Publ. RIMS Kyoto Univ. 48 (2012), 45-63
DOI 10.2977/PRIMS/60
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Modules of Lie Algebras
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Abstract

The u-homology formulas for unitarizable modules at negative levels over classical Lie
algebras of infinite rank of types gl(n), sp(2n) and s0(2n) are obtained. As a consequence,
we recover Enright’s formulas for three Hermitian symmetric pairs of classical types,
(SU(p,q), SU(p) x SU(q)), (Sp(2n),U(n)) and (SO*(2n),U(n)).
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§1. Introduction

In analogy to Kostant’s u-cohomology formulas [Ko], Enright establishes similar
formulas [E] for unitarizable highest weight modules of Hermitian symmetric pairs
in terms of certain complicated subsets of the Weyl groups. The argument there is
intricate and involves several equivalences of categories and non-trivial combina-
torics of the Weyl groups. Kostant’s formula can be rephrased by saying that the
Kazhdan-Lusztig polynomials associated to finite-dimensional modules are mono-
mials. The same statement is true by Enright’s formulas for unitarizable highest
weight modules. Except for the resemblance of the formulas, there was no obvious
connection between Enright’s and Kostant’s formulas.
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However, the modules appearing in the Howe duality at negative levels [W,
H1, H2] over classical Lie algebras of infinite rank are unitarizable modules (cf.
[EHW], see also Proposition 2.6 and Remark 2.7 below) and the character formulas
for these modules can be obtained by applying the involution of the ring of sym-
metric functions with infinite variables, which sends the elementary symmetric
functions to the complete symmetric functions, to the characters for the corre-
sponding integrable modules over the respective Lie algebras (cf. [CK, CKW]).
Remarkably, the u-homology groups of these modules are also dictated by those of
the corresponding integrable modules [CK, CKW]. The correspondence between
u-homology groups of integrable modules at positive levels and u-homology groups
of unitarizable modules (at negative levels) over the respective Lie algebras can
be elucidated in terms of the so called super duality [CWZ, CW], established in
[BrS, CL, CLW]. Before [CLW] there was no explanation of the similarity of these
two different u-homology groups. Super duality gives a first conceptual explanation
of this similarity [CLW, Theorem 4.13].

To the best of our knowledge, there has been no proof of Enright’s formulas
different from the original one. In this paper, we give a proof of Enright’s homology
formulas for unitarizable modules by using Kostant’s formulas and super duality.
The u-homology formulas (see Theorem 4.4 below) for unitarizable modules over
classical Lie algebras of infinite rank of types gl(n), sp(2n) and so(2n) are ob-
tained by combinatorial methods. The proof involves relating the combinatorial
data of Kostant’s formulas for integrable modules over corresponding Lie algebras,
that are determined by the super duality, to the data of the Lie algebras under
consideration. By applying the truncation functors (cf. [CLW, Section 3.4]) to the
u-homology formulas (see also Section 2.4 below), we recover Enright’s formulas
for three Hermitian symmetric pairs of classical types, (SU(p, q), SU(p) x SU(q)),
(Sp(2n),U(n)) and (SO*(2n),U(n)). However, for so(2n), our method can only
partially recover Enright’s formula for some unitarizable highest weight cases.

The paper is organized as follows. In Section 2, we review and set up notation
for the classical Lie algebras of finite and infinite rank. We describe the unitarizable
highest weight modules considered in this paper. Combinatorial descriptions of
Weyl groups are also given in that section. In Section 3, we compare the actions
of certain subsets of Weyl groups on certain numerical data associated with the
highest weights. In Section 4, homology formulas for unitarizable modules over Lie
algebras of infinite rank are proved. In Section 5, Enright’s homology formulas are
proved.

We shall use the following notation throughout this article. The symbols Z,
N, and Z stand for the sets of all integers, of positive integers and of non-negative



SUPER DUALITY AND HOMOLOGY OF MODULES 47

integers, respectively. We set Z* := Z\ {0}. For a partition A, we denote by A the
transpose partition of A. Finally all vector spaces, algebras, tensor products etc.
are over the field C of complex numbers.

§2. Preliminaries
82.1. Classical Lie algebras of infinite rank

In this subsection we review and fix notation for Lie algebras of interest in this
paper. For details we refer to [K, W, CK, CLW].

2.1.1. The Lie algebra a,,. Let C* be the vector space over C with an ordered
basis {e; | i € Z} so that an element in End(C*) may be identified with a matrix
(aij) (i,j € Z). Let E;; be the matrix with 1 in the ¢-th row and j-th column
and zeros elsewhere. Let a,, denote the subalgebra of the Lie algebra End(C>)
spanned by E;; with ¢, j € Z. Denote by s := Goc & CK the central extension of
as by the one-dimensional center CK given by the 2-cocycle

(2.1) 7(A, B) := Tr(|J, A B),

where J = 3. Ej; and Tr(C) is the trace of the matrix C. Observe that the
cocycle T is a co_boundary. Indeed, there is an embedding ¢4 from as, t0 a. defined
by sending A € o, to A+Tr(JA)K (cf. [CLW, Section 2.5]). It is clear that ¢4 (8 )
is an ideal of a,, and a. is a direct sum of the ideals 13(d,) and CK. Note that
ta(Ey) = Ey + K (resp. Ey;) for ¢ <0 (resp. ¢ > 1).

