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On the Structure of the Domain of a Symmetric
Jump-type Dirichlet Form

by

René L. SCHILLING and Toshihiro UEMURA

Abstract

We characterize the structure of the domain of a pure jump-type Dirichlet form which is
given by a Beurling—Deny formula. In particular, we obtain sufficient conditions in terms
of the jumping kernel guaranteeing that the test functions are a core for the Dirichlet form
and that the form is a Silverstein extension. As an application we show that for recurrent
Dirichlet forms the extended Dirichlet space can be interpreted in a natural way as a
homogeneous Dirichlet space. For reflected Dirichlet spaces this leads to a simple purely
analytic proof that the active reflected Dirichlet space (in the sense of Chen, Fukushima
and Kuwae) coincides with the extended active reflected Dirichlet space.

2010 Mathematics Subject Classification: Primary 31C25, 60J45; Secondary 46E35.
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81. Introduction

Let (&,C5°(R%)) be a closable Markovian (symmetric) form on the space L2(R9) =
L?(R%; dx), where dz denotes Lebesgue measure on RZ. It is well known that the
closure (€,F) with respect to the norm /& (u,u) = (E(u,u) + ||lul|2.)Y/? is a
regular Dirichlet form. On the other hand, on the set

DI€] := {u € L*(R?) : &(u,u) < oo}

the pair (&, D[€]) becomes a (not necessarily regular) Dirichlet form on L?(R?).
It is a natural question to ask whether ¥ and D[E] coincide. If E(u,v) =
3D(u,v) = (Vu,Vv)2 is the classical Dirichlet form, then it is known that
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2 R. L. SCHILLING AND T. UEMURA
F=Wy?(RY) = C’(‘fo(]Rd)”.”l’2 whereas D[€] = WH2(R?). Here W12(R?) denotes
the usual L2-Sobolev space of order 1 equipped with the norm |u||1 2 := ||Vu| r2 +
u]z2. Since WH2(RY) = Wy *(RY) (see e.g. Adams and Hedberg [AH] or Stein
[St70]), we have F = D[E].

The identification of the domains has been studied for reflected Dirichlet forms
using harmonic functions in [Ch92] or [Kuw02]. In this paper, we will discuss the
problem for the jump-type form

e =g [[ e s - o) N ),

for a measure N (dx, dy). Since the expression under the integral is symmetric in u
and v, we can always assume that the measure N (dz, dy) = N(dy, dx) is symmetric
too. Recently one of us has investigated this problem for jump measures N which
have a symmetric density: N(dz,dy) = k(x,y)dx dy. Under a rather restrictive
assumption on k, it is shown in [U07] that F = D[E]. We will now extend this
result to a more general setting.

The structure of the domain of a Dirichlet form has been studied for certain
self-adjoint extensions or Markov extensions of the generator associated with the
form (see e.g. [RZ, T96, KaT96]). In particular, it has been shown that for local
Dirichlet forms and diffusion processes such extensions are trivial.

Our paper is organized as follows: In Section 2, we study the L?-maximal
domain and Silverstein extensions of the form (1.1); the homogeneous domain and
reflected Dirichlet spaces are considered in Section 3, while the active reflected
Dirichlet space is introduced in Section 4. The Appendix, Section 5, contains a
brief survey on basic elements of the theory of Dirichlet forms.

§2. L?-maximal domains

In this section, we formulate our setting and prove one of the main theorems.

Let u(x, dy) be a positive kernel on R? x B(R?) which generates on R x R4\ A,
A ={(z,z) : © € R?}, a symmetric measure N(dz,dy) := u(x, dy) dr; see Remark
2 below for some comments on this assumption. Consider the following symmetric
quadratic form (€, D[€]) defined on L?(R%):

en0) = [ ) —u)0) ) N, ),

D[€] := {u € L*(R?, dx) : &(u,u) < oo}.

21) @)= /0<|<1|x—y|2u<x,dy>= | tedn o)

0<|h|<1
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and
(2.2) W(r) = /M>1u<x,dy> /h>1u(x,dh+1’)~

If U, ® € L (R?) Example 1.2.4 in [FOT94] shows that (€, C§°(R?)) is a closable
Markovian (symmetric) form on L?(R?) and that the closure (€,7) is a regular
(symmetric) Dirichlet form. The associated Markov process M is of pure jump-
type.

The assumption that ¥, ® € L (R?) is equivalent to saying that the test

loc
functions C§°(RY) are contained in the form domain D[€] (see Remark 2 at the

end of this section).
For z € R? and A € B(RY), put

(2.3) viz,A) := p(z, A+ x).

Obviously, v defines again a kernel. Note that the jump kernel p(z, B) represents
the rate of jumps starting from z and jumping into the set B, while v(z, A) stands
for the rate of jumps of size A starting from z. With this convention we can rewrite
the form in the following way: for u € F,

E(u,v) = ;//ﬁy(U(x) — u(y))(v(z) — v(y)) p(z, dy) da
1
~ 3 ) =l R(et0) =Gt ) i+ )

1
=- // (u(z) —u(x + h))(v(z) —v(xz + h)) v(z,dh) dz.
2 JJho
We will also need the concept of shift-bounded measures which is common in

harmonic analysis (see e.g. [BF]).

