= k(i = k) (Aot — Aki)-
k=1

The sum ranges over all Gelfand patterns (2.2)—(2.4)) with fized Ao, ..., \n

Proof. The proof is a direct calculatlon using formulas , ) for the action
of E;, K;. The defining relations reduce to the 1dent1t1es

i:la + 'i_ b
ZH s =) O
= obk—bz}
i
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§2.3. Scalar product

The main object of our interest is the scalar product of the Whittaker and the
dual Whittaker vectors. To define the latter, we consider the quantum group
Uy-1(gl,, 1) with parameter v~L. Its generators are denoted by {E;, Fi}1<i<n,

{v%}o<icn. Let 7 be the Verma module over Uy-1(gl, 1) generated by the
highest weight vector 1* with defining relations

E1*=0 (1<i<n), 91*=0v"M1* (0<i<n).
The dual Whittaker vector is defined similarly as an element 6* € [] ﬁeQ+(VA) 35
imposing 6} = 1* and
(2.12) EK/7'0* = T
in place of (2.9).
Let o be the R-linear anti-isomorphism of algebras given by

(2.13) 0 :Up(glysr) = Upi(glysy), Eir Fi, Fy— By Kie K7

There is a unique nondegenerate R-bilinear pairing (, ) : V* x V)\ — R such that
(1*,1*) =1 and

(2.14) (zw,w") = (w,o(z)w’)

for all z € U, (gl, ;) and w € VA, w' € V. We call (2.14) the Shapovalov pairing.

The Gelfand-Zetlin basis {|A)} of V* and {|X)} of V" are orthonormal with respect
to the Shapovalov pairing: (|A), |X")) = dx x-
In [FFJMM2]|, we considered the scalar product

(2.15) J5 = J3[0,00) = v~ BA2EE) (93 6%,

We set Jé‘ = 0 unless 3 € Q. The notation JE‘[0,00) comes from the fact that
the corresponding fermionic formula is related to the interval [0, c0) (see Theorem
3.2 in [FEJMM2| and Proposition below).

In what follows, we choose the variable z; = ¢~ A tPai) and write

(2.16) Jdyoondn (@215 -+ 2n) = Jé\[O,oo) for B = Zdiai.
i=1

These are rational functions in ¢ = v? and 2, ..., 2,.

1The present definition for z; is different from [FFIJMM?2] where z; = ¢~ (M) was used.
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The explicit formula (2.11)) (and for its dual) yields the following expression

for (2.16)). Set
l
2kl = H Zj-

j=k+1
Proposition 2.2. We have
(2_17) Jdl,...,dn(q,zh--~72n) — Z (_1)2?:1 di=3 10 M
mo,i—1+...tmi—1,i—1=d;
1<i<n

n .
ZJ;I Do Mkyi—1
% qp(m) sz k=0 J+1
j=1

1 1
< I o> 11
o . Mk, i =Ml i1 » o )
0<k<i<n (q)mk,z—l m,i 0<k<i<i<n (q kJ)mk,z—l my,;
1
X mp i —my i+1 )
II i MLt s
0<k<i<i<n (q kal)mk,z—l mp,;

where

p(m) = — Z ME,iMi; + Z M My i1

0<k<i<i<n—1 0<k<l<i<n—1

1
+ 3 Z mk,i(mk’i — 1).

0<k<i<n—1

The sum is taken over all nonnegative integers my,; satisfying (2.4) and
i—1

Dm0 Mii—1 = d.

Example. We have, for n =1,

1
T4 21) =

and for n = 2,

min(dy,ds2)
1
Jay,a,(q, 21, 22) = (—zl)mq—m(dz—m)+m(m—1)/2
1,d2 n;) (q)M(Q)dl—m(Q)dg_m
1

* (q21)m(q2122)m(q22) dy—m (@~ 2T ™21 ) (g~ T2 20 ) g, .

The second formula can be further simplified to

(q2122)d; +d
Jdy d q,%1,%2) = . .
vaa (021 22) = T e (i) @ )e
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The existence of a factorized form is a specific (and rather accidental) feature of
n =1,2. It does not hold for n > 3.

