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Asymptotic Property of
Divergent Formal Solutions
in Linearization of Singular Vector Fields

by

Masafumi Y OSHINO

Abstract

We study asymptotic properties of divergent formal solutions appearing in the lineariza-
tion problem of a singular vector field without a Diophantine condition or existence of
additional first integrals. We give an asymptotic meaning to divergent formal solutions
constructed from a singular perturbative solution (cf. [6]).
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81. Introduction

A linearizing transformation of a singular vector field satisfies a certain semilinear
Fuchsian system of equations of several variables (cf. (2.2)). The system has a
formal power series solution under a general nonresonance condition, while formal
solutions are divergent in general (cf. [3] and Proposition 3.1 of [7]). The con-
vergence of the series can be proved under a Diophantine condition or existence
of additional first integrals. In this paper we study equations of two independent
variables, and we shall give an asymptotic meaning to a formal solution without
any Diophantine condition or existence of additional first integrals (cf. [4]).

In [6], we constructed a singular perturbative solution with respect to a singu-
lar perturbative parameter ¢ by resumming a singular perturbative formal solution.
If the so-called Poincaré condition and the nonresonance condition are satisfied,
then by analytic continuation with respect to € up to € = 1 we obtain the classical
Poincaré solution. In this paper we are interested in the case where the Poincaré
condition or a Diophantine condition is not satisfied. By the same method as in [6]
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we can construct a singular perturbative solution and make an analytic continua-
tion with respect to € to a sector with vertex at € = 1 as well. On the other hand
the analytic continuation of the resummed singular perturbative solution does not
necessarily converge as ¢ — 1.

Our goal in this paper is to show that the analytic continuation of the re-
summed singular perturbative solution is an asymptotic expansion of a certain
analytic solution in a multisector of the space variables uniformly with respect
to € in a sector with vertex at e = 1. More precisely, we can show the assertion
for equations with nonlinear part satisfying certain support conditions (cf. (2.19)
and (2.20)) for which a small denominator may appear. (See also [7].) We hope
that our new approach to the linearization problem via an equation with a singu-
lar perturbative parameter may be generalized to the case of general independent
variables. We also remark that our proof does not use the so-called Newton method
in constructing a solution, which makes the proof simpler than the one based on
the Newton method.

This paper is organized as follows. In Section 2 we state our results. In Sec-
tion 3 we prepare a necessary lemma. In the last section we prove our main theo-
rem.

§2. Statement of results

Let 2 = (z1,22) € C2. For a 2 x 2 constant matrix A, we denote by L, the Lie
derivative of the linear vector field zA - 0,

(2.1) Ly :=[zA 0y, ] = (xA,0:) — A,

where (zA, 0;) = Z?Zl(:ﬂ/\)j(a/é‘x]—), with (zA); being the j-th component of zA.
It is well known that the following system of equations is the linearizing equation
of the singular vector field zA - 9, + R(2)0y:

(2.2) Lyu= R(z + u(x)),
where u = *(uy,ug) is an unknown vector function and the function

(2.3) R(y) = "(Ri(y), R2(y))

is holomorphic in some neighborhood of y = 0 in C? such that R(y) = O(|y|?) as
ly| — 0. In order to study (2.2) we consider the following equation with parame-
ter e:

(2.4) Liu = e(xA, 0z)u — uh = R(z + u(x)),

and then we let € — 1.
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In the following we assume that A is a diagonal matrix with diagonal entries 1
and —7 < 0, where 7 > 0 is an irrational number. Hence we have

(25) <$A, 8Z> = 2171(91 — Tl‘g(r“)g.

We first construct a formal solution u" (z, ¢) of (2.4) as a formal power series in ¢,
(2.6) uV(z,e) = Za”ufﬁv(x) =ul (z) +eulV(z)+---,
v=0

where the coefficients u!¥ () (v = 0,1,...) are holomorphic vector functions of =
in some open set independent of v. We substitute the expansion (2.6) into (2.4).
We first note that

(2.7) (@A, p)u" —uA = Z(5<$Aa Op)ul (z) — ulV (z)A)e”,
v=0
(2.8) Rz +u") =Rz +uy +ulVe+ul¥e?+-..)

=Rz +ul) +eulV (VR)(z +ul)) + O(c?).
By comparing the coefficients of ¥ = 1 and &, we obtain

(2.9) ul ()N + R(z 4+ ul’) =0,

(2.10) (xA, 0 )uy =ul A +u) (VR)(z 4+ uf)).

Because A is invertible and u’ () = O(|z|?) as x — 0, we can determine u}’ as a
holomorphic vector function in some neighborhood of the origin = 0 from (2.9).
On the other hand, by noting that A + (VR)(x + u§") is an invertible matrix in
some neighborhood of = 0 by the assumption R(z) = O(|z|?), we can determine

u}V" as a holomorphic function in some neighborhood of z = 0 from (2.10). In order

w

. (v > 2) we compare the coefficients of €” on both sides of (2.4).

to determine u
Namely, we differentiate (2.4) with respect to €, v times, and we put £ = 0. Then

we obtain

(2.11) (A, 0)ul’ | =uV A +uV (VR)(z +u))
+ (terms involving /¥, i < v —1).

w

./ as a holomorphic function in some

Clearly from (2.11) we can determine u
neighborhood of # = 0. Hence we can determine u"Y. We note that u!’’s are
holomorphic in some neighborhood of the origin independent of v in view of the

above argument (cf. [5]).
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By expanding u? (x) (v = 0,1,...) into a power series in z, u!/(z) =

D e u‘y/‘faz“, and summing up with respect to v, we obtain the formal expansion of
R

u’ (z,¢),

(2.12) u(z,¢e) = Z ul (e)x®

2
Q€

with 4/ being a formal power series in €. In [6] we proved that, if 7 is irrational,
then the formal series u'¥ () converges in some neighborhood of € = 1 independent
of a such that u"V (x,¢) coincides with the unique formal power series solution of
(2.4), a classical Poincaré series. Hence we can construct the solution of (2.2) from
u" (z,¢) by setting ¢ = 1 in the class of formal power series. Note that we do not
use any Diophantine condition in the argument.