Definition 2.1 (locally shift-bounded kernel). A kernel n(z,dy) defined on R? x
B(R?) is said to be locally shift-bounded if there exists a constant ¢ > 0 such that

(2.4) n(z+ z, A) < en(z,A)  for all z,z € R? with |2 <1, A C B;(0),

where Bj(0) is the open ball with centre 0 and radius 1.
If n(z,dy) is defined on D x B(E) where D, E C R? we call n(z,dy) locally
shift-bounded if the trivial extension 7(z, dy) of n(x, dy) onto R? x B(R?),

n(z, BNE) ifxeD,

e B) = {0 if 2 ¢ D,

is locally shift-bounded.
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Examples of locally shift-bounded kernels are kernels which are absolutely
continuous with respect to some measure m on RY, say n(z,dh) = n(z, h) m(dh),
and where the density satisfies

0<c:= inf n(z,h)< sup n(z,h)=C<oc.
TER?, |h|§1 a:ER‘a‘hISl

Obviously,

n(z+zA) _Cm(4) C
< i .
n(xz,A) ~ cm(A) c <o forallz,z € Bi(0), AC Bi(0)

This is, for example, the case if n(x, dh) does not depend on z (i.e. if the underlying
stochastic process is a Lévy process) or if the process is Lévy-like in the sense that
cv(h) < n(z,h) < Cvr(h) for all |h| < 1 and where v(dh) := v(h)dh is the jump
measure of some fixed Lévy process.

Let p € C§°(R?) be a smooth function satisfying p(z) = p(—x) > 0, supp p =
B1(0) and [ pdz = 1. For € > 0, set p.(-) := e~ %p(- /). Clearly, p. > 0, supp p. =

Bi(e) and [ p. dz = 1. Denote by J.[u] the Friedrichs mollifier, i.e.

(2.5) Je[ul(x) = u* pe(x) = /u(:c —2)pe(2)dz, x€R™L

It is well known that ||J:[u]|lLz < ||ullzz and lim._g ||Jc[u] — u||z2 = 0 for all
u€ L2

Lemma 2.2. Assume that ® € L _(R?) and ¥ € L>(R?) and that the kernel

loc
v is locally shift-bounded. Then there exists a constant ¢ > 0 such that, for all

u € DIE],
E(Jelu], Je[u]) < c€(u,u) + 4flullzs - [ V] L.

Proof. We split the integral of the form &(J[u], J-[u]) into two parts:

el i) = [ elil) = 20 ) do
- (//Iw—y§1 " //w_ybl) (Jelul(z) = Jelul(v))? p(z, dy) dz
= (I) + (10).

We will estimate the two expressions separately. Since p.(z)dz is a probability
measure, Jensen’s inequality and Tonelli’s theorem yield
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"= //wy|<1(/ (u(z = 2) —uly = 2))p:(2) d2 >2u(x,dy) da

</ (//| (= 2) —uly = )l dy) dx)ps(z) dz
/<//h|<1 z) —u(z + h))* (+Z’dh+$+z)dff)/)e(z)dz

-/ (//hlq 7) = u(z + b)) ($+z>dh)d$)pe(z)dz.

Since supp pe C B1(0) is compact and v is locally shift-bounded we see that

) < C/<//h|<1 ) — u(@ + h))? v(x, dh) dx)pe(z)dz
_ C//mq ol + B)2 v, dh) dz < & (u, ).

As for the term (IT), we see that

(I < 2 // (L) (L)) et ) e

— 1 [t /x_ym ) ) de

< AW L~ /(Je[u}(m))2 dz = 4] |z - [|J[u]l72 < 49 pe - [lulZ..
If we combine both calculations, our claim follows. O

Remark. With some simple modifications in the proof of Lemma 2.2 we can show
that E(J:[u], Jo[u]) < e(K)E(u,u) for all uw € F with suppu C K for some fixed
compact set K. In this case, we do not need to split the integral into two parts
(I) + (IT), but we can estimate the whole expression directly. This means that we
only have to assume ®, ¥ € L .

If we require that (2.4) holds for all A C R? and not just for A C B;(0), the
above modification of the proof of Lemma 2.2 gives &(J.[u], Je[u]) < c€(u,u) for
all v € F. Again, we only need to assume that ®, ¥ € L}

loc*
Lemma 2.3. Fore > 0, define a real function T, as follows:

T.(x):=(=1/e)V(z— (=) Ve Ae)Al/e, xR
Then T. is a normal contraction, i.e. T, satisfies

[Te(@)] < fa| and |T(2) - Te(y)| <[z —yl, zyeR

Moreover, for any x € R, T.(x) converges to = as e — 0.
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Proof. The second assertion is obvious from the definition of 7;. So we show the
first assertion. Let f(z) = x and take € > 0. Then it is easy to see that the
functions f. := (—¢)V f Ae and f — f. are normal contractions. Hence the lemma
follows from the fact that the composition of two normal contractions is again a
normal contraction. O

We can now show the main result of this section.