The Cartan subalgebra  ,_, CE;; & CK is denoted by h,. By assigning de-
gree 0 to the Cartan subalgebra and setting deg E;; = j — 4, a4 is equipped with
a Z-gradation a. = ¢z (o0 )r- This leads to the following triangular decompo-
sition:

oo = (Boo)+ B (Ao0)o @ (oo ) -
where (ao0)+ = Ppein(boo)r and (as)o = ba.

The sets of simple coroots, simple roots and positive roots of a,, are respec-
tively

U ={8/ == Eji — Eiy1,41 + 060K |i € Z},

My={Bi:=¢ —€11 |1 €Z},

A ={e—¢li<j ijeL},
where €; € b is determined by (¢;, E;;) = ;; and (¢;, K) = 0. We also let ¥, € bh?
be defined by (¥4,K) = 1 and (¥4, Ej;) = 0 for all j € Z. Let p, € b’ be

determined by (pq, Ej;) = —j for all j € Z, and (pq, K) = 0, so that we have
(pa,a))y =1 for all 7 € Z.
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2.1.2. The Lie algebras ¢, and 0. For g = ¢,0, let g, be the subalgebra
of as preserving the following bilinear form on C*:

C1)isia, ifg=c
(e = VO e=e gy
0i1—; ifg=0,

Let goo = §oo ® CK be the central extension of §., determined by the restriction
of the two-cocycle (2.1). Then g, has a natural Z-gradation and a triangular
decomposition induced from as, With (goo)n = oo N (Ao )rn for n € Z. Similar to
the a case, the cocycle is a coboundary. Indeed, there are embeddings ¢4 from goo
t0 goo defined by sending A € goo to A + Tr(JA)K [CLW, Section 2.5]. It is clear
that t4(goo) is an ideal of goo and goo is a direct sum of the ideals t4(goo) and CK.
Note that LQ(E,») = E; — K for i € N where

Ei = Eu - Elfi,lsz

Note that (gec)o = D ;en CE; ®CK are Cartan subalgebras, which will be denoted

by hg. We let €; € b be defined by (e;, £;) = ;5 for i, j € N and (¢;, K) = 0. Then
the sets of positive roots of ¢, and 0, are respectively
Aj_ = {iei — €5, —2¢; (Z,j eN, i< ])},
A ={%e —¢; (i,j EN, i <))}
Set
v -+ K for ¢, —2€1 for ¢so,
oy = ~ ~ Qg =
—F1 — E> +2K  for 0, —€1 — €y for V.

The sets of simple coroots and simple roots of g, are respectively
H;/ = {O((\)/, CY,\L/ =F;,— Ei+1 (Z S N) },
Hg = {040, oy = €; — 61'_;'_1 (Z S N) }

Let ¥y € b be defined by (Jg,E;) = 0 for i € N and (Jy, K) = 7 with r = 1
(resp. 1) for g = ¢ (resp. 9). We also let pg € by be determined by

~ —j forg=c¢,
Pa, Bi) = jeN, and (pg, K)=0.
(0a: By) {j+1 oy (ry
We have (pg,a;) =1fori e Nand g=c,0.

2.1.3. Levi subalgebras. For g =a,¢,0,let Ay := AFUAL, where Ay = —Af.

Then Ay is the set of roots of goo. Let AT, := AT N (240 Zaj) and Af, =
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Agi \Aic. Denote by g, the root space corresponding to o € Ag. Set

(2.2) ufi= Y ga, L= D ga @by

aEAin OéGAiC

Then we have go, = ug‘@[g @ug . The Lie algebras [ and g share the same Cartan
subalgebra by. Moreover, [§ has a triangular decomposition induced from g.. For
1 € by, we denote respectively by L(gec, ) and L(lg, p) the irreducible highest
weight goo-module and the [j-module with highest weight p with respect to the
triangular decompositions.

For a root o € Ag, g = a,¢,0, define the reflection o, by

JOt(/u‘) =g <:U'>av>aa IS h;

Here and below, o denotes the coroot of the root . Let I = Z and Iy = N
for g = ¢,0. For j € I; U {0}, let 0; = 0,,. Let W, be the subgroup of Aut(hj)
generated by the reflections o; with j € I;U {0}, i.e. Wy is the Weyl group of guc.
For each w € Wy, £4(w) denotes the length of w. We also define

wop=w(p+pg) —pg,  WE by we Wy

Consider the subgroup Wy o of Wy generated by o; with j # 0. Let I/VgO denote
the set of minimal length left coset representatives of Wy /Wy o (cf. [V, Liu, Ku]).
We have Wy = WYW; 0. For k € Z, set

W3, = {w e W] | lg(w) = k}.

Finally, for g = a,¢,0, let (-) be a bilinear form defined on a subspace of hj
satisfying

(Ei‘éj) = (Sij, (ﬁglﬁ) = (€1|199) = (ﬁglﬁg) =0 for i,j S Ig.
Recall that I, = Z and Iy = N for g = ¢, 0.