In order to give an analytical meaning to this argument, we begin with the
resummation of u" (x, ) when € is in some sector. We define " (z,¢) = u"(

uy’ (z). Then the (formal) Borel transform of @" is defined by

(2.13) B(a")(x,¢) = Zuﬁv(ﬂﬁ)%'
v=1 ’

x,€)—

Because u}¥ (z) is holomorphic in some neighborhood of the origin 2 = 0 indepen-
dent of v, the expansion v}/ (z) = Y, uz[faxa converges in a common neighborhood
of the origin independent of v. By substituting the expansion into (2.13) we obtain

. S o ¢
(2.14) B(a")(z,¢) = 3 u o R

Let us assume that the right-hand side of (2.14) absolutely converges in some
neighborhood of (z,¢) = (0,0). (For the rigorous proof of this fact we refer to [6].)
Then, by changing the order of the summations we obtain

(2.15) B(i ZZ CV : xa.

a v=1

We define the Laplace transform U"W (z, ) of B(a")(z,¢) by

(2.16) ZL(Z w C>x°‘,

where the operator L is given by

Lf(e) = /0 N e /2 £ (¢) dc.
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Here we assume an appropriate growth condition on f(¢). We define
UW(z,e) .= U (z,¢) + uy ().

If we recall that the Borel transform is the inverse of the Laplace transform,
UW (z,¢) gives a holomorphic function of ¢ in a sectorial domain with the asymp-
totic expansion u"V (x, ). We call UV (z, €) a resummation of a singular perturba-
tive solution u"". For a direction ¢ (0 < ¢ < 27) and an opening 6 > 0 we define
the sector S¢ ¢ by

(2.17) Seo ={e €C; |large — €] < 0/2, € # 0}.
The following theorem was proved in [6, Theorem 2].

Theorem 1. There exist a direction &, an opening 8 > 0 and a neighborhood
Qo of the origin x = 0 such that UY (z,€) is holomorphic in (z,€) € Qo x S¢ g
and satisfies (2.4). The formal solution u" (z,€) given by (2.12) is an asymptotic
expansion of UV (z,€) in Qo x Sg,p with respect to e € Sep.

We note that one can take for £ any direction such that £ # 0,7. Suppose
7 < 0, that is, the Poincaré condition is satisfied. By Theorem 4 of [6], U" (z, €) can
be analytically continued with respect to € to € = 1 when x is in some neighborhood
of the origin independent of ¢.

We now consider the case of 7 > 0 irrational. By Theorem 4 of [6], U (z,¢)
can be analytically continued with respect to € up to a neighborhood of ¢ = 1
such that Ime > 0 (or Ime < 0) when z is in some neighborhood of the origin
which may depend on e. By well known results on the divergence of the linearizing
transformation in the non-Diophantine case we cannot expect the convergence of
uW (x,€)|c=1 as a formal power series in z (cf. [7]). In the following we study the
asymptotic meaning of the series.

Let 11 and 72 be such that 1 > 0, 0 < 1o < @/2 and m + ne/7 < 7/2.
Let S; C C and Sy C C be sectors with openings 11 and 72, respectively, namely
S; == {z; € C; |largz;| < n;/2} (j = 1,2). For 0 < p < 1 we define S, =
S;N{|z;| < p}. Let 0 < 8 < 7 be given. We denote by C g the cone with vertex
at € = 1 with opening 0,

(2.18) Cig:={c€C;larg(e — 1) F/2| <0/2}.
We define C+ 9, = C+0 N {|e| < p}. For a = (a1, x2) € Zi we set |a] = a1 + as.

We assume that R(z) is holomorphic in some neighborhood of the origin with
the Taylor expansion given either by

(2.19) R(z) = > R,z®,

a:(ahaz)ezi, a—Toe<—2T
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or

(2.20) R(z) = > Raz®.

a:(al,ag)EZi,al—Ta2>27'
Our main result in this paper is the following

Theorem 2. Suppose that either (2.19) or (2.20) is satisfied. Let 0 < 6 < .
Then there exists p > 0 such that (2.4) has a solution uy(x,€) holomorphic in
S1,p % S2,, X C+9,, such that, for everye € C+ g9, andv =0,1,...,

(2.21) ug(z,8) — Z ul (e)z® = O(|z|" ™) asx — 0, z € Sy, x Sa,,

«
la<w

Remark 1. If 7 < 0, that is, the Poincaré condition is satisfied, then we may
take uy(z,¢) in Theorem 2 as an analytic continuation of U" (z,€) up to e = 1
(cf. [6]). Theorem 2 ensures the existence of a similar function in the case 7 > 0.
We expect that our argument here also works for a resonant case after appropriate
modifications, which is left for a future research.

§3. Preliminary lemma

In this section we prove the solvability of (2.4) modulo flat functions. We define
(3.1) Sp 1= 51 % Sz N {(w1,22) € C; |21 [aa] /7 < p, [wa] < p}.

For every n > 1 we choose the smallest positive integer &, such that n — 7k, < 0.
Namely, k,, is determined by the relation —7 < n — 7k,, < 0. We set a,, = (n, ky,).
Let UV (z,¢) = Zaezi u? (¢)x® be as given in Theorem 1. Then we have

Lemma 3. Suppose that (2.19) is satisfied. Let 0 < 0 < w. Then there exist
p > 0 and a function V(x,e) holomorphic in S, x C+ g, and continuous up to
the boundary such that for everyn =0,1,... there exists g, (x,e) holomorphic in
Sp X Cx.9,p and continuous up to the boundary such that, for every e € Cx g p,

(3.2) Rz +V)—-LiV=a2"g,(x,e), x€,
(3.3) V(z,e) — Z ul (e)z® =O(|z["™)  asx— 0,2 €8,
lal<n

Moreover there exist infinitely many o, (v =1,2,...) and 0 < 0’ < 1 independent
of an, such that 1:2_1_‘9 Gn(x,€) is holomorphic and bounded in S, X C4. 9 ,.

