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The Dirac-Hardy and Dirac—Sobolev Inequalities
in L!

by

Alexander BALINSKY, W. Desmond EvANS and Tomio UMEDA

Abstract

Dirac-Sobolev and Dirac-Hardy inequalities in L' are established in which the L spaces
which feature in the classical Sobolev and Hardy inequalities are replaced by weak LP
spaces. Counter-examples to the analogues of the classical inequalities are shown to be
provided by zero modes for appropriate Pauli operators constructed by Loss and Yau.

2010 Mathematics Subject Classification: Primary 35R45; Secondary 35Q40.
Keywords: Dirac—Sobolev inequalities, Dirac-Hardy inequalities, zero modes, Sobolev
inequalities, Hardy inequalities.

§1. Introduction

Let o = (01,02,03) be the triple of 2 x 2 Pauli matrices

0 1 0 —1 1 0
( ) 01 (1 0>, 02 <z 0), g3 (O 1)
and set
.9
p:=—iV, a-p:—zjzzloja—xj.

By the Dirac—Sobolev inequality we mean the following: 1 < p < 3, p* = 3p/(3—p),
and for all f € C§°(R3,C?), the space of C2-valued functions whose components
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lie in C&°(R3),

0o ([sga) " ccw ([ e prooga)

where for a = (a1, a2) € C?, |alb = |a1|? 4 |az|P. It is shown by Ichinose and Saito

in [3] (see “Addendum” at end of paper) that for 1 < p < oo, there are positive
constants ¢;(p), ca(p) such that

(13) ) [ i< [ e peix <) [ i

and hence for 1 < p < 3, (1.2) is a consequence of the Sobolev inequality

(1.4 ([reor )™ <cw ([ rooga)

On defining the Dirac—Sobolev space HB%(Rz)’,(Cg) to be the completion of
Cs°(R3, C?) with respect to the norm

loas = { 15698 + o prsooax)

(1.3) proves that HB%(R3,C2) is isomorphic to HyP(R® C?) if 1 < p < oo,
where Hé’p (R3,C?) denotes the Sobolev space defined to be the completion of
C§°(R3,C?) with respect to the norm

lsas={ [ 760 + Ipsooig i)

However, as p — 1, ¢1(p) — 0 and so (1.3) only implies that H,'(R?, C?) is
continuously embedded in H B}O(R?’, C?). In fact Ichinose and Saito go on to prove
that the embedding H&’l(R3,C2) — HB,lO (R3,C?) is indeed strict. Hence, in the
case p = 1, (1.2) is not a consequence of the analogous Sobolev inequality. We prove
that the p = 1 case of (1.2) is untrue. We demonstrate this with a function used
by Loss and Yau in [5] to prove the existence of zero modes of a Pauli operator
{o - (p + A)}? (or equivalently, of the Weyl-Dirac operator o - (p + A)) with
some appropriate magnetic potential A. A result of Saité and Umeda in [6] on
the growth properties of zero modes of Pauli operators indicates that zero modes
have quite generally the properties we need of the counter-example. We prove in
Theorem 2.1 that

(1.5 I£ll20 < €1 [ Il D)0 dx.
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where |- | = |- |1 and for any ¢ > 0,
(1.6) 171,00 = sup #u({x € R : | (x)] > 1}),

p denoting Lebesgue measure. We recall that || f||q0c < oo if and only if f be-

longs to the weak-L9 space L9°°(R?, C?). Moreover, || - ||4.00 is not a norm on

L% (R3,C?) but for ¢ > 1 it is equivalent to a norm; see [2, Section 3.4].
Analogous questions arise for the Dirac-Hardy inequality

(1.7) /RS|f( pd <C(p /|a p)f(x)|hdx

[x[?

and similar answers are obtained. The inequality is true for 1 < p < oo by (1.3),
but not for p = 1 in which case we prove that

(18) 1171 |||1m302/ (o p)f ()] dx.

The plan of the paper is as follows. In Section 2 we shall prove the results
concerning the Dirac-Sobolev and Dirac-Hardy inequalities discussed above. We
shall give estimates of the optimal constant C'(p) in the Dirac-Sobolev inequality
(1.2) for 1 < p < 3 in Section 3 and show that C(p) — oo as p | 1. In order
to check if the results in Section 2 are dimension related, we investigate higher
dimensional analogues in Section 4. A weak Hdélder-type inequality is given in an
Appendix.