§2.2. Finite-dimensional Lie algebras

For the rest of the paper, let g stand for a, ¢, 0. We shall fix the following notation:

d:=a, <©:=0, 0:=c

Remark 2.1. For ¢ = ,0, let g* and g* be the Lie algebras defined in [CLW,
Section 2] with m = 0. Then oo = g, 000 = §°, oo = g° and 0o, = g°. Note that
K maps to —K under the isomorphisms ¢, = g° and 3, = g°.
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For m,n € N, the subalgebra of d, spanned by E;; with 1 —m < i, j < n,
denoted by t,, ,,a, is isomorphic to the general linear algebra gl(m+n). The subal-
gebras (t,,,0) N ¢ and (t, ,a) N 05 are isomorphic to the symplectic Lie algebra
sp(2n) and the orthogonal Lie algebra so(2n), denoted by t, ¢ and t,,0 respectively.
We shall drop the subscript of t if there is no ambiguity.

For g = a,¢,0, the embeddings L restricted to tg are also denoted by Lg Let
A;% denote the set of positive roots of tg with respect to the triangular decompo-
sition induced from g_,. We also let Ag = A;% U —A;% and A;%,n = Agn N A%.
Set b = bg N tg, u% = u%t Ntg and [z = [z N tg. Note that tg and [ share the
same Cartan subalgebra bg. Moreover, [ has a triangular decomposition induced
from tg. For p € b, we denote respectively by L(tg,u) and L(lg, pt) the irre-
ducible highest weight tg-module and the [;g-module with highest weight p with
respect to the triangular decompositions. For y € f)f§7 L(lig, ) is extended to an
(g + u%)-module by letting u:% act trivially. Let pg = lig + u%. Define as usual
the parabolic Verma module with highest weight yp by

N(tg,p) = IndE_L(lig, 1)

The space b is spanned by ¢; with 1 < i < n (resp. 1 =m <1 <n-—1)
for g = ¢,0 (resp. a) and therefore hfﬁ can be regarded as a subspace of h%. Note
that bfa is an invariant subspace of o; for 1 <¢ <n (resp. 1 —m <1i <n—1) for
g =cor 0 (resp. a). The restrictions of these o; to bfa are also denoted by o;. Let
Wyg be the subgroup of Aut(hfa) generated by these o;s. Then Wz is the Weyl
group of tg. For each w € Wig we let {g(w) denote the length of w. Consider the
subgroup Wi of Wig generated by o; with j # 0. Let Wt% denote the set of
minimal length representatives of the left coset space Wig/Wigo (cf. [Liu, Ku]).
For k € Z., set Wi i= {w € Wi | {g(w) = k}. We also define

wop:=w(p+pg) —pg HE G we Wg.
Finally, let pig denote the half sum of the positive roots. Then pg(h) = pg(h)
(resp. = pa(h) + 3(n —m+1)) for h € hig with § = ¢, (resp. § = a).
§2.3. Combinatorial descriptions of Weyl groups

In this section, we present combinatorial descriptions of certain aspects of infinite
Weyl groups Wy (cf. [BB]). Recall that Z* := Z \ {0}.
Define ¢4 € by by

—Zei ifg=a,

i<0

Zq ifg=rc,0.

€N

¢g:
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Every A € by can be uniquely represented by ZieIg &€ + qUg with &, q € C. For
g=rc,0and i €N, we define e_; = —¢;. It is easy to see by computing the action
of o; that the action of Wy on by is given by

(2.3)
J(Z §iei + qﬂa) = Z(& +@)esi) + Z §i€s(i) T qPa + q¥a if g =a;
i€Z i<0 i>0
(2.4)
(Do &iei +at) = D (& — alas K)eos) + (Vg K)bg + g if g = .0,
ieN €N

where & is a permutation of Z (i.e. ¢ is a bijection on Z satisfying 5(j) = j for
|7] > 0) for g = a and & is a signed permutation of Z* (i.e. & is a bijection on Z*
satisfying 6(j) = j for |j| > 0 and 6(—i) = —& (i) for ¢ € Z*) for g = ¢, 0. Therefore
o — 0 is a representation on Z and Z* for g = a and g = ¢, 0, respectively.
Moreover, these are faithful representations. It is clear that the image of W, in
Aut(Z) is the set of permutations of Z and the image of W, (resp. W) in Aut(Z*)
is the set of signed (resp. even signed) permutations of Z*. A signed permutation &
of Z* is called evenif |{i € N| (i) < 0} is an even number. We shall identify W
with the image of Wy in Aut(Z) (resp. Aut(Z*)) in the case g = a (resp. ¢,?) for
the rest of the paper. Note that for i € Z, 5;(i) =i+ 1, 6;(i+1) =i and 5;(j) = 5
for all j # 4,6+ 1. Also for g =¢,0and i € N, 5;(4) =i+ 1, 6;(i + 1) = 7 and
G:(4) = j for all j # 4,4+ 1 while 6(1) = —1 (resp. —2), 60(2) = 2 (resp. —1),
and 6¢(j) = j for all j > 3 for g = ¢ (resp. 9). We shall use these representations
in the rest of the paper and we shall simply write o(j) instead of &(j).