Remark 2. If (2.20) is satisfied, then we interchange the roles of z; and 3. Then
the conclusion of Lemma 3 also holds true, with the same proof.
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Proof of Lemma 3. We divide the proof into 12 steps.

Step 1. For the sake of simplicity we denote C+ g and C+ g , by C and C,, respec-
tively. We will look for U = U(x, €) in the form

(34) U:ao—l—bo—i-ZxO‘f(aj—i—bj),

Jj=1

with a; = a;(x1,¢) and b; = b;(x2,¢) holomorphic and bounded in S; x C, and
Sa.p X Cp, respectively, and

(3.5) ag=O0(x}), b;=0(x3), j=0,1,...,
such that the functions
n—1
(3.6) Up_1:=ag+ by + Z % (aj +b;) (n>1)
j=1
satisfy
(3.7) Rop_1:=L3Upn_1 — R(x + U,_1) = 2" Rp_1(x, )

for some 7~3n_1(x, e) holomorphic in S, x C, and continuous up to the boundary
such that R, _1 = O(23) as 3 — 0.

Step 2. We will construct a; and b; in (3.4) formally. We first rewrite UV (x,¢) =
Zaezi u? (¢)x® in the form

(3.8) UY = ao(w1,€) + bo(wa,€) + Y & (@n(@1,€) + bn(w2,2)),

n=1
where the formal power series @y, (z1,¢) and by (z2,¢) (n = 0,1,...) satisfy
(3.9) ao(z1,€) = O(x2),  by(xa,e) =O0(23), n=0,1,....

We first consider the case 7 > 1. We note k; < j for every j. We determine
ao(x1,¢) and bo(x2, ) as the Taylor series in UW consisting of powers of 21 and
only, respectively. By subtracting ag + bo from UW we see that the resulting term
is divisible by x1x2. Hence we can choose terms which are divisible by z*!. On
determining a; and by similarly to ag and 50 we subtract z%!(a; + I~)1) again and
see that the remaining term is divisible by z®'x;x5. Hence it is divisible by x®2.
Repeating the argument, we can rearrange the series U" in the above form. We
note that because we may have k; = - -- = ky for some £ > 1, the expression is not
unique in general.
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Next we consider the case 0 < 7 < 1. Because we have k; > j for some j,
the situation is different from the case 7 > 1. We first show that the support of
the Taylor expansion of U" is contained in the convex cone Iy := {(a1, as) € R?;
a; > 0,01 —Tag < —27}. To see this, we recall that UW is the formal power
series solution of (2.4) such that U" = O(|z|?). On the other hand, by (2.19) the
term of degree 2 in the expansion of R vanishes. Because L} preserves monomials,
it follows that the term with degree 2 in U" also vanishes. Next the term of
degree 3 in R is a constant times 3. Indeed, by the support condition on R,
oy — Tag < —27, we have ap > 3 if @3 > 1. Because L preserves monomials, it
follows that the term with degree 3 in U has weight oy — Tag < —27. Let us
suppose that the assertion holds for every term 2 in UV up to |a| < v. Consider
the monomial z°, 8 = (81, 32), |8| = v + 1, appearing from R(x + u). We may
consider (z1 + u1)*(wy +ug)™ for k+m < v+ 1 instead of R(x + u) without loss
of generality. In order to estimate the weight 3; — 73, from above for every z”
appearing from (z1 + uy)* (2o + ug)™, it is sufficient to consider the terms which
contain z¥ because the weight of terms appearing from (x; + u1)* is less than
or equal to k. As for the weight of terms appearing from (za + u2)™ it is largest
when 3" appears because the weight of every monomial in us is strictly smaller
than —27 by inductive assumption. Because k — 7m < —27 by (2.19), we see that
every monomial 2%, |3| = v+ 1, appearing from R(z + u) has the desired property.
Hence the support of the Taylor expansion of U"W is contained in I'y.

In order to write U" in the form (3.8) we determine G and bo similarly
to the case 7 > 1. Subtracting ag + bo from UW we see that the resulting term
is divisible by xizy. Moreover, since ki satisfies —7 < 1 — 7ky < 0, it follows
that m > ki + 2 if (1,m) is in the support of UW. Hence the resulting term is
divisible by xo‘lz%. We now determine a; and b; as in the case 7 > 1 and consider
uw — Z}:O z% (aj + b;), where x®° = 1. It satisfies the same support condition
as U"'. Hence we can proceed in the same way by noting that m > k,, +2 if (n, m)
is in the support of U". This proves that U" can be expanded as in (3.8).

Step 8. We will determine ag and by such that
(3.10) Ro := Li(ag +bo) — R(z + ag + by) = 2% Ry (x, €)

for some holomorphic function ﬁo(x, ) in S, x C, continuous up to the boundary
such that Ry = O(z3). Putting xo = 0 or z; = 0 in (3.10) we see that w = ag
(resp. w :=bg), w = (w1, ws), satisfies the system of equations

(311) 590181101 7’101:R1(£L’1 +U}1,’UJ2),

(3.12) E.Z‘lalwg—l-TwQ:RQ(.%‘l +w1,w2),
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respectively
(313) — €T:E282’LU1 — w1 = Rl(w1, To + ’wg),
(314) —eTX202we + TWo :Rg(wl,(EQ +w2).

We note that g (resp. by) is a formal solution of (3.11)~(3.12) (resp. (3.13)~(3.14)).
We will show that ag = 0. By (2.19) we have R(z1,0) = 0. It follows that the terms
of order z? in R(z1+ w1, ws) appear from the terms of the form (x1 + w1 )wsy or w3.
By (3.9) these terms are O(x3). In order to see that the coefficients of 27 in w; and
wg vanish, we note that ev—1 # 0 and ev+7 # 0 for all integers v > 2and e € C1 ¢
because Im e # 0. Hence, the coefficient of 27 in ao vanishes. Next, the coefficients
of #3 in the right-hand sides of (3.11)—(3.12) vanish by a similar argument because
do = O(x3). Hence the coefficient of 3 in @ vanishes by (3.11) and (3.12). By
induction we obtain @y = 0. By the condition R;(z1,0) =0 (j = 1,2), we can put
ag = 0.