§2. The weak Dirac—Sobolev and Dirac—Hardy inequalities

To show that the inequality (1.2) does not hold, we shall prove that a counter-
example is provided by a zero mode for an appropriate Pauli (or Weyl-Dirac)
operator constructed by Loss—Yau in [5]. This is the C?-valued function

1 . 1
(2.1) w(x):w(l—kzx-a’)(()), r= x|,

where [ is the 2 x 2 identity matrix. In view of the anti-commutation relation
ojoy + oo = 2651, it follows that

(2.2) lp(x)| =

Also, 1 satisfies the Loss—Yau equation

(23) (0 PIUGR) = T2 0).
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Let x5, € C§°(R) be such that

r<n,

(2.4) Xn(T) = {17 Iy (r)] < 1.

0, »>n+2,

Then 1, := ¢ € C§°(R3,C?) and we see that

25) (o - )l ms.co) = ‘

mxa~pﬁb—ix;(a‘x)w

r

Ll(RB)’(CZ)

n+2 3 n+2

for some positive constant Cy independent of n.
Now suppose that the case p = 1 of the inequality (1.2) is true. Then it would
follow from (2.5) that

2/3
(2.6) Ooz||wn||Lsxz<Rs,m>z(/ w<x>|3/2czx) > const - (logn)*/?
\

x|<n

and hence a contradiction.

The properties of the zero mode 1, defined by (2.1), which lead to the in-
equality (1.2) being contradicted when p = 1, are that (o - p)y € L*(R3,C?) and
(x) < r=2 at infinity (i.e., r%1)(x) goes to a constant vector in C? as r — oo). It
was shown in Saito—Umeda [6] that these two properties are satisfied by the zero
modes of any Weyl-Dirac operator

(2.7) Dy=0o-(p+Ax)
whose magnetic potential A = (A1, Ag, A3) is such that
(2.8) A, is measurable, |A4;(x)|<CQQ+7r)"", p>1,

for j=1, 2, 3.
As was mentioned in the Introduction, what is true is the following

Theorem 2.1. There exists a positive constant Cy such that

(2.9) [ £l 372,00 (m3,c2) < Cill(0 - P) fllLr (w3 c2)
for all f € C§°(R3,C?).
Proof. Let g = (0-p)f. Since (o -p)? = —A and the fundamental solution of —A

in R3 is convolution with 1/47x|- |, it follows that o - p has a fundamental solution
with kernel (o - p)(1/4x| - |) and hence
1

210) 09 = [ @ -y oy = - [ Ty ay,
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Note that this also follows from the more general result in Saito—Umeda [7, The-
orem 4.2]. Consequently,

(2.11) F)] < / L ey)ldy = = L(g)),

< —
|_47r s |x —yl? 4w

where I3 (|g|) is the 3-dimensional Riesz potential of |g|; see Edmunds and Evans
[2, Section 3.5] for the terminology and properties we need. In view of [2, Re-
mark 3.5.7(i)], we see that the Riesz potential I is of weak type (1,3/2;3,00).
In particular, I7 is of weak type (1,3/2) (cf. [2, Theorem 3.5.13], [8, Theorem 1,
pp- 119-120]), which means that there exists a positive constant C such that for
all u € L'(R3),

(2.12) ()| /200 ey < CllulLr r3)-
The inequality (2.9) follows. O

It is evident that the two properties of the zero mode ¢ defined by (2.1) also
lead to a contradiction of the inequality (1.7). What is now true is the following:

Theorem 2.2. For all f € C°(R3,C?),
(2.13) L o ) < Call@ P r s o,
where Cy < (97)/3Cy and Cy is the optimal constant in (2.9).

Proof. On applying the weak Holder inequality in the Appendix with p = 3/2 and

q = 3, and noting that ||1/| - \HSW = (47/3)'/3, we get

(2.14) /1] e < 3227 21 £l 2,00
Hence the theorem follows from (2.9). O

§3. Estimate of the optimal constants

In this section, we estimate the optimal constant C(p) in the inequality (1.2) for
1 < p < 3, and show that C(p) — occasp | 1.