82.4. Toda Hamiltonian and fermionic formula

The quantity Jg, ...4,(¢ 21,--.,2,) admits, besides the explicit formula ,
other ways of characterization. For completeness, we quote these facts from the
literature adapting them to the present notation.

The first is through the quantum difference Toda Hamiltonian of type A. It

is a g-difference operator which acts on functions f(yi1,...,¥yn):
(2.18) Hf = D7 Diga (i0(1 — i) ).
i=0

Here D; stands for the g¢-shift operator (D;f)(y1,..-,Yi,---,yn) = f(y1,--.,qyi,
.y Yn), and we set yo = 0, Do = D, 41 = 1.

Proposition 2.3 ([Sevl| [Et]). The generating series

(219) F(vala"'ayn;zlv"'vzn): Z Jdl ..... dn((bzlw"azn)yfl"'yg"

is an eigenfunction of the Toda Hamiltonian

n

=0

The second way is the fermionic formula. Here we restrict the general con-
sideration in [FEJMMZ2] to the Cartan matrix of type A. For a (possibly infinite)
interval [r, s], consider the sunﬂ

(2.20) Idh...,dn(q;zlw-~>Zn|7aa 8)
¢, min(tt ) (0 beily =" beily 1) TTR 2ot the
= Z q t,t ! 1 ¢ : ‘ ! ¢ HZ:1 ZZ

Uit tls, i =d; H?:l Hi:r(q)lt,i

1<i<n

Then we have
Proposition 2.4 ([FFEIJMM?2|). The following formula holds:

Jd1,...,dn, (Q7 Zlyeees Zn) = Idl,...,dn (Q7 Zlyeees Zn‘ov OO)

2The definition is modified from that of [FEJMM2, (2.3)], in order to match the change of
the definition of z;.



BosoNIC FORMULA FOR THE sly,+1 PRINCIPAL SUBSPACE 545

83. Character of the principal subspace

Consider the affine Lie algebra 5AIH+1 = 5l 1[t,t71] @ Cec @ Cd. Let M* be the
integrable highest weight vacuum module of level k € Zsq. Namely M* is the
irreducible highest weight f?[n+1—module generated by the highest weight vector w
such that
(z@tHhw=0 (x€slp1,7>0),
and the canonical central element c acts as the scalar k. Let 0, = n, @ C[t,t71] be
the current algebra over the nilpotent subalgebra n, of sl, 1. The 7 -submodule
generated by w,
VE=Um)w c M*,
is called the principal subspace of M.
The following fermionic formula is known [ES] (see also [EIMMT]):

q
(3.1) chVF= )" .
l¢,;>0 Hi:1 Ht:1(Q)lm

In the notation of (2.20]), we have

chVF = 3" T4 a, (21,0, 20l K).
dy,...,dn >0

111

Et = qmin(6,t) (307 el i =307 Yl ily Jit1) H Zt 1t

The main result of the present note is the following bosonic formula, which
generalizes a result of [FEJMMI] for n = 2.

Theorem 3.1. The character of the principal subspace of the level k vacuum mod-
ule over sl, 11 is given by

chVk = E PLODHET o) Dy didiq) phdr . hdn

dy,...,dn >0
T 2d;—d —di1+2d2—d —dp—1+2d,
X Jd1,...,dn,(Q7q ! 2th ! 2 3225"'aq ! Zn)7
where
j _ 1 J 1 —1
d17~~,dn(q7217"'7zn)_ “ddy,.. n(Q7zl )9 Rn ),

Hogiqgn(qzi,j)oo
and Jay....a, (@, 21, -, 2n) is given by ([ZT7).

Proof. Writing (¢)g = (¢)a, - - (¢)a, for B = dioq + - -+ + dpan, let us introduce
the notation

M/ Tz min(tt) (e ) =k p i, 1)

(3.2) Jplr, s = I (a)

>, =08
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Then (2.20) can be written as
Idly“-ud'n, (Q7 21y 7Zn|rv S) Jé\lo(i?i izn;n [Tv S]a

and hence

chVF = >~ J3[1, k).
BeQt
The following formula was proved in [FEJMM2| (4.26), Theorem 4.13]:

Jﬁ 0 ]ﬂ Z Joz A— 2p OO)J[/B\:S[(LOO) % qk((a7a)/2—(k+p,a))'

acQt

Using the relation
Jé\[r +1,s+1)= q(ﬁ’ﬁ)/z_(’\"””mJé‘[r, s,

we deduce that

(3.3) J5, k] = Z Je&A720[0,00) 1)~ [1, 00) x (@02~ Octpie)),

aceQt
On the other hand, in the limit ¥ — oo the formula (3.1]) reduces to

ZJ/\].OO L

YeQ+ H0<z<g<n(qzw>

Summing ([3.3) over 3, setting @ = Y1 ; d;c; and noting that g~ A—atpe) —
¢(®%) 2z, we obtain the desired formula. O

Remark. The formula for the character of the principal subspace is a quasi-classical
decomposition in the sense that it is written as a sum over the positive root lattice.
Each term represents an asymptotic behavior when k is large. In this sense the
formula is quasi-classical. However, a remarkable fact is that the formula is exact
for finite k. Moreover, each summand is desingularized in the sense that it is a

sum of factorized terms (2.17)).

84. Quasi-classical expansion

In this section we extend the fermionic formula to the setting corresponding
to the tower of subalgebras , and discuss its ‘quasi-classical’ decomposition.
In the following, we indicate by subscript k the quantities associated with the
subalgebra Ay ~ U, (gl;,): for instance, P, = @f:o Ze; and Qz = @i;l Z>o0y.

Let —oco < rp < --- <71, < oo be a non-decreasing sequence of integers
(possibly including +o00), and set I = [ry,00). Generalizing , we define, for
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A€ P, and f € Q;,

r1,T2
(4.1) J( o

Tn, OO

Qn

1
/\,5>: > g,
{ve}teer tel Yt

1 .
(42 B(nN =5 Y min(t ) e) - (A e Y t).
el tel
The sum in ([4.1) is taken over v, € Q;F (¢ € I) such that

Z%:ﬂ, ’ytEQ;-" forr; <t <mrg (i=1,...,n).
tel

In the new notation we have J3[r, s] = J(TQS I\, B).

Remark. If —oo < r < 5 < oo, the fermionic sum Jg‘(r, s) is a finite sum and
it is a rational function in zi,...,z, and ¢. If [r,s] = [r,o00] with r > —o0, or
[r, s] = [—00, 8] with s < 00, the fermionic sum is a Laurent series with coefficients
which are rational functions in g. However, as discussed in [FEJMM2| Section
2.2], the Laurent series is well-defined as a rational function in z1,..., 2, and ¢. If
[r, s] = [—00, 00], we split the interval [—oo, 0o] into [—oo, —1] U [0, 00] and define
the fermionic sum as a sum of products where each summand is the product of
two rational functions, one corresponding to [—oo, —1] and the other to [0, co].

Recall that in the completion of U, (gl,,, ;) there is an element u which satisfies
Kiu=uK;, Ewu=uK!E;, Fu=uFK;? foralli=1,...,n.

Up to multiplication by a simple factor, u is the Drinfeld Casimir element. On each
weight component Vf\i of the Verma module, u acts as the scalar ¢~ (%8)/2+X+p.5)
In [EFJMM?2], the fermionic formula was derived by inserting w in the
scalar product which defines the Whittaker vectors and calculating it in two
different ways. The fermionic formula thus obtained is equivalent to the following
recursive formula for Jg = J(%}O ’)\, 6):

1
J) = g 2=t gA
’ ; (@) !

The same calculation can be repeated using a ‘partial’ Drinfeld Casimir element.
Namely let u; denote the counterpart of u corresponding to the subalgebra Ay,
k=1,...,n.