Recall that ¢; denotes the length function on W, and Wg the set of minimal
length left coset representatives of Wy /Wy 0. We have

{oeWy|o(i)<o(j)fori<j<0O0and0<i<j} ifg=a,

(25) W, =
{o e Wy |o(i) <o(j) for 1 <i<j} ifg=rc,0

(see e.g. [BB, Lemma 2.4.7 and Propositions 8.1.4 and 8.2.4]) and for o € W,

{(.d) €ZxZ]i<joli) >0} ifg=a,
(26)  Lal0) = [{(i.4) ENx N |i <] o(~) > o(i)}] ifg=c,
{(i,7) eNx N i< j, o(—i) > o(j)}] ifg=2

(see e.g. [BB, Corollaries 1.5.2, 8.1.1 and 8.2.1]).
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Lemma 2.2. For o € W2 with o(i) <0 fori < j, and o(i) > 0 for i > j, define
T e Wy by

. 1 if i =74 land j is even,
(i) =
-1 if i =74 land j is odd,

o(i—1)+1 if i>j+2

For each k > 0, the map from ng to Wao’k sending o to @ is a bijection.

Proof. By (2.5), it is a bijection from W2 to W{. By (2.6), we have {.(c) = (,(7)
for ¢ € W2. The lemma follows. O

Let {&;}ien be a sequence of real numbers. Define £_; := —¢; for ¢ € N. For
any strictly decreasing sequence {;};en of negative real numbers and o € Wé)
with g = ¢,0, it is easy to see that {{,(;) }ien is strictly decreasing. The following
lemma follows from the definition of 7.

Lemma 2.3. Let {& }ien be a strictly decreasing sequence of negative real num-
bers. Define Eiﬂ =¢; fori €N and & = 0. Then for all 0 € W2, we have

(&) 11 €NFU{0} = {&5;) | i €N},
where & is defined in Lemma 2.2.
82.4. Unitarizable highest weight modules

Recall that g stands for a,¢,0, and @ = a, ¢ = 0 and 9 = c. In this subsection we
classify the highest weights of irreducible unitarizable quasi-finite highest weight
Poo-modules with respect to the anti-linear anti-involution w defined below.

For a partition A = (A1, Ag,...), the transpose partition of A is denoted by
N = (M, \,,...). For g =¢,0, a partition A and d € C, define

* A d 19 ’K *
(27)  A'(A\d):=> Ne+dig bz, A'(N\d) =) A€ — << g >19§eh§.

ieN ieN g, K)

Let D(g) denote the set of pairs (A, d) with d € Z, satisfying \] < d if g = ¢,
and \] + A\ < d if g = 0. For a pair A\ = (A, AT) of partitions and d € C, define
A*(A,d), K (A, d) € b by

AN d) == ST ()i + YA e + d,

i€Zy ieN
Kd) == Ajeci+ Y Ae—di,.
i€Ly €N

Let D(a) denote the set of pairs (A, d) satisfying d € Z, and (A7)} + (A1)} < d.
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Let ¢ be a Lie algebra equipped with an anti-linear anti-involution w, and
let V' be a t-module. A Hermitian form ( - | - ) on V is said to be contravariant
if (avv’) = (v|w(a)v') for all a € € v,0" € V. A tmodule equipped with a
positive definite contravariant Hermitian form is called unitarizable. Assume that
t =@, (possibly dime; = oo) is a Z-graded Lie algebra and & is abelian.
A graded t-module M = EBJ.GZ M; is called quasi-finite if dim M; < oo for all
j € Z [KR).

Remark 2.4. Let V be a highest weight go,-module with highest weight &. Using
the arguments as in [LZ, Section 4], we find that V is quasi-finite if and only if
¢ satisfies £(Ey;) = 0 (resp. £(Ey;) = 0) for |i| > 0 (resp. i > 0) for g = a (resp.
¢,0). Therefore every quasi-finite integrable highest weight g..-module is of the

form L(geo, A%(A,d)) for some (A, d) € D(g).

Now we consider the anti-linear anti-involution w on a, defined by

E; ifi,j <0ori,j>0,

wEy) =14 "’ I = J and w(K)=K.
—E; ifi>0,<00ri<0,5>0,

For g = ¢, 0, the restriction of the anti-linear anti-involution w on ay, to geo gives
an anti-linear anti-involution on g, which will also be denoted by w.

For d € C and a pair A = (A7, AT) of partitions with A, = A} =0, let
I'(A, d) be the element in bj; determined by

m

n
Pa\d) =) (=d— X\ )e_ip1+ Y _Ae
i=1 i=1
For d € C and a partition A satisfying A\,4+1 = 0, let I'g(A, d) be the element in hig
determined by

n

> (Ai+d/2)e; forg=c,
P\ d) =< 1

n
Z(/\i +d)e; for g =0.
i=1
Let D¢(g) denote the subset of D(g) consisting of all elements (\,d) satisfying
Ant1=0for g=c,0 (resp. \f,; =0and A, ., =0 for g=a).
Now we introduce the truncation functors [CLW, Section 3.4]. Let M =
) 5 Mp be a semisimple hg-module such that Mg is the weight space of M with
weight (. The truncation functor trg is defined by sending M to @, M, , summed
over y i Ce; + C0gq (resp. >, Ce; + Cdgq) for g = a (resp. ¢,0). For (\,d) €
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D(g), L(§.,,A’(\,d)) is a tg-module through the embedding iz defined in Sec-
tion 2.2. Then tttE(L(ﬁoo,Kg()\, d))) is an irreducible tg-module and

(2.8) te (L@, AT (A, ) = L(tg. T (A, d))

for any partition A with A,,11 = 0 and g = ¢, 9 [CLW, Lemma 3.2]. The same result
is also true for § = a and pair A = (A7, A") of partitions with A\, ; =\, ., =0
by using the same arguments as in [CLW]. The anti-linear anti-involution w on g,
induces an anti-linear anti-involution on tg, which will also be denoted by w.