We consider (3.13)—(3.14). By a similar argument to that in proving ao = 0
and (3.5) we see that (3.13)—(3.14) has a unique formal power series solution
by = (w1, ws). By the well-known Briot-Bouquet theorem, bo converges in some
neighborhood of the origin (cf. [2]). We set by := bo. By taking p sufficiently small
we may assume that by is holomorphic in {|za| < p}. We can easily see that by
is holomorphic with respect to € in some neighborhood of ¢ = 1. By taking p
sufficiently small we may asssume that by is holomorphic in {|e — 1] < p}.

We will estimate the remainder term R in (3.10). By (3.13) and (3.14) we
have

Libo = R((0,z2) + bo).

Hence, by setting y; = (x1,0) and y2 = (0, 22)+bp(x2, €) and by recalling R(0) = 0
we have

1
(315)  Ro=—R(y: + 1) + Rlyn) = — / 21(90, R)(t1ys + ys) dis.
0

By (2.19), if (1,m) is in the support of R, then m > ki + 2. Hence Ry satisfies
Ro = %Ry for some Ry holomorphic and bounded when z € S, and € € C, and
satisfying Ro = O(z3).

Step 4. We will determine a; and by. For 0 <t <1 we set

(3.16) up = bo(x2,€) + ta* (a1 (z1,€) + b1 (x2,¢€)),
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and we determine a; and by (b = O(x3)) such that Ry := L§ (bo + 2% (a1 +b1)) —
R(x 4 by + x** (a1 + b)) satisfies
(317) Ri1 = Lf\(xo‘l(al +b1)) +T1 4+ Ro Zl‘ay}él(l‘,é),
Ty :=R(x 4+ uo) — R(xz + uy),
for some holomorphic function Ry (z,¢) in S, x C, continuous up to the boundary

such that Ry = O(z3).
We first show

(3.18) Ro = —x* f1(xa,€) + 2*2Q(z, €)

for some holomorphic functions £ (z2,¢) and Q(x,¢) in S, x C, continuous up to
the boundary. Indeed, by Taylor’s formula the integrand on the right-hand side of
(3.15) can be written as

1
$1(0$1R)(t1y1 + yz) = l’l(awlR)(yg) +/ tle(ailR)(tltgjﬂ + y2) dis.
0

Hence, by (3.15) we have

1 1
(319)  Ro=-n1(0n ) - [ din [ 002 B)(trta + ve) dt
0 0
= —zY G (x2,€) + 22 Q(x, ).
By the support condition on R and (3.19) the function Q(z,¢) is a bounded holo-
morphic function on S, x C,. Hence we obtain the desired decomposition of Ro.

We note that 3; = O(23) and Q = O(z3) by (2.19) and (3.19).
We consider T;. By Taylor’s formula we have

1
(3.20) =M = 7/ (a1 +b1)VR(z + uy) dt.
0
We set
(321) @1 = VR(.%hO), @2 = VR((O,:EQ) + bo(l’g,&)).

First we shall show that ©; identically vanishes. Indeed, by (2.19) and R(z) =
O(|z|?) we obtain R(z) = O(z3), from which we have the assertion. By letting
29 — 01in (3.20) and by recalling by(0,e) = b1(0,e) = 0 we see that the right-hand
side of (3.20) tends to 0. Similarly, by letting z; — 0 in the right-hand side of
(3.20) we obtain —(b; + a1(0,¢))O2. Therefore

(3.22) Ty + ™ ((bl + ap (0, E))@Q) = xall‘1$2T1 (.’L‘, E)
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for some T (z,e) holomorphic and bounded in S, x Cp. Indeed, 7% times the
left-hand side of (3.22) is divisible by x5 by definition.
In order to obtain equations for a; and by, we note that, for U given by (3.4),

(3.23) (2101 — T2202) (U — bg) = Z 2% (x101 — Tx202 + 1 — Thky)(an + bp)-
By (3.17), (3.18) and (3.22) we have

(3.24) Ry=z" (L5 +¢e—etki)as + 2 (Li + € — emk1)by — 2% B1 (22, €)
— 2% (by + a1(0,€))Os 4 2 w1 29Ty (0, €) + 2°2Q(x, €).

Step 5. We will solve the equations for a; and b;. By equating the coefficients of
! in (3.24) which are functions of z; we obtain

(325) ( f\ + e — 67‘]{}1)&1 =0.

Clearly, a; = a1(x1,e) = 0 is the unique formal power series solution of (3.25)
by assumption. Indeed, this follows from the assumption that Ime # 0. Hence we
may set a; = 0.

As for by, we obtain

(3.26) (LY + e —eTk1)by = b1O3 + P1(z9,€).

Let by (z9,6) = 300, A (€)% be the unique formal power series solution of (3.26).
Clearly, 77(10) (¢) is holomorphic in C, and continuous up to the boundary. We define
||’71(10) || as the maximum of ‘%(10) (¢)] on the closure of C,. Let 0 < 6 < 1, to be chosen

later, and define, for x5 € Sa ,,

o0

(3.27) B =" 10 () (w2) a7,
n=2
where
o )
1_exp<_ ) if 240 0,
(328)  dnlrz) = (el + 1)a(n — 1! o
1 if || = 0.

In order to show the convergence of (3.27) we recall the inequality
(3.29) [1—e"*| <]z], Rez>0.

Noting that Rexzs > 0 (z2 € S2,) and

571
© =
(v [ + 1) (n — 1)!