Theorem 2.4. Assume that ® € Ll _(RY) and ¥ € L*(R?) hold and that the

loc

kernel v is locally shift-bounded. Then
DI€] = {u € L*(RY) : E(u,u) < o0} = F;

this means that every element from D[] can be approzimated by a sequence of
functions in C§°(RY) with respect to &;.

Proof. For u € D[E] we define the Friedrichs mollifier J.[u] = uxp. as in (2.5). Note
that J.[u] € Cuso(R?) is a continuous function vanishing at infinity. Indeed, for the
Fourier transform % f we know that Zu € L*(R?) and Fp. € . C L*(R%); here
. denotes the Schwartz space of rapidly decreasing functions. By the convolution
theorem

F(J[u]) = F(uxp.) = Fu- Fp. € LHRY)

and the Riemann-Lebesgue lemma tells us that J.[u] = .F 1% (J.[u]) € Cx(RY).
Since J.[u] vanishes at infinity, T, (J.[u]) has compact support, and therefore
we 1= J[T.(J:[u])] € C§°(RY) C F. Moreover, L%lim._ow. = u since

lwe —ullp2 < || Je[Te(Je[u])] = Je[Te ()]l 2 + | [T= (w)] = Je [ull| L2 + (| Je[u] — ul| L2
< NTe(Jelu]) = Te(w)ll 22 + [T (u) — ull L2 + | e [u] — ull L2

e—0

< 2||Jc[u] —ullpz + || Te(u) —u||L2 — 0.

The second estimate follows from Jensen’s inequality since p.(z) dz is a probability

measure, while the third inequality results from the normal contraction property

of T.. For the limits we use the fact that the Friedrichs mollifier converges to u

in L? and, for the second expression, we use the dominated convergence theorem.
According to Lemma 2.2 we see

E(we, we) < c&(Te(Jelu]), Te(Je[ul)) + 4| Te(Je[ul) 72 [Pl oo
Since T, is a normal contraction, we get

8(T€(J€[UD7T6(JE[U])) < S(Js[u], JE[U])
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and

ITe(Jelu))llL2 < [[Je[u]ll> < flull 2.
A further application of Lemma 2.2 shows
E(we, we) < e(c€(u, u) + 4lulZa ]| oo ) + 4lfull 72| o

This means that the family {&(we,w:)}es0, hence {€1(we, we)}eso, is uniformly
bounded. Therefore, we can use the Banach—Saks theorem to deduce that for a
subsequence {e(n) ey with lim, o €(n) = 0 the Cesaro means

1 n
oD Weh)
k=1

converge to a function 4@ € JF with respect to /&€ and, in particular, in L2
On the other hand, we know that w., hence any subsequence and any convex
combination, converges to u € L?(R%). Since L2-limits are unique, we conclude
that u=u € J. O

Recall that a symmetric Dirichlet form (1, D[n]) on L?(R9) is said to be an
extension of the Dirichlet form (&, F) if D[] D F and if n(u, u) = €(u, u) whenever
u € F. By A(&,F) we denote the family of all possible extensions of the form (&, F).
Clearly, (€,D[€]) € A(E,TF). An element (1, D[n]) of A(E,F) is called a Silverstein
extension if Fp is an algebraic ideal in Dnl,. (The subscript b indicates that we
consider only bounded elements of the respective set.) Most papers dealing with
Silverstein extensions of Dirichlet forms consider only local Dirichlet forms (see
e.g. [T96]).

The following theorem is, in an abstract setting of regular Dirichlet forms,
contained in Kuwae [Kuw02, §5]. Since that paper is quite technical, we give a
very short alternative proof based on our techniques. Note that our assumptions
entail regularity.

Theorem 2.5. Assume that ® € Ll _(R?) and ¥ € LS (R?) and that the kernel v

is locally shift-bounded. Then the Dirichlet form (€, D[E]) is a Silverstein extension
of the form (€,F), i.e. Fy is an ideal in D[E]p.

Proof. As in [U07], it is enough to show that u - ¢ € F, whenever u € D[E], and
¢ € C°(RY). Using the fact that u is bounded and ¢ is compactly supported,
we see that up belongs to L2(R?), J.[ug] belongs to C5°(R?Y) C F and J.[ug]
converges to up in L?(R?). As before J.[ug] = (up) % p. is the Friedrichs mollifier.

We will prove that the family {€(J:[uep], Je[ug])}o .o is uniformly bounded.
Indeed, let us denote by K the compact support of ¢, K := supp ¢. Then using an
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estimate similar to the one in Lemma 2.2 and putting K1 :={z +y € RY: z € K,
ly| < 1}, we see that

E(J[ue], Je[ug]) < c€(up, up) + Allul T ol 72 9] Lo 1)

and

& (up, up) = / / | (0)ole) —u(0)e(0))* . ) do
<2 / / e (ple) — o) i dy) de
Lo / / () —u)? p(a, ) da

< 2l E(p, @) + 2]lpl|F o E(u, ).