Let 1 be the Loss—Yau zero mode defined by (2.1). It does not lie in C§°(R3, C?)
but is in H ,13’,% (R3, C?). Hence the optimal constant C'(p) must satisfy the inequality

(3.1) C(p) > H'(/)||LP*(R3,C2)/H(O' : PWHLP(RS,C?),
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where p* = 3p/(3 — p). On passing to polar coordinates, we have

* 0 * 1 * o0 *
b :477/ (14 r3) 7P r2dr > 4#{/ 27P 2 dr—i—/ (2r%)7P Tsz}
0 0 1
2
p—1
On the other hand, by (2.3), we see that

(3.2) v

= 4727 P 372

3P o
. yZ— - _ D 2\—2p .2
(33) o p)l/JHp—/RB Ty e = A /0 (1+72)2y2dy

1 )
< 47T3P{/ r2 dr +/ r4p+2dr} —gpoigpml P
0 1 4p —3

Combining (3.1) with (3.2) and (3.3), we obtain

) —1/3(4p — 3)1/p
—1/3—2—1/p q—1/3—1/p P (4p

(3.4) Clp)>m 2 3 TEE=YE
It is evident that the right hand side of (3.4) goes to o0 as p | 1.

We recall that for p > 1, the optimal constant C (p) in the Sobolev inequality
(1.4) is

e (p=\NT [ TErE)
Cp)=="1%3 /<3_p> {F(3/p)F(4—3/P)} ’

which tends to é(l), the optimal constant in the case p =1, as p — 1.

84. The weak Dirac—Sobolev and weak Dirac-Hardy inequalities
in m dimensions

Let v1,...,7vm be Hermitian ¢ x ¢ matrices satisfying the anti-commutation rela-
tions
(4.1) Yk + WY = 20581,

where I denotes the ¢ x ¢ identity matrix. For example, we can take ¢ = 2™ 2
and construct the matrices by the following iterative procedure. To indicate the

dependence on m, write the matrices as 7§m), e ,fy,(,;"). For m = 3, we have ¢ = 2
and they are given by the Pauli matrices in (1.1). Given matrices 7}””, e ,%(ﬁm)
we define

(m)
m+1 0 Y . m-1 I 0
42) A +>:< o > i=1,....m, 7§n++1>:<0 I).
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The m-dimensional analogue of the inequality (1.2) for p = 1 is
(m—1)/m
I B T e T
for f € C§°(R™,C*), where
“ 0
y-p=—iy Y5, p=-iV.
=1 3xj

To show that (4.3) does not hold we introduce an m-dimensional analogue of the
Loss—Yau zero mode, namely

1 .
(4.4) Y(x) = W(—“r iX-Y)po, 1 =[x,
where ¢ = ¢(1,0,...,0) € C*. It follows from the anti-commutation relations (4.1)
that
4.5 = !
(4.5) [h(x)| = m7

and that v satisfies the m-dimensional analogue of the Loss—Yau equation (2.3),
m

T 142

Let X, € C$°(R) be as in (2.4), and put ¥, := x,9 € C§°(R™,CY). As in (2.5),
we see that

(4.6) (v - pP)(x) P(x).

R X
WD) (- Dl co) = ‘ a7 - D) — ix, (7~ )w
UV AL EX D)

n+2 m n+2
gsm</ ﬁdw/ dr>§00
0 147 n

for some positive constant Cy, independent of n. Here S, is the surface area of
the unit sphere in R™. If the inequality (4.3) were true then it would follow from
(4.3) and (4.7) that

(m—1)/m
48 Coz lnllgmimnanen 2 ([ 0GP ax)

x|<n

> const - (logn)m=1/m,

which is a contradiction. Therefore the inequality (4.3) does not hold. Instead,
what is true is the following inequality.
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Theorem 4.1. There exists a positive constant Ci p, such that
(4.9) ”fHLm/(m*l)vw(]R{m,(Ce) <Cim (- p)fHLl(Rm,C@)
for all f € C$°(R™,CY).