)
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we find that, for zo € Ss,, %(10) #0and n > 2,

(330) ) 123 10n(@2) < 1 ()] Ja <(||7<°>|| n 15>|x (n— 1>')

‘x2 | n726n
~ (n=1)°
Hence the series in (3.27) converges uniformly on Ss , x C,, and the limit function
is holomorphic in (x,¢) € Sa,, x C, and bounded on its closure. Indeed, we have

331 3 b e [én(n) |2<622'“

n>2 n>2

|n 2577, 9 5
< 520l

—2)! c

If 9 € 52, and 6 > 0 is sufficiently small, then the right-hand side can be made

arbitrarily small. One can easily show that (cf. [1, p. 68]) b; is the asymptotic

expansion of bgo) as ro — 0, zo € Sy ,. Moreover we can easily see that bgo)

solves (3.26) asymptotically. Namely, for every n = 0, 1, ..., there exists R%O)(xg, €)

holomorphic and bounded in Sy, x C, such that, for every € € C,,
(3.32) (L5 +e—erk)b\” — 000, — ) = 28 RO (22,¢), 22 € Ss,, 22 — 0.

Step 6. For a holomorphic and bounded (vector) function v = v(z2,€) in Ss , X Cp,
we define the norm of v by
(3.33) lv]] = sup [v(x2,€)].
r2€82 ,,6€C,
We similarly define the norm of a (vector) function v = v(x1,€) on Sy x C,,.

In order to solve (3.26) in S» , we define the approximate sequence w®) =
(wY’),wgu)) (v=0,1,...) by w® = bgo) and

(3.34) (L5 + ¢ — etk)w® =8 + w D0y — (L] + € — emhy)w®,
3.35 S te—erk)w® =w PO, v=23,....
A

If we can show the uniform convergence of by := w(® + w® + ... on Sa, X Cp,
then by is the desired holomorphic solution of (3.26) in Sy , % C,.

We will estimate w(). In order to solve (3.34)(3.35) we recall that for every g
holomorphic and bounded in S» , with all derivatives vanishing at the origin and
a complex number A # 0, the solution of the equation (2202 — A)u = g is given by

0
(3.36) u= (2200 — \) " 'g = / e Mg(elas) dt,

—00

where the integral converges by the assumption on g if Re A > 0. It follows that

w§1) is well defined, holomorphic and bounded in S; ,.
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We shall prove that there exist constants 79 > 0 and 0 < rg < 1 such that
(3.37) lw® | <nory, k=1,2%v=01,...,

where 19 > 0 can be chosen arbitrarily small if we take 6 > 0 sufficiently small.
Clearly, if we can prove (3.37), then the limit wy, := w,(co) + w,(:) +--- (k=12
exists on Sy , x C, and by := (w1, ws) gives the desired solution. We will estimate
w) by (3.34) and (3.32). For simplicity, let us denote the right-hand side of (3.34)
by ho. We take n in (3.32) sufficiently large so that (L + & — eTky) thg is well
defined. In view of the formula (3.36) we see that the norm of w(!) can be made
arbitrarily small on Sy , x C, by taking p sufficiently small because there appears
a power 5.

As for w*), we can recursively estimate it in view of the recurrence relation
(3.35) and the smallness of ©5. Indeed, ©9 vanishes up to order 2 by the assumption
R(z) = O(z3).

Next we will show that by is the asymptotic expansion of b, := Ziozo w®) .
Because by is the asymptotic expansion of b§0) we will show that Y2 w®) ~ 0 as
z — 0. To see this, let £ > 2 be a given integer and consider the sum 307 @),
where w®*) = 25 ‘w®. If we can show the uniform convergence of Y00 w(®*)
on Sy ,, then we see that by — bgo) vanishes up to order £ as x5 — 0. Because ¢ > 2
is arbitrary, this proves that the asymptotic expansion of b; is equal to b§°>.

We define §(z) := 27%g(z). Then from (3.36) we get

0
(3.38) () = x5 ‘uzy) = / e MG (elay) dt.

— o0
We note that e 1 is integrable if ¢ is sufficiently large. Hence we can estimate
@ in terms of §. By (3.34) we can estimate @) in terms of the right-hand side of
(3.34). By (3.35) we can similarly estimate @) in terms of § with g = w*~1@s.
Because §(z) = 2z ‘w10, = @*~1O,, this proves the uniform convergence of
oz ).
Step 7. We will show (3.17) for some R = O(x3). We want to prove

(339) Ti + 2010, = .Z‘OQTl

for some holomorphic and bounded function Tj(z,e) on S, x C, such that T}
= O(23). If we can prove this, then (3.18), (3.26) and (3.39) imply (3.17) for
Ry=T +Q.

We first show that a; + a1 > a4, for every j > 1. Indeed, by definition we
have —7 < j — 7k; < 0 for every j. Hence, by adding the inequalities for j = j
and j =1 we obtain —27 < j +1 — 7(k; + k1) < 0. By the minimality of k; 41 we
have k; + k1 > kj11.
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In order to show (3.39) we first note, by (3.20) and a; =0,
(340) 71’70(1T1 - @le = /bl(VR(.’ﬂ + b() + tl’albl) - @2) dt.

By the definition of R and ©2 we can easily see that VR(x + by + tx*1b1) — Oa is
divisible by %' with the quotient holomorphic and bounded in S, x C,. In view
of (3.40) and 2a; > ay we have (3.39).

We easily see that the support of T} is contained in {(a1, as) € Z2%; oy — T
< =27} in view of (3.40). It follows that T3 = O(z3). Because the support of R
is contained in {(ay, a2) € Z2; ay — Tap < —27}, the same assertion holds for the
support of R;.

Step 8. We will determine ay and bs. We set u; = by + £%*b1, and we determine
as(x1,€) and ba(x2,¢€) (b2(0,¢) = 0) such that

(3.41) Ro = Lf\(x(“‘ (CLQ + bg)) + T +Ry = x("37~32(x),
where Ry (x) = O(z3) and
(3.42) Ty := —R(x +u; + %% (az + b2)) + R(z + uy),

and R4 is given by (3.17) with a; = 0. In the following we do not indicate the
dependence on ¢ explicitly if there is no risk of confusion. We will show that

(343) TQ = —l’azbg(l'g)@Q + ltazl'll'gfg

for some bounded holomorphic function 75 in S, x C,. Indeed, by Taylor’s formula
and by similar calculations to those in the proof of (3.22) we can easily see that
the term of order O(z®?) in T3 is given by —z*2(ba(x2) + a2(0))O2. Moreover,

Tox™? + (bg(mg) + (12(0))@2 = O(l‘lxz)

in view of the definition of the remainder term.