By a cumbersome but straightforward calculation the following theorem is a
reformulation, in terms of partitions, of Theorem 2.4 and some of the results of
Sections 7-9 in [EHW].

Theorem 2.5. Forg=a,c,0, let € b%.

(i) L(ta, &) is unitarizable with respect to w if and only if £ = T'g(\,d) +
kY i1 € for some pair X = (AT, A7) of partitions with A, = A\f =0
and d, k € R satisfying d > min{(A7)] +n—1,(AT)] +m—1}, ord € Z and
d> (A7)} 4+ (AT)L. Moreover, N(ta,Dg(A,d) + kY1 . €) is irreducible
for any pair X = (AT, A7) of partitions with A\, = A\f = 0 and d,k € R
satisfying d > min{(A7)} +n —1,(AT)] +m —1}.

(i) L(t0,&) is unitarizable with respect to w if and only if £ = T'g(\, d) for some
partition X with A, = 0 and d € R satisfyingd > n—1+ X, or d € Z and
d > N + X,. Moreover, N(0,T'5(A,d)) is irreducible for every partition X
with A\, =0 and d > n — 1+ Xj.

(ili) Assume that § € bz with E(Ep_1) = £(Ey). Then L(£,€) is unitarizable with
respect to w if and only if § = T'w(\, d) for some partition A with Ap,—1 = A, =
0 and d € R satisfying d > $(N;+n)—1 if n—X| is even; d > L (N{+n—1)—1 if
n—M\| is odd, ord € Z and d > N;. Moreover, N (t¢,I'z(), d)) is irreducible for
every partition X\ with A1 = A, =0 and d € R satisfying d > (X} +n) —1
if n— A\ is even, and d > 1(\{ +n—1) — 1 if n — X, is odd.

Proposition 2.6. For g =a,c,0, let L(g,,,&) be an irreducible quasi-finite high-
est weight g..-module with highest weight £&. Then L(8..,§) is unitarizable with
respect to the anti-linear anti-involution w if and only if € = Kg()\,d) for some

(A, d) € D(g).

Remark 2.7. The modules described in the proposition are modules appearing
in the Howe dualities at negative levels described in [W] (cf. [LZ, Theorem 5.6,
5.8, 5.9]).
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Proof of Proposition 2.6. If L(g.,, &) is unitarizable, then by Remark 2.4, £ satisfies
£(Eyi) = 0 (resp. £(Ey;) = = 0) for |i| > 0 (resp. i > 0) for g = @ (resp. ¢,0). It is easy
to see that d € R and £(Fy;) — f(EzH it1) € Zy (resp. £(Ey) — §(Ez+1 it1) € Zy)
for all i (resp. i # 0) for § = ©,0 (resp. @). This implies & = A°(X,d) for some
partition A (resp. pair A = (AT, A7) of partitions) and d € R for § =T¢,0 (resp. @).
Now applying the truncation functor to L(g..,&) with n > d (resp. m,n > d)
for g =7, 0 (resp. @), tr5(L(9&)) is a unitarizable tg-module with respect to w.
By Theorem 2.5 and (2.8), we have d € Z and (X, d) € Dy(g). Hence ¢ = A° (), d)
for some (A, d) € D(g). Conversely, by Remark 2.7 the irreducible highest weight
§..-modules L(§,,,A’(\,d)) are unitarizable and quasi-finite. O

83. Numerical data of the highest weights

In this section, we shall provide combinatorial descriptions of Kg()\,d) in terms
of A%(\,d).

Definition 3.1. Let {a;}ien and {b;};cn be two strictly decreasing sequences of
integers (resp. half integers). They are said to form a dual pair if Z (resp. 1/2+7Z)
is the disjoint union of the sequences {a; }ien and {—b;}ien.

Define the function p on N by p(i) = —i for all ¢ € N. The following lemma is
well known (see e.g. [M, (1.7)]).

Lemma 3.2. For any partition A, the sequences
{Xi +p(@)}ien  and  {X; + p(i)+}ien
form a dual pair.
Recall that ¢g = >, € for g = ¢,0.

Lemma 3.3. For g = ¢,0 and (\,d) € D(g), let {¢i}ien and {(;}ien be two
sequences determined by

A%(N, d) + Pg — d<?997 K) ¢g Z Gi€i + dig,

i€ly
d(¥g, K
A\, d) + pg + d(Wg, K)gg = > (e — 199}(;19'
i€l 9

Then {¢;}ien and {(;}ien form a dual pair. Moreover, ¢; < 0 fori € N and g # 0.
In the case g =10, ; <0 fori > 2, and (1 <0 (resp. =0 and > 0) for N} < d/2
(resp. = d/2 and > d/2).
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Proof. By Lemma 3.2, {(; }ien and {(, }ien form a dual pair. It is clear that ¢; < 0
for i € N and g = ¢. For g =0, we have A}, < d/2 and hence (; < 0 for i > 2. Also,
¢1 =M, —d/2 <0 (resp. =0 and > 0) for A} < d/2 (resp. =d/2 and > d/2). O

Lemma 3.4. For g = ¢,0 and (\,d) € D(g), let {C:}ien and {(;}ien be the se-
quences defined in Lemma 3.3. Define N(X\,d) = {(i,j) € NxN | (; +(; = 0,
i,j € N}, J =4{j e N| (j,k) ¢ N\\d),Vk € N}, S = {¢ | i > 1} and
S={¢lieJ}.