Since {&(J[up], Je[up]) }o<e<1 is uniformly bounded, we may argue as in the sec-
ond part of the proof of Theorem 2.4 and take a subsequence of {J(x)[u®]}ren,
for which (k) goes to 0 as k — oo, such that the Cesaro means converge in /€1
to some v € JF. Because of the uniqueness of L2-limits v = up and the proof is
then complete. O

We will now consider the case where the Dirichlet form is defined on an
arbitrary open set D C R% By Ap we denote Lebesgue measure on D and we
assume that Np(dz,dy) := pp(z,dy) Ap(dx) is a symmetric measure on D x D\ A.
Set

€ (u,v) = / /D a0 ) (@) ) s ) Ao ),

D[Ep] :={u € L*(D,\p) : Ep(u,u) < oo}.

(2.6)

Define, with the obvious changes, ® and ¥ as in (2.1) and (2.2). If &, ¥ € L] (D),

then (€p,D[Ep]) is a Dirichlet form on L?(D, \p) (= L%(D,\p)). As usual, D is
the closure of D, C§°(D) = {u € C°(R?) : suppu C D}, and C§°(D) = {u|p :
u € C®(RY)}.

We write Fp (resp. F%) for the closure of C§°(D) (resp. C§°(D)) with respect
to Ep1(u) := Ep(u,u) + ||u|\%2(D). Clearly, F,F% C D[€p] and (Ep,Fp) (resp.
(€%,5%)) are regular symmetric Dirichlet forms on L?(D, Ap) (resp. L?(D, Ap)),
where €Y denotes the restriction of €p to FY x F%. Moreover, according to The-
orem 4.4.3 in [FOT94], we have the identity

T ={u€TFp:0=0, Ep-quasi everywhere on D},

where 4 denotes the € p-quasi-continuous modification of u € Fp.
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We are interested in the relation of D[Ep] and Fp. For this, we extend a
function u defined on D to the whole space R? by setting u = 0 on R\ D.

Proposition 2.6. Let (£p,D[Ep]) be as in (2.6) where D C R is an open set.
Assume that ® € LL (D) and ¥ € L*(D) hold and that the kernel v(x, A) :=

loc

pwlx,A+x), x € D, B € B(D), is locally shift-bounded. Then
D[Ep] :={u € L*(D,\p) : Ep(u,u) < oo} = Fp.

Proof. Note that D[€p] = {u € L?(D,\p) : Ep(u,u) < oo} since L?(D;\p) =
L?*(D;Ap). Let u € D[€p] and extend u by zero outside of D; in particular u €
L?(R9). Consider the mollifier J.[u] as in (2.5). As in the proof of Theorem 2.4, we
see w. = J.[Te(J[u])] € C°(R?), hence w.|p € C°(D). We also see that w.|p
converges to u in L?(D, Ap) and the family {€p(we|p,we|p)}o<e<1 is uniformly
bounded. The remaining part of the proof is now exactly as in Theorem 2.4. [

Example 2.7 (Censored stable process in an open set; [BBC03]). Let 0 < o < 2
and p(z,dy) = cia

x —y|~9*dy where Cd,o is a positive constant depending on d
and «. In this case, the assumptions of Proposition 2.6 are satisfied. Therefore,

. (u(x) — u(y)(v(2) — o)
8D(U,U)— d,« /\/DXD\A d dy

|z — y|dte

DIEp] = {u € L*(D) : Ep(u,u) < oo}

is a regular Dirichlet form on L?(D). The corresponding stochastic process is
called a censored stable process on D and D[Ep] is also obtained by taking the

& p,1-closure of C§°(D). Moreover D[Ep] is the active reflected Dirichlet space (see
Section 4).

We conclude this section with a few remarks on our assumptions on N (dz, dy).

Remark. Often the Dirichlet form € is given in terms of its Beurling-Deny rep-
resentation (1.1) with a jump kernel N(dz,dy) which is not necessarily given as
wu(x,dy) dx. This is, e.g., the case when we start with a stochastic process ad-
mitting a Lévy system. Since the integrand in (1.1) is symmetric, we can always
assume that N (dx, dy) is symmetric. In order to make (1.1) convergent, one usually
requires that

for all K C L C R?
2. —y2N N )
(2.7) / /K g N(da.dy)+ / /K Ny <oo, ST

Obviously, this is equivalent to saying that

(2.8) // (Jz —y|* A1) N(dz,dy) < oo for all compact sets K C R,
K xR4
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Consider now the finite measure M (dx, dy) := (|Jz — y|*> A 1)N(dx, dy) and set
m(K) := M(K x RY) = // (Jz —y[*> A1)N(dz,dy), K C R? compact.
K xR4

By a standard technique (cf. [EK, Appendix 8] or [K, Chapter 5]), we can disinte-
grate the bi-measure M and find

M(dz, dy) = p(z, dy) m(dz) and, by symmetry, M (dz, dy) = u(y, dz) m(dy).