Next, let Ry = x°2(Ty(z) + Q(x)) be given by (3.17). Because the term
L5 (x*2(agz+bs)) cancels with the corresponding terms in 75+ R of order O(z*2),
we look for a decomposition

(3.44) Ri = —2"(12(21,) + B2(22,€)) + 2% (7, €)

for some o (x1,¢) and fBa(x2,€), B2 = O(z3) holomorphic in S; and Ss,, respec-
tively, and €2 holomorphic in S, x C,. In order to compute v2 and 3> we restrict
Ti(z,¢) + Q(z,¢) to x = 0 or z; = 0. By the definition of Q(z,¢) in (3.19) and
the assumption (2.19) we have Q(z1,0,e) = 0. Next, by (3.40) and b;(0) = 0 we
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have Ty (x1,0,¢) = 0. Hence 42 = 0. By defining
52(332, 5) = _Tl (05 x2, 5) - Q(O7 x2, E)

we will show (3.44). In view of (3.40) and (2.19) we see that T} (z, ) — T1(0, 2o, €)
is divisible by 1. From as 4+ oy > a3 we see that 22 (T (z,e) — T1(0, zo,¢)) is
divisible by 3. On the other hand, by (3.19) and (2.19), 2 (Q(z, &) —Q(0, 22, €))
is divisible by 2. We also note that Ba(z2,¢) = O(x3).

Therefore we will determine as and by from the equations

(345) ( f\ + 2¢ — ETk’g)ag =0,
(346) ( f\ + 2e — €Tk2)b2 = (bg + (12(0))@2 + (.

We easily see that @ = 0 and we can take as = 0. Because (3.46) has formal
power series solution by, we define b( by a formula similar to (3 27). Then b(0
has asymptotic expansion bs. We note that the modulus of b can be taken
arbitrarily small in a neighborhood of the origin by taking § in (3.27) sufficiently
small. In order to solve (3.46) we construct the approximate sequence w®) (v > 1)
from relations like (3.34) and (3.35). We can easily see that by := w(® +w™) + ...
converges in Sy , x C, and gives a holomorphic solution of (3.46) with asymptotic
expansion by. We can show that

(347) TQ = 71"121)2@2 + Zasfg

for a possibly different holomorphic function T = Th(z,¢) in S, x C, such that
Ty = O(x3). We can also prove that the support of T5 lies in {(aq, ) € Z3;
a1 —Tag < —27}. Indeed, these facts follow from the support conditions on R and
by by applying to (3.42) Taylor’s formula in integral form.

Step 9. We will determine a,, and b,,. Suppose that we have determined a; = 0 and
bj = O(x3) as holomorphic and bounded functions on Sz , x C, for all j <n —1
satisfying (3.7) up to n in such a way that the support of R, 1 is contained in
{(a1,a2) € Z%; aq — Ty < —27}. We will determine a,(z1,€) (resp. by(z2,¢))
such that
U, :=Up-1 + 2% (an(z1,€) + bn(22,2))

satisfies (3.7) with n replaced by n+ 1. Let 1 and 25 be so small that R(x + U,)
is well defined. First we consider

(3.48) Ry i= LiUn — R(z + Uy,) = LUn_1 — R(z + Up_1)
+ L3 (x*(an + by)) + R(x + Up—1) — R(z + U,,)
=Rp-1+ L3 (% (an + by)) + Ty,
where T, = R(x + U,—1) — R(z + Uy,).



952 M. YOSHINO

We want to write
(3.49) Rp_1 =2 Rp_1(z,6) = =2 (yp(21,€) + Bn(22,€)) + 2+1Q, (2, €).

Indeed, by an appropriate choice of (3, and ~, we have ﬁn_l(x,a) + B+ =
O(z122). By the support property of R,,—1 we may define v, = 0. Moreover, by
(2.19), we have 3, = O(z2). We will show that the O(x;r22%") term in R,,_; is
O(x*+1). This is clear when 7 > 1 because kp41 = kp or kpy1 = kyp + 1. On
the other hand, if 0 < 7 < 1, then in view of the support property of R,_1 the
O(z1222%") term in R,,_1 is O(x®+1) and consequently O(z3x%"+1) by the same
condition.
In order to obtain equations for a,, and b, we note that

1
(3.50) Tp=—z™" / (an + bp) VR(z + Un—1 + tz®" (an + by)) dt
0
=1 (bp + a,(0,€))O2 + O(w1222"").

Therefore, by dividing (3.7) with n replaced by n+1 by 2%~ and by setting zo = 0
we obtain, in view of (3.23) and (3.48),

(3.51) (L} + ne — kp7e)a, = 0.

As in the previous case, the formal solution a,, of (3.51) vanishes and we may define
a, = 0. Next we consider the equation for b,. We divide (3.7) with n replaced by
n+ 1 by x%. Then by setting 1 = 0 we obtain

(3.52) (LY + ne — kp7e)by, = 0,00 + B (12, €).

By the same argument as for b; we can determine b, as a bounded holomorphic
function on S5 , x C, such that b, = O(x3). Therefore we can determine the formal
solution U in (3.4).

We can see from (3.48) and the inductive assumption for R,,_; that the sup-
port of R, is contained in {(a1, @) € Z%; a1 — Ty < —27}, because the support
of T, is contained in the same set. In order to prove (3.7), note that O(x;xo2%")
terms in (3.50) are, indeed, O(z32%"+1), which can be shown by the support con-
dition on R.