(i) Forg=c¢, we have S =S and (4,1 = 0.

(ii) For g =0, we have

S=8Sand §; #0#C, for alli if d is odd;
Su{0} =S and ¢, =0 if d is even and N} = d/2;
S =S8 and {; =0 for some i if d is even and N} # d/2.

Proof. We shall only prove the case g = 0. The proofs of the other cases are similar
and easier. For j > 2, we have (1 + (; < M+ X, —d—j+ 1 < —1 and hence
(1 # —¢j for j > 2. Since {¢;}ien and {; }ien form a dual pair, ¢; # £¢; for j > 2
and (; are negative for i > 2, we have (; € S for i > 2, and (; € S for ¢; # 0. This
implies S 2 S\ {0}. For z € S, we have —z ¢ S and hence —z € —S. Therefore
S = 8\ {0}. By Lemma 3.2, S (resp. S) contains 0 if and only if d is even and
A =d/2 (resp. \| # d/2). O

Recall that ¢, = — Zigo €;-

Lemma 3.5. For (\,d) € D(a), let {(i}icz and {(;}icz be two sequences deter-
mined by

AN d) + pa — dpa =Y (i — 1)e; + dig,
i€z
KN d) + pa + dga =D (iei — did.
i€z
Define N(A\,d) = {(i,j) € Ia x I | §; = ¢;, i <0 < j}, Jp = {j €N (i,]) ¢
N(Ad)LVi <0}, J- = {i € Z | (,)) & NOLd),¥j € N}, Sy = {G |4 > 1},
S ={¢|i<0}, Sy ={¢|lieJi}andS_={C;|i€ J_}. Then Sy = —-S_
and S_ = -8,
Proof. Let By ={(;|i €N} and B_ = {(; | i <0}. By Lemma 3.2, we have

(—S+) (] B+ =7 and (—S_) UuB_ =7.
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For # € S, we have z ¢ B_ by the definition of S, and hence z € —S_.
Therefore S, C —S_. Now assume x € —S_. We have = ¢ B_. Since {(;}iez is
strictly increasing, we have ¢ —S, and hence z € By. Thus z € By \ B_ = S
and therefore —S_ C S.. Similarly, -S; = S_ O

We shall use the notation defined in Lemmas 3.4 and 3.5 in the rest of the
paper. By (2.3) and Lemma 3.5, we have (for (\,d) € D(a), o € Wy)

(3.1) o AN d) + pa) = Y (G — Deg1(s) + da + dig
1€Z
= ZCo(i)ei - Z €; + dpg + diq.
€L i€EZ
By Lemma 3.4 and (2.4), we have (for (A\,d) € D(g), 0 € Wy and g = ¢,?)
(3.2) o HAS(N, d) + pg) = D Coy€i + d(Vg, K) g + dilg + diy.
1€EN

For n belonging to the subspace of b% spanned by the €;s and dg, let [n]*
denote the unique Ag .~dominant element in the Wy o-orbit of ) € h. The following
two propositions are important for proving the main theorem in the next section.

Proposition 3.6. Let {j;}ien be the strictly increasing sequence with J = {j; |
i € N}. For (\,d) € D(g) with g = ¢,0 and a partition u with A®(u,d) = o' o
A8(N,d) for some o € W k> we have

A, d) + pg + d{dg, K) o5

d(Vg, K) :
[ZCeﬁZCMM— 0 K>19] if0¢s,

1€N\J €N
AWy, K) :
[Z Cicit Yoo Eis — ﬂg,K>79 if 0€S.
1€N\J €N
Here ¢° appears only in the case g = 0 and it is determined by 00 = o (see

Lemmas 2.2 and 2.3).

Proof. In the proof, LI means disjoint union. Let {&;};en and {€,}ien be two se-
quences determined by

Ag(ﬂad)+pg <1997K ¢g Z€z€z+d’l997

icly

— d(¥g, K
A (pd) + pg + d(Vg, K) g = > Eei — ﬂgK;ﬁ.
i€l
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Assume 0 ¢ S. We have {ZJ tien = {Ci}ien by Lemma 3.4. By Lemma 3.3, Lem-
ma 3.4, and the fact that ¢ acts on Z* as a signed permutation, we have

{_Ca(i) | i€ N} U {Z.ja(i)

Since {&;}ien and {€; }ien form a dual pair, and {&; | i € N} = {(,;) | i € N} by
(3.2), we have {¢; | i € N} = {ngm | i € N}U{(, | i € N\ J}. Therefore the
proposition holds for this case since {¢,};en is a decreasing sequence.