Thus,

N(dz,dy) = EEEN u(z, dy) m(dz)

and we have m(dz) < dx—which allows us to use Lebesgue measure as reference
measure—if, and only if, M(dz x R?) < du, i.e. if

Leb(X) = 0 #tK/ (2 =y A1) N(dz,dy) = 0 for all compact K R,
(KNX)xRd

This is clearly equivalent to saying that N((K N X) x R%) = 0 for all compact sets
K C R%
Finally, (2.8) or (2.7) is the same as ®,¥ € L{ _since

ym+m@:/

|z—y|<1

|z —y|? u(x, dy) +/ 1z, dy)

|lz—y|>1
= [ G =af A1) ).

In particular, C§°(R?) C DI[€]. Conversely, if C5°(RY) C D[E], we fix any
two compact sets K C L and we pick x € C5°(R?) such that 1x < x(z) < 1p.
Since the functions u;(x) := z;x(x), j = 1,...,d, are of class C§°(R%), and since
Z;l:l E(uj,uj) + E(x, x) < 00, it is easy to deduce (2.7).

83. Homogeneous domains and reflected Dirichlet spaces
In analogy to (homogeneous) Sobolev spaces we call
Dle] := {u: R? Jmeasurable, R . E(u,u) < oo}

the homogeneous domain (see [UOT7]). Strictly speaking, the symbol & appearing
on the right hand side is an extension of the original form. Here we do not need to
stress this fact since & is pure-jump given by the integral expression (1.1) which is
a priori defined on all measurable functions. It is well known that for the extended
Dirichlet space F, (cf. [FOT94)),

F=9%.nLARY c F. c D[]
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In general, it is not clear whether D[€] coincides with F,. In [U07], where we
assumed the existence of a jump density, we obtained a restrictive sufficient con-
dition for D[] = F, in terms of the density; this condition also entailed that the
form is recurrent. In the present context we can give a more practical and more
relaxed condition on jump kernels.

We begin with a simple lemma which holds for general Dirichlet forms.

Lemma 3.1. Let X be a locally compact separable metric space and m a positive
Radon measure on X with full support. Assume that (q,Q) is a regular symmet-
ric Dirichlet form on L?(X;m) which is recurrent. Then there exists a decreas-
ing sequence (U%)yen of open sets with m(U*) < 1/¢ and a sequence {@n }nen C
Co(X) N Q so that sup, ey q4(¢n, n) < 00, 0 < pp(x) < 1 for all z, and ¢, con-
verges to 1 uniformly on all sets of the form K \ U* where { € N and K C X is
compact.

Proof. Since (g, Q) is recurrent, we can find a sequence {t, tnen C Q so that

lim ¢, =1a.e. and lim q(¢n,¥n) =0
n—oo

n— oo

(see Theorem 1.6.3 in [FOT94]). Denote the exceptional set by N. Since m is a
Radon measure, there exists a decreasing sequence of open sets U’ D N such that
m(U*) < 1/¢. Because of the regularity of the Dirichlet form we can assume that
the sequence {¥,, }nen is actually from Cp(X) N Q. Moreover, we can assume that
0 < v, < 1; otherwise we replace 1, by 0V ¥, A 1 and remark that normal
contractions operate on the Dirichlet space (Q,q). As lim,, o q(¢n, ¥,) = 0, we
can extract a subsequence {t, (k) fren satisfying q(Yn k), Ynr)) < 272 for each k.
For k > 1, we define

Pk = (Yn) + -+ Upwy) AL
Then ¢, € C(X)NQ, 0 < ¢ <1 and supycy @ = 1. Moreover,

4(er, ox) <A Wn@y + 0+ Vnr)s Yna) T+ Unry)

k k
Z 284(Yn(e)s Un(e)) < Z 27! <
t=1 =1

IN

where we used the contraction property of Dirichlet forms and, repeatedly, the
estimate q(f+g, f+g) < 2q(f, f)+2q(g, g). Since {1—p 1 x\ ¢ }ren is a decreasing
sequence of upper semicontinuous functions with limit 0, we can use Dini’s theorem
(cf. [R, pp. 195-196]) to conclude that the convergence @y %72, 1 is uniform on
all sets of the form K \ U’ where K C X is compact. O
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Theorem 3.2. Assume that ® € LL _(R?) and ¥ € L>(R?) and that the kernel v

1s locally shift-bounded. Assume further that the Dirichlet form (€, F) is recurrent.
Then the homogeneous domain D[E] coincides with the extended Dirichlet space F..

Proof. Let (U%)sen be the decreasing sequence of open sets from the lemma above.
Denote V* := X\ U%. Note that D[€], = {u : R? mble R, &(u,u) < co}NL®(RY)
is dense in D[E] with respect to the seminorm /€.

Fix u € D[€],. It is not hard to see that ¢ - u € D[E], N L2(R?) for all
¢ € C3°(RY). From Theorem 2.4 we know that u - ¢ € F = D[€].