Step 10. We apply a Borel-Ritt type argument to the formal series (3.4). By
definition we have o, = (n,k,), —7 < n — 7k, < 0. Hence lim,,_ o, a,/n =
(1, T_l). By the definition of S, we can show that there exists N > 1 such that for
any n > N we have Re /™ > 0 on S,. Indeed, by setting xz; = r;et% for j = 1,2
with 0 < r; < 00, 0 <7y <p, |0;] <mnj, we obtain

2/ = b exp(i(6y + Ok /n)).
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By the assumption 7 + 72/7 < m/2 and the relation k,/n — 77!, we see that

there exists N > 0 such that for n > N, we have |0y + 02k, /n| < 7/2. This shows
the assertion.
Suppose § > 0. Then we define

(3.53) Y 1= max{|lay ool + 1, |2y e(=T220z, + 1 — Thn)ba) |1},

and define V(z,¢) on S, x C, by

(3.54) V(z,e) =D bn(w2,)pn(2)’a,
n=0
where ¢, =1 for 0 <n < N, and for n > N,

(3.55) on(@) =1 — exp<_‘5n).

Ynxn/m(n — 1)!

In order to show that V (z,¢) is holomorphic in S, x C, we use a similar argument
to that for (3.27). Let Rex®»/™ > 0 on S,. Then, for n > N,

2
B30 IalleaPlot] < g ol feaa | )
< 6% (2 (n — 1)) 2,
Because ay,(1 —2/n) = (n — 2)(1, k,/n), we see that the sum
> 87" a7/ (n — 1))
converges on S, x C,. Hence the series (3.54) converges on S, x C,,.

Step 11. We will show (3.3). Take any positive integer n > N and write
(3.57) Vi,e)=> a%bj(zs,e) + Yy _ x%b;(x2,6)(p;(x)” — 1)
j=0 j=0

o0
+ Y @by (e )y (@) = Vi + Vot Vi,
Jj=n-+1

First, we show that V5 = O(232%+1) as & — 0, z € S,,. Indeed, for j > N we have
57
o =1 = o0~y )

For every v > 1 the right-hand side is O(|z*/7|) on S, as x — 0. Hence, by
taking v sufficiently large, it is divisible by z®»+* with the quotient bounded and
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holomorphic in S,. Because b; = O(z3), we have Vo = O(x3z*+). Next we will
show that V3 is divisible by z%"+! with the quotient bounded and holomorphic in
S, x C,. Because a; > a1 for every j > n+1 and b; = O(x3) it is sufficient to
prove that |zoz® ~n+1| < p="~1 on S, for every j > n+ 1.

Indeed, by definition we have j —7k; < 0 and —7 <n+1—-7k,11 < 0. It
follows that

kj—kpp1>7 ' G-n—1)—1.

1/7

Therefore, since |z2| < 1 and |z1]|z2|"™ < p on S,, we have

‘x2xaj—an+1| — |$1|j—n—l|x2|k]’—kn+1+l S |x1|j—n—1|x2|7—*1(]’—n—1)

< (Ja] Ja /Ty < P
Therefore we have (3.3).

Step 12. We will prove (3.2). We set g = R(x+ V) — L5V, where R(x + V) is well
defined for sufficiently small § > 0 in view of the definition of V. We write V in
the form (3.57) and for x sufficiently small we write

(3.58) g=R(@+W)—LiW + R(z + W + V3) — R(z + W) — L3 V4,

where V=W + V3 and W := V] + V5.

We want to show that Li Vs = x*+1 Ay (z, ) for some bounded holomorphic
function A; = O(z2) on S, x C,. Indeed, if a derivation in L§ is applied to ¢;(z)?,
then, by the same argument as for the convergence of V', we see that the resulting
series is convergent and divisible by 22. We also note that every term in the series
has a factor % with a; > ap41. If Lf is applied to the term z®b;(x9,€) in
z%b;(x2,€)p;j(x)?, then we have

(3.59) L§ (x%7b;) = % (e(—Tx20s, + § — Tk;) — A)bj(22).

In view of (3.53) and the proof of the convergence of V(x,¢) the sum of terms on
the right-hand side (3.59) converges and is bounded on S, x C,.

In view of the estimate of V3, we can see that A; is divisible by zs. It is also
easy to see that if 0 < 6 < 1 satisfies —(1 — 6")7 < n+ 1 — 7kp41 < 0, then
o |10 [z —ant1| < pi=n=1 In fact, for every 0 < 6 < 1 there exist infinitely
many k, such that —(1 — )7 < n+ 1 — 7k,1 < 0. For those n’s we have
Ay = O(|z2 7).

Next, by Taylor’s formula we have

1
R(x—i—W—i—Vg,)—R(x—kW):/ Vs VR(z+ W +1V3) dt.
0
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It follows that R(x + W + V3) — R(z + W) = z®+1 Ay(x,¢) for some bounded
holomorphic function A in S, x C,. In view of the estimate of V3 and since
VR(x+ W +tV3) = O(x2) we see that Ay = O(x3).

We consider

Rlz+ W) — LiW = R(z + W) — L5V; — L3 Va.

It is easy to see that L§ Vy = x®»+1 A3(z, €) for some bounded holomorphic function
As in S, x C, such that A3 = O(23). Indeed, the functions ¢;(z)*> — 1 in V2 and
L5 (p;(x)% —1) can be divisible by an arbitrary power of x%i/7 = xlxgj/j such that
the quotient is holomorphic and bounded in S, x C,. Because d;/j > 77!, we see
that it is O(z3xvn+1).

We take p’ < p so small that for every = with |z |zo|"/™ < p/ and |za| < p
the values « + Vi,  + V5 + V4 are in the domain of R. Then R(x + Vi + V3) —
R(z+V)) = fol Vo - VR(x + V1 + tVs) dt. Clearly, the right-hand side function can
be written as 2“+! A4(z, ) for some bounded holomorphic function A4 in S, x C,
with |21 |z2|'/™ < p’ such that A4 = O(z2). Now we have

Rz +W)—LAW =R(z+ Vi + Vo) — R(x + V1) + R(z + V;) — L3 V;, — LiVa.