The case of 0 € S only occurs when g = 0 with ¢(; = 0. We have {ZJ | i e N}

= {¢ | i € N} \ {0}. Since o acts on Z* as a signed permutation, by Lemma 2.3

ieN}U{C, |i €N\ J}=Z (or 1/2 + Z).

we have

{~Coty |1 €N} UG, [i€NJU{G [ieN\J} =2

i

Now the proposition also follows in this case using the arguments above. O

Proposition 3.7. Let {j;}icz be the strictly decreasing sequence such that J, =
{jili<0} and J_={j; | i € N}, and let J = J_U Jy. For (A\,d) € D(a) and a
partition p with A®(u,d) = o= o A*(\, d) for some o € W£7k, we have

Ka(ﬂa d) 4 pa + dpa = { Z szi + szo(i)eji — d’ﬂu}+
iez\J i€L

Proof. In the proof, LI means disjoint union. Let {&;}icz and {;}icz be two se-
quences determined by

A%y d) + pa+ ) ei = dba =) Eiei + dVa,

i€L i€L
A (1, d) + pa + dopa = > _ &5 — did.
1€EZ

By Lemma 3.5, we have
Z= (=S UG UG 1€ N\ Ty} = (=S:)U (=S U{T, i€ N\ Jy}.

Therefore Z = {—(, ;) | i € ZYU{(; | i € N\ J1} because o acts as a permutation
on Z. Since §; = (, ;) for i € Z by (3.1) and (,(;) = —C for i € Z by Lemma 3.5,
we have

Jo(i)
Z={—Copy | 1 €eN}U{—Co(5) | i <O}U{C; | i €N\ Jy}
={-&ieNtU{¢, , [P <0 U{¢|ie N\ Tt

Since {&}ien and {€, }ien form a dual pair, we have {¢; | i € N} = {Zja(a 1 <0}
UA{G |4 € N\ Ju}. Similarly, {&; | ¢ <0} = {¢;,,, | i€ NNU{G | i€
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(=Z4 )\ J_}. Therefore the proposition holds since {£; };cn is a decreasing sequence
and {€_;};cz, is an increasing sequence. O

84. Uz -homology formulas for g -modules

In this section we give a combinatorial proof of Enright’s Uz -homology formula

[E] for the unitarizable highest weight §,_-modules with highest weight A* (), d).

For a module V over a Lie algebra G, let H,(G; V') denote k-th homology group
of G with coefficients in V. It is well known that the homology groups Hy (uz; V) are
lg-modules. The uz -homology of unitarizable highest weight modules is described
by the following theorem which was obtained in [CK, Theorem 7.2] for g, = ao
and in [CKW, Theorem 6.5] for g, = €0, 0c0. The theorem holds for a more
general situation by using the correspondence of homology groups in the sense of
super duality [CLW, Theorem 4.10] together with Kostant’s formulas for integrable
goo-modules (cf. [J, Ko, V, CK]).

Theorem 4.1. For (A, d) € D(g) with g = ¢,0 (resp. g = a), we have, as lg-
modules,

Hy (133 L(@o0, A% (N, d))) @LFAQ d)),

where the sum is over all partitions (resp. pairs of partitions) u such that A%(u,d)
=w' o AS(X,d) for somew € W,.

For £ belonging to the subspace of b3 spanned by the €;s and Jg, let U =
{a € A;n | (€4 pg | @) =0} and define ®(&) to be the subset of Agn consisting
of all roots 3 satisfying the following conditions [E, DES]:

(i) (€+pgB7) €N
(ii) (8] @) =0 for all & € ¥(¢);
(iii) B is short if ¥(&) contains a long root.

Let W5(&) be the subgroup of W5 that is generated by the reflections sg with
B € ®(&). Define Ag(£) to be the subset of Ag consisting of the roots ¥ € Ag such
that sy lies in Wg(§).

For (A, d) € D(g), let Ag(\, d) = Ag(A° (), d)) and Wg(\, d) = Wg(A* (A, d)).
Then Ag(A,d) is an abstract root system and Wg(A,d) is the Weyl group of
Ag(A,d) [E, EHW] (see also Lemma 4.2 below). Let Ag(/\,d) = Ag(A\,d) N Ag
be the set of positive roots of Ag(A,d). Set W5 (A, d) = Wg(A,d) N Wy . Let
VVE0 (A, d) denote the set of minimal length representatives of the left coset space
Wg(A, d)/Wyg,0(A, d) and let Wgﬁk()\, d) be the subset of Wg(/\, d) consisting of all
elements o with £ 4)(0) = k, where £() q) is the length function on Wg(A, d).
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For (\,d) € D(g), let J° = JU{j|{; =0} for g =¢,0 and define

T(A d)
{eiijGAg\iGJ_,jEL_} for g =«
_ {—e—qeAl|i<jije% for g =
{(—ei—g el |i<jijed} if JO# Jord/2¢7Z, for g=0;

{—ei—¢j, 26, € AT Ji<j,i,jeJ} if JO=Jand d/2 € Z,for g =0.

Lemma 4.2. For (A, d) € D(g), we have

Ag(A.d)
{ei—¢jeDgli#j i, jed-UJy} for g =u;
{£(Le; —€;) € Ag|i <, i,je % forg=g¢
{£(xe; — ;) € Agli<yj, i,je T} if JO# J or d/2 ¢ L, for g=1;

{£(ke; —€5), 226, € Ag | i< j,i,5€ T} if J°=J and d/2 € Z, for g =.

Proof. For (\,d) € D(g), we have ®(A*(\,d)) C T(),d) by Lemmas 3.4 and 3.5.
Using the relations of the Weyl groups, it is easy to observe that T (X, d) C Ag(A, d).
Now the lemma follows by using the relations of the Weyl groups again. O

Lemma 4.3. For (\,d) € D(g), there is a bijection from W, to Wﬁo’k()\,d).