Since the form (&,J) is recurrent, Lemma 3.1 guarantees the existence of a
nonnegative and bounded sequence {p, fnen C C§°(R?) such that ¢, converges
to 1 uniformly on compact sets in V* and sup,,cy €(¢n, ¢n) < 0o. But then ugp,
(which is an element in J) also converges to u uniformly on compact sets in V¥,
because the function u is bounded. Since ¢,, is bounded by 1, we find

2ugn o) = [ aen) —uwhen)? pir.dy) de
T#Y
<2ulli [[ (o) = u))? o, dy) do
Ty
w2 f[ ) v ey o
z#Y
= 2[|ul|7 < &(#ns pn) + 2&(u,u).
This means that &(up,, wp,) is uniformly bounded. Thus, the sequence
Wn(2,y) = u(@)pn(z) = u(y)ealy), =y €R?,

is a bounded sequence in L2(R? x R% \ A;u(z,dy)dz). An application of the
Banach—-Saks theorem shows that there is a subsequence {wy,(x)} ren such that the
convex combinations k! 25:1 Wn(e) converge to some element w € L2(R4x RN A;
w(x,dy)dr). On the other hand, the sequence {k~! 22:1 ©n(e) fkeN converges
to 1 uniformly on compact sets in V¢, and we know that for u(z,dy)dz-a.a.
(z,y) € RT x RT\ A,

k k
S (o () = 1 3 (w)en(o () — u®)enin (1))
/=1

=
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Therefore, we get, for any compact set K C V¥,

//me (w(, ) = (u(e) = w(v)” ple, dy) da
N //KXK\A( zy) = lim, % Zi:wn(o (, y)>2 w(z, dy) dx
B kh—’ngo //KXK\A ( W)= % k w"(@ (, y)) 2 p(x, dy) dx

. 1 2
lim // < X y) -7 n(g) (x y)) M(I, dy) dr =0
k—oo Rd XRd\A k

where the second equality follows from dominated convergence. Since ¢ € N was

IN

arbitrary, this estimate proves that

w(x,y) =u(r) —u(y) = a(z,y) pz,dy)dz-ae.

Set ¢r(x) = u(x) - (k™1 b, one)(x)), © € RY, for each k. Then ¢, € F and
converges to u a.e. In order to show that u € F, it is enough to prove that {¥y }ren
is an v/&-Cauchy sequence. Now

E(k — s r — ) = / / (80— ()~ (Wl e () )

k K’ 2
1 1
= // 7 E wn([) (l’, y) 77 E ﬁ)n(l) (:67 y) M(‘r7 dy) dx
k k
T#Y =1 =1

1 k 2
Ezwn(l)(%y) u(z, y)) w(z, dy) dz

INA
P
&

This proves u € JFe. O

Theorem 3.2 can also be shown by using a recent characterization of reflected
Dirichlet spaces due to Chen and Fukushima [CF11].

As usual we write u € Fyoc if for every relatively compact, open set G € R?
there exists some ug € F such that u|g = ug|g. Using the Beurling-Deny rep-
resentation of the (quasi-)regular Dirichlet form (&,F) we can extend &£ to Floc



14 R. L. SCHILLING AND T. UEMURA

by
N 1

= s 5 [f - (wale) () N )

and we define the reflected Dirichlet space as

Oru € Floe for each k € N

surable

Sr,rcf N Rd measural : N

and sup E(Ou, Opu) < 0o
k

?

where Opu := (—k) V (u A k).

Fukushima and Chen (compare also Chen [Ch92] and Kuwae [Kuw02] for
related, less complete results) prove in [CF11] that for recurrent (quasi-)regular
Dirichlet spaces F*¢f = F.; their method uses techniques from stochastic analysis,
it is less direct than our approach, but also more general.

Lemma 3.3. Assume that ® € Li ., U € L™ and that the kernel v is locally
shift-bounded. Then F*°' = D[€].

Proof. Under our assumptions, Theorem 2.4 shows that (€,%F) is regular. This
means that F*°! is well-defined.

Since Ok (x) = (—k) Vax A k is a normal contraction, we find for uj := Opu
that é(uk,uk) < é(Uk;+1,Uk;+1) and supyey é(uk,uk) = limp 00 é(uk7uk). If we
use Lebesgue’s convergence theorem on the product space (G x G\ A, N(dx, dy))
and for any relatively compact open set G, we see that é(u, u) = limg o0 é(uk, ug)
and F7f ¢ D[€].

Note that this inclusion depends on the representation (1.1) of € nor on ® €
Ll . and ¥ € L.

Now assume that u € D[S] and choose for a fixed relatively compact set
G € R? some ¢ = ¢pg € C5°(RY) such that 1g < ¢ < 1. Then we see as in the
proof of Theorem 2.5 that for each k € N and uy := Ogu,

&(Jelung], Je[urg)) < c€(urd, upd) + 4k>|| 0| o
< 2c€(up, uy) + 2ck*E(p, @) + 4K || V|| Lo
< 2¢(E(u,u) + K*E(¢, ) + 2k3|| ¥ || L ).