Proof. Let f € C§°(R™,C), and define g = (v - p)f. Since (v - p)? = —AI, we
have (—A)f = (v - p)g. By Stein [8, p. 118, (7)],

(4.10) Jo(~Au=u, ueCER™C),
where
@y nw =" ), e = [ty

It follows that

I'((m —2)/2)
Arm/2

(4.12)  f(x) = L(-A)f(x) =

/ L (v pey)dy.
R

m |x =y 2
On integration by parts, this yields

I'((m —2)/2) / - (x-y)

4 m/2 |X_y|m

(4.13) fx) =

g(y)dy.

Then it follows that

(4.14) /()]

IN

A |l ay

4qm/2 x—y[1 lg
_ T((m—2)/2) 2xm+2/2
= Qrm/2 F((m—l)/Q)I1(|9|)(X)-

Here I;(|g|) is the m-dimensional Riesz potential of |g|; see [2, Section 3.5]. In
view of [2, Remark 3.5.7(i)], we see that the Riesz potential I; is of weak type
(1, m/(m—1);m, 00), in particular, of weak type (1, m/(m —1)) (cf. [2, Theorem
3.5.13], [8, Theorem 1, pp. 119-120]), which means that there exists a positive
constant C such that for all u € L*(R™),

(4.15) ||Il (u) HLnL/(nL—l),oo(]RWL) S CH’LLHLl(Rm).

The inequality (4.9) follows. O

The m-dimensional Hardy inequality for L' is

(4.16) / MO e < (i — 1)—1/ pu(x)|dx, u € C(R™),

|
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It can be proved as in the 3-dimensional case that its natural analogue

(4.17) [ O gy < ¢ [l pielax, e c@n.c,

x|
is not true.

Theorem 4.2. For all f € C§°(R™,C"),

(4.18) 15/ M oo oty < ComlCy - PYFlls om0

where
7/2m

L((m+2)/2)V/m(m — 1)t-1/m’

and C1,m 15 the optimal constant in Theorem 4.1.

CQ,m S Cl,m

Proof. 1t is easy to see that H1/| q Hm o= (wm)Y™, where w,, denotes the volume
of the m~-dimensional unit ball, and is given by

7.(.m/2

L((m+2)/2)

Wm =

On applying the weak Holder inequality in the Appendix with p = m/(m —1) and
q = m, we get

(419)  f/1- My 00 < (G = DY™ 4 (= 1))l ] 1) 00

The theorem follows on combining this inequality with (4.9). O

85. Appendix

The proofs of Theorems 2.2 and 4.2 are consequences of the following Holder-type
inequality in weak LP spaces, which we have been unable to find in the literature.

Theorem 5.1 (Weak Holder inequality). Letp >1,¢>1 and p~ ' +q 1 =1. If
f € LP>°(R%) and g € L4 (R?), then fg € LV'*° and

(5.1) I1£gll1.00 < ((a/p)" "+ (/)" /P)II £

Proof. Let € > 0 be arbitrary, and set

pooll9l

q,00°

A={xeR" elf(x)| > "7},
B={xeR": e g(x)| > "/},
E={xeR":|f(x)g(x)| >t}
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Since

(5.2) [F(x)g()| <p~ el FD? + g7 (e g (x)),
we have

(5.3) E C AUB,

which implies that

(5.4)  tu(B) < tu({x : el f(x)| > V7)) + tp({x e g(x)| > ¢1/93).
With

(5.5) s:=tVPle,  ri=et'/q,

it follows from (5.4) that

(5.6)  tp({x: |f(x)g(x)] > t})

<ePs’u({x: [f(x)] > s}) + e riu({x: |g(x)| > r})
<P flIp00 + e Mgl 0

The minimum value of the last expression is the right-hand side of (5.1), attained
when & = (qllgll§ oo /PIIS 5 00) /72 =

Addendum. We are grateful to the referee for the comment that the first inequality in
(1.3) is not a direct consequence of Ichinose and Sait6 [3, Theorem 1.3(ii)], but can be
established as follows. Since (o - p)®> = —A, one has

—i0;(o - p) " = {=i0;/V=A}(o - p)/V-A} =D oxR;Ry

k=1

where R; = —i0;/v/—A, j = 1, 2, 3, are the Riesz transforms. Since R; is a pseudo-
differential operator with symbol &; /||, it is bounded on L? by the Calderén—Zygmund
theorem (see [8]). The first inequality in (1.3) therefore follows.
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