By the definition of V; we see that R(x + V1) — L§ V1 = x%+1 A5(x, €) for some
bounded holomorphic function As in @ € S, |z1||za|'/T < p’ such that A5 =
O(z3). Tt follows that F(z) := z= %+ (R(x + W) — L§W) is holomorphic and
bounded in S, such that |21 |z2|"/™ < p’. Because R(z+W)— L5 W is holomorphic
in S, and z®"+* does not vanish in p’ < |x| |x2|1/T < p, we see that F(x) is also
holomorphic in S,. In order to prove the boundedness of F/(x) in S,, we will show
the boundedness of F(x) when p’ < |z1||x2|"/7 < p. We may assume, without loss
of generality, that 0 < |x2| < 1. We note

29| = (] o] V7] T T > () ] D),

Because
kn+1 1 1

n+1_7' n+1

it follows that

k
|25 ¢ TP |24

On the other hand, R(z + W) — L§W = O(x3). This proves that F'(z) is bounded
when p' < |z1| |22/ < p. Because n is arbitrary, we have proved (3.2). This
completes the proof of the lemma.
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84. Proof of Theorem 2

We prove Theorem 2 in case (2.19) is satisfied. For (2.20) we can argue similarly by
changing the roles of x1 and 5. Let V be given by Lemma 3. Let any = (IV, ky) be
such that xgl_g/gN(x, ¢) is holomorphic and bounded in S, xC+ g , as in Lemma 3.
In order to solve (2.4), set u(x) = v(z) + V(z) and consider

(4.1) Liv=Rxz+V+v)—LiV=Rx+V+v)—R(z+V)+yg,

where g := R(x + V) — L3 V.
Let p > 0 and N > 1 be an integer. For a bounded holomorphic (vector)
function
h = (hl, hg) = .’L‘aNiL(.T,E) = gV (ill, ilg)
in S, x C, with il(x, ¢) holomorphic and bounded in S, x C,, we define the norm
of h by
—a —an —1-0"/2
(4.2) Ihlln = sup  (Ja~*Nhy(z,e)| + |27, ha(z,€)|).
x€S,,e€C,

Let Xy be the set of functions h holomorphic and bounded in S, x C, such
that ||h||n < co. Clearly, Xn is the Banach space with the norm (4.2). We choose
a sequence ay = (N, ky), N =N, (v =1,2,...), such that for every pair ay and
ay in the sequence with N > ¢ we have

N /
dy — — > dy — —.
T T

Because g — p/7 is dense on R if p and ¢ run in Z, we can choose {ay} satisfying
the condition. We shall show that X is continuously embedded into X,. Indeed,
for every h = ¥ hy € X we have

7 —ar 7 1 —¢ dn—d¢g—(N—2 7
CL’aNhN = gMgN aZhN = g™ (Z1$2/T)N EIQN e=( )/ThN

Because dy — d¢ — (N — £)/7 > 0 by assumption, we see that there exists C' > 0
such that ||h|l¢ < C||h||n. This proves the assertion.
For ||h]|n < oo we define

1 (o)
(4.3) V= —7/ e MEp (e, €) dt.
€ Jo
Because |zl eNtghy e=knTt| = |pN gk gt N=7kn) | < |2 N bV for all £ > 0, we see

that h(et“z,¢) in the integrand is bounded if z € S,, ¢ € C,, t > 0. In order to
show that the integral (4.3) converges we may consider the second component. In
the integrand the following factor appears:

et‘r/se—(1+9’/2)'rt’ t>0.
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Therefore, if € is sufficiently close to 1, then the integral converges. We easily see
that v is the solution of the equation Liv = h, namely v = (L3 )~ h, where (L3 )~!
has the expression (4.3). Moreover, ||v||y < oc.

We want to define an approximate sequence {v®)} by

(4.4) v = (L5)7 g, W= (L) MR+ V +0O) - Rz + V),
v® = (L) N R+ V 4+ 0@ 4 4 kD)
—Rz4+V+0@ 4. 402y k=23 ...

It is easy to see that if v := >"7 v®) converges, then v solves (4.1). In order
to see that v(*)’s are well defined, we note, from the definition of V in Lemma 3
and (2.19), that g(x,e) = x*~ g(z, €) for some bounded holomorphic function g in
S, x C, such that § = O(m%“"). In particular ||g[|x < oc. Hence v(¥) € Xy. In
order to estimate v(°) we obtain, in view of (4.3) and (4.4),

I —t/ex
(45) H,U(O)”N < SUPH/O et(N kN)(|e t/agl(etl\x,i‘:”
e/ 2 (0 020 (M )]) db < Cp” gl

for some constant C' > 0 independent of N since N — 7ky < 0 and |z2| < p.
Indeed, there appears (z2¢717)?'/2 from gy (e, ¢) and (w5170’/2§2)(emx75).

By (4.5) the function R(z + V 4+ v(©@) — R(x 4 V) is well defined if § > 0
and p > 0 are sufficiently small, and it is divisible by 3. Hence v; is well defined.
Moreover

1
(4.6) o1 || < CH/ v VR(-+V + tv(o))dtH
0 N

1
<c / @I n (IRl dt = Cll@ IR,

where || R|| = sup, ||[VR(x)||. Take p > 0 so that C||R||| < 1/2. Then [[v™) |y <
0|27, Hence v? is well defined and it has the same property as v(1) if (%)
is sufficiently small. Moreover [[v®|x < [[v(?| 5272, In the same way, we can
determine v*) as bounded holomorphic functions in S, x C, such that [[v®) ||y <
[v©@|y27% (k = 1,2,...). This proves that the limit v := > oo v exists in
S, x C, in the || - || y-norm. By the definition of the norm we have v(z) = O(z*~)
as * — 0. The limit function v is independent of N because Xy is continuously
embedded into X, for every N > {. Because there exist infinitely many IV, this
proves Theorem 2.
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