Proof. By Lemma 4.2, it is clear that ng = Wﬁo’k()\, d) for the cases g = a and
g =0 with J®# Jord/2 ¢ Z. For g = ¢ and g = 0 with J* = J and d/2 € Z, the
conclusion follows from Lemmas 4.2 and 2.2. O

Using Theorem 4.1, Proposition 3.6, Proposition 3.7, Lemma 4.3 and Lem-
ma 2.3 together with (2.3) and (2.4), we obtain the following theorem.

Theorem 4.4. For (A, d) € D(g) and k € Z,., we have, as lg-modules,

Hi(ug: L@ AN D)) = @@ L(ig, [w (A" (N, d) + pg)] " — pg)-
weW? , (X,d)

Remark 4.5. There is a counterpart of Theorem 4.11 of [CLW] for u*-cohomol-
ogy in the sense of [Liu, Section 4]. The analogous statement is also true for g = a.
The formulas for u*-cohomology can be proved by the same argument as in [CLW].
Therefore, there is an analogue of Theorem 4.4 for ug -cohomology in the sense of
[Liu]. The formulas for cohomology can be proved by the same argument as above.
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85. Homology formulas for unitarizable modules over
finite-dimensional Lie algebras

In this section we shall give a new proof of Enright’s homology formulas for uni-
tarizable modules over classical Lie algebras corresponding to the three Hermitian
symmetric pairs of classical types, (SU(p, q), SU(p) x SU(q)), (Sp(n,R),U(n)) and
(SO*(2n),U(n)).

For ¢ belonging to by, let ¥(§) = {a € Atg o | (€+ pg | @) =0} and define
®(&) to be the subset of A (g.n CoOnsisting of the roots ( satisfying the following
conditions [E, DES]:

(i) (€+pgBY) EN;
(ii) (Bla) =0 for all @ € ¥(§);
(iii) S is short if ¥(€) contains a long root.

n

Let Wig(§) be the subgroup of Wiy that is generated by the reflections sg with
B € ®(&). Associated to Wig(€), let Ag(§) denote the subset of Ag consisting
of the roots ¢ such that sy lies in Wig(€). We also let [¢]* be the unique Atg .
dominant element in the Wig -orbit of &.

Assume that the irreducible module L(tg,{) is unitarizable with highest
weight ¢ € biz. Then Ag(€) is an abstract root system and Wig(&) is the Weyl
group of Ag (&) by [E, EHW]. Let A:%(f) =Ag)nN A% be the set of positive
roots of Ag(&). Set Wig,o(&) = Wig(§) N Wigo. Let Wt%(f) denote the set of mini-
mal length representatives of the left coset space Wig(§)/Wig,0(§) and let W%7 w(&)
be the subset of W%(E) consisting of all elements o with {¢(c) = k, where £¢ is
the length function on Wig(§).

Theorem 5.1. For g = a,c or 0, let L(tg,&) be a unitarizable tg-module with
highest weight § € big. Assume that & satisfies the assumption of case (iii) of
Theorem 2.5 (cf. case (ii) of [EHW, Theorem 9.4]) for tg = so(2n). For k € Z,
we have, as [g-modules,

He(ugi L(6,€) 2 @ Llg [w ' ¢+ pg)l" — pg)-

wGWLg 5 (6)

Proof. Since

Hi(uta, (ta w+k Z )) H;(ug; L(ta, i) ®L( @ k Z )

i=—m-+1 i=—m-+1

for all i > 0, k € C and u € b, it is sufficient to consider all £ with & = 0
appearing in case (i) of Theorem 2.5 when g = a.



62 P.-Y. Huang, N. Lam anxDp T.-M. To

First we assume that £ = I'g(\, d) with d ¢ Z. Then we have Ag(¢) = 0 and
L(tg,£) = N(tg, &) by Theorem 2.5. Therefore L(tg, ) is a free u_-module and
hence Hy (ug; L(t§,€)) = L(lg ,€) (resp. = 0) for k = 0 (resp. k > 0). Thus the
theorem holds for this case.

Now we assume that £ = I'ig(A,d) for some (A, d) € D¢(g). By a direct cal-
culation, we have Ag(§) = Ag(A,d) N Ag. Recall that trg( (T, AP (N, d))) =
L(tg,T'g(\, d)) for (X, d) € D(g). Since tttE(L(ﬁoo,Kg(A,d))) = L(tg,Tg(A, d))

and homology commutes with the truncation functor, we have
Hy (ug; L9, €)) = togg (Hy(ug5 L(Gac, A (A, )

Note that Hk(uﬁ_;L(ﬁoo,Kg()\,d))) with £ > 0 decomposes into the direct sum

of irreducible [g-modules of the form L(lg, A°(p1,d)) for some partition g (resp.
pair p = (pu~,u™) of partitions) if g = ¢,0 (resp. a) and tttE(L([g,Kg(u,d))) =
L(lg, T (1, d)). Therefore, the theorem also holds in this case by Theorem 4.4. [

Remark 5.2. By Remark 4.5, Enright’s cohomology formulas for unitarizable
modules over classical Lie algebras with highest weights satisfying the assumption
in the theorem above can be proved in the same manner as above.
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