Proposition 4.1. Letry <---<r, <0, and set r,11 = 0. Then

T'n, 0

Qx

— - —TrE+r . 1,72
(43) v <ﬂ,ﬂ>/z+<m><H uy T .93,93) :J( or |-
k=1

A,ﬁ).
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Proof. The calculation is the same as in [FEJMM2] Theorem 3.1], and the proof
following it. O

For each k = 1,...,n—1, the Whittaker vector (2.15|) admits a decomposition
in terms of those for the lower rank subalgebra Ay:

(4.4) 93 — Z (1—q)” St e A =ALi—1) = F o (B=D (A —A1k)
An=1)_ A()

« H Cfl,()\(l')7)\(1'—1)).9()\(70’_._7)\(’f)‘ﬂ(k))7

i=k+1
(45) o™ AWMy = % (11— g)~ T iz Oue—Auio1)
A(k=1) . A\ (0)
k
x [T Ci(AD, AG=D) A0 XO),
=1
Here 39 are defined by
(4.6) B =8,
(4.7) AEHD — D) g = A — g0 (3D e Qfi=1,...,n—1),

where € |p, = E;:o 0; k€k is the projection to P;. Note that from we see that
B — B = (Ngi — Aoi—1)(a + -+ ) + (Mg — A1) (2 + - + o)
+o 4 (Nic — Aici—) .
Therefore, the sum Z,\(n—l),,,_,,\(l) is equivalent to the sum over a partition of 3,
B=~D ... 440
where
A0 = g _ gli=1)
ERF Y Zoglar++ ) ®Zsolag+ -+ ) - ® Lo
Note that A(™ = X and other \(¥) are determined by
(4.8) A0 — ()\(i+1) _ ,y(i+1))|Pi.

Here O(A() ..., AX®)|3(F)) is a weight component of a Whittaker vector with re-
spect to the subalgebra A, ~ U,(gl,,,) and its Verma module with highest
weight A(%). Tt is so normalized that the coefficient of the vector |A(™, ... A(©))
satisfying \jp, = M1 ==X forall 0 <[ <k —1is 1.
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Lemma 4.2. Formula (4.1)) can be decomposed as
1,72 T'n, OO

or' o bs)
- ¥ J<7“5§° ’Au)ﬁ(l)) T, 4@ fr) 4,(AD, A2,
1 i=2

Aln=1) A1)

(4.9) J(

where A;(, v) is given in (2.10)). The coefficients d(u, v|r) have the factorized form
(4.10) d(p, v|r) = v~ /2 0w) r(n)2=te)) (1 — g) (1 — ¢~ 1))~ PV,

Proof. The action of [T}_, ulzrﬁr’““ can be calculated by using the decomposition
[ and

WA, 2B g0y = = (B BE) 24P 408 g () AKR) g0y,
Taking the scalar product with 63 and simplifying the result, we obtain the asser-
tion. 0
Lemma 4.3. We have

r, 00

—00, T
4.11 J ’
(#.11) ( olon

A(n>,7<n>> — A, 40 ) A, (A, A2,

Proof. Consider the decomposition (4.4) with k = n—1 and apply u;i’fﬁr" u, ™.
By the same computation as in the previous lemma, we find

Tn—1,Tn
J(
+
anl

Tn, 00

2o, ﬁ(m)

_ T'n—1,00
B 2 J( Qs

~MeRt, Bn=1) =) —~(n) >0

/\(n—l)’ 5(n—1)>
% d()\(n)ﬁ(n)hn)An()\(n)’/\(nfl))Z_

Now let 7,,_; — —oo. In this limit, only one term S"~Y = 0 in the sum con-
tributes. With this choice the factor J on the right hand side is 1 and (") = ~(™),
hence we obtain the desired result. O

Substituting (4.11)) (with n replaced by i = 2,...,n) back into (4.9), we arrive
at the following result.
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Theorem 4.4. Notation being as in (4.7), we have

r,T Tn, OO
(4.12) J( églﬁ.- of Aﬁ)
71,00 OO, T | T4, OO |y (4
- 2 e

,y(l)_;'_..._i,_»y("):ﬁ;y(i)ER;r

This theorem has the following interpretation. In formula , let us con-
sider the limiting situation where r < --- < r,. Imagine that we take the sum
separately over the variables ; taking ¢ to be ‘in the vicinity’ I; of each end point
r;, 1 =1,...,n. Then the contribution to would become

SLESSPID 9D 90

=1 tel; j>it'el;

where B; stands for (4.2) with ¢,#' € I;. The corresponding sum, with >, ; 7
= ~() being fixed, gives a summand on the right hand side of (4.12). Theorem
tells us that this ‘quasi-classical decomposition’ in fact gives an exact answer.
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