This means that the family {J:|[ug@]|}eso is €1-bounded and, as in the proof of
Theorem 2.4, we find a subsequence {.J. (o) [ur¢]}ren whose Cesaro means converge
in /&, to ugp. This shows that Opu - ¢ € F, hence u € T, Consequently,
D[E] € F*!, and we see D[E] = F°. O
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84. The active reflected Dirichlet space and its extension

We will finally study the relation between active reflected Dirichlet spaces and
the associated extended reflected spaces. We still assume that (£,F) is a pure
jump Dirichlet form on L?(RY,m) with representation (1.1). It is, however, easy
to adapt the definition of the extension & (just before Lemma 3.3) to the general
case including local and killing parts; since this adds nothing new, we refrain from
doing so. Let us, nevertheless, begin with an example in the local case. Recall that

H:f(rlef — 3:'ref N LZ(Rd)
is the active reflected Dirichlet space (cf. Chen [Ch92]).

Example 4.1 (Chen and Fukushima [CF09]). Consider Brownian motion in R3,
its generator $A and the classical Dirichlet integral D(u,u) = [(Vu)?dz with
Lebesgue measure as reference measure m. Recently Chen and Fukushima [CF09]
showed the following characterization of the reflected Dirichlet space in terms of
the Beppo-Levi space:

gt = BL(R?) := {u € L2 .(R?) : Vu € L*(R?)}.

loc

By definition, Ft¢f = F**f N [2(R3), which is the Sobolev space W (R?) = H!(R?).
Since three-dimensional Brownian motion is transient, (H}(R?), $D) is a Hilbert
space; as such it does not contain the function z — 1 while the space BL(R?)
clearly contains 1. This shows that, in general, (F*f), C Fret.

We will see that Example 4.1 is typical in the sense that one needs some
additional condition to ensure (F:¢f), = Fret.

Note that Fioc is a lattice: fix G € R? and u,v € Fioe. If ug,ve € F with
ule = ugle and v|g = vg|e then ug Avg € F and

(uG A ’Ug)|G = uG|G A 'UGlG = u|G A U‘G = (u A ’U)|G.
Moreover, we find, for u,v € F*ef,

é(u+v,u+v):é((u\/v)—|—(u/\v),(u\/v)—|—(u/\v)),
E(u—v,u—v) 2é(|u—v|7|u—v|):é((u\/v)—(u/\v),(u\/v)—(u/\v)).

Expanding the expression on either side and adding the resulting (in)equalities
yields

E(u,u) + E(v,0) > E(uAv,u Av) +E(uV v, uVv) > E(uAv,uAv).

This shows that Ff is a lattice too.
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Clearly, (€, Ff = g 0 [2(R%)) is a Dirichlet form extending (&,7); we
denote by A its generator. As usual,

(F5)e 1= {uw s RY 220 R 3(yy), 0 © T2,

a.e. . o
up —>wand lim &(u — uj,up —u;) =0}
j,k—o00

bl
= {u: RY S @ S0 en C T,

up =25 4 and supé(uk,uk) < oo},
kEN
denotes the extended Dirichlet space of (F°f, €). The inclusion ‘C’ in the second
equality is trivial. The converse, ‘D’ follows from a Banach—Saks argument applied
to the seminorm & (ug, uy) = [|(—A)"/2uy|2,.
We can now state the main theorem of this section.

Theorem 4.2. Let (€,F) be a Dirichlet form and let T and (T, be the active
reflected Dirichlet space and the extended active reflected Dirichlet space, respec-
tively. Then (F*ef), C Fret,

If 1 € (Fteh),, then the converse inclusion also holds; in particular, T =
(F0)..

If (6,9) or (& 3 is recurrent, then 1 € (%), and &(1,1) = 0. This
means, in particular, that for recurrent Dirichlet forms the sets (F%°f), = Fre!

coincide; if we deal with a jump-type Dirichlet form with shift-bounded kernel,
then (Ft¢f), = F**f = F_ = D[€].

Proof of Theorem 4.2. We begin with the first inclusion. Let v € (37f), and
let (ug)eeny C T be any approximating sequence such that g 22, w and

L—o00

supyeny €(ug, ug) < 0o.
Since uy € ™ we see that Opuy € Foe for all k. Using the contraction
property we get E(Opug, Orug) < E(up, up), hence

(4.1) sup &(Opug, Opug) < sup &(ug, ug) < oc.
£,keN ¢eN

Therefore, we may use the Banach-Saks theorem to get a subsequence (ug(;))jen
satisfying

1< g
4.2 = " Oupy) —— Opu.
(4.2) n; kUe(j) T Oru

In particular, Ou € F*f and ©,,0,u € Fo for all m € N. For m > k this shows
Oru € Floc.
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From (4.2), a convexity argument and (4.1) we also conclude that

1 "1
e , E s .
n EUn(4)> n k“ﬂ(]))

=1 j=1

NE

&(Oru,Oru) = lim é(

n—oo

<
S

o1
< lim —
n—oo N 4
J

é(@kun(j), @kun(])) < 3uNp é(’u,g, Ug) < 0.
€

I
-

This shows that u € F™f and (Ff), C Frel.

Now we assume that 1 € (Ff).. This means that there exists a sequence
(ér)rer C Fo with ¢ —— 1, ¢ > 0 and supyey E(¢x, ¢r) < oo.

For u € ' N L> we set 1y, := ||u L= dx. Clearly

uF A, =2 u® and  wT Ay € L2

k—o0

Since ut A )y, € Fioe we conclude that u® Ay, € 3"gef. Moreover,

sup &(ut A g, ut Adhy) < E(uF, uF) 4 sup E(Vr, Y
keN keN

é(uiﬂ“bi) + Hull%wé((bkaqbk) < 00,

which proves that u® € (F2¢).. Therefore, if 1 € (F*¢f),, then

FrALe c (Fy)e c T and FNL® = (Fo), N L.

If u € F*° then Opu € F**f N L> (note that Ty is a lattice), and consequently
Ou € (Fr¢).. Moreover,

Ou ;‘—eﬁ uw and  sup &(Opu, Opu) < &E(u,u) < oo,
o0 LeN

which means that u € (F%f),. This finally proves F*f C (Fref),. O

85. Appendix

For the benefit of the readers we summarize in this appendix some basic definitions
and notions on Dirichlet forms which have been used in the previous sections.

Let (X,d) be a locally compact separable metric space and m a positive
Radon measure on X with full support. Let F be a dense subspace of L?(X;m).
A symmetric bilinear form & defined on F x & is called a symmetric Dirichlet form
on L?(X;m) if

(€.1) (nonnegativity) &(u,u) >0 for all u € F.
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(€.2) (closedness) (F,€&;) is a real Hilbert space with
El(U,U) = g(uvv)+<uvv>L2(m)a u,v €7,

where (u,v) 12(m) denotes the inner product of u and v in L2(X;m).
(€.3) (Markov property) If u € F, then v:=0VuAleF and E(v,v) < E(u,u).

For a symmetric Dirichlet form (€, ), there exists a unique non-positive self-
adjoint operator A such that

E(u,v) = <\/ —Au, v/ 7AU>L2(m)’ u,v € F,
and the semigroup {e*4 : ¢ > 0} generated by A is a Markov semigroup, i.e.,
0<ef4u <1 whenever uwe L*(X;m), 0<u<l.

The Dirichlet form (€, F) is said to be regular if Co(X)NTF is dense in Cy(X)—the
space of compactly supported, continuous functions on X—with respect to the
uniform norm and dense in F with respect to the Hilbert norm +/&1(-,-).

The Beurling-Deny decomposition ([FOT94, Theorem 3.2.1]) says that any
regular symmetric Dirichlet form (&, F) can be expressed for u,v € Co(X) N F as
follows:

&(u,v) = & (u,v) —l—/ u(z)v(z) k(dx)

X

+ //#y(u(x) —u(y))(u(z) — uly)) J(dz, dy).

Here €(©) is a symmetric form with domain D[E(®)] = F N Cy(X) satisfying the
strong local property: €9 (u,v) = 0 for u € D[E(®)] and all v € F which are constant
on a neighbourhood of supp u, the support of u. J is symmetric positive Random
measure on X x X \ A and k is a positive Radon measure on X. Note that (), J
and k are uniquely determined by €. We call J the jumping measure and k the
killing measure of €.

Fukushima’s existence theorem shows that, for a regular symmetric Dirichlet
form (€,5), there exists an m-symmetric Hunt process M = (X;,P,) on X whose
transition function defines a semigroup on L?(X;m) such that

eu(z) = B Ju(X,)]  me-ae. for all u € L2(E;m) NB(X), t > 0.

Here C(X) (resp. B(X)) denotes the set of continuous (resp. Borel) functions on X.
M is unique up to an appropriate equivalence (see [FOT94] for more information).
The jumping measure J explains size and intensity of the jumps of the sample
paths, while the measure k governs the killing of the sample paths inside X (cf.
[FOT94, Theorem 4.5.2]).
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Example 5.1. Let X = (M, g) be a smooth Riemannian manifold and consider
a regular symmetric Dirichlet form (&, %) defined by

&(u,v) :/ (grad u, grad v) dvy,
M
F is the closure of C§°(M) under €.

If M is complete, it is well-known that the Laplace—Beltrami operator, the gener-
ator of the form, is essentially self-adjoint on C5°(M) (see [D]).

In general we do not know whether the domain of the generator contains nice
functions like C§°(M)—mnot even for regular, strongly local, symmetric Dirichlet
forms. Therefore, we cannot discuss the extensions of Dirichlet forms in the context
of self-adjoint extensions.

Given a regular symmetric Dirichlet form (€, F), we can consider the following
class of extensions:
As(8,5) = {(é,f}") : (€,9) is a Dirichlet form with F > F, é(~u, u) = E(u, u)}

foru € F, and u-v € F, whenever u € F, and v € F

where F, (resp. Fp) means F N L®(X;m) (resp. F N L®(X;m)). This class is
introduced by Silverstein in [Sil74a, Sil74b] in order to classify Markov processes
which are the extensions of the Markov process associated with the Dirichlet form
(€,F). We call an element of Ag(E, F) an extension of (€,F) in Silverstein’s sense.

For the precise meaning of this extension, see Theorem 20.1 in [Sil74b] or A.4.4 in
[FOT